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RAAGEDY RIGHT-ANGLED COXETER GROUPS II: IN THE

QUASIISOMETRY CLASS OF THE TREE RAAGS

CHRISTOPHER H. CASHEN

Abstract. We classify two-dimensional right-angled Coxeter groups that are

quasiisometric to a right-angled Artin group defined by a tree, and show that
when this is true the right-angled Coxeter group actually contains a visible

finite index right-angled Artin subgroup.

1. Introduction

A tree RAAG is a right-angled Artin group whose presentation graph is a tree
of diameter at least three. Such a group is the fundamental group of a compact
3–manifold with boundary whose JSJ decomposition, in the 3–manifold sense, con-
tains only Seifert fibered pieces. A corollary of Behrstock and Neumann’s [1] quasi-
isometry classification of graph manifolds is that all tree RAAGs belong to a single
quasiisometry class. The diameter condition excludes the well-understood quasi-
isometry classes Z, Z2, and F2 ˆ Z.

Nguyen and Tran [20] classified planar, triangle-free graphs Γ such that the right-
angled Coxeter group (RACG)WΓ with presentation graph Γ is in the quasiisometry
class of the tree RAAGs. Dani and Levcovitz [11] subsequently showed that when
Nguyen and Tran’s conditions are satisfied then WΓ actually has a finite index tree
RAAG subgroup that is visible in Γ, in a sense that will be made precise later.

Nguyen and Tran’s proof uses planarity in an essential way twice: once to invoke
the Jordan Curve Theorem to construct a certain suspension-decomposition of Γ,
and again to say that WΓ is virtually a 3–manifold group. Then their suspension-
decomposition corresponds to the JSJ decomposition of the manifold and they apply
Behrstock and Neumann’s result. Dani and Levcovitz’s argument also explicitly
uses a planar embedding of Γ. However, there are easy examples, such as the graph
in Figure 1, of nonplanar graphs Γ such that WΓ contains a finite index tree RAAG
subgroup (see Example 3.2), so planarity is not a necessary condition.

Figure 1. A nonplanar, triangle-free graph Γ such that WΓ is in
the quasiisometry class of the tree RAAGs.
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We give a complete classification of triangle-free graphs Γ such that WΓ is in
the quasiisometry class of the tree RAAGs, and show that in this case WΓ contains
a visible finite index tree RAAG subgroup. See Theorem 3.1. The proof uses the
group theoretic version of JSJ decompositions (over 2–ended subgroups). Such
decompositions of RAAGs and RACGs can be read off from their presentation
graphs. One step in the proof is to describe what the JSJ decomposition of a group
in the quasiisometry class of the tree RAAGs must look like. The second is to show
that, for a 2–dimensional RACG, these conditions are already strong enough to
produce a visible finite index RAAG subgroup.

There are infinitely many commensurability classes of tree RAAGs [2, 3], so the
main theorem does not say that quasiisometry to a particular tree RAAG implies
commensurability to that same tree RAAG. Nevertheless, we find the commensu-
rability aspect of the theorem surprising. Usually when a geometric relation can be
promoted to an algebraic relation it is because there is some strong rigidity phe-
nomenon at play, but the class of tree RAAGs is quite flexible. For example, the
results of Huang and Kleiner [17] on groups quasiisometric to RAAGs with finite
outer automorphism group do not apply to tree RAAGs.

Acknowledgements. This paper is a spin-off of [6], where the question is when
WΓ is quasiisometric to any RAAG whatsoever.

Alexandra Edletzberger had already noticed that Nguyen and Tran’s decom-
position was related to the JSJ decomposition, and that cycles of cuts should be
obstructions to being quasiisometric to a RAAG [15, Remark 1.38, Remark 4.29].

2. Preliminaries

2.1. Terminology. The right-angled Artin group with presentation graph ∆, for a
finite simplicial graph ∆, is the group A∆ presented by a generator for each vertex
of ∆ and a commuting relation between two generators when they are connected
by an edge of ∆. The right-angled Coxeter group with presentation graph Γ, WΓ,
is defined similarly, with additional relations saying that each generator has order
2. In both cases these groups have a geometric action on a CAT(0) cube complex,
which has dimension at most 2 when the presentation graph is triangle-free.

Fn is the free group of rank n, and F is Fn for some unspecified n ě 2 when the
precise rank is not important. A basis of F means a free generating set.

An induced subgraph of a simplicial graph is a subgraph that contains all possible
edges between its vertices. If Υ1 is an induced subgraph of Υ then the inclusion at
the graph level extends to inclusions AΥ1 ă AΥ and WΥ1 ă WΥ. A subgroup of a
RAAG or RACG defined in this way is called a special subgroup.

If Γ is a presentation graph of a RACG then a thick join means a join subgraph
A ˚ B of Γ such that WA and WB are infinite groups, which happens when A and
B are incomplete subgraphs. A suspension is a join in which A is a 2–anticlique.
If A is a 2–anticlique and |B| ą 2 then A is called the pole or the suspension points
of A ˚B and B is called the suspended points. A vertex is essential if it has valence
at least 3. A cone vertex is everybody’s neighbor. If v is a vertex, its link lkpvq is
its set of neighbors and its star is stpvq :“ lkpvq Y tvu. A graph is biconnected if it
is connected with no cut vertex. Thus, a single edge is biconnected.

Two subsets of a metric space are r–coarsely equivalent if their Hausdorff distance
is at most r, and coarsely equivalent if their Hausdorff distance is finite. Coarse
equivalence gives an equivalence relation that is preserved by quasiisometries.
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2.2. Visible RAAG subgroups. If Γ is a graph, its complement graph Γc is the
graph on the same vertex set that has an edge precisely when Γ does not. Suppose
Λ Ă Γc is a disjoint union of trees Λ0 and Λ1. For a set of vertices V in Γ, if V
is contained in one of the Λi then hullΛpV q is the set of vertices of Γ contained in
the convex hull of V in Λi. The commuting graph ∆ of Λ is the graph that has a
vertex for each edge of Λ, with an edge between two of them if their support spans
a square in Γ. There is a natural homomorphism A∆ Ñ WΓ defined by sending
the generator of A∆ corresponding to vertex ta, bu of ∆ to the element ab PWΓ. it
is easy to come up with examples where this homomorphism is not injective, but
Dani and Levcovitz [11] give conditions that imply the homomorphism is injective
and the image has finite index.

Theorem 2.1 ([11, Theorem 4.8, Corollary 3.33, Remark 4.3]). Let Γ be an incom-
plete, triangle-free graph without separating cliques. Suppose Λ is a disjoint union
of trees Λ0 and Λ1 in Γc such that Λ spans Γ and for each i, no two vertices of Λi
are adjacent in Γ. Let ∆ be the commuting graph of Λ.

If Λ satisfies the following conditions, then the homomorphism A∆ Ñ WΓ is
injective and its image has index 4 in WΓ.

R3: If ta, bu ˚ tc, du is a square in Γ then hullΛta, bu ˚ hullΛtc, du Ă Γ.
R4: If a b is an edge in a cycle γ Ă Γ then there is a square ta, a1u ˚ tb, b1u

with a1, b1 P hullΛpγq.

Call a graph Λ satisfying the hypotheses of Theorem 2.1 a finite index Dani-
Levcovitz Λ (FIDL–Λ). When we have a FIDL–Λ, the commuting graph ∆ gives
a ‘visible’ finite index RAAG subgroup of WΓ. It is ‘visible’ in the sense that
vertices of ∆ correspond to diagonals of squares of Γ, and vertices of ∆ span an
edge precisely when their support spans a square in Γ.

2.3. CFS graphs. For WΓ to be quasiisometric to a RAAG it must have at most
quadratic divergence, which is characterized by Γ having property CFS [12].

Definition 2.2 (cf.[7, Definition 2.3]). The diagonal graph mpΓq of Γ is the graph
with an edge for each induced square of Γ, with vertices representing diagonal pairs.
The support of a vertex of mpΓq is the two vertices of Γ in the corresponding diagonal
pair. The support of a subset of mpΓq is the union of supports of its vertices. Γ is
CFS if mpΓq contains a component whose support is all non-cone vertices of Γ.

We will not invoke the CFS property directly, but mpΓq will figure prominently.
Consider that A∆ is 1–ended when ∆ is connected and not a single vertex, and WΓ

is 1–ended when Γ is incomplete without separating cliques. Thus, in the 1–ended
case, for a FIDL–Λ as in the previous section, we may identify ∆ with a subgraph
of mpΓq, since ∆ is connected and an edge in ∆ corresponds to a square in Γ.

2.4. JSJ decompositions. We assume familiarity with Bass-Serre theory. In this
paper we are interested in JSJ decompositions of finitely presented groups over
2–ended subgroups (equivalently, over virtually Z subgroups), which are graph of
groups decompositions that encode all possible splittings of the group over 2–ended
subgroups. The existence of non-trivial JSJ decompositions, for finitely presented
groups not commensurable to a surface group, is a quasiisometry invariant [22],
but the precise structure of a particular JSJ decomposition is not. One can make
a canonical object by passing to the Bass-Serre tree of any JSJ decomposition and
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collapsing cylinders to make the JSJ tree of cylinders [16]. It is a bipartite tree
where one part consists of cylinder vertices, which correspond to commensurability
classes of universally elliptic 2–ended splitting subgroups, and one part is made
up of rigid and hanging vertices that belong to more than one cylinder. Hanging
vertices contain the non-(universally elliptic) 2–ended splitting subgroups; that is,
they contain collections of 2–ended splitting subgroups that give incompatible group
splittings. Rigid vertices correspond to subgroups that are not split by any 2–ended
splitting of the ambient group.

It follows from Papasoglu’s work [22] (cf. [9]) that a quasiisometry φ : G Ñ G1

between two finitely presented groups induces an isomorphism of their JSJ trees of
cylinders, φ˚ : T Ñ T 1, that preserves vertex type: cylinder/rigid/hanging. Fur-
thermore, if X is a tree of spaces for G over T , and similarly X 1 for G1 over T 1,
then restriction of φ to each vertex space Xv is uniformly close to a quasiisome-
try φv : Xv Ñ X 1φ˚pvq that induces a bijection of incident edge spaces by taking

Xe Ă Xv to a set uniformly coarsely equivalent to X 1φ˚peq Ă X 1φ˚pvq.

The quotient of the action of a group on its JSJ tree of cylinders gives the graph
of cylinders. Since the JSJ tree of cylinders can be recovered by development, this
graph of groups contains information on quasiisometry invariants for the group,
such as the vertex types that occur, the quasiisometry classes the vertex groups,
and the relative quasiisometry types of the vertices relative to the peripheral pattern
of their incident edge groups, which will be discussed in Section 2.5.

Work of Clay [10] and Margolis [18], says that the graph of cylinders of a RAAG
can be described ‘visually’ in terms of the presentation graph ∆ as follows, where in
each case the local group is the special subgroup defined by the relevant subgraph:

‚ Cylinders are stars of cut vertices of ∆.
‚ Rigid vertices are maximal biconnected subgraphs of ∆ that are not con-

tained in a single cylinder.
‚ Hanging vertices do not occur.
‚ There is an edge between a cylinder and rigid vertex when they intersect.

Edletzberger [14], building on work of Mihalik and Tschantz [19] and Dani and
Thomas [13], gave a visual description of the graph of cylinders of a 1–ended RACG
with a triangle-free presentation graph Γ that is not a cycle graph. The 2–ended
subgroups of interest manifest as special subgroups generated by cuts ta ´ bu,
meaning a and b are not adjacent and either:

‚ ta, bu is a cut pair, that is, Γ´ ta, bu is not connected.
‚ ta, bu is not a cut pair, but there is a vertex c P lkpaq X lkpbq such that the

2–path a c b disconnects Γ. In this case a c b is a cut 2–path.

The distinction between 2–ended splitting subgroups that are non-(universally el-
liptic) vs universally elliptic is reflected topologically: A cut gives a non-(universally
elliptic) splitting if there is some other cut that crosses it, in the sense that each
cut contains vertices in different components of the complement of the other. A
cut gives a universally elliptic splitting if it is uncrossed, ie, not crossed by any cut.

‚ Cylinders are suspensions ta, bu ˚ plkpaq X lkpbqq for uncrossed cut ta´ bu.
‚ Rigid vertices are sets of essential vertices of Γ of size at least four that

cannot be separated by a cut and that are maximal with respect to inclusion
among such sets.
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‚ Hanging vertices consist of maximal collections of pairwise crossing cut pairs
or pairwise crossing cut 2–paths. (Cut pairs cannot cross cut 2–paths, and
vice versa [7, after Definition 2.8].)

‚ There is an edge between a cylinder ta, bu˚plkpaqXlkpbqq and a rigid/hanging
vertex if the latter contains a cut ta´ bu. In this case the edge corresponds
to intersection of subgraphs.

2.5. Peripheral patterns. A peripheral pattern PpG,Hq in a group G relative to
a collection H :“ tH0, . . . ,Hn´1u of subgroups of G is the set of coarse equivalence
classes of left cosets of the Hi in G. When H consists of 2–ended subgroups the
peripheral pattern it generates may be called a line pattern. A map between two
groups with peripheral patterns is pattern preserving if it takes each coset of one
pattern to within uniformly bounded Hausdorff distance of one in the other, and
vice versa, inducing a bijection between patterns. The relative quasiisometry type
of PpG,Hq is the equivalence class of spaces with peripheral patterns up to pattern
preserving quasiisometry.

Line patterns in free groups have been considered before [21, 8, 5]. Associated to
a line pattern there is a decomposition space, which is the quotient of the boundary
of the free group obtained by identifying the two endpoints of each line in the pat-
tern. Pattern preserving quasiisometries induce homeomorphisms of decomposition
spaces. Two cases are of particular interest for us. It turns out that each of these
types defines a single relative quasiisometry type of line pattern.

Definition 2.3. A surface type (line) pattern in F is a peripheral pattern PpF,Hq
with H “ txf0y, . . . , xfn´1yu such that, up to passing to roots, conjugates, and in-
verses, and removing duplicate entries, there is a compact surface with fundamental
group F such that tf0, . . . , fn´1u are the elements of F represented by the boundary
curves. Equivalently, its decomposition space is a circle.

Definition 2.4. A basic (line) pattern in F is a peripheral pattern PpF,Hq with
H “ txf0y, . . . , xfn´1yu such that, up to passing to roots, conjugates, and inverses,
and removing duplicate entries, tf0, . . . , fn´1u is a subset of a basis of F. Equiva-
lently, its decomposition space is totally disconnected.

In the present work we are interest not in line patterns in free groups, but in plane
patterns in FˆZ. Let z be a generator of the center. By a plane pattern in FˆZ,
we mean a peripheral pattern PpFˆZ,Hq where H consists of Z2 subgroups, which
we might as well assume, up to coarse equivalence, are maximal Z2 subgroups.
A maximal Z2 subgroup of F ˆ Z is of the form xfy ˆ xzy, where f P F and
z P Z are nontrivial elements that are not proper powers. Using the results and
terminology of [22], the only separating quasilines of Fˆ Z are coarsely equivalent
to the central Z. Thus, a quasiisometry φ : F ˆ Z Ñ F1 ˆ Z takes each coset
of the central Z to within bounded Hausdorff distance, depending only on the
quasiisometry constants, of a coset of the central Z. From this it follows that
πF1 ˝ φ|Fˆt1u : F Ñ F1, where πF1 : F1 ˆ Z is projection to the first factor given by
killing the center, is a quasiisometry. Conversely, pπF1˝φ|Fˆt1uqˆIdZ : FˆZÑ F1ˆZ
is a quasiisometry (but not necessarily one that is close to φ). The projections
πF : Fˆ ZÑ F and πF1 : F1 ˆ ZÑ F1 send peripheral plane patterns to peripheral
line patterns, and the original quasiisometry φ preserves plane patterns if and only
if πF1 ˝ φ|Fˆt1u preserves the projected line patterns. We extend the basic/surface
terminology to the plane patterns according to the type of the projection. More
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generally, extend the terminology to patterns of virtually Z2 subgroups in virtually
FˆZ groups, according to the type of the pattern obtained by pushing forward the
pattern by the map induced by the restriction to a finite index Fˆ Z subgroup.

Lemma 2.5. Let ∆ be a finite tree of diameter at least three, so that A∆ is a 1–
ended RAAG with a nontrivial graph of cylinders. For every cylinder in the graph
of cylinders, the peripheral pattern coming from the incident edge groups is basic.

Proof. Since ∆ is a tree, every non-leaf is a cut vertex, so cylinders are stars of non-
leaf vertices v of ∆. If v is a non-leaf then lkpvq “ tw0, . . . , wn´1, `0, . . . , `m´1u,
where the wi are non-leaves and the `j are leaves. Since the diameter of ∆ is
greater than 2, n ą 0 and m ` n ě 2. The cylinder group is Astpvq “ xvy ˆ
xw0, . . . , wn´1, `0, . . . , `m´1y – Z ˆ Fm`n. Since ∆ is a tree, the maximal bicon-
nected subgraphs are single edges, and those that are not contained in a single
cylinder are the non-leaf edges. Thus, the neighbors of the cylinder stpvq in the
graph of cylinders are the rigid vertices v wi for 0 ď i ă n, with Atv,wiu – Z2.
These give a basic plane pattern, since tw0, . . . , wn´1u is a subset of the basis
tw0, . . . , wn´1, `0, . . . , `m´1u of the Fm`n factor of Astpvq. �

Example 2.6. Let Γ be the nonplanar graph in Figure 2a. Let WΓ be the RACG
whose presentation graph is Γ, so that the generators of WΓ are si where si corre-
sponds to vertex i of Γ. (For compactness of notation, we omit the ‘s’ in figures and
subscripts.) The graph of cylinders of WΓ is shown in Figure 2b, where the labels
are the cylinder groups and each unlabelled vertex is a rigid vertex whose group is
the intersection of its neighboring cylinder groups, which in each case is isomorphic
to the product of two infinite dihedral groups. All edge groups are isomorphic to
their neighboring rigid vertex group, and all edge maps are inclusion.

0

1

2

3

4

56

7
8

(a) Γ

Wt3,4u ˆ Wt0,1,2,8u Wt0,1u ˆ Wt3,4,5u

Wt1,2u ˆ Wt3,4,6u

Wt0,2u ˆ Wt3,4,7u

(b) Graph of cylinders of WΓ.

Figure 2. Graph Γ and graph of cylinders of WΓ in Example 2.6.

The middle cylinder vertex C :“Wt3,4uˆWt0,1,2,8u has peripheral pattern gener-
ated by H :“ tWt0,1u ˆWt3,4u, Wt1,2u ˆWt3,4u, Wt0,2u ˆWt3,4uu. The group C has
an index 4 subgroup isomorphic to F3ˆZ, namely xw, x, yyˆxzy, where w :“ s0s8,
x :“ s0s1, y :“ s1s2, and z :“ s3s4. Restriction to the finite index subgroup induces
a pattern preserving quasiisometry between PpC,Hq and F3ˆZ with plane pattern
generated by txxyˆxzy, xyyˆxzy, xxyyˆxzyu. Projection to the F3 factor gives line
pattern generated by tx, y, xyu. Since the generators live in a free factor xx, yy of
F3, it follows that the decomposition space for Ppxx, yy, tx, y, xyuq embeds into the
decomposition space for PpF3, tx, y, xyuq. The former is a surface type pattern: it
matches the standard description of the fundamental group and boundary curves of
a 3–holed sphere. Therefore, the decomposition space for PpF3, tx, y, xyuq contains
circles; in particular, it is not totally disconnected, so the line pattern is not basic.
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Thus, WΓ is not quasiisometric to a tree RAAG, since the non-basic plane pattern
in the cylinder Wt0,1,2,8u ˆWt3,4u of the RACG cannot match the plane patterns
in cylinder vertices of tree RAAGs, which by Lemma 2.5 are all basic. ˛

In the planar case, according to Nguyen and Tran’s argument, Γ decomposes
into a tree of maximal suspensions, with neighbors determined by two suspensions
sharing a square. Playing the game as in the example by restricting to a finite index
torsion-free subgroup and then projecting to the free factor, one can see that there
are only two possibilities for a maximal suspension ta, bu ˚ tc0, . . . , cn´1u: either
there are fewer than n neighbors and the line pattern is basic, or there are exactly
n neighbors and the line pattern is surface type. Nguyen and Tran use ‘suspension
of n vertices has exactly n neighboring suspensions’ as an obstruction to being
quasiisometric to a tree RAAG. Example 2.6 illustrates that in the nonplanar case
there are more varied ways for a pattern to fail to be basic; C has a non-basic
pattern, but it is a suspension of 4 vertices with only 3 neighboring suspensions.

3. RACGs quasiisometric to tree RAAGs

Theorem 3.1. Let Γ be an incomplete, triangle-free graph without separating
cliques. The following are equivalent:

(1) WΓ has an index four visible tree RAAG subgroup.
(2) WΓ is in the quasiisometry class of the tree RAAGs.
(3) WΓ has a nontrivial graph of cylinders with no hanging vertices and:

(a) Cylinders are virtually Fˆ Z.
(b) Rigid vertices are virtually Z2. Each is adjacent to two cylinders, with

edge group equal to the rigid vertex group.
(c) In each cylinder the incident edge groups form a basic plane pattern.

(4) Γ has the following structure:
(a) Maximal thick joins are non-square suspensions. Every vertex and

edge is contained in a maximal suspension. The pole of each maximal
suspension gives a cut, in the sense that it is either a cut pair or forms
a cut 2–path with one of the suspended vertices. All cuts come from
the pole of a maximal suspension in one of these two ways.

(b) Every set of at least four essential vertices that is not separated by
a cut is a square, each of whose diagonals is the pole of a maximal
suspension.

(c) There does not exist a maximal suspension ta, bu ˚ tc0, . . . , cn´1u and
3 ď m ď n such that for all 0 ď i ă m the pair tci, cpi`1q mod mu is
the pole of a maximal suspension.

Proof. Inclusion of a finite index subgroup induces a quasiisometry, so (1) ùñ (2).
The graph of cylinders of a tree RAAG was described in the proof of Lemma 2.5.

Quasiisometry invariance of the JSJ tree of cylinders implies that any group quasi-
isometric to a tree RAAG has JSJ tree of cylinders whose cylinders are quasiiso-
metric to F ˆ Z, whose rigid vertices are quasiisometric to Z2, has no hanging
vertices, has exactly two cylinders adjacent to each rigid vertex, and such that in
each cylinder the plane pattern coming from incident edges is a basic plane pat-
tern. ‘Quasiisometric to’ F ˆ Z or Z2 can be promoted to ‘virtually’ F ˆ Z or Z2,
respectively, since these groups are quasiisometrically rigid.
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Finally, if r̃ is a valence 2 rigid vertex of the JSJ tree of cylinders and r is its
image in the graph of cylinders then r either has two adjacent cylinders connected
to r via edge groups equal to the vertex group of r, or it has one adjacent cylinder
connected to r via an edge group that is an index 2 subgroup of the vertex group
of r. The latter is impossible, by visibility of the graph of cylinders in RACGs,
since when Γ is triangle-free the only virtually Z2 special subgroups are defined by
squares of Γ, so one cannot be properly contained in another. Thus, (2) ùñ (3).

Assume (3). Cylinders are suspensions ta, bu ˚ plkpaq X lkpbqq where there is an
uncrossed cut ta ´ bu. By (3a), the suspension is non-square. Rigid vertices are
maximal subsets of Γ of at least four essential vertices that cannot be separated by
a cut. By (3b) they are virtually Z2, so they correspond to squares in Γ that are
not separated by a cut.

A K3,3 subgraph of Γ cannot be separated by a cut. A suspension ta, bu˚C with
|C| ě 3 can only be separated by a cut of the form ta´ bu, ie ta, bu or a c b for
c P C. Thus the existence of either a maximal thick join that is not a suspension
or a non-square suspension whose suspension points do not make a cut in one of
these two ways implies there is a non-virtually–Z2 rigid vertex, contradicting (3b).
Thus, maximal thick joins are non-square suspensions whose pole gives a cut. Since
there are no hanging vertices, all cuts arise this way. Since the graph of cylinders
gives a visual decomposition, every vertex and edge of Γ is contained in a subgraph
corresponding to a vertex of the graph of cylinders. Since there are no hanging
vertices and rigid vertices are assumed, by (3b), to be contained in cylinders, every
vertex and edge is contained in a cylinder. This establishes (4a).

We have said rigid vertices correspond to certain squares and cylinders corre-
spond to maximal suspensions. A square is contained in a maximal suspension if
and only if one of its diagonals is the pole of the suspension. Since a rigid vertex
is assumed to be adjacent to two cylinders, both diagonals of the corresponding
square must be poles of maximal suspensions. This establishes (4b).

Item (4c) describes a cylinder vertex of the graph of cylinders whose incident
edges form a non-basic plane pattern, contrary to (3c).

It remains to show (4) ùñ (1). A graph ∆ for which A∆ is a finite index
tree RAAG subgroup of WΓ can be constructed essentially by taking the graph of
cylinders of Γ and adding some leaves. We prove this by constructing a FIDL-Λ
with ∆ as its commuting graph, as in Theorem 2.1. This will take some work.

Assume (4). Any graph of groups decomposition of WΓ has underlying graph a
tree because WΓ is generated by torsion elements, so it cannot surject onto Z. Let
T be the tree with one vertex for each cylinder in the graph of cylinders and an
edge between cylinders if they share a square. This is just the underlying graph
of the graph of cylinders, where we have ‘forgotten’ the rigid vertices, in the sense
that they are all of valence two, so we think of them as the midpoint of an edge
instead of as a valence two vertex. In fact, we will think of T as a subgraph of
mpΓq, whose edges were defined to be the squares of Γ.

We make some claims about the graph structure of Γ deduced from (4). Assum-
ing the claims, we finish the proof of (1). After that we will prove the claims.

Claim 3.1.1. For every square ta, bu ˚ tc, du of Γ, at least one of the diagonals ta, bu
or tc, du is the pole of a non-square suspension that is a maximal thick join.
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Claim 3.1.2. mpΓq is a tree and T can be identified, via the map sending a maximal
thick join ta, bu ˚ C to the vertex ta, bu P mpΓq, with the subtree obtained by
removing all leaves of mpΓq,

Examples illustrating Claim 3.1.3 are shown in Figure 3. In the claim, when
tp0, q0u,tp1, q1u,. . . ,tpn, qnu is a geodesic in T Ă mpΓq then for a vertex v P Γ let
Iv :“ ti | v P tpi, qiuu. Also, let E denote the even numbers, and O the odd.

Claim 3.1.3. If tp0, q0u,tp1, q1u,. . . ,tpn, qnu is a geodesic in T with n ą 0 and there
exists a vertex z P Γ with tp0, q0, pn, qnu Ă lkpzq then:

(i) n P E
(ii) Iz “ r0, ns XO

(iii) For all 0 ă i ă n, there is a cut tpi´qiu separating tpj , qj | j ă iu´tpi´qiu
from tpj , qj | i ă ju´tpi´qiu. If i P E then the cut is tpi´qiu “ pi z qi.

z

p0

q0

p1

p2

q2

p3
p4

q4

x y

(a) Γ1, with z “ q1 “ q3

(p0, p2)
(p0, q2)
(q0, p2)
(q0, q2)

(p0, q0) (p1, z) (p2, q2)

(p1, p3)

(p3, z)

(p4, p2)
(p4, q2)
(q4, p2)
(q4, q2)

(p4, q4)
(x, p1)
(x, z) (y, z)

(y, p3)

(b) mpΓ1q

z

q0 q2 a b p6 p8

q1 q3 q5 q7x y

(c) Γ2, with z “ p1 “ p3 “ p5 “ p7,
a “ p0 “ p2 “ p4, and b “ q4 “ q6 “ q8

(z, q1)

(q0, q2)

(a, q0)

(z, q3)

(a, q2)

(b, q2)

(a, b)

(z, q5)

(a, p6)

(p6, b)

(z, q7)

(p8, b)

(p6, p8)

(q1, q3) (q3, q5) (q5, q7)(x, z)

(x, q1)

(y, z)

(y, q7)

(d) mpΓ2q

Figure 3. Two graphs as in Claim 3.1.3 with their diagonal
graphs containing the geodesic tp0, q0u, tp1, q1u, . . . , tpn, qnu.

Claim 3.1.4. If ta, bu ‰ ta, cu are vertices in mpΓq then the distance between them
is even and every second vertex on the geodesic between them contains a.

Claim 3.1.5. Every vertex of Γ is suspended in some maximal suspension. A vertex
that is not a suspension point of any maximal suspension is contained in a unique
maximal suspension.

Assuming the claims, we construct a FIDL–Λ.
By Claim 3.1.2, mpΓq is a tree, so it can be 2–colored 0/1 such that neighboring

vertices have different colors. By Claim 3.1.4, if v is in the support of two different
vertices of mpΓq then they have even distance in mpΓq, so they have the same color.
Thus, the 2–coloring on mpΓq induces a 2–coloring of Γ.

Let ta, bu be a vertex of T , corresponding to a maximal suspension ta, bu ˚
tc0, . . . , cn´1u. Let Λa,b Ă Γc be a graph on vertices tc0, . . . , cn´1u, constructed as
follows. Add an edge in Λa,b between ci and cj if tci, cju is a vertex of T . Call these
‘mandatory edges’. Condition (4c) implies the mandatory edges form a forest. Add
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additional ‘discretionary’ edges to make Λa,b a tree. Let Ti Ă T be the vertices with
color i. Let Λ0 be the union of trees Λa,b such that ta, bu P T1, so that supppΛ0q

consists of vertices of Γ colored 0. Define Λ1 analogously for T0. By Claim 3.1.5,
Λ :“ Λ0 \ Λ1 spans Γ. Vertices of Λi are colored i, so they are not adjacent in Γ.

We prove Λ0 is a tree by induction. Pick a vertex ta0, b0u P T1. By construction,

Λa0,b0 is a tree. Now suppose that
Ťm´1
i“0 Λai,bi is a tree, where the set of vertices

tai, biu P T1 with i ă m is the intersection of a convex subset of T with T1. Let
tam, bmu P T1 that is closest to the existing set. Since mpΓq is a tree, the convexity
condition implies that there is a unique vertex tc, du P T0 separating tam, bmu
from all of the other tai, biu, and there is at least one index j ă m such that
tc, du is a neighbor of taj , bju in T . Thus, c d is a mandatory edge in Λam,bm
and in any such Λaj ,bj . We have c d Ă Λam,bm X

Ťm´1
i“0 Λai,bi . Conversely,

suppose, for some j ă m, that Λaj ,bj X Λam,bm ‰ H, so there is a vertex z P Γ
with taj , bj , am, bmu Ă lkpzq. Since tc, du is the penultimate vertex on the unique
geodesic from taj , bju to tam, bmu in mpΓq, Claim 3.1.3 says z P tc, du. Thus,

Λam,bm X
Ťm´1
i“0 Λai,bi is exactly the edge c d, but the union of two trees with

exactly an edge in common is a tree, so Λ0 is a tree by induction, and Λ1 similarly.
Now we check that conditions R3 and R4 of Theorem 2.1 are satisfied.
Suppose ta, bu ˚ tc, du is a square in Γ. Claim 3.1.1 says either ta, bu or tc, du is

the pole of a maximal suspension; suppose ta, bu ˚C is a maximal suspension with
tc, du Ă C. Then hullΛta, bu “ ta, bu and hullΛtc, du Ă Λa,b Ă C, so hullΛta, bu ˚
hullΛtc, du Ă ta, bu ˚ C Ă Γ. Condition R3 is satisfied.

Suppose condition R4 is not satisfied. Then there is a shortest simple cycle γ in
Γ containing an edge e that is not in a square with vertices in hullΛpγq. Such a γ
is induced, because if γ contains vertices v and w that are adjacent in Γ but not in
γ then we could surger γ into two simple cycles γ1 and γ2 that are each an arc of
γ plus the edge v w. Both are strictly shorter than γ, and one of them, say γ1,
contains e, but hullΛpγ

1q Ă hullΛpγq, so e is not contained in a square with vertices
in hullΛpγ

1q. This would contradict minimality of γ.
Let u v w x be the subsegment of γ such that e “ v w. If u v and

w x are contained in a common suspension then so is u x, and tu,wu˚tv, xu is a
square, contradicting the definition of e. Thus, we may assume that there is not a
suspension containing all three of the edges. The argument will be to produce a cut
through v or w separating u from x. Since γ is a loop, it must pass back through
the cut again at some other vertex v1, which will lead to a contradiction with the
assumption that γ is induced. Thus, there is no witness to the failure of R4.

Case 1: There is a maximal suspension σ containing u v w and a different
maximal suspension σ1 containing v w x. Suppose the distance between σ and
σ1 in T is minimal among pairs with these properties.

Case 1a: Suppose σ and σ1 are adjacent in T . Their intersection is the join of
their poles. If tu,wu is the pole of σ then all four of u, v, w, and x are contained in σ1,
contrary to hypothesis, and similarly for σ1, so there are vertices v1 ‰ w1 such that
σXσ1 “ tv, v1u˚tw,w1u. If no cut separates u from x then tuu˚tv, v1u˚tw,w1u˚txu
is a non-square rigid vertex, which is impossible, so there is at least one cut of the
form tv´v1u or tw´w1u separating u from x. These cases are symmetric, so assume
it is tv ´ v1u. Since v is adjacent to u and w, if γ passes through v1 then γ fails
to be induced. However, the only way for γ to pass back through the cut avoiding
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v1 is if the cut is a cut 2–path v u1 v1 with u1 ‰ w. In this case, γ passes back
through u1, which is adjacent to v, so γ is not induced.

Case 1b: Suppose σ and σ1 are not adjacent in T . For ta, bu P T , let σa,b :“
ta, bu ˚ plinkpaq X linkpbqq be the maximal suspension of Γ with pole ta, bu. Let
tp0, q0u, . . . , tpn, qnu be the geodesic in T between σ “ σp0,q0 and σ1 “ σpn,qn .
Vertices v and w cannot both be suspended in the same suspension since they are
connected by an edge and Γ is triangle free, so, up to symmetry, there are two
subcases: either w is a suspended and v is suspension in both σ and σ1, or v is a
suspension point of σ and suspended in σ1 and the opposite is true for w.

In the first subcase, tp0, q0u “ tv, v1u, for some v1, and tpn, qnu “ tv, xu.
Claim 3.1.3 says n P E, w P tp1, q1u, and there is a cut tp1 ´ q1u separating
tv, v1u ´ tp1 ´ q1u from tv, xu ´ tp1 ´ q1u. Since v P tv, v1u X tv, xu, the cut is the
cut 2–path p1 v q1, and it separates v1 from x. It also separates u from x, since
u is adjacent to v1. So, γ crosses the cut once through v to get from u to x, and
must cross back again later, but both of the other vertices of the cut are adjacent
to v, contradicting that γ is induced.

In the second subcase we have that w is suspended in σpn´1qn´1
, and, by minimal-

ity of n, u R σp1,q1 and x R σpn´1,qn´1
. Apply Claim 3.1.3 to tp0, q0u,. . . ,tpn´1, qn´1u

with z “ w, which gives that w P tp1, q1u and there is a cut tp1 ´ q1u in Γ sep-
arating tp0, q0u ´ tp1 ´ q1u from tpn´1, qn´1u ´ tp1 ´ q1u. Since u R σp1,q1 and
x R σpn´1,qn´1

, tp1 ´ q1u separates u from x. Since v is adjacent to u and v and x
are both suspended in σ1 with two common neighbors tpn, qnu ‰ tp1, q1u, the cut
tp1 ´ q1u is a cut 2–path p1 v q1. Thus, γ crosses tp1 ´ q1u once through v and
then back again through a vertex adjacent to v, contradicting that it is induced.

Case 2: The path u v w is not contained in a maximal suspension. Let
tp0, q0u,. . . ,tpn, qnu be a geodesic in T such that u, v P σp0,q0 and v, w P σpn,qn , and
such that n ą 0 is minimal among such geodesics. Edges sharing a common vertex
cannot be contained in adjacent maximal suspensions without both being contained
in at least one of the two, so n ě 2. Minimality implies |tu, vu X tp0, q0u| “ 1 and
tu, vu X tp1, q1u “ H and |tv, wu X tpn, qnu| “ 1 and tv, wu X tpn´1, qn´1u “ H.

If v is suspended in both σp0,q0 and σpn,qn then Claim 3.1.3 says v P tp1, q1u,
but this contradicts minimality of n.

If v is suspended in σp0,q0 but not in σpn,qn then v P tpn, qnu is adjacent to both
pn´1 and qn´1. Apply Claim 3.1.3 to the geodesic subsegment from tp0, q0u to
tpn´1, qn´1u. Again, this implies v P tp1, q1u, contradicting minimality of n. The
symmetric argument works if v is suspended in σpn,qn but not in σp0,q0 .

Finally, suppose v is a suspension point in both σp0,q0 and σpn,qn . If n “ 2
then apply Claim 3.1.3 with z “ p1. If n ą 2 then apply Claim 3.1.3 to the
geodesic subsegment tp1, q1u,. . . ,tpn´1, qn´1u with z “ v. In both cases we get
that pn´1 v qn´1 is a cut 2–path, and the loop γ contains v and has vertices u
and w on different sides of the cut, so it must cross the cut a second time in either
pn´1 or qn´1, both of which are adjacent to v, contradicting that γ is induced.

Up to symmetry, this accounts for all possibilities, so we have constructed a
FIDL–Λ. By Theorem 2.1, the commuting graph ∆ of Λ defines an index 4 visible
RAAG subgroup of WΓ. It follows from Behrstock and Neumann’s [1] work that ∆
must be a tree, because tree RAAGs are not quasiisometric to nontree RAAGs, but
we can say explicitly what ∆ is from the construction: it is a tree built by starting



12 CHRISTOPHER H. CASHEN

from T and at each vertex ta, bu P T adding a new leaf for each discretionary edge
of Λa,b. This completes the proof of (4) ùñ (1), modulo the claims.

Proof of Claim 3.1.1: Any square ta, bu˚tc, du in Γ is a thick join, so it is contained
in some maximal thick join σ, which, by (4a) is a non-square suspension. Since Γ
is triangle-free either ta, bu or tc, du is the pole of σ. ♦

Proof of Claim 3.1.2: If ta, bu ˚ tc, du in Γ is a square and ta, bu ˚ tx, yu is another
square then |tc, d, x, yu| ě 3. The thick join ta, bu ˚ tc, d, x, yu is contained in a
maximal thick join, which is a suspension, by (4a), so ta, bu is the pole of a maximal
thick join that is a non-square suspension.

Every non-leaf of mpΓq is a pair of vertices of Γ that are the diagonal of more than
one square, so, as above, is the pole of a non-square suspension. These correspond
to vertices of T , so all of the non-leaf vertices of mpΓq are identified with vertices of
T . Furthermore, adjacent vertices of mpΓq span a square, so T–vertices of mpΓq are
adjacent in mpΓq if and only if they are adjacent in T . Thus, we identify T with a
subgraph of mpΓq that includes all non-leaves of mpΓq. By Claim 3.1.1, mpΓq has
no isolated edges, so every leaf is attached to one of the T–vertices of mpΓq. Thus,
mpΓq is a tree and T is a subtree containing all non-leaves.

For ta, bu P T there is a maximal thick join ta, bu ˚ tc0, c1, c2, . . . u in Γ. Since Γ
is triangle free, there are induced squares ta, bu ˚ tci, cju for all i ‰ j. Thus, ta, bu
has at least three neighbors in mpΓq. In particular, it is not a leaf. ♦

Proof of Claim 3.1.3: The proof is by induction on n. Since Γ is triangle-free,
n ą 1. Suppose n “ 2. Since tp0, q0u and tp2, q2u are distinct vertices in T ,
|tp0, q0, p2, q2u| ě 3, so tp0, q0, p2, q2, zu is a set of at least 4 essential vertices that
is not a square, since z is adjacent to at least three of the others. By (4b), the
set must be separated by a cut, since otherwise there would be a non-(virtually
Z2) rigid vertex in the graph of cylinders. By (4a), for all i, vertices pi and qi
have at least three common neighbors, so they cannot be separated by a cut. Now,
tz, p1, q1u ˚ tp0, q0, p2, q2u Ă Γ, but thick joins in Γ are suspensions, by (4a), so
|tz, p1, q1u| “ 2. Thus, z P tp1, q1u, and there is a cut tp1´q1u separating tp0, q0u´

tp1 ´ q1u from tp2, q2u ´ tp1 ´ q1u. This proves the claim when n “ 2.
Now consider a geodesic of length n ą 2 as in the statement of the claim, and

suppose the claim is true for all geodesics in T of length strictly less than n. As
in the base case, for all i there is no cut separating pi from qi, but there must
be a cut separating tp0, q0, pn, qn, zu, and the cut must contain z. Thus, there is
some cut containing z and separating a subset of tp0, q0u from a subset of tpn, qnu.
The geodesic tp0, q0u,. . . ,tpn, qnu in T gives a chain of squares in Γ with adjacent
squares sharing a diagonal. Such a set is 2–connected, and the only potential cut
pairs are tpi, qiu for 0 ă i ă n. Thus:

(:)
There exists 0 ă i0 ă n such that there is a cut tpi0 ´ qi0u Ą tpi0 , qi0 , zu
separating the set tp0, q0, pn, qn, zu.

The goal will be to split the T–geodesic into two subsegments at index i0 and
apply the induction hypothesis to both sides. We will also use the following fact:

(;)
No cut of the form tpi ´ qiu separates the set tpj , qj | j ă iu ´ tpi ´ qiu or
separates the set tpj , qj | j ą iu ´ tpi ´ qiu.

To see (;), first note that for all j ă i, tpj , qju Ć tz, pi, qiu. This is true because
tpj , qju ‰ tpi, qiu, and pj and qj are not adjacent, but z is adjacent to both of pi and
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qi. Thus, for all j ă i at least one of pj or qj survives in tpj , qj | j ă iu ´ tpi ´ qiu
and any vertices with consecutive indices are adjacent.

The combination of (:) and (;) implies there exists 0 ă i0 ă n such that there
is a cut tpi0 ´ qi0u Ą tpi0 , qi0 , zu separating tpi, qi | i ă i0u ´ tpi0 ´ qi0u from
tpi, qi | i ą i0u ´ tpi0 ´ qi0u. Consider two cases based on whether z is in tpi0 , qi0u.

Case z R tpi0 , qi0u: Then the cut tpi0´qi0u is a cut 2–path pi0 z qi0 . Consider
the geodesic subsegments tp0, q0u,. . . ,tpi0 , qi0u and tpi0 , qi0u,. . . ,tpn, qnu. Each is
strictly shorter than the one we started with and has all vertices in the supports
of its two endpoints contained in lkpzq. Apply the induction hypothesis. Then
i0 P E and n ´ i0 P E, so n P E. We have the even number i0 is not in Iz, and by
induction z occurs in the support of each odd index of each geodesic subsegment,
so Iz “ r0, ns X O. Finally, the induction hypothesis for the first subsegment says
that for every i ă i0 there is a cut tpi´qiu separating tpj , qj | 0 ď j ă iu´tpi´qiu
from tpj , qj | i ă j ď i0u ´ tpi ´ qiu, but (;) says tpi ´ qiu does not separate
tpj , qj | i ă j ď nu ´ tpi ´ qiu, so it separates tpj , qj | 0 ď j ă iu ´ tpi ´ qiu from
tpj , qj | i ă j ď nu ´ tpi ´ qiu. A symmetric argument on the second geodesic
subsegment finishes the proof of (iii).

Case z P tpi0 , qi0u: Without loss of generality, assume z “ pi0 . First suppose
1 ă i0 ă n´1, and consider the geodesic subsegments tp0, q0u,. . . ,tpi0´1, qi0´1u and
tpi0`1, qi0`1u,. . . ,tpn, qnu. Again, each is strictly shorter than the one we started
with and has all vertices in the support of its two endpoints contained in lkpzq, so
induct. We get i0 ´ 1 P E and n´ pi0 ´ 1q P E, so n P E and i0 P O. We have that
Iz contains the odd index i0, since z “ pi0 , and the induction hypothesis for the
two subsegments gives that Iz contains every other odd index as well. The proof
of (iii) is the same as in the previous case.

If i0 “ 1 or i0 “ n´ 1 the proof is the same, except one of the geodesic subseg-
ments is a single vertex, so the induction is only necessary on the other. ♦

Proof of Claim 3.1.4: By Claim 3.1.2, mpΓq is a tree, so there is a unique geodesic
ta, bu “ tp0, q0u,. . . ,tpn, qnu “ ta, cu. The support of a single edge has 4 vertices,
so n ą 1. If n “ 2 the claim is true. We cannot have n “ 3, because then
tp1, q1u˚tp2, q2u is a square in Γ contained in lkpaq, contradicting that Γ is triangle-
free. If n ą 3, apply Claim 3.1.3 to tp1, q1u, . . . , tpn´1, qn´1u with z “ a. ♦

Proof of Claim 3.1.5: Since Γ is triangle-free, the intersection of suspensions cor-
responding to adjacent vertices in T is exactly the square formed by the join of the
two poles. By (4a), every vertex of Γ is contained in some maximal suspension. If
v P Γ is a suspension point of a maximal suspension σ, then it is suspended in each
neighbor of σ in T , so every vertex of Γ is suspended in some suspension.

If z P σ X σ1 is contained in two maximal suspensions, but is not in the pole
of either, then σ and σ1 do not give adjacent vertices in T . Claim 3.1.3 says z
occurs in the support of each odd index vertex on the T -geodesic from σ to σ1.
Thus, every vertex that is contained in distinct maximal suspensions is in the pole
of some maximal suspension. ♦ �

Example 3.2. The graph of Figure 1 is shown again with its graph of cylinders
in Figure 4. The hypotheses of Theorem 3.1 are satisfied, because the central
cylinder vertex has basic plane pattern: Wt3,4u˚t0,1,2,8u has an index 4 subgroup
xw, x, yy ˆ xzy – F3 ˆ Z given by w :“ s0s8, x :“ s1s8, y :“ s2s8, and z :“ s3s4,
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such that restriction to the subgroup induces a pattern preserving quasiisometry
to F3 ˆZ with plane pattern generated by txwy ˆ xzy, xxy ˆ xzy, xyy ˆ xzyu, so the
projected line pattern is generated by tw, x, yu in xw, x, yy, which is basic. ˛

4

8

3
2

1

0

7

6

5

(a) Γ

Wt3,4u ˆ Wt0,1,2,8u Wt0,8u ˆ Wt3,4,5u

Wt1,8u ˆ Wt3,4,6u

Wt2,8u ˆ Wt3,4,7u

(b) graph of cylinders of WΓ.

Figure 4. Graph and graph of cylinders for Example 3.2.

4. Further remarks

The implication (3) ùñ (2) of Theorem 3.1 can be proven directly as in [4]. The
description of the JSJ decomposition means these groups, like the tree RAAGs, are
‘two-line tubular groups with bounded height change’, which are all quasiisometric
[4, Example 5.1]. The implication (4) ùñ (3) is also easy. It should be possible
to generalize Edletzberger’s [14] visual description of the graph of cylinders in the
case that Γ has triangles. In this case one could hope to replace the ‘no-triangles’
hypothesis on Γ by ‘no-icosahedra’ and retain the equivalence between (2), (3),
and (4). Graphs with no icosahedra are the most general family for which such
a classification would be interesting, because if Γ contains an icosahedron then
Z3 ďWΓ, so WΓ is not quasiisometric to a tree RAAG.

The equivalence of (1) to the others if the ‘no-triangles’ hypothesis is relaxed is
another matter. Theorem 2.1 is an application of conditions of Dani and Levcovitz
[11] specialized to the triangle-free case. Their work partially handles more general
situations, but when there are triangles there are more conditions and they are only
necessary, not sufficient, for Λ to spawn a visible RAAG subgroup. The ‘sufficient’
direction would be needed to extend Theorem 3.1 to handle triangles.
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