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Mahler operator of radix b (b € N, b > 2):

(My)(x) = y(x").
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Mabhler operator of radix b (b € N, b > 2):
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Linear Mahler equation (coefficients ¢;(x) € K[x]):
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Mabhler operator of radix b (b € N, b > 2):

(My)(x) = y(x").
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Kurt Mahler

Linear Mahler equation (coefficients ¢;(x) € K[x]):
((x)(My) (x) + - - + Lo(x)y(x) = 0. |

1903-1988
o automata theory o partition theory
o combinatorics of words o transcendence theory

o complexity analysis of divide-and-conquer algorithms
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Linear Mahler Equations

Mabhler operator of radix b (b € N, b > 2):

(My)(x) = y(x").

Linear Mahler equation (coefficients ¢;(x) € K[x]):
() (M) (x) + -+ + o (x)y(x) = 0. |

Kurt Mahler

1903-1988
o automata theory o partition theory
o combinatorics of words o transcendence theory

o complexity analysis of divide-and-conquer algorithms

Recent interest (Bell and Coons, 2015; Dreyfus, Hardouin, Roques, 2015;
Roques, 2015; Adamczewski, Faverjon, 2016) motivates the algorithmic
search for solutions.
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Mabhler operator of radix b (b € N, b > 2):

(My)(x) = y(x").

Linear Mahler equation (coefficients ¢;(x) € K[x]):
() (M) (x) + -+ + o (x)y(x) = 0. |

Kurt Mahler

1903-1988
o automata theory o partition theory
o combinatorics of words o transcendence theory

o complexity analysis of divide-and-conquer algorithms

Recent interest (Bell and Coons, 2015; Dreyfus, Hardouin, Roques, 2015;
Roques, 2015; Adamczewski, Faverjon, 2016) motivates the algorithmic
search for solutions, in particular rational solutions.

o K = Q (Nishioka, 1985): any solution ¥ is rational or transcendental.
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Linear Mahler Equations _

Mabhler operator of radix b (b € N, b > 2):

(My)(x) = y(x").

Linear Mahler equation (coefficients ¢;(x) € K[x]):
() (M) (x) + -+ + o (x)y(x) = 0. |

Kurt Mahler

1903-1988
o automata theory o partition theory
o combinatorics of words o transcendence theory

o complexity analysis of divide-and-conquer algorithms

Recent interest (Bell and Coons, 2015; Dreyfus, Hardouin, Roques, 2015;
Roques, 2015; Adamczewski, Faverjon, 2016) motivates the algorithmic
search for solutions, in particular rational solutions.
o K = Q (Nishioka, 1985): any solution ¥ is rational or transcendental.
o If b = char K, then y(x?) = y(x)?: all solutions y are algebraic.

B MEEENENNN i Sottons of Lineas Mahler Equatons



Targeted classes of solutions

Given L of order r, with polynomial coefficients of degree < d, find
algorithms of reasonable complexity for:

o (power/Puiseux) series solutions,
o polynomial solutions,

o rational-function solutions.
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Our Goal in this Work: Solutio

Targeted classes of solutions

Given L of order r, with polynomial coefficients of degree < d, find
algorithms of reasonable complexity for:

o (power/Puiseux) series solutions,
o polynomial solutions,

o rational-function solutions.

Challenge: dodge the factor b"
o L(x™") has degree d + b'n,

o after change of unknowns y =

= <

, new equation has degree d + b degg.
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Part I
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For b = 3, look for a solution y = ) y,x" of
n>0
L=x31-x%+x%)(1—x" +x'0) M?
(1= 2 37 40y

+x0(1+x)(1 — 221 — 2%,



Series

0123456781910

0 n
112
. 21"
For b = 3, look for a solution y = ng%)ynx” of 3 | Rysn = [x™]L(x") |
= 41
51
L = (x3_x6+x9_x10 +2x13—2x16+x19)M2 6
S =2 32 80 m 76"
8
(0 a7 x¥ 2By 36 Ty, 9
10
11
12
L +— infinite matrix R = (Ry,,) 13
14
15
16
17
18
19
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Serie

b0 123456780910
11 n
For b = 3, look f lution y = " of 2
or b = 3, look for a solutiony = ) y,x" o 3 |Rmn= [xm]L(xn)|
n>0 - !
4t
36,9 10,03 o 16, A9 a2 O]
L=(x"—x4+x" —x"42x° -2x°+x" )M P S
—(1 =B B 0y 57;
(20 4 27 — 6% — B ¥ 37, 9 o\
10 o
1 .
12 o0
X x® s 13 e
14 .
15 . .
16 .
17 .
18 .
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—(1=xB 3 O M Z . .
(x4 7 — 1?7 — 1?8 — x36 7). 9 L

10 o

11 o e

12 A

xt Ly 7 13 ..

14 .

15 ° ‘o

16 ‘o

17

18 °
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10
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Series So

0123456738910

n

n>0

0
1
. 21
For b = 3, look for a solution y = Z ynx" of 30 @ | Ry = [x™]L(x") |
4
5
6

L= (3642~ x10 4 2x13 _0y16 4 119y pp2
ENC TP B S e Uy

(x4 7 — ¥ — ¥ — x36 _x37), 9e— o (v, 1)
100 —

130 o.".__

151 @ ° oo
169 Y
17 B °
181 @
190 o :
m
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For b = 3, look for a solution y = X" of
Y Y
n>0
L — (x3—x6 +x? = x10 1 0x13 0416 +x19) M2
(- $28 _ 431 _ 437 _ x40) M

(84 a7 — 2T B 46 43T,

m =12 — yg in terms of ys, y4, Y1

345678910

n

| Ry = "L (") |

108 °
130

16
17
18

. N
190 o :
m

(Vr 1)
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For b = 3, look for a solution y = Z Ynx" of
n>0

L= (3642~ x10 4 2x13 _0y16 4 119y pp2
ENC TP B S e Uy

(84 a7 — 2T B 46 43T,

For m > 10, y,,—¢ can be determined uniquely by

(yL—S “Ym6 FTYm9 ~Ym-10 +2Ym-13 —2Y m—16 *ym—19)
9 9 9 9 9 9 9
~(Ym ~Ym28 ~Ym31 ~Ym37 ~Yma0)
3 3 3 3 3
+ (Ym—6 + Ym—7 = Ym—27 = Ym—28 = Ym—36 — Ym—37) =0

where y; = 0 if s ¢ N.

100 :

13

16
17
18
19e

0123456738910

n

0

1

21

39 0 | Ry = ["L(x") |
.

5

6

96— =K-}' (V,}‘)
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5
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8
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10
11
12
Yo, - - -, Y3 can be determined uniquely by 13
14
(y@ “Ym6 TYm=9 ~Ym-10 +2Ym-13 —2Y m—16 *ym—19)
9 9 9 o i T 15
(Y ~Ym28 ~Ym=31 ~Ym=37 ~Ym-10) 16
3 3 3 3 T3

+ (Ym—6 + Ym—7 = Ym—27 = Ym—28 = Ym—36 — Ym—37) =0

for 0 <m <9, wherey; =0if s ¢ IN. 19
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0123456738910

n

For b = 3, look for a solution y = Z Ynx" of

EPEI

L= (3642~ x10 4 2x13 _0y16 4 119y pp2
ENC TP B S e Uy

+(x6+x7_x27_x28_x36_x37). (V,]/l)

_ =
O O 0N ONUl W RO

Yo, Yy < eqns for0 <m < p
Yy is free <— coeff. at (v, u) =0
yn for n > v <— eqns for m > p
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deg,
collection of points (b, j) associated with the 4 . .
monomials x/ M¥ of L y
30 °
L= (x®— 20427 —x10 4 2x13 2516 4 419) pp2 N
IR . R e Y] :
TIPUNI . g Jpe e 4) o .
0 o bdegM

012 3 456 7 89
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Newton Diagra

Newton diagram

deg, .
collection of points (b, j) associated with the 40 o >
monomials x/ M¥ of L y
30 °
L= (x3—x® 427 —x10 42513 _2x16 4 219y 2 .
S (1= BB 0y k
(8 o7 — x¥ 28 36 13T, o .
L .
Newton polygons = boundary of convex hull N et * degy
0 -
o lower Newton polygon <— valuations, 00123456789

o upper Newton polygon <—> degrees.
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Newton diagram

deg, .
collection of points (b, j) associated with the 40 - .
monomials x/ M¥ of L y
30 °
L= (x3—x® 427 —x10 42513 2516 4 219y )2 .
C (1= BB 0y k
(8 o7 — x¥ 28 36 13T, o .
L .
Newton polygons = boundary of convex hull N et * degyy
0 -
o lower Newton polygon <— valuations, 00123456789

o upper Newton polygon <—> degrees.
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Newton diagram

deg, .
collection of points (b, j) associated with the 40 o >
monomials x/ M¥ of L y
30 °
L=(x%—a®+2% —x10 42413 — 2416 4 x19) M2 "
(1= BB 0y
(8 o7 — k¥ 28 36 1), o .
L .
Newton polygons = boundary of convex hull N et * degy
0 -
o lower Newton polygon <— valuations, 00123456789

o upper Newton polygon <—> degrees.
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[Nevion diagra

0912345678910
1l X a1V
41
5t 30 *
61 : *
7@
¢
9
20 .
L]
L]
10 H
{ .
\\\\ ey

0 -
012 3 456 7 89
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Link

[Neviondingra

line Y = j + bFX point (b, f)
0912345678910
11, X w0tV e
30 e °
41 -
51 30 *
61. ® : *
7¢e -
81 @
9e: .
106 20 .
111 ¢ .
121 e .
139 :
141 10 .
160 N °
171 . S I
181 @: . 0 N === " T u
19 ;3 - 01 23456789
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[Neviondingran

line Y = j + bkX point (b, j)
0912345678910
1] X w0tV e
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51 30 ‘
6 N H o
78
ia¢
9 .
10 20 -
11 .
12 .
13
14 10 s
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16 N °
17 R -
18 0 Moz 7T u
19 01 2 3 45 6 7 8 9
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[Neviondingran

line Y = j+ bkX point (b¥, f)
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[Neviondingran

line Y = j+ bkX point (b¥, f)
0912345678910
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[Neviondingran

line Y = j+ bkX point (b¥, f)

0912345678910

1] X w0tV e
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41 .

51 30
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9 20 "o
10 e

C .
\\\ _‘——‘—____. U
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[Neviondingran

line Y = j+ bkX point (b¥, f)

0912345678910

11, X w01V e

3

41 .

51 30
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70

)

9 20 "o
10 H
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[Neviondingran

line Y = j + bkX point (b¥, f)

12345678910

= A=)

X w0tV e

30
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20 ey
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[Neviondingran

0 -
012 3 456 7 89
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0912345678910
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0912345678910
1t X otV e
30 e °
41 -
51 30 °
61. ® : *
7¢@ .
§1.@
9e: .
106 20 .
171 : .
121 e .
130
1471 ¢ 10 .
168 DN °
171 . S -
181 @: . 0 N === " T u
19;3 : 01 23 456 7 8 9

7/18

B MEEENNEENN (i Sotons of Liness Mahler Equatons



Link

[Neviondingran
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~ Link between the LincarSystem and the Newton Polygon

[Neviondingra

line Y = j + bFX point (b, f)
point (n,m) line V =m —nlU
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Bounds for Series and Polynomial Solutions

L= Zr(x)M’ +--- +£0(x), loly #0, 0<wvp=vall, dp= deg < d.
Size of singular system (“approximate series solutions”)

U9 — 0
v = max Ok k,
k>1 bk —1

U =19+ v.

Any series solution to order O(x" + 1) can be prolonged uniquely.

Bound on valuation v of a series solution
@y Uk, — UKy (4
- < y=——F < —
-1b—1) = ble —pkt = b —1

where v = — slope of edge [(bX1,vy,), (b2, 03, )] in lower Newton polygon.

Bound on degree ¢ of any polynomial solution

dy, — dy, d
ph—pk = (b —1)

0=

where 6 = — slope of edge [(bkl,vk1 ), (b2, ¥, )] in upper Newton polygon.

Frédéric Chyzak Computing Solutions of Linear Mahler Equations



Solving the Singular System. Series —

Algorithm: find candidate solutions, then recombine

@D h=|p|l+1, w:=|v|]+1, E:= (mink(vk—i-nbk))OSKw.

12345678910
L5 X

@ S := upper left subsystem € K"*®.

@ Sg := submatrix of S given by the rows of index in E.
@ G :=kerSg € K¥*F with p = dimker Sg <.
(forward substitution)

® For1<j<p,

0

1

2

41 - S{
sf "
6

7

8

@ gj=Goj+Grjx+---+ Gw_lljxw’1 € Klx], 12 o eo
@ Yosichsix' = Lgj(x) mod x". T B
151 e ° o6
@ §':= (si;) € K. R
18| @ .
@ K:=kerS € KP*7 with 0 = dimker S’ <r. A :

(Ibarra, Moran, Hui, 1982)
@ F:=GK e Kv*,
@ Return (fi, ..., fr) where f; = Fy; 4 - - + Fp_q,x“7 L.
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Solving the Singular System. Series and Polynomial Solutions

Algorithm: find candidate solutions, then recombine

@ h:=|pul+1, w:=|v]+1, E:= (ming(vy + ”bk))0§n<w'
12345678910
@ S := upper left subsystem € K"*®. O(rwh) R : X
@ Sg := submatrix of S given by the rows of index in E. :
S
@ G :=kerSg € K”*P with p = dimker Sg < r. é f
(forward substitution) O(rw?) H e -
RS
® For1<j<p, O(r*M(h)) e ...',V'vﬂ)
(V] 8j = Go,]‘ + G]JX +-- 4 Gw,],]‘xw71 € ]K[x], %; ) : :.
@ Yosicnsij¥ := Lgj(x) mod . ul - The
- - 151 ® . LX)
® 5= (s])) K. w5 e
l’/ 18f e °
@ K:=kerS € KP*? with ¢ = dimker S’ < r. 93
(Ibarra, Moran, Hui, 1982) O(r“—1h)
F:= GK € K¥*7, O(rv~1w)
@ Return (fi, ..., fo) where f; = Foj+- -« + Fy_1jx°7 L.
v,
Theorem (correctness and complexity) [cf. naive O(v§)]
Returns a basis of approximate series solutions in O( rz*(z) + 7> M(vg)) ops. J
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Solving the Singular System. Series and Polynomial Solutions

Algorithm: find candidate solutions, then recombine

D h:i=3d+1, w:= L#J +1, E:= (maxy(dy + nbk))

0<n<w"
@ S := upper left subsystem € K"*®. O(rwh)
@ Sg := submatrix of S given by the rows of index in E.
@ G :=kerSg € K”*P with p = dimker Sg < r.
(backward substitution) O(rw?)
® For1<j<p, O(r>M(h))
(51} 8j = GO,j + Gl,jx + -+ Gw,lrjxw_l (<] ]K[x],
@ Yo<ich sgrjxi := Lgj(x) mod x".
® S = (s:j) € Khxp,
@ K:=kerS € K°*7 with ¢ = dimker S’ < r.
(Ibarra, Moran, Hui, 1982) O(r=1h)
F := GK € K¥*7, O(rv—1w)

@ Return (fy,..., fy) where f; = Fy; +- -+ Fw,lrjxw_l.

Theorem (correctness and complexity) [cf. naive O(d“)]
Returns a basis of polynomial solutions in O(d” /" + M(d)) ops. J

Frédéric Chyzak Computing Solutions of Linear Mahler Equations
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iékMk <§) =0, pAg=1,q(0) £0.

k=0

11/18



r Mk
ZekM—k”zo, pAg=1, g(0) £ 0.

):ek (M'q) ((qu) -1 \/ M ) p)+ 4 (\/ M ) (M"p) = 0.

i=0
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r Mk
ZekM—kpzo, pAg=1, g(0) £ 0.

):zk (M'q) ((qu) -1 \/ M )(Mk )+ £, (\/ M ) (M"p) = 0.

i=0

polynomial

11/18



r Mk
kaM—,;’:O, pAg=1,4(0) #0.
k=0

r—1 =1
k;)&c (M"q) ((M"q)‘1 V M’fi) ) + 4 (V M ) =0.

i=0

polynomial dividable by M"q
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r Mk
kaM—,;’:O, pAg=1,4(0) #0.
k=0

r—1 =1
k;)&c (M"q) ((M"q)‘1 V M’fi) ) + 4 (V M ) =0.

i=0
polynomial dividable by M"q
r—=1
M'q |6\ M'q
i=0

11/18



r Mk
kaM—,;’:O, pAg=1,q(0) #0.
k=0

r—1 r=1
’gek (Mq) ((qu)_l V M’li) p) + 4 (V M ) =0.

i=0
polynomial dividable by M"q
r—=1
T 1
M'q |6\ M'q
i=0

g(a) = 0and ,Bb' =a = {(B)=0or (q(“’) =0for a’ = ,Bbi, i< r)

11/18
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r Mk
kaM—,;’:O, pAg=1,4(0) #0.
k=0

r—1 =1
’gek (M"q) ((M"q)‘1 V M’fi) ) + 4 (V M ) =0.

i=0
polynomial dividable by M"q
r—=1
T 1
M'q |6\ M'q
i=0

g(a) =0~ (E,(ﬁ) =0 for g = a) or (q(a') =0for (') =a, k> O)

11/18
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Rational Solutions: Ini

r Mk
ZZ"MTZ:O’ pAg=1,q(0) #0.
k=0

r—1 r=1
kg)fk (Mq) ((qu)_l V M’bl) p) + 4 (V M ) =0.

i=0
polynomial dividable by M"q
r—1 )
T i
M'q |6\ M'q
i=0

g(a) =0~ (Zr(ﬁ) =0 for g = a) or (q(a') =0for (') =a, k> 0)

Geometric intuition

If &, not a root of unity, is a root of g, it generates:
o a finite sequence ay = &, a1, ..., &, of two by two distinct roots of g,
o then, a b"th root 8 of w, that is a root of ¢;.

M i Sottons of Lineas Mahler Equatons
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y=ab (Gp)(%r) =0 Gp= ReSy(g” —x,p(y))

aeC pla) =0 p € Kx]
\ 1 1
p'=u  (Mp)(p)=0 Mp = p(x)



y=ab (GP)(%Y) =0 Gp= ReSy(g” —x,p(y))

aeC pla) =0 p € Kx]
1 1 1
p'=u  (Mp)(p)=0 Mp = p(x)

deg Mp =bdegp, degGp =degp,
GMp = pb, p | MGp.

12/18



The Graeffe Ope

y=ab (GP)(Tv) =0 Gp= ReSy(z” —x,p(y))

4

aeC pla) =0 p € Kx]
1 1 1

p'=u  (Mp)(p)=0 Mp = p(x)

degMp = bdegp, degGp =degp,
GMp = pb, p | MGp.

Key lemma (= algebraic interpretation of geometric intuition)

Given ¢ € K][x]:

g€ Kx] \K r—1

1 s JueKEK\K, Mu|l or {M ult
q | Gu

Mrq | £ ViZg Mg

12/18
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The Graeffe Opera

y=ab (GP)(;r) =0 Gp= ReSy(%/b —x,p(y))

4

aeC pla) =0 p € Kx]
1 1 \

p'=ua  (Mp)(p)=0 Mp = p(x)

degMp = bdegp, degGp =degp,
GMp =p", p|MGp.

Key lemma (= algebraic interpretation of geometric intuition)

Given ¢ € K][x]:
g€ Kx]\K . Mlu| ¢
xtq = JueK[x]\K, Mut? or 71 Gu

Mg | [ ViZ) Mig

Remark: left case impossible == g is a product of cyclotomic polynomials.
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Mp= [T 4

qst. VGg)=p
M(x —2%) = (x —2)(x +2)(x® —2x +4)(x? +-2x + 4)
M®, = &0, D3 D

0 ( :

X P sz
T, 7N

SN N AN

ATAT ] x

By Dy Dy Dy Dy P Doe \

ATIAIT 1 7 7 S

D16 Pag Prag Puz2 P1Prgn Pans Peus P1296 I T

TT T TTT T T T X0 -2 x6+2 x—?x+4x+?x6+4




Mp= [ a

qst. VGg)=p
M(x —2%) = (x —2)(x +2)(x® —2x +4)(x? +-2x + 4)
M®, = @, @0, @3, Pgs, a N6 =1

i s
o P
KA N
Dy D1, g, Dig, Dy //\\

AN VAN AL
ATTAIT T F S
T
T

P16:Paga Prasa Paz2Ps1P162:P3240 Possa P12960

I I I A A 1 xéfz S




@2 =118 =29 — (12429 4200 — 23 4 )18 — % 4 1) (@203 — 9B p 10632 4 (T M2 4

L s =0, M2q | 05 (qV Mg).

4

512v — 1 /x)2—439204x—1
/SJ\r—'l\ 64x2 4 8x + 1 /le—%x—l x4 47633 4 5777x2 — 76x + 1
2 =1 42 4241 6420 483 +1 x2—4x—< A ad 17 —ax el 21247629 577766 — 763 41
21:3—1 4x6+213+1 xz—x—l x4+x3+2x2—x+l
T T T
29 -1 X631 412 426 -3 41
le 8291
T T
2 xi1 P42 51234 1023488133 - .-
T T
R 4 3L 68 67 4 ...
631 ; 8234 —369x3 ¢ 64x98 + 2952167 -
819 2234 9x33 110532 .. 4268 1 18x67 ... 64x204 4 20524201 4 ...
T
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=20 DB - — )12 4% 120 — 3 )8 — 9 (@3 — 0B 1062 ) (P T M2 4

L (5) =0, M?2q | 6> (g V Mgq).

4

512x — 1 x2 — 439204x — 1
8x —'1\ 64x2 4 8x + 1 X2 —76x -1 x4 47633 4 5777x2 — 76x + 1
2v =1 4x? 4 2x 41 6420 483 +1 241 A ad 17 —ax el 21247629 577766 — 763 41
21:3—1 4x6+213+1 xz—x—l x4+x3+2x2—x+l
T T T
29 -1 N X631 2429 4056 3 41
0 1 1
x+1 8291
T T
5427 34 _ 33, ...
2 vt P 512x34 — 1023488133 4
T 4 3 ... 68 67 4 ...
631 8x34 —369x33 + 64x08 4295267
A8 9 2234 9x33 110532 .. 4268 1 18x67 ... 64x204 4 20524201 4 ...
T

m=2x -2 —x+1D2—x-1)x°* x> 1) = M>uy | (,
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L[ul]:(Zx—l)(xz—x+l)(x2—x—l)(2x3—1)(x6—x3+1)(x6—x3—l)(xlz+x9+---)(x18—xg—l)(2134—9x33+---)M2+---
L] (£) =0, Mq|6a(qvM
bal{ ) =0 qlt2(qv Mg).

4

512x — 1 x2 — 439204x — 1
SX—'l\ 64x2 4 8x + 1 x2 —76x—1 x4 47633 4 5777x2 — 76x + 1
20 -1 4x? 4241 6420 483 +1 2 —dx—1 A ad 172 —dax e 1 21247629 4 5777x6 — 763 41
2x371 4x6+2x3+1 xzfxfl x4+13+2x2—x+1
2x9—1 x6—x3—1 x12+x9+2x6—x3+1
Q T 1
x+1 8
T 5427 34 _ 33, ...
2 xan x4 327 512x34 — 10234881x33 +
T 4 3. 68 67 4 ...
633 8x34 —369x33 4 64x68 4 2952167 |
819 2234 9x33 110232 .. 4268 1 18x67 ... 64x204 4 20524201 4 ...
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Lluq] = (Zx—l)(xz —x+l)(x2 —x—l)(2x3 —1)(x6 —x3+1)(x6 -3 —l)(;\'12 +x9+---)(x18 -0 —l)(2x34—9x33+---)M2+---

L] (g) —0, M| (g Mg).

4

512v — 1 x2 — 439204x — 1
SX—'l\ 64x2 4 8x + 1 x2 —76x—1 x4 47633 4 5777x2 — 76x + 1
20 -1 4x? 4241 6420 483 +1 2 —dx—1 A ad 172 —dax e 1 21247629 4 5777x6 — 763 41
2x371 4x6+2x3+1 xzfxfl x4+13+2x2—x+1
2x9—1 x6—x3—1 x12+x9+2x6—x3+1
Q T 1
x+1 8
T 5427 34 _ 33, ...
2 xan x4 327 512x34 — 10234881x33 +
T 4 3. 68 67 4 ...
633 8x34 —369x33 4 64x68 4 2952167 |
819 2234 9x33 110232 .. 4268 1 18x67 ... 64x204 4 20524201 4 ...

= —x—1)(x% —dx —1) = Mu |1,
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Lluqup] = (2x — 1)(3:2 - x+1)(x2 —x— 1)2(x2 —4x— 1)(2x3 — 1)(x4 +x3 42—t 1)(x6 -4 1)(2(6 . 1)(23{34 —oxB . -)M2 +o-
p 2
L{uqup] 7 =0, Mg | 0> (qV Mg).

4

512v — 1 x2 — 439204x — 1
SX—'l\ 64x2 4 8x + 1 x2 —76x—1 x4 47633 4 5777x2 — 76x + 1
20 -1 4x? 4241 6420 483 +1 2 —dx—1 A ad 172 —dax e 1 21247629 4 5777x6 — 763 41
2x371 4x6+2x3+1 xzfxfl x4+x3+2x2—x+1
2x9—1 x6—x3—1 x12+x9+2x6—xs+1
Q T )
x+1 8
T 5427 34 _ 33, ...
2 xan x4 327 512x34 — 10234881x33 +
T 4 3. 68 67 4 ...
633 8x34 —369x33 4 64x68 4 2952167 |
819 2234 9x33 110232 .. 4268 1 18x67 ... 64x204 4 20524201 4 ...
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Lluqup] = (2x — 1)(3:2 - x+1)(x2 —x— 1)2(x2 —4x— 1)(2x3 — 1)(x4 +x3 42—t 1)(x6 -4 1)(2(6 . 1)(23{34 —oxB . -)M2 +o-
p 2
L{uqup] 7 =0, Mg | 0> (qV Mg).

4

512v — 1 x2 — 439204x — 1
SX—'l\ 64x2 4 8x + 1 x2 —76x—1 x4 47633 4 5777x2 — 76x + 1
20 -1 4x? 4241 6420 483 +1 2 —dx—1 A ad 172 —dax e 1 21247629 4 5777x6 — 763 41
2x371 4x6+2x3+1 xzfxfl x4+x3+2x2—x+1
2x9—1 x6—x3—1 x12+x9+2x6—xs+1
Q T )
x+1 8
T 5427 34 _ 33, ...
2 xan x4 327 512x34 — 10234881x33 +
T 4 3. 68 67 4 ...
633 8x34 —369x33 4 64x68 4 2952167 |
819 2234 9x33 110232 .. 4268 1 18x67 ... 64x204 4 20524201 4 ...

u3:1
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L[uluzus]:(2x—l)(x2—x+l)(x2—x—l)z(xz—4x—1)(2x3—1)(x4+x3+2x2—x+1)(x6—xs+l)(x6—x3—1)(2x34—9x33+4~)M2+4
P 2
L[ujupus) 7))~ 0, M*q|/(qgVMy).

4

512v — 1 x2 — 439204x — 1
SX—'l\ 64x2 4 8x + 1 x2 —76x—1 x4 47633 4 5777x2 — 76x + 1
20 -1 4x? 4241 6420 483 +1 2 —dx—1 A ad 172 —dax e 1 21247629 4 5777x6 — 763 41
2x371 4x6+2x3+1 xzfxfl x4+x3+2x2—x+1
2x9—1 x6—x3—1 x12+x9+2x6—xs+1
Q T )
x+1 8
T 5427 34 _ 33, ...
2 xan x4 327 512x34 — 10234881x33 +
T 4 3. 68 67 4 ...
633 8x34 —369x33 4 64x68 4 2952167 |
819 2234 9x33 110232 .. 4268 1 18x67 ... 64x204 4 20524201 4 ...
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Lluqupug| = (Zx—l)(xz —x+l)(x2 —x—l)z(xz —4x—1)(2x3 —1)(x4+x3+2x2—x+1)(x6 —xs+l)(x6—x3 —1)(2:{34—91(33 +4~)M2+'

Liuyizu) (g) —0, M|V M)

4

512v — 1 x2 — 439204x — 1
SX—'l\ 64x2 4 8x + 1 x2 —76x—1 x4 47633 4 5777x2 — 76x + 1
20 =1 42 4241 6420 483 +1 2 —dx—1 A ad 172 —dax e 1 21247629 4 5777x6 — 763 41
2x371 4x6+2x3+1 xzfxfl x4+x3+2x2—x+1
2x9—1 x6—x3—1 x12+x9+2x6—xs+1
Q T )
x+1 8
T 5427 34 _ 33, ...
2 vt x4 327 512x34 — 10234881x33 +
T 4 3. 68 67 4 ...
633 8x34 —369x33 4 64x68 4 2952167 |
819 2234 9x33 110232 .. 4268 1 18x67 ... 64x204 4 20524201 4 ...

i=02x—1)(x*>—x+1)(x* —x—1)(x* ~4x —1) = Mi |, and q | Gi .
' FredericChyzak  Computing Solutions of Linear Mahler Equations



Lluqupug| = (Zx—l)(xz —x+l)(x2 —x—l)z(xz —4x—1)(2x3 —1)(x4+x3+2x2—x+1)(x6 —xs+l)(x6 e —1)(2:{34—91(33 +4~)M2+'

Liuyizu) (g) —0, M|V M)

4

512v — 1 x2 — 439204x — 1
8x —'1\ 64x2 4 8x + 1 x2 —76x—1 x4 47633 4 5777x2 — 76x + 1
20 =1 4x? 4241 6420 4833 +1 2 —dx—1 A ad 172 —dax e 1 21247629 4 5777x6 — 763 41
2x371 4x6+2x3+1 xzfxfl x4+x3+2x2—x+1
2x9—1 x6—x3—1 x12+19+2x6—xs+1
Q T )
x+1 8
T 5427 34 _ 33, ...
2 vt x4 327 512x34 — 10234881x33 +
T 4 26033 1 ... 68 67 4 ...
633 8x34 —369x33 4 64x68 4 2952167 |
819 2234 9x33 110232 .. 4268 1 18x67 ... 64x204 4 20524201 4 ...

ﬁ:M(XZ_x+1)MM:> Mﬁ|€2andq|Gﬁ o
' FredericChyzak  Computing Solutions of Linear Mahler Equations



Operator to solve:

L= (2x9 - 1)()c18 —9 - 1)(Jc12 429 4200 - 53 Jrl)(x18 -4 1)(2)(34 —ox3 110432 4 )()c54 —x%7 - 1) M2
22 —x -1 D) P 422 — x4 (8 =B 1) — B - )18 — 2 —1)(2488 —0a87 18186 )M

4222012 —x+ 122 —x = 1) (2 +x+1) (22 —4x —1)(2x102 = 9x9 11096 4 ..

Denominator bound found:

7 = uupGit = 2x — 1) (x* —x +1)%(x2 —x —1)?(x® —dx — 1) (x® — x> - 1)
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Operator to solve:

L= (2x9 - 1)()c18 —9 - 1)(x12 429 4200 - 53 Jrl)(x18 -4 1)(2)(34 —ox3 110432 4 )()c54 —x%7 - 1) M2
22 —x -1 D) P 422 — x4 (8 =B 1) — B - )18 — 2 —1)(2488 —0a87 18186 )M

+ x2(2x - l)(x2 - x+l)2(x2 —x— 1)(3(2 +x +l)(Jc2 —4x — 1)(23c102 —0x99 410296 4 .. -)

Denominator bound found:

7 = uupGit = 2x — 1) (x* —x +1)%(x2 —x —1)?(x® —dx — 1) (x® — x> - 1)

Explicit rational solutions:

2x q x—3
-2 —x-1) M @ xr 1) —dx—1)(x® 3 1)
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~ Looking fora Denominator:an Prample Conclusion)

Operator to solve:

L= (2x9 - 1)()(18 —x9 - 1)(x12 a0 420 -3 Jrl)(x18 -4 1)(2)(34 —0x33 110432 4 )()c54 —x 1) M2
22 —x -1 D) P 422 — x4 (8 =B 1) — B - )18 — 2 —1)(2488 —0a87 18186 )M

+ xz(Zx - 1)(x2 - x+l)2(x2 —x— 1)(x2 +x+ 1)(x2 —4x — 1)(2Jc102 —9x99 £ 10x% 4 .. -)

Denominator bound found:

7 = uupGit = 2x — 1) (x* —x +1)%(x2 —x —1)?(x® —dx — 1) (x® — x> - 1)

Explicit rational solutions:

2x q x—3
-2 —x-1) M @ xr 1) —dx—1)(x® 3 1)

Remark: deg ¢, = 145 > deglp[uq] = 84 > degly[uquy] = 62.

15/18
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n
Sit ) cax" = Y cppyix
n>0 n>0

Mu | <= u| )\ Si(¢)
i=0
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Can be used for radix b™:

Gl o Y x> Y cprpgix”
n>0 n>0

b1

f= ;0 x (M "(f))

-1
M"'ult=u| N\ S™ ()
i=0

16 /18



Computing Deno

Algorithm
@ Set ¢ =/, then repeat fork =1,2,...:

b—1 " ¢ =1
set uy = S (¢), then ¢ = (7) M'u
¢ ié\() i Mru i\:/() ¢

until deg u; = 0.
bl-1 .
@ seti= A s" V).
i=0
@ Return g* = uq - - - uy_q Gil.

Theorem (correctness)

Assume Ly = 0 with y = £ and q(0) # 0. Then, q | g*.

X%
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Computing Denominator Bounds _

Algorithm
@ Setl =1, then repeat fork=1,2,.

set uy = /\ S ), then £ = (M’uk) \/ Miuy

until deg uy = 0.
bl-1 .
@ seti= A s" V).
i=0
@ Return g* = uq - - - uy_q Gil.

Theorem (correctness)

Assume Ly = 0 withy = x—% and ¢(0) # 0. Then, q | g*.

Theorem (complexity and degree bounds)
o if b = 2: algorithm runs in O(d M(d) logd) ops and degq* < d
o if b > 3: algorithm runs in O(b~"d M(d) logd) ops and degq* < d/b"~!

B MEEENNEEN (i Sottons of Lineas Mahler Equatons




o theory of Newton polygons,
o algorithms for formal series solutions, polynomial solutions, and
rational-function solutions,
o algorithms for denominator bounds:
o good: complexity is polynomial in » and 4,
o bad: quadratic in output size.

18 /18



Conclusion

Summary

o theory of Newton polygons,
o algorithms for formal series solutions, polynomial solutions, and
rational-function solutions,
o algorithms for denominator bounds:
o good: complexity is polynomial in » and 4,
o bad: quadratic in output size.

More in the article
o algorithms for Puiseux-series solutions,
o the case £y = 0,
o an algorithm for computing the gcrd of several Mahler operators.
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Conclusion

Summary

o theory of Newton polygons,

o algorithms for formal series solutions, polynomial solutions, and
rational-function solutions,
o algorithms for denominator bounds:
o good: complexity is polynomial in » and 4,
o bad: quadratic in output size.

More in the article
o algorithms for Puiseux-series solutions,
o the case {y =0,

o an algorithm for computing the gcrd of several Mahler operators.

Ongoing/Future work
o infinite-product solutions,

o rational solutions of Riccati-type equation.
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