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The star of this talk∑
0≤k1<k2<···<kr≤m

q
∑r

i=1(2i−1)ki
∏

1≤i<j≤r
θ(qki−kj ; p)2 θ(aqki+kj ; p)2

×
r∏

i=1

θ(aq2ki ; p)(a, b, c , d , e, f , λaq2−r+m/ef , q−m; q, p)ki
θ(a; p)(q, aq/b, aq/c , aq/d , aq/e, aq/f , efqr−1−m/λ, aq1+m; q, p)ki

=
r∏

i=1

(b, c , d , ef /a; q, p)i−1
(λb/a, λc/a, λd/a, ef /λ; q, p)i−1

×
r∏

i=1

(aq; q, p)m (aq/ef ; q, p)m+1−r (λq/e, λq/f ; q, p)m−i+1

(λq; q, p)m (λq/ef ; q, p)m+1−r (aq/e, aq/f ; q, p)m−i+1

×
∑

0≤k1<k2<···<kr≤m
q
∑r

i=1(2i−1)ki
∏

1≤i<j≤r
θ(qki−kj ; p)2 θ(λqki+kj ; p)2

×
r∏

i=1

θ(λq2ki ; p) (λ, λb/a, λc/a, λd/a, e, f , λaq2−r+m/ef , q−m; q, p)ki
θ(λ; p) (q, aq/b, aq/c , aq/d , λq/e, λq/f , efqr−1−m/a, λq1+m; q, p)ki

,

where λ = a2q2−r/bcd .
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The star of this talk: notation

Given a complex number p with |p| < 1, we define

θ(x ; p) :=
∞∏
j=0

(1− pjx)(1− pj+1/x).

Note: θ(x ; 0) = 1− x .

Out of this, we build “shifted factorials”:

(a; q, p)m := θ(a; p) θ(aq; p) · · · θ(aqm−1; p),

Note: (a; q, 0)m = (1− a)(1− aq) · · · (1− aqm−1) = (a; q)m.

We also employ the short notation

(a1, a2, . . . , ak ; q, p)m = (a1; q, p)m (a2; q, p)m · · · (ak ; q, p)m.
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The star of this talk: q-case, r = 1

m∑
k=0

qk
(1− aq2k)(a, b, c , d , e, f , λaq1+m/ef , q−m; q)k

(1− a)(q, aq/b, aq/c , aq/d , aq/e, aq/f , efq−m/λ, aq1+m; q)k

=
(aq, aq/ef , λq/e, λq/f ; q)m
(λq, λq/ef , aq/e, aq/f ; q)m

×
m∑

k=0

qk
(1− λq2k) (λ, λb/a, λc/a, λd/a, e, f , λaq1+m/ef , q−m; q)k

(1− λ) (q, aq/b, aq/c , aq/d , λq/e, λq/f , efq−m/a, λq1+m; q)k
,

where λ = a2q2−r/bcd .

This is Bailey’s very-well-poised 10φ9-transformation formula!
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The star of this talk

〈big expression〉 = 〈another big expression〉

This identity was discovered conjecturally by Ole Warnaar in 2000,
and later proved independently by Rains and by Coskun and
Gustafson.
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3 applications

1 Enumeration of standard tableaux of skew shape

2 Discrete analogues of Macdonald–Mehta integrals

3 Best polynomial approximation
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The first application: Counting standard Young tableaux

(joint work with Michael Schlosser)

John Stembridge (25 May 2011):

My student Elizabeth DeWitt has found a closed

formula for the number of standard Young tableaux of

skew shape, where the outer shape is a staircase and

the inner shape a rectangle. Have you seen this

before?
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The first application: Counting standard Young tableaux

Let λ = (λ1, λ2, . . . , λn) and µ = (µ1, µ2, . . . , µn) be two n-tuples
of non-negative integers which are in non-increasing order and
satisfy λi ≥ µi for all i .
A standard Young tableau of skew shape λ/µ is an arrangement of
the numbers 1, 2, . . . ,

∑n
i=1(λi − µi ) of the form

π1,µ1+1 . . . . . . . . π1,λ1
π2,µ2+1 . . . π2,µ1+1 . . . . π2,λ2

. . . ... . . .

πn,µn+1 . . . . . . . . . . . . πn,λn

such that numbers along rows and columns are increasing.
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. . . ... . . .

πn,µn+1 . . . . . . . . . . . . πn,λn

such that numbers along rows and columns are increasing.

A standard Young tableau of shape (6, 5, 4, 3, 2, 1)/(3, 3, 0, 0, 0, 0):

2 5 13
3 9

1 4 8 12
6 11 15
7 14

10
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The first application: Counting standard Young tableaux

We shall do something more general here:

(1) We shall enumerate all standard Young tableaux of a skew
shape, where the outer shape is a (possibly incomplete) staircase
and the inner shape is a rectangle.

(2) We shall consider a q-analogue.
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The first application: Counting standard Young tableaux

Our goal: Let N, n,m, r be non-negative integers. Consider all
standard Young tableaux of shape (N,N − 1, . . . ,N − n + 1)/(mr ),
where (mr ) stands for (m,m, . . . ,m, 0, . . . , 0) with r components
m).


r


n

N︷ ︸︸ ︷

m︷ ︸︸ ︷

Compute
∑

T qmajT , where T ranges over all these standard
Young tableaux.
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The first application: Counting standard Young tableaux

Our goal: Let N, n,m, r be non-negative integers. Consider all
standard Young tableaux of shape (N,N − 1, . . . ,N − n + 1)/(mr ),
where (mr ) stands for (m,m, . . . ,m, 0, . . . , 0) with r components
m).

Compute
∑

T qmajT , where T ranges over all these standard
Young tableaux.

The major index majT of T is the sum of all i such that i + 1
appears in a lower row than i .

2 5 13
3 9

1 4 8 12
6 11 15
7 14

10

We have maj( . ) = 2 + 3 + 5 + 6 + 9 + 13 = 38.
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The first application: Counting standard Young tableaux

Folklore Formula (MacMahon, Stanley)

The generating function
∑

T qmajT , where T ranges over all
standard Young tableaux of shape λ/µ equals[ n∑

i=1

(λi − µi )
]
q

! · det
1≤i ,j≤n

(
1

[λi − i − µj + j ]q!

)
,

where [m]q! := [m]q [m − 1]q · · · [1]q with
[α]q = 1 + q + q2 + · · ·+ qα−1 = 1−qα

1−q .
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The first application: Counting standard Young tableaux

We substitute in the formula:

[(N+1
2

)
−
(N−n+1

2

)
−mr

]
q
! det
1≤i ,j≤n




1

[N + 1− 2i −m + j ]q!
j ≤ r

1

[N + 1− 2i + j ]q!
j > r

 .

We now do a Laplace expansion with respect to the first r columns:[(N+1
2

)
−
(N−n+1

2

)
−mr

]
q
!

×
∑

1≤k1<···<kr≤n
(−1)(r+1

2 )+
∑r

i=1 ki det
1≤i ,j≤r

(
1

[N + 1− 2ki −m + j ]q!

)

· det
1≤i≤n, i /∈{k1,...,kr}

r+1≤j≤n

(
1

[N + 1− 2i + j ]q!

)
.
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The first application: Counting standard Young tableaux

[(N+1
2

)
−
(N−n+1

2

)
−mr

]
q
!

×
∑

1≤k1<···<kr≤n
(−1)(r+1

2 )+
∑r

i=1 ki det
1≤i ,j≤r

(
1

[N + 1− 2ki −m + j ]q!

)

· det
1≤i≤n, i /∈{k1,...,kr}

r+1≤j≤n

(
1

[N + 1− 2i + j ]q!

)
.

Both determinants can be evaluated by means of

det
1≤i ,j≤s

(
1

[Xi + j ]q!

)
= q2(

s+1
3 )+

∑s
i=1(i−1)Xi

s∏
i=1

1

[Xi + s]q!

∏
1≤i<j≤s

[Xi − Xj ]q,
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The first application: Counting standard Young tableaux

After a lot of simplification, one arrives at

(−1)(r
2)(1+q)(n2)−(n−1)r (1−q)−r(r−1)

× q2(
r+1
3 )+2(n−r+1

3 )+(N+1−m)(r
2)+(N+1+r)(n−r

2 )−4(n+1
3 )+2r(n+1

2 )−2r2

×
[(N+1

2

)
−
(N−n+1

2

)
−mr

]
q
!

×
n∏

i=1

[i − 1]q2!

[N + n + 1− 2i ]q!

r∏
i=1

[N + n − 1]q!

[n − 1]q2! [N −m + r − 1]q!

×
∑

0≤k1<···<kr≤n−1
q−2

∑r
i=1(2i−1)ki

∏
1≤i<j≤r

(1− q−2(ki−kj ))2

·
r∏

i=1

(
qN−m+r−1; q−2

)
ki

(
qN−m+r−2; q−2

)
ki

(q2n−2; q−2)ki

(qN+n−1; q−2)ki (qN+n−2; q−2)ki (q−2; q−2)ki
,

where [2α]q!! = [2α]q [2α− 2]q · · · [2]q, and, by convention,
kr+1 = n + 1.
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The first application: Counting standard Young tableaux

In the elliptic transformation formula of
Warnaar–Rains–Coskun/Gustafson, we let p = 0, d → aq/d ,
f → aq/f , and then a→ 0. Next we perform the substitutions
b → qb, c → qc , etc.
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The first application: Counting standard Young tableaux

Corollary

For all non-negative integers m, r and s, we have∑
0≤k1<k2<···<kr≤m

q
∑r

i=1(2i−1)ki
∏

1≤i<j≤r

(1− qki−kj )2

·
r∏

i=1

(dqki ; q)s (b; q)ki (q−m; q)ki
(q; q)ki (f ; q)ki

=
q(r+s

3 )+(r+1
3 )+s(r

2)−m(r+s
2 )

f (r
2) (q; q)s−1

r+s−1

r∏
i=1

(b; q)i−1 (bqs+r+i−m−1/f ; q)m−r+1

(qi−m/f ; q)m−i+1

×
r+s−1∏
i=1

(q; q)i−1 (q; q)m
(q; q)m−i

r+s−1∏
i=r

(dq1−r/b; q)i
(q; q)r+s−i−1 (d ; q)i−r (fq1−r−s/b; q)i

×
∑

0≤`1<`2<···<`s≤r+s−1

q
∑s

i=1(2i−1)`i
∏

1≤i<j≤s

(1− q`i−`j )2

·
s∏

i=1

(d ; q)`i (fq1−r−s/b; q)`i (q1−r−s ; q)`i
(q; q)`i (dq1−r/b; q)`i (q−m; q)`i

.
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·
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(d ; q)`i (fq1−r−s/b; q)`i (q1−r−s ; q)`i
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The first application: Counting standard Young tableaux

Theorem

If N − n is even, the generating function
∑

T qmaj(T ) for standard
Young tableaux T of shape (N,N − 1, . . . ,N − n + 1)/(mr ) equals

(−1)((N−n)/2
2 )+ 1

2 r(N−n)(1 + q)(n
2)−((N−n)/2

2 )−mr (1− q)−((N−n)/2
2 )−r(N−n)

× q
1
2mr(r+m−2n)+ 1

2 r(N−n)( 1
2 (N−3n)−m+1)+(n+1

3 )+(N−n)((n
2)+((N−n)/2

2 ))

×

[(
N+1
2

)
−
(
N−n+1

2

)
−mr

]
q
![

r + N−n−2
2

]
q2 !(N−n)/2

[
N+n−2

2

]
q2 !(N−n)/2

∏(N+n)/2
i=1 [i − 1]q2 !∏n

i=1[N − n + 2i − 1]q!

×
r∏

i=1

[
N−n
2 + i − 1

]
q2 ! [n + m − r + 2i − 1]q!

(
qn+m−r+2i ; q2

)
(N−n)/2

[m + i − 1]q2 ! [N −m − r + 2i − 1]q!

to be continued . . .
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The first application: Counting standard Young tableaux

×
∑

0≤`1<`2<···<`(N−n)/2≤r+ N−n−2
2

q
∑(N−n)/2

i=1 (N+n−2(2i−1))li
∏

1≤i<j≤ N−n
2

[`j−`i ]2q2

·

N−n
2∏

i=1

([
N−n−2

2 + r
`i

]
q2

(
q2−N−n; q2

)
`i

(
qn+m−r−2i+1; q2

)
r+i−`i−1

·
(
qN−m−r−2i+2; q2

)
r+i−`i−1(

qN+m−r−2i+2; q2
)
r+i−`i−1

)
,

and there is a similar statement if N − n is odd.
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The first application: Counting standard Young tableaux

In the case of a full staircase (i.e., n = N), the formula reduces to
DeWitt’s original result.

Corollary

The generating function
∑

T qmaj(T ) for standard Young tableaux
T of shape (n, n − 1, . . . , 1)/(mr ) equals

q
1
2
mr(r+m−2n)+(n+1

3 )(1 + q)(n2)−mr
[(n+1

2

)
−mr

]
q
!

×
n∏

i=1

[i − 1]q2!

[2i − 1]q!

r∏
i=1

[
i − 1

]
q2

! [n + m − r + 2i − 1]q!

[m + i − 1]q2! [n −m − r + 2i − 1]q!
.
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The first application: Counting standard Young tableaux

The “next” case (N = n + 1):

Corollary

The generating function
∑

T qmaj(T ) for standard Young tableaux
T of shape (n + 1, n, . . . , 2)/(mr ) equals

(1 + q)(n2)−(m−1)rq
1
2
mr(r+m−2n+2)+r(1−n−m)+(n+1

3 )+(n2)

×
[(n+2

2

)
−mr − 1

]
q
!

n∏
i=1

[i − 1]q2!

[2i ]q!

×
r∏

i=1

[
i − 1

]
q2

! [n + m − r + 2i − 1]q!

[m + i − 1]q2! [n −m − r + 2i ]q!

×
r∑
`=0

(−1)rq2nl1

(1− q2)r

[
r
`

]
q2

·
(
q−2n; q2

)
`

(
qn+m−r ; q2

)
r−`
(
qn−m−r+1; q2

)
r−`(

qn+m−r+1; q2
)
r−`

.
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The first application: Counting standard Young tableaux

In general:
The generating function for standard Young tableaux of shape
(N,N − 1, . . . ,N − n)/(mr ) equals an d(N − n)/2e-fold
hypergeometric sum.
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The first application: Counting standard Young tableaux

John Stembridge:

I think her approach is much simpler;

but I don’t think it would extend to the ‘‘next

case’’ you mention.
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The second application: Discrete M–M-integrals

(joint work with Richard Brent and Ole Warnaar)

Ole Warnaar (15 May 2015):

Together with Richard Brent, I have recently been

looking at sums of the form∑
k1,...,kr∈Z

∣∣∣∣ ∏
1≤i<j≤r

(kαi − kαj )

∣∣∣∣γ r∏
i=1

|ki |δ
(

2n

n + ki

)
,

which we call "discrete Mehta-type integrals".

At least, for α, γ ∈ {1, 2} and small δ, we believe that

these sums can be evaluated in closed form.
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The second application: Discrete M–M-integrals

The Mehta integral

(2π)−r/2
∫
Rr

∣∣∣∣ ∏
1≤i<j≤r

(ti − tj)

∣∣∣∣γ r∏
i=1

e−t
2
i /2 dt1 · · · dtr

=
r∏

i=1

Γ(1 + iγ/2)

Γ(1 + γ/2)
.

“Discrete Mehta integrals”

∑
k1,...,kr∈Z

∣∣∣∣ ∏
1≤i<j≤r

(ki − kj )

∣∣∣∣γ r∏
i=1

(
2n

n + ki

)
=??
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(2π)−r/2
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i=1

e−t
2
i /2 dt1 · · · dtr

=
r∏

i=1

Γ(1 + iγ/2)

Γ(1 + γ/2)
.

“Discrete analogues of Macdonald–Mehta integrals”

∑
k1,...,kr∈Z

∣∣∣∣ ∏
1≤i<j≤r

(kαi − kαj )

∣∣∣∣γ r∏
i=1

|ki |δ
(

2n
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)
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The second application: Discrete M–M-integrals

Ole Warnaar:

Needless to tell you that the case α = 1, γ = 2, δ = 0
follows from specialising a rectangular Schur

functions in two sets of variables.

Indeed,

∑
k1,...,kr∈Z

∏
1≤i<j≤r

(ki − kj)
2

r∏
i=1

(
2n

n + ki

)(
2m

m + ki

)

=
r∏

i=1

(
m + n

i − 1

)2( 2n

i − 1

)(
2m

i − 1

)
(2m + 2n − i − r + 2)! (i − 1)!5

can be proved in various ways, one of which is by the use of Schur
functions (and a q-analogue as well), as I pointed out in a paper
15 years ago.
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The second application: Discrete M–M-integrals

Indeed,
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)(
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m + ki

)
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r∏

i=1

(
m + n

i − 1

)2( 2n

i − 1

)(
2m

i − 1

)
(2m + 2n − i − r + 2)! (i − 1)!5.

But, say,

∑
k1,...,kr∈Z

∏
1≤i<j≤r

(k2i − k2j )2
r∏

i=1

k2i

(
2n

n + ki

)(
2m

m + ki

)
=??

And what about a q-analogue?
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The second application: Discrete M–M-integrals

Our discrete analogue of Macdonald–Mehta integrals:

∑
k1,...,kr∈Z

∣∣∣∣ ∏
1≤i<j≤r

(kαi − kαj )

∣∣∣∣γ r∏
i=1

|ki |δ
(

2n

n + ki

)
.

We found (and proved) closed form evaluations in the following
cases:

α γ δ G

1 1 0 Ar−1
1 2 0, 1 Ar−1, –
2 1 0, 1, 2 Dr , Br , –
2 2 0, 1, 2, 3 Dr , –, Br , –

We also (eventually) found q-analogues in most cases.
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The second application: Discrete M–M-integrals
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The second application: Discrete M–M-integrals

I shall concentrate in this talk on the discrete analogues of
Macdonald–Mehta integrals

∑
k1,...,kr∈Z

∣∣∣∣ ∏
1≤i<j≤r

(kαi − kαj )

∣∣∣∣γ r∏
i=1

|ki |δ
(

2n

n + ki

)
.

with γ = 2.
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The second application: Discrete M–M-integrals

How to approach:

Theorem

For all non-negative integers or half-integers m and n and a
positive integer r , we have

n∑
k1,...,kr=−n

∏
1≤i<j≤r

(k2j − k2i )2
r∏

i=1

k2i

(
2n

n + ki

)(
2m

m + ki

)

= r ! 2(m+n+1)r−3(r+1
2 )

r∏
i=1

(2n)!

(2n − 2i + 1)!

(2m)!

(2m − 2i + 1)!

· (2i − 1)! (2m + 2n − 2i − 2r + 1)!!

(m + n − i + 1)!
.

Christian Krattenthaler A transformation formula for elliptic hypergeometric series



The second application: Discrete M–M-integrals

How to evaluate∑
k1,...,kr∈Z

∏
1≤i<j≤r

(k2i − k2j )2
r∏

i=1

k2i

(
2n

n + ki

)(
2m

m + ki

)
=??

The above sum is equivalent to

2r r !
∑

0≤k1<···<kr

∏
1≤i<j≤r

(k2i − k2j )2
r∏

i=1

k2i

(
2n

n + ki

)(
2m

m + ki

)
=??

How can one generate

∏
1≤i<j≤r

(k2i − k2j )2
r∏

i=1

k2i ?
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The second application: Discrete M–M-integrals

How to evaluate∑
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The second application: Discrete M–M-integrals

How can one generate

∏
1≤i<j≤r

(k2i − k2j )
r∏

i=1

ki =
∏

1≤i<j≤r
(ki − kj)(ki + kj)

r∏
i=1

ki ?

Our first idea: By non-intersecting lattice paths!
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The second application: Discrete M–M-integrals

We shall be concerned with paths in the integer lattice consisting
of up-steps (1, 1) and down-steps (1,−1).

A family of paths is called non-intersecting if no two paths in the
family meet in a lattice point.
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The second application: Discrete M–M-integrals

Theorem (Karlin–McGregor, Lindström, Gessel–Viennot, Fisher,
John–Sachs, Gronau–Just–Schade–Scheffler–Wojciechowski)

Let G be an acyclic, directed graph, and let A1,A2, . . . ,Ar and
E1,E2, . . . ,Er be vertices in the graph with the property that, for
i < j and k < l , any (directed) path from Ai to El intersects with
any path from Aj to Ek . Then the number of families
(P1,P2, . . . ,Pr ) of non-intersecting (directed) paths, where the
i-th path Pi runs from Ai to Ei , i = 1, 2, . . . , r , is given by

det
1≤i ,j≤r

(|P(Aj → Ei )|),

where P(A→ E ) denotes the set of paths from A to E.
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The second application: Discrete M–M-integrals

Let Ai = (0, 2i − 1) and Ei = (n, ki − 1), i = 1, 2, . . . , r , with
ki ≡ n (mod 2). Here, the non-intersecting lattice paths that we
consider have the the additional property that paths never run
below the x-axis.
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The second application: Discrete M–M-integrals

Let Ai = (0, 2i − 1) and Ei = (n, ki − 1), i = 1, 2, . . . , r , with
ki ≡ n (mod 2). Here, the non-intersecting lattice paths that we
consider have the the additional property that paths never run
below the x-axis.

By the K-McG,L,G-V,F,J-S,G-J-S-S-W theorem on
non-intersecting lattice paths, the number of families of these
non-intersecting lattice paths is again given by a determinant. The
individual entries are obtained by the reflection principle:

det
1≤i ,j≤r

((
n

j + 1
2(n − ki )

)
−
(

n

−j + 1 + 1
2(n − ki )

))
.
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The second application: Discrete M–M-integrals

This determinant

det
1≤i ,j≤r

((
n

j + 1
2(n − ki )

)
−
(

n

−j + 1 + 1
2(n − ki )

))
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The second application: Discrete M–M-integrals

This determinant can be evaluated:

det
1≤i ,j≤r

((
n

j + 1
2(n − ki )

)
−
(

n

−j + 1 + 1
2(n − ki )

))
=

∏
1≤i<j≤r

(12(kj − ki ))(12(kj + ki − 2))

×
r∏

i=1

(ki − 1) (n + 2i − 2)!

(12(n − ki ) + r)! (12(n + ki ) + r − 1)!
.

(ADC1, Theorem 30; dimension formula for irreducible
representations of Sp2n(C) in disguise)
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The second application: Discrete M–M-integrals

This determinant can be evaluated:

det
1≤i ,j≤r

((
n

j + 1
2(n − ki )

)
−
(

n

−j + 1 + 1
2(n − ki )

))
=

∏
1≤i<j≤r

(12(kj − ki ))(12(kj + ki − 2))

×
r∏

i=1

(ki − 1) (n + 2i − 2)!

(12(n − ki ) + r)! (12(n + ki ) + r − 1)!
.

(ADC1, Theorem 30; dimension formula for irreducible
representations of Sp2n(C) in disguise)

One can “smell” the type B Vandermonde product: one only needs
to replace ki by 2ki + 1 (which you need to take if n is odd).
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The second application: Discrete M–M-integrals

Here is the one-picture proof of

∑
0≤k1<···<kr

∏
1≤i<j≤r

(k2i − k2j )2
r∏

i=1

k2i

(
2n

n + ki

)(
2m

m + ki

)

= 2(m+n)r−3(r+1
2 )

r∏
i=1

(2n)!

(2n − 2i + 1)!

(2m)!

(2m − 2i + 1)!

· (2i − 1)! (2m + 2n − 2i − 2r + 1)!!

(m + n − i + 1)!
.
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The second application: Discrete M–M-integrals

• • • • • • • • • • • • • • •
• • • • • • • • • • • • • • •
• • • • • • • • • • • • • • •
• • • • • • • • • • • • • • •
• • • • • • • • • • • • • • •
• • • • • • • • • • • • • • •
• • • • • • • • • • • • • • •
• • • • • • • • • • • • • • •
• • • • • • • • • • • • • • •
• • • • • • • • • • • • • • •
• • • • • • • • • • • • • • •
• • • • • • • • • • • • • • •
• • • • • • • • • • • • • • •
• • • • • • • • • • • • • • •
• • • • • • • • • • • • • • •
• • • • • • • • • • • • • • •

��@@��@@
@@��

��@@
@@��@@��

��@@

��
��@@

@@��@@��@@
@@��

��@@��@@

��
��
��@@��@@

@@
@@��

��@@
@@��@@

��
��
��
��
��@@��@@

@@
@@
@@��@@

@@

•
•
•
•

•
•
•
•

A1

A2

A3

A4

E1

E2

E3

E4

︸ ︷︷ ︸
2n+2m

Christian Krattenthaler A transformation formula for elliptic hypergeometric series



The second application: Discrete M–M-integrals
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The second application: Discrete M–M-integrals

This did prove that identity, but we did not manage to “tweak”
this approach to produce a q-analogue.
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The second application: Discrete M–M-integrals

Hence:

Our second idea: brute force! Here applied to:

Theorem

For all non-negative integers m and n and a positive integer r , we
have

n∑
k1,...,kr=−n

∏
1≤i<j≤r

(ki − kj)
2

r∏
i=1

|ki |
(

2n

n + ki

)(
2m

m + ki

)

= r !

dr/2e∏
i=1

(
Γ2(i) Γ(2n + 1)

Γ(n − i + 2) Γ(n − i + 1)

· Γ(2m + 1) Γ(m + n − i − dr/2e+ 2)

Γ(m − i + 2) Γ(m − i + 1) Γ(m + n − i + 2)

)

×
br/2c∏
i=1

Γ(i) Γ(i + 1) Γ(2n + 1) Γ(2m + 1) Γ(m + n − i − br/2c+ 1)

Γ2(n − i + 1) Γ2(m − i + 1) Γ(m + n − i + 2)
.
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The second application: Discrete M–M-integrals

How to evaluate

n∑
k1,...,kr=−n

∏
1≤i<j≤r

(ki − kj)
2

r∏
i=1

|ki |
(

2n

n + ki

)(
2m

m + ki

)
?

Write∏
1≤i<j≤r

(ki − kj)

= det
1≤i ,j≤r

(
1 ki (n2−k2i ) ki (n

2−k2i ) (n2−k2i )
(
(n−1)2−k2i

)
. . .
)
,
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The second application: Discrete M–M-integrals
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The second application: Discrete M–M-integrals

In other words, ∏
1≤i<j≤r

(ki − kj) = ± detM(N),

where M(N) =
(
Mi ,j(N)

)
1≤i ,j≤r is the r × r matrix defined by

Mi ,j(N) = (−1)2b(j−1)/2ck
χ(j even)
i (−N−ki )b(j−1)/2c (−N+ki )b(j−1)/2c,

Here, χ(A) = 1 if A is true and χ(A) = 0 otherwise, and the
Pochhammer symbol (α)m is defined by
(α)m := α(α + 1) · · · (α + m − 1) for m ≥ 1, and (α)0 := 1.
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The second application: Discrete M–M-integrals

So, ∏
1≤i<j≤r

(ki − kj)
2 = detM(n) · detM(m).

Thus, our sum becomes

∑
σ,τ∈Sr

sgnστ
r∏

i=1

( ∞∑
ki=−∞

(
|ki | k

χ(σ(i) even)+χ(τ(i) even)
i

× (2n)!

(n + ki − b(σ(i)− 1)/2c)! (n − ki − b(σ(i)− 1)/2c)!

× (2m)!

(m + ki − b(τ(i)− 1)/2c)! (m − ki − b(τ(i)− 1)/2c)!

))
.

The point here is that the inner sum is a single sum, which can be
evaluated.
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The second application: Discrete M–M-integrals

The point here is that the inner sum is a single sum, which can be
evaluated.

Case 1. σ(i) and τ(i) are both odd. The sum can be evaluated
by means of the hypergeometric summation formula (“Dixon’s
summation”)

3F2

[
a, b,−N

1 + a− b, 1 + a + N
; 1

]
=

(1 + a)N (1 + a
2 − b)N

(1 + a
2)N (1 + a− b)N

,

where N is a non-negative integer.

Case 2. σ(i) and τ(i) have different parity. In this case, the sum
vanishes for trivial reasons.

Case 3. σ(i) and τ(i) are both even. Here, Dixon’s summation
applies again after the application of a contiguous relation.
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vanishes for trivial reasons.

Case 3. σ(i) and τ(i) are both even. Here, Dixon’s summation
applies again after the application of a contiguous relation.
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The second application: Discrete M–M-integrals

After substituting all this, and also simplifying the sum over the
two summations over σ and τ , one obtains the determinant of a
checkerboard matrix

r ! det
1≤i ,j≤r

(Ai ,j),

with

Ak,l =


1

(m+n−K−L) ·
(2n)!

(n−K)! (n−K−1)! ·
(2m)!

(m−L)! (m−L−1)! , if k, l odd,

1
(m+n−K−L−1)(m+n−K−L) ·

(2n)!
(n−K−1)!2 ·

(2m)!
(m−L−1)!2 , if k, l even,

0, otherwise,

where K = b(k − 1)/2c and L = b(l − 1)/2c.
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The second application: Discrete M–M-integrals

Rows and columns of a checkerboard matrix can be reordered
simultaneously, so that it becomes a block matrix, and therefore its
determinant factors into the product of two determinants:

det
1≤i ,j≤r

(Ai ,j) = det
1≤i ,j≤dr/2e

(A2i−1,2j−1) · det
1≤i ,j≤br/2c

(A2i ,2j).

Aside from some factors, the first determinant is

det
1≤i ,j≤dr/2e

(
1

m + n − i − j + 2

)
,

while the second is

det
1≤i ,j≤br/2c

(
1

(m + n − i − j + 1)(m + n − i − j + 2)

)
.

Both are easy to evaluate.
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The second application: Discrete M–M-integrals

This gives the claimed theorem:

Theorem

For all non-negative integers m and n and a positive integer r , we
have

n∑
k1,...,kr=−n

∏
1≤i<j≤r

(ki − kj)
2

r∏
i=1

|ki |
(

2n

n + ki

)(
2m

m + ki

)

= r !

dr/2e∏
i=1

(
Γ2(i) Γ(2n + 1)

Γ(n − i + 2) Γ(n − i + 1)

· Γ(2m + 1) Γ(m + n − i − dr/2e+ 2)

Γ(m − i + 2) Γ(m − i + 1) Γ(m + n − i + 2)

)

×
br/2c∏
i=1

Γ(i) Γ(i + 1) Γ(2n + 1) Γ(2m + 1) Γ(m + n − i − br/2c+ 1)

Γ2(n − i + 1) Γ2(m − i + 1) Γ(m + n − i + 2)
.
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The second application: Discrete M–M-integrals

The method also works in the previous case, and in further cases.

Alas, we failed another time to “put q in”.
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The second application: Discrete M–M-integrals

Let us go back to, say,

∑
k1,...,kr∈Z

∏
1≤i<j≤r

(k2i − k2j )2
r∏

i=1

k2i

(
2n

n + ki

)(
2m

m + ki

)
=??

How would a q-analogue look like? Wouldn’t it contain∑
k1,...,kr∈Z

∏
1≤i<j≤r

(1− qki−kj )2(1− qki+kj )2 × stuff ?

Christian Krattenthaler A transformation formula for elliptic hypergeometric series



The second application: Discrete M–M-integrals

Let us go back to, say,

∑
k1,...,kr∈Z

∏
1≤i<j≤r

(k2i − k2j )2
r∏

i=1

k2i

(
2n

n + ki

)(
2m

m + ki

)
=??

How would a q-analogue look like? Wouldn’t it contain∑
k1,...,kr∈Z

∏
1≤i<j≤r

(1− qki−kj )2(1− qki+kj )2 × stuff ?

Christian Krattenthaler A transformation formula for elliptic hypergeometric series



The second application: Discrete M–M-integrals

How did our gigantic transformation formula (with p = 0) look
like?

∑
0≤k1<k2<···<kr≤m

q
∑r

i=1(2i−1)ki
∏

1≤i<j≤r
(1− qki−kj )2 (1− aqki+kj )2

×
r∏

i=1

(1− aq2ki )(a, b, c , d , e, f , λaq2−r+m/ef , q−m; q)ki
(1− a)(q, aq/b, aq/c , aq/d , aq/e, aq/f , efqr−1−m/λ, aq1+m; q)ki

=
r∏

i=1

(b, c , d , ef /a; q)i−1
(λb/a, λc/a, λd/a, ef /λ; q)i−1

×
r∏

i=1

(aq; q)m (aq/ef ; q)m+1−r (λq/e, λq/f ; q)m−i+1

(λq; q)m (λq/ef ; q)m+1−r (aq/e, aq/f ; q)m−i+1

×
∑

0≤k1<k2<···<kr≤m
q
∑r

i=1(2i−1)ki
∏

1≤i<j≤r
(1− qki−kj )2 (1− λqki+kj )2

×
r∏

i=1

(1− λq2ki ) (λ, λb/a, λc/a, λd/a, e, f , λaq2−r+m/ef , q−m; q)ki
(1− λ) (q, aq/b, aq/c , aq/d , λq/e, λq/f , efqr−1−m/a, λq1+m; q)ki

,

where λ = a2q2−r/bcd .
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The second application: Discrete M–M-integrals

So,

if one chooses a = q2, d = q1−n, e = q1−m, and f = q2 in this
transformation formula and one gets:

Theorem

For all non-negative integers m and n and a positive integer r , we
have

n∑
k1,...,kr=−n

∏
1≤i<j≤r

[kj − ki ]
2
q [ki + kj ]

2
q

·
r∏

i=1

qk
2
i −2iki

∣∣[ki ]q2 [ki ]
2
q

∣∣[ 2n

n + ki

]
q

[
2m

m + ki

]
q

= r !
( 2

[2]q

)r
q−2(

r+1
3 )−(r+1

2 )
r∏

i=1

(
Γq(2n + 1)

Γ2
q(n − i + 1)

· Γq(2m + 1)

Γ2
q(m − i + 1)

× Γq(i) Γq(i + 1) Γq(m + n − i − r + 1)

Γq(m + n − i + 2)

)
.
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The second application: Discrete M–M-integrals

However: we still don’t know a q-analogue of:

Theorem

For all non-negative integers m and n and a positive integer r , we
have

n∑
k1,...,kr=−n

∏
1≤i<j≤r

(ki − kj)
2

r∏
i=1

|ki |
(

2n

n + ki

)(
2m

m + ki

)

= r !

dr/2e∏
i=1

(
Γ2(i) Γ(2n + 1)

Γ(n − i + 2) Γ(n − i + 1)

· Γ(2m + 1) Γ(m + n − i − dr/2e+ 2)

Γ(m − i + 2) Γ(m − i + 1) Γ(m + n − i + 2)

)

×
br/2c∏
i=1

Γ(i) Γ(i + 1) Γ(2n + 1) Γ(2m + 1) Γ(m + n − i − br/2c+ 1)

Γ2(n − i + 1) Γ2(m − i + 1) Γ(m + n − i + 2)
.
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The third application: Best polynomial approximation

(joint work with Han Feng and Yuan Xu)

Yuan Xu (26 August 2017):

In work in approximation theory, I encountered a

certain determinant (see the attachment). On the

basis of computer experiments, I believe that this

determinant can be evaluated in closed form. Have

you seen it before?
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The third application: Best polynomial approximation

The determinant

Let

f (s1, s2, r , i , j) :=

(
r

j − i

)
(s1 + i)j−i

(s1 + s2 + i + j − 1)j−i (s1 + s2 + r + 2i)j−i
.

Form the matrix

M(r) :=

(
f (s1, s2, r , i , j) for 0 ≤ i < r

(−1)j−i−r f (s2, s1, r , i − r , j) for r ≤ i < 2r

)
0≤i ,j≤2r−1

.

Then detM(r) seems to be “nice”.
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The third application: Best polynomial approximation

The determinant

For example, the matrix M(2) is
1 2s1

(S)(S+2)
s1(s1+1)

(S+1)(S+2)2(S+3)
0

0 1 2(s1+1)
(S+2)(S+4)

(s1+1)(s1+2)
(S+3)(S+4)2(S+5)

1 − 2s2
(S)(S+2)

s2(s2+1)
(S+1)(S+2)2(S+3)

0

0 1 − 2(s2+1)
(S+2)(S+4)

(s2+1)(s2+2)
(S+3)(S+4)2(S+5)

 ,

with S = s1 + s2.
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The third application: Best polynomial approximation

A generalised determinant

Let

f (s1, s2, r , i , j) :=

(
r

j − i

)
(s1 + i)j−i

(s1 + s2 + i + j − 1)j−i (s1 + s2 + r + 2i)j−i
.

Form the matrix

M(r1, r2) :=

 f (s1, s2, r1, i , j) for 0 ≤ i < r2
(−1)j−i−r2f (s2, s1, r2, i − r2, j)

for r2 ≤ i < r1 + r2


0≤i ,j≤r1+r2−1

.

Then detM(r1, r2) seems to be “nice”.
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The third application: Best polynomial approximation

Where does this come from?

Consider the triangle

4 := {(x , y) : x ≥ 0, y ≥ 0, x + y ≤ 1}.

Define the Jacobi-type weight function

$α,β,γ(x , y) := xαyβ(1− x − y)γ , α, β, γ > −1.

Define

En(f )α,β,γ = En(f )L2($α,β,γ) := inf
p
‖f − p‖L2($α,β,γ),

where the minimum is over all polynomials in two variables of
degree at most n.
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The third application: Best polynomial approximation

The main theorem

Theorem

Let α, β, γ > −1, and let r be a positive integer. For
f ∈W r

2 ($α,β,γ), we have

En(f )α,β,γ ≤
c

nr
[
En−r (∂r1f )α+r ,β,γ+r + En−r (∂r2f )α,β+r ,γ+r

+ En−r (∂r3f )α+r ,β+r ,γ

]
for n ≥ 3r , where c is a constant independent of n and f . Here,
W r

2 ($α,β,γ) is a certain Sobolev space.
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The third application: Best polynomial approximation

Which are the main ingredients?

(1) The polynomials

Jα,β,γk,n (x , y) := (x + y)kJα,βk

(
y − x

x + y

)
J2k+α+β+1,γ
n−k (1− 2x − 2y),

0 ≤ k ≤ n,

are orthogonal for the 2-dimensional Jacobi-type weight $α,β,γ on
the triangle 4, where

Jα,βn (t) =
1

(n + α + β + 1)n
P
(α,β)
n (t),

with P
(α,β)
n the usual Jacobi polynomials.
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The third application: Best polynomial approximation

Which are the main ingredients?

(2) The following determinant evaluation:

Theorem

With f (s1, s2, r , i , j) as defined before and

M(r) :=

(
f (s1, s2, r , i , j) for 0 ≤ i < r

(−1)j−i−r f (s2, s1, r , i − r , j) for r ≤ i < 2r

)
0≤i ,j≤2r−1

.

the determinant of M(r) equals

(−1)r
r∏

j=1

1

(s1 + s2 + 2r + j − 2)r
.
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The third application: Best polynomial approximation

Let

f (s1, s2, r , i , j) :=

(
r

j − i

)
(s1 + i)j−i

(s1 + s2 + i + j − 1)j−i (s1 + s2 + r + 2i)j−i

and

M(r1, r2) :=

 f (s1, s2, r1, i , j) for 0 ≤ i < r2
(−1)j−i−r2f (s2, s1, r2, i − r2, j)

for r2 ≤ i < r1 + r2


0≤i ,j≤r1+r2−1

.

How to calculate the determinant of M(r1, r2)?

Laplace expansion again!
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The third application: Best polynomial approximation

Laplace expansion

Write M for M(r1, r2) for short.

Then

detM =
∑

0≤k0<···<kr2−1≤r1+r2−1
(−1)(r22 )+

∑r2−1
i=0 ki detM

k0,...,kr2−1

0,...,r2−1

· detM
l0,...,lr1−1

r2,...,r1+r2−1,

where Ma1,...,ar
b1,...,br

denotes the submatrix of M consisting of rows
a1, . . . , ar and columns b1, . . . , br , and {l0, . . . , lr1−1} is the
complement of {k0, . . . , kr2−1} in {0, 1, . . . , r1 + r2 − 1}.

Also here, it turns out that it is not difficult to evaluate the minors
which appear in this sum.
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The third application: Best polynomial approximation

After a lot of simplification, one arrives at

(−1)r1r2
r1+r2−1∏

i=0

(s2)i (s1 + s2 + i − 2)! (i + s1 + s2 − 1)i
(s1 + s2 + 2i − 2)! (r1 + r2 − i − 1)! (s1 + s2 + r1 + r2 + i − 2)!

×
r2−1∏
i=0

(s1 + s2 + r1 + 2i − 2)! (s1 + s2 + r1 + 2i − 1)! (r1 + i)!

(s1)i (s1 + s2 + r1 + i − 2)! (r1 + r2 − 1)! (s1 + s2)r1+r2−1

×
r1−1∏
i=0

(s1 + s2 + r2 + 2i − 2)! (s1 + s2 + r2 + 2i − 1)! (r2 + i)!

(s2)i (s1 + s2 + r2 + i − 2)!

×
∑

0≤k0<···<kr2−1≤r1+r2−1
(−1)

∑r2−1
i=0 ki

∏
0≤i<j≤r2−1

(kj−ki )2(ki+kj+s1+s2−1)2

·
r2−1∏
i=0

(s1 + s2 − 1 + 2ki )

(s1 + s2 − 1)
· (s1 + s2 − 1)ki (s1)ki (−r1 − r2 + 1)ki

ki ! (s2)ki (s1 + s2 + r1 + r2 − 1)ki
.

Now apply the p = 0, q → 1 case of the transformation formula.
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Epilogue

1 With Gaurav Bhatnagar, I have largely generalised the
previous determinant evaluation; being on the elliptic level, it
features in addition several more parameters.

2 That work suggested that it may be possible to prove the
Warnaar–Rains–Coskun/Gustafson transformation formula
using determinant manipulations. Rosengren has actually
done this recently.

3 In particular, a q-analogue of the determinant evaluation
exists. Is there a q-analogue of the best approximation result?

4 Is there a q-analogue of this one discrete Macdonald–Mehta
integral?
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