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Music AND Mathematics?

Robert Schumann (1810 – 1856)
,,Aveu“ from Carnaval op. 9
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“Mathematics and Music, they are so close to each other!”

“Is that really so?”
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A prominent visitor to the Dean of the Fakultät für Mathematik of
the University of Vienna:

“I hear that you are chairing a department of pianists!“
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Why are there so many mathematicians who also have a
strong affinity for music, and why are there so many
musicians who also have a strong affinity for mathematics?
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How do we imagine the typical mathematician?

Gustav
Mahler

Dmitry
Shostakovich

Arnold
Schönberg
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How do we imagine the typical musician?

Andrew
Wiles

Grigori
Perelman
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Music . . . −→ art form

Mathematics . . . −→ science
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Why are there so many mathematicians who also have a
strong affinity for music, and why are there so many
musicians who also have a strong affinity for mathematics?
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Both Mathematics AND Music

are food for the soul AND the brain.
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Soul in music

Good cheer!

Scott Joplin (1867/1868? – 1917)
Maple Leaf Rag (beginning)
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Soul in music

Good cheer!

Scott Joplin (1867/1868? – 1917)
Maple Leaf Rag (beginning)
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Soul in music

Bad mood!

Robert Schumann (1810 – 1856)
Pantalon et Colombine (beginning) from Carnaval op. 9
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Soul in music

Bad mood!

Robert Schumann (1810 – 1856)
Pantalon et Colombine (beginning) from Carnaval op. 9
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Soul in music

heartbreakingly sad

Franz Schubert (1797 – 1828)
Andantino (beginning) from the Sonata in A major, D 959
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Soul in music

heartbreakingly sad

Franz Schubert (1797 – 1828)
Andantino (beginning) from the Sonata in A major, D 959
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Soul in music

transcendently joyful

Franz Schubert (1797 – 1828)
Impromptu A flat major, D 899, Nr. 4 (end)
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Soul in music

transcendently joyful

Franz Schubert (1797 – 1828)
Impromptu A flat major, D 899, Nr. 4 (end)
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Soul in music

Elegance

Frédéric Chopin (1810 – 1849)
Grande Valse Brillante in E flat major, op. 18 (beginning)
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Soul in music

Elegance

Frédéric Chopin (1810 – 1849)
Grande Valse Brillante in E flat major, op. 18 (beginning)
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Soul in music

Humour in music

Max Reger (1873 – 1916)
Humoreske D major, op. 20/1
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Soul in music

Humour in music

Max Reger (1873 – 1916)
Humoreske D major, op. 20/1
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Soul in music

Tour de force!

Franz Liszt (1811 – 1886)
Sonata b minor (excerpt)
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Tour de force!
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Sonata b minor (excerpt)

Christian Krattenthaler Music AND Mathematics?



Soul in mathematics

Theorem (Wiles, Taylor 1995)

(Fermat’s Last Theorem)

Let n be a natural number which is at least 3.
Then there are no natural numbers x , y , z such that

xn + yn = zn.
Andrew
Wiles
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Soul in mathematics
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(Fermat’s Last Theorem)

Let n be a natural number which is at least 3.
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Soul in mathematics

Excerpt from a reviewer’s report on a mathematical article:

“This is a very nice paper.”

“This is a very elegant proof!”
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Excerpt from a reviewer’s report on a mathematical article:

“This is a very nice paper.”
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Elegance

Theorem

There are infinitely many prime numbers.

Proof: Suppose that there are only finitely prime numbers, say
2, 3, 5, 7, 11, 13, . . . , 1031.
Now we consider

2 · 3 · 5 · 7 · 11 · 13 · · · · · 1031 + 1.

This (big) number can be decomposed into prime factors.
However, 2 does not divide this number, 3 also does not divide it,
nor does 5, . . . , 1031. Consequently, these were not yet all prime
numbers.
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Elegance

Theorem

There are infinitely many prime numbers.

Proof: Suppose that there are only finitely prime numbers, say
p1, p2, p3, p4, p5, p6, . . . , pn.
Now we consider

p1 · p2 · p3 · p4 · p5 · p6 · · · · · pn + 1.

This (big) number can be decomposed into prime factors.
However, p1 does not divide this number, p2 also does not divide
it, nor does p3, . . . , pn. Consequently, these were not yet all prime
numbers.
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Soul in mathematics

Humour in mathematics

Excerpt from a reviewer’s report on a mathematical article:
“This is a funny construction!”
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Excerpt from a reviewer’s report on a mathematical article:
“This is a funny construction!”

Christian Krattenthaler Music AND Mathematics?



Humour in mathematics

A partition of a number n is a representation of
this number as a sum of positive integers such
that the summands are arranged in (weakly) in-
creasing order. Srinivasa

Ramanujan
n = 1: 1
n = 2: 2, 1 + 1
n = 3: 3, 1 + 2, 1 + 1 + 1
n = 4: 4, 1 + 3, 2 + 2, 1 + 1 + 2, 1 + 1 + 1 + 1
n = 5: 5, 1 + 4, 2 + 3, 1 + 1 + 3, 1 + 2 + 2, 1 + 1 + 1 + 2,

1 + 1 + 1 + 1 + 1
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Humour in mathematics
Let p(n) denote the number of all partitions of n.

n = 1: 1
n = 2: 2, 1 + 1
n = 3: 3, 1 + 2, 1 + 1 + 1
n = 4: 4, 1 + 3, 2 + 2, 1 + 1 + 2, 1 + 1 + 1 + 1
n = 5: 5, 1 + 4, 2 + 3, 1 + 1 + 3, 1 + 2 + 2, 1 + 1 + 1 + 2,

1 + 1 + 1 + 1 + 1

p(1) = 1 p(2) = 2, p(3) = 3, p(4) = 5, p(5) = 7

p(6) = 11 p(7) = 15, p(8) = 22, p(9) = 30, p(10) = 42

p(11) = 56 p(12) = 77, p(13) = 101, p(14) = 135, p(15) = 176

p(16) = 231 p(17) = 297, p(18) = 385, p(19) = 490, p(20) = 627
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Humour in mathematics

Theorem (“Ramanujan’s most beautiful theorem” 1919)

p(5n + 4) is always divisible by 5. Srinivasa
Ramanujan
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Theorem (Euler)

1 + p(1)q + p(2)q2 + p(3)q3 + p(4)q4 + · · ·

=
1

(1− q)(1− q2)(1− q3)(1− q4) · · ·
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Ramanujan’s proof:
The product (1− q)(1− q2)(1− q3)(1− q4) · · · will be
abbreviated by (q; q)∞.

Lemma

Let ω5 = 1, ω 6= 1. Then

(q; q)∞(ωq;ωq)∞(ω2q;ω2q)∞(ω3q;ω3q)∞(ω4q;ω4q)∞

=
(q5; q5)6∞

(q25; q25)∞
.

Lemma

(q; q)∞
q(q25; q25)∞

= q−1R − 1− qR−1,

where R is a power series in q5.
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Ramanujan’s proof:

Lemma

q−5R5 − 11− q5R−5 =
(q5; q5)6∞

q5(q25; q25)6∞
.
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Ramanujan’s proof:

1 + p(1)q + p(2)q2 + p(3)q3 + p(4)q4 + p(5)q5

+ p(6)q6 + p(7)q7 + p(8)q8 + p(9)q9 + p(10)q10

+ p(11)q11 + p(12)q12 + p(13)q13 + p(14)q14 + . . .

= q4 (q25; q25)5∞
(q5; q5)6∞

· (q−4R4 + q−3R3 + 2q−2R2 + 3q−1R + 5

− 3qR−1 + 2q2R−2 − q3R−3 + q4R−4)
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Ramanujan’s proof:

1 + p(1)q + p(2)q2 + p(3)q3 +

p(4)q4

+ p(5)q5

+ p(6)q6 + p(7)q7 + p(8)q8

+ p(9)q9

+ p(10)q10

+ p(11)q11 + p(12)q12 + p(13)q13

+ p(14)q14 + . . .

= q4 (q25; q25)5∞
(q5; q5)6∞

·

(q−4R4 + q−3R3 + 2q−2R2 + 3q−1R +

5

− 3qR−1 + 2q2R−2 − q3R−3 + q4R−4)
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Ramanujan’s proof:

p(4)q4 + p(9)q9 + p(14)q14 + · · · = q4 (q25; q25)5∞
(q5; q5)6∞

× 5
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Soul in mathematics

Tour de force!
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Doron Zeilberger’s theorem on alternating sign matrices

An alternating sign matrix is a quadratic arrangement
of 0’s, 1’s, and (−1)’s such that

in each row and in each column 1’s and (−1)’s
alternate (if one ignores the 0’s) and

in each row and in each column, the first and
last entry different from 0 is a 1.

Doron
Zeilberger

Example:
0 0 1 0 0 0
0 1 −1 0 1 0
0 0 1 0 −1 1
1 0 −1 1 0 0
0 0 0 0 1 0
0 0 1 0 0 0
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Doron Zeilberger’s theorem on alternating sign matrices
An alternating sign matrix is a quadratic arrangement of 0’s, 1’s,
and (−1)’s such that

in each row and in each column 1’s and (−1)’s alternate (if
one ignores the 0’s) and
in each row and in each solumn, the first and last entry
different from 0 is a 1.

One-row alternating sign matrices: 1

Two-row alternating sign matrices:
1 0
0 1

0 1
1 0

Three-row alternating sign matrices:

1 0 0
0 1 0
0 0 1

1 0 0
0 0 1
0 1 0

0 1 0
1 0 0
0 0 1

0 1 0
0 0 1
1 0 0

0 0 1
1 0 0
0 1 0

0 0 1
0 1 0
1 0 0

0 1 0
1 −1 1
0 1 0
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Doron Zeilberger’s theorem on alternating sign matrices
One-row alternating sign matrices: 1

Two-row alternating sign matrices: 1 0
0 1

0 1
1 0

Three-row alternating sign matrices:

1 0 0
0 1 0
0 0 1

1 0 0
0 0 1
0 1 0

0 1 0
1 0 0
0 0 1

0 1 0
0 0 1
1 0 0

0 0 1
1 0 0
0 1 0

0 0 1
0 1 0
1 0 0

0 1 0
1 −1 1
0 1 0

Let A(n) denote the number of n-row alternating sign matrices.

n 1 2 3 4 5 6

A(n) 1 2 7 42 429 7436
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Conjecture (Mills, Robbins, Rumsey ∼ 1980)

A(n) =
1! · 4! · 7! · · · · · (3n − 2)!

n! · (n + 1)! · (n + 2)! · · · · · (2n − 1)!
,

where m! = m · (m − 1) · (m − 2) · · · · · 2 · 1.
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Doron Zeilberger in a talk 1991

“Extreme UGLINESS is new BEAUTY!”
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Brains in mathematics

X

Brains in music?

Christian Krattenthaler Music AND Mathematics?



Brains in mathematics X

Brains in music?

Christian Krattenthaler Music AND Mathematics?



Brains in mathematics X
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Franz Schubert (1797 – 1828) Sonata in A major, D 959

1 Allegro.

2 Andantino.

3 Scherzo. Allegro vivace.

4 Rondo. Allegretto.
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Differences between music and mathematics

Ludwig van Beethoven (1770 – 1827)
Sonata f minor, op. 57, ,,Appassionata“
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Differences between music and mathematics

Srinivasa Ramanujan (1887 – 1920)
Notebook I
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Alban Berg (1885 – 1935)
Sonata op. 1
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ascent figure thirds figure sigh motive
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Alban Berg (1885 – 1935)
Sonata op. 1

Johannes Brahms (1833 – 1897)
Intermezzo in b minor, op. 119/1
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