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PROLOGUE

My interest in the search of patterns in integer sequences led me to start bachelor studies in mathe-
matics years ago. These patterns, in many cases, were expressed through “closed forms”.

During the bachelor, my attempts to understand how to formalize these and other notions made
me curious to know about the foundations of mathematics, where I learnt the important concept of
recursive function.

Later, my interests in logic brought me to Vienna, where I began master studies specialized in this
area. During this time, Professor Krattenthaler showed me a class of sequences that I had not known
about until then: the ones having hypergeometric closed form.

This thesis reflects partially what I have been studying since then, and its exposition is organized

in five chapters:

o the first one provides the formal definition of sequence having hypergeometric closed form, and
shows how to solve linear difference equations with polynomial coefficients, with the help of
Petkovsek’s complete Hyper algorithm,

e the second and third one formalize and show how to solve the problems of indefinite and defi-
nite hypergeometric summation respectively, by explaining Gosper’s algorithm and Zeilberger’s
creative telescoping algorithm,

e the fourth one could be seen as a little summary of famous hypergeometric identities,

o the fifth one is an introduction to the theory of RITX*- extensions, which generalizes the algorith-
mic machinery presented in the previous chapters.






VORWORT

Mein Interesse an der Suche von Bildungsvorschriften ganzzahliger Folgen war der Grund, weshalb
ich mich fiir ein Bachelorstudium der Mathematik entschied. Diese Bildungsvorschriften wurden in
vielen Fillen in geschlossener Form dargestellt.

Meine Neugier an den Grundlagen der Mathematik entsprang meinem Bestreben wihrend dem
Bachelorstudium, besagte und andere Ausdriicke zu formulieren, wodurch ich das bedeutende Konzept
rekursiver Funktionen kennenlernte.

Spéter fiihrte mich mein Interesse an der Logik nach Wien, wo ich mit dem Masterstudium in
diesem Bereich begann. Wéhrend dieser Zeit zeigte mir Professor Krattenthaler eine Klasse von Folgen,
von der ich bis zu diesem Zeitpunkt nichts wusste: Folgen, die eine geschlossene hypergeometrische
Form besitzen.

Diese Masterarbeit spiegelt zum Teil wieder, womit ich mich seitdem beschiftigt habe und ist in

funf Kapitel gegliedert:

e Im ersten Kapitel wird die formale Definition von Folgen mit geschlossener hypergeometrischer
Form vorgestellt. In diesem Kapitel wird ausserdem gezeigt, wie lineare Differenzengleichungen
mit Polynomkoeffizienten mithilfe des sogenannten kompletten Petkovsek-Hyper-Algorithmus
gelost werden konnen.

o Wie Probleme indefiniter und definiter hypergeometrischer Summation mit dem Algorithmus
von Gosper bzw. Zeilbergers kreativem Teleskop-Algorithmus gelost werden konnen, wird im
zweiten und dritten Kapitel gezeigt.

o Das vierte Kapitel bietet eine kleine Ubersicht beriihmter hypergeometrischer Identititen.

e Das fiinfte ist eine Einfithrung in die Theorie von RITZ*- extensions, die eine Verallgemeinerung
der Algorithmen der vorherigen Kapitel darstellt.
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1 LINEAR DIFFERENCE EQUATIONS WITH
POLYNOMIAL COEFFICIENTS

The main objective of this first chapter is to explain how to decide constructively if a given linear
difference equation with polynomial coefficients has hypergeometric closed form, by using the so-
called Petkovsek’s complete Hyper algorithm. All these concepts will be formalized within the text.

During this chapter, let K be a field of characteristic zero, and recall that, for all x € K, a,b € KN
andn €N, (a+b)(n) :=an)+bn), (a-b)(n) == an)-b(n) and (a*x a)(n) := x-a(n) (xx will be
denoted simply by «, if the field is clear from the context).

In addition, recall that, by convention, given f € KN, jeNand i€ Z such thati < j, Zi:j (f(k)) =
0and [Tj_;(f(k) =1.

11 THE SHIFT OPERATOR

The first main concept for working with difference equations is the so-called shift operator. It will
be introduced in this section, together with some related notions.

Proposition 1.1.1. Sequences over a field of characteristic zero form an algebra
(KN, +, -, %) is a K-algebra (cf. Section 8.2 of [Petkovgek et al.]).

Recall that:

o K-alg (resp. CRing, Field, Grp, Vectx, Z-Mod) denotes the category of K-algebras (resp. com-
mutative unital rings, fields, groups, K-vector spaces, Z-modules),

e given two objects A, B from K-alg (resp. CRing, Field, Grp, Vectx, Z-Mod),

o A <-alg B (resp. A <cRing B, A <Field B, A <Grp B, A <vecty B, A <z.Moda B) denotes that
A is a K-subalgebra (resp. subring, subfield, subgroup, K-vector subspace, Z-submodule) of
B,

o A Sk-alg B (resp. A Scring B, A Srietd B/ A Sarp B/ A Svecty B, A Sz-Mod B) denotes that
A is isomorphic to a K-subalgebra (resp. subring, subfield, subgroup, K-vector subspace,
Z-submodule) of B,

o A Jx.aig B (resp. A Jcring B, A Jgrp B) denotes that A is a K-ideal (resp. an ideal, a normal
subgroup) of B,

o EndK-alg(A) (resp. EndCRing(A)/ Endfielq(A), EndGrp(A)r Endvecty (A), Endzmod(A)) de-
notes the set of K-algebra (resp. unital ring, field, group, K-linear, Z-module) endomor-
phisms over A,

o AutK-alg(A) (resp. AutCRing(A)/ Autfiela(A), AUtGrp(A)/ Autvecty (A), Autz-mod(A)) denotes
the set of K-algebra (resp. unital ring, field, group, K-linear, Z-module) automorphisms over
A.

Proposition 1.1.2. A field is embeddable into its algebra of sequences
K SCRing KN,

Proof Let ¢ : K — KN such that ¢(x)(n) = «, forall x € Kand n € N. ¢ is clearly a CRing-
homomorphism, so K ScRing KN, a

1"
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Proposition 1.1.3. The algebra of sequences can not be embedded into another field
There exist no field F such that KN SCRing F-

Proof Let a,b € KN such that, for all n € N, a(n) = 5% and b(n) = =515 a(n) - b(n) =0,
foralln € N, so a and b are zero divisors of KN and thus there exists no field F such that KN SCRing F-

O

Definition 1.1.4. Let f be a function. Then f is said to be a K-operator if f : KN — KN,

For example, given f : KN — KN such that f(a)(n) = ((=1) xa)(n) = (=1)- a(n) = —a(n), for all
a € KNandn € N, fis a K-operator.

Note that {f | f is a linear K-operator} = Endvect, (KN,

Definition 1.1.5. Let f be a K-operator. Then f is said to be the shift K-operator if f(a)(n) = a(n+1),
for all a € KN and n € N, fact which is denoted by f = Nk.

For example, given a € KN such that a(n) =2-n, foralln € N, Nx(a)(n) = a(n+1) =2-n+2,
for all n € IN.

Since the field is usually clear from the context, Nx will be frequently denoted by simply N.

Proposition 1.1.6. The shift operator is linear
N € Endvect, (KN).

Proof Let a,b € KN, o,p € Kand n € N. N(axxa+pB*b)(n) = (axa+p*xb)n+1) = (x
aJn+1)+(Bxb)n+1)=a-am+1)+B-bn+1) = o N(a)(n)+p-N(b)n) = (axN(a))(n)

+ %

(B *N(b))(n) = (ecxN(a) + p+N(b))(n). O
Proposition 1.1.7. Multiplication by a fixed sequence is linear
Letu € KN and f the K-operator such that f(a) =u-a, forall a € KN. Then f € Endvect, (KN,
Proof Let a,b € KN and o, € K. f(axa+pf*b) =u-(axa+pxb)=ax(u-a)+p*(u-b) =
axfla)+ B *f(b). |

Proposition 1.1.8. Linear operators form a noncommutative algebra
(Endvect, (KN), +, 0, %k ) is @ noncommutative algebra (cf. Section 8.2 of [Petkovsek et al.]).

Definition 1.1.9. Let f be a K-operator. Then f is said to be the antidifference K-operator if f = N—1,
fact which is denoted by f = Ax.

For example, given a € KN such that a(n) =2-n+1, foralln € N, Ax(a)(n) = (N—=1)(a)(n) =
(N(a)—a)(n) =N(a)(n) —an)=an+1)—am)=2-n+1)+1—(2-n+1) =2, forall n € IN.

Since the field is usually clear from the context, it will be frequent to denote Ay by simply A.

1.2 LINEAR RECURRENCE OPERATORS
Having defined the shift operator, the next step is to introduce the so-called linear recurrence

operators, which will form a fundamental tool in order to develop a theory about resolution of linear
difference equations.

Hypergeometric closed forms



1.2 LINEAR RECURRENCE OPERATORS |

From now on, if there is no confusion, sequences in presence of K-operators will be often identified
with their formulas, i.e. given a € KN and a K-operator f, f(a) will be often denoted by f(a(n)), but
keep in mind that a is not being evaluated in any concrete value of n (evaluation of f(a) in a value n

will be denoted by f(a)(n), as usual). Eg. if a(n) = L for all n € IN, then f(a) will be denoted
by (111",

In addition, from now on, F : KN x {f | f isa K-operator} — {f | f is a K-operator} such that
(WF f)(a) := F(u,f)(a) = u-f(a), for all a,u € KN and K-operator f, will be denoted by ey (or even
simply by e, if the field is clear from the context).

For example, given a € KN, (1eNC+emeN)o(1eN+neN))(a(n)) = (1eN°+e™eN)(a(n)+
n-am+1))=an)+n+e™)-amn+1)+e™- (n+1)-aln+2).

Definition 1.2.1. Let L € EndVectK(K]N). Then L is said to be a linear recurrence K-operator if
P(N) =L, for some p(t) € Endvect, (KN [].

For example, given f : KN — KN such that f(a)(n) =2-n3-a(n+2)+5-a(n), for all a € KN and
n € N, f is a linear recurrence K-operator, since f = (2 - n3)eNZ4+0eN! +5eNO.

Definition 1.2.2. Let L be a linear recurrence K-operator and r € IN. Then r is said to be the order
of L if there exist ay, ..., ar € KN such that L = Y i _olaieNY) and ag - ar # 0, fact which is denoted
by r = order(L).

For example, order((2 - n3)eN24+0eN! +5eN0) =2.

Definition 1.2.3. Let S be a set. Then S is said to be the solution space of a linear difference
K-equation if S = {x € KN | L(x) = b}, for some linear recurrence K-operator L and b € KN,

Definition 1.2.4. Let S be a set. Then S is said to be the solution space of an homogeneous linear
difference K-equation if S = {x € KN | L(x) = 0} (i.e. if S = Ker(L)), for some linear recurrence
K-operator L.

For example, given S = {x € RN |3 «, B € R such that x(n) = 27 («- (=)™ +B), Vn € N}, Sis the
solution of an homogeneous linear difference K-equation, since S = {x € RN | x(n+2)—2-x(n), Vn e
N}={x c RN | (1eN2+0eN' +(—2) e NO)(x) = 0}.

Proposition 1.2.5. The solution space of a linear difference equation is an affine space

Let S be the solution space of a linear difference K-equation. Then § is an affine K-subspace of
KN and, if S is the solution of a homogeneous linear difference K-equation, then S <vect, KN (cf.
Section 8.2 of [Petkovsek et al.]).

The dimension of a solution space does not always coincide with order of the linear recurrence
operator, eg.:
o dimy ({x e KN IR N () + =50 N0 (x(n) = 0} ) =

dimg ({x e KN |vneN, L% xn 1)+ =G xiny =0} ) =

dimg ({x e KN |VneN, [[niseven = x(n—H) 0] A nisodd = x(n)=0]}) =
dimK({xeKNIVnEN x(2:n4+1)=0}) =

o dimg ({x e KNG N (x(n )+ ()3 e n))=0}) =
dimg ({XGKNWneN HCDT n41) = (n)})

dimg({(x e KN |VneN, [niseven = x(n+1)=x(n)] A [nisodd = x(n)=0]]}) =
dimg({x e KN |V n e N, x(n) =0}) = dimg ({0}) =0,

L. Sauras Altuzarra
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o dimg({(x e KN | (m=1)-(n—=4) - n=7) - N'(x(n))+n-(n—=3)- (n—6)-N°(x(n)) =0}) =
dimg({x e KN |vneN, (n—1)-n—4)- m—=7)-x(n+1)4+n-(n—=3)-(n—6)-x =
dimg ({x e KN [ [x(1)=0 A 8-x(2) =10-x(3) A x(4) =0 A 10-x(5) =8-x(6) A x(7) =0 A

3)(n

VneNsuchthat8 < n, x(n+1) = -2 ()Tf(n_);i)(f_)” -x(n)]}) =
dimk (K{{X(03(n), X2 (M) + 2 - X3;(0), X5 (M) + 7 x5 (M), (M —1) - (n—4) - (n—7)})) =

However, in Section 1.3 it will be shown a special case in which dimension and order coincide, and
its conditions will constitute the general framework in the sequel.

(n—1

1.3 ALMOST-EVERYWHERE EQUALITY

In order to reach the ideal situation in which dimension and order coincide, one way is to fold the
space of sequences by means of certain equivalence relation, the so-called almost-everywhere equality,
which will be defined now.

Definition 1.3.1. Let a,b € KN. Then a and b are said to be almost-everywhere equal if {n ¢
IN | a(n) # b(n)} is finite, fact which is denoted by a =b a.e.

Note that, given a,b € KN, if a # b a.e. then — [a = b a.e.]; but the reciprocal does not necessarily
hold. Indeed, a # b a.e. is equivalent to the fact that {(n € IN | a(n) = b(n)} is finite, i.e. to the existence
of m € N such that a(n) # b(n), for all n € N such that m < n. And — [a = b a.e] is equivalent to the
fact that {n € IN | a(n) # b(n)} is infinite, i.e. to the fact that, for all . € N, there exists n € IN such
that m < n and a(n) # b(n). But from the fact that, for all m € IN, there exists n € IN such that m < n
and a(n) # b(n) it is not possible to conclude the existence of m € IN such that a(n) # b(n), for all
n € N such that m < n.

From now on, | J, ¢ (Ker(NT)) will be denoted by Jx (or even simply by J, if the field is clear from
the context).

Proposition 1.3.2. Characterization of almost-everywhere equality
Let a,b e KN. a = b a.e. if, and only if, a—b e ].

Proof a =bae. <

a(n) = b(n), for all n € N such that m < n, for some m € N <

(a—b)(n) =0, for all n € IN such that m < n, for some m € N <

(a—b)(n+m) =0, for all n € N, for some m € N <

N™M(a—b) =0, for some m € N &

a—b € Ker(N™), for some m € N &

a—bel. O

In particular, given a € KN, recall that the following conditions hold:

e {n € IN| a(n) = 0} is finite if, and only if, a # 0 a.e,,

e {n € N | a(n) = 0} is infinite if, and only if, — [a # 0 a.e],

o {n € N | a(n) # 0} is finite if, and only if, a = 0 a.e. (i.e. if, and only if, a € J),

e {n € N | a(n) # 0} is infinite if, and only if, = [a = 0 a.e] (i.e. if, and only if, a ¢ J).

1+(=1)
2

For example, let a € KN such that a(n) = " Then a ¢ J, but note that also — [a # 0 a.e.].

I Lemma 1.3.3. J Jk.aig KN (cf. Section 8.2 of [Petkoviek et al.]).

Hypergeometric closed forms



1.4 SOME IMPORTANT TYPES OF SEQUENCES \

Proposition 1.3.4. Characterization of the zero divisors of KN /3
Let a € KN\J. Then the following conditions hold:
* a+]is a zero divisor of '/,
e ~[a#0ael,
e a+J is not a unit of K]N/].

Proof a + J is a zero divisor of KN /7 o)

(a+7J)-(b+7J) =0, for some b € KN such thatb+J #0 <

a-b¢]J, forsomeb e KN\J '&°

a-b=0ae., for some b € KN such that — [b =0 a.e] <

neN| (a-b)(n) # 0} is finite, for some b € KN such that {n € N | b(n) # 0} is infinite <
{n € N | a(n) = 0} is infinite &

—la#£0ael] &

{n € N | a(n) = 0} is infinite <

(neN| (a-b)(n) # 1} is infinite, for all b € KN such that {n € N | b(n) % 0} is infinite <

—Ja-b=Tael], forallb e KN such that—[b=0a.e] &

a-b—1¢J, forallbe KN\J '&?

(a-b—1)4+J #0, forall b € KN such thatb+J #0 <
(a+J)-(b+J)#1,forall b e KN such thatb+J #£0 %’
a + J is not a unit of KN/]. O

Proposition 1.3.5. For solutions holding a.e., dimension and order coincide

Let r € N, ag,..,ar € KN such that ap # 0 a.e. and a, # 0 ae., L = Z{:o(ai e\1) and
S={x+J|xe kKN A Lx)=0ael]}. Then S Vecty KN/] and dimy (S) = order(L) (cf. Theorem
8.2.1 of [Petkovsek et al.]).

1.4 SOME IMPORTANT TYPES OF SEQUENCES

This section constitutes essentially a brief list of important classes of sequences, that will be widely
used in the sequel, and of some of the relations that hold between them. Remarkably, it is introduced
the concept of hypergeometric closed form, which is maybe the most interesting concept in this work.
It allows one to formalize what it is understood by solving a difference equation but, moreover, it is a
landmark in the constructive mathematics, because it suppose a very reasonable definition of "explicit
expression” of a sequence.

Definition 1.4.1. Let a € KN, Then a is said to be constant if there exist x € K and m € IN such
that a(n) = «, for all n € IN such that m < n.

0 ifn=0
For example, given a € KN such that a(n) =< 1 ifn=1 ,foralln €N, ais constant.
2 otherwise

Definition 1.4.2. Let a € KN and ¢ : K[t] — KN such that ¢(p(t))(n) = p(n), for all p(t) € K[t]
and n € IN. Then a is said to be polynomial if there exists p(t) € K[t] such that ¢(p(t)) = a a.e.

From now on, {a € KN | a is polynomial} will be denoted by pol(K).

(™ ifn<15

For example, given a € KN such that a(n) = { 2.n+1 otherwise

,foralln € N, a € pol(K).

L. Sauras Altuzarra
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Definition 1.4.3. Let a € KN. Then a is said to be rational if there exists v(t) € K(t) such that
{n € N | [nisnota pole of r(t) A r(n) # a(n)]} is finite.

From now on, {a € KN | a is rational} will be denoted by rat(K).
™ ifn<15

. N _
For example, given a € K™ such that a(n) = { 211?:31 otherwise

,forallmn € N, a € rat(K).

Note that every polynomial sequence is also rational.

Every a € KN such that a # 0 a.e. is annihilated a.e. by some linear recurrence K-operator of order

1. Indeed, N(a) +b-a =0 a.e., for all b € KN such that there exists m € N such that b(n) = _a(nf:)ﬂ/

a(
for all n € IN such that m < n. It is however more interesting to treat the following situations.

Definition 1.4.4. Let r € N, ag,..,ar € KN and L = Y i olaje N1). Then L is said to be a linear
recurrence K-operator with constant (resp. polynomial) coefficients if ao, ..., a, are constant (resp.
polynomial).

For example, (2-n3) e N? +0eN'! + 5N is a linear recurrence K-operator with polynomial coef-
ficients.

Definition 1.4.5. Let a € KN\J. Then a is said to be hypergeometric if there exists a linear recur-
rence K-operator with polynomial coefficients L of order 1 such that L(a) =0 a.e.

From now on, {a € KN | a is hypergeometric} will be denoted by hyp(K).

For example, given a € KN such that a(n) = 3", foralln € N, a € hyp(K), since (N —3)(a)(n) =
(N(a)—3(a))(n) =a(n+1)—3-an)=3"""—-3.3" =0, forall n € N.

Proposition 1.4.6. Characterization of hypergeometric sequence
Leta € KN, Then a € hyp(K) if, and only if, there exist r(t) € K(t) and m € N such that, for all

n € IN such that m < n, n is not a pole of r(t), a(n) # 0 and r(n) = %
Proof
=) a € hyp(K), in particular, a ¢ J. So, applying Proposition 1.3.2, = [a = 0 a.e], ie. {n €
N | a(n) # 0} is infinite. (0]

Moreover, again because a is hypergeometric, there exist ap, a; € pol(K) such that ap - a; # 0 and
aj -N(a) + ap-a =0 ae., so there exist p(t), q(t) € K[t]\{0} and m € IN such that, for all n € N such

that m < n, ag(n) =p(n) #0, a;(n) =q(n) #0and q(n) -a(n+1)+pn)-a(n) =0. (1]
an+1) = —% -a(n), for all n € IN such that m < n, by [1]. 2]
a(n) # 0, for all n € N such that m < n, applying [0], [1] and [2]. Hence, agz:)” = —ZEE;, for all

n € N such that m < n, by [2]. So there exists r(t) € K(t) such that, for all n € N such thatm <n, n
is not a pole of r(t), a(n) # 0 and 7(n) = afn+l), by [1] and [2].

a(n)
<) There exist r(t) € K(t) and m € IN such that, for all n € IN such that m < n, n is not a
am+1). twhich yields the existence of p(t),q(t) € K[t]\{0} such

a(n)

p01e of T‘(t)/ a(n) # 0 and T(Tl) =

that GS(L:)]) = fzgm, for all n € IN such that m < n. Hence, there exist ap, a; € pol(K) such that,

for all n € IN such that m < 1, 0 ¢ {a(n),ag(n),a;(n)} and ag?:)” = —Z?EE% Consequently, a ¢ J,
ap, a1 € pol(K), ap-ay; #0and aj -N(a)+ap-a =0a.e. Thus a ¢ J and there exists a linear recurrence

K-operator with polynomial coefficients L of order 1 such that L(a) =0 a.e., i.e. a is hypergeometric. [J

From Proposition 1.4.6 it is clear that every nonzero rational sequence is also hypergeometric. In
Section 1.5 it will be shown when the converse holds.

Hypergeometric closed forms



1.4 SOME IMPORTANT TYPES OF SEQUENCES \

Note that (hyp(K), -) is an abelian group, but hyp(K) is not closed under addition; eg. considering
a,b € KN such that, foralln € N, a(n) =2 and b(n) = (2;71'”,, a and b are hypergeometric, but a+b
is not. However, in Section 1.7 it will be shown that it is possible to ensure, under certain conditions,

that a finite sum of hypergeometric sequences is still hypergeometric.

| Lemma 1.4.7. Let a € hyp(K) such that A(a) # 0 a.e. Then A(a) € hyp(K).

Proof a € hyp(K), so, applying Proposition 1.4.6, there exist r(t) € K(t) and np € IN such that, for

all n € N such that np < n, nis not a pole of r(t), a(n) # 0 and r(n) = EIT(W)” Let q(t) = w.
( )
It is clear that q(t) € K(t). A(a) # 0 a.e., so there exists ny € IN such that A(a)(n) 75 0, foralln € N
a(n+2) 1
Ala)(n+1) _ am+2)—a(n+1) _ a(n+1) T‘( +1)—
such that n; < n, and then Ala M) = amiT—am) | _aln = — = ((n), for all
n+1) r(n)

n € IN such that max({ng,n1}) < n. Therefore, applying again Proposmon 1.4.6, A(a) € hyp(K). a

Proposition 1.4.8. No zero divisor of L /7y is hypergeometric
Let a € hyp(K). Then a +J is not a zero divisor of KN/].

Proof a is hypergeometric, so a ¢ ] and there exist ap,a; € pol(K) such that ap - a; # 0 and

a;-N(a)+ap-a=0a.e. [0]
a,ag,a; € KN\J, by [0], so {n € N | b(n) # 0} is infinite, for all b € {a, ap, a1}. (1]
And, since agp, a1 € pol(K) and ap - aj #0, {n € N | a;j(n) = 0} is finite, for all i € {0, T}. 2]
The fact aj -N(a) +ap - a = 0 a.e. yields the existence of m € IN such that aj(n)-a(n+1) = —ap(n)-

a(n), for all n € N such that m < n. Hence, there exists . € IN such that a(n+1) = —Z?EE% ~a(n),

for all n € IN such that ™ < n, by [2]. Therefore, applying (1] and [2], {n € IN | a(n) = 0} is finite, i.e.
a # 0 a.e. Applying then Proposition 1.3.4, a + J is not a zero divisor of KN /3 O

Definition 1.4.9. Let a € KN\J. Then a is said to be d’Alembertian if there exist r € N and linear
recurrence K-operators with polynomial coefficients Ly, ..., L of order 1 such that (Ly o...oLy)(a) =
0a.e.

For example, a € KN such that a(n) = 2™ +n!, for all n € N, a is d’Alembertian, since
m—1eN"—(n-(n+1))eN°) o (N=2))(a)(m) =

(

(n—=1)eNT—(n-(m+1)) eNO)(N(a) —2*a)(m) =

(m—1)- N( (a)—2xa)(m)—m-(m+1)- (N(a)— Z*a)(m):

(m—1)-(N?*(a) =2+ N(a))(m) —m- (m+1)- (N(a) —2- a)(m) =

(m—1)(a(m+2)— 2-a(m—|—1))—m-(m—|—1)-( (m+1)—2-a(m)) =
(m—1)-am+2)—(mM2+3-m—2)-am+1)+2-m-(m+1)-a(m) =

(m— )(2m+2+(m+2)) (M24+3-m—=2)-2™" T+ (m+D)+2-m-(m+1)-2M+m!) =
(m—1)-4—(m?+3-m—2)-24+2-m-(m+1))-2m+
(m—=1)-(m+2)-(m+1)—(m2+3-m—2)-(m+1)+2-m-(m+1))-m! =

0- 2m+0 m! =0, for all m € IN.

Note that every hypergeometric sequence is also d’Alembertian.

Proposition 1.4.10. D’Alembertian sequences form a unital ring
({a € KN | a is d’Alembertian}, +, ) is a unital ring (cf. Section 8.6 of [Petkovsek et al.]).

L. Sauras Altuzarra
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| LINEAR DIFFERENCE EQUATIONS WITH POLYNOMIAL COEFFICIENTS

Definition 1.4.11. Let a € KN\J. Then a is said to be C-recursive (resp. P-recursive, or holonomic)
if there exists a linear recurrence K-operator with constant (resp. polynomial) coefficients L such
that L(a) =0 a.e.

For example, given a € KN such that a(n) = 3™, for alln € N, a is C-recursive, since (N —3)(a) = 0.

Note that every d’Alembertian sequence is also holonomic.

Proposition 1.4.12. Every C-recursive sequence on an algebraically closed field is d’Alembertian
Let a € KN such that a is C-recursive. If K is algebraically closed, then a is d’Alembertian (cf.
Section 3 of [Petkovsek & Zakrajsek]).

It is interesting to remark that, for every possible order being greater than 1, there exist homoge-
neous linear difference K-equations with polynomial coefficients of such an order having nontrivial
nonhypergeometric solutions, eg. the difference K-equation given by y(n +d) = 2;111 (H{;} (m+d-—
i)-y(n+d—j)), for all d € N such that 2 < n (cf. Example 8.4.3 of [Petkovsek et al.]; this example
is interesting also because y € KN such that y(0) = 0 and y(n) is the number of n-permutations that
contain no cycle longer than d, for all n € N, is a solution of such equation). In Section 1.6 an
algorithm for deciding constructively if a given homogeneous linear difference K-equation with poly-
nomial coefficients has hypergeometric solutions, the so-called Petkovsek’s Hyper algorithm, will be
explained.

Definition 1.4.13. Let a € KN. Then it is said that a has hypergeometric closed form if a €
K{hyp(K)).

For example, given a,b,c € KN such that, for alln € N, a(n) = 3™, b(n) = (n+2)! and ¢(n) =
7-3™ + (n+2)!, c has hypergeometric closed form, sincec =7-a+1-b and a,b € hyp(K).

Proposition 1.4.14. Every sequence having hypergeometric closed form is d’Alembertian
Let a € KN such that a has hypergeometric closed form. Then a is d’Alembertian.

Proof (To be read after Section 1.7) Let «p, x € K and ap, a; € hyp(K) such that ap # a; a.e. Then
there exists a linear recurrence K-operator with polynomial coefficients Ly of order 1 such that Ly(ap) =
0 a.e. Applying that ap # a; a.e. and Lemma 1.7.7, Lo(a;) € hyp(K); which yields the existence of
a linear recurrence K-operator with polynomial coefficients L of order 1 such that L(Ly(aj)) = 0 a.e.
Thus, (LoLy)(ag*ag+oq xaj) = o * L(Lo(ag)) + o xL(Lo(aq)) = ap *L(0) + 7 x0 = 0 a.e; so
xo * ap + a7 * a7 is d’Alembertian. a

Hence, it is clear that no nonholonomic sequence has hypergeometric closed form. Unfortunately,
this is the case of several sequences of central importance in mathematics, eg.:
e ap € CN such that, for all n € N, ag(n) is the number of rooted (n + 1)-labeled trees (recall that

ap(n) = %, for all n € IN),

e a; € CN such that, for all n € N, a; (n) is the number of partitions of n+ 1 (however, even aj not
being annihilated a.e. by any linear recurrence C-operator with polynomial coefficients, at least
D xez ((—1)k - aq (n— %)) =0, for all n € N; and, considering r € NT and b, € cN
such that, for all n € N, b, (n) is the number of partitions of n + 1 of at most r parts, then b, is
holonomic),

e a; € CN such that, for all n € N, a;(n) is the number of (n + 1)-derangements (i.e. (n+
1)-permutations without fixed points) (however, a, has "nonhypergeometric closed form", viz.

az(n) = [ forall n e N),
o a3 € CN such that, for all n € N, az(n) is the nh central trinomial coefficient (i.e. given an

indeterminate t over C, az(n) = coeffn ((1+t+t2)™"), for all n € N),

Hypergeometric closed forms



1.5 GOSPER'S FACTORIZATION | 19

o as € CN such that, for all n € N, as(n) is the n" Bell number (however, even a4 not be-
ing annihilated a.e. by any linear recurrence C-operator with polynomial coefficients, at least
Yo ((}) - as(k)) = as(n+1), forall n € N),

o a5 € CN such that, for all n € N, as(n) is the n prime number (cf. Section 4 of [Flajolet et al.]).

However, some generalizations of nonholonomic sequences are sometimes holonomic, eg. consid-
ering a € KN and b € K(t)]N such that, forallm € N, a(n) = (n+1)™ and b(n) = (t+1)™, a is not
holonomic, but b is. Section 9.11 of [Petkovsek et al.] contains some comments about how to determine
if there exists a holonomic generalization of a given sequence. A general study of the holonomic theory
can be found in [Parnes].

Definition 1.4.15. Let a € KN. Then a is said to be geometric if there exist « € K and m € IN such

that, for all n € IN such that m < n, a(n) #0 and & = a(%:;)
5 ifn=9

For example, given a € KN such that a(n) = { ,foralln € N, a is geometric, since

2™ otherwise
antl) _ 7 forall n € N such that n < 10.

a(n)

Note that every geometric sequence is also hypergeometric, by Proposition 1.4.6, and C-recursive.

1.5 GOSPER'S FACTORIZATION

One of the main results that underpins the theory developed in this thesis is the so-called Gosper’s
Factorization Theorem. It is purely algebraic, and provides a very useful way of expressing rational
functions.

Proposition 1.5.1. Gosper’s Factorization Theorem
Let v(t) € K(t)\{0}. Then there exist unique a(t),b(t),c(t) € K[tI\{0} such that the following
conditions hold:

1. b(t) and c¢(t) are monic,

_a(t)-c(t+1)
2. 1(t) = bl

3. g.cd.({a(t),b(t+h)}) = g.cd.({a(t),c(t)}) =g.cd.({b(t),c(t+1)}) =1,forallh € N
(cf. Theorem 5.3.1 and Corollary 5.3.1 of [Petkovsek et al.]).

An algorithm computing Gosper’s factorization of a given rational expression can be found in
Section 5.3 of [Petkovsek et al.].

Lemma 1.5.2. Let a(t), b(t), c(t), A(t), B(t), C(t) € K[t]\{0} such that the following conditions hold:
a(t)-c(t+1) A(t)-C(t+1)

L. %) = BOCH)
2. g.cd.({A(t), B(t+h)}) = g.c.d.({a(t), c(t)}) = g.c.d.({b(t),c(t+1)}) =1, forall h € IN.
Then c(t) | C(t) (cf. Lemma 5.3.1 of [Petkovsek et al.]).

L. Sauras Altuzarra
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Proposition 1.5.3. Rationality criterion for hypergeometric sequences
Let v(t) € K(t)\{0}, a(t),b(t),c(t),A(t), B(t), C(t) € K[t]\{0} such that the following conditions
hold:

1. b(t),c(t),B(t), C(t) are monic,
2. g.cd.({a(t),b(t+h)}) = g.cd.({a(t), c(t)}) = d.({b(t),c(t+1)}) =1, forall h € N,
3. g.c.d.({A(t), B(t+h)}) = g.c.d.({A(t), C(t)}) d ({B(t),C(t+1)}) =1, forallh € N,
ol =S

B(t) _ a(t)-c(t+1)
5 A(Y) T b(De()

t
and y € hyp(K) such that there exists m € IN such that, for all n € N such that m < n, n is not
a pole of r(t), t(n) # 0 and % = r(n). Then y € rat(K) if, and only if, [A(t) is monic and
a(t) =b(t) =1].

Proof
=)y € rat(K) Nnhyp(K), so there exist q(t) € K(t)\{0} and m € IN such that m < v and, for all
n € N such that m < n, n is not a pole of q(t) and y( ) = q(n). Thus, there exist p(t), p(t) € K[t]\{0}

such that g.c.d.({p(t),p(t)}) =1, p(t) is monic and p( 0= = q(t), which, applying Proposition 1.4.6 and
condition 4, yields that © +)” g(;” = q(tH T(t) = % [0]

[0] yields that p(t) - p(t+ 1)-B(t)- C(t) = A(t) - C(t+ 1) -p(t+1) - p(t); so, as B(t), C(t),p(t) are
monic, Le.(p(t)) = Le.(A(t)) - le.(p(t)). And, as Le.(p(t)) #0, Lc.(A(t)) =1, i.e. A(t) is monic.
From [0], condition 3 and Lemma 1.5.2 follows that p(t) | C(t), i.e. that there exists s(t) € K[t]
)

such that s(t) - p(t) = C(t), which, again by [0], implies that t(Jr)” = A](g()t) tH holds ie. AL =
1.9 (t+1)-s(t+1) (1]

T3 (6)s (1)
Applying Proposition 1.5.1 and conditions 1, 2 and 5, d(t) = a(t), b(t) = b(t) and &(t) = c(t), for

all a(t), B(t),&(t) € KIt] such that b(t), &(t) are monic, xriy = {pAri and ged.({a(t), bt +h) =

g.cd.({a(t),e(t)}) = g.c.d.({b( ),€(t+1)}) =1, for all h € IN. Therefore, applying [1] and condition 5,

c(t) =p(t)-s(t) and a(t) =b(t) = 1.

<) r(t)- ((ttt)” = A(t)) = a}j()t) (t+1 , by conditions 4 and 5. Hence, applying that a(t) =b(t) =1,
T(t) = % holds, i.e. there exist & € K\{0} and m € IN such that m < i and, for all n € IN such
that m < n, c(n) #0and y(n) = «- C(n) . Therefore, y € rat(K). |

1.6 POLY AND HYPER ALGORITHMS

With the concepts and results appeared so far, there has been reached the conditions to build a first
couple of algorithms from which it will be later constructed Petkovsek’s complete Hyper algorithm:
Abramov - Petkovsek Poly algorithm and Petkovsek’s Hyper algorithm. They are explained now.

From now on, given a € rat(K) and r(t) € K(t) such that {n € N | [n is not a pole of r(t) A r(n) #
a(n)]} is finite, v(t) will be denoted by a(t).

In addition, from now on, given a € pol(K), an indeterminate t over K and m € N, deg(a(t)) (i.e.
degree of a(t)) (resp. lc.(a(t)) (i.e. leading coefficient of a(t)), coeff, (a(t)) (ie. mth coefficient of
a(t))) will be denoted by deg(a) (resp. lc.(a), coeffr,(a)); and recall that deg(0) = —oco and that, if
deg(a) < m, then coeff,,, (a) = 0.

Hypergeometric closed forms
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Proposition 1.6.1. Foundation of Abramov - Petkovsek Poly algorithm _
Let r € N, po, - ,pr,f y € pol(K) such that pg - pr #0ae, L= 1 ,(pieN'), q:{0,..,. 1} —

pol(K) such that q(j) = X{_; ((})+ps), for all j € dom(q), b = max({deg(q(i)) —1)T_,), S =

{iefo,..r1}] deg(q(l)) —1i="0b}, a € KN such that a(n =D ses (lc (s)) - f;g (nfi)), for all
nelN,di =max({in € N |a(n) =0}) and d = max({deg( J—b,—b—1,d:}). If L(y) = f a.e., then
deg(y) < d (cf. Section 8.3 of [Petkovsek et al.]).

The following algorithm, called Abramov - Petkovsek Poly algorithm, computes all the polynomial
solutions of a given linear difference K-equation with polynomial coefficients and polynomial indepen-
dent term.

Abramov - Petkovsek Poly algorithm Example
Input: r € N, and py, ..., pr, f € pol(K) such that | Input: po(n) :==—-3-(2-n+1),
Po-pr #0a.e. pi(n ) =13-n+5,p2(n):=—7-n, f(n):=0.
1. Compute q : {0,...,1} — pol(K) such that | 1. q(0 Zl 0 (( ) p (n)) =
)= %15 ((}) #pe), for all j € dom(q), Zi:O (1 .pi(n)) -

—-3-2n+1)4+13-n4+5—-7-n=2,
m) =Y 1, ((}) 'Pi(n)) =
Y2 (i-pin)=13-n+5+2-(—7-n) =5—n,
2)n) =31, () -pilw) =

1-po(n)=—-7-n.
2. Compute d := max({deg(f) —b,—b—1,d¢}), | 2. b :=max({deg(q(i)) — i}izzo) =

being: max({0—0,1—1,1—-2}) =0,
e di =max({n € N | a(n) =0}), S = max({i € {0,1,2} | deg(q(i)) —i = 0}) =
o a € KN such that, for all n € N, {0,1},
n) =Y (lelals) TS =1)), | atn) =51 (Lelals) T3 —1)) =
° S={ie€{0,..,7}[deg(q(i)) —i=D}, 2-1+(=1)-n—=0)=2—n,
e b =max({deg(q(i)) —i}_,)- di =max(fneN|2—n=0}) =2,

d :=max({deg(0) —0,—0—1,2}) =

max({ oc0,—1,2}) = 2.
3-2n+1)-No(y+(13-n+5) - NT(y) +
n)-N2(y)=0 <

(z n+1))-(co+cy-n+cy-n?)+(13-n+

)-(co+cr-Mm+1)+c-m+1)2)+(=7-n)-

3. Using the so-called method of indetermi- | 3.
nate coefficients (i.e. setting up a general poly- | (—
nomial of degree d, plugging it into the recur- | (—
rence relation, equating the coefficients of like | 5
powers of the variable and solving the resulting | (co+cyj-(m+2)+cy-(n+ 2)2)=0 &
system of linear algebraic K-equations for d+1 | (c1 —5-c2) n+2-co+5-(c1+c2) =0«

[

[

w\l"‘

unknown coefficients), compute and return the | [c1 —5-c2 =0 A 2:-¢co+5-(c1+¢c2) =0l &
set of y € pol(K) such that there exist ¢ Kt | [co=—15-c2 A cy=5-¢c2 A ¢c2 =cal.
and m € N such that ¢ (E(1) - nl) = y(n),
for all n € IN such that m < n and that
Y i olpi- Ni(y)) = f a.e., and STOP.

Note that, if the method of coefficients fails (i.e. if the returned set is empty), then the initial
difference K-equation has certainly no polynomial solution, by Proposition 1.6.1.

Output: Output: {y € pol(K) | 3¢ € Ksuch that I m €
{y € pol(K) | X1 _o(pi- NY(y) =f a.e.}. IN such that, V n € IN such that m < n, y(n) =
c-(m?+5-n—15)})

The solutions are easy to check, eg. following the previous example, it would be simply a matter of
evaluating y(n) =c- (n2 +5-n—15) in the expression —(3-(2-n+1)) - yn)+(13-n+5) -yn+1)—
7-n-y(n+2) and check that indeed such an expression equals zero.

L. Sauras Altuzarra
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Proposition 1.6.2. Foundation of Petkovsek’s Hyper algorithm

Let F be a field such that K <pjeiq F, X an indeterminate over F, d € IN, py, ..., pa € pol(K) such
that po - pq # 0 a.e.,, y € FN such that Z?:o (p;L . Ni(y)) =0 a.e. and that there exist s € rat(F),z € F
and a, b, ¢ € pol(F) such that the following conditions hold:

e Ny)=s-yae,

e

e g.cd.({a(x),b(x+h)}) = g.cd.({a(x),c(x)}) = g.c.d.({bo(x),c(x+1)}) =1, forall h € N,

P :{0,...,d} — pol(F) such that P(i)(x) = pi(x) - [[}Zp(alx+7)) - [T} 1 (b(x +j)), for all i €
{0,...,d}, m = max({deg(P(i))}id:O) and « : {0,..,d} — F such that «(i) = coeff,,,(P(i)), for all
i€{0,...,d}. Then the following conditions hold:

1. Z{i:o(oc(i) ZY) =0,

a(x) [ po(x),
3- b( ) \Pd(x—d+1)
4 Yozt PA)(X) - c(x +1)) = 0.

Proof Z?:o (pi-N'(y)) = 0 a.e., so there exists n; € N such that Z?:o (pi(n) -y(n+1i)) =0, for
all n € IN such that n; < n. Applying Proposition 1.4.6, there exists n, € IN such that ny < n; and,

for all n € N such that n; < n, y(n) # 0 and Z?:o (pi(n) . H};g) (%)) -y(n) =0. [0]

N(y) =s-y a.e., so there exists n3 € N such that nz n3 and yn+1) =s(n)-yn), foralln € N
such that n3 < n. Thus, applying [0 Zl 0 (pl . s(n+j) ) ) = 0 holds, for all n € IN

such that n3 < n, ergo Zl 0 (Pl H s(x+j )> =0

As s(x):z~ag‘7x+1 pa 0<p1 . ]_[ ( B)%’Eiﬁ) = 0 holds,
s0 ¥ &o (pilx)- 2t T3 (alx+3)) - clx+1) - TIE (b(x +)) =0
and then 3" (z! - P(1)(x) - c(x +1)) = 0. 1]

> & o(ali) -z =0, by [1].

Moreover, again applying [1], a(x) | 20 - P(0)(x) - c(x+0) = ]_[ +3j)) and hence

ao(x) | po(x), since g.c.d.({a(x),b(x +h)}) = g.cd.({a(x),c(x )}) = gcd ({b(x ) ( )}) = 1, for all
h e IN.

Similarly, it can be proven that b(x +d—1) | z4 - pg(x) - c(x + d) ]_[ a(x +3j)), so, again by
the fact that g.c.d.({a(x),b(x +h)}) = g.c.d.({a(x),c(x)}) = g.c.d.({b(x), (x—|— 1)}) =1,forall h € N,
b(x+d—1) | palx) holds, ie. b(x) | pa(x —d+1) (changing the variables). O

The following algorithm, called Petkovsek’s Hyper algorithm, decides constructively if there ex-
ists a hypergeometric solution of a given homegeneous linear difference K-equation with polynomial
coefficients.

Hypergeometric closed forms
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Petkovsek’s Hyper algorithm Example
Input: a field F such that K <gjeiq F, d € N and | Input: po(n) :=4-(m+1)2-(2-n+1)-(2-n+3),
Po, - Pa € pol(K) such that py - pqg # 0 a.e. pin):=—-2-(2-n+3)3 p2(n):=1,F:=K.

1. For all a(x) € F[x] such that a(x) is monic and
a(x) | po(x), and b(x) € FIx] such that b(x) is
monic and b(x) | pa(x —d + 1), do:

1. {a(x) € K[x] | [a(x) is monic N a(x) | po(x)]} =
Lx+1x+ 3 x+3,x2+2-x+1,x2+2-x+
S+ x+ 5+ x+ 33 +3 2+ 1L
x+3x34+3 X% +2x+ 3,3+ 5 X2 +4.x+
Sxt 443+ 8 2+ T x4 3,

{b(x) € K[x] | [b(x) is monic N b(x) | p2(x —2+
Diy=1.

The case a(x) = x% + % ~x+% and b(x) = 1
satisfies the condition of the step 1.4.1, so from
this point it is described how the algorithm work
for these values.

1.1. compute P {0, ..

P()(x) = pilx l_[
j)), for all i € {0, .. }

d} — pol(F) such that
+§)) TS (b(x +

1.1. P(O)(x) = ]_[) 0 a(x +3j)) -
[T—o(1) = polx) = 16 Xt +64-x3+92-x2+
56-x+12,

P(1)(x) == p1(x) - H

J(alx+4)) - H} (1)
()f—8x—36 3-58-x2—39.x—

p1(x)- 9,

P2)(x) = p2(x) - [Ti=o (alx +§)) - [T_,(1) =

a(x)-ax+1)=x*+5-x3+32 x2+ 22 .x+ 3.
1.2. m == max({deg(P(i))}{_,), 1.2. m = max({deg(P(1))}Z_,) = 4.

1.3. compute « : {0,...,d} — F such that x(i) =
coeff, (P(i)), for all i € {0, ..., d},

1.3. «(0) :=16, &(1) := =38, oc(Z)_

1.4. for all z € F\{0} such that Zidzo(oc(
0, do:

).z =

1.4. z€ F\{0} |16 —8 -z + 2% =0} = {4}.

1.4.1. if there exists ¢ € pol(F)\{0} such that
Z?:O(zi -P(i)(x) - c(x +1)) = 0 (this question
can be solved by applying Abramov - Petkovsek
Poly algorithm), then:

1.4.1. Note that T € {c € pol(K)\{0} | P(0)(x) -
c(x)+4-P(M)(x) -c(x+1)+16-P(2)(x) - c(x +
2)=0}L

1.4.1.1. compute s € rat(F) such that s(x) = z-
a(x)-c(x+1)
b(x)-c(x)

1.4.1.1. s(x) :=4 - a(x).

1.4.1.2. compute y € hyp(F) such that N(y) =
s-y a.e. and STOP;

(n+ 1)) =
for all n € IN).

1.4.1.2. y(n) := (2-n)! (note that (2
4-(n?+3/2:n+1/2)-(2-n),

1.4.2. otherwise, return "There exists no hyper- | 1.4.2.
geometric solution over F." and STOP.
Output: y € hyp(F) such that | Output: (2-n)!

ZS:O (pr - N*(y)) = 0 ae, if it exists; "There
exists no hypergeometric solution over F."
otherwise.

In Section 1.8, the so-called Petkovsek’s complete Hyper algorithm, which computes all the solu-
tions having "closed form" (in a sense that will be formalized) of a given homogeneous linear difference

K-equation with polynomial coefficients, will be explained.

L. Sauras Altuzarra

23



24

| LINEAR DIFFERENCE EQUATIONS WITH POLYNOMIAL COEFFICIENTS

Proposition 1.6.3. A partial converse to the foundation of Petkovsek’s Hyper algorithm
Let F be a field such that K <gje1a F, d € N, po,....pa € pol(K) such that pp-pg # O ae,
z €F ab,c,s € FN such that there exists ng € N such that, for all n € IN such that ng < n,

b(n)-c(n) # 0 and s(n) = z- %, P :{0,..,d — N such that there exists n € N

such that 3" & (' P(1)(n) - c(n +1)) = 0 and P(i)(n) = pi(n) - T2 (a(n+7)) - [T{= (b(n +3)),
for all i € {0,..,d} and n € N such that ny < n, and y € FN such that N(y) = s -y a.e. Then
Y2 (P -N*¥(y)) =0 ae. (cf. Section 8.4 of [Petkoviek et al.]).

1.7 SIMILARITY

The next essential notion is a equivalence relation between hypergeometric sequences called sim-
ilarity. This relation is especially useful, since it provides a criterion to determine if a finite sum of
hypergeometric sequences remains hypergeometric, as it will be shown below.

Definition 1.7.1. Let a,b € hyp(K). Then a and b are said to be similar if there exist r(t) € K(t) and
m € N such that, for all n € IN such that m < n, n is not a pole of r(t), b(n) # 0 and r(n) = a(n)

b(n)’
fact which is denoted by a ~ b.
hyp

3 ifn<15

For example, given a,b € KN such that, for alln € N, b(n) = { (n+2)1 otherwise

a(n)=n!,a ~ b, since g%

g - 1 5, for all n € N such that 15 <n.
hyp

n
n (n+1)-(n+2

Note that {(a, b) € hyp(K)2 | a o b} is an equivalence relation on hyp(K).
yp

I Lemma 1.7.2. Let a € hyp(K) such that A(a) # 0 a.e. Then a o Ala).
yp

Proof a € hyp(K), so, applying Proposition 1.4.6, there exist r(t) € K(t) and m € N such that, for
all n € N such that m < n, nis not a pole of 7(t), a(n) # 0 and r(n) = alntl) Tet q(t) = r(t)—1. It

a(n)
is clear that q(t) € K(t), and AEICE)H()“) = a(“ﬂ()n_)a(“) = agz:;) —1=1rn)—1=gq(n), foralln € N
such that m < n. Therefore, as A(a) # 0 a.e., applying Lemma 1.4.7, a o Ala). O
yp

Proposition 1.7.3. Criterion for checking the hypergeometric character of a finite sum

Let a,b € hyp(K) such that a+b # 0 a.e.. Then a+ b € hyp(K) if, and only if, a o b.
ypP

Proof a,b € hyp(K); so, applying Proposition 1.4.6, there exist ny € N, A, B € rat(K) and D € KN
such that, for all n € IN such that np < n, n is not a pole neither of A nor of B, 0 ¢ {a(n),b(n)},

Aln) = aflr(L:)]), B(n) = % and D(n) = SE;‘% In addition, as a+b # 0 a.e., (a+b)(n) # 0, for

all n € N such that n; < n, for some n; € N, so there exists C € KN such that C(n) = %,
a(n+1) a(n) + b(n+1)
for all n € N such that n; < n. Thus, (&)1 _ afn) bin) b(n) , for all n € IN such that
(a+b)(n) a(n) 1
b(n)

o, ny < n; that is to say, C(n) = W, for all n € IN such that ng,ny; < n. It is clear that,

if D € rat(K), then C € rat(K). Recall that, given 7(t), s(t) € K(t), v(t) =s(t) or(n € N | r(n) = s(n)} is
finite. Hence, if C € rat(K), then the possibilities are only the following:

Hypergeometric closed forms



1.7 SIMILARITY |

e If A = C a.e,, then there exists m € IN such that ng,n; < mand A(n) = %

n € N such that m < n. Thus, simplifying, A(n) = B(n), for all n € IN such that m < n, ergo
a(ntl) _ b(n+1 , for all n € N such that m < n. This yields the existence of « € K\{0} such that

for all

a(n) —  bn
a=ow-bae. and hence, that D € rat(K).
e If A # Ca.e., then,as D(n) — % -D(n) = % —1, for all n € IN such that ng,ny < n, there
B(n) —1
. - ~ _ C(n) __ B(n)—C(n
exists m € IN such that ng,n; < mand D(n) = x =< Al , for all n € IN such that
1— (n) (n)—
C(n)
m<n.
Therefore, whenever C € rat(K), D € rat(K) too. Thus C € rat(K) if, and only if, D € rat(K), which,
applying again Proposition 1.4.6, yields that a + b € hyp(K) if, and only if, a h;p b. O

Proposition 1.7.4. No finite sum of pairwise dissimilar hypergeometric sequences vanishes
Let k € NT and ay,..., ax € hyp(K) such that Z]f:o((li) = 0 a.e. Then q; = a;, for some
yP

i,j €10, ..., k} such that i < j.

Proof (Induction on k) ay, ..., ax € hyp(K), so, by Proposition 1.4.6, there exist 1 : {0, ..., k} — K(t)

and np € IN such that, for all i € {0,..,k} and n € N such that nyp < n, n is not a pole of r(i)(t),

ai(n) # 0 and r(i)(n) = L0+

ai(n)

Case 1 aj+ap =0a.e,ie a; =—ap a.e. yields the existence of fiy € IN such that ny < fip and
ao(n) _ _ap(n)
ar(n) = —ao(n)

Case k — 1 Induction Hypothesis (I.H.).

Case k Zlfzo(ai) = 0 a.e., so there exists n; € IN such that ng < n; and Zlfzo(ai(n)) =0, for

all n € IN such that ny < n. Thus, for all n € IN such that n; < n, Z]f:o(ai(n) -T(k)(n)) = 0 and

—1, for all n € IN such that 7ip < n, so obviously ag o ai.
yp

Z]fzo(ai(n) -T1)(n)) =0, so Z]f;o] (ai(m) - (r(k)(n) —r(i)(n))) = 0, for all n € N such that ny < n.

The possibilities are only the following:
o If there exists i € {0, ..., k— 1} such that ¥(i)(t) = r(k)(t), then S0l — SLlBtD for ol n e N

(n) ax(n
such that n; < n. This yields the existence of o € K\{0} such that a; = «- ay a. e ergo aj o k.
yp
o Otherwise, let b : {0,...,. k — 1} — KN such that b(i)(n) = ai(n) - (r(k)(n) —r({i)(n)), for all i €

{0,..,k—1} and n € N such that n; < n. By Proposition 14.6, b(i) € hyp(K), for all i €

{0,..., k =1}, so, applying L.H., b(i) hN b(j), for some i,j € {0, ...,k — 1} such that i < j, and hence
yp
ai ~ aj for such i,j. O
hyp

Proposition 1.7.5. No nonzero sum of hypergeometric sequences has infinitely many zeros
Let a,b € hyp(K). Thena+b=0ae.ora+b#0a.e.

Proof Suppose the contrary. Then —=[a+b =0 a.e.]; so {n € N | a(n) = —b(n)} is infinite. [0]
a,b € hyp(K); so, applying Proposition 1.4.6, there exist ngp € IN and A, B € rat(K) such that, for all

n € N such that ng < n, n is not a pole neither of A nor of B, 0 ¢ {a(n),b(n)}, A(n) = % and
B(n) = (bTEH In particular, b # 0 a.e. (1]
[0] yields that {n eN | a( n+1 :)] } is infinite; i.e. that —[A # B a.e.] 2]
Recall that, given r(t), s(t ) e K( ), r(t) =s(t) or{fn € N | r(n) = s(n)}is f1n1te; so the possibilities

are only the following:
o If A =B ae, then N(a)-b =N(b)-aae. Applying [0], n e N | (=b(n+1))-b(n) =b(n+1)-
(—b(n))} is infinite, i.e. {n € IN | b(n) = 0} is infinite. Contradiction with [1].
e If A # B a.e, then there is a contradiction with [2]. O
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Proposition 1.7.6. Reducibility criterion for sums

Let k € NT and ay,...,ax € hyp(K). Then there exist v € {0, ..., k} and by, ..., by € hyp(K) such
that the following conditions hold:

1. by ho;P bj, for all i,j € {0, ..., v} such that i #j,

2. Z]i;o(al =Y io(bi) ae,

3. forall s € N and co, ., €s € hyp(K) such that the following conditions hold:

® Ci hoo cj, for all i,j € {0, ..., s} such that i #j,
yp

o YK Jla) =Y o(c) ae,

s=rand b; =c; ae, foralliec{0,.., 1}

Proof
1 and 2 follow from the application of the following algorithm to k, ay, ..., a.

Input: L € N, hy, ..., hy € hyp(K).

1. k:==1,d:=ho, ..., dg == hy.

2. Compute r,R € N and Sy, ..., Sg € {0, ..., k} such that the following conditions hold:
e TRk,
o Sy A9, forallue {O, ..., R},

UR o(50) =0, B

o {; h;p d;, for all 1,) € Sy, forallu €{0,...,R},

e aj oa dj, forallie Sy andj €Sy, for all u,v € {0, ..., R} such that u # v,
hyp

* > ies, (@) € hyp(K), forallu € {0,..., 7},
* D ies, (@) =0ae, forallue{r+1,., R}

Note that 1, R, Sy, ...S+ exist by Proposition 1.7.3; and that, if r =R, then {r+1,..,R} = @.

3- Forallu € {0,..., 7}, let by =} ics (di)-
4. If by hoc by, for all u,v € {0, ..., v} such that u # v, then return r, by, ..., by and STOP; otherwise,
yp

letk=r, do := by, ... , dj := by and go to 2.
Output: v € {0, ..., k} and by, ..., b+ € hyp(K) such that the following conditions hold:

e by hoo bj, for all i,j € {0, ..., v} such that i #j,
yp

o Y o)=Y o(bi)ae

In order to prove 3, let s € IN and cy, ..., ¢s € hyp(K) such that the following conditions hold:

° Cy hoo cj, forall i,j € {0, ..., s} such that i #j,
yp

o Youlbu) = T olco) ae.
Now it is applied induction on 1 +s.
Case 0 Immediate.
Case v+ s — 1 Induction Hypothesis (L.H.).
Caser+s Y o, (bu) = Y i olci) ae, ie. Y 5, (by)—> 5 o(ci) = 0 ae., which, applying
Proposition 1.7.4, yields the existence of ug € {0,...,,v} and ip € {0, ..., s} such that by, h;p Ci,- Let~be

a permutation of {by, ..., b+} such that by = by, © a permutation of {co, ... cs} such that ¢ = C10 and
h= br—cS ByProp051t10n175,h7éan orh=0aelIfh#0a.e., asZ bu J+h= ZL o(ci) ae.
and Y 0! (by) = Y $20(¢) —h ae, then, by LH.,, r = s — 1 and r—1 = s would hold, which is
impossible. Therefore, h = 0 a.e., i.e. by = cs a.e.and so ) ,_ bu) =i 3(c1) a.e. Applying LH.,
r—1=s—1and by =c}, ae, forallu € {0, ..., r— 1}, which 1mpl1es that r = s and by, = ¢}, a.e., for all
ue{0,..,rh

a
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> r—o(Pr - N¥(h)). If H# 0 a.e., then H € hyp(K) and H - h.
yp

I Lemma 1.7.7. Let r € N, po,...,pr € pol(K) such that py-pr # 0 ae.,, h € hyp(K) and H =
Proof h € hyp(K), so, applying Proposition 1.4.6, there exist r(t) € K(t)\{0} and m € N such

that, for all n € IN such that m < m, n is not a pole of r(t), h(n) # 0 and r(n) = % Then

Nih) = NI (IN(h) = N T (e h) = N T () - N T(h) holds, for all ie{0,.., 1} s0 Nih) =NT(r) -
Ni=2(r) . N1=2(h), for all i € {0, ..., } and thus, iterating, N*(h) = H};é(ﬂ\ﬁ (r))-h, for alli € {0, ..., v}

Hence, Y1_o(pi - N*(0)) = Eo (i TS0 OV (1) 1) = Eio (i T 9 (1)) -h £ 0 ae,
which, applying that } | _, (pk . H}:()] (NI (r))) € rat(K), yields that > 1 _o(px - Nk(h)) e hyp(K) and
> k—olpr - N¥(h)) oo

yp O

Lemma 1.7.8. Letk, v € N, po, ..., pr € pol(K) such that po - p+ # 0 a.e., and hy, ..., hi € hyp(K) such

that, for all i,j € {0, ..., k} such that i #j, Y |_, (pi SNt (Z};o(hj)» =0a.e. and h; Ko hj. Then
yp

> i olpi Ni(hj ))=0a.e, forallje{0,..kk.

Proof For all j € {0, ..., k}, there exists r;j € rat(K) such that > olpi- Ni(hj )) = 1j - hy; indeed, given
je{0,..., kk

o if Y1 o(pi-N'(hy)) =0, then Y {_s(pi-N'(hy)) =0-hy; _

o otherwise, applying Lemma 1.7.7, 3 i_o(pi - N*(hj)) € hyp(K) and Y {_(pi - N'(h;)) h;p hj.

Thus, 0 =Y, (p;L SNt (Z}(:O(hj)» = Z;;O (Xio(pi- Ni(hj))) = Z;;O(Tj -h;) a.e. And note
that r; = 0, for all j € {0, ..., k}; indeed, the existence of 1,j € {0, ..., k} such that i # j and r; # 0 # 75

would imply, by Proposition 1.7.4, that r; - h; Ty h;, i.e. that h; o h;, contradicting the hypotheses.
YP ypP
Therefore Y {_,(p; - Ni(hj)) =0a.e, forallje€{0,.., k} |

1.8 PETKOVSEK'S COMPLETE HYPER ALGORITHM

With the results and techniques of the previous sections, it is finally possible to build Petkovsek’s
complete Hyper algorithm.

Proposition 1.8.1. Foundation of Petkovsek’s complete Hyper algorithm
Letr € N, po, ..., pr € pol(K) such thatpy - py # Oa.e,and L =3 |_o(px e N¥). Then{y+J |y €
KN A Lly) =0ael}nK({y+J |y € hyp(K)}) =K{{y +J | ly € hyp(K) A L(y) =0ael}).

Proof Leth € KN such thath+J e {y+J |y € KN A L(y) =0ael}nK{y+J |y € hyp(K)}). Then
h+7J € K{y+7J Iy € hyp(K)}), which, applying Proposition 1.7.6, yields the existence of hy, ..., hy €

hyp(K) such that, for all i,j € {1,..,k} such that i # j, Z]f:](hi) = h a.e. and h; hoo h;. Then,
yp
applying that L(h) = 0 a.e. and Lemma 1.7.8, L(hy) = 0 a.e,, for all i € {1, ..., k}, which yields that

Y+JlyekN A Ly) =0ael}nK{y+J Iy ehyp(K)}) =K{y+TJ |y € hyp(K) A L{y) =0ael}).
0

The following algorithm, called Petkovsek’s complete Hyper algorithm, computes all the solu-
tions (or more concretely, a K-basis generating them) having hypergeometric closed form (a.e.) of
a given homogeneous linear difference K-equation with polynomial coefficients (cf. Section 8.6 of
[Petkovsek et al.] and [Abramov] for two faster algorithms doing the same, the last one finding only
the rational solutions though). Note that it is just a modification of Petkovsek’s Hyper algorithm.
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Petkovsek’s complete Hyper algorithm

Input: a field F such that K <gje1q F, d € N and po, ..., pa € pol(K) such that pp - pg # 0 a.e.

1. S:= 0.

2. For all a(x) € F[x] such that a(x) is monic and a(x) | po(x), and b(x) € F[x] such that b(x) is
monic and b(x) | pa(x —d + 1), do:

2.1. compute P :{0,...,d} — pol(F) such that P(i)(x) = pi(x) - H};é(a(x—k]’)) . de;i] (b(x +3)), for
allie{o,..,d},

2.2, M= max({deg(P(i))}{Lo),

2.3. compute « : {0, ..., d} — F such that o(i) = coeff,,(P(i)), for all i € {0, ..., d},

2.4. for all z € F\{0} such that Zgzo(oc(i) -zY) =0, do:

2.4.1. if there exists ¢ € pol(F)\{0} such that Zgzo(zi -P(1)(x) - c(x +1)) = O (this question can be
solved by applying Abramov - PetkovSek Poly algorithm), then:

2.4.1.1. compute s € rat(F) such that s(x) =z- %,

2.4.1.2. compute y € hyp(F) such that N(y) =s-y a.e. and store y +J in S.
3. If S # @, then reduce it to a K-free (i.e. linearly independent) set.
4. Return S and STOP.

Output: a K-basis S for K{y +J | [y € hyp(K) A Z{izo(pi “Niy)) =0ael}).

Note that, by Proposition 1.8.1, the output of this algorithm is indeed a K-basis generating the
solutions.

The following proposition ensures that, if the independent term of a given linear difference K-
equation with polynomial coefficients does not have hypergeometric closed form, then the equation
can not have a solution having hypergeometric closed form either.

Proposition 1.8.2. Let d € NN, pg,..,pg € pol(K) such that pp-pq # 0 ae. and f € KN, 1f
Z{izo(pi -N(y)) = f ae., for some y € KN such that y has hypergeometric closed form, then f
has hypergeometric closed form.

Proof Immediate from Lemma 1.7.7. |

Finally, the conditions for describing an algorithm computing all the solutions having hypergeo-
metric closed form (a.e.) of a given (not necessarily homogeneous) linear difference K-equation with
polynomial coefficients have been reached.

Input: d € N, po, ..., pa € pol(K) such that py - pg #0 a.e. and f € KN.
1. If f € hyp(K), then continue; otherwise return "The associated difference K-equation has no
solution having hypergeometric closed form." and STOP.

Note that Proposition 1.8.2 has been applied here.

2. Compute r € {0, ..., p} and fy, ..., fr € hyp(K) such that f; hoo fj, foralli,j € {0, ..., 7} such that i # j,
yp
and f =) {_,(fi) a.e. (this step requires to check pairwise similarity, and thus to test rationality of

hypergeometric sequences, task which can be accomplished by applying Proposition 1.5.3).

Note that Proposition 1.7.6 has been applied here.

3. For all i € {0, ..., v} do:

3.1. compute si(t) € K(t)\{0} such that there exists m; € IN such that, for all n € IN such that
fi(n+1)
fi(n) *

m; < N, nisnota pole of si(t), fi(n) # 0 and si(n) =

Note that Proposition 1.4.6 has been applied here.

Hypergeometric closed forms
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4. For alli€{0,..., r} do:

4.1. let Ly = N'— 1 and, using of Petkovsek’s Hyper algorithm, compute, if possible, v; € rat(K)\{0}
such that L (Zjdzo (Pj . %';10 (Nk(sk)) NI (Ti))) = 0 a.e.: if it exists, then continue; otherwise,
return "The associated difference K-equation has no solution having hypergeometric closed form."
and STOP (cf. Section 8.9 of [Petkovsek et al.] for a more efficient way of doing this step, with the
help of Abramov’s algorithm).

5. Let V.= K{y+J [ [y € hyp(K) A Y& (pi-Ni(y)) = 0 ael)), let m = dimg(V),
compute, by using PetkovSek’s complete Hyper algorithm, a K-basis (yo,...,ym) for V, return

{Z ] ole + ) + Z] (1 £5) | ato, ., &m € K} and STOP.

Output: a nonempty finite set S such that, for all y € KN such that y has hypergeometric closed
form and Zid:o(pi -Ni(y)) = f a.e., there exists s € S such that s =y a.e., if S exists; "The associated
difference K-equation has no solution having hypergeometric closed form." otherwise.

1.0 FACTORIZATION OF LINEAR RECURRENCE OPERATORS

Sometimes it is interesting to compute a linear recurrence operator with polynomial coefficients
and minimal order making a given holonomic sequence vanish. Clearly, this can be accomplished by
factoring an already known linear recurrence operator with polynomial coefficients annihilating such
a sequence, so now it will be commented how this problem can be handled.

Definition 1.9.1. Let r € IN, t be an indeterminate over K and py, ..., pr € pol(K) such that py - pr #
Oae. Then > [ ,(pie N1) is said to be monic if p,(t) is monic.

For example, n3eN2 +0eN! +5eN° is monic, but (2-n3) eNZ +0eN' +5eN? is not.

From now on, {L € Endvect, (KN) | L is a linear recurrence K-operator with polynomial coefficients}
will be denoted by Ox; and given r,s € IN and po,..., Pr,qo0,---qs € pol(K), the fact r = s and
pi = qi a.e., for all i € {0, ..., 7}, will be abbreviated as } {_,(pi e N') =Y _,(qi e N').

Note that {(L, M) € 9% | L = M} is an equivalence relation on Ox.

Lemma 1.9.2. Let y € KN\J such that y is holonomic. Then there exists a unique R € Ok such that
0 < order(R), R is monic, R(y) = 0 a.e. and that, for all L € Ok such that L(y) = 0 a.e., the following
conditions hold:

e if order(R) = order(L), thenR =1L,

e if order(R) < order(L), then there exists P € Ok such that PoR =1L
(cf. Section 8.10 of [Petkovsek et al.]).

L)I
L)I

Definition 1.9.3. Let y € KN\J such that y is holonomic and R € Ok. Then R is said to be the
right minimal linear recurrence K-operator annihilating y, fact which is denoted by R = rmlr(y), if
0 < order(R), R is monic, R(y) = 0 a.e. and that, for all L € O such that L(y) = 0 a.e., the following
conditions hold:

e if order(R) = order(L), then R =1L,

e if order(R) < order(L), then there exists P € Ok such that PoR = L.

For example, given a,b € KN such that, for alln € N, a(n) = 2™ and b(n) = n!, rmlr(a) = N —2
and rmlr(b) = TeN! + (—n —1) e N°.

Note that, given y € KN\J such that y is holonomic, order(rmlr(y)) = 1 if, and only if, y € hyp(K).
From now on, given L € Ok such that order(L) > 0, {y+J | ly € hyp(K) A L{y) = 0 a.el}

(resp. {[Ly]= | [L; € Ox A L; ismonic A order(L;) =1 A 3 P € Ok suchthat Ly oP = L]},

L. Sauras Altuzarra
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{[L1]l= | [L; € Ok /A Ly ismonic /A order(L;) =1 /A 3P € Ok such that PoL; = L]}) will be denoted
by HypSol(L) (resp. Left(L), Right(L)).

Proposition 1.9.4. Relation between hypergeometric solutions and first-order right factors

Let L € O such that order(L) > 0 and ¢ : HypSol(L) — Right(L) such that ¢(y +]J) =
[rmlr(y)l=, for all y € hyp(K) such that L(y) = 0 a.e. Then ¢ is a bijection (cf. Section 8.10 of
[Petkovsek et al.]).

For example, considering L = (n—1) ¢ N2+ (2—n? —3-n)eN' + (2-n-(n+1)) ¢ N°, then it can
be checked that HypSol(L) = K{{2™ + J,n! +J}) (by applying for instance Petkovsek’s complete Hyper
algorithm) and Right(L) = {{N—2]=,[1 e N+ (—n—1)eN%=} (indeed, L= ((n—1) e N 4+ (—n. - (n+
1)) eN)o(N=2)=(n—1)eN"+(=2-n)eN) o (N + (—n —1) e NO)).

Definition 1.9.5. Let d € N, po,...,pq € pol(K), L = Z{izo(pi eNY) and M € O. Then M is said to
be the adjoint operator of Lif M = Y& [ (Ni(pq_;) e N1), fact which is denoted by M = L*.

Proposition 1.9.6. Some properties of the adjoint operator
Let L, M € Ok and d = order(L). Then the following conditions hold:
1. order(L*) = order(L),
2. (LoM)* =NdoM*oN-doL*,
3. L =NdoLoN—¢d
(cf. Section 8.10 of [Petkovsek et al.]).

Proposition 1.9.7. Criterion for obtaining the first-order left factors

Let L € Ok such that order(L) > 0 and ¢ : Right(L) — Left(L) such that ¢([L;]=) = IN-To
L7 oN]z, for all L1 € Oy such that [[1]= € Right(L). Then ¢ is a bijection (cf. Section 8.10 of
[Petkovsek et al.]).

Propositions 1.9.4 and 1.9.7 yield the possibility of computing, from the output of Petkovsek’s
complete Hyper algorithm, all the monic first-order linear recurrence K-operators with polynomial
coefficients dividing (from the left or from the right) the input linear recurrence K-operator.

Hence, linear recurrence K-operators of order 2 and 3 can be factored completely by using
Petkovsek’s complete Hyper algorithm. An algorithm for factoring linear recurrence K-operators of
any order is described in [Bronstein & Petkovsek].
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2. INDEFINITE HYPERGEOMETRIC SUMMATION

This chapter introduces an algorithm, called Gosper’s algorithm, capable to solve the so-called
problem of indefinite hypergeometric summation, which will also be formalized within this chapter.

During this chapter, let K be a field of characteristic zero.

21 GOSPER-SUMMABILITY

The main notion in this chapter is that of Gosper-summable sequence. Roughly speaking, it involves
a telescoping property which cancels the summation symbol, transforming the problem of determining
if an indefinite sum has hypergeometric closed form into the problem of determining if its summand
sequence belongs to this class of sequences, as it will be soon explained.

Definition 2.1.1. Let t € hyp(K). Then t is said to be Gosper-summable if there exists z € hyp(K)
such that A(z) =t a.e.

For example, given t € KN such that t(n) = (4-n+1)- for all n € N, t is Gosper-

forallm € N, A(z) = tand

!
(2-1111+1 [k
summable, since t € hyp(K) and, given z € KN such that z(n) = —2-

z € hyp(K).
Note that deciding constructively if a given t € hyp(K) is Gosper-summable yields, in particular,

solving the first-order linear difference K-equation with constant coefficients given by y(n+1) —y(n) =
t(n).

znll

Proposition 2.1.2. Characterization of Gosper-summability
Let t € hyp(K) and f € KN such that f(n) = Z;‘ O]( t(j)), for all n € IN such that m < n, for
some m € IN. Then f has hypergeometric closed form if, and only if, t is Gosper-summab]e.

Proof

=) f has hypergeometric closed form, so there exist k € NT and ay, ..., ax € hyp(K) such that
Z]f 1(ay) = f a.e. By Proposition 1.7.6, there exist v € {0,...,,k} and by, ..., br € hyp(K) such that
b oo bj, for all i,j € {0,.., v} such that i # j, and f = }_{_,(b;) a.e. Hence, A(f) = A(Y_{_,(bi)) ae.,

ie. t =Y oA ) a.e.; and, applying Lemma 1.7.2, A(b;) hoo A(bj), for all 1,j € {0, ..., 7} such that
yp

i # j. From Proposition 1.7.4 follows that r = 0, so t = A(bp) a.e. and consequently t is Gosper-
summable.

<) tis Gosper-summable, SO there exists z € hyp(K) such that A(z) = t a.e. Hence, f(n) =
Y H) = Y15 (AR)G)) = T (2 + 1) —2(3)) = z(n) —z(0), for all n € N such that m < n,
for some m € IN. Therefore f has hypergeometr1c closed form. O

2.2 GOSPER'S ALGORITHM

In this section Gosper’s algorithm is presented. It decides constructively if a sequence is Gosper-
summable; and it is based on a result called Gosper’s theorem, which reduces the question to a problem
of resolution of polynomial equations.
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Proposition 2.2.1. Gosper’s Theorem
Let t € hyp(K). Then there exist unique a(x), b(x), c(x) € K[x]\{0} such that, for all z € hyp(K),
the following conditions are equivalent:
o A(z) =tae,
o there exists u € K[x]\{0} such that a(x) - u(x+1) —b(x — 1) -u(x) = c(x) and there exists
ngo € IN such that, for all n € IN such that ng <n, c(n) #0 and z(n) = bn—1-u(n) -t(n).

c(n)

Proof Let z € KN. t € hyp(K) yields, by Proposition 1.4.6, the existence of m € N and r(x) €
)

K(x)\{0} such that, for all n € IN such that m < n, n is not a pole of r(x), t(n) # 0 and r(n) = t(&:; .

And applying Proposition 1.5.1, there exist unique a(x),b(x),c(x) € K[x]\{0} such that the following
conditions hold:

1. b(x) and c(x) are monic,
a(x)-c(x+1)
x)-c

2. 1(x) = ,

3. g.c.d.({al(x () b((x lr h)}) = g.c.d.({a(x), c(x)}) = g.c.d.({b(x),c(x+1)}) =1, forall h € N.

It is clear that c(n) # 0, for all n € IN such that m < n

=) The hypothesis together with the condition that z € hyp(K) and Proposition 1.4.6 yield the
existence of R(x) € K(x)\{0} such that there exists M € IN such that m < ﬁ1 and, for all n € N such

that m < n, n is not a pole of R(x), z(n) # 0, R(n) = z( n“ #0and Ty = (nf](;l_)z(n). Hence,
ig:g = W =:y(n), for all n € IN such that m < n. [0]

From [0] follows that z(n) = y(n) - t(n), for all n € N such that m < n, which, applying the
hypotheses, implies that y(n+1)-t(n+1) —y(n) - t(n) = t(n), ie. ym+1)-r(n) —y(n) =1, for all
n € N such that m < (1]

; )’ for some f(x), g(x) € K[x]\{0} such that g.c.d.({f(x), g(x)}) = 1. (2]
By [2], g.c. d ({f( )+4g(x), g(x)}) =gcd.({f(x+1),g(x+1)}) =1, forall h € N. (3]
]

(1] (0],[2 . - .
rn) = LE‘;’L; == (fn ;TT?)('?()AEET)‘H), for all n € N such that m < n. Thus, applying [3] and

Lemma 1.5.2, g(x) | ¢(x); ergo there exists v(x) € K[x]\{0} such that y(n) = zﬁ
that m < n. [4]

4] 1 : 1
12 ym+1)r(n) —y(n) = Dy - v alm)vingd)  vin) gor gl n e N such that
)

Clearly, gr—7

m < n;so alx)-vix+1) = (v(x)+c(x)) - b(x). Consequently, b(x) | a(x) - v(x + 1), which yields that
b(x) | a(x) or b(x) | v(x+1). But, as g.c.d. ({a( ), b(x+0)}) =1, b(x) | v(x+ 1) is the only option, so
( ) €

b(x)-u(x+1) =v(x+ 1), for some u(x [xI\{0}. Hence, applying [4], y(n) = W, for all
€ N such that m < n. (5]

[1] (5] .
1= Y1) r(n) —y(n) = RO () - PO = m

C
all n € IN such that m < n; so a(x) - u(x+1) —b(x—1) -u(x) = c(x). Therefore, applying [0] and [5],
z(n) = bn—1-um) -t(n), for all n € N such that m < n.

u(n) umn+l)-a(n) bn-—1
(

c(n)
<) From the hypotheses follows that a(n) - Z(&:;)t(ciiﬂ) - Z(T,t)(;f)(n) =c(n), ie. % r(n) —
igﬁ} = 1 or, equivalently, z(n+ 1) —z(n) = t(n), for all n € IN such that no,m < n. Therefore,
Alz) =ta.e. |

The problem "Given a field F of characteristic zero, t € hyp(F) and f € N such that f(n) =
E;(; (t(k)), for all n € IN such that m < n, for some m € IN, decide constructively if f has hypergeo-
metric closed form." is called problem of indefinite hypergeometric summation.

The next algorithm decides constructively if a given hypergeometric sequence is Gosper-summable,
solving therefore, by Proposition 2.1.2, the problem of indefinite hypergeometric summation.
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Gosper’s algorithm Example

Input: t € hyp(K). Input: t(n) :=n?.5m.
N2

1. Compute r(x) € K(x)\{0} such that there ex- | 1. r(x):=5"- (X—; ) .

ists ng € IN such that, for all n € IN such that

ny < n, n is not a pole of r(x), t(n) # 0 and
t(n+1)
tn) °

Note that Proposition 1.4.6 has been applied here.
2. Compute a(x), b(x),c(x) € K[x]\{0} such that | 2. a(x) =5,

r(n) =

the following conditions hold: b(x):=1,
b(x) and c¢(x) are monic, c(x) :=x.
_ a(x)-c(x+1)
T(X) - abx(x)-cx(x) 4

g.c.d. ({a(x),b(x+h)}) =
g.c.d.({a(x), c(x)}) =
g.cd. ({o(x),c(x+1)}) =1,forall h € N.

Note that Proposition 1.5.1 has been applied here; and recall that an algorithm performing the
computation of the step 2 can be found in Section 5.3 of [Petkovsek et al.].

3. If there exists u(x) € KI[x]\{0} such that | 3. u(x):= le -x2—5 x+ ;—i,

a(x)-u(x+1) —b(x) - u(x) = c(x) (this question 1 5§ 15
z(n) = (-nz—s-n )-5“

can be solved by applying Abramov - Petkovsek a + 32
Poly algorithm), then return z € hyp(K) such
that there exists n; € IN such that, for all
n € N such that n; < n, ¢(n) # 0 and
z(n) = W -t(n), and STOP; otherwise
return "t is not Gosper-summable" and STOP.

Note that Proposition 2.2.1 has been applied here.

1
Output: z € hyp(K) such that A(z) = t a.e. if it | Output: { —-n? — > S+ L 5™,

: " . " . 4 8 32
exists; "t is not Gosper-summable." otherwise.

The problem of indefinite hypergeometric summation can be extended to a more general question
in which, instead of asking for a hypergeometric input, one asks for an input having hypergeometric
closed form, viz. "Given a field F of characteristic zero, p € N, ay, ..., ap € hyp(F) and f € FN such that
f(n) = L:(; ( ?:O(Qi(k))), for all n € IN such that m < n, for some m € IN, decide constructively if
f has hypergeometric closed form.". By using Gosper’s algorithm as subroutine, it is constructed the
so-called extended Gosper’s algorithm, which solves this problem. It works as follows.

Extended Gosper’s algorithm
Input: p € N and ay, ..., a; € hyp(K).
1. Compute v € {0, ..., p} and by, ..., b+ € hyp(K) such that b; ho;p bj, for all 1,j € {0, ..., v} such that
i#j,and Z}’:O (q5) = Y i_o(bi) a.e. (this step requires to check pairwise similarity, and thus to test
rationality of hypergeometric sequences, task which can be accomplished by applying Proposition
1.5.3).

Note that Proposition 1.7.6 has been applied here.

2. Foralli€{0,...,r} do:

2.1. apply Gosper’s algorithm to bj: if it succeeds with output z;, then continue; otherwise, return
" }[’:O(a]-) is not Gosper-summable." and STOP.

2. Letz= ) ,(zi), return z and STOP.

Output: z € hyp(K) such that A(z) = Z}D:o(aj) a.e. if it exists; " }’:O(aj) is not Gosper-summable."
otherwise.

L. Sauras Altuzarra
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Proposition 2.2.2. Let t € hyp(K), r(x) € K(x)\{0}, m € N and a(x), b(x),c(x) € K[x]\{0} such that
the following conditions hold:

1. for all n € IN such that m < n, n is not a pole of r(x), t(n) # 0 and r(n) = t(nH),

2. b(x) and c(x) are monic,

3. 1(x) = PR

4. g-c.d.({a(x), b(x+h)}) = g.cd.({a(x), c(x)}) = g.cd.({b(x),c(x+1)}) =1,
If t ¢ rat(K), then #({u(x) € Kx]\{0} | a(x) -u(x+1) —=b(x —1) - u(x) = c(x)}) <

for all h € IN.

Proof (Contrapositive argument) If 1 < #({u(x) € K[x]\{0} | a(x) -u(x+1) —b(x—1) - u(x) = c(x)}),
then there exist uq(x), uz(x) € K[x]\{0} such that a(x)-u;(x+1)—b(x—1) -uj(x) =c(x), a(x) -uj(x +
1) —b(x—1)-uj(x) = c(x) and uq(x) # uy(x). Let z1,z; € hyp(K) such that there exists ngp € IN
such that m < ng and, for all n € IN such that ng < n, ¢(n) #0, z1(n) = bn—Nwmmn) -t(n) and

c(n)
z2(n) = w -t(n). By Proposition 2.2.1, A(z1) = A(z2) = t a.e. Thus, (z1 —z2)(n+1) —

(z1 —z2)(n) =0, for all n € IN such that n; < n, for some n; € IN such that ny < ny, which yields
the existence of o« € K\{0} such that (z; —z,)(n) = «, for all n € IN such that n; < n. Consequently,

21—z € hyp(K). Applying Proposition 1.5.3, z = —z3 = 2, so there exist 3 € K\{0} and s € hyp(K)
yp yp
such that z; o s and s(n) = B, for all n € IN such that n, < n, for some n, € IN such that n; < n,.
yp
It follows the existence of q(x) € K(x)\{0} such that, for all n € IN such that n; < n, n is not a pole of

q(x) and q(n) = Z‘T) Hence, z1 is a rational sequence; and therefore t is so. |

As a direct consequence of Proposition 2.2.1 and Proposition 2.2.2, given t € hyp(K)\rat(K) such
that t is Gosper-summable, #({z+ ] | [z € hyp(K) N\ A(z) =tael}) =1.

Finally, it is remarkable that, sometimes, generalizations of sequences that are not Gosper-summable
are however Gosper-summable. For example, considering a € KN and b € K(t)N such that, for all
neN, an)=n+1)"and b(n) = (t+1)", it is easy to verify, by using Gosper’s algorithm, that a is

not Gosper-summable, but b is.
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3 DEFINITE HYPERGEOMETRIC SUMMATION

Similarly with the definite integration in the Liouvillian sense, in the discrete case it is possible to
express and solve, with the help of an algorithm, called Zeilberger’s creative telescoping, the so-called
problem of definite hypergeometric summation. This will be tackled within this chapter, showing also
several important results.

During this chapter, let K be a field of characteristic zero such that K C C.

3.1 VERBAETEN'S FUNDAMENTAL THEOREM

Zeilberger’s creative telescoping is based on the result known as Verbaeten’s Fundamental Theorem
for proper hypergeometric terms. Now these concepts will be shown, proving also an interesting
proposition.

Definition 3.1.1. An expression is said to be a proper hypergeometric term if it is of the form
P(n,k) - H;o(r(o% A+ Bi-k+vi))
[Tico(T(di - n+ei-k+@i))
P(u,v) € Ku,v],
1, k integer parameters,
m, T € N,
o, Bi,05,€5 € Z, foralli € {0,..,m}and j € {0,..., 1},

e foralli€{0,..,m}and j €{0,..,7}, vi, @j, x are expressions which do not depend on n, k and

such that, when all their parameters take concrete values, the result lies in K.

The term will be considered as well-defined also in {(ng, ko) € Z? | 8; -no+¢€1 ko + @i € Z7}, by
extending it to 0.

-x¥, being:

F1-n+0-k+1)
Ontl-k+1)-T(1-nt(—1)-k+1)

For example, (2) -4y +2)%, ie. 1- r (4-y+2)Kisa

proper hypergeometric term.

Proper hypergeometric terms will be often denoted by indicating the integer parameters only (eg.
with notations as F(n, k)), but recall that their inner expressions can involve additional parameters.

Note that the concept of proper hypergeometric term could have been formalized as a piecewise
partial function over Z2 whose images could involve several indeterminates, instead of talking about
expressions and parameters. However, Definition 3.1.1 has been chosen in order to avoid the (unworthy)
difficulty of analyzing the domains in the sequel.

Definition 3.1.2. Let F(n, k) be an expression involving n, k as integer parameters (it can involve
more parameters) and such that, when all its parameters take concrete values, the result lies in
K. Then F(n, k) is said to be a doubly hypergeometric term if F&T:/L’T), F(FT(L’T];B” are rational

expressions in n, k.

I Proposition 3.1.3. Every proper hypergeometric term is a doubly hypergeometric term

Proof Call F(n,k) the expression defined in Definition 3.1.1. It must be checked, for instance, if
% is a rational expression in n,k (% can be checked similarly). There are four pos-

sible cases depending on if the values (3;,¢; are nonnegative or not. For example, suppose that
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Bi is negative and &; is nonnegative (the remaining three cases can be checked similarly). Then

T (Mo n4Bi-(k+1)+vi)) k41
Pn,k+1)- I O(r(5 Mter-(kH1)+@1))

ie.
I_I1,7 o n+Pi-k+vi)) k !
P(n, k) - H{:%(r(ﬁi'n+ei'k+@i)) X
P(n,k+1) 1 < is a ra
PivI) T (TP (ot Bi ki —9)) - THoo (T (84 -+ e -k + @i+ — 1)
tional expression in n, k. 0

Note that the converse is not always true, eg.
proper hypergeometric term.

m is a doubly hypergeometric term, but not a

Proposition 3.1.4. Verbaeten’s Fundamental Theorem

Let F(n, k) a proper hypergeometric term. Then Z%:o (ZJ]:() (AG+1,j+ 1)) -F(n+j,k+ i)))
= 0, for some nonzero matrix A of dimension (I + 1) x (J + 1) whose entries are polynomial expres-
sions in n which do not depend on k, for some I, ] € IN (cf. Section 4.4 of [Petkovsek et al.]).

Moreover, the values I, ] in Proposition 3.1.4 can be computed. Following the lines of Definition
3.1.1, it suffices to define | = Y " (IBil) + X i_o(leil) and I = 1+ deg(P(w,v)) + ] (Xt olloul) +
Y i_o(18i]) = 1) (cf. Section 4.4 of [Petkoviek et al.]).

The following and surprising result guarantees that, given a combinatorial identity (of the kind
considered here), it can be proven just by checking finitely many values.

Proposition 3.1.5. Let F(n, k) a proper hypergeometric term which is well-defined in {(a,b) | Ing <
a /\ b € Z]}, for some ng € IN. Then there exists m € IN such that ng < mand, if } ,.~(F(a,b)) =
1, for all a € {ng, ..., m}, then }  »(F(a,b)) =1, for all a € N such that ny < a.

Proof F(n, k) is a proper hypergeometric term, so, applying Proposition 3.1.4,
Zl 0 (Z Al+1,j+1)(n)- (n+),k+1))) = 0, for some nonzero matrix A of dimension (I +

N x(J+1) Whose entries are polynomial expressions in n which do not depend on k, for some I,] € N
such that ng < ] (note that I,] can be taken arbitrarily large). Hence, as F(n, k) is well-defined in

{ab) | o <a A be 2zl Zbez (Zho (Z)o (AG+1,5+ 1)) - Fin+j,b+1))) = 0 holds, ie.

Zl O(Z o AG+TLj+ (M) Y pez (F n+),b+1)))) = 0. Thus, there exist L € N such that ] < L
and a nonzero matrix B of dimension (I+ 1) x (L + 1) whose elements do not depend on n, k, and such

that " {_o (Zjo (Bi+1,j+ 1) 0 ez (Fin+j,b+1)))) =0and
S Lo (B(Lj+1) 0. [o]

Let M; = max ({] {0, M Xl o (AG+1,i+DM) - Tpez (Fn+j,b+1))) ;éo}).

Let m € N such that the following conditions hold.

e L<m,

e iffae N|AGR+1,My+1)(a) #0}# 2, then M7 +max({a e N|A(i+1,M;+1)(a)#0) <m
(note that this condition is necessary for having enough initial values for being able to calculate
the following ones iteratively, for instance in the recurrence given by (n —38)-f(n+2) = (n+2) -
f(n+1) —10- f(n) it is necessary to know all the values in {f(0), ..., f(10)}).

If ) yez(F(a,b)) =1, forall a € {ng, ..., m}, then [0] implies that

s, (ZJ o (BA+T,i+1)- )) —0, for all n € {no, ..., m}, ie.

Z]-:o ( o (BA+T1,j+1) aJ)) =0, for all a € {ny, ..., m} or, equivalently,

20 ( oBA+1,j+1)) a]) = 0, for all a € {ng,..,m}. In particular, applying that L < m
Z}:o( o BA+T,i+1)) a]) 0, for all a € {no, ..., L}, i.e.
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3.2 ZEILBERGER'S CREATIVE TELESCOPING |

ng ny.oony 7 [ ZiloBl+Tne+1) 0
Mo +1° (mo+1! ... (me+Nk S i o(Bi+1,m0+2)

. . . . : . = | . |. Note that
. 1° L! k] Y1 o(Bi+1,L+1)) 0
g ng ng ]
Mo+1°% (mo+1)! (no+1F

. is a Vandermonde matrix, and recall that Vandermonde ma-
1o [ It
YioBli+1mno+1) 0

Y i o(Bli+1,m0+2))

trices are regular, ergo . Hence, ZI 0 (Z) o (Bli+1,j+1)-d)

N—

Y i o(Bi+1,L+1)) 0
= 0, for all a € N such that ng < a. Consequently, if } | »(F(a,b)) =1, for all a € N such that
no < a, then Y 1, (Z] o Bi+1,j+1)-d Y pez (F(a+j,b+i)))) =0, for all a € N such that
no < a. And, as Zj:o (1,j+1)) # 0, the condition ") .~(F(a,b)) = 1, for all a € N such that
no < a" is in fact equivalent to "y {_, (Z)L 0 ( (i+1, j—H ) d Y pez (Fla+i,b +i)))) =0, for all
a € N such that ng < a". Therefore, applying [0], } 7 (F(a,b)) =1, for all a € N such that np < a
g

Alas, the currently known upper bounds of the value m in Proposition 3.1.5 are still extremely large.
It is hence a research problem to optimize them.

3.2 ZEILBERGER'S CREATIVE TELESCOPING

Having shown the theoretic framework of the previous section, the conditions to explain Zeil-
berger’s creative telescoping have been reached.

Proposition 3.2.1. There exist "telescoped" recurrences

Let F(n, k) be a proper hypergeometric term. Then there exist ] € N, ag(n), ..., xj(n) polyno-
mial expressions in n which do not depend on k, and an expression R(n, k) such that
{oco( ), e oc]( n)} # {0}, R(n, k) is rational in n, k and, considering G(n, k) = R(n, k) - F(n, k),

Y1, (a5(n)-F(n+j,k)) = G(n,k+1) = G(n,k).

Proof F(n, k) is a proper hypergeometric term, so, applying Proposition 3.1.4,
Zl 0 (Z AAG+1,j+1)(n)- F(n+j,k+i))) = 0, for some nonzero matrix A of dimension (I +

1) x(J+1) whose entries are polynomial expressions in n which do not depend on k, for some I,] € N
such that 0 < J (note that I, ] can be taken arbitrarily large). [0]
Let H ={L(n, k) | L(n, k) is a proper hypergeometric term} and TJT\LF, TJJ, J\Tit € HH such that JT\Lf(L(n, k) =

Lin+ 1,k),3}2f(L(n,k)) =Lnk+ 1),31\1/[(1_(11, k)) =n-L(n, k), for all L(n,k) € H. Then from [0] follows

that A(L+1,j+ 1)(n) -F(n+j,k +1) = (A(i—H,j—H) (JT\I/[) ojafjojlzfi> (F(n, X)), for all i € {0,..,1}
and j € {0,..,]J}. As A is a matrix whose entries are polynomial expressions, there exists a poly-

. . - j i
nomial expression P such that P (Jaf, JT\{[, lef) = Z <Z ( i+1,j+1) (n) oJT\lf o lef >> Thus,

P <3T\Lf, Jx[, lef) (F(n,k)) =0. (1]
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In addition, there exists a polynomial expression Q such that

P (030) =P (1) + (1-30) @ (3e)
(expanding P in a power series in the third considered parameter about the point 1). Applying [1] and
considering G(n, k) = Q (N, M, N) (F(n, k), P (N,20,1) (F(n, k) = (J}j— 1) (G(n, k)) holds. 2]
Call o5(n) = Z{:o (A(i+1,j+1)(n)), for allJ €{0,...,J}. Then P (JT\lf,Jx[,]) =
o (D)oo (AG+1i+1) () o)) = 2] (X1 (A+15+1) (M) o)) =

n

o (Zimo (Al 1351 (1)) 03F) = ZLO (o (1)) 3

Any number of shift operators, when applied to a hypergeometric sequence, only multiply it by a
rational function, so G(n, k) = R(n, k) - F(n, k), for some R(n, k) which is a rational expression in

n, k. (4]

(2] and (3] yield that Z]-]:O (oc)- (n)-Fn +j,k)) = G(n,k+1)—G(n, k). Let Py a nonzero polynomial

expression such that Py (N, M, Jﬁf) (F(n,k)) = 0 and that, for every nonzero polynomial expression P
n n

such that P <N, M, lef) (F(n,k)) = 0, the degree of Py in its third considered variable is less or equal
n n
than the degree of P with in its third considered variable. Let also Qo be a polynomial expression

such that Po (IN,M,N> — Py (N,M,1) + (1 - > o Qo <N,M,N). Assume that P (N,M,]) — 0.
n n’ ok n n n n k n n

Then Py (N,M,N) = (1 —N) 0 Qo (N,M,N). Hence, as Py (N,M,N) (F(n,k)) =0, (1 —N) .
n n k k n n k n n k k

Qo [ N, M, lef) = 0 holds. Consequently, considering Go(n, k) = Qo (N, M, Jl:f) (F(n,k)), Go(n, k+1) =
n n n n

Go(n, k) holds; so Gp(n, k) does not depend on k and it can be denoted by simply Go(n). F(n, k) is a
proper hypergeometric term, in particular, by Proposition 3.1.3, a doubly hypergeometric term, which,
applying [4], implies that %k)k) is a rational expression in n, k. Hence, so is GOG(ﬁ Applying
Proposition 1.4.6, Go(n) is a hypergeometric expression in n; from which follows the existence of
polynomial expressions p(n), q(n) in n which do not depend in k, and such that Go(n+1) - p(n) +
Go(m)-q(n) = 0. It is clear then that there exists a nonzero polynomial expression M such that
M (JT\LI, J){[) (Go(n, k)) = 0 and that its degree in the first considered variable is 1. There are two possible
cases:
e Qo is zero: if so, then Py is zero too. Impossible.

o Qo is nonzero: then M (JT\LI 31\14) (Go(n, k) =0, ie. M <3T\Lf J\T@ (QO (J;r M, 3]9 (F(n, k))) — 0, and

the following happens to the degrees in the third considered variable: the one of M - Q¢ equals
the one of Qp, which is less than the one of Py, in contradiction with the minimality. So M - Qg
should be zero. Also impossible.

Therefore, Py (Z\lf, J:/lt, 1) #0;s00#P (JT\lf, JE{[']) 3 ZJJ:O (oc]- (JXK) oJT\lfj> and thus
{ap(n), ..., oy (n)} # {0} O

Definition 3.2.2. Let S € p(Z)N. Then S is said to be a compact support if there exist s, t € ZN
such that s or t are nonconstant and {s(a), ..., t(a)} = S(a), for all a € IN.

The problem "Given a field E of characteristic zero such that E C C and a proper hypergeometric
term (defined with respect to E) F(n, k) such that there exist a compact support S and ng € IN such that
F(n, k) is well-defined in (a,b), for all b € S(a), for all a € IN such that ny < a, decide constructively
if > pes(n)(F(n, b)) represent a sequence in n having hypergeometric closed form." is called problem
of definite hypergeometric summation.

Hypergeometric closed forms
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So if, following the lines of Proposition 3.2.1, there exist a compact support S, np € IN and a
field F of characteristic zero such that F(a b) € F, for all b € S(a), for all a € N such that ny < q,

then, cons1der1ng f € FN such that f(a) = Y o s(n) (F(a, b)), for all a € N such that np < a, from
Z] 0 (oc) )-Fn+j,k)) = G(n k+ 1) —G(n, k) follows that 3 pes(a) <Z]‘]:o (ej(a) ~F(a+j,b))) =
> bes(a)(Gla,b+1)—G(a,b)), ie. Z) o (a5(a) N (f)(a)) = G(a,t(a) + 1) — G(a,s(a)), forall a €

IN such that ng < a. Thus, the algorithm from Chapter 1 for solving linear difference equations
with polynomial coefficients is applicable (note that the order of the corresponding linear recurrence
operator may be lower than J, since it is only known that {x (1), ..., oj (1)} # {0}, but not that og(n) -
o (n) # 0), solving therefore the problem of definite hypergeometric summation.

What is remaining then, is to construct an algorithm computing the elements «o(n), ..., aj(n),
G(n, k). Such an algorithm is precisely the so-called Zeilberger’s creative telescoping algorithm, and it
works as follows.

Zeilberger’s creative telescoping algorithm Example
Input: a proper hypergeometric term F(n, k). Input: F(n, k) == (35) - (?725).
1. J=0. 1. ] :=0.
2. J:=TJ+1. 2. ]:=1.

3. ComPUte pO(n/ k)r QO(nrk)/P1 (Tl,k), q1 (Tl, k)r 3. pO(nrk) = (2 -k + 1) . (k*T‘L),

polynomial expressions in m,k such that | qo(n,k):=(1—-2-n+2-k)-(k+1),
po(n,k) _ F(n,k+1) pi(nk) _  F(nk) — 9. _9. .
qotnk) = Fne A T = FmTa pi(nk)i=2-(1-2-n+2-k),
qgi(n,k)=k—m.

Note that Proposition 3.1.3 has been applied here.
4 () = Y oa TP+ 1K) - | 4 p(k) =
H]:-+1(q1(n+i,k)))(ao,...,a] are new param- | 40° (k—=m—-T)4+a-2-(2-k=1-2-n),
eters), r(k) == (2 k+1)- (k=) - (k—n—1),

; s(k):=(1—-2-n+2-k)-(k+1)-(k—mn),
r(k) =po(n, k- HJ 1(q1(n+j,k)), T((n) ),(_ 2 (2 k)) .((Z.n)z-k() )
s(k) :=qo(n, k) - ]_[ larm+j,k+1)), AT N n—k /:

T(nk) =31 (q- (n+ j, k).

5. Compute nonzero polynomial expressions | 5. a(k):= (k+1/2)-(k—(n+1)),

a(k),b(k), c(k) in k such that the following con- | b(k) := (k+1)- (k—(n—1/2)),

ditions hold: c(t):=1.

b(k) and c(k) are monic,

(k) _ a(k)-c(k+1)

s(k) = b(k)c(k) ’

e g.cd. ({a(k),b(k+h)}) =
k

b
g.c.d.({a(k), c(k)})

( =
g.cd. ({b(k),c(k+1)}) =1, forall h € N.

Note that Proposition 1.5.1 has been applied here; and recall that an algorithm performing the
computation of the step 5 can be found in Section 5.3 of [Petkovsek et al.].

6. P(k) := c(k) - p(k). 6. P(k) :=
ag-(k—m—1)+a7-2-(2-k—1=2-n).

a(k)-P(k+1) _ a(k)-c(k+1)-p(k+1) _ r(k)-p(k+1)
b(k)-P(k) = b(k)-c(k)-p(k) 7 s(k)p(k)

po(m,k) T qlar(n+3,k) T olay-TT i+ Lkt D) - T (ar(m+ Lk 1)

do(m k) TT/_ (qr(n+jk+1)- X olaj - TT_y(prin+ik) [Ty, (arn+i k)

5 (aj.nl 1P +ik+ 1) T m(q](nﬂ,kﬂn)

. T (qg1(n+1ik+1)

Golmd) o) (aunl1(p1(n+1,k>)~nl)-H(q](nﬂ,k)))
= [Ty (a1 +i,%)

At this point, it is mterestmg to remark that <
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i (pﬂn—l—i,k—l—])))
=1\ gqr(n+1,k+1)

J .
pamm,ZFOGﬂ

qo(n, k) J i (pintik)
2o (a’ e (ql(nﬂ,k)))
Fin+1i,k+1)

I (a
Fink+1) -0 (“J

i (F(n+i],k+1)>) _ Xjo(gFntik+1)  Tmk+1)

F(n, k) F(n+1,k)

J N | L (LA AL
2= (a’ i=1 (F(n+i—1,k)

Y J_o (a5 -F(n+j,k) T(n, k)

))

7 If deg(a(k)) #  deg(b(k))
Lc.(a(k))  # le(b(k)), then let d
deg(P(k)) — max({deg(a(k)), deg(b(k))}; other-

wise:

or

7-

7.1. if deg(a(k)-B(k+1)—b(k—1)-B(k)) <
deg(a(k)) + deg(B(k)) — 1, for every B(k)
nonzero polynomial expression in k, then let A =
Le.(a(k)), m = deg(a(k)), A = coeff,,, _1(a(k)),
B = coeff,, _1(b(k—1)) and d = B52;

7.2. otherwise, let d = deg(P(k)) —deg(a(k)) +
1.

7.2.
a(k)(Co- K"+ (Co - 1+Cy) - kT +0O(K"2)) —
b(k—1)-(Co-k"+Cq -k T+ 0(k"2)) =
Co-(r—2)- k"1 +0(k"),

for all r € IN and Cyp, Cy expressions which do
not depend on k and such that Cy is nonzero, so
d :=deg(P(k)) —deg(a(k)) +1=0.

8. B(k) := Z?:o(bi kY (by, ..., bgq are new pa-
rameters).

8. B(k) = bo.

9. Compute, if possible, a solution of the poly-
nomial equation given by a(k)-B(k+1) —b(k—
1)-B(k) = P(k) with ay,...,aj,bo,...,bq as un-
knowns (which reduces to a system of linear al-
gebraic equations by matching the coefficients
of like powers of k): if it exists, then continue;
otherwise, go to 2.

9. a(k)-B(k+1)—b(k—1)-B(k) =P(k) &
—(ap+4-a7)-k—by-n/2—by/24+ay-n+ap+
4.a1'n+2-a7=0 &

l[ag+4-a1 =0 N ag-(n+1)+2-a;-(2-n+
1)=by-n+1)/2=0] &

[ap=M+T1)-x A aq —Mm+1)-x/4 N\ by =
x|, for every nonzero expression x which does
not depend on k. So, for instance, call by =
ap =4, aq =—1.

_4
n+1’

nomial expressions in n which do not depend

on k and such that {«xo(n), ..., ¢5(n)} # {0}, and
G(n,k)
F(n,k)

tional in n,k and ZJ]:() (ot(n) - F(n+j, k)
Gn,k+1)—G(n, k).

an expression G(n,k) such that is ra-

10. Let G(n, k) = 7b(k;1“)<‘)8(k) -T(n, k), return | 10. G(n, k) := —Z(fﬂff_%](;iff . (%;k) ‘ (Z'Eii'k).
G(n, k) and the found values of ay, ..., aj, and

STOP.

Output: for some ] € N, ao(n), ..., aj(n) poly- | Output: 4, —1, % . (Zkk) . (Z'QZi'k).

Note that this procedure is based on Proposition 2.2.1; and Proposition 3.2.1 guarantees that it stops

at some point.

Although Zeilberger’s algorithm has been stated here for proper hypergeometric terms, it seems to

admit doubly hypergeometric terms.

Hypergeometric closed forms
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As a last remark, note that sometimes the problem of definite hypergeometric summation has
particular positive answers where the problem of indeﬁnite hypergeometric summation has not; eg.
considering np € N and f,g € QN such that f(n) = Y '_4 ((})) and g(n) = > 2, ((})), for all

n € N, it is easy to verify that g has no hypergeometrlc closed form, but f has (indeed, f(n) = 2™,

for all n € IN). This phenomenon is similar to what happens in the comparison between definite
mtegratlon and indefinite integration, eg. considering h,i € RR such that h(v) = [ exp(— ) du and

= [%_exp f—) du, for all v € R, h has no elementary primitive (cf. Sect1on 5 of [Ivorra Castillo],
in Spamsh) but i has (indeed, i(v) = v2 - 7).

3.3 THE WZ METHOD

The aim of this section is to show the so-called WZ method, which can be used as alternative to

Zeilberger’s creative telescoping in some cases. A precise comparative between them will be provided.

Definition 3.3.1. Let F(n, k) be a doubly hypergeometric term, R(n, k) a rational expression in n, k
and G(n, k) = R(n, k) - F(n, k). Then (F(n, k), G(n, k)) is said to be a WZ pair, G(n, k) is said to be
a WZ mate of F(n, k) and R(n, k) is said to be a WZ certificate for F(n, k) if F(n+1,k) —F(n, k) =
Gn,k+1)—G(n, k).

For example, (L . (’]1),—21—“ . (’]::;)) is a WZ pair.

2n-T.n

Lemma 3.3.2. Let F(n, k) be a doubly hypergeometric term which is well-defined in {(n, b)}ycz and
which has a WZ mate G(n, k) which is well-defined in {(n, b)}pcz and such that tlim (G(n,+t)) =0.
—00

Then } <7 (F(n, b)) =x, for some expression x which does not depend on n, k.

Proof G(n,k) is a WZ mate of F(n, k), so F(n+1,k) —F(n,k) = G(n,k+ 1) — G(n, k) and then,
applying that tli_)rr;(}(G(n,it =0, pez(FN+1,0)) =3 ycz(F(n, b)) =3 pez(F(n+1,b) —=F(n, b)) =

S pez(Gn,b+1) = Gln,b)) = lim (Zb__t (n,b+1)=G(n, b)) =

tlim (G(n,t+1)—G(n,—t)) = 0 Hence, 2 vez(F(n, b)) = x, for some expression x which does not
—00

depend on n, k. O

To compute WZ mates can be extremely useful for proving combinatorial identities. For instance,

given a doubly hypergeometric term f(n, k) such that f(n, k) is well-defined in {(n,b)}pcz and an

expression T(n) which does not depend on k and such that, if r(n) # 0, then rnnlj is a doubly

hypergeometric term, to prove that } (f(n, b)) = r(n) it suffices to:

f(n,k) ifr(n)=0
1. let F(n, k) = f(n,k)
T(n)

2. compute, if possible, a WZ mate G(n, k) of F(n, k),
3. check if tlirn (G(n,£t)) = 0 (if so, by Lemma 3.3.2, } c7(F(n,b)) = x, for some expression x
— 00

otherwise ’

which does not depend on n, k),

4. compute, if possible, } 1 .7 (f(ng,k)) and r(np), for some ng € Z (if r(n) # 0, then ny must be
chosen so that r(ng) #0),

5. check if } 7 (f(ng, b)) =r(ng).

Note that:

e If r(n) =0, then } | 7(f(n, k) = 3 1 cz(FIN,kK)) = x = 3 1 cz(F(ng, k) = 3 rez(f(ng, k) =
r(ng) =0.

o ifr(n) #0,then } .5 ( (F%)) =x. Hence, } 7 (f(n, b)) =x-r(n); in particular,
> bez(f(no, b)) = x-7(ng). And, applying that } . (f(ng,b)) = r(ng) and r(ng) # 0, x =1
holds. Therefore, ) . (f(n, k)) =r(n).
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There is an open problem which reads "Let a(k) be an expression involving k as integer parameter

(it can involve more parameters) and such that agk(?g]” is a rational expression in k and, when all the

parameters of a(k) take concrete values, the result lies in K. What additional conditions should a(k)
satisfy in order to ensure the existence of a doubly hypergeometric term A(n,k) having a WZ mate
and such that A(0,k) = a(k)?". Roughly speaking, its interest lies in the fact that it often works better
to have a doubly hypergeometric summand than a hypergeometric one, due to the possibility of using
the WZ method. This idea has been successfully applied in several particular cases, for example for
proving Ramanujan’s series of 7t (cf. [Ekhad & Zeilberger]).

I Lemma 3.3.3. Let F(n, k) a doubly hypergeometric term and a(k) = F(n +1,k) — F(n, k). Then

agk(ﬁ)] ) is a rational expression in k.
Proof The fact that F(n, k) is a doubly hypergeometric term yields that agk(;z)] ) ie.
Fntlk+l)
F(rqilcﬁlg:ggtj]) or, equivalently, Egzr TB 1 ) thr(t;llclb”, is a rational expression in k. U
F(nk)

The so-called WZ method, whose aim is precisely to decide constructively if there are WZ mates, is
now constructed, by using Gosper’s algorithm as subroutine.

WZ method Example
Input: a doubly hypergeometric term F(n, k). Input: 55— (}).
1. a(k) :=Fn+1,k)—F(n, k). 1. a(k) := m } (HLH) — ﬁ . (L‘)

2. Apply Gosper’s algorithm to the sequence in- | 2. G(n, k) := fzin : (L‘:;)
duced by a(k): if it succeeds with output b, then
let G(n, k) = b(k), return G(n, k) and STOP; oth-
erwise, return "The WZ method is not applica-
ble." and STOP.

Note that Lemma 3.3.3 has been applied here.

Output: a WZ mate G(n, k) of F(n, k), if it exists; | Output: —5r - (E:;)
"The WZ method is not applicable." otherwise.

From Proposition 2.2.1 it is derived that, given a doubly hypergeometric term F(n, k), F(n, k) has a
WZ mate if, and only if, the WZ method succeeds for F(n, k).

Zeilberger’s creative telescoping algorithm already does the work of the WZ method, under certain
conditions. Concretely, given an expression f(n) whose only parameter is n (and it is integer), and such

that ﬂ;}:{; ) is a rational expression in n, and a proper hypergeometric term F(n, k) such that F(n, k)
is well-defined in {(n, b)}pez and ¥ ez (F(n, b)) = f(n), then the WZ method succeeds for Tk if,

and only if, Zeilberger’s creative telescoping algorithm computes a first-order recurrence for F(n, k) (cf.
Proposition 8.1.1 of [Petkovsek et al.]).

3.4 GETTING MORE COMBINATORIAL IDENTITIES FROM A WZ PAIR

Lemma 3.3.2 and its following explanation exhibit how a WZ pair induces a combinatorial identity.
As it will be shown now, other combinatorial identities (the so-called companion WZ identities, dual
WZ identities and Zeilberger’s definite-sum-made-indefinite identity) can be derived from a WZ pair
(cf. [Gessel], Section 7.3 of [Petkovsek et al.] and Section 1 of [Guillera Goyanes] for more derived
identities).

Hypergeometric closed forms
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Proposition 3.4.1. There exist companion WZ identities
Let F(n, k) be a doubly hypergeometric term such that the following conditions hold:
o there exists kg € Z such that F(n, k) is well-defined in {(a,b) [[a € N A be Z A b < kol}
and the sequence given by F(n, 1) is convergent, for all i € Z such that i < ko,
e F(n, k) has a WZ mate G(n, k) which is well-defined in {(a, k)}qen and such that
bh—l;lgo (> aen(Gla,—b))) =0.
Then ¥ ,en(Gla,k) = T2, (lim (Fla,1)) —F(0,1)).

a—oo

Proof ZaE]N (a,k)) =
2 aen(G ))— Jim (ZaeN G(a,—b)))

hm (ZaE]N (Gla — Y aen(Gla,—b)))

blgr;o (;,,b (zaeN (a,i+1)) = L aen(6(a,i)) =

Jim (X (Caen(Gla,i+1) = Gla,1)) =

b (5 (om0 550 -

b (221t (2Fof10-70,01) -

blgr;o(Z- b(hm (a+1,9) = F(0,1)))) =

bh—I;[;o( b< (Ol))):

1,_00((131;0&( )~ F(©, )). .

Proposition 3.4.2. There exist dual WZ identities
Let F(n, k), G(n, k), F1(n, k), G1(n, k), F2(n, k), G3(n, k) be expressions such that:
[ (M(oi -+ Bi-k+vi))
n A =PI T e e ko o)
e P(u,v) € K, v,
e m,k integer parameters,
e m,Tre N,
o i, Bi,09,¢ € Z, forallie€{0,..,m}and j €{0,.., 7},
e v;i € Kor y; a parameter taking values in K, for all i € {0, ..., m},
e @i € Kor @; a parameter taking values in K, for all j € {0, ..., r},
e x € Kor x a parameter taking values in K,
2. (F(n, k), G(n,k)) is a WZ pair,
3. foralli € {1,2}, Fi(n, k) =Li(n, k) - F(n, k) and Gi(n, k) = Li(n, k) - G(n, k), being:
(-1 )oc1~n+f31~k
Mo n+Pr-k+vyy) T(1—ap-n—Pr-k—vi)
I“(é] "N+ gg -k—l—(P]) -T(1 —5] ‘n—¢gj ~k—(p])
(_1)5]-n+51-k

-x¥, being:

e Li(n, k)= , for some I € {0, ..., m},

o La(n,k) = , for some | € {0, ..., 7}.

Then (Fq(n, k), G1(n,k)) and (F2(n, k), G2(n, k)) are WZ pairs (cf. subsection "Dual identities"
of Section 7.3 of [Petkovsek et al.]).

For example, it can be easily checked that, considering F(n, k) = (E)Z : (2'“)_] and G(n, k) =

n
2.k—3—3-n)-k? . . 4
2_((2_::“ ).(ni)k]fr] 2 -F(n, k), (F(n, k), G(n,k)) is a WZ pair; and note that F(n, k) = n! =

(n—k)!12.k!12.(2-n)!
I(1-n+0-k+1)*
FT(1n+(—1)k+1)2.T(0-n+1-k+1)2.T(2n+0-k+1)
rOn+1-k+1)2r(1—-0n—1k—12 T(2n+0-k+1)-T(1-2n—0-k—1) (=1)Imtokyd
((=1)0n+TX%)2 (—1)Zn+0k T(1n+0-k+1)*T(1—T-n—0-k—1)4
k12 (—k—1)12.(2.n)! (—2-n—1)!
n4.(—m—1)4

. Considering now L(n, k) =

and applying Proposition 3.4.2 seven times,
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. —1-K)?(=1-2n)! (3n+3-2-k)-(—k)!?-(—2—2-n)!
(Lin,X) - Fn, k), Lin ) - G, ), de. (LAl B 2o g (2 gm)
WZ pair.

), is another

Proposition 3.4.1 does not induce an involution on the combinatorial identitities (i.e. the companion
WZ identity of a companion WZ identity is not always the original identity), but Proposition 3.4.2 does.
However, WZ dualization is not always commuting with specialization (i.e. a WZ dual of a particular
case of a given combinatorial identity does not always coincide with a particular case of a WZ dual of
such identity).

Proposition 3.4.3. There exist Zeilberger’s definite-made-indefinite identities

Let ng,r € IN such that np < r and F(n, k) a doubly hypergeometric term which is well-defined
in {ng, ..., 7}* and which has a WZ mate G(n, k) which is well-defined in {no, ...,t— 1} x {n, ..., 7} and
such that G(i,ng9) = 0, for all i € {ng,...,7 — 1}. Then Z{j:no(F(r,b)) = F(no,no) + Z{;LO(G(i,i—&—
1)+FE+1,i41)).

Proof Y 17} (G(i,i+1)+F(i+1,i+1)) =
Zi’lo( (i,i—i—l)—G(i,no)+F(i+1,i+1)):
. no(zi, (G, b+ 1) —=G(i,b)) + Fi+1,i+1)) =
Y (C b (FA+T1,b) —F(i, b)) + Fi+1,i+ 1)) =
iz no(zv‘no( (L+1,0)) = Xb_p, (F(, D)) =
2 b=n, (F(1,b)) = F(no,mo). a

Proposition 3.4.3 can be utilized for asymptotics and speeding up table making, since the summands
depend only on a single variable (cf. Example 7.3.6 of [Petkovsek et al.]).
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4 HYPERGEOMETRIC SERIES

From the concept of hypergeometric sequence, the so-called hypergeometric series will be now
defined. This class of series is of central importance, since its generality reaches the majority of the
functions used in mathematics. Some famous identities will be proven, with the help of the WZ method;
and an example of how they can be used to prove combinatorial identities will be shown.

During this chapter, let K be a field of characteristic zero such that K C C.

4.1 POCHHAMMER SYMBOLS

Hypergeometric series can be expressed in terms of the so-called Pochhammer symbols. In this
section will be explained how.

Definition 4.1.1. Let s be a series. Then s is said to be hypergeometric if there exist an expression
f(k) involving k as integer parameter (it can involve more parameters) and such that the following
conditions hold:

e when all the parameters of f(k) take concrete values, the result lies in K,

f(k+1) . . .
(k) is a rational expression in k,

o s =3 0(f())

For example, 3 52 ((2]_»]') -xj) is hypergeometric, since given a € K(x)N such that a(j) = (zj'j) -,

forall j € N, a € hyp(K(x)).

Definition 4.1.2. Let f € KX and n € Z. Then f is said to be the n" Pochhammer symbol, or the
nth rising factorial, if f(x) = L:& (x+k), for all € K, fact which is denoted by f(«) = (o), for
all x € K.

(=1)-0-1=0.

For example, (—1)3 = Hi:o(k* 1)

Proposition 4.1.3. Some properties of the Pochhammer symbol
Let « € Kand n € Z. Then the following conditions hold:
1. if n ¢ INT, then () =1,
2. if n € N, then (1), =n!,
3. ifn €N and « ¢ Z\INT, then (o), = F(FOE;?).

Proof

1. Recall that, by convention, given f € K]N,j € N and i € Z such that i < j, H}(:j (f(k)) =1.

2. Immediate.

3. Apply iteratively the fact that T(p +1) = p - T'(B), for all B € K\(Z\IN"). a

From now on, given p,q € IN* and expressions «1, ..., &p,B1,.,Bq,t such that, when all their
parameters take concrete values, the result lies in K:

. (Cxl)n'-"'(‘x‘p)n'tn) . |:0(] Op :|
%((Bm-u..mq)n-n! will be denoted by pfa | g, gy 7Y

. . . n “ ..
° Z ((061)n o (Op)n -t )willbe denoted by |, Fo [ *1 %p ;t},
neN n! N
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tm . — ]
° Z <(f31)n~...-(f5q)n'n!> will be denoted by ¢Fq [ By - By’ t],

nelN

n _
° Z (L) (i.e. exp(t)) will be denoted by oFo [ s t}-
nelN

For example, Z (W> =1Fo [ ]iz ; 4~x].

n!
nelN

Proposition 4.1.4. Recognition of hypergeometric series
Let s be a series such that termg(s) =1, p,q € Nt and oy, ..., op,B1,...,Bq,t expressions such
that, when all their parameters take concrete values, the result lies in K. Then the following condi-

tions hold: ( ) ( )
. +a1) ..M+« o] e &
if e (8) n 12 -t,foralln € N, thens = ,F [ P ;t],
PR el T (g Br) - (Rt Bg) - (ot 1) P By B
termpyq(s) (M4 o) (M4 o) B o o
2. if etrerrnmﬂs)s = —— -t, for alln € N, then s = ,F P,
1 _
. if Bnals) _ t,foralln € N, then's = oF [ ;t],
3 termy, (s) M+B1) (Mt Bq) (m+1) oralin ens=ofq| g ... Bq
i termuag(s) _ _ -
4. if ig:mﬂs; =0 -t, for alln € IN, then s = oFg [ _, t}.
termn1(s) (M+og) - (M4 o) _
Proof (Of case 1, the rest are analogous) etreTm:ES)s “ B (Mt Be) (i T) t=
HTkl:O(oq +k)'-'-'HTkL:O(O‘p +k) gn+1 (0‘1)n+1 '-u'((xp)n+1 gnA1
[Te—o(B1+X) - [Tko(Bq +K) - (n+1)! _ Bi)nsr - Balngr - (n+ 1)
fooloan +1) o TTRSg(oap +K) (cr)n - (opIn '
- - : - !
R0 B+ TR (B +K) ! (Btdn - (Baln -t X
-t
for all n € IN. Applying that termg(s) = 1 and Proposition 4.1.3, s(t) = Z <(oq n (ctp)n >
R NB)n e (Bg)n !
U
. . 2:(nAT)y e+l
For example, Z an x™ ) =1Fo 1/2;4->< , since 20 -xozlandM:
n - 0 (2 xn
nelN n X
nH12 4 forallne N
n+1

Many of the usual series are hypergeometric, or at least can be easily expressed in terms of hyperge-
(=)™ (x/2)27 P
m+p)-n! B

ometric series; eg., given an indeterminate x over K and p € IN, J, (x) = Z (

neN
(x/2)P 5 ((—(X/Z)z)“) _ (x/2)p
p! =t P+ 1)n-n! p!
function of order p).

_ X\ 2 .
-oF1 { bl (Z) ] (recall that J,, (x) is the so-called Bessel
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4.2 SOME HYPERGEOMETRIC IDENTITIES \

Recall that a series is said to be terminating if it has only finitely many nonzero terms.

Proposition 4.1.5. Criterion about termination of hypergeometric series
Let p,g € Nt and «y, ..., op,B1,...,Bq,t expressions such that, when all their parameters take
X e Xp Xp oo Xp o
; t| and ,Fp [ ; t} are ter-
B1 - Bgq } P _
minating if, and only if, ; € Z\IN™, for some j € {1,..., p}.

concrete values, the result lies in K. Then pFq [

Proof «; € Z\IN", for some j € {1,...,p} &

there exist j € {1, ..., p} and m € IN such that HE;& o +k)=0,foralln € Nsuchthat m<n <
there exist j € {1, ...,p} and m € IN such that («j)n =0, for alln € N such thatm <n <

(1 )n - (“p)n "
(B1)n - (Bq)n ‘n!

(o @ RN . s
pFq [ ! L t} 1s terminating.
B1 - Bq

j
0,
=0, for all n € N such that m < n, forsome m € N <

For the other case, the reasoning is analogous. O

4.2 SOME HYPERGEOMETRIC IDENTITIES

In this section, some of the most famous hypergeometric identities will be shown.

Proposition 4.2.1. Dougall’s Identity
Letn € Nand «,3,v,0 € Ksuch that /2, x —B+1,0a—yv+1,6—04+1,+y+é—ax—n,1+
a+nou—pB—vy—>58+1¢cK\(Z\INT). Then

F o0 1+a/2, B, v, 0, n+2-0x—p—vy—06+1, —m 1l
ol w/2, x—B+1, a—y+1, a—8+1, B+y+d—a—m, I+a+n’ |
(0 F D (e =y =8+ Dn-(x—B—8+n-(x—B—v+ D
(“*nyféﬁL”n'(‘X*BJFUH'(“*Y+1)n'(0‘*5+])n.

Proof Let

(- (T4 o/2e - (B - (V- (B - (M+2- x—B—y—0+ 1) - (—m)y _
(/2 - (x—B+ k- (x—y+T - (c—04+1 - B+yY+d—a—m)k-(1+ x+m)y - k!

(c=B=v=0+m - (x=B+Dm-(c=y+m (x=3+T1)m
(x+Dm-(@a=y=0+Dm - (x=PB—=84+Dm-(a—B—y+1)m’

F(m, k) is a doubly hypergeometric term, so the WZ method is applicable to it. Applying then
the WZ method to F(m, k), it is obtained the output G(m, k), being G(m, k) = R(m, k) - F(m, k), being
R(m, k) = (o—v+k) (a—B+k)- (6—a—k) - (x—B—y—0—k+m+1) .

’ (x+2-%)-2-a—p—y—=0+14+4m) - (a—y—06+T+m)- (xa—R—0+1+m)
2-x—pB—vy—0+2-m+2)-k
(x—B—vy+m—1)-(1—k+m)

R(m,0) =0, so G(m,0) =0. [0]

F(m+1,k)—F(m, k) = G(m,k+1) —G(m, k), so ZjeN(F(m—l—],j)—F(m,j)):ZjeN(G(m,j—&-])—
G(m,j)); i.e. ZjeN(F(m+ 1,5) — F(m,j)) = jli)rgo(G(m,j +1) — G(m,0)). Hence, ZjeN(F(m+ 1,j)) —

2 jen(Fm,j)) = jlig)lo(G(m,)' +1)) = G(m,0) 2 jlgglo(G(m,j +1)). (1]

(=1); =0, for all i,j € IN such that i < j, so lim (G(i,j +1)) =0, for all i € N. Then, applying
j—o0

F(m, k) =

(1, Xjen(Fi+1,3)) = X5en(F(i,3)) = 0, for all i € IN; which yields the existence of & € K such that
2 jen(F(i,j)) = ¢ forallie N. 2

L. Sauras Altuzarra
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Applying Proposition 4.1.3, (¢)o = 1, for all ¢ € K; and it is clear that (—0);, for all j € N*. Thus,
2 jen(F(0,j)) = 1. Applying 2], 3 ;N (F(n,j)) = 1; ie.
F OC,1+OC/2, B/’Y/ 5,n+20(—(3—v—5+1, -n 21 =
7re «/2, «—B+1, x—y+1, a—8+1, B+yv+6—ax—m, 1+ax+n ' |
(0 D (6= =8+ ) (=B =5+ (x—B—y+T)n
(x—=B=y=3+Tn - (x=B+Dn-(ax=y+n-(a=8+T)n’

a
Proposition 4.2.2. Pfaff - Saalschiitz Identity
Letn € Nand o, B,y € Ksuch thaty, 1+ a+ B —y—n,vy—a—p € K\(Z\IN'). Then
3F2|: o, Bl -n ,1:|_(’Y_B)n‘(‘y_(x)n‘
vi+atB-y—n’ |~ y—a—Bn ()n
«, 3, —m
Proof 5F5 [ Y, 1+a+p—v—m ’ 1} -
lim (7F6 { t, 1+t/2, o, B, T+t—y, n+t—a—B+y, n D 421
t—00 t/2, 1+t—a, 1+t—B, v, 1+a+p—v—m, 1+t+n’
lim <(t+1)n’(y_f’)n'(y_o‘)n'“ +t_0(_f3)n> _ (Y_B)n‘(y_o‘)n‘ 0
tooo \(Y—a—B)n-(T+t—c)n-(1+t—=PB)n-(¥)In (Y—o=B)n-(¥)n
Proposition 4.2.3. Dixon’s Theorem
Let o, 3,y € K such that /2, x+1—v,x+1—3, vy —a/2+pB,x+1,a+1—p—v,a/2+1—
B,ox/24+1—v,a/2+1—p—v € K\(Z\IN") and RI(1 + /2 — 3 —7) > 0. Then
; { “ By 1} _ (/2)t- (= B)t- (=)t - (/2= B—)!
32 x4+1-B, a+1—v’ ol - (a/2—B) - (a/2—y) - (e—B—v)!
x, Y, «, 1+a/2, /2, vy,
Proof 372 [ oc—|—1—y,yoc[i1—[3 ' 1] =sFa { /2, T+ a/2, gc—l—]/—y,yoc(i—l—ﬁ ’ 1} B
lim <7F6{ o T+0/2, 0/2, v, B, t+3-a/2+1—B—y, —t , D@
t—o0 o/2, T+ a/2, a+1—7v, x+1—-B, vy—/2+pB—t, T+a+t’
. ((cx+1)t~(a+1—rs—wt-(oc/zw—fs)t-(oc/2+1—wt>4.1:.3
tooo \ (/24T =B —v)e - (T+0/2)¢ - (1T +x—y)e- (x+1—P)
Mloat1+t) TlatT1-—B—y+t) T(a/2+1-B+t) T(o/2+1—y+t)
lim ( T (ot 1) Mot T—B—v) T(o/2+1—B) T(o/2+1—7) )_
t=o0 | Tla/24+1—B—y+t) T(O+oa/2+t) TF(I+ox—y+t) T(ot+1-B+t)
T(o/2+1—B—v) IN1+o/2) T(1T+o—v) T(o+1—B)
Mo/2+1—=B—vy) - T(1+a/2) - T(T+a—vy) - T(a+1-p)
Mo+1)-Tla+1—=p—7v) T(a/24+1—=Pp) -T(x/24+1—7y)
(o/2)!- (=B (e —y)! - (/2 — P —)! 0

o (/2= B)! - (/2= )1 (= =)L |

Proposition 4.2.4. Kummer’s Theorem
Let , B € K such that a/2, x+1—B,—a/2+ B, x+1,00/2+1—B € K\(Z\IN") and RI(B) < 1.

Then
ZF][ . B ,_1] (2/2)! - (= B)!

x+1—p " T ol (/2= p)

« B s «, —t, B . 4.2.3
PrOOfZF][oc-i-]—B/1}_tll>nolo<3F2[O(+1+t,oc+1—[3'1]> =
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4.3 AN EXAMPLE |

lim

t—o0o

<(<x/2)!~(oc—(3)!~(oc+t)! . (cx/2—6+t)!> ~ (o/2)! (o —B)!
ol (/2= B (/2+ 1) (a—B+ 1! )~ ol (a/2—B)

Proposition 4.2.5. Gaufl’s Identity
Let «, 3,7 € Ksuch that v, T+a+pB—v,y—a—B,vy—B,vy—« € K\(Z\IN') and [B € Z\INT
or RI(y —o«— ) > 0]. Then

2}:1 |: X, B . ]:l _ F(Y—“—B)FW)

Y S Tly=B)-Tly—o)
oo Bl g o, B, — 422 .. (v—Blt - (v—adt)
Froof 2Fy [ y 1} = &, (3F2 { Y1+ o+ B vft 1D B tli’IIC}O((Y_“_B)t'(Y)t) -
Fy—a—p) Ty 0
Ty —RB) Ty —o)
Proposition 4.2.6. Chu - Vandermonde Identity
Letn € N and B,y € Ksuch thaty,1—n+B—v,y+n—8,y—p € K\(Z\N"). Then
o [ Y (¥In
-, B |425T(y+n—B)-Tly) (¥—Bn
rootar | P 1] 1 R .

The previous proofs have been chosen in order to show the connections between the results, but all

of them could have been proven by using directly the WZ method (cf. Section 7.2 of [Petkovsek et al.]).

Many other hypergeometric identities can be found in Section 3.5, Section 7.3 and Section 7.4 of
[Petkovsek et al.], and in [Gessel].

4.3 AN EXAMPLE

The following example gives an idea of how to prove combinatorial identities by identifying, if
possible, the underlying hypergeometric series.

2-n\ (2-k\ (4n-2-k 2.n\?
1 J— k. . . —
The goal is to prove E (( 1) < ” ) ( K > < >k >) < 0 > , foralln € IN.

(e (0G0 (050) -

) () (225 2 () -
2:n—0 (1) (1/2 Zn) X )T
keN
m

N
3

3F2

3

—-2:n, —=2-n, 1/2 4-n . . o, oY 423
11 = -1 1 F ;1 =
1,12—2.n ° } <2-n) Hlinz.n(yff‘/z<3 2[1, atl—y’ D)

I ( (oc/Z (a=y)! (/2 — v))):
ox— ZH(Y o/2) (/2 —v)! - (—v)!

)

) +oc/2 FrM+a—vy) -T1—a/2—7v)

). tim yl/z( ))-
)

NG
3

N
=

N
3

o FM+o) T(1—o/2) T+ a/2—7v) - T(1—7)

-1 —a/2—7v)
—o/2) -sin(mt- (1+o/2)) - Ty — o) -sin(m- (1 4+ ax—7y)) B
. ygﬂn/z T —a/2) -7 T —7) -

ssin(7- (1+ o)) - T(y —o/2) -sin(mt- (1 —v + «/2))

N

n

~
3

2-n

N QAA
3
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<4~n>. lim (lim (sm( (IT+a)) -sin(m- (1 —y+a/2)
2:n) a—s—2n\y=1/2\sin(m- (1+ «/2))-sin(m- (1 4+ x—7vy))

M=) Ty —oa/2) - T(1 —a/2—) ) _
)

MN—o/2) - T(1—o/2) - T(y—o)-T(1—7vy
. lim (sin(Tt~(1 + o)) -sin(m- ((ax+1)/2) M(—o)-T((1—0)/2)2 > _
‘n) a——2n \sin(m- (14 «/2))- sm( (a+1/2)) F( o/2) - T(1—o/2)-T(1/2— ) -T(1/2)
‘n r2-n)-Tn+1/2)2 (4 n
2

) z n—1) (n—1/2)12

4
2
4
2.
4
2
4

/2
( n) 2 ) -Tn+1)-T2-n+1/2)-T(1/2) n (2 m—1/2)1-(=1/2)1 —
n\ /2-n —1/2'2 n n 1/2 1/2)!)2_
G () o ( ok <n) e e =
n\ /2-n n—1/2)-(n—3/2)- 2)?
<2~n) (n) 2n-1/2)- 2 n— 3/2 /
2-n-1) 2-n)\?
4-n 2-n < ) 4-n 2-n <4T‘-n! _
<2~n> (n) 2 —1) (z 2- : (z.n>'<n>' 2-2-n))
22n ) m
3
(;:2)-(21;“)-%:(2#”) ,foralln € N*. 0]

Note that Euler’s reflection theorem (i.e. T'(a)-T'(1 —a) -sin(nt- a) = 7, for all a € C\(Z\IN*")) has
been applied here.

Nowss 3 (10 (5)- (V) (55547 -
1-<8>~<8)-(8> 2 (e ()-GO (R9) -
1+Z<(—1)k~o< > > <0> ( )forallnE]N

0
keIN+

, 2.k n—2-k 2.n\?2
[O]y1eldsthatk%\l<(—1 ( ) (k) (2 ik ))—( n) ,for all n € IN.
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5 DIFFERENCE RINGS

So far, the work has been focused on solving difference equations directly, viz. working on the
structure KN, being K a field of characteristic zero. This chapter, however, will present techniques of
resolution of equations over certain structures, called ring RITZ*-extensions, which have the interesting
property that such equations can be interpreted as difference equations.

One of the interests of this theory lies in the fact that the class of linear difference equations which
are represented now is bigger than the one in which the coefficients are polynomial, extending then
the theory of the previous chapters. For example, at the end of the chapter it will be sketched how to
solve the linear difference Q(t)-equation given by y(n+1) + nLL -y(n) = 0 (recall that « denotes the
imaginary unit).

The central notion in this chapter, as the title claims, is that of difference ring.

Definition 5.0.1. Let P be an ordered pair. Then P is said to be a difference ring (resp. difference
field) if P = (A, 0), for some commutative unital ring (resp. field) A of characteristic zero and some
0 € Autcring(A) (resp. Autgiera(A)).

For example, (Q(1),idg,)) is a difference field.
So, during this chapter, let (A, o) be a difference ring and (F, 1) a difference field.

Proposition 5.0.2. Relation between difference rings and difference fields
The following conditions hold:
1. if A is a field, then (A, o) is a difference field,
2. (F, 1) is a difference ring.

Proof

1. Field is a full subcategory of CRing, so Autcring(A) = Autgiela(A). Then o € Autpiera(A); and
consequently (A, o) is a difference field.

2. Immediate. |

5.1 PERIOD, ORDER, CONSTANTS AND SEMICONSTANTS

The first step prior to sketch how to solve equations over ring RTTZ*-extensions is to formalize the
concepts of period, order and semiconstants.

Definition 5.1.1. Let o € N, Then o is said to be the order function of A if

_fo ifa™ #1, foralln e N* L
o(a) = { min(n € N* | a™ = 1)) otherwise , for all a € A, fact which is denoted
by o = ord.

Definition 5.1.2. Let p € N(A"). Then p is said to be the period function of A if
[0 if c™(a) #qa, foralln € N*

pla) = { min({n € Nt | c™(a) = a}) otherwise

denoted by p = per.

, for all a € A*, fact which is
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Definition 5.1.3. Let a € A. Then a is said to be a constant if o(a) = a.

From now on, {a € A | a is a constant} will be denoted by const(A, o).

For example, in the difference ring (Q(1),idg(,)), the following conditions hold:
e ord(t) =min({n € N* | * =1}) =4,

e per(t) =min({n € N | idgy =4 =1,

e const(Q(t),idg()) = Q(v).

Proposition 5.1.4. Constants form a substructure containing the rational numbers
The following conditions hold:
1. Q ScRing cOnst(A, 0) <cring A,
2. Q Srield const(F, T) <pieta F-

Proof It is well-known from algebra that any commutative unital ring of characteristic zero is a
CRing-extension of (some copy of) Q; and that any automorphism over such a ring fixes every element
of (such a copy of) Q. [0]

From [0] follows that Q Scring A and o(c) =¢, forall ¢ € Q. (1]

Let a,b € const(A, o). It is clear that o(a) = a and o(b) = b, so c(a+b) = o(a) +o(b) =
a+band o(a-b) = o(a)-o(b) = a-b. Thus, o(a—b) = c(a+(—=1):-b) = a+(-1)-b = a—>.
Hence, a-b,a—b € const(A, o). As [1] yields that o(1) = 1, 1 € const(A, o) too; so necessarily
const(A, o) <cring A- Applying [0], Q Scring const(A, 0) <cring A-

The fact that Q Sgielq const(F, T) <gielq F can be proven similarly. |

Definition 5.1.5. Let a € A and G <Grp A* (recall that A*, i.e. the set of units of A, forms a
multiplicative group). Then a is said to be a semiconstant over G if o(a) =u- a, for some u € G.

From now on, given G <grp A", {a € A | a is a semiconstant over G} will be denoted by sconstg
(A, 0).

Definition 5.1.6. (A, o) is said to be constant-stable if const(A, ) is a field and const(A, o¥) =
const(A, o), forall k € N,

Definition 5.1.7. (A, o) is said to be strong constant-stable if (A, 0) is constant-stable and
{a € A | ais a root of unity} C const(A, o).

For example, (Q(1),idg(,)) is a strong constant-stable difference ring; indeed,
{a € Q(4) | ais aroot of unity} = {£1, £t} € Q(1) = const(Q(1),idg(,)) = const(Q(L),idE(L)), for all
ke NT.

5.2 EXTENSIONS

Having defined the previous concepts, it is now possible to formalize what a ring RITZ*-extension
is, showing also characterizations of concepts that will be very useful in the sequel.

Definition 5.2.1. Let (C, p) be a difference ring (resp. difference field). Then (C, p) is said to be a

ring (resp. field) extension of (A, o) (resp. (F, 7)) if A <cring C and p[5 = o (resp. F <pjelqa C and
plg = 1), fact which is denoted by (A, o) < (C, p) (resp. (F,T) <f (C, p)).

For example, given an indeterminate k over Q(1) and tp € Autpie1q(Q(1)(k)) such that T0|Q(L) =
idg() and To(k) =k +1, (Q(1)(k), To) is a field extension of (Q(1),idg(,))-
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Lemma 5.2.2. Let a € A*, b € A and t an indeterminate over A. Then there exists a unique
difference ring (A, &) such that (A, 0) <g (A, &), A = Altl and &(t) = a-t+b (cf. Lemma 2.1.(1) of
[Schneider I]).

Definition 5.2.3. Let (A, &) be a difference ring such that (A, o) <p (A,6),a € A*, b e Aand t
an indeterminate over A. Then (A, &) is said to be the unimonomial ring extension of polynomial
function type (w.r.e.p) of (A, o) with respect to a, b and t if A = Aft] and &(t) = a-t+b.

For example, given an indeterminate k over Q(t), To € Autgield (Q(t)(k)) such that T0|Q(L) =idg(y)
and to(k) = k + 1, an indeterminate x over Q(t)(k) and % € Autcring(Q(t)(k)[x]) such that T‘Q(L)(k) =
7o and T(x) = t-x, (Q(1)(k)[x], T) is the u.re.p of (Q(t)(k), To) with respect to i, 0 and x.

Lemma 5.2.4. Let a € A* and t an indeterminate over A. Then there exists a unique difference ring
(A, &) such that (A, 0) <g (A,5), A=A[t, 1] and &(t) = a- t (cf. Lemma 2.1.(2) of [Schneider TJ).

Definition 5.2.5. Let (A, &) be a difference ring such that (A, o) <g (A, &), a € A* and t an indeter-
minate over A. Then (A &) is said to be the unimonomial ring extension of Laurent polynomial
function type (u.r.e.l) of (A, o) with respect to a and t if A=A[t [ 7] and 6(t) = a-t.

For example, given an indeterminate k over Q(1), Top € Autpielq(Q(1)

t)(k)) such that T0|Q =idg(y
and To(k) = k+ 1, an indeterminate x over Q(t)(k), T € Autcring(Q(t)(k)

x}) such that Tl (k) = To

e

[
and %(x) = t-x, an indeterminate t over Q(1)(k)[x] and t € Autcging (Q( x] [t 1]) such that
o) ng = Tand £(t) =x-k-t, (Q(J(k)[x ][t 1],%) is the urel of (Q(1)(k ) T ) with respect to x - k
and t.

Proposition 5.2.6. The u.r.e.l extends the u.r.e.p

Let a € A*, t an indeterminate over A, (A, &) the ure.p of (A, o) with respect to a, 0 and t
and (A, 6) the u.rel of (A, o) with respect to a and t. Then (A, §) <g (A,6) (cf. Lemma 2.1.(2) of
[Schneider 1]).

Lemma 5.2.7. Let f € F¥, g € F and t an indeterminate over F. Then there exists a unique difference
field (F, ) such that (F,7) <f (F, %), F = F(t) and %(t) = f- t + g (cf. Lemma 2.1.(3) of [Schneider I]).

Definition 5.2.8. Let (F, %) be a difference field such that (F,t) < (F,%), f € F*, g € Fand t an
indeterminate over F. Then (F, %) is said to be the unimonomial ring extension of rational function
type (u.f.e.r) of (F, T) with respect to f, g and t if F = F(t) and #(t) = f-t+g.

For example, given an indeterminate k over Q(t) and tp € Autgieq(Q(1)(k)) such that T0|Q(L) =
idg() and To(k) =k +1, (Q(1)(k), o) is the u.f.e.r of (Q(1),idg(,)) with respect to 1, T and k.

Proposition 5.2.9. The u.f.e.r extends the u.r.e.p and the u.r.e.l

Let f € F*, g € F, t an indeterminate over F, (Fq,T7) the u.re.p of (F, ) with respect to f, g and
t, (F2,T2) the urel of (F, T) with respect to f and t and (F3,73) the u.fe.r of (F, T) with respect to
f, g and t. Then (Fy,T1) <g (F3,73) and, if g =0, then (Fy,T1) <g (F2,72) <R (F3,73) (cf. Lemma
2.1.(3) of [Schneider IJ).
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Definition 5.2.10. Let t be an indeterminate over A (resp. F) and (C, p) an u.re.p (resp. u.f.er) of
(A, o) (resp. (F, 7)) with respect to t. Then (C,p) is said to be a ring (resp. field) Z*-extension
of (A, o) (resp. (F, 1)) if p(t) —t € A* and const(C,p) = const(A, o) (resp. p(t)—t € F* and
const(C, p) = const(F, 1)).

For example, given an indeterminate k over Q(1) and tp € Autpie1q(Q(1)(k)) such that T0|Q(L) =
idg(,) and to(k) = k+1, (Q(1)(k), To) is the field Z*-extension of (Q(t),idg(,)) with respect to 1, T and
k, since o (k) —k =1 € Q()\{0} and const(Q(1)(k), To) = const(Q(1),idq(,)) = Q(u).

Lemmas5.2.11. Let G <grp A™, b € A, t an indeterminate over A and (A, &) the ure.p of (A, o) with
respect to 1, b and t. If sconstg ~(A, o)\{0} <grp A*, then the following conditions are equivalent:

1. 6(f) =u-f, for some f € A\A and u € G,

2. o(g)=g+Db, forsome g € A,

3. const(A, 0) S const(A, §)
(cf. Lemma 3.8 of [Schneider IJ).

Proposition 5.2.12. Characterization of ring X*-extension
Letb € A and (A, &) the u.re.p of (A, o) with respect to 1 and b; and assume that const(A, o) is
a field. Then (A, &) is a ring Z*-extension of (A, o) if, and only if, o(a) # a+b, for all a € A.

Proof Let G = {1}. Then sconstg(A,0) = {c € A | o(c) = c} = const(A, o), so, by hypothesis,
sconstg (A, 0) is a field. Hence sconstg (A, 0)\{0} <grp A*. Thus, applying Lemma 5.2.11, there exists
g € A such that o(g) = g+ b if, and only if, const(A, o) g const(A,5). And, as (A, ) is the ure.p
of (A, o), there exists g € A such that o(g) = g+ b if, and only if, (A, &) is not a ring ~*-extension of
(A,0). Le. o(g) # g+, for all g € A, if, and only if, (A, &) is a ring Z*-extension of (A, o). O

Definition 5.2.13. Let t be an indeterminate over A (resp. F) and (C, p) an u.rel (resp. ufer) of

(A, o) (resp. (F,T)) with respect to t. Then (C, p) is said to be a ring (resp. field) IT-extension of
(A, o) (resp. (F, 7)) if @ € A* and const(C, p) = const(A, o) (resp. @ € F* and const(C, p) =

const(F, T)).
An example of this notion will be shown after characterizing it.

Lemma 5.2.14. Let t be an indeterminate over A, (A, §) an u.re.l of (A, o) with respecttot, u € A,
neEN, gngn € Aand g = Y 1*  (gi-th). If 5(g) = u-g, then o(gi) = uésgtg;j
i€ {—,..,n} (cf. Lemma 3.15 of [Schneider IJ).

for all

Proposition 5.2.15. Characterization of ring I'T-extension
Let a € A* and (A, &) the u.rel of (A, o) with respect to a. Then (A, §) is a ring IM-extension of
(A, 0) if, and only if, 6(g) # a™ - g, for all g € A\{0} and m € Z\{0}.

Proof Let t be the indeterminate over A such that (A, &) is the u.r.el of (A, o) with respect to a and
t.

=) (Contrapositive argument) Let m € Z\{0} and g € A\{0} such that o(g) = a™ - g. Then o(g) =
a™-gand G(t™) = (6(t))™ = (a-t)™ = a™-t™, s0 0 (k) = %k and then & € const(A,d).
Obviously % ¢ A. In particular, $% ¢ const(A, 0), so % € const(A, 5) yields const(A, &) # const(A, )
and thus (A, &) is not a ring IT-extension of (A, o).

<) (Reductio ad absurdum) Let n € N, g_n, ..., gn € A such that 5(> [ (gi-t))=X>1" . (gi-
thYe A\Aand g =31 (gi-t). o(g) = g € A\A yields g, # 0, for some m € {-n,..,n}, so, by
m

Lemma 5.2.14, 0(gm) = thm, ie o(lgm)=a"

ey - gm. Contradiction with the hypotheses. O
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For example, given an indeterminate k over Q(1), To € Autpield (Q(1)(k)) such that T0|Q =idg(y)
[x

and 1o (k) = k+ 1, an indeterminate x over Q(1)(k), T € Autcring(Q(1)(k)[x]) such that T|Q k) = To

and t(x) = t-x, an indeterminate t over Q(1)(k)[x] and © € Autcging (Q( x] [t, H) such that
[x]

toyx) = T and t(t) = x-k-t, applying Proposition 5.2. 15 to the fact that ord(x k) = 0 and

(
( ) # (x- ) -g, for all g € Q(1)(k)[x]\{0} and m € Z\{0}, (Q(1)(k)[x] [t, 1], %) is the ring IT-extension
of (Q(1)(k)[x], ©) with respect to x - k and t.

Lemma 5.2.16. Let a € A* such that a® = 1, for some A € N such that 1 < A, and t an indeterminate
over A such that t» = 1. Then there exists the wre.p of (A, o) with respect to a, 0 and t (cf. Lemma
2.6 of [Schneider I] and the paragraph preceding it).

Definition 5.2.17. Let t be an indeterminate over A, a € A* such that a® =1, for some A € N such
that 1 < A, and (A, &) the u.re.p of (A, o) with respect to a, 0 and t. Then (A, &) is said to be an
algebraic ring extension of order A of (A, o) with respect to a and t if t* = 1.

Definition 5.2.18. Let A € IN such that 1 < A and (A, &) an algebraic ring extension of order A
of (A,o). Then (A, &) is said to be a root-of-unity ring extension of order A of (A, ), or a ring
R-extension of order A of (A, o), if const(A, &) = const(A, ).

An example of these notions will be shown after characterizing one of them.

Proposition 5.2.19. Characterization of ring R-extension

Let a € A*, A € N such that 1 < A and (A, &) an algebraic ring extension of order A of (A, o)
with respect to a. Then (A, &) is a ring R-extension of (A, ¢) if, and only if, o(g) # a™ - g, for all
ge A\{0}and m e {1,..,A—1}

Proof Let t be the indeterminate over A such that (A, &) is an algebraic ring extension of order A of
(A, o) with respect to a and t.

=) (Contrapositive argument) Given m € {1,..,A —1} and g € A\[0} such that o(g) = a™ - g,
Gt™) = (6(t)™ = (a-t)™ = a™-t™, s0 &(g-t™) = g-t* ™ and then g-t» ™ € const(A, &).
Obviously g - tAm ¢ A In particular, g MM ¢ const(A, 0), so g-t*™ € const(A, §) yields that
const(A, &) # const(A, ) and thus (A, &) is not a ring R-extension of (A o).

<) (Reductio ad absurdum) Let go, ..., grn_1 € A such that G(Z (g1 H) = Z{‘;& (gi-th) € A\A
and g = ?;3 (gi-t') € A\A. o(g) =g yields gr # 0, for some r € {1,..,A — 1}, so, by coefficient
comparison, &(gy) = aMT.g.. But (A, 5)isa ring R-extension of (A, o), 1 € A\{0}and m :=ord(a) <A,
so o(1) =1 =a™- 1. Contradiction with the hypotheses. O

For example, given an indeterminate k over Q(t), To € Autpield (Q(1)(k)) such that T0|Q (v = idg(y
and To(k) = k+ 1, an indeterminate x over Q(t)(k) such that x* = 1 and T € Autcring (Q(1) (k) [x )
such that T|g () = To and T(x) = t-x, applying Proposition 5.2.19 to the fact that ord(1) = 4 and
T(g) # 1™ - g, for all g € Q(1)(k)\{0} and m € {1,2,3}, (Q(1)(k)[x], ) is the ring R-extension of order 4
of (Q(1)(k), T) with respect to t and x.

Proposition 5.2.20. Characterization of the semiconstants of the ring R-extensions

Let G <Grp A*, A € N1, t an indeterminate over A and (A, §) a ring R-extension of order A of
(A, o) with respect to t. If sconstg (A, 0)\{0} <Grp A* and @ € G, then sconstg (A, 5)\{0} <grp A*
and sconstg(A,5) = {(h-t™ | [h € sconstg(A,0) A m € {0,..,A—1})]} (cf. Proposition 3.23 of
[Schneider 1]).

From now on, given a commutative unital ring R of characteristic zero and an indeterminate t over
R, R (t) will denote any element of {R[t],R [t 1] }.

7t
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Definition 5.2.21. Let t be an indeterminate over A and & € Autcring(A (t)). Then the following
conditions hold:
e (A(t),0) is said to be a ring RTT-extension of (A, o) with respect to t if (A (t),&) is a ring
R-extension or a ring TT-extension of (A, o) with respect to t,
e (A(t),&) is said to be a ring RX*-extension of (A, o) with respect to t if (A (t), &) is a ring
R-extension or a ring X*-extension of (A, o) with respect to t,
e (A(t),d) is said to be a ring TTZ*-extension of (A, o) with respect to t if (A (t), &) is a ring
TT-extension or a ring Z*-extension of (A, o) with respect to t,
e (A(t), ) is said to be a ring RITZ*-extension of (A, o) with respect to t if (A (t),&) is a ring
R-extension, a ring TT-extension or a ring X*-extension of (A, o) with respect to t.

Definition 5.2.22. Let t be an indeterminate over F and T € Autgjeia(F(t)). Then (F(t),T) is said
to be a field TTZ*- extension of (F,T) with respect to t if (F(t),%) is a field TT-extension or a field
>*-extension of (F, ) with respect to t.

Definition 5.2.23. Let r € IN and ty, ..., t; indeterminates over A. Then A (ty) ... (t,) is said to be a
nested ring RTTZ*- (resp. RIT-, RX*-, TIZ*-, R-, TT-, Z*-) extension of A if A (to) is a ring RITX*-
(resp. RIT-, RZ*-, TIZ*-, R-, TI-, L*-) extension of A, ... and A (to) ... (t;) is a ring RITX*- (resp. RIT-,
RI*-, TIX*-, R-, TT-, £*-) extension of A (tp) ... (t,_1) (equivalently, it can be said, losing formality
(since index —1 does not exist) but gaining brievity, "if A(tp)...(t;) is a ring RITX*- (resp. RIT-, RZ*-,
Mx*-, R-, TT-, £*-) extension of A(tp)...(t;_1), for all i € {0, ..., 7}").

Note that here (A, o) has been identified with A, but this is slightly informal. This omission of the
automorphism will be frequently made during this chapter.

For example, given an indeterminate k over Q(1), Tp € AutFleld(Q( )(k)) such that T0|Q (v = idg(y
and 79(k) = k+ 1, an indeterminate x over Q(t)(k) such thatx* =1, % Autcring (Q(1)(k)[x]) such that
Tlo() (k) = To and E(x) = -, an indeterminate t over Q(1)(k)[x] and t € Autcging (Q(1)(K)[X] [t, )
such that T|Q (V) x] = Tand t(t) =x-k-t, the following conditions hold:

o (Q(U(K)[X] [t, 1],%) is a nested ring TT-extension of (Q(1)(k)[x], ¥),
o (Q(U(K)[X] [t, 1],%) is a nested ring RT-extension of (Q(t)(k), o),
o (Qf k)[ [t, 1], %) is a nested ring RITZ*-extension of (Q(1),idg(y))-
From now on, given G <ggp A*, 1 € N, to, ..., t; indeterminates over A and E = A(to)...(tr),

{g-tg0 .-t [ [geEG A Vie{0,..,1}, ImeZA
[A(to)...(t;) is a ring £*-extension of A(to)...(ti_1) = m; = 0]]]} will be denoted by G§.

x]

R

Definition 5.2.24. Let G <grp A", T € N, to, ..., tr indeterminates over A, & € Autcring(A(to)--(tr))
such that (A (tp) ... (t), 5) is a nested ring RITZ*- (resp. RIT-, RZ*-, TIX*-, R-, -, I*-) extension of
(A,0) and E = A (to) ... (t;). Then (A (to)...(t;), &) is said to be G-simple if < ." € G§, for all
i1€{0,..., v} such that A (tp) ... (ti) is a ring RIT-extension of A (t¢) ... (ti_1). A

For example, given an indeterminate k over Q(1), 7o € AutFleld(Q(L)( )) such that T0|Q =idg(y)
and 79(k) = k+ 1, an indeterminate x over Q(t)(k) such that x* =1, T Autcring (Q(t )(k)[ 1) such
that %lg(,)(x) = To and ¥(x) = t-x, an indeterminate t over Q( )(K)[x], t € AutCng QKK [t 1])
such that o)) = T and £(t) = x-k-t and G <grp Q(U\{0}, (Q(I(K)X [t, 1], ’%) is a not a G-

T(t
simple nested ring RTTZ*-extension of (Q(t),idg(,)), since # =x-k¢ Ggg ;( ety ={g-k%-x

tM2|[ge G A\ my,my € Z]}.

my .
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Proposition 5.2.25. Characterization of the semiconstants of the nested ring TIZ* -extensions

Let v € N, to, ..., t indeterminates over A, A = A(tg)...(t;), & € Autcging(A A) such that (A, 5)
is a n§sted ring TTX*-extension of (A,~O') and G <Grp A*. If sconstg (~A, o)\{0} <grp AT, G = Gﬁ\\
and (A, &) is G-simple, then sconstg (A, 5)\{0} <grp A* and sconstg (A, 5) = {h- t81° et | [h e
sconstg(A,0) A Vie{0,..,r}, [m € Z N [A(tg)...(ti) is a ring Z*-extension of A(tp)...(ti—1) =
my = 0]]]}

Proof (Outline, induction on 1)
Case 0 Immediate.
Case r Induction Hypothesis (L.H.).

Caser+1LetG = G§<tr“>.

Case a): Alt,,1) is a G- -simple ring Z*-extension of A. In this case, GA<tT+‘> = Gﬁ, ie.

G =G; 50 it can be proven that sconstG(A<tT+1>) = sconstG(A<tr+1>) = sconsts (A) and
sconsta (A(ty41))\{0} < <Grp A* <Grp Altyy1)" (cf. Theorem 3.12 of [Schneider I]).

Case b): A(t,,1) is a G-simple ring TT-extension of A. In this case, it can be proven that
sconst (A(ty41)) ={h-t!" ;| [Im € Z A h € sconstg (A, 5)]} (cf. Theorem 3.20 of
[Schneider I]). Applying L.H., sconstg (Altyg1)) ={h- t(T)“O e t:ff | [h € sconstg(A,0) N
Vie{0,.,r+1} Imi € Z A [Ato)...(ti) isa ring I*-extension of A(tg)...(ti_1) = my =
0]]]} and then sconstg (A(ty41))\{0} <grp Altri1)

]

Definition 5.2.26. Let r € IN and ty, ..., t; indeterminates over F. Then F(tg)...(t;) is said to be
a nested field TTZ*- (resp. TlI-, Z*-) extension of F if F(tp)...(ti) is a field TIZ*- (resp. TT-, Z*-)
extension of F(tp)...(ti_1), forall i € {0, ..., r}.

Definition 5.2.27. Let r € IN and ty, ..., t; indeterminates over F. Then F(tp)...(t;) is said to be a
TTZ*- (resp. TI-, *-) field if F(to)...(tr) is a nested field TTX*- (resp. TI-, Z*-) extension of F and
const(F(tg)...(ty)) = const(F).

For example, given an indeterminate k over Q(1) and tp € Autgielq(Q(1)(k)) such that T0|Q(L) =
idg() and to(k) = k+1, (Q(1)(k), To) is a TIZ*-field. In order to avoid confusions, it is remarked that
this example represents a case of Definition 5.2.27 in which r = 0 and F = Q(t), not in which r =1 and
F = Q; recall that t is not an indeterminate over Q (i.e.  is not a transcendental element over Q, since
(2 +1 = 0; cf. page 550 of [Hungerford]).

5.3 THE MAIN PROBLEMS

The objective of this section is to make precise how resolution of equations over ring RITZ*-extensions
actually gets reflected into resolution of difference equations.

For the considerations from this section and the following one making sense, it is necessary to
assume also that (A, o) and (F,T) are computable, i.e. there exist algorithms that can perform the
automorphism and the standard operations, including zero recognition and deciding constructively if
an element is invertible. Note that, in that case, it is also possible to decide if an element is a constant.

The problem "Given a difference ring (C, p) and f € C, decide constructively if there exists g € C
such that p(g) — g = f." is called Telescoping Problem (T).

T is the first point in which this chapter connects with the previous ones: the automorphism must
be understood as representing the shift operator, viz. given a difference ring (C,p) and f € C, if f
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represents a sequence y, then to find g € C such that p(g) —g = f means to solve the difference
equation given by x(n +1) —x(n) =y(n).

A generalization of T is the so-called Parameterized Telescoping Problem (PT), viz. "Given a
difference ring (C, p), r € IN and fy, ..., fr € C, decide constructively if there exist ¢y, ..., ¢ € const(C, p)
and g € C such that p(g)—g=cp-fo+...+ ¢y fr and ¢; # 0, for some i € {0, ..., 7}.".

Given an indeterminate k over F and © € Autgjelq(F(k)) such that (F(k), T) is a TTZ*-field, Karr’s al-
gorithm and its enhanced versions, Schneider’s algorithms, solve PT for (F(k), %) (cf. [Karr I], [Karr II],
[Schneider II] and [Schneider III]).

Therefore, it is clear that such algorithms allow one to deal with indefinite summation, but note
that with definite summation too, since the previous problem covers Zeilberger’s creative telescop-
ing. Indeed, given indeterminates k and n over F, ¥ € Autgelq(F(k)(n)) such that (F(k)(n), %) is a
difference field, r € IN and H(n, k) € F(k)(n), one is interested in deciding constructively if there exist
G(n, k) € F(k)(n) and ap(n), ..., ar(n) € const(F(k)(n), ) such that ¥(G(n, k)) —G(n, k) = > i _(ai(n)-
H(n +1,k)), i.e. such that G(n,k+1) —G(n, k) = > i _y(ai(n)-H(n+1k)) (the class of doubly hy-
pergeometric terms can be formalized within the class of considered bivariate functions H(n, k), cf.
[Ocansey & Schneider]).

Note also that Karr’s algorithm can be considered as the discrete counterpart of Risch’s integration
algorithm (cf. [Risch] and [Bronstein]).

Another interesting problem is to decide when a ring RITZ*-extension exists.

Note that, given b € A, in order to decide if (A, o) has a ring ~*-extension with respect to 1 and b,
it suffices to solve T for (A, o) and b, and then apply Proposition 5.2.12.

For deciding if (A, o) has a ring RIT-extension with respect to one of its elements, one can use the
following algorithm.

Input: (A,0) and a € A.

1. If a ¢ A¥, then return "There exists no ring RIT-extension of (A, o) with respect to a" and STOP.
2. Compute ord(a), by solving the so-called Order Problem (O) for A* and a, viz. "Given a group
G and g € G, find the order of g."; and let A = ord(a).

At this point, it is important to remark that, if A = 0 (resp. A > 0), then only the construction of a
ring TT- (resp. R-) extension might be possible (cf. Subsection 2.2.1 of [Schneider I] for details).

3. Solve the so-called Multiplicative Telescoping Problem (MT) for (A, o) and a, viz. "Given a
difference ring (C, p) and c € C*, let 1 = ord(c) and decide if there exists g € C\{0} such that the
following conditions hold:

e if 1 =0, then p(g) =c™ - g, for some m € Z\{0},

e ifn > 0, then p(g) =c™ - g, for some m € {1,.., A—1}"
if such g and m exist, return "There exists no ring RIT-extension of (A, o) with respect to a" and
STOP; otherwise, return "There exists a ring RIT-extension of (A, o) with respect to a" and STOP.

Note that Proposition 5.2.15 and Proposition 5.2.19 have been applied here.

Output: "There exists a ring RTT-extension of (A, o) with respect to a" if this is the case; "There exists
no ring RlT-extension of (A, o) with respect to a" otherwise.
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5.4 SOME RESOLUTIONS OF PMT AND PFLDE \

From now on, given W C A, n € N* and fe (A)™, {(my,..,mn) € Z™ |3 g € W\{0} such that o(g)
= f{0)™1 - ... f(n— 1)™n . g} will be denoted by M(f, W).

Lemmas.3.1. Let G <grp A", M € N+ and f € G™. If sconstg (A, 0)\{0} <arp A", then the following
conditions hold:

1. M(f,A) = M(f,sconstg (A, 0)),

2. M(f,A) <zmod Z™,

3. there exists a Z-basis for M(f, A) whose rank is nongreater than n
(cf. Lemma 2.16 of [Schneider IJ).

Lemma 5.3.2. Let G <grp A", n € N¥, f'e G™ and t an indeterminate over A If there exists (A, &)
ring R-extension of (A, o) with respect to t, sconstg (A, 0)\{0} <grp A" and &) ¢ G, then M(f,A) =
{(ﬁ(O), M —1)) e M ((f(O),..., fin—1), - (tt)) )} (cf. Lemma 6.6 of [Schneider I]).

The problem 'Given a difference ring (C,p), G <grp C* such that sconstg (C, p)\{0} <grp C*, 1 €

N and f € G™, compute a Z-basis for M(f, C).", is called Parameterized Multiplicative Telescoping
Problem (PMT).

Note that, given a € A, A = ord(a) and G <gp A" such that a € G and sconstg (A, 0)\{0} <grp A",

MT can be reduced to PMT. Indeed, to solve PMT for (A, ¢), G, 1 and (a) yields to find a Z-basis B of
M((a), A) of rank nongreater than 1, so Lemma 5.3.1 can be applied: if B is empty, then o(g) # a™

for all g € A\{0} and m € Z\{0}; otherwise B has rank 1, so m-Z =z.poq M((a), A), for some m € N,

and hence m = min({r € N* | 3 g € A\{0} such that o(g) = a" - g}).
From now on, whenever const(A, o) is a field, given a nonempty set W of A, u € A\{0}, n € N,

feAn and K = const(A, 0),{(c1,..,cn, g) EK*"xW|o(g)—u-g=3 " (ci- f{i—1))} will be denoted
by V(u,f, £, (W, 0)).

Lemma 5.3.3. Assume that const(A, o) is a field, and let K = const(A, o), G <arp A", M € INT,
f € A" and u € G. Then A is a K-vector space and, for all W <vect, A, if sconstg (A, 0)\{0} <grp
A*, then V(u,f,(W,0)) <vecty K™ x W and dimg(V(w,f,(W,0))) < n+1 (cf. Lemma 2.17 of
[Schneider 1J).

The problem "Given a difference ring (C, p) such that const(C, p) is a field, G <grp C* such that
sconstg (C, p)\{0} <grp C*, 1w € G, n € N, f € G™ and K = const(C, p), compute a K-basis for
V(u,f,(C,p)).", is called Parameterized First Order Linear Difference Equations Problem (PFLDE).

Note that, under the assumption that const(A, o) is a field, and given K = const(A, o), G <crp A"
such that sconstg (A, 0)\{0} <grp A", M € IN* and f € G, PT can be reduced to PFLDE. Indeed, solving
PFLDE for (A, 0), G, 1, n, f and K, immediately yields to solve PT.

5.4 SOME RESOLUTIONS OF PMT AND PFLDE

As it has been evidenced in the previous section, solving PMT and PFLDE is a key to solve the rest

of the problems. Therefore, this section will focus on sketching some ways of solving PMT and PFLDE.

5.4.1  For difference rings

First of all, two observations are precised, viz.:
¢ About the resolution of PMT: given G <grp A™ and a G-simple nested ring ITL*-extension (A, 5)

of (A,0), if sconstg(A, 0)\{0} <gmp A* and G := Gé, then sconstg (A, 5)\{0} <grp A* (recall
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Proposition 5.2.25) and, if in addition PMT is solvable for (A, o) and G, then PMT is solvable for
(A, &) and G,
About the resolution of PFLDE: given G <grp A" and a nested ring RTTZ*-extension (A, &) of
(A, 0), if~sconstG (A, 0)\{0} <grp A*, then the following conditions hold:
o if (A, &) is a G-simple nested ring X*-extension of (A, o) and PFLDE is solvable for (A, o)
and G, then PFLDE is solvable for (A, &) and G ﬁ,
o if (A, 5) is a G-simple nested ring TT-extension of (A, o) and PMT and PFLDE are solvable
for (A, o) and G, then PFLDE is solvable for (A, &) and GQ,
o if (A, &) is a ring R-extension of (A, o) with respect to an indeterminate t over A, @ eG
and PFLDE is solvable for (A, o) and G, then PFLDE is solvable for (A, &) and GQ (but note
that ord(t) needs to be known beforehand, either as input or by solving O for G)

(cf. Theorem 6.1, Theorem 7.1 and Proposition 7.9 of [Schneider IJ).

If there exist G <grp A™ such that sconstg (A, 0)\{0} <grp A*, a difference ring (A,6), u,v,we N

such

that u < v <w and ty, ..., t,, indeterminates over A such that the following conditions hold:
A = A(to)...(tw),

A(to)...(ti) is a ring TT-extension of A(to)...(ti_1), for alli € {0, ..., uJ},

forallie{u+1,..,v}, A(tp)...(ti) is a ring R-extension of A(tp).. (tl 1> and ZlH) ¢ A,
A(to)...(ti) is a ring X*-extension of A(tp)...(ti_1), foralli e {v+1,..,w},

(A, 6)is G- -simple,

then, calling G = G f}, the following conditions hold:

1.
2.

if PMT is solvable for (A, o) and G, then it is solvable for (A, &) and G,
if O is solvable for G and PMT and PFLDE are solvable for (A, o) and G, then PFLDE is solvable
for (A, &) and G.

Indeed:

1.

5.4.2

If PMT is solvable for (A, o) and G, then, by the observation about the resolution of PMT from
the beginning of this subsection, sconst (A(to)...(tw))\{0} <grp A(to)-.-(tu)™ and PMT is solvable
for A(tg)...(ty) and G, so applying iteratively Lemma 5.3.2 and Proposition 5.2.20, it can be
proven that sconst (A(to)..-(tv))\{0} <grp A(to)--(tv)* and PMT is solvable for Altp)...(ty) and
G. Consequently, again by the observation, PMT is solvable for (A, &) and G.

. If PFLDE is solvable for (A, o) and G, then, by iterative application of the observation about the

resolution of PFLDE from the beginning of this subsection and Proposition 5.2.25,
sconst G2l (Alto)-(tu))\{0} <grp A(to)..-(tu)* and PFLDE is solvable for A(to)...(t,,) and

G A< > <t“> , s0 applying iteratively the fact that O is solvable for G, the observation and Propo-
sition 5.2.20, sconstg (A(to)...(tv))\{0} <grp A(to)...(tv)™ and PFLDE is solvable for A(to)...(ty)

and GNtO> () - Consequently, by iterative application of the observation and Proposition 5.2.25,
PFLDE is solvable for (A, &) and G.

For difference fields

mma 5.4.1. Let (A, &) be a nested ring RITZ*-extension of (A, o), (A,6) a nested ring RITZ*-

Le
I extension of (A, &) and G <grp A*. Then (GA)2 = GAa.

Proof
Let 7,5 € N such that A = A(tg)...(t;) and A = A(to)...(tr1s11)-
A A<t0> At ) A o) (trps 1)
Then (GR)} = (G Attty =
M ;“;;fp | [geGMtO) AV H T, s+, I eZA

{g-t

[(Ato)...(tr) ) (tr41)...(t;) is a ring Z*-extension of (A(tp)...(t > (trp1).(tizg)y = my =01}

{g-t5"

et [ [gEG AVAE(D, s+ 1), Iy €Z

[A(tp)...(t;) is a ring Z*-extension of A(tp)..(ti 1) = my = Om} =
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5.4 SOME RESOLUTIONS OF PMT AND PFLDE \
Alto).(tres+1) A
G — GA. 0

Lemma 5.4.2. Let (E, ¥) be a nested ring R-extension of (F,t) and G = (F*)E. Then sconstg (E, ©)\{0}
<Grp E* (cf. Corollary 4.3 of [Schneider I]).

Given (E, ©) an F*-simple nested ring RITZ*-extension of (F, 1), if O is solvable for const(F, T)*, then
the following conditions hold:
1. O is solvable for (F*)E,
2. if (F,7) is strong constant-stable and PMT is solvable for (F,t) and F*, then PMT is solvable for
(E, %) and (F*)E,
3. if (F,7) is strong constant-stable, PMT is solvable for (F,T) and F* and PFLDE is solvable for
(F, %) and F*, for all k € N, then PFLDE is solvable for (E,%) and (F*)E.

Indeed, since {u € F | u is a root of unity} C const(F, T) and const(F, 1) is a field, it can be proven
that there exists a difference ring (A, %), u,v,w € N such that u < v < w and ty, ..., t,, indeterminates
over F such that the following conditions hold:

o A =TF(tg)...(tw), A

o there exists a CRing-isomorphism ¢ from E to A,

o [T(a)=b & t(d(a)) =d(b)], forall a,b € E,

e forallie{0,..,u}, F(tp)...(t;) is a ring TT-extension of F(ty)...(ti_1) and f(:ﬂ =uj-ty® ..t

for some zy, ..., zi—1 € IN and u; € F such that u; is a root of unity, '

o forallie {u+1,..,v}, Ftp)...(t;) is a ring R-extension of F(to)...(ti_1) and %tl‘) =ug-tg® ..

tfi_’]‘ , for some zo, ...,zi_1 € Z and u; € F such that u; is a root of unity,

o forallie {v+1,..,w}, F(to)...(t;) is a ring Z*-extension of F(tp)...(t;—1) and

t(ti) —ti € F(to).(ti—1),

o forallie{u+1,.., wland f € (F*)E N (F(to)...(ti)\F{to)...(tw)), ord(f)

e (E, 7) is a G-simple nested ring TTZ*-extension of (A, 1), being G = (F*)

e (A, %) isan F*-simple nested ring R-extension of (F, 1)

(cf. Lemma 4.10 of [Schneider IJ).

Zi—1
i-17

0,

3 ||

7

1. Let f € (F*)E<t°>'"<t“>. If f € F(to)...(tj)\F(to)...(tu), for some j € {u+1,...,w}, then necessarily
ord(f) = 0; and otherwise u - tgl" e t;ns{1 =f, for some u € F*, s € {0, ...,u} and mg, ... mg_7 € N,

so in this case ord(f) can be computed (c?. Corollary 5.6.(5) of [Schneider I]).

2. Since O is solvable for const(F,T)*, then PMT can be solved for (A, %) and G (cf. Proof 6.15 of
[Schneider I]). In particular, applying Lemma 5.4.2, sconstg (A, £)\{0} <Grp A*, so, by the observation
about the resolution of PMT from the beginning of the previous subsection, PMT is solvable for (E,T)
and GE\. And, applying Lemma 5.4.1, GE:\ = (F*)E. Therefore, PMT is solvable for (E, ) and (F*)E.

3. Let H = (F*)E. If (F, ) is strong constant-stable and (E, %) is a simple ring RITZ*-extension
of (F,o), then it can be proven that, for all i € {u+1,..,v}, per(t;) and ord(t;) are computable,
and per(t;) > 0 (cf. Corollary 5.6.(3) and Corollary 5.6.(4) of [Schneider I]); and therefore also that
sconstp (E, T)\{0} <grp E* (cf. Theorem 2.24 of [Schneider I]). Thus PFLDE admits (E, %) and H. Since
F* is closed under T, sconstg«(F, t')\{0} = F*, for all | € N*. In addition, Lemma 5.4.2 yields that
sconsty (A, ©)\{0} <Grp A*, soin particular sconstp- (A, 2)\{0} <Grp A* and hence it can be proven that
PFLDE is solvable for (A, %) and G (cf. Proposition 7.12 of [Schneider I]). Since PMT is solvable for
(F,7) and F* and PFLDE is solvable for (F,t) and F*, for all k € N, by 2. PMT is solvable for (E, t)
and H. So applying iteratively the observation about the resolution from PFLDE from the beginning of
the previous subsection, PFLDE is solvable for (E, ) and G%. Finally, applying Lemma 5.4.1, G E\ =H
Therefore, PFLDE is solvable for (E, %) and H.

For example, given an indeterminate k over Q(1), To € Autgield (Q(1)(k)) such that T0|Q(L) =idg(y)
and 1o (k) = k+ 1, an indeterminate x over Q(t)(k) such thatx* =1, % € Autcring (Q(1)(k)[x]) such that

Tlo() (k) = To and E(x) = t-x, an indeterminate t over Q(t)(k)[x] and t € Autcring (Q(1)(K)[X] [t, )
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such that ,ﬂQ(L)(k)[X} = T and ’f(t

= x-k-t, one may try to solve T for (Q(t)(k)[x] [t, 1],%) and,
for example, i%5. Does g € Q(L

7t

(k)x] [t, 1] such that t(g) = =5 - g exist? Solving PFLDE for
QUMK [t 1],2), @SN x5 0 and Q() (note that
1

) 2
2 e Qi gcrp QUK [t,1]%), one can find the Q(v)-basis (0, (), (1,0)
of V (k;JrX]’ (0), (Q(L)(k) [x] [t l] )) (cf. Example 7.6 of [Schneider I]); which means that, considering
g="=> (Stxz] ,t(9) = % - 9. Itis easy to verify that the solution is correct: the equality =% - = (]L:txz) =
t X'(Etxz)) is equivalent to ?iﬁf;fﬁt) = T(X)FQE]L:)F.EE—((':)))ZJ’ ie. to ?ﬁﬁt)ﬁzt) = ‘(’]‘{i‘#x_k)i), ie. to
x4 = 1, which holds.

Note that:

e To(k) = k+ 1 induces the difference equation s(n + 1) = s(n) 4+ 1, whose solution is n + ¢, being
¢ € Q(1). So k can be interpreted as the solution n.

e T(x) = - x induces the difference equation s(n+ 1) = t- s(n), whose solution is c - T, being
¢ € Q(1). So x can be interpreted as the solution (™

o T(t) = x-k-t induces the difference equation s(n+ 1) = " -n-s(n), whose solution is ¢ -
eXP(W)F(n) = cC- ( ) ( _] I = ¢ H . ;1:.']([]) = C- H . belng

¢ € Q(1). So t can be interpreted as ]_[ TG 0).

Therefore, solving the previous question was actually found that the sequence given by
(0 ( n")

n- TS G- V)

is a solution of the linear difference Q(t)-equation given by y(n+1) + n‘—:] -y(n) =0.

Hypergeometric closed forms
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Hypergeometric term
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O, 58
Operator, 12
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Linear recurrence —, 13
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Order of a —, 13
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Shift —, 12
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per, 51
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Multiplicative —, 58
Parameterized —, 58

Hypergeometric closed forms

Parameterized Multiplicative —, 59
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Rising factorial, 45

Semiconstant, 52
Sequence
- having hypergeometric closed form, 18
C-recursive —, 18
Constant —, 15
d’Alembertian —, 17
Geometric —, 19
Holonomic -, 18
Hypergeometric —, 16
Gosper-summable —, 31
P-recursive —, 18
Polynomial -, 15
Rational —, 16
Series
Hypergeometric —, 45
Similarity, 24
Solution space
- of a linear difference equation, 13
— of an homogeneous linear difference equa-
tion, 13

T, 57

Ufer, 53
Urel, 53

Ure.p, 53

WZ certificate, 41
WZ mate, 41

WZ method, 42
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