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| — Gaussian curvature of surfaces

e SurfacesS? embedded inR>:

= @4:

e Gaussian curvature: Defined extrinsically as the
guotient of two infinitesimal areas:

Curvature= lim ) s

Auxiliary unit sphere:

e Local representation of the surface as a graph:
z=z(x,y)



e Extrinsic formula for the curvature:
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Gaussian curvature =

e Gauss’ 1816 Preisschrift:Using geodesic triangles:
The curvature of a surface remains unchanged
when it undergoes any deformation which leaves in-
variant the length of curves.

[Infinitesimal isometries]

e Principle of sufficient reason (Leibniz): Curvature
should express in terms of ti@rinsic metric:

ds* = E(u,v) du® + 2F (u,v) dudv + G(u, v) dv*.
e Hard calculation performed by Gauss:
[1 start out from an intrinsic parametrization:
(u,v) — (aj(u,v), y(u, v), z(u,v)));

[1 express accordingly the metric coefficients:
E =y + Yy + 2,
F = xyxy + Yulv + 2uzv,
G =y +yy+ 2

[J eliminate z = z(x, y) from extrinsic curvature:

2
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e Theorema Egregium: The (Gaussian) curvature of a
surface isintrinsic because it expresses as the follow-
Ing explicit rational differential expression in the seden
order jet of the three elemenis, F', G-

curvature =
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e Cartan’s coframe reformulation:
ds® = (61)" + (62)".
thanks to a Gram-Schmidt orthonormalization, with:
0! = A(u, v)du + B(u, v)do,
9 = C'(u, v)du+ D(u, v)dv.

e Forget about expliciteness: A, B, C', D could be
computed in terms of, F', G.

e Equivalence to another surface metric:
2 2 2
ds"" = (07)" + (65)



e When there is an isometryS — S’ from the surface
S to another surfaceS’:

9’ cost —sint\ (6
92 sint cost 6y )’
with ¢t = t(u, v) being a certain (unknown) function.
Anglet = t(u,v)

QL /_L
coordinatesu, v) coordinatesu/, U

e Lifted coframe: Sett as a new independent variable:
w1\  [cost —sint) [0y
wo) = \sint cost 0y )"

e Advantage of Cartan’s approach: Differential in-

variance Is set up at the beginning:

w, dw similarto ' =w, duw' = dw.

e Absorption of torsion:

2

dol = =71 Aw? and dw? =7 Aw'.

e Apply differential operator d:
0=ddw' = —dr Aw! and 0= ddw’ = dr Aw’



e Deduce from Cartan’s lemma: There exists a certain
functionk so that:
2
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e Summary:
[1 Explicit differential algebra was in Gauss 1827.

(] Surfaces S? c R? = easiest case of Cartan’s the-
ory of the equivalence problem.

[1 Cartan, Chern, Tanaka: usually, they leave aside
Gaussian-like explicit computations which are hard.

[1 Our goal today is to compute explicitly Cartan
connections, coframes and curvatures, for known
structures.

[1 Our future goal is to construct Cartan-Tanaka
connections for several new — yet unstudied —
Cauchy-Riemann structures.

e The plan of the talk Is:

[1 Gauss (done).

[1 Second order differential equationg;, = F'(x, y, yx ).
] Hypersurfaces$/? ¢ C? equivalent to the sphere.

] Cartan-Tanaka connections for suth’ ¢ C2.

[1 Connections for other Cauchy-Riemann structures.



Il — Spherical real analytic hypersurfaces

e Startout: Arefresherabout second order ordinary dif-
ferential equations.

e Work with: Either real or complex numbers:
K:=R or C.

e Projective group: Let PGLy(K) be the projective
group of (Mébius) transformations & (K):
(2.y) (a1 + bz +c1y a9+ box + 02y>
’ 1+ Xe+py’ 1+de+py )
and letpgl,(K) be its Lie algebra, of dimensian

e Elie Cartan 1924: [Bulletin des Sciences Math.]:
Construction of a uniquegl,(K)-valued (Cartan) con-
nection associated to any second-order differential equi
tion:

y[IZZC — F(mayayﬂf)a

with x,y € K. [Doubrov-Komrakov].
e Lie-Tresse two principal differential invariants:

1._

I = Fyxy:cyxyx
2 ._
+ 6 Fyy — 3 by Iy, +4 By, Fyy,,

where thetotal differential operatois:



e Special caseWhen invariants vanish identically:
0=.7= .72

e Equivalently: The curvature of Cartan’s projective
connection vanishes identically.

Corollary. [Lie 1883] Such a second-order differ-
ential equation:

Yz = F(2,9, yz)
IS equivalent to the Newtonian free particle:
under some point transformation:
(2, y) — (X(2,9), Y(z,y))
If and only If:
0=t = 72

e Further explorations /modernizations:

[Lie; Tresse; Koppisch; Gonzalez-Lopez; Grissom-Thompson-
Wilkens; Hsu-Kamran; Romanovsky; Nurowski-Sparling;
Crampin-Saunders; Doubrov-Komrakov].



e Open question in CR geometry: Characterize local
biholomorphic equivalence of a strongly pseudoconve
real hypersurfacé/>® ¢ C? to the standard unit sphere:

1 =27 + ww.

explicitly in terms of some defining function fdr .

e Question mentioned/considered by:
[Vitushkin, Isaev, Ezhov, Schmalz, McLaughlin]

e Strong mathematical links:
Integrable PDE systemg «—— | Cauchy-Riemann geometry,

Second-order differential equationg <—— |Real hypersurfacesM? c C?

e HypersurfacesM? ¢ C? are graphs of the form:
v =(z,y,u),
In some local holomorphic coordinates:
(z,w) = (x + 1y, u+1v).

AV

Purely local hypersurfacg/® c C?
( DS
7 DS
@

e Rewrite the equation of M as:
Wt = 90(56, Y, —w“g@).




e \WWhen the graphing function ¢ Is real analytic: May
solve with respect ta:

w:@(z,i,m).

e Segre (Beniamino) 193]1Lie, long before]: Consider
w = w(z) as a function ot and differentiate:
w(z) =0(z,z,0)

w,(z) = 0.(z,z,0).

e Assumel Is strongly pseudoconvex at the origin:
w(z) =w+ 12z + O(3),
w,(z) =72+ O(2).

e Hence may solve using implicit function theorem:

Z = C(Za w(z), wZ(Z))a
W = f(z, w(z), wz(z))

e Segre (Beniamino) 1931/Webster 1977]. Asso-
ciate to anyeal analyticstrongly pseudoconvex Cauchy-
Riemann hypersurfac&/® ¢ C? a unique second-order
ordinary differential equation by substituting the param-
etersz andw in the second derivative:
W, (2) = @Zz(z, Z, @)

= @ZZ(Z, C(Z, w(Z), wz(z))a f(z, w(z)> wz(z)))
=: O(z, w(z), wy(z)).



e Elie Cartan 1932 just after Segre 1931 Construction
of a naturalpgl,(RR)-valued connection associated to any
strongly pseudoconvex real hypersurfade ¢ C2.

e Redone with some variations by:[Chern-Moser; Ja-
cobowitz; Yamaguchi; Nurowski-Sparling]

e Fact: None of these works provide curvatures or
coframes explicitly in terms of a graphing function
o(z,y,u) for M3 c C2.

e Paradox: The pgl,(C)-valued connection, coframe,
curvature of the associated second order differentie
equation are known explicitly in the literature.

e Reason due to differential algebra swelling:

[] for a differential equationv,, = ®(z, w, w,), the
connection depends upon théh orderjetJiw’wzcb

[ for a hypersurfaces = ©(z,z, w), the data depend
upon thesixth-order jet J9 , O

[1 furthermore, computations explode because on
has to divide by the Levi-form.

e Standard unit 3-sphereS® ¢ C?:

1l =22 +ww



e Recall the Cayley transform:

(2 w) — (i ) = (7w

which has inverse: (2, w') — (i_%;,, z;g:)

e This transform shows that: S°\{oco} is biholomor-
phically equivalent to théleisenberg sphere

;) )
w=w +20z7.

e Fact: Thisgraphedmodel is more convenient to work
with.

Proposition. [Easy] A strongly pseudoconvex local
real analytic hypersurface:

w = @(Z,Z, @)
IS locally biholomorphic to a piece of the Heisen-
berg sphere:

w=w+ 2122
If and only Iif its associated second-order ordinary
complex differential equation:

Wyz(2) = (D(Za w(z), wz<z>)
IS locally equivalent to the Newtonian free particle:
wzz<Z) — O,

If and only If:
0= .71 = 72




Theorem. [M., 2010] An arbitrary real analytic
hypersurface M c C? which is Levi nondegenerate
and has a complex defining equation of the form:

w = @(z, Z, @)
In some system of local holomorphic coordinates
(z,w) € C?is equivalent to the Heisenberg sphere
If and only if its graphing complex function © satis-
fies the following explicit sixth-order algebraic par-
tial differential equation:
— Op 3, O 9\’
V= (@z@m T 0.0.- 07 0.0, — 610 am) A O)

identically in C{z,z,w}, where:

e L G )
( b o > ounfoe Bl 51
0.0 (— 0:0- g)i gﬁu + 2065 @@ZZ SZ 6.0 gi SZ

e Proof. Express the vanishing of the two curvatures:
0= .71 = 72

in terms of /¥ _ _© thanks to transfer formulas. O



e Same open problem in higher dimensionsCharac-
terize when a Levi nondegeneragal analytichypersur-
face Mt c ¢t with n > 2

w :@(zl,...,zn, 21y Zn, @)
IS biholomorphic to the Heisenberg pseudo-sphere:

. ) 2 2 2
U =Ll e Lz = Lz = — el

where(q,n — q) is the signature of the Levi form a¥/.

e Expected applications: Complete classification of
tube spherical hypersurfaceg?"+!1 < C"t! whose
Levi form has signaturén,0), (n — 1,1), or (n — 2,2)
[Isaev, LNM 2020, Springer, May 2011].

e Remind Chern-Moser 1974:Construction of a natu-
ral projectivepgl,,. ; (R)-valued connection associated to
suchM 2+l  cntl,

e Differential algebra obstacle: Basic elements —
coframe and curvatures — of this projective connectior
were never computed explicitly in terms of a defining
function for the hypersurfacé/>"+1 < Ccn*+l: still an
open problem!

e Hachtroudi 1937 [PhD under Cartan]. Construction
of a naturalpgl,,, ; (K)-valued connection associated to



any completely integrable second-or@e&re system:

yaiklaij — Fkle(I'l, ce 7377173/73/3317 ce 7y33n)
(k1, ko =1...n),

with n > 2.

e Good news:Contrary to Chern’s, Hachtroudi’s results
are effective!

Theorem. [Hachtroudi 1937] The curvature of the
projective normal (Cartan) connection associated
to the above PDE system vanishes if and only if the
right-hand side functions Fj, ., satisfy the following
explicit differential system, which is linear in terms
of their second-order derivatives :

0= 0°F, kika
ayxélyle
n 2 2 2 2
B RL—FQ (5’“1751 T e, + Okt I L, + Oky.ty s + Ok 0 "h > "
= Y 0 0Y 1, Y, 0Y o Y0 0Y, 1, Y110y o
- - aQFg/g// (1<ky, ko<n)
—1 ) X My M2 X
REEel TRV D DD D w v <ty trn)|

=1 ("=1

e Associate a PDE system ta/2"+1 c ¢ntl:

Wy (2) = T(Z,E,@), ...... , Wy (2) = g—i(z,i,@).



e Use Levi-nondegeneracy of\/ to solve:
Z1 =Gl (Za w(z), wZ(Z))a ceey Bn = Cn(za w(z), wZ(Z))a
w f(z, w(z), wz(z))
e Insert in all possible second-order derivatives:
w2k12k2<z> — 8z§2§zk (27 Z; @)
= 282, (5 wl2), wal2), (5 wlz), w.(2)

=: Oy, 1y (2, w(2), w2(2)) (k1, ky=1-n),

Proposition. [easy] A Levi nondegenerate local
real analytic hypersurface M?"t1 < C"*l is lo-
cally biholomorphic to a piece of the Heisenberg
pseudosphere if and only if its associated second-
order PDE system is locally equivalent to the trivial
second-order system:

w// / (Z/) =0 <1<k1, kgén),
“k1 %k
1 "2

whose solutions are hyperplanes of P"*1(C).

e SuMmMary:

[ 1 Nobody yet iIs able to compute the Cartan-Chern
Moserpgl,, | (R)-valued connection associated to a Levi
nondegenerate real hypersurfage™” ™1 ¢ C"*! explic-
itly in terms of its defining function.

[1 But for second-ordepPDE systems, this is dong.ie,
Cartan, Hachtroudi] and less difficult.



[1 To know when hypersurfaces are locally equivalent tc
a piece of the standard unit sphere, it then suffices to e;
press that Hachtroudi’s curvature for the associ@ed
system vanishes.

[1 When one writes down vanishing of Hachtroudi cur-
vature in terms 0P, one gets the following.

Theorem. [M., 2010] An arbitrary local real ana-
lytic hypersurface M2"+1 « C**+ with n > 2 which
IS Levi nondegenerate is pseudospherical if and
only if its complex graphing function © satisfies the
following explicit nonlinear fourth-order system of
partial differential equations:

n+1 n+l 84@ n+1 83@
0= : A - ___ _NaAn,, 27 L
Z Z [ [014,] 01+P2]{ (‘9zk162k28tu8ty ; ] 0z, 021,01 }

u=1 v=1

5 n 5O n+tl
_ %4 AH AV A - - — Al -
n+2 [011¢/] [01“2]{ 0zp0z,0t,0t, Z B 9z azkzat

r=1 =1

=1

5 - 0'e s
kg0 AM - AY AN ____ AT - —
2 L T el [0%]{ 021, 0200t ,0t,, ; ] az,ﬁaz[ ot

_ Okq1.69 AH - AY AN — — AL,
n+2 (014, ] [01+£’]{ 8zg/8zk28tu8t,/ ; "] Ozyp 8zk2 }
}+

5 n 64@ n+1 63@
_ Ikaibo AH - AV A - _ AT -
n+2 — (014, ] [01+4/]{ 82’/€1824/atuat,/ TZ:; [t] azklazg 815

+ m ) |:5/€1 515]62 ly + 5/€2,€15/€1,‘€2:| '

) - RS
Al AL LA =Y AT ———— 1
; ézl 0140 01+1’ ]{ 8@@2@/(%#8@ ; ] aZg/8Zg//8t }

for all pairs of indices (kj, k9) with 1 < ki, k9 < n,
and for all pairs of indices (1, £5) with 1 < /1, {5 < n.




|1l — Cartan connections and curvature functions

e Summary:

[1 Using known explicit projective connections on
PDESYystems, one can characterize local biholomorphi
equivalence to the sphere.

[1 Cartan connections in CR geometry are not effective
In terms of the graphing function(spRpen problem!

e Ezhov-McLaughlin-Schmalz:

[Notices of the AMS, 58 (2011), no. 1, 20-27]:

Construction of a normal, regular, Cartan-Tanake
pgls(R)-valued connection associated to amal an-
alytic strongly pseudoconvex hypersurfate’ c C2.

e Comment 1: This approach is alternative to Cartan
1932 and to Chern-Moser 1974.

e Comment 2: Ezhov-McLaughlin-Schmalz us/ is
real analytic

e Today: Improve this Notices of the AMS paper:
Joint works with M. Sabzevari (PhD) and M. Aghasi (co-
supervisor):
arxiv.org/abs/1104.1509 “[AMS 2011]".
arxiv.org/abs/1104.5300 (joint with B. Alizadeh)

e Assume only: M is ¥°-smooth, not real analytic.



e Arbitrary homogeneous space:Let G be a Lie group
with a closed subgrou@/, and letg andh be the corre-
sponding Lie algebras.

e Cartan geometry of type (G, H): A manifold M is a
right principal H-bundle:

m P — M
together with gg-valued one-formw on & satisfying:

() wp: TP — glis anisomorphism for any € &;

(i) if Ry (p) := ph is the right translation o’ by h €
H, then for any suclh:

Ryw = Ad(h™1) o w:

(i) w(HT) = hfor everyh € b, where:

an - %}O«Re}(p(th)(p))
IS the left-invariant vector field o& corresponding
to h.

e Associated curvature2-form:
QX,Y) = dw(X,Y) + [w(X), w(Y)]
whereX,Y are vector (fields) o”.

g?

e Ad(h~h-equivariancy implies: Q(X,Y) vanishes if
eitherX orY Is vertical.



e Consequencef) is fully represented by the associated
curvature function

keGP, Mg /") @)
which sends a point € & to the map:
k(p): (g/b) A (g/h) —
defined by:
(x/ mod f)) A (x" mod f)) — — Qp(

_—[X

wp_l(x/), wp_lg(//))/\:
g +wp([X', X7)),

)

where:

AN

X = w Hx)
IS the constant fieldbn &2 associated to ane g.
e Lie algebra bases:Denote:

r:=dimpg, n:=dmp (g/f)),

whencen — r = dimp .

e Suppose:r > 2,n > 1,n—r > 1so thatg, g/h and
h are all nonzero.

e Pick up an adapted basis:

g = SpanR(Xb ey X0y X1y - - ,x,,n)
h — SP&HR(XH—FL s 7X’I")7



e Expand accordingly the curvature function:

.
k
k(p) = Z Z Kiy o) Xiy A %Gy @ X

1< <9on k=1

e Space ofk-cochains:

¢ = A¥g*/hh) @ .

e Differential operator: 9*: €% — «*+1 defined by:

k
(0"0) (20,21, . .., 2zk) = Z (=1)' [z, (20, .- %, - ’Z’f)]ng
=0

7

+ Z (—1)i+jq)([2i,2j]g,20,...,/Z\Z',...,/Z\j,...,Zk>.

0<i<y<k
e Especially for £ = 2: Cohomology space

A = ker(97) /im(01)

encode deformations of Lie algebif@soze] and are cen-
tral when constructing Cartan connectigisnaka, Mo-
rimoto, Cap-Schichl].

e Algorithm using Grobner bases: Computed these
cohomology spacds\lizadeh-Aghasi-M.-Sabzevari].



Lemma. (Bianchi identity)[Tanaka, Cap-Schichl]
For any three x', X", x" € g, one has at every point
pE P:

0 = (0°K) ()X, " X"y + D K(p K1), K"+

cycl

+3 (X(5)) () (", X").

cycl

e The case of graded Lie algebras:
g=9-u® " DI-1D90DPYID DG,

h=g02g1D-- Dy,
as in Tanaka'’s theory, with:

[QM’ 9>\2]g C O+
e Second cohomology is graded too:
%2 = Dnez t%ﬂ[}%]a
e Graded Bianchi identitieS' [Cap-Schichll:

6[2h]( X/ X// X/// _ Z Z (’ih " /ﬁl[h/ / //), X///))_

cycl h/=

_Z XH[h—HX / ///>

cycl

show that the lowest order nonvanishing curvature mus
be 0-closed, and more generally, any homogeneous cu
vature component is determined by the lower compo

nents up to &-closed component.



IV — Explicit curvatures and coframes

e Three-dimensional Cauchy-Riemann submanifold:
Let now M3 c C? be alocal strongly pseudoconvex®-

smooth real 3-dimensional hypersurface, represented

coordinatesz, w) = (z + iy, u + v) as the graph:
v=(z,y,u)
— 22+ 2+ 0(3).
e Such M*¥'s are geometry-preservingeformations of
the Heisenberg sphef@”:
v =12+ y2.

o Study firstly the geometry of this homogeneous
model:

Lemma. [Known] The Lie algebra:

hol(H?) := X=Z(z,w) % + Wz, w) 6’%:

X + X tangent toH"}
of infinitesimal CR automorphisms of the Heisen-
berg sphere H3 in C? is 8-dimensional and gener-
ated by:
T:=0, H =0,+220,, Ho:=10.+220,,
D:=20.4+2wad,, R:=120.,
I = (w + 2i2%) 0. + 2izw Oy, |y = (iw + 22%) 0. + 22w
J = zwd. + w?0,.




e For general M? ¢ C?: Seek a Cartan-Tanaka con-
nection valued in thé-dimensionabbstractreal Lie al-

gebra:

g:Rt@Rhl@Rhg@Rd@Rf@Rll@ng@RJ
(with h :=Rd @ Rr@& Ri; & Ri; & Rj)

spanned by some eight abstract vectors enjoying tr
same commutator table as. . ., J:

t hy ho d r I 19 ]
t 00 0 2t0 hy ho d
hi|* O 4t hy hy 6r 2d iy
hol* x 0 ho —hy —2d 6r Iy
dxx x 0 0 0y o 2]
rixx x x 0 —ip 11 0
i1 [* % *x x x 45 0
lo |% % % >k x X 0 0
Jo[k ok k% ok * 0
e [act:
g = pgh(R).

e Natural Tanaka grading [known]:

—q_oPd_ 7
g=9g 2Dg 1@go@g;@gz

g—

y



where:
go=Rt, g 1=Rh ©&Rhy,
go=Rd& R,
g1 =Rip ®Rip, go=Rj.

Main computational objective: Provide a Cartan-
Tanaka connection all elements of which are com-
pletely effective in terms of ¢(z,y, u) — assuming
only ¥5-smoothness of M.

e Recall the equation of our hypersurface:

v =@(x,y,u).

A posteriori fact: All data of the Cartan-Tanaka
connection will depend only upon ¢(z, y, u).

e Complex tangent bundle:
T°M =TMNv—-1TM
generated by the two vector fields:

0 Py—Px Pu\ O
Hy = ox + ( 1+¢% )(9u’

0 —Pr—Py Pu\ O




e Levi form-type Lie-bracket:
T = i [Hl, HQ]

- (i (1+103)2{ — Paz = Pyy — 2Py Pau — Oa Puut
+ 205 Pyu — O Pun + 2 Oy Pu Pyt
+ 202 Pu Pou — P2 Puz — P2 s@yy}) o
e Strong pseudoconvexity means:
{H\, Hy, T} makes up a frame on/3.

e Complicated Levi form factor: Call T the numerator:

17T 0O
1
e Allow the two notational coincidences:

x| =1, ro = 1.

¢ Introduce the two length-three brackets:
H;, T| =+[H;, [H|, Ho]| = &; T (i=1,2),

e Fact 1: These are both multiples @f by means of two
functions:

A;
= ATy
e Fact 2. Expansions of these numeratofs are one
page long.

(i=1,2).

e Fact 3: Expansions of the numerato#s ;.. ;., ;., below
are more than one hundred page long.



e Lastly: Introduce furthermore théf,-iterated deriva-
tives of the function®; up to orders:

AZ
qu(q) ) Al ?2
Ay k
Hk2<Hk1<(I)Z)> — A6 r1T327

A,
Hyy( Hiy (Hy (97))) = =555,
wheres, k1, ko, k3 = 1, 2.

Proposition. [AMS 2011] All the numerators ap-

pearing above are inductively given by:
Ay o= A2(C Ay =Ty A) + A(= 28, T A+ T Ay Ay — Ty Ay, A)—
9N, T Ay A (i.k1 = 1,2),
Ay by = A? (T Ai,kh% — 2 T% A@kl) + A( -3 A% T Aip, + T A, Aigyu—
— 270, Ay, Ai,kl) —3A, T Ay, Ai i, (i k1, ko =1,2),
Atk = N (Y Aigey kg, — Ty Aikrks) + A(= 680, T Aipiy + T Aty Aigy hyu—
— 3Ty Ay Ay en) — 6 80T Ay Ay ey (i, ko, ko, ks =1, 2).

Furthermore, these iterated derivatives identically
satisfy:

Hy(P1) = Hi(P2)
and four third-order relations [new in the subject]:

= — Hy(Hs(H1(D2))) + 2 Ho(H1(Hy(92))) — Ho(Ho(Hq(®1)))—
— Oy Hi(Ho(P1)) + Oo Ho(H i (Py)),

0= — Ho(Hy(Hy(92))) + 2 Hy(Hy(Hi(Do))) — Hy(Hy(Ha(Dy)))—
— &y Hy(H1(P2)) + @y Hi(Ha(P2)),

= — Hy(Hy(H1(D2))) + 2 Hi(Ho(Hy(91))) — Ho(Hy(Hi(®1)))+

+ &y Hi(H1(D2)) — Oy Ho(H1 (1)),
0 = Ho(Ho(Hi(D2))) — 2 Ho(Hi(Ho(D2))) + Hi(Ho(Ho(Ps)))—
— Oy H2<H1<q)2>) + Dy Hl(HQ<(D2)>




Theorem. [AMS 2011] Associated to such an
M3 c C?, there is a unique pgly(R)-valued Car-
tan connection which is normal and regular in the
sense of Tanaka. Its curvature function reduces to:

5(p) = K ()W AT @i+ 5 (p) AT @ gt

+ 5,2 (P hy A @iy + k7 (p) W A Y @ gt

- nh1t< JhfAE @)+ 512 (p)hs At @)
where the two main curvature coefficients, having
homogeneity four, are of the form:

k) = — A1t —2A,3d - 2 A ed® + Ay dP,

Z1
?;t(p) = — AL+ 2A1Pd+2 A1 cdP + Ay d,
In which the two functions Ay and A4 of only the
three variables (z,y, u) are explicitly given by:

A1 =35 [Hl(Hl(Hl(q) ) — Ho(Hy(Ho(®2))) + 11 Hi(Ho(H(P2))) — 11 Ho(H (Ha(P1)))+
+ 6 Oy Hg(Hl((I)l)) — 6P, Hl(HQ((I)Q)) — 3Py Hl(Hl((I)Q)) + 3, HQ(HQ((I)l))—
— 301 Hi(H1(D1)) + 3Py Ho(Ho(P2)) — 2Py Hi (D) + 2Dy Ho(Py)—
— 2(D9)? Hy(®y) + 2 (D1)? Hy(Ps) — 2 (P9)? Hy(Py) + 2 (P1)* Hi(dy)],

Ay= 384{ 3 Hy(Hy1(Ha(P2))) — 3 Hi(Ha(Hi(®1))) + 5 Hi(Ha(Ha(P2))) + 5 Ho( Hi(Hi(®P1)))
+ 49y Hi(H\(D2)) + 4 Do Hy(Hi (Do) — 3Dy Hy(Hi(P1)) — 3Dy Ho(Ho(Py))—
— T®y Hy(Hy(®y)) — 7Dy Hy(Hy(P1)) — 2 Hi (1) Hi (Do) — 2 Ho( Do) Ho(Py)+

F ARG, (D) + 48105 Ho(®s)],

and where the remaining secondary curvature co-

efficients are [use Bianchi identities]:

hot hit hot hit
K/Z'Q K. 1 : /{/'2 o '1 :
1 12 12 ah
L.+ AN L 4N AN L 4N L 4 N AN VN NN

Dl




Corollary. [AMS 2011, 113 pages] A €5-smooth
strongly pseudoconvex local hypersurface M3 C

C? is biholomorphic to H?, if and only if:
A1 =A4=0,
identically as functions of (x,y, u).

e A few formulas from the proofs:

oy = 3at + 3b% — 4% — ®1a’be + ca®yb? — Prab’d — Poa’bd — 2B5bce — 2B ace — 2Psade + 281 bde—

— ®1a°d + Pra’c — P1bPc — PobPd + 6a°% + [ H1(D1) + & Ha(P2)|0*d*+
+ [_ 1i}36H2((I)2)H1((I) ) — 192 3072 3072
+ 557 OTH1(91) + g5 Hi(Ho(Hy (92))) + 557 Ho(Ha(Ha(®2))) + 557 Hi (Hi (Hi(®1))) +
— o5 H2(Ha(®2)) @2 + 15 Ha(H1(H1(®2))) + g7 Ha(H1(P1)) @2 — 1501 Ha(H1(P2)) + 557

— 5= Ho(Ho(H1(®1))) + &5 Hi(Ho(92))®1 — 555 Hi (Hi (Ha(®2))) — kP2 Hy (Hi(@2))]d*+
+ [ = g Ha(P2) H1(P1) — 1;2H2(H2(H1(<1>1))) + 1oz Ha(Ha (H2(®2))) + o5 Hi (Hi (H1(91)))+

384

s Hy (Hy (1)) @1 — 55 Ho(®57) + 57 @0 Ho(Ps) — obs Hi (9F)+
L <I>2 H,
- <I>1 Hs

+ 57 Hi(Ha(H1(D2))) — g5 Ha(Ho(P2))Po + 35 H1 (Ha(P2))P1 + 155 cI’2H1(<I’ ) — 13 H1 (H (Ha(92)))+

192
1;2@ Hy(®2) — 1= Hi(93) — 54 <I>2H1(H1(<I>2)) = Ho(93) +
+ 191)2(1) Hy(®2) + 15192(1)21{1((1)1) 1 ¢1H2(H1(‘I’2)) + 24H2( 1(H ( 2)))
+ 32H2(‘1’2) 3 Hl(H2(‘I’2))+ g5 H1 (©1)@1]bed” + [ 55 Ha (Hy (@1
Hy(®5) Py 32H1(<I>1)<I>2]acd2 [— 51{1(1{1(@1)) % 2 (o)1 — o5 Hy (Hao(P2))+
( _

—|— H1 (I)l) }Cld3 [ QHQ(Hl((I)l)) + B%HQ(HQ((I)Q))

35 Ha(Hy (1)) ®o — g5 Hy(H1 (1)) @1+
|d® + [ — & Hi(Hi(®1))+
) + 55 Ha(Ha(®2))—

o Ho(®2)®o — 25 Hi(P1)P2]ac’+

[ 1(P1) + Ha(P2)]a’d® + 55 [Ho(P2) 2 — Hao(Hy(P1)) — H2(H2(<I>2)) + Hy (®1)®o]bd>+

Hy(H,(®,)) + 321{2(@2)@1 o Hi(Hy(®2)) + 55 Hi(®1)®1|bc®+
+ 1—36 [H1(<I> )+ Ha(®2)]a’c + 2 [H1(<I>1) + H2(<I>2)]b2c2 + o5 [Ha(®2) s — Ho(Hi(P1))—
— Hy(Ha(®2)) + Hy(®1)®s]dbc? + 32[ Hy(H, (@, ))—|—H2(<I>2)<I>1 Hy(Hy(®5)) + Hy(D1)®4
+ [_ %Hﬂqb)ﬂ.l@l) - 1é2H1(H1((I)1))(I)1 3(1)%2H2((I)2) 3&4@2-’{2@2) 3(1)%2H1((I)2)
+ 357 PTHL(®1) + 4 Hl(H2(H1(‘I’2))) + g7 Ho(Ha(Ha(®2))) + 5857 Hi (Hi(H1 (91))) + 55793 Ha
— To3 Ho(Ha(®2))®2 + 45 Ho(Hi (H1(®2))) + gy Ha (H1(P1)) o — 45 P1 Ha(H1(P2)) + 537
35754H2(H2(H1((I)1))) +5 Hl(H2((I)2))(I’1 35754H1(H1(H2((I)2))) L (I>2H1(H1((I>2))] .

+

)

[o] wi*"> =T*([Hy, Hy) —AT) kst = Hy ([H1,T)) mrt = R ([H, T
[1] wpt = By ((y, B) - 4T) wh2t = Hi([H, T)) gt = T ([,
[1] hlhz—HQ By, Hy] — 4T) k2t = Hj([Hy, T)) wpt = T ([Hy, T)
] i = (5. 1) R = I ([, 1) - 4T) riyt = I ([T
[0 it =T (1, T) kM = I3 ([Hy, Hy) — 4T) k2 =T ([Ho, T)
2] hlhzz (Hl Hy) —4T) wlit = D* ([, T)) gt = I3 ([, T)
kMhe = R*([Hy, Hy] — 47) K2t = D*([Hay, TY) kIt = T*([Hy, T
Kt = (1, T)) kit = Re((H, T)) ry?t = T ([, T

L2,

N

)

~
|
>~
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[Hi, [Hy, [Hy, [Hi, [Hi, Ho]]]]] = (Hu(Hy(Hy(©1))) + 490 Hy (Hy (1)) +
+ 3H: (®1)Hy (P1) + 6(D1)* Hi(®1) + (91)*)[Hy, He],
[Hy, [Hy, [Hy, [Hz, [Hi, H2)]]]] 2 (Hy(Hi(Hi(®2))) + 301 Hi(Hi(®2))+
+ ®oHi(H1(P1)) + 3H1(D1)H1(D2)+
—|—3¢‘1¢‘2H1(¢‘1)+3(¢‘1) 1(®2)+((D1) (DQ)[HLHQL
[Hi, [Hi, [Ho, [Ho, [Hi, H2]]]]] 2 (Hi(Hy(Ha(®2))) + 201 Hy (Ha(®2))+
+202Hi(H1(P2)) + H1(P1)H2(P2) + 2H1 (P2) H1 (P2)+
+ (P1)? Hz(®2) + (P2) Hi(P1) + 401 P2 H1 (P2) + (€1)*(P2)*)[Hy, Ho],
[y, [Ha, [Hy, [Hy, [Hy, H]]]]] = (Hi(Ha(Hi (1)) + 2@ Hy (H (92))+
+ O Hi(H1(P1)) + ©1Ha(H1(P1)) + 3H1(P1) Hao(P2)+
+ 30 Do Hy (D) + 3(D1)2Hi(D2) + (1) ®2)[Hy, Ho),
[Hi, [Hz, [H1, [H2, [H1, H2]]]]] s (H1(H2(Hy(®2))) + 1 H1(Ha(P2)) + 202 H1 (Hi (P2))+
+ ®1Ho(Hi(P2)) + Hi(P1)Ho(P2) + 2H1 (P2) H1(P2)+
+ 401 P2 Hy (®2) + (1)° Ha(D2) + (@2)> Hi(®1) + (21)°(P2)?)[Hy, Ha],
[Hi, [Ha, [H2, [Ha, [Hi, H2]]]]] £ (Hi(Hz2(H2(P2))) + 3%2 Hi (Ha(P2))+
+ ®1Ho(H2(P2)) + 3H1(P2) Ha (P2)+
+3(02)? H1(®2) + 301 2 Ha (Do) + ©1(02)%) [H, Ha,
[Ha, [Hy, [Hy, [Hi, [Hi, H2])]]] £ (Ho(Hy(Hi(®1))) + 391 Ho (Hi (®1))+
+ ®oHi(H1(P1)) + 3H1(D1)H1(D2)+
+3(®1)° H1(P2) + 301 @2 H1 (1) + (01)°®2) [Hy, Ho),
[Ha, [Hy, [H1, [H2, [H1, H2]]]]] £ (H2(H1(H1(®2))) 4 2®1 Hao(H1(P2)) + ®2Ho(H1(P1))+
+ OoHi(Hi(P2)) + 2H 1 (P2)H1(D2) + Ho(P2)H1(P1)+
+ 401 P2 Hy (2) + (1)° Ha(D2) + (@2)2Hi (1) + (01)°(P2)?)[Hy, Ha,
[Ho, [Hy, [Ha, [Ha, [Hy, H2)]]]] = (Ha(Hy (Ha(®2))) + 202 Ha(Hi1(®2))+
+ ®1Ho(H2(P2)) + PoH1(Ha2(P2)) 4+ 3H1 (P2) Ha(P2)+
+ 3(®2)* H1(®2) + 301 P2 Ha (Do) + 1 (P2)*) [Hy, Ho),
[Ha, [Ha, [Hy, [Hi, [Hi, H2]|]]] 2 (He(Ha(Hi(®1))) + 201 Ho(Hy (92))+
+202Ho(H1(P1)) + 2H1(D2)H1(D2) + H1(P1)Ho(P2)+
+ 401 P2 Hy (®2) + (91)° Ha(D2) + (@2)> Hi(®1) + (21)°(P2)?)[Hy, Ha],
[H2, [H2, [H17 [H2, [H1,H2]HH z (H2(H2(H1(‘I’2))) + ®1Ho(H2(P2))+
+ 3®9 Ho(Hy (Do) + 3Hy (Do) Ha(P2)+
+3(02)? H1(®2) + 301 2 Ha (Do) + ©1(02)*) [H, Ha,
[Haz, [Hz, [Hz, [Hz, [Hi1, H2]]]]] 2 (Ha(H2(H2(P2))) + 42 Ha(Hz(P2))+
+ 3Ha(®2) Ha(D2) + 6(P2)” Ha(®2) + ($2)*) [Hi, Ha).

)
)

?22t = ;([H%T]) = _f(ahﬂé) + ah2h2H2(ati2) + athlHl(a“@) + 6i2h1 (ah?hliHl(athl)o_

- atthl (ah2h1)o - atthQ(ah2h1) - attT(ah2h1) - atilfl(ahzhl) - 04“2?2(04},,2},,1) -

= ata D(ahyn, ) —ur R(@hyhy ) =0t S (@b ) |+ Chony H2(0tn, ) ) + Biaha (Qhahy Hi(0th,) —
—Qhghq Xhqhy

- atthl (ahzhz)o + ahzthQ(athz)o - atthQ(ahzhz)o - attT(ahzhz)o_

— Oid D(ah2h2) — Oy R(ahzhz) _atilfl(ahﬂm)o - atizj\Q(O‘hﬂm) — Oy j\(ahzhz) )+
——— —— © ©
—Qhghy Qhyhg

+ Bigt (40thyn, Qthy + Qhohy @1t ®1 — A0,y Cthy + Qghy a1 P2)),



V — Perspectives on explicit Cartan CR connections

e Today: three (deeper) levels of explicit calculations:

L1 Informative linear algebra: Absorption of tor-
sion; normalization; prolongation of equivalence prob-
lems; appearance of curvatures tensors; dimension
counts.

[1 Polynomial differential algebra: Expand com-
pletely quadratic, cubic, quartic, polynomial remainders

[1 Relations (syzygies): Free and non-free Lie al-
gebra impose nontrivial relations between iterated Lie
brackets.

e Classification problem (still open in dimension5): To provide

a complete list of all possible (local or global) real analygubman-
ifolds A% < C"*! up to change of holomorphic coordinates on
Cn+1.

Joél M., Sophus Lie, Friedrich Engel et le probleme de Riemann-
Helmholtz Hermann, Paris, 201349 pages.

Joél M., Sophus Lie and Friedrich Engel’s Theory of Transforma-
tion Groups (Vol. I, 1888). Modern Presentation and Engliséins-
lation, 650 pages, submitted to SV.

e Cartan connection problem: To determine classes of homoge-
neous spaces corresponding to CR submanifolds™ c C"*! of
small dimension, and to construct Cartan connections omgag-
preserving deformations of the found homogeneous models.

[1 Cartan connections should be widespread in differential ge-
ometry, also for non semi-simple homogeneous Klein models,
especially on CR manifolds.



e Question still open in CR geometry: Make Chern-
Moser's computations explicit in terms of the defining
equation for a Levi nondegenerafg?"t! < ¢Cnt!
[Isaev, LNM 2020, Springer, May 2011].

e Beloshapka-Ezhov-Schmalziruss. J. Math. Phys. 2007]
Cartan-Tanaka connection for Engel CR manifolds
M* ¢ C? that are geometry-preserving deformations
of Beloshapka’s cubic:

v1 =22+ 0(4) = p1(x, y, uy, us)

v =20 2Z(z 4+ Z)+O0(4) = oz, y, ur, us).

e M.-Sabzevari: [in progress; many generalizations]
) U = 21 2z + 0(4) — 901(.%, Y, uy, u2, u3)
Vo =21 2Z(2 +Z)+0(4) = oz, y, uy, us, us)

vy =22Z(2 — 2)+ O0(4) = ps3(x, y, u1, ug, us).

Tl — awl
T2 — awg
T3 — awg

Ly = 0, + (2i2) O, + (2i2° + dwy) Oy + 227 Doy
Ly =i 0. + (22) O, + (227) Oy — (2i2% — dawy) Oy
D = 20, 4 2w Oy, + 3wz Oy, + 3w3 Oy
R:=1i20, — w30y, + w2 Oys.

e Deformations of the light cone:
221Z1 + 2775 + 2529

w+w = —
1—2222

[Tanaka'’s prolongation procedure does not apply]
THE END




