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ABSTRACT. To numerically approximate Borel probability measures by finite atomic
measures, we study the spectral decomposition of discrepancy kernels when restricted
to compact subsets of R?. For restrictions to the Euclidean ball in odd dimensions,
to the rotation group SO(3), and to the Grassmannian manifold Gs 4, we compute the
kernels’ Fourier coefficients and determine their asymptotics. The Lo-discrepancy is then
expressed in the Fourier domain that enables efficient numerical minimization based on
the nonequispaced fast Fourier transform. For SO(3), the nonequispaced fast Fourier
transform is publicly available, and, for G4, the transform is derived here. We also
provide numerical experiments for SO(3) and Gs 4.

1. INTRODUCTION

Consider a Borel probability measure p : (R?) — [0,1] on R?, where Z(R?) denotes
the Borel sigma algebra on R?. For fixed n € N, we aim to allocate a suitable n-point set
{x1,...,2,} C R? such that the normalized atomic measure

1 n
1.1 = — O
i = i3,

approximates u. Here, d; : B(R?) — {0,1} denotes the point measure localized at ;.

To quantify the Lo-discrepancy between p and v, select a measure 3 on %(R?) with
0, € Ly(B(RY), 3), for all z € RY, and consider

02 Gulpwn) = Il = [ 0B (B 45(5),

cf. [40, 42, 43], see Section 2 for explicit examples®. For fixed n € N, we aim to minimize
D5, v,) among all n-point sets {z1,...,r,} C R% The present manuscript is concerned
with discretizations of (1.2) that facilitate numerical minimization.

The associated discrepancy kernel Kg: R x R4 — R is defined by

(1.3) Ks(,y) := (02, 0y) 1, (2md),8) = /%(Rd) 0.(B)d,(B)dB(B),

and we assume it is continuous. Fubini’s Theorem and p(B) = [, 0,(B)du(z) applied to

[ — Vn||%2(gg(Rd),ﬁ) = ||H'||i2(<%(Rd),ﬁ) = 2(t, Vn) Ly ((R),8) T ||Vn||%2(%(]1§d),6)
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yield that (1.2) is identical to
- Kg(z, x; Kp( xz,x
(10) Datoen) = [ [ Koo )du(o)dnty =23, Ko ) g0y 1 3 Kol
R4 xR4 ni=1

If a compact set X C R? is known in advance such that supp(u) C X, then we shall
restrict the minimization to {z1,...,z,} C X, so that only the restricted kernel Kp|xxx
matters. By endowing X with a finite Borel measure ox having full support, Mercer’s
Theorem yields an orthonormal basis {¢;};°, for Ls(X, ox) and coefficients (a;);°, such
that the spectral decomposition

o0

(1.5) Kplxxx(z,y) Zal¢l z,y € X,
1=0

holds with absolute and uniform convergence. We call (¢;);°, the Fourier coefficients
of the kernel Kjp|xxx. If supp(u),supp(v,) C X, then the Fourier expansion of the Ls-
discrepancy (1.4) is

o0

(10 Dolprn) = S alio=uil’, = [ H@A), o= 3G
j=1

=0

where the Fourier coefficients fi; and 7,,; of the measures p and v,, respectively, are
well-defined if a; # 0. Truncation of the discretization (1.6) enables the use of the noneq-
uispaced fast Fourier transform, thereby offering more efficient minimization of Zs(u, v,,),
cf. [31, 33]. Thus, we aim to

A) compute (a;);2, and (¢;);2, in the Fourier expansion (1.5) of Kp|xxx.
The Lo-discrepancy Zs(f, vy,) also coincides with the worst case integration error

/f )dp(x ——Zf%

with respect to the reproducing kernel Hilbert space .73(X) generated by Kp|xxx, cf. [12
13, 29, 31]. To specity J3(X), we aim to
B) identify .73(X) with a classical function space.

(17) @ﬂ(ﬂ, Vn) =

HfH%B(X)<1

Fourier decay properties generally quantify Sobolev smoothness. To accomplish B), we
aim to determine the asymptotics of Ks|xxx’s Fourier coefficients (a;);2, in (1.5).

For X = S ! and a particular choice of 3, the kernel K 3|gi-1xgd—1 essentially coincides
with the Euclidean distance, see [12, 13]. The Fourier expansion is determined in [10],
and the decay of the Fourier coefficients yields that Kg|gi-1,sa—1 reproduces the Sobolev
space J#3(S41) = H (S?71). For the sphere and the torus, the nonequispaced fast Fourier
transform is available, and both A) and B) are discussed in [33, 34].

This manuscript is dedicated to derive analogous results for other compact sets X. We
focus on the unit ball, the special orthogonal group, and the Grassmannian manifold,

—{reRe u <1},
SO( ) ={r e R™ :det(z) =127 =2},
Gra = {r € R : 2T =2, 2% = 2, trace(z) = k}.

We achieve goal A) for X = B? with odd d. Both goals, A) and B), are achieved for SO(3)
and Gy 4. We also provide numerical experiments. For SO(3), the computations are based
on the nonequispaced fast Fourier transform designed in [32, 44]. For G, 4, we derive the
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nonequispaced fast Fourier transform by parametrization via the double covering S? x S?
and developing the respective transform there.

For SO(d) and Gy 4 with fixed k and d, in principle, one could still be able to compute
the Fourier expansion in goal A). However, one may be faced with rather complicated
expressions. In our present computations for SO(3) and Ga 4, the structural relations to
the unit sphere enabled the use of Chebychev and Legendre polynomials, which reduced
the complexity. Nonetheless, we do accomplish B) for the general cases SO(d) and Gy 4.

2. TWO INTRODUCTORY EXAMPLES

We first present a well-known elementary example on the interval [0, s, for which both
aims A) and B) are achieved. Second, to support our perspective on discrepancy, we prove
that the so-called Askey function is a discrepancy kernel of the form (1.3).

2.1. The Brownian motion kernel on [0, s]. Let dr be the Lebesgue measure on [0, c0).
The mapping h : [0,00) — AB(R) defined by r +— [r, c0) induces the pushforward measure
f := h,(dr) that induces the discrepancy

Dy 1) = / ([ 00)) — va([r, 00)) P

The associated discrepancy kernel Kg: R x R — R is*

Ky(x,y) = / " 6217 0)), ([ 00))dr = min(z, ),

so that Z3(04,0,) = |r—y| for z,y € [0,00). The restriction of the kernel K to [0, s] x [0, s]
has the Fourier expansion

4s*  sin(gmx) sin(gmy)
Ky(z,y)= > 2 2

2.2 \/? 5
meT = =
meN 2 2
m odd

z,y € [0,s],

with respect to the Lebesgue measure oy 4 on [0, s|]. The reproducing kernel Hilbert space
is

75((0,s]) = {f :[0,s] = C : f is absolutely continuous, f(0) =0, f' € Ly([0, s])},

where the inner product between f and g is given by (f’,9'),(0,s)), cf. [3, 21] and [43,
Section 9.5.5]. Note that Kjz|o1)x[0,1 is often called the Brownian motion kernel and
5([0, s]) is continuously embedded into the Sobolev space H([0, s]).

2.2. Askey’s function and its restrictions. Many positive definite kernels in the liter-
ature are of the form (1.3) and, hence, are discrepancy kernels. For odd d, Askey’s kernel
d+1
function (z,y) — (1 — ||z — y||),* is positive definite, cf. [28]. In the following, we shall
check that it is of the form (1.3).
Denote the Euclidean ball of radius s centered at z € R? by
BY(z) :={x € R : ||z — 2| < s},

with the conventions B¢ := B%(0) and B? := B{. Fix r > 0 and consider the discrepancy

(2.1) D (p1s1) = % / e

2

() - (B ()|

VEESH

r, r>0,

*For r € R, we use the notation r, = .
0, otherwise.
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where vol(]B%% ) = NE df )(g) . The associated discrepancy kernel is
2
1
2.2 Ky (z,y) = ——— [ 6,(B%(2))56,(B(2))dz.
(2.2 arlen) = s [ B )6, (B )
2

In order to additionally integrate over r, recall the (generalized) hypergeometric functions
ey > ntee n 2"
. z(fl Tk ,z) ::Z(fl) (fx) =
g1,---5 g n—0 (gl)n(gl)n n

where f1,..., fk,91,---,91,2 € Roand (f), == f-(f+1)---(f + n — 1) denotes the

Pochhammer symbol with (f), := 1. We consider G, : [0,00) — R given by

a+1 d—1

AT T), 0srs
Gd(T): 21 *% " ==
0, 1<

Since d is odd, either % or % is a natural number, so that the series terminates and
G4 is a polynomial in 72 on [0,1]. By integration with respect to Gy, we obtain the
Lo-discrepancy and the associated discrepancy kernel

Tupvn) = [ DarlpndGatr), and KaGoow) = [ Kol y)dGatr)

0 0
respectively. It turns out that K, coincides with Askey’s function.
Theorem 2.1. Let d be odd. The discrepancy kernel Ky satisfies

d+1
(2.3) Ky(w,y) =1~z -yl ayeR.
The proof is presented in Appendix A. Provided that d > 3, Askey’s kernel function
reproduces the Sobolev space H:' (R?) with an equivalent norm, see [49].
3. THE DISTANCE KERNEL ON S9!

This section is dedicated to recall results on discrepancy kernels on the sphere S*! C
R? for d > 2, from [12, 13, 31, 46] that shall guide our subsequent investigations.
Denote the geodesic ball of radius r centered at z € ST ! by

B (2) = {x € ST : distga (2, 2) < 1,
where distga1(, 2) = arccos((z, z)) is the geodesic distance on S¢~1. We define
hi[0,7] x ST = BRY,  (r,2) — BY ' (2)

and endow [0, 7] with the weighted Lebesgue measure sin(r)dr, whereas S%! carries
the normalized, Orthogonal invariant surface measure oga-1. The push-forward gy :=
h.(sin(r)dr ® oga-1) is a measure on B(R?), so that the associated Lo-discrepancy is

Dy (s V) / /S - BS"7(2)) = v (BS ' (2)) Pdogas (2) sin(r)dr.

The associated discrepancy kernel is

(3.1)  Kp,(z,y) / / B )5y(B§d71(2))dO’Sd—1<2) sin(r)dr, =,y € R%
Sd—1
According to [12, 13, 31], see also [2], Kp, satisfies

r'(s)

(3.2) Rala) =1 -5t

lz =yl @yesTh
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If either x or y is not contained in S¥!, then Kz, (z,y) = 0.

Choose ox := oga-1 for the decomposition (1.5) and let {Y™ : [ =1,...,Z(d,m)} C
Ly(S?1, 0ga-1) denote the set of orthonormal spherical harmonics of degree m on S !,
where Z(d,m) = Md%‘é_g(mtf*?’). For 7 > (d — 1)/2, the Sobolev space H™(S%!) is the
reproducing kernel Hilbert space associated with the reproducing kernel

Z(d,m)
(3.3) (z,y) HZ 1+m(m+d—2)) Zym Y (y), xye ST
m=0

The coefficients in the Fourier expansion

Mé(iﬂ o —yn—zcm Z Y@, e ST
satisfy |c,,| ~ m~™%, cf. [12]. This is the same asymptotics as the coefficients in (3.3) for
7 = d/2. Therefore, Kg,|sa-1xsi-1 reproduces the Sobolev space 7, (S4!) = He (S4)
with an equivalent norm!.

In order to determine the Fourier coefficients of kernels on the sphere that are polyno-
mial in ||z — y||, such as Kjp,|sa-1xsa-1, we require the Fourier coefficients of the monomial
terms ||z — y||’. For any p € N, the Fourier expansion

Z(d,m)

B 2Bl = Y ) X T, nyest

holds with coefficients determmed by

(3.5) am(p,S"") = 272 e —y” Z Y™ (2)Y," (y)doga- () dosa (y).

Sd 1y§d—1

The summand of the sum over [ does not depend on the specific choice of I = 1, ..., Z(d, m).
Note that (3.5) is well-defined for the entire range p > —(d — 1) and p is not required
to be an integer. For p > 0, the following proposition is essentially due to [10], see also
[12, 14]. Simple continuation arguments cover the full range of p, and the asymptotics

T'(—2+m
ﬁ = m~ P+ (1 4 o(1)) are standard.

Proposition 3.1 ([10]). Suppose d > 2. For any p > —(d — 1), we have
29T (4) 2p20(4+2 — 1) I'(—2+m)

AT T(-2) TE+d—1+m)

(3.6) am(p,S*1) =

In particular, if p € 2N, then
24T (%) . 2r/21
IV
and the series (3.4) terminates if p € 2N.

For p € 2N, the term I'(—%) is not well-defined and (3.6) is to be understood with

p
P(=2+m) ;
- = (=3)

(3.7) |am(p, S| =

—

[\

_|_

~— (o3
|

N

~—

the convention
p € 2N.

m- Hence, we observe a,,(p,S%') = 0 for all m > p/2 if

in H2 (S?1), for which it is

reproducing and the induced norm is equivalent to the standard norm in H (S?=1), which is induced by
the standard kernel (3.3).

TThe kernel Kp,|si—1xsa—1 generates an inner product (-, .>K5d|"d*1><"d*1
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FIGURE 3.1. The target measure u is supported on two circles on the sphere
S? with weight ratio 9/1. Numerical minimization of (3.9) splits 50 points
into 45 points equally distributed on one and 5 points on the other circle.

It is noteworthy that the kernel Ky, in (2.2) for d = 3 is a discrepancy kernel that does
not generate a Sobolev space on R? but its restriction does. The proof of the following
proposition is presented in Appendix B.

Proposition 3.2. Let r > 1. The reproducing kernel Hilbert space of K3, given by (2.2)
with d = 3, is continuously embedded into H*(R3), but the reverse embedding does not

hold. In contrast, Ks,|s2xs2 reproduces H%(SQ) with an equivalent norm.

To provide numerical examples for d = 3, Proposition 3.1 provides the coefficients
(@m)5_, in the kernel expansion of Kjg,,

2m+1

1__Hx_yH_ZamZYm 7 m,yESZ,

For supp(u), supp(v,) C S?, the Lo-discrepancy (1.6) for Kz, with X = S? becomes
2m+1

(3.8) D, (14 Vn) Zam Z - %ZYzm(%)
j=1

where [i]" denotes the Fourier coefficient of  with respect to Y™, cf. (1.6). By truncating
this series, the nonequispaced fast Fourier transform on S?, cf. [33, 39, 41], enables efficient
minimization of

(3.9) > am

m=0 =1

2

)

2m+1 2

o o
l —EZYZ (z)
j=1

among all n-point sets {z1,...,x,} C S?* for fixed n. We are most interested in n > M.
See Figure 3.1 for a numerical experiment with M = 8 and n = 50.

4. DISCREPANCY KERNELS ON COMPACT SETS

Here we discuss discrepancy kernels that extend the kernels of the previous section in
a natural way. For d > 1, let us define the half-space

Qlz):={zeR: (z,2) >r} € BRY), €S reckR
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For fixed s > 0, we consider the mapping h : [—s, s] x ST — Z(R?) defined by (r, ) +
Q4(z) and endow [—s, s] with the Lebesgue measure dr. The push-forward measure (4 s :=
h.(dr ® oga-1) leads to the associated Lo-discrepancy

Do) = [ [ |u(Q42)) — va( @)} dorgas (2)dr
s Jsd-1

The associated discrepancy kernel is

(4.1) Ks, (z,y) = /_s /Sdl §m(Qf(2))5y(Qf(z))dagd71(z)dr, z,y € R

Since BS" ' (z) = Q4 (7)) NS for r € [0,7] and 2z € ST, we deduce

cos
Kﬁdygd—lxgd—l — K/BdJ‘Sd_lXSd_l? d 2 2,

with Kz, as in (3.1). In contrast to Kjp,, the kernel Kp,  is not identically zero outside
of S471 x S°! and makes also sense for d = 1.

Example 4.1. For d =1, we have S° = {41}, so that the half-spaces are QL(1) = [r, 00)
and QL(—=1) = (—oo, —r]. Direct calculation of (4.1) yields

S_%|x_y|7 ’%‘,|y‘§5,

KﬁLs(xvy): %‘I'%’ ’QZ‘ <s< |y‘7
s H(zy), s < |z, |yl

where H is the Heaviside step function.

Proposition 4.2. The Fourier expansion of the kernel Kﬁl’s’[_s’s]x[_s’s] with respect to the
Lebesgue measure oj_s 5 on [—s, s| is

4 1 . 7 T
Kﬂl,s (S(},y) = E m : ; : Sln(%mx) Sln(gmy)
e
1 1 U U
+ Z 2 SEm@I L) cos(sx) cos(sy), z,y € [—s, ]

{u>0:tan(u):%}
Its reproducing kernel Hilbert space is

%Kﬁls([—s,s]) ={f:[—s,8] = C : [ is absolutely continuous, [’ € Ly([—s, s])},

where the inner product between f and g is given by

o= (=) + () G 7 900) + ' ta(

Note that %, ([—s,s]) is continuously embedded into H'([—s,s]). The proof of

Proposition 4.2 is presented in Appendix C. It uses that, up to a constant, Kz, |[—sx[-s,s]
is the Green’s function of the 1-dimensional harmonic equation Au = f on [—s, s| with
the boundary conditions u/(s) = —u/(—s) and u(s) + u(—s) = —2u/(s).

It turns out that K, has a simple form on B? x BY.

Theorem 4.3. For d > 1, the discrepancy kernel Kp, , satisfies

L)
ﬁ”m—yﬂa z,y € BY.

(4.2 Koy, (2:0) = 5 = 5t
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The identity (4.2) for z,y € S¢~! with s = 1 has been established in [13], see also (3.2).
Essentially, the same proof still works for the more general situation. Theorem 4.3 provides
a simple form of Kjp, [xxx with X = B¢, which may facilitate further computations. An

(d
VAT (45

ER

immediate consequence is Zg, (0, 0,) = |z —yl|, for z,y € BY.

5. THE EUCLIDEAN BALL B¢

This section is dedicated to derive the Fourier expansion of the discrepancy kernel
Kg,, in (4.1) on B%. Proposition 4.2 has covered d = 1, and we now derive the spectral
decomposition of

K% . B? x B - R, (z,y) — ||z —yl?,
for all odd d with odd p > 1 — d with respect to the Lebesgue measure ops on B?. The
case d = 3 with p = —1 is discussed in [37].

Let {C% :m € N, a > —1/2} denote the family of Gegenbauer polynomials with the

standard normalization

ay (mF+2a—-1\  T'(m+2a)
C’”(l)_( m )_F(Za)f‘(m—i—l)’ @70,

By a= %l — 1, the addition theorem for spherical harmonics yields

Z(d,m)
(5.1) >R = mmed2ed (0 )y e S

For m € N, let us define the kernels K& : [0,1] x [0,1] — R,

(_2>m min(7r,s m m_£7 _m min(r,s 2
(52) ICTd,’LpO", S) = 2 <max((r:s))> max(r, S)p2F1 ? ) (max((r:s))) ’

(£ = 1) m+ 4

For d > 3 and arbitrary real p > 1 — d, we deduce from [18] that

(5.3) ||x—y||p—zlcdp lall gl €27 (5. 1)), @y € BY, (a4 y it p < 0).

Forx =0or y =0, the right-hand side of (5.3) is well-defined by analytic continuation.
Using the addition formula (5.1) we obtain

Kdm(%:‘/) = 2m+d 2’Cdp(”xH 1yl Z Y™ %)Ym(” ||)> z,y € BY.

m=0

The Fourier expansion of K%P with respect to the measure 74~ 1dr satisfies

o0

1
(54) KP(r,s) =D Aulionly (1) eili(s), /0 Il (1, 8)ply (r)r=tdr = N2 l(s),

=1
where fol | (r)|?re~tdr = 1. We consider

d7 m €T
o (@) = 2 (e Y (), @€ B,
as well as the integral operator in Mercer’s theorem induced by K%,
(5.5) T : Ly(BY) — C(BY), fr | K(,y)f(y)dy,
Bd
so that direct computations yield

d, d d—2)vol(S4—1) d,
(5.6) TPELE (@) = Aep U2RAE ) plp ()
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2
with the scaling [, g@f,’f’j,J, (x)‘ dz = vol(S?1). This leads to the Fourier expansion

(d—2)vol(s?—1) g Sﬁd’p l( ) ‘Pd’p l(y)
5.7 de .T )\dp (d—2)vol(S m,7j, m,j, z, c Bd.
(5.7) ) E E mj 2m+d—2 E : \/Vol Sa-1 \/VOl = 1) Y

m=0 j=1

Thus, the original problem is reduced to the spectral decomposition of the sequence of
kernels K&, for m € N. The kernel K% induces the integral operator

(5:8) T La([0,1]r" M) = C(0.1)), f e /licfﬂ-,r)f(r)rd—ldr,

with eigenvalues pNicd m; and eigenfunctions gom We now specify these eigenvalues and
eigenfunctions. In the following theorem, J, denotes the Bessel function of the first kind
of order v and ¢, := e>™/* is the k-th root of unity.

Theorem 5.1. Suppose that both d > 3 and p > 1 — d are odd and let m € N. Then the
following holds:
a) Any eigenvalue X\ # 0 of TEP is in a one-to-one correspondence with

(59) w= [N (A4 2 = 2)(~B) gy, (452 — 1)1
with w satisfying det(A(w)) = 0, where

d+p d+p 1

(Cd_g:]m_‘_d_z 1(<d+ )) e ) ( g)ch 1)\ > 0
(5.10) Aw) = " T e, dip
(20+1) 2 02
<<2 derJr m+572 1(C22(£;+1p)w)>l:1 /=0 ) ( g)dﬂO 1)\ < 0

b) The eigenfunctions are exactly

dtp

XA e T e  (Gagen), (B A >0,
T d+p a

Dol cer'T? m+g—1(C22(£d+lp)W7")a (—5)ae_4 A <0,
where ¢ € R*5" is in the nullspace of A(w).

Remark 5.2. Computer experiments seem to indicate that the nullspace of A(w) is one-
dimensional if det(A(w)) = 0. In that case, the function

dtp _d
Ze:gl (_1)6"4[1:[] (w) rie ‘]m+ (Cd+p ) (_g)dﬂ’ 1)‘ > 0,

e _d
25:21(_1)414[1,2](“) rie m+g—1( gfd—:p)wr)7 <_§)%71>‘ <0,
where Ap g(w) denotes the (1,£) minor of A(w), spans the eigenspace associated with \.

(5.11) e

Appendix D is dedicated to the proof of Theorem 5.1. The proof reveals strong ties
with polyharmonic operators on the unit ball and higher order differential operators on
the interval [0,1]. We refer to [1] for structurally related spectral decompositions of
polyharmonic operators on [0, 1] with homogeneous Neumann boundary conditions.

Corollary 5.3 (d = 3, p = 1). The nonzero eigenvalues of T3, for m € N\ {0}, are

ezactly X = —w™(4m + 2), where w is a positive solution of the equation
Jmf% (W)Jmf% (iw) — iJmfé (iw)Jmfg (w) =0.

The corresponding eigenspaces are 1-dimensional with the representative

(5.12) ) =14 (Jm+ (@r)idyy 1 () + Ty 1 (i07) %(w)>.
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The formulas in Corollary 5.3 are derived from Theorem 5.1. Since J,,_ 1 (iw) # 0, for

all w € R\ {0}, the eigenspaces are 1-dimensional and (5.12) is not the zero-function.
In view of (4.2) in Theorem 4.3 we are particularly interested in kernels of the form

¢ — ||z — y||. In this case, the expansion holds with —K%! for m > 1 and ¢ — K& for
m = 0.

6. THE ROTATION GROUP SO(3)

In this section we derive the Fourier expansion of the discrepancy kernel on the special
orthogonal group SO(3). The eigenfunctions turn out to be classical functions but the
coefficients and their decay rates need to be determined. We also provide numerical
experiments by using the nonequispaced fast Fourier transform on SO(3).

6.1. Fourier expansion on SO(3). By identifying R?¢ with R, Theorem 4.3 applies
to subsets of R¥? endowed with the trace inner product

(z,y)p := trace(zy), x,y € R,

and the induced Frobenius norm || - || on R4, In this way, SO(3) is contained in IB%?/g,

and it is natural to consider s = v/3. We endow SO(3) with the normalized Haar measure
oso@)- Let {Dy : k,l = —m,...,m} denote the orthonormal Wigner D-functions on
SO(3), which are closely related to the irreducible representations of SO(3) and provide
an orthonormal basis for Ly(SO(3)), cf. [48]. For p > 0, the Fourier expansion

[e.9]

6.1) 27z —ylh =) an(p.SO(3 Z D (2)Dy(y), =,y € SO(3),

m=0 k,l=—m

holds and, analogous to (3.5), the coefficients are

(62) 00(p.508):= s [[2 e yHPZDH 2)Df ()70 ()d0s0(n (1)

so (3)xS0(3 hod=—
We now compute these coefficients for the entire range p > —3.
Proposition 6.1. For p > —3, the coefficients (6.2) are

2T(5+3) T(=§+m) 1
Val(=2) T(E+2+m) (m+3)

(6.3) am(p,SO(3)) =

In particular, if p € 2N, then
rré+3)
VA(R)

and the series (6.1) terminates if p € 2N.

|am (p, SO(3))| = m " (1+o(1),  meN,

The proof is given in Appendix E. For p € 2N, we again apply the convention % =
2

(=%)m in (6.3), so that a,,(p,SO(3)) = 0 for all m > £ if p € 2N. Provided that 7 > 3/2,
the Sobolev space H™(SO(3)) is the reproducing kernel Hilbert space associated with the
reproducing kernel

y) = Y (L+m(m+1)) Z Dy (2)Dy(y), .y € SO(3).
m=0

k,Jl=—m
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L ]

FIGURE 6.1. We use the standard parametrization of SO(3) by S* via unit
quaternions, which is then mapped into R? by stereographic projection and
R? is parametrized by B® via 2 > ;% tan(5||z]]). The target measure p
is supported on two disjoint parts with weight ratio 9/1 colored in darker
blue by the cylindrical surface and the great circle. Numerical minimization
of (6.5) splits 30 points in SO(3) into 27 points on the inner surface and
3 points on the great circle. We plotted 6 points on the great circle but

antipodal points correspond to the same point in SO(3).

The choice p = 1 in Proposition 6.1 implies that the kernel Kg,  |so(3)xso(s) reproduces
the Sobolev space #%, (SO(3)) = H*(SO(3)) with an equivalent norm provided that

SZ\/g.

For d > 2, we shall observe that K5d2 ﬁ|so(d)xso(d) reproduces the Sobolev space

H™(SO(d)), for 7 = w, with an equivalent norm. Indeed, Theorem 4.3 and Section 3

2 2
yield that Kg , [gs2-1,ga2-1 reproduces HT (S _1) with equivalent norms. Rescaling im-
plies that Kp, | /Gse-1, /gse2-1 reproduces HT (\/ESdz_l). Since SO(d) C VdS¥!,
results on restricting kernels in [26] lead to 7 = % — 2 ((d* = 1) = dim(SO(d))), where

dim(SO(d)) = 21,

2

6.2. Numerical examples on SO(3). Proposition 6.1 yields the coefficients of the kernel

expansion
o0 m

Ky, s(x.y) Zam Z D}y (x) D (y), z,y € SO(3).

m=0 k,l=—m

For supp(u), supp(vn) C SO(3), the Lo-discrepancy (1.6) for K . becomes

(6.4) Dy 51y Vn) Zam Z - _ZDM ;)

kl=—m
where i7", denotes the Fourier coefficient of y with respect to Dy, cf. (1.6). We truncate
the series (6.4) at M = 8 and minimize

(6.5) Z m Z

k,l=—m

2

Y

2
Zpklx]

among all n-point sets {z1,...,2,} C SO(3) for fixed n = 30. We efficiently solve the
least squares minimization by using the nonequispaced fast Fourier transform on SO(3),
cf. [32, 44]. Figure 6.1 shows the minimizing points mapped onto B3.
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7. THE GRASSMANNIAN G 4

First, the Fourier expansion of the discrepancy kernel on G, 4 is computed. To pre-
pare for developing the nonequispaced fast Fourier transform on G4, we then explicitly
parametrize the Grassmannian G, 4 by its double covering S? x S%. Next, we derive the
nonequispaced fast Fourier transform on S? x S? and provide numerical minimization
experiments on Gy 4.

7.1. Fourier expansion on Gs4. Theorem 4.3 also applies to the Grassmannian
Goy = {z e R 2" =1, 2% =2, rank(z) = 2}

with s = /2 when R*** is identified with R'6. To derive the Fourier expansion on Gs 4,
we require some preparations. We shall use integer partitions A = (\j, \o) € N? with
A1 > A2 > 0. We also denote |A| := A; + Ay. The orthogonal group O(4) acts transitively
on Go4 by conjugation and induces the irreducible decomposition

(7.1) L3(G24,06,,) = @ H\(G2,4), Hx\(Go4) L Hy(G2a), A #N,

A1>X22>0

where o0g,, is the normalized orthogonally invariant measure on G4 and H)(Ga4) is
equivalent to the irreducible representation Hj, of O(4) with type 2), cf. [8, 35]. The
normalized eigenfunctions of the Laplace-Beltrami operator on G, 4 form an orthonormal
basis for Ly(G24), and each H,(G24) is contained in the eigenspace E,, associated with
the eigenvalue ay = 4(A\2 + A2 + \y), cf. [6, 7, 8, 23, 35, 45].

Let @ be the reproducing kernel of Hy(G24). Any orthonormal basis {(p,\,l}?g(%*) for
H(G2.4) yields the spectral decomposition

m(#3,)
(7.2) Z o) eai(y), T,y € Gaa, A=A > 0.

The orthogonal decomposition (7.1) leads to the Fourier expansion

(7.3) 25 e —ylt = Y apGe)Qiry),  w.yE€Gos, p>0.

A12A22>0

The coefficients ay(p, G24) in (7.3) are

14w Ga) = s [[ 2l -y s, (2o, 1),

24><924

In order to determine ay(p,Ga4), we shall make use of the hypergeometric coefficients
(F)ane) = (F)a (f — 2)a,- Also recall the notation [A| = Ay + Ay and [|A[]| = /A + 3.

Theorem 7.1. For p > —4, we have

A=A DL P2 A p AL p
(7-5) a)\(pa 92,4) = —(—%’)w 4F 2 2 2 42 4;1 '

T
AR

ENER A +2, 0 +3, 0 +1

2/1A1\2 2 2

In particular, if p & 2N, then

ING- +2 |
(-

5 AP (L4 o(1), A=A 20,

(7.6) lax(p, Ga4)| = ’

and the series (7.3) terminates zfp € 2N.
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The proof of this theorem is contained in Section F.1 of Appendix F. If p € 2N, then
ax(p,G24) = 0 for all [A| > £. For 7 > 2, the Sobolev space H"(G24) is the reproducing
kernel Hilbert space with associated reproducing kernel

(7.7) (2, y) = > (L4 +40+40) 7 Qx(2,y), 7,y € Gay,

A1>2X22>0

cf. [11, 16]. Since the coefficients in (7.7) behave asymptotically as [|A|| 77, the choice
p = 1in Theorem 7.1 implies that the kernel Kp,, g, , x g,, reproduces the Sobolev space
f%”KBw’S (Gou) = H%(gm) with an equivalent norm provided that s > v/2.

Analogous to SO(d) at the end of Section 6.1, we deduce with [26] that, for d > 2,

E(d—k)+1 . .
K, |6, ax 0y reproduces the Sobolev space H™ 2" (Gyq4) with an equivalent norm.

7.2. Parametrization of G,, by (8% x SZ)/il' To derive the nonequispaced fast
Fourier transform on G, 4, we shall first explicitly construct the parametrization of Go 4
by its double covering S? x S?2. We denote the d x d-identity matrix by I, and the
cross-product between two vectors x,y € S? is denoted by x x y € R3. The mapping
P :S* x S* = Gy given by

1 (1+2"y —(zxy)"

is surjective and, for all z,y,u,v € S,
(7.9) P(u,v) =P(x,y) ifand only if (u,v) € {E(z,y)},

see Section F.2 and Theorem F.4 of Appendix F. In order to specify the inverse map,

note that S° SQ/:H can be identified with M(3) := {zy" € R**3 : 2,y € S*}. We now
define L : g274 — M(B),

%(P11+P22*P33*P44) Py3—P1y Poy+Pi3
(710) £(P) = Py3+Pia %(P11—P22+P33—P44) P34—Pi2 ,
Poy—Pr3 P3g+Pr2 1(P11—Paa—Ps3+Py4)

and direct computations lead to
(7.11) L(P(z,y) =ay', =y€eS”

The right-hand side determines = and y up to the ambiguity (7.9). Under the Frobenius
norm, P is distance preserving in the sense

(7.12) IP(z,y) = Plu,v)lle = llzy" —wo'|le, @y, u,v €S

The latter follows from (F.20) in Lemma F.6 in Section F.2 of Appendix F.

We shall now check how the spherical harmonics ¥;™ on S? relate to the eigenfunctions
a1 € Hr(G24) of the Laplace-Beltrami operator on Gs 4, cf. (7.2). The functions Ykirll’” :
Gs4 — C given by

(7.13) Ve " (P(z,y) =Y () - V" ()

are well-defined for m + n € 2N, the latter taking into account the ambiguity (7.9).
Theorem 7.2. For my := (A + A2) and ny := (A — \2), we have

(7.14) H)\(Ga4) = span{ Y,/ Y™ vk = —my, ... omy, = —ny, i
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The proof is presented at the end of Section F.2 of Appendix F. Note that the geodesic
distance on G 4 is distg, ,(P, Q) = V2+/0? + 62, where 0,0, € [0,7/2] are the principal
angles determined by the two largest eigenvalues cos?(6;) and cos?(6) of the matrix PQ.
Aside from (7.12), P is also distance-preserving with respect to the respective geodesic
distances, i.e.,}

diStgz’zl('P(QJ, y)a P(U, U)) = diStSQXSQ/:H ((g) ) (Z) )7 T, Y,u,v € 2.

This equality follows from (F.23) in Lemma F.6 in the appendix via further direct calcu-
lations.

The identity (7.14) provides explicit expressions for the orthonormal basis {¢;},_;
of H)(G2.4) that is used to construct the reproducing kernel @, in (7.2). It also prov1des a
fast Fourier transform on G, 4 from the respective transform on S§? x §? that is developed
in the subsequent section.

dlm(Hz)\)

7.3. Nonequispaced Fast Fourier Transform on G, 4. The nonequispaced fast (spher-
ical) Fourier transform on S? has been developed in [39, 41] under the acronym nfsft.
Here, we shall derive the analogous transform on S? x S?, which induces the nonequispaced
fast Fourier transform on G4 via the mapping P and (7.14) with (7.13).

For a given finite set of coefficients f;/}"™ € C, my,my =0,..., M, k= —my,...,my,
[ =—mao,...,my, we aim to evaluate
(15 S Y Y ey
m1,m2=0 k=—m1 lI=—mso

at n scattered locations (x;, ;)7 C S*xS?. Direct evaluation of (7.15) leads to O(nM*)
operations. We shall now derive an approximative algorithm that is more efficient for
n> M.

By following the ideas in [39, 41], switching to spherical coordinates reveals that (7.15)
is a 4-dimensional trigonometric polynomial. This enables the use of the 4-dimensional
nonequispaced fast Fourier transform nfft to significantly reduce the complexity. In
spherical coordinates the spherical harmonics are trigonometric polynomials such that

. U - sin(0) cos(p)
(7.16) Y™(2(0, ) = e*° Z ey el 2(0,¢) = (sin((?) sin(qﬂ)) €S?
S ’ cos(6)
where 0 < 0 <7, 0 < ¢ < 27, and Cow € C are suitable coefficients that we assume to
be given or precomputed. Thus, for x = (0, ¢1) and y = z(0s, p2), there are coefficients
bl,z;fl, € C such that

M
(717) F(x)y) — Z bk/ elkgol il 1k/91 1l 92
Tk V= M

We check in Section F.3 of Appendix F that the set of coefficients b:;{l/ can be com-
puted by O(M®) operations provided that the numbers ¢, in (7.16) are given. The
expression (7.17) can be evaluated at n scattered locations by the nonequispaced dis-
crete Fourier transform ndft with O(nM?*) operations, cf. [39, 41]. An efficient ap-
proximative algorithm is the nonequispaced fast Fourier transform nfft that requires

i . . 2 . . . S2 X S2
The geodesic distance on S* induces the geodesic distance on /41 by
diSt§2XSQ/ ((5),(%)) = min { dist3 (z, u) + dist3» (y, v), distZs (—z, u) + dist3> (—y, v) }.
+1
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only O(M*log(M) + n|log(e)|*) operations with accuracy e, see [39, 41] for details on
accuracy. Thus, our algorithm for evaluating (7.15) at n scattered locations requires
O(M? + n|log(e)|*) operations. For n > M, this is a significant reduction in complexity
compared to the original O(nM*) operations. We shall choose n ~ M* in the subsequent
section, so that the complexity is reduced from O(M?®) to O(M®+ M*|log(€)|*) operations.
For potential further reduction, we refer to Remark F.7 in the appendix.

7.4. Numerical example on Gs4. By Theorem 7.1, we can calculate the coefficients of
the kernel expansion

dim(Hg,)
Kp,o 5(1y) = Z ax Z exi(@)oai(y), .y € Goa.

A1>A22>0

The eigenfunctions ¢, are given by the tensor products of spherical harmonics in (7.13),
cf. Theorem 7. 2 For supp(p),supp(v,) C Gaa, the Lo-discrepancy (1.6) of the kernel

K/Bw f|g24 XGoy 1

dlm(’ng) 1 n 2
(718) .@5167\/5(,“, Vn) = Z any Z ﬂ)\,l - E Z 90)\,1(1‘]') )
A1>A2>0 =1 Jj=1

where fiy, is the Fourier coefficient of p with respect to ¢y, cf. (1.6).
Let us consider 4 = 0g,,. According to [11] (see also [15, 16]), the lower bound

n_5/4 r§ ‘@616’\/§</’L7 Vn)

holds for all n-point sets {z1,...,2,} C Ga4. We truncate the series (7.18) and let
=y d,m denote a minimizer of

d1m('H2)\) 2
(7.19) > a Z MM——ZSDMIE]
A<M
among all n-point sets {zy,...,7,} C Go4. A suitable choice n ~ M* leads to the optimal
rate
(7.20) Do (s ) ~o 51,

cf. [11, 24]. Note that we can efficiently solve the least squares minimization (7.19) by
using the nonequispaced fast Fourier transform on Gs4 derived from the nonequispaced
fast Fourier transform on S? x S? of Section 7.3 and applying Theorem 7.2. Figure 7.1
shows logarithmic plots of the number of points versus the Lo-discrepancy. We observe a
line with slope —5/4 as predicted by (7.20).
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FIGURE 7.1. Logarithmic plot of the number of points n versus the Lo-

discrepancy 2 s5(p,vp') on Gay, where v)' is derived from numerical

minimization.
APPENDIX A. PROOFS FOR SECTION 2
Proof of Theorem 2.1. Let hq : [0,00) — R denote Euclid’s hat function given by
1

W(le * 1Bd )(I’), T € Rd,

ha(llz]) = (1o, * 1oy,
1/2

where 1153?/2 is the indicator function of ]B%‘f/z. For z,y € RY and t = ||z —y|| < 1, we derive

o 1 o0
Katr) = [ g [ 150000 000200000 = [t/

= /1 ha(t/r)G(r)dr — hg(t)Gy(1) = t/l 20 (t/1)Gy(r)dr,

where the last equality is due to partial integration. An explicit expression for b, is stated
in [28, Equation (11)], so that we obtain

dT(4 i N s
Ky(z,y) = —(321)t/ (1—T2t2)d22F1< Lt dr
1 2

U

i
L
U
e
i

We now compare coefficients of powers of ¢t with those of the polynomial (1 — t)%. In
order to check the coefficient of %, we first observe

S i(5 d-1 1 d+1 1
s ) :zFl(—%vi—l.1> L _TEIG -
2j —20+1 S0 7 )1-=20 2r(¢-1+1)°

J=0
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where the last equality makes use of Gauss’ Theorem for the hypergeometric series eval-
uated at 1 (cf. [47, Equation (1.7.6); Appendix (IIL.3)]). Direct computation yields

(=T _ (T) @D T(§—1+1)
(-9, 20 ) (—=4)F D(g+1)
so that the coefficient of t? in Ky(x,y) is

() Tt arh _ (4 b (4

Hence, the coefficients for even powers of ¢+ match. To check the coefficient of ¢+
we first assume 1 € N. The Pfaff-Saalschiitz Theorem (cf. [47, Equation (2.3.1.3);
Appendix (II1.2)]) yields

Thus, the coefficient of 2™ in Ky(z,y) is nonzero if and only if j < 1. Moreover, it is
given by

SO (P) = s —ETEC DI )
VAT (5 i

Further computations using the duplication formula eventually lead to —(
d+1

) The case
1

€ N is checked analogously. The observation K4(z,y) = 0 for ||z — y| concludes
the proof. [ |

APPENDIX B. PROOFS FOR SECTION 3

Proof of Proposition 3.2. By expressing the R?-Fourier transform 17]33;1(5) in terms of the
Bessel function of the first kind of order d/2 and using its asymptotics, we deduce

T S (11l cere

Due to the zeros of the Bessel functlon the respective lower bound cannot hold. This
implies the embedding claims for H% (]Rd) in particular, for d = 3.

To address the restricted kernel, we observe that the value vol(B¢ /o) Kar(2,y) coincides
with the R?%-volume of the two intersecting balls BY , () N B ,(y). This volume has been
explicitly computed in [31, Section 2.4.3]. For d = 3, we obtain

3 1 3 9
Ksp(z,y) =1=llo =yl + 5 5lle =yl 2,y €85

so that K, |s2xs2 is a polynomial of degree 3 in ||z — y||. Its Fourier coefficients (a,)men
are linear combinations of the Fourier coefficients of the monomial terms, so that (3.7)
implies a,, < m™3.

We have checked that there are no cancelations in these linear combinations. Therefore,
the asymptotics (3.7) also imply the associated bound from below, which leads to a,, ~

m™3. Thus, Ks,|s2«s2 reproduces the Sobolev space Hz (S?) with equivalent norms. W
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APPENDIX C. PROOFS FOR SECTION 4

Proof of Proposition 4.2. Let us consider s = 1. The general case follows from rescaling.
In order to determine the Fourier expansion of Kg, |[,1,1]X[,1,1], we need to determine the
eigenfunctions with respect to the positive eigenvalues of the integral operator

T: Ly([-1,1]) = €([-1,1)), fn—>/_1f(t (1—124]-—t])de.

For A > 0, the equation T'¢ = A\¢ is equivalent to the associated Sturm-Liouville eigen-
value problem. Indeed, differentiating twice on both sides and carrying out a short cal-
culation, we arrive at the second order homogeneous differential equation

(C.1) " (z) + %qﬁ(a:) =0, ze(-1,1),

with boundary conditions ¢'(1) = —¢’(—1) and ¢(1) + ¢(—1) = —2¢'(1). The general
solution of (C.1) is ¢(x) = ¢1 cos( ;) + 2 sin(5). Direct calculations using the boundary
conditions determine c¢q,co and A, so that Mercer’s Theorem and normalization of the
eigenfunctions provide the Claimed Fourier expansion of the kernel.

Computations analogous to [43, Section 9.5.5] and [21] verify the claimed form of the
reproducing kernel Hilbert space. [ |

APPENDIX D. PROOFS FOR SECTION 5

The two linearly independent eigenfunctions of the differential operator

(D.1) Dy, = 02 4 &1, — mmid=2)
on [0, 1] with respect to a possibly complex eigenvalue —w? are
Jord_q(wr) Y, . a (wr)
Jhe(ry = D and YR (r) = e
ra—1 rs=1

where J, and Y, are the Bessel functions of first and second type, respectively.

Lemma D.1. For odd d > 3, odd p > 1 —d, and m € N, any eigenfunction of TSP with

eigenvalue X\ # 0 is a linear combination of {jﬁi’”f A=1,..., %}, where
i 20 d+p
a1 fe™ae, (=1)2 v >0,
(D.Q) Wy = ‘Ul‘“P m2é+1 ( )d+
M, (=1)7 v <0,

and

v=-AT2M(d 4+ 2m = 2) (2 - §) s (H2 —1)!.

Proof of Lemma D.1. Up to a constant depending on d and p, K47 is the Green’s function

of the polyharmonic equation A5y = f on B with certain nonlocal boundary conditions,
cf. [38]. In particular and by specifying the constant, one deduces that any eigenfunction

of T4 in (5.5) with eigenvalue X # 0 is an eigenfunction of A" with eigenvalue

—AT2TE (2= )y (552 - 1) — 2) vol(STTY),.

The Laplacian in polar coordinates is A = 9%+ ﬂ@ —l—iAgd 1. The decomposition (5.7)

(see also (5.4)) yields A gom]l (Dm2 gpmJ)Ym on B¢, where D,, is as in (D.1). Since
(d—2)vol(S¢—1)

St d—D )\, any eigenfunction of 7% with eigenvalue A # 0 is an eigenfunction of

S‘i ||

A
Dy?

With eigenvalue
v=-X"2"P(d+2m —2) (2 9)uy (B2 -T)L.
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dtp
The linearly independent eigenfunctions of D, with respect to any eigenvalue v # 0 are
(D.3) Jdwe and - Yder (=1,..., 42
where
d+p d+p

(—wd) 7 = (1) TP =0, (=1, 42

and we take
2mi—t dtp
1 e, (=1)zv>0 d
Wy := |U|dip 125+1p ( )d+ £:1a7ﬂ
ME, (—=1)% <0, 2

As an eigenfunction of a positive integer power of the Laplacian, gbm 1 1s real analytic on

BY, cf. [5, 36]. Hence, the radial part ¢*” >, must be an analytic function on [0, 1] with

even or odd parity for m even or odd, respectlvely, cf. [9]. The functions Y%~ do not
have matching parity, which concludes the proof. [ |

In order to identify the eigenvalues and the linear combination in Lemma D.1, we check
how T%7 in (5.8) acts on J%.

Lemma D.2. Ford and p > 1 —d odd, we have

(D.A4) (TEPTE)(r) = w™ HP 2HP=2(q 4 2m — 2) (—=B) 4y, | (H2 — 1)IT24(r)

2

d+p
p d+p
2

(= )m i1 dp —i dw m i_Tm_g 2
(g_l)m;Q (% z+1)i_1w Tl ()M Fy <4 m ).
Proof of Lemma D.2. The idea of the proof is to use the series expansion of the Bessel
functions, apply the integral operator to each term, and eventually recover the right-
hand side of (D.4). We shall provide the skeleton of the proof and omit some lengthy
computations.

Letd>1,p>1—dand r > s. If d+ p is even, direct computations yield

dtp 4

KiGr) = o= 3 <—1>’“(d# )
(5 —Dm k=0 k 2

We obtain that (Tﬁl’m*djfi’w)(r) equals

~ D —l+m) fTJm+g_1(WS)Sg+m+2’“ds f Ty 1 (ws)s §A—5—m=2k g

2l—d—m—2k m+2k
— r r
m k=0

For a > 0, k € Ny, w € C and r > 0, integration of each term of the power series of the
Bessel function eventually yields

r k :
(D.5) / Ju(ws)s@ T2 +1ds = Z 2 (—k;)l Jq+¢+1(wr)
0

witl Tz—a—Zk—l ’
=0

1 k -
—a <—2 l(—kl Ja,i, CLJ?“)
(D.6) / Ja(ws)s™ 2 1ds = Z 2,1’+1 ) ( ,,«i+a12<k1 N Ja_i_lw))’
r i=0
which follows from direct computations and

i (=F)ntj—1 _ (—k:)n12F1(n — k-1, 1; 1) _ (k)

(a+n)js1  a+n a+n+1 S a+k+ 1

J=0
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for « € R, k € Ny, and n € N with o € {—(k+ 1), —k,...,—n}. By applying (D.5) and
(D.6), we can express (T4%747%%)(r) as a sum of Bessel functions of various different
orders. Straightforward but lengthy computations combined with the identity

RN % P DE(R), [0 = Didaginn(8) | (0= Digloia()
- Z Dis1(l = k)E! (a+ 1) (=) (a+ 1)

(D7) a

i,k=0

eventually lead to the claimed equality (D.4).

In order to verify (D.7), according to the definition of the Bessel function J,(x), we
have to show that the coefficient of (z/2)***™ on the right-hand side of (D.7) equals
(=)™ /(m!II'(m+a+1)), form =0,1,.... Let first m > [. Then this coefficient R(a, m)
equals

B l (—1)k+m—l_1(—k)i
(D8)  Rla,m):= @;o (@t kDl —k)E(m 1 -Dm—Itatit])

l

(=D)*™(—k);
* ZO (@R —Rm—1+ )T (m—1+a)

ik=

(==L R (L k)

l
:kz; otk —Doa(l—k)EI(m —1— 1) (m—l+a+1)
+i (~1)kmy By (L E )
l+1 l— k)!k!(m — l)!F(m_l—Fog)'

k:O

Both hypergeometric series can be evaluated by means of Gauss’ Theorem. Thus, we
obtain

! (—1)kFm+itt
Z (a+k =0l =K)Km—-1-DI'(m—1l+a)(m—-101+k+ )

( 1)k+m
+Z (@ — B =B m == )T (m—l+a)(m—1+h)

Now we reverse the order of summation in the second sum, i.e., we replace k by [ — k
there. Then both sums can be conveniently put together to yield

B i (_1)k+l+m(a S 2]{7)

C(a— 1+ k)= B)E(m =1 = DIT(m — 1+ a)(m — 1+ &+ a)(m — k)
I+m a—1,2~L4+1,a—1+m,—m,~1

. (_1) i 5F4< %—g,ljm,a—l-i—m—&-l,a—l—l ’1>

S (a—=l+ 1Dl (m—=1-DIT(m—1+a)(m—1+a)(m)

The hypergeometric function can be evaluated by means of the classical terminating very-
well-poised 5Fy-summation (cf. [47, Equation (2.3.4.6); Appendix (II1.13)]). After some
simplification one arrives at the desired expression (—1)™/(m!I'(m + a + 1)).

If m < [, then the first sum in (D.8) does not contribute anything because of the term
(m—1—1)!in the denominator. In the second sum, the summation over i may be started
at ¢ = [ — m, which can be evaluated by means of the binomial theorem. The result is
zero except if k = 1. Again, in the end one obtains (—1)"/(m!T'(m + o + 1)). |
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Proof of Theorem 5.1. We now combine Lemmas D.2 and D.1. Let the linear combination

dtp
[ =322 aJd be an eigenfunction of TP with eigenvalue A and let w, be as in (D.2).
We obtain for any ¢/ =1, ..., % that

wit? = (—l)d%pv
= A7 (d 4 2m — 2)(—1) 2
= A2 (d 4 2m = 2)(=§)ase (B2~ 1)L,

d+P -1

and thus

dp £ — (_
(D.9) TP f — \f -

where A(w) is as in (5.10), ¢ = (¢7),_, a+e, and

.....

d+p
: d+p p 2
1— B m —
F(r) = (21_ (H2 — i+ 1) |w| ™ r 2F1< 2;7’2>> :
5+m :
=1
For+=1,..., %, the hypergeometric functions in F' are polynomials of exact degree
d + p — 2i and thus linearly independent. Hence, for ¢ # 0, the right-hand side of (D.9)
vanishes if and only if A(w) is singular and c is in its nullspace. [ |

APPENDIX E. PROOFS FOR SECTION 6
Proof of Proposition 6.1. We shall derive the coefficients a,,(p, SO(3)) from the family of

spherical coefficients a,(p,S'). The half-angle identity sin(%) = \/PCTOS(U, for t € [0, 7],
implies

(E.1) 278z —y|P = /1 (z,y) =28sin(3)P,  wyest
where s = arccos({x,y)). For d = 2, the addition theorem yields
(B2)  Y"@)Y"(y) + Y (@)Y (y) = 2Tm((z,y),  wy €S, m=12..,

where 7, are the Chebyshev polynomials of the first kind, i.e., 7,,(cos(s)) = cos(ms),
for s € [0,7]. The relation (3.4) for d = 2 with (E.1) and (E.2) leads to

(E.3) 2% sin(£)? = ao(p, S") + 2 Z am(p, S") T (cos(s)), se[0,7], p>0.

We now switch to SO(3). For z,y € SO(3), the relation
|z —yllr = 2%\/3 — trace(z Ty),

the choice s = arccos(%), and (E.3) imply

2P|z —y||h =27%/3 — trace(zy) = 25 sin(3)?

)+ 2 Z am(p,S Cos( ))

= ao(p,S") + 2 Z am(p,S") Tam (cos(£)).

m=1
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The Legendre polynomials satisfy 7,, = 3(CL, — Cp,_5) with 75 = Cj and C°; = 0, for
m € N, so that we obtain

[e.9]

(E.4) 27z = ylp = Y (am(P,S") = ami1(p,S))C3,, (cos(3)).

m=0

We derive (6.3) by calculating the differences 22 (@ (p,S') — @ms1(p,S?)) in (E.4) and
applying the addition theorem of the orthonormal Wigner D-functions,

(E.5) > DEy(2)D(y) = (2m + 1)C3,, (cos(3)),

k,l=—m

see [48] for (E.5). Analytic continuation and well-known relations for the gamma function
cover the remaining values of p > —3.

Standard calculations yield (?—1)2) =m~2P(1+0(1)), which concludes the proof. M
APPENDIX F. PROOFS FOR SECTION 7

F.1. Proofs for Section 7.1.

Proof of Theorem 7.1. Proof of (7.5): According to [20], @, is explicitly given in terms
of Legendre polynomials by

1

B Qy) = 2 (Ch (60 0 (€) + G (€)Ch L (60)

where ¢\ := dim(H3,) = (2 —do,) ((2A1 + 1) —4)3) and 6y, 6, denote the principal
angles between z and y and

(F.2) & =cos(fy +0), & =cos(6; —6s).

In order to write the integral (7.4) in terms of the variables &, we first observe

ya
2

(2 — cos(6h)* — 608(92)2)§
(1 — 5 cos(260,) — %005(292))
(1-&.6)"

We set —q := p/2 as well as m := Ay + Ay and n := A\; — Ag. According to [20], the
measure fg, , ® g, , in (7.4) turns into df,d_ for the variables £+ on [, | < ¢ <1, so
that we obtain

0r(p.Gos) = // (1 -6 (chee

Symmetry arguments yield

Lot
ax(p, Goa) = /1/1 L—2y) 7 (cn( )

=7 /_ 1 /_ 1(1 — a;y)—qc,% (x)Ci(y)dxdy.

272 |z — y[|% = (2 — trace(zy))

P
2

gw\»a

() +CHHEICA(ES) ) desde-

Swh—t

(y) +C2 (y)ci(x)) ddy
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The series expansion of (1 —zy)~? converges absolutely for ¢ < 2, and the Legendre poly-
1

nomials Cz, are orthogonal to the monomials z* for & < m or m # k mod 2. Therefore,
the orthogonality relations yield

1 Loy Loy
ax(p, Gaa) = ZZ@/ Ca(x)xhdx | C3(y)y*dy

k=0 Al 1 -1
:li e, / Ca()a? ™ da / Cit (y)y* " dy
4= (m+2k) ), " o
I & m ! 1
_ IS @ O Cnn where ¢}’ ::/ 2" 2RCE (2)d
4 &= (m + 2k)! 5 +k o

The use of the generating function and further calculations lead to
m! (m + 1)g

(F-3) = () K (m 1 D

Application of (F.3) and (q)m+ox = (¢)m(m + q)ox yields

(p, 924

i m+q2k. m! (m+ 1)a,
mk:o (m+2k)! 2m=1(3),, 4%kl (m + 2),,
n! (TL+ 1>m—n+2k

(2 + k) (n+ 2

2071(3)n )%M

By reordering and making use of n! (n+1),,_n12r = (m+2k)!, which cancels the identical
term in the denominator, we are led to

(@) m! 1 (m4+ 1) (M +q)a
4m (3) 2 (m+3), 4 4
1 1 1

) E)n(n+ %)%M k!

ax(p,Gaa) =

2/M =0

m+1 m+2 m+q m+q+1

+ k
q)mm! i(Q)k(g)k(Q)k( =)k 1

T @0 (N (D (0 Dmn 2 (i D (P (B R

(m+ 1) " m (m + q)ax m m
1 = (=) (22)), 1 = (Zuka),, (),
(252 4 ) = (5 (292, (0t Doa, = (P (ot D

The relation (2),(n + 2)m—n = (£)m+n and our choices m = |A], n = A — Ay yield

2
(ZNE)n(n+ 2)m—n = (2)r, X! = (2)a, so that ¢ = —p/2 and the definition of the 4F
2

hypergeometric series conclude the proof of (7.5).

Proof of (7.6): The proof of the decay property for ay(p, G2.4) requires some preparation
and auxiliary results. For p € 2N, direct calculations yield
(F.4)

253 P%+ R TE 1) T+ -2 (Bl -2 k)
(p,g24

1
2 "2
r(-2o) TN +2+k)TM+2+k) T (N +1+k)T(k+1)

k=0
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In the following, we treat the case A\ = an and Ay = (1 — a)n for n € N and n — oo,
with an arbitrary a € [3,1], so that |A| = n. Summarizing the proof of (7.6), we shall
first verify that the summand in (F.4),

F(2+14+k)D(24+1+k)D(24+5—-2+k)D(2—-2+k)
Fn+3+k)T(lan+2+k)T(1—an+1+k)D(k+1)’

as a sequence in k, is unimodal, i.e., it first increases until it has reached its maximum
and then decreases, see Lemma F.2. Second, approximation of S(n, k) for k > en? with
the help of Stirling’s formula, where € > 0 but fixed, leads to an asymptotic formula for
> ksenz S(n, k); see Lemma F.3. Third, we let € — 0 to obtain the asymptotic behavior
of the full sum »_, ., S(n, k) for n — oo; see (F.8). If the result is substituted in (F. 4)

the claimed decay in (7.6) follows immediately upon observing [|A[]? = (2a* — 2a + 1)n?
To start with, we may consider S(n, k) as a function of real k.

Lemma F.1. Given n € N, let ko = ko(n) € (0,00) be such that 5.5(n, ko) = 0. Then

2a° — 2 1
%Tﬁ +O(n), forn — oo.
P+

Lemma F.2. If n is large enough, S(n, k) has a unique — local and global — maximum

for k €10, 00).
Lemma F.3. Let € > 0 be fized and let A := 2“2;%. Then

(F.5) S(n, k) :=

(F.6) ko = ko(n) =

o0

Z S(n, k) = A" +4)(1+O(%))/ (H—x)_%exp(— P Vdx,  for n — oc.

2(14x)
k>en? —14+3

We postpone the proofs of Lemmas F.1, F.2, and F.3, and discuss their consequences

first. If we let ¢ — 0 and substitute ¢t = 2816;) in the above integral, then the integral
definition of the gamma function yields
> _p+6 p+6 p+6N\N—"= _/p+4
F.7 1 Fexp (= o )do = (—> r<—)
®n [ e e (- = (2 !

Lemma F.3 and (F.7) provide the asymptotic lower bound on ), ., S(n, k) of the following
two-sided claim: -

(F.8) Z S(n, k) <2a2——2a+1> p+4r<p er 4) P74 (1 +0(1)), forn — oo.

k>0

To verify the asymptotic upper bound on ), -, S(n, k) in (F.8), we observe
ZS(n, k) < Z S(n, k) +en®S(n,en?), &< A,

k>0 k>en?

which is due to Lemma F.2, saying that S(n, k) grows until its maximum at k = kg ~ An?.
By Lemma F.3 and letting ¢ — 0, we obtain the upper bound in (F.8). By taking into
account the additional factor 27573 /I'( — 2) in (F.4) and the relation [|A||> = (2a> — 2a +
1)n?, we observe that (F.8) provides our claim (7.6).

To complete the proof of (7.6) in Theorem 7.1, it remains to prove Lemmas F.1, F.2,

and F.3.

Proof of Lemma F.1. The condition 0 = S (n, ko) implies 0 =

(logS n, ko ) By
using the digamma function ¥(z), the logarlthrnlc derivative of (F.5) ¢

an be written as

ok
5)
%(logS(n,k)):@Z)(g—F%—l—k) 1,!)( +1+k> 1/)( +f—§+k)+w(f——+k)
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3 3
—w(n+§+k) —¢(an+§+k> (1 —an+1+k) — bk +1).

For k = o(n), the above expression is certainly positive for large n, hence nonzero. If the
order of magnitude of k is at least the one of n (in symbols, n = O(k)), then we may
estimate the logarithmic derivative by

(F.9)

0 n 1 n n 1 p n o p
%(ng(n,k))zlog(§+§+k¢)+log(§+1+k)+log(§+§—1+k)+log(§—1+k)

—log(n+g+k) —log(an—i—%—i—k) —log((l—a)n+1+k) —log(k:+1) +O(n*1),
where the asymptotics ¥ (z) = logz — 5= +O(272), for & — o0, cf. [22, Equation 1.18(7)]

),
were used. By applying the exponential function on both sides of %(log S(n, ko)) =0,
together with the above estimation for % ( log S(n, k:)) we obtain

(F.10) Q(n, ko) =1+ 0(n1h),
where
(G+14RE 1R +E- L+ R -5+

Q) T S ) (an+ S4B (L -+ L4 B (k1)

For k ~ cn, we observe

- _ (c+5)"
nh_)rgoQ(n, k) = (c+1)(c+a)(c+1—a)

> 1,

so that we may assume that kg is of larger asymptotic order of magnitude than n.
Define P(n, k) by
P(n, k)

(F.11) Qn k) =1~ (n+3+k)(an+3+k)((1-an+1+k)(k+1)

For k of larger asymptotic order of magnitude than n, the asymptotics of the digamma
function implies that the error term O(n™!) in (F.9) and (F.10) may be replaced by O(k~2)
and hence by o(k™'). The relations (F.10) and (F.11) lead to P(n, ko) = o(k3). Since

direct computations yield

6 1 1
(F.12) P(n,k) = <]%>k:3 - <a2 —a+ 5) (k*n® + kn®) — En4 + lower order terms,
asymptotically leading terms in P(n, k) must cancel each other. We have already excluded
ko ~ cn, so that we now consider ky ~ cn? for an appropriate constant c. The terms k*
and k*n? in P(n, k) must cancel each other, so that

1 1
§(p +6)c® — 5(2(12 —2a+1)c* =0,

The solution ¢ = ﬁ(?oﬂ — 2a + 1) yields the leading term in (F.6). In order to derive

the O(n) term in (F.6), we have to perform “bootstrap”, i.e., we substitute ky = cn? + k;
in (F.12) and apply analogous arguments to eventually conclude k; = O(n). |

Proof of Lemma F.2. We already saw in the previous proof that % log S(n,0) > 0, for

sufficiently large n. Hence, %S(n,()) > 0 holds, so that S(n, k) does not have a local
maximum in k£ = 0. Convergence of the series (F.4) implies S(n,k) — 0 for integers

k — oo. Thus, for sufficiently large n, S(n, k) attains a local maximum at some ko €
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0,00). Lemma F.1 implies ky ~ —(2a% — 2a + 1)n?. In order to investigate S(n, k) in a
+6

neighborhood of kq, we Compute log S(n, ko + s), which is

1 1
WM2+2+@+w (+1+@+w (+§—Z+M+wm( Z

—wwn+§+@—¢0@n+g+@—¢“«pwm+1+@—¢ (k+1),

+ k)
(F.13)

where k = ko+s and ¢! () denotes the derivative of ¢(z). We claim that, for |s| = o(n?)
and sufficiently large n we have o — 1log S(n, ko+s) < 0. In order to establish this claim, we
make use of I (z) = 141 —|—O( 3), for  — o0, cf. [22, Equations 1.16(9) and 1.18(9)]),
to estimate the individual expressions in (F.13). Using k = ko+s = ko+o(n?) = ko+o(k),
we obtain

(1)<ﬁ+1+/{;) — + + O(ky®
gty stk 2(24l4p)’ (k7
1 1
= —— + =5 +o(ky?

iyl g2 1
— (1= 22 o)+ o Ho(ky?
AU * o ol
where we have used HLI =1—x+ 2%+ O(x?), for ¥ — 0. We treat the other terms in

(F.13) analogously. Note that k = ko +o(n?) also implies k = —15(2a* —2a+1)n*+o(n?),
so that, by putting the individual estimates together, we arrive at

0? P+3 n? )

952 log S(n, ko + s) = 12 + 3 (—a - (1- a)Q) + o(ko—2)
£+3 _ £+3 _
. *‘00@2)::_2k3 +o(ko?).

For sufficiently large n (and hence large ko), this is evidently negative, as claimed. Thus,
S(n, k) has a strict local maximum in k.

Moreover, say there are ko, k) € (0,00), where S(n,k) has a local maximum, then
Lemma F.1 implies that the magnitude of |ko — k| is of smaller order than n?. The above
considerations imply ko = k{, which completes the proof. [ |

To prove Lemma F.3, we shall approximate the summand S(n, k), given in (F.5), with
the help of Stirling’s formula (F.14). It turns out that, under this approximation, the
sum » ;- .9(n, k) can then be interpreted as a Riemann integral.

Proof of Lemma F.3. Let ko be the unique location of the maximum of S(n, k). We recall
that Lemma F.1 yields kg = An? + O(n). We consider log S(n, k), for k > en?  and write
k = ko + s, so that s > —ko + en?. Stirling’s formula

1 1
(F.14) log (T'(2)) = (z — §> log(z) — 2 + 3 log(2m) + O(z71)

leads to the estimates

log<F<g+%+k>>:(g+k0+s>log<g+%+ko+s)

n 1 1 _
_ (§+§+k0+5) —|—§log(27r)+0(n %)
1

= (5 +ko+s) {log(k“ +)+log (1+ koi sﬂ
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n 1 1 _
— <§+§+/€o—|—8> +§10g(27r)—|—0(n 2),

where we have factored out ko + s. By applying log(1 + z) =z — ””2—2 + O(x?), we obtain

og (D(2+ 2 +8)) = (2ot 5) [logtho) +1og (14 =) + 252 - L2’
AT g &%) T 108 k! T kots 2\ko+s

n 1 1 _
_ <§+§+k0+3> + 510g(27r)+0(n h.

Here, terms such as @ H)Q or == are of the order O(n~1) and can therefore be subsumed

in the error term. Thus, we obtain

log (r(g + % +k)) = (g + ko +5) [log(ko) +log (1+ e ﬂ + % (kigfs)

— (ko +s)+ %log(%r) +0(n7).

The reasoning for the O( . )-terms are based on our restriction to ko + s > en?. However,
the constants in these error terms do contain ¢.

For the other gamma functions in (F.5), we proceed similarly. If everything is put
together, then we obtain

log (S(n, k)) = —1%6 [log(kg) + log (1 + %)] 5 n2(2?20—+2:)+ D +0(n™")
=5 st 1 (1 ) - 5y 0l

For the sum of the S(n, k), we have

(F.15) Z S(n, k) Z ko R (1—1—%)_17;6 exp (%) (1+O(n’1)).

k>en? s>—ko+en? ko

By understanding, the sum over s is taken over those s, for which ky + s is an integer.
The error of the Riemann sum approximation
1 s\~ 5" —(p+6) > pto —(p+6)
(F.16) — Z <1—|— ) exp (—) m/ (1+2)" 2 exp (—)dx
k’o s>—ko+en? ]{50 2(1 + k_so) 71+% 2(1 + IL')
is of the order of magnitude O(ky"'). This follows from the fact that the summand in the
sum attains a unique local and global maximum — namely at s = 0 — and therefore
the error is bounded above by k' times the absolute variation of the summand — which
equals twice the maximum. Substitution of all this in (F.15) concludes the proof. [

Our proof of (7.6) in Theorem 7.1 is now complete. |

F.2. Proofs for Section 7.2. Recall that the action of SO(3) x SO(3) on S? x S? by left
multiplication is transitive, and SO(4) acts transitively on G4 by conjugation. For each
O € SO(4), there are a,b € S® such that O = L,R;,, where the left and right isoclinic

rotations are
-

a; —Qg —az —Q4 bl —b2 —b3 —b4
L (05} aq —ay as L bg bl b4 —bg
La T as Qy aq —a9 ’ Rb T bg —b4 bl bg

as —das (05} aq b4 bg —bg bl



28 J. DICK, M. EHLER, M. GRAF, AND C. KRATTENTHALER

For a € S, the Euler-Rodrigues formula yields

a?+ai—ai—al 2(axaz —ajay) 2(azay + ajaz) !
S, = 2(a2a3 —+ a1a4) a% — (I% + CL% — ai 2(&3@4 — Cll(lg) € SO(S)
2(azay — ara;) 2(azas +araz)  af — a3 —aj+aj

We are looking for P : §? x §? — G, 4 satisfying
(F.17) (LoRy) - P(2,y) - (LoRy)" = P(Saz, Spy),  a,beS? x,ye S

Theorem F.4. There are exactly two mappings S* X S* — Ga4 satisfying (F.17). One
is P as in (7.8), and the other is Iy — P. In particular, P is surjective and, for all
T, Y,u,v € SQ;

(F.18) P(u,v) =P(x,y) if and only if (u,v) € {£(z,y)}.

Proof of Theorem F.4. The identity (F.17) for the specific choice of P is verified by ex-
panding both sides of the equality and comparing the polynomial expressions. We omit
the straightforward but lengthy computation.

Since the conjugate action of SO(4) on Go 4 is transitive, the identity (F.17) also implies
surjectivity. Since left and right eigenspaces of L(P(z,y)) in (7.10) and (7.11) are uniquely
determined, we deduce that (F.18) holds.

Let us now address the uniqueness statement. For a := («,0,0), b := (3,0,0) with
a, 3 € S, we obtain the isoclinic rotations

(A, 0 (By 0
w=(rn) w0 )

where A, = (52 °22), B = (g; _sz) € SO(2). Since S,e; = Spe; = e1, any mapping
P.S?xS?— G 4 satisfying (F.17) must obey

(F.19) LaRbﬁ(el, es)(LoRy)" = 75(61, es), «,BeSh

Let V denote the range of 75(61,62), which is a two-dimensional subspace of R*. The

relation (F.19) means that L,R, maps V into itself, i.e., L,R,)V = V. For all U;,U; €
SO(2), there are o, 8 € S! such that

~ (AuBgs 0 (U, 0
Lalty = ( 0 AaBg) - (o UQ) ’
so that V' must either coincide with span{e;, es} or with span{es, es}. Hence, P(er, es)

must coincide with either diag(1, 1,0, 0) or diag(0, 0, 1,1). It follows from (F.17) and SO(3)
acting transitively on S? that in the first case P = P and in the latter P =1, —P. ®H

Remark F.5. The Grassmannian G4 has been parametrized in [20] by means of angles
but the explicit identity (F.17) that steers our present approach has not been considered
there. Our parametrization is compatible with the one used in [19].

The following properties of P are useful.

Lemma F.6. The probability measure og, ,, induced by the Haar measure on O(4), is the
push-forward measure of os2 ® os2 under P, and we have, for all z,y,u,v € S?,

(F.20) (P(x,y), P(u,v))p = 14 (xy", uv "y = 1+ (2,u)(y,v),
(F.21) T_-Pz,y)-I] =Py, x),

(F.22) Iy = P(x,y) = P(=x,y) = Pz, —y),

(F.23) {{z,u), (y,v)} = £{cos(by + 65),cos(6y — bs)},
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where Z_ := diag(—1,1,1,1), and 6,, 6 denote the principal angles between P(x,y) and
P(u,v).

Note that the right-hand side of (F.23) is +{&,,&_} for £, ,&_ as in (F.2).

Proof of Lemma F.6. The product measure ogz ® o2 is SO(3) x SO(3) invariant. Accord-
ing to (F.17), the pushforward measure of oge ® 052 on S? x S? under P is SO(4) invariant,
so that the uniqueness of the Haar measure implies the first claim of the lemma.

Each of the remaining claims is first proved for P as defined in Proposition F.4 and then
argued that it also holds for Iy — P. The identity (F.20) is easily observed for u,v = e;
first and then (F.17) yields the general case. According to

(I, — P(z,y), 14 — P(u,v))p = (P(z,y), P(u,v))F,

the identity (F.20) also holds for I, — P. The statement (F.21) follows from expanding
both sides of the equality and comparing polynomial expressions in x and y. If it holds
for P, then it must also hold for I, — P. One directly calculates (F.22).

In order to check (F.23), we first recognize that principal angles between I —P(x,y) and
I —P(u,v) coincide with the ones between P(z,y) and P(u,v). By &4 as in (F.2) and as
at the beginning of the proof of Theorem 7.1, we observe trace(P(z, y)P(u,v)) = 1+E.&_.
Hence, (F.20) leads to £.&_ = (x,u)(y,v). Theorem 7.2 implies that @, in (7.2) satisfies

Qx (P(.9), Plu,0)) = ex (€, (. w)CE, (9 0)) + €3, (9, 0D)C8, o, ((2,0) )

Comparison of this identity with (F.1) and few further calculations eventually lead to
(F.23). |

Proof of Theorem 7.2. The action of SO(3) x SO(3) leads to the irreducible decomposition

2 2
LQ(S X S/:I:1> = P sy @Y k=-m,...,m = —n,...n}.
m+ne2N
The unit quaternions provide a group structure on S?, so that the mapping a — S,
3 3 3

between S/jzl and SO(3) as well as (a,b) — L,R, between (8* %8 )/jzl and SO(4)
become group isomorphisms. Their combination induces a group isomorphism between
SO(3) x SO(3) and SO(4>/:|:1. Condition (F.17) requires that the respective actions on
S? x S? and Go,4 commute with P. Hence, the induced pullback

P Ly(Gou) — L2(82 x SQ/:tl)a f= f(P(.-)

is an intertwining isomorphism. In particular, P* maps one irreducible subspace into the
other. Thus, the irreducible decomposition of Ls(G34) under the action of SO(4) is

(F.24) Ly(Goy) = @ span{Y,)" 1k =—-m,...,m, = —n,... ,n}.

m+ne2N

In comparison to the irreducible decomposition of Ls(G24) for the action of SO(4) in
(F.24), the irreducible components Hy(Gs4) with respect to O(4) in (7.1) are usually
larger.

Let us denote H™" := span{Y,}" : k = —m,...,m, | = —n,...,n}. Property (F.21)
yields that the irreducible subspaces of Ly(G34) under the action of O(4) are

pman H™™ m =n,
) H™ @ HM™, om 4 n,
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where m +n € 2N and m > n, i.e.,

g24 @ ymen — @ mG,n)\j

m~+ne2N A1>X2>0
m>n

where my = A\; + XAy and ny = A — Ao.

By considering £(P) = xy', L(P)-L(P)" = a2, and L(P)"-L(P) =yy', we observe
that the homogeneous polynomials z;y; and z;x;, y;y;, for4,j = 1,..., 3, can be written as
homogeneous polynomials in the matrix entries of P € G, 4 of degree 1 and 2, respectively.
The monomial z%y® with |a| = m, and |3| = n, is composed of ny factors of the form
z;y; and (my — ny)/2 factors of the form x;x;. Thus, x%y® is a homogeneous polynomial
of degree ny + 2((my — ny)/2) = m, in the matrix entries of P. We deduce

(F.25) @ Vs C @ H)\(G.a)
A1+A2<t A1+ <t

since the right-hand side of (F.25) are the polynomials of degree at most ¢ in the matrix
entries of P € Ga4, cf. [7]. By applying [25, Formulas (24.29) and (24.41)], we see that
the dimension of Hy(Ga4) is

(F.26) dim(Hx(G24)) = (2 = Oy my ) (2mn + 1)(2ny + 1),

which matches dim(V™*™ ). Hence, there holds equality in (F.25). For fixed ¢, the
dimensions in (F.26) are pairwise different, for all \; + Ay =¢. An induction over ¢ leads
to H)\(QQA) = Vmama, [ |

F.3. Proofs for Section 7.3. The relation (7.16) yields

F(z,y) Z eFerele2 By (6, 0,),

kJl=—M
where By (6, 06,) are given by
mi ma2
mi,m ik’0, il'0
By(01,02) == E E oy d et et
mi=|k| mo=|l| k'=—m1 l'=—mo2
M M M
L/ 7!
— E 6lk 61 ell 02 § § ]Tll WQCZ%/CIW;/Q )
k' V/=—M my=max(|k|,N—k') mo=max(|l|,M—1")

Hence, the coefficients from (7.17) satisfy

M M
kil § mi 2 : mi,mz ma
(F27) bk’,l’ - cng’ k,l Cl,l’ :
mi=max(|k|,M—k') mo=max(|l|,M—1")

First evaluating the inner sum for k,[,I' = —M, ..., M and m; = max(|k|, M —FK),..., M,
and afterwards the outer sum enables the computation of the coefficients bi;fl,, for
kLK, I' = —M,...,M, in O(M?) operations provided that the numbers i in (7.16)
are given.

Remark F.7. The complezity for evaluating the two sums in (F.27) can be further re-
duced to O(M*log?*(M)) by using a fast polynomial transform, cf. [39, 41]. In this way,
the nonequispaced fast Fourier transform on S* x S? takes O(M*log?(M) + n|log(e)|*)
elementary operations. Forn ~ M*, this implies the reduction of complexity from O(M?)
to O(M*log*(M) + M*|log(e)|*) operations.
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The adjoint nonequispaced fast Fourier transform is about computing

M
(F.28) ZbiYkm(a:i)Yl"(yi), mn=0,....N, k=—-m,....m, l=—-n,...,n,
i=1

for given coefficients (b;)*, C C and locations (z;,y;)M, C S? x S2. Similar arguments
as above and in Section 7.3 provide a fast evaluation of (F.28) by using the adjoint
nonequispaced fast Fourier transform adjoint nfft, cf. [39, 41].

1]

REFERENCES

B. Adcock, On the convergence of expansions in polyharmonic eigenfunctions, J. Approx. Theory
163 (2011), no. 11, 1638-1674.

R. Alexander, Generalized sums of distances, Pacific J. Math. 56 (1975), no. 2, 297-304.

D. Alpay and P. Jorgensen, Spectral theory for Gaussian processes: reproducing kernels, boundaries,
and L*-wavelet generators with fractional scales, Numer. Funct. Anal. Optim. 36 (2015), no. 10,
1239-1285.

L. Ambrosio, N. Gigli, and G. Savaré, Gradient Flows in Metric Spaces and in the Space of Probability
Measures, Birkhauser Verlag, 2005.

N. Aronszajn, T. M. Creese, and L. J. Lipkin, Polyharmonic Functions, Clarendon Press, 1983.

C. Bachoc, Linear programming bounds for codes in Grassmannian spaces, IEEE Trans. Inf. Th. 52
(2006), no. 5, 2111-2125.

C. Bachoc, E. Bannai, and R. Coulangeon, Codes and designs in Grassmannian spaces, Discrete
Math. 277 (2004), 15-28.

C. Bachoc, R. Coulangeon, and G. Nebe, Designs in Grassmannian spaces and lattices, J. Algebraic
Combin. 16 (2002), 5-19.

M. Baouendi, C. Goulaouic, and L. Lipkin, On the operator Ar?+ u(9/9r)r+ A, J. Differ. Equations
15 (1974), 499-509.

B. J. C. Baxter and S. Hubbert, Radial basis functions for the sphere, in: Recent Progress in
Multivariate Approximation (Witten-Bommerholz, 2000), Internat. Ser. Numer. Math., vol. 137,
Birkhauser, Basel, 2001, pp. 33-47.

L. Brandolini, C. Choirat, L. Colzani, G. Gigante, R. Seri, and G. Travaglini, Quadrature rules and
distribution of points on manifolds, Annali della Scuola Normale Superiore di Pisa — Classe di Scienze
XIII (2014), no. 4, 889-923.

J. S. Brauchart and J. Dick, A characterization of Sobolev spaces on the sphere and an extension of
Stolarsky’s invariance principle to arbitrary smoothness, Constr. Approx. 38 (2013), no. 3, 397-445.
, A simple proof of Stolarsky’s invariance principle, Proc. Amer. Math. Soc. 141 (2013),
no. 6, 2085-2096.

J. S. Brauchart, E. B. Saff, I. H. Sloan, and R. S. Womersley, QMC designs: Optimal order quasi
Monte Carlo integration schemes on the sphere, Math. Comp. 83 (2014), 2821-2851.

A. Breger, M. Ehler, and M. Gréf, Quasi Monte Carlo integration and kernel-based function approx-
imation on Grassmannians, in: Frames and Other Bases in Abstract and Function Spaces: Novel
Methods in Harmonic Analysis, vol. 1, Birkhduser/Springer, 2017, pp. 333-353.

A. Breger, M. Ehler, and M. Graf, Points on manifolds with asymptotically optimal covering radius,
J. Complexity 48 (2018), 1-14.

N. Chauffert, P. Ciuciu, J. Kahn, and P. Weiss, A projection method on measures sets, Constr. Ap-
prox. 45 (2017), no. 1, 83-111.

H. S. Cohl, On a generalization of the generating function for Gegenbauer polynomials, Integral
Transforms and Special Functions 24 (2013), no. 10, 807-816.

J. H. Conway, R. H. Hardin, and N. J. A. Sloane, Packing lines, planes, etc.: packings in Grassman-
nian space, Experimental Math. 5 (1996), 139-159.

A. W. Davis, Spherical functions on the Grassmann manifold and generalized Jacobi polynomials —
Part 2, Lin. Alg. Appl. 289 (1999), no. 1-3, 95-119.

J. Dick and F. Pillichshammer, Discrepancy theory and quasi-Monte Carlo integration, in: A
Panorama of Discrepancy Theory, W. Chen, A. Srivastav, G. Travaglini (eds.). Lecture Notes in
Mathematics, vol. 2107. Springer, Cham, pp. 539-619.

A. Erdélyi, V. Magnus, F. Oberhettinger and F. Tricomi, Higher Transcendental Functions, vol. 1,
McGraw—Hill, New York, 1953.




32
23]

[24]

[27]
[28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]
[37]
[38]

[39]

J. DICK, M. EHLER, M. GRAF, AND C. KRATTENTHALER

M. Ehler and M. Gréif, Reproducing kernels for the irreducible components of polynomial spaces on
unions of Grassmannians, Constr. Approx. 49 (2018), no. 1, 29-58.

U. Etayo, J. Marzo, and J. Ortega-Cerda, Asymptotically optimal designs on compact algebraic
manifolds, Monatsh. Math. 186 (2018), 235-248.

W. Fulton and J. Harris, Representation Theory: a First Course, Springer, 1991.

E. Fuselier and G. B. Wright, Scattered data interpolation on embedded submanifolds with restricted
positive definite kernels: Sobolev error estimates, STAM J. Numer. Anal. 50 (2012), no. 3, 1753-1776.
D. Gilbarg and N. S. Trudinger, FElliptic Partial Differential Equations of Second Order, Springer,
2001.

T. Gneiting, Radial positive definite functions generated by Euclid’s hat, J. Multivariate Analysis 69
(1999), 88-119.

M. Gnewuch, Weighted geometric discrepancies and numerical integration on reproducing kernel
Hilbert spaces, J. Complexity 28 (2012), 2-17.

F. de Gournay, J. Kahn, L. Lebrat, and P. Weiss, Optimal transport approximation of 2-dimensional
measures, STAM J. Imaging Sciences 12 (2019), 762-787.

M. Gréf, Efficient Algorithms for the Computation of Optimal Quadrature Points on Riemannian
Manifolds, Ph.D. thesis, TU Chemnitz, Universititsverlag Chemnitz, 2013.

M. Graf and D. Potts, Sampling sets and quadrature formulae on the rotation group, Numer. Funct.
Anal. Optim. 30 (2009), 665-688.

, On the computation of spherical designs by a mew optimization approach based on fast
spherical Fourier transforms, Numer. Math. 119 (2011), 699-724.

M. Graf, M. Potts, and G. Steidl, Quadrature errors, discrepancies and their relations to halftoning
on the torus and the sphere, SIAM J. Sci. Comput. 34 (2012), A2760-A2791.

A. T. James and A. G. Constantine, Generalized Jacobi polynomials as spherical functions of the
Grassmann manifold, Proc. London Math. Soc. 29 (1974), no. 3, 174-192.

F. John, The fundamental solution of a linear elliptic differential equations with analytic coefficients,
Comm. Pure Appl. Math. 3 (1950), no. 3, 273-304.

T. Sh. Kal’'menov and D. Suragan, A boundary condition and spectral problems for the Newton
potential, Operator Theory: Advances and Applications 216 (2011), 187-210.

T. Sh. Kal’'menov and D. Suragan, Boundary conditions for the volume potential for the polyharmonic
equation, J. Differ. Equations 48 (2012), no. 4, 604-608.

J. Keiner and S. Kunis and D. Potts, Using NFFT3 — a software library for various nonequispaced
fast Fourier transforms, ACM Trans. Math. Software 36 (2009), 1-30.

L. Kuipers and H. Niederreiter, Uniform Distribution of Sequences, Wiley, 1974.

S. Kunis and D. Potts, Fast spherical Fourier algorithms, J. Comput. Appl. Math. 161 (2003), 75-98.
J. Matousek, Geometric Discrepancy, Algorithms and Combinatorics, vol. 18, Springer, 2010.

E. Novak and H. Wozniakowski, Tractability of Multivariate Problems. Volume II, EMS Tracts in
Mathematics, vol. 12, EMS Publishing House, Ziirich, 2010.

D. Potts, J. Prestin, and A. Vollrath, A fast algorithm for nonequispaced Fourier transforms on the
rotation group, Numer. Algorithms 52 (2009), 355-384.

A. Roy, Bounds for codes and designs in complex subspaces, J. Algebraic Combin. 31 (2010), no. 1,
1-32.

M. M. Skriganov, Stolarsky’s invariance principle for projective spaces, to appear in J. Complexity,
2020.

L. J. Slater, Generalized Hypergeometric Functions, Cambridge University Press, Cambridge, 1966.
D. A. Varshalovich, A. N. Moskalev, and V. K. Khersonskii, Quantum Theory of Angular Momentum,
World Scientific, Singapore, 1988.

H. Wendland, Scattered Data Approzimation, Cambridge Monographs on Applied and Computa-
tional Mathematics (17), Cambridge University Press, 2004.




DISCREPANCY KERNELS 33

(J. Dick) UNIVERSITY OF NEW SOUTH WALES, SCHOOL OF MATHEMATICS AND STATISTICS, SYD-
NEY, NSW, 2052, AUSTRALIA
Email address: josef.dick@unsw.edu.au

(M. Ehler) UNIVERSITY OF VIENNA, DEPARTMENT OF MATHEMATICS, OSKAR-MORGENSTERN-
Pratz 1, A-1090 VIENNA
Email address: martin.ehler@univie.ac.at

(M. Graf) TU BERLIN, INSTITUT FUR MATHEMATIK, STR. DES 17. JUNI 136, D-10623 BERLIN,
GERMANY
Email address: graef@math.tu-berlin.de

(C. Krattenthaler) UNIVERSITY OF VIENNA, DEPARTMENT OF MATHEMATICS, OSKAR-MORGEN-
STERN-PLATZ 1, A-1090 VIENNA
Email address: christian.krattenthaler@univie.ac.at



