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PROBLEMS IN MULTIOBJECTIVE
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In this work we study the duality for a general multiobjective optimization problem.
Considering, first, a scalar problem, different duals using the conjugacy approach are
presented. Starting from these scalar duals, we introduce six different multiobjective
dual problems to the primal one, one depending on certain vector parameters. The
existence of weak and, under certain conditions, of strong duality between the primal
and the dual problems is shown.

Afterwards, some inclusion results for the image sets of the multiobjective dual
problems (Dy), (D,) and (Dpr) are derived. Moreover, we verify that the efficiency
sets within the image sets of these problems coincide, but the image sets themselves do
not.
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1 Introduction

This paper represents the first part of a study concerning duality for general mul-
tiobjective optimization problems with cone inequality constraints. Our intention
is to construct, by means of scalarization, several multiobjective dual problems
to a primal one and to relate these new duality concepts to each other and, more
than that, to some well-known duality concepts from the literature (cf. [1], [2],
3], [4], [5], [6], [7])-

In the past, Isermann made in [8] a similar analysis, but for the duality in
linear multiobjective optimization. He related the duality concept introduced by
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himself in [9] to the concepts introduced by Gale, Kuhn and Tucker in [10] and
by Kornbluth in [11].

In this first part we associate to a primal multiobjective optimization problem
a scalar one. Then we introduce three scalar dual problems to it, constructed by
means of the conjugacy approach (cf. [12]). Starting from them, we formulate six
different multiobjective duals and prove the existence of weak and, under certain
conditions, of strong duality. Between these six duals one can recognize the dual
presented by Jahn in [1], here in the finite-dimensional case, and a generalization
of the dual introduced by Wanka and Bot in [13].

Finally, we derive for the problems (D;), (D,) and (Dpp) some relations
between the image sets and between their maximal elements sets, respectively.

A complete analysis of all the duals introduced here, which also includes a
comparison with the duals of Nakayama, Wolfe and Weir-Mond (cf. [3], [6], [7]),
is made in the second part of this study.

The primal optimization problem with cone inequality constraints which we
consider is the following one

(P> V;glj‘nf(m)a

A= { R : g(x) = (ga(a). .. ,gk<x>>T§o},
K
where f(z) = (fi(2),..., fm(z))T and f; : R — R = RU {00}, i = 1,...,m,
are proper functions, g; : R* — R, j = 1,..,k, and K C R¥ is assumed to be
a convex closed cone with intK # (), defining a partial ordering according to

x2§$1 if and only lf.ilfl — I € K.
K
The ”v-min” term means that we ask for Pareto-efficient solutions to the

problem (P).

DEFINITION 1.1 An element T € A is said to be Pareto-efficient with re-
spect to (P) if from f(z) < f(z) for x € A follows f(z) = f(z).
R

Here the cone R is defined by R7” = {y = (Y1, .., Ym)" 1 y; > 0,4 =1,...,m}.
Another type of solutions which appear in the paper are the properly efficient
solutions (cf. [14]).

DEFINITION 1.2 An element € A is said to be properly efficient with
respect to (P) if it is Pareto-efficient and if there exists a number M > 0 such
that for each i and x € A satisfying f;(x) < f;(Z), there exists at least one j such

that f;(z) < f;(x) and
1@ - 5@ _

fi(z) = fi(®)



Let us now introduce three quite general assumptions which will play an im-
portant role in this study

(Ay) | the functions f;, i = 1,...,m, are convex and () ri(domf;) # 0,
i=1

(A,) | the function g is convex relative to the cone K, i.e. Vry, a9 €
R™ VA € [0,1], A\g(z1) + (1 = N)g(x2) — g( A1 + (1 — N)a) € K,

(Aco) ’ there exists 2’ € [ ri(domf;) such that g(z') € —intK.
i=1
Within this work we will mention if we are in the general case or if (Ay), (4,)
and/or (Acg) are assumed to be fulfilled.

2 The scalar optimization problem and its duals

Let be A = (A1, ..., )7 afixed vector in intR' and consider the scalar problem
(Py) inf Z Aifil)

In order to study the duality for the multiobjective problem (P) we introduce,
first, the duality for (P)), applying the so-called conjugacy approach (cf. [12]).
This approach allows us to construct different dual problems to (Py).

The scalar dual problems we consider here are obtained by using the same
method as in [13], [15] and [16]

¢>0 TER™
K*

(D7) sup inf [Z/\ fi(z) + ¢ g(x )]

(D” sup {— Z Aifi(pi) = X <— Z )\ipi> } 5

piER™i=1,...m

and
(D)) sup {—ZU (ps) = ( ZW»
pi€R™ i=1,...;m, i—1
q20
K*
Here

(z) = 0, ifz e A,
XANT) = +oo, ifx ¢ A,



denotes the indicator function of the set A. On the other hand, for a function

f:R* — R, we denote by f*:R" — R, f*(p) = sup{p’z — f(z)} its conjugate
TER™
function. K* = {q € R*: ¢"x > 0,Vx € K} is the dual cone of K.

THEOREM 2.1 Let us assume that the infimal value of (Py), inf(Py), is
finite and that the assumptions (Ay), (Ay) and (Acg) are fulfilled. Then the dual
problems (D?), (Dy) and (D3;) have solutions and strong duality holds

inf(Py) = max(D}) = max(D73) = max(Dp,).

A proof of Theorem 2.1 has been given in [15] and, even under some weaker
assumptions, in [16]. Let us observe that (D7) is the well-known Lagrange dual
problem to (Py).

For later investigations we also need the optimality conditions regarding to
the scalar problem (Py) and its dual (D7, ). The following theorem gives us these
conditions (cf. [13]).

THEOREM 2.2

(a) Let (Ay), (Ay) and (Acg) be fulfilled and let T be a solution to (Py). Then

there exists (p,q),p = (P1,---,Pm) € R" x ... x R", ¢ 2 0, that is solution
K*
to (Dp;) such that the following optimality conditions are satisfied

(1) fr(po)+ fi(@) =plz, i=1,..,m,
(i1) ¢ g(x)=0,

m m T
(iti) (q'g)* <— '21/\@) = (21 )\i@-) T. (2. 1)
(b) Let T be admissible to (Py\) and (p,q) be admissible to (Dy;), satisfying

(i), (ii) and (iii).

Then T is a solution to (Py), (P, q) is a solution to (Dy;) and strong duality

holds
Z Aifi(T) = — Z Nfi () — (G g)" (— Z )\Z@) .

=1

3 The multiobjective dual (D;) and the family
of multiobjective duals (D,), « € F

The first multiobjective dual problem to (P) which we introduce here is



(D1)  v-max h'(p,q, A1),

(p,g:\t)EB1

hi(p,q, A\ t)

hl(p7Q7 )‘7t> = ,
h/)l’n(p7 q7 >\7t)

with
. . 1 « .
h]l'<p7Q7)‘>t> = _fj (p]) - (ng) T m Z)\sz + tj,] = 1, sy,

DA i=1
i=1

the dual variables
p=(p1,....pm) ER" x ... x R", ¢ € R,

A= A)T ER™ = (ty, ... ty) T €R™,

and the set of constraints
Bl:{(]))(I:/\at)/\ElntRT; q_O Z)\t—O}

The dual (D) is a vector maximum problem for which we consider also Pareto
- efficient solutions, but in the sense of maximum.

Next, we present the weak and strong duality theorems for the multiobjective
problems (P) and (D).

THEOREM 3.1 (weak duality for (D1)) There is noz € A and no (p,q, \,t) €
By fulfilling h'(p,q, \,t) = f(x) and h'(p,q, A, t) # f(x).

RT
Proof We assume that there exist © € A and (p,q,\,t) € B; such that

fil) < hi(p,q, A\ 1),Vi € {1,...,m} and f;(x) < hj(p,q, A ), for at least one
j €{1,...,m}. This means that we have

Z Aifi(z) < Z Nihi(p, g, A\ t). (3. 1)

On the other hand, by using the inequalities of Young (cf. [12]),

_f (pl)<fz( ) LU 1= 1 e, M,



and

T
. 1
—(q"g) _i—/\Z)\jpj <q'g(x) i (Z /\ﬂ%> T,
g =1

j=1

we have that

> Nblp g A1) = —ZAf pi) =Y Aild"g)* _LZ)‘jpj
i=1 i=1 Z)\ j=1

m m T
C Y S ) (Zm) o(a)
=1 =1

_ (Z /\ipz‘) T+ (Z /\ipi> T < Z)‘ifi(@

The inequality obtained above, Y A\;hl(p,q, A\, t) < >° N fi(x), contradicts re-
i=1
lation (3. 1).

=1

O
THEOREM 3.2 (strong duality for (D1)) Assume that (Ayf), (Ay) and (Acq)
are fulfilled. If T is a properly efficient solution to (P), then there exists an
efficient solution (p,q,

3 ,t) € By to the dual (D) and strong duality f(Z)
h*(p, q, A, t) holds.

_ Proof 1f 7 is properly efficient to the problem (P), then there exists a vector
A= (A1, Am)T € intRY (cf. [14]) such that Z solves the scalar problem

P ;ginz

But, Theorem 2.2 assures the existence of a solution (p, ¢) to the scalar dual
(D7) such that the optimality conditions (i), (#i) and (4ii) are satisfied
Considering

i=1
and



it holds >° \it; = 0 (cf. (2. 1)), so (p,q, A, 1) is feasible to (D), i.e. (p,q,\,t) €
i=1

B,. Moreover, from Theorem 2.2 (i), it follows that fi(7) = h(p,q, A\ 1), for
i =1,...,m. The maximality of (p, g, \,t) is given by Theorem 3.1. Il

In the second part of the section we introduce a family of dual multiobjective
problems to (P). Therefore, let us consider the following family of functions,

a(A) = (a1 (N), ..., am(M)T,  such that

F = a:mtRY — R - Sodiai(A) =1, VA= (A1, o, A)T € indRY
i=1

For each av € F we consider the following dual problem

D, -max  h%(p,q, \, 1),
( )(pyw)ggga (p, G, A\ 1)

hi(p, G, A\ t)
h*(p, G, A\, t) = : ,
ho (P, G, A5 1)
with

=1

the dual variables

p=(p1, ,Pm) ER" X .. xR" G=(q1, ... gm) € R* x ... x R¥,

A=A, )T ER™ E = (ty,...,t,)" €R™,

and the set of constraints

Ba:{(p,q,)\t) A € intRY, Z)\qz_() Z)\t_o}

Let us show now the existence of weak and strong duality between the primal
problem and the problems just introduced.

THEOREM 3.3 (weak duality for (D,),a € F) For each o € F there is no
x € A and no (p,q,\,t) € B, fulfilling h*(p, 4, \,t) = f(x) and h*(p, G, A\, t) #
Ry

f(z).



Proof Let be a € F, fixed. We assume that there exist € A and (p, ¢, A\, t) €
B, such that fi(z) < hi(p,q,\t),Vi € {1,...,m} and f;(z) < h$(p,q, A, t), for
at least one j € {1,...,m}. This means that

ZAzfz(x) < Z)\Zh?(pv qa/\7t> (3 2)

Applying again the Young’s inequalities, it results

Z )\JL?(])’ 67 >‘7 t) = - Z )‘Zfz* (pl) - Z (qz <_al Z A]pj>
i=1 =1

=1

VAN
1M

[y

== R

But the inequality > \h%(p, G, A\ t) < > A fi(x) contradicts relation (3. 2), so
i=1 i=1
theorem’s assertion holds. U

THEOREM 3.4 (strong duality for (D,),a € F) Let be a € F and assume
that (Ay), (Ay) and (Acq) are fulfilled. If T is a properly efficient solution to
(P), then there exists an efficient solution (p, G, \,t) € B, to the dual (D,) and
strong duality f(Z) = h*(p,q, A\, T) holds.

Proof 1If 7 is properly efficient to the problem (P), then there exists a vector
A= (A1, Am)T € intR™ (cf. [14]) such that Z solves the scalar problem

(F5) xlfeli ; Aifi(x)

Like in the proof of Theorem 3.2, we notice that Theorem 2.2 assures the
existence of a solution (p, §) to (D7) such that the optimality conditions (i), (i)
and (7i7) are satisfied.

Considering

Pi=p,G =a(NjER" i=1,.. m,

and

ti=prz+ (7 9) (—az Z ) eRi=1,...m

8



3

it holds >° \i@; = G = 0 and
i=1 K* i

G = (qQ,sGn), 18 feasible to (D,). Moreover, from Theorem 2.2 (i), it follows
that f;(z) = h¥(p, G, \, t), for i = 1,...,m. The maximality of (p, G, \, ) is given
by Theorem 3.3. O

Ait; = 0 (cf. (2. 1)). This means that (p, g, A, t),
1

Remark 3.1
(a) The set B, does not depend on the function o € F.

T m
(b) For a : intR? — RT, a()) = (ﬁ ﬁ) .\ € intR7, it holds 3\,
i i=1
a;(A) = 1, which implies that a € F. The dual problem (D,) obtained for
this choice of the function « is actually the multiobjective dual problem

introduced by Wanka and Bot, in [13].

4 The multiobjective dual problems (Dgy), (Dp),
(DL) and (Dp)

In this section we continue to introduce other multiobjective dual problems to the
primal (P). Therefore we use the expressions which appear in the formulation of
the scalar dual problems presented in section 2. For all the multiobjective duals
we prove the existence of weak and strong duality between them and the primal
problem. Let us begin with the following problem

(DFL) v-max hFL<p7QJ )‘7y)7
(g \Y)EBFL

AL (p,q,\,y) n
R (p, g, A\ y) = : = : 1,
hEE(p, g, N, y) Ym

with
h]FL(pv q7Aay) = y];] = 1, e, m,
the dual variables
p=(1,....,pm) ER" x .. x R" q € R,
A= ()\17"'7>\m)T ERm,y: (y17"-7ym)T eRm7

and the set of constraints

Brr = {(p,q, M\, y) : A=A, AT €intRT, ¢ 20,
K*

iAz’yi < - i Aiff (i) — (d"g)* (— iAipi) }

=1

9



THEOREM 4.1 (weak duality for (Dgr)) There is nox € A and no (p,q, \,y)
€ Bpy, fulfilling K" (p, g, \,y) = f(x) and K™ (p,q,\,y) # f(2).

]R+
Proof We assume that there exist x € A and (p,q,\,y) € Bprr such that
filz) <wy;,Vie{l,...,m} and f;(x) < y;, for at least one j € {1,...,m}. This

means that . .
ZAifi(x) < Z)\i%- (4. 1)
i=1 i=1

On the other hand, the inequality of Young for f;,i = 1,...,m, gives us

> i < —ZAf pi) < ZM%)
=1

T
< Z Aifi(z) — (Z )\ipi> r+q gz <Z )\2p1> x
i=1 i=1
< ) Nifilz)
i=1
But the inequality >~ Ajy; < Y- A fi(x) contradicts relation (4. 1). O
i=1 i=1

THEOREM 4.2 (strong duality for (Dpr)) Assume that (Af), (A4,) and
(Acq) are fulfilled. If T is a properly efficient solution to (P), then there ex-
ists an efficient solution (p,q, \,y) € Bpr to the dual (Dgr) and strong duality

f(®) = hFE(p, g, N\, y) =y holds.

Proof 1If 7 is properly efficient to the problem (P), then there exists a vector
A= (A1, An) T € intR™ (cf. [14]) such that Z solves the scalar problem

P B3R

By the strong duality Theorem 2.1 it results the existence of a solution (p, §)
o (D7) such that

Z Nifi(®@) = inf(Py) = max(Dyy) = — > A f7 (p) — (a7 9)° (— Z X-@) :

Taking y; = fi(7), for i = 1,...,m, we have that (p, 7, \J) € Brr and
f(z) = W2 (p,q,\,y) = ¥. The maxunahty of (p,q, \,7) comes from Theorem
4.1. [

10



Following the same scheme, using the form of the objective functions of the
scalar duals (D7) and (D7), we can formulate two other dual multiobjective duals
to (P)a

(Dr) v-max h"(p,\,y),

(p,\y)EBF
A (p, A y) yi
A (p, N\, y) = : = : |,
hf;(p, )‘7 y) Ym

with
th<p7 Auy> = yj7j = 17 ey 1T,
the dual variables
p=(p1, ., Pm) ER"X.XxR* X=(A,...,A\)T €R™ y = (y1,...,ym)" €R™,
and the set of constraints

Br={pA\y) 0= (P1sPm)s A=A, A)T € intRT,

A
E&yzé ZAf Pi) — X ( f) zpz)

=1

and
D -max h¥(q,\,v),
Do) G, oA
hi(q. A\ y) v
hh (g, N\ y) = : =1 : |,
hﬁ@(%)‘vy) Ym
with

hjL(qv )"y) = y]aj = 17 ey m

the dual variables
q € RkvA = (>\1a"'7)\m)T S Rm7y - (yla"'7ym)T € Rma
and the set of constraints

Br={(g.\y) :XA=A1,..., \n)" €imntRY, ¢ 20,
K*

v < inf | M) + a"g(a) )

z€R™ |, 5

11



Next, we show that also for these two dual problems weak and strong duality
hold.

THEOREM 4.3 (weak duality for (Dg)) There is no x € A and no (p, \,y)
€ Br fulfilling h* (p, \,y) = f(x) and h¥ (p, \,y) # f(z).
R
Proof We assume that there exist x € A and (p, A\, y) € Bp such that f;(z) <
vi, Vi € {1,...,m} and f;(x) < y;, for at least one j € {1,...,m}. Using all
these inequalities yields

Z)\ifi(x) < Z)\iyi- (4. 2)
i=1 i=1
But
D < =) NS ) — Xa (— > M%)
i=1 =1
T
< Z Aifi(w (Z m) 7+ xa(z (Z m) x
i=1
and the inequality i iy < i Aifi(z) contradicts relation (4. 2). O

i=1 i=1
THEOREM 4.4 (weak duality for (D)) There is no x € A and no (g, \,y)

€ By fulfilling h*(q, X, y) Rzm f(x) and h*(q, \,y) # f(x).

Proof We assume that there exist z € A and (¢, A, y) € By such that f;(z) <
yi, Vi € {1,...,m} and f;(z) < y;, for at least one j € {1,...,m}. This gives us

that . .
Z/\ifi(x) < Z)‘iyi- (4. 3)
=1 =1

Again,
;)\iyi < xieann [Z)‘fz +q"g(x )]
ZAfz +q"g(x)

Z)\ifi(w)

12
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which contradicts the inequality from (4. 3). O

THEOREM 4.5 (strong duality for (Dp)) Assume that (Ay), (A,) and (Acq)
are fulfilled. If T is a properly efficient solution to (P), then there exists an
efficient solution (p,\,y) € Bp to the dual (Dp) and strong duality f(z) =
hE(p,\, ) = holds.

Proof 1f 7 is properly efficient to the problem (P), then there exists a vector
A= (A1, Am)T € intRT (cf. [14]) such that Z solves the scalar problem

By the strong duality theorem 2.1, it results the existence of a solution p =
(P1, - Pm) to (D7) such that

Z = inf(Py) = max(D}) = — > Nif7 (5i) — Xa (- > )\ipi) .
i=1 =1 =1

By taking y; := fi(z), for i = 1,...,m, we have that (p, \Y) € Br and
f(@) = W (p,\,y) = y. By Theorem 4.3 it follows that the element (p, \,y) is
maximal for (Dp). O

THEOREM 4.6 (strong duality for (D)) Assume that (Ay), (4,) and (Acq)
are fulfilled. If T is a properly efficient solution to (P), then there exists an
efficient solution (q,\,y) € By to the dual (Dy) and strong duality f(z) =
hE(q, N\, 9) = 5 holds.

_ Proof If 7 is properly efficient to the problem (P), then there exists a vector
A= (A1, ..., Ap)? € intRY (cf. [14]) such that Z solves the scalar problem

P A

By the strong duality theorem 2.1, it results the existence of a solution § = 0
K*

to the dual (D}) such that

Z — inf(P5) = max(D}) = mleann [Z z)+q gl )]

By taking ¢; := fi(Z), for i = 1,...,m, we have that (g, \,7) € B and
f(z) = h*(g, \,y) = §. By Theorem 4 4 it follows that the element (g, \,%) is

13



maximal in (Dp). O

Remark 4.1 The dual problem (Dp) represents the transcription in finite-
dimensional spaces of the multiobjective dual introduced by Jahn in [1] and [2].

For the last multiobjective problem which we present here we use exclusively
the scalarized problem (Py). So, let this dual be

(Dp) v-max hp()\,y),

()"y)EBP

hf()\> y) U1
h(\y) = : =1 : |,

hh (X y) Yum

with

the dual variables
A= ()‘17'--7>‘m)T € Rmay = (yla"'vym)T € Rm?

and the set of constraints

. oy T . m .

Between the primal problem (P) and the dual (Dp) weak and strong duality
hold. We omit the proofs of the following two theorems because of their simplicity.

THEOREM 4.7 (weak duality for (Dp)) There is no z € A and no (\,y) €
Bp fulfilling h"(N,y) = f(x) and h"(A\,y) # f(z).
RT
THEOREM 4.8 (strong duality for (Dp)) Assume that (Af) and (A,) are
fulfilled. If T is a properly efficient solution to (P), then there exists an efficient
solution (\,§) € Bp to the dual (Dp) and strong duality f(Z) = hF'(\,j) = ¥
holds.

Remark 4.2 Let us notice that, in order to have strong duality between (P)
and (Dp), we do not need the assumption (Acg) to be fulfilled. Only (Af) and
(A,) are here necessary, assuring the convexity of the problem (P). This permits
us to characterize the properly efficient solutions of (P) via scalarization (cf.
[14]).

14



5 The relations between the duals (D), (D,),
a e F,and (Dpp)

Now, we investigate the existence of some relations of inclusion between the three
dual problems (D), (D,), « € F, and (Dpp).

For the beginning, let us notice that to find the Pareto-efficient solutions of a
multiobjective dual problem means actually to determine the maximal elements
of the image set of its objective function over the set of constraints. This is the
reason why, in order to compare the duals (D;), (D,), a € F, and (D), we
analyze the relations between the corresponding image sets. Therefore, let be
Dy := h'(By), Dy := h*(B,),a € F, and Dpy, := hE(Bpg). It is obvious that

DiCRx..xR,D,CRx..xR,a€eF,and Dp;, CR™.
N’ N’

m m

PROPOSITION 5.1 For each o € F it holds Dy C D,,.

Proof Let be a € F fixed and d = (dy, ...,d,,)” an element in D;. Then there
exists (p, q, A\, t) € By such that

j=—1iw) = (@) | —m— D A |+t =1,m
DA i=t
=1

Let us define now p; := p;, \j == \;, §j = a;(A) (Z )\i) q, for j=1,....m
i=1
and G := (q1, ..., Gm)- It holds

and, for j =1,....m

m

d Api |- (5. 1)

(‘jj *<_O‘J Zmzj‘p>:< S\ijj\> qg _ml
=1 =1 Z ; =1

First, let us consider the case when (¢q7¢)* | — 5\ = +oo. This

||M3

ix
means that d; = —00,Vj = 1,...,m. By taking ¢; := t2 7f0r j=1,...,m, we have
that (p,q, \,t) € B, and d = (—o00, ..., —00)T = h%(p, ¢, A\, t) € h*(B,) = D,.

15



From (5. 1), we have Z Nt = Z it; = 0, which implies that (p, ¢, A\, t) € Ba.

Moreover, for j =1,...,m,

dy = —f1(p;) — (@) 9)° <—Oéj(5\) ZX-@) + 1.
i=1
Therefore, d = h%(p, G, A, t) € h*(B,) = D, meaning Dy C D,,. O
Example 5.1 Let be a € F fixed, m = 2,;n = 1,k = 1 and K = R,.
Considering f17f2 R — IR7 fl('r) = f2(x) = ZL‘2, g: R — R) g(l‘) = 1'2 - 17
A= (2,)", ¢ = (q1,4) = (1,-1), t = (1,—2)T, we have that A\jq; + Aago = 1
and A\it; + Aota = 0. For p = (0,0), it holds f{(p1) = f5(p2) = 0 and

d = (—(q19)*(0) + t1, —(q29)*(0) + t2)" = (0, —00)" = h*(p, 4, A, t) € D,.

But, let us notice that d ¢ D;. It means that the inclusion D; C D, may be
strict. We denote this by Dy C D, a € F.

Ezxample 5.2 Let be again o € F fixed, but m =2,n = 1,k = 2 and K = R2.
Considering now fi, fo : R = R, fi(z) = fo(z) =0, 91,92 : R = R,

|1, if x <0,
nlw) = e ®, if x>0,

(z) = e’, ifx <0,
PE) =11, ifx>o0,

~ T
p= <070)7 q1 = (17_1)7(]2 = (_171)7 q= (qhQQ)v A= (17 1) and ¢ = (% _%) )

we have A\1q; + Aogo = (0,0)7 € K*, Mty + Moty = 0 and f7(0) = f5(0) =
This means that

1 3\* . ¥ T o/ ~
d= (—5,—§> =(—(g1 9)"(0) +t1, —(g2 9)°(0) + ta)  =h%(p, 4, A\, t) € DaNR®.
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Let us show now that d ¢ D;. If this were not true, then there would exist a
tuple (p, q, \,t) € By such that

-1 —fi(p) — (@ g) (—%) +1

|
roles

—f5(P2) — (7" 9)" (_%) 47,

It follows that f;(p1), f5(P2) € R, but, in order to happen this, we must have
pr=p2 =0, f{(p1) = f3(p2) = 0 and, because of ¢ € (R?)* = {0}, (¢"9)* (0) = 0.
So,

1 £
3 £
and, from here, - ~
<< A1+ 32
Aty + Aoty = —% < 0. (5 2)

Obviously, relation (5. 2) contradicts Mt + Aots = 0 and this means that
d=(—3,-2)" ¢ DyNR% In conclusion, D; NR™ C D, NR™, i.e. the inclusion
may be strict.

PROPOSITION 5.2 For each o« € F it holds D, NR™ C Dpy,.
Proof Let be a € F fixed and d = (dy, ..., d,,)" an element in D, NR™. Then

there exists (p, G, A\,t) € B, such that d = h*(p, ¢, A, t). From here, by using the
inequalities of Young for ¢f g, j = 1, ...,m, we have

m m

S Nd; = ZA (p, G\ t) = ZAf p;)
- sz%(q] ( ZAJ’@) +;Ajtj
- ;Ajf;-*(pj) + (é quj>Tg($)
+ (2 Aj@j(A)> (i )\ipi)Ta: =— i&f;‘(pj)

Jj=1

+ <z’”‘: )\jpj> x4+ (Z )\qu> ), Vo € R".
j=1

VAN
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We have then
N - m T m T
Z)\jdj < _ Z)\jf;(pj) + zieann (Z M%) T+ ( E >\ij) g9()
j=1 j=1 i=1 =1
- E A S (p)) (Z Aﬂj) g <_Z Aipi)
i=1

m
and this means that (p, > \;g;, A, d) € Bpr. In conclusion,
j=1

d = h""(p, Z Aigj, A, d) € hH(Brr) = Dpp.
j=1

U

Ezxample 5.3 Let be a € F fixed, m = 2,n = 1,k =1 and K = R. Con-
Sidering flaf? R — R? fl(x) = fQ(x) = 07 g: R — Rv g('r) = .1;2, b= (070)7
¢q=0e€ K*={0}, \=(1,1)" and d = (—1,—1)T, we have

Ardy + Aody = =2 <0 = _)‘lff(p1> - /\2f§(P2) - (qg)*<_/\1p1 - )\2]92)7

which implies that (p,q, A\, d) € Brp and d = (—=1,—1)T € Dpp.
Let us show now that d ¢ D,. If this were not true, then there would exist
(5,4 Art) € Bas 4 = (@1, G2) such that

-1 — [ (1) = (@9)" (—aa(N)(Mapr + Aopa)) +

-1 —f5(D2) — (329)" (—2(N)(Mip1 + Aopa)) + to

Again, f5(p2), f3(p2) € R, but, in order to happen this, we must have p; =
po =0 and f5(p2) = f5(p2) = 0. In this case, we obtain

-1 —(719)* (0) + &4

-1 —(329)" (0) + 1

From the last relation, it follows —(g;9)* (0) = inﬂg(qle) € R and —(g29)* (0)
xe
= inf (qng) € R, which hold just if ¢; > 0 and ¢ > 0. On the other hand, we

have that MG+ oo € K* = {O} whence q; = ¢ = 0.
So ti =ty = —1 and Mt; + Aots = —A; — A2 < 0, which is a contradiction to
(P, G, A\, t) € B,. Our assumption that d € D, proves to be false. In conclusion,
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D,NR™ C Dpp, ie. the inclusion may be strict.

By the propositions 5.1, 5.2 and the examples 5.1-5.3, we have, for each a € F,
DiNnR™"C D, NR™ C Dpy. (5. 3)

In the last part of this section, let us prove that, even the sets Dy, D,,a € F,
and Dpy may be different (cf. (5. 3)), they have the same maximal elements.
In order to do this, we consider their corresponding sets of maximal elements
vmax Dy, vmaxD,, a € F, and vmaxDpr, respectively. All these sets are subsets
of R™.

We are now able to prove the main results of the first part of this study.

THEOREM 5.3 It holds vmax D, = vmaxDrr,.

Proof

"vmaxD, C vmaxDpr”. Let be d € vmaxD;. It means that d € D;NR™ and,
from (5. 3), we have d € Dpy. Then there exists an element (p,q,\,y) € Bpr
such that y = hfE(p,q, \,y) = d.

Let us assume now that d ¢ vmaxDpy. By the definition of the maxi-
mal elements, it follows that there exists (p,q, \,d) € Bpr such that d € d —
(RT\{O}) (d = d),ie d <d;, Vi=1,...,m, and d; < d;, for at least one
j€{1,...,m}. Thus,

ijj\idi < Zj\i 1 < — Zj\zf:(ﬁz) —(7"g)* <— i&ﬁi) . (5. 4)

Z Y :Z‘ = — Z S\Zfz*(pl) - (ng)* <_ Z Ai z) . (5. 5)

Considering  := -—

Y]
IV
(@n)
jav)
B
“Q
ok
=
.
[
\')—l
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we obtain an element (p, g, A, ) with the properties ¢ = 0, A € intR7 and, by
K*
(5. 5),

Zj\ifizzj\i:i"‘zj\if;(pz ( Z)\ﬁ>
SO, (pa Q7 E) € 817 d h (p7Q7 75) € hl(Bl) - Dl and

ded+R7T ed+R?\ {0} +R” =d+R™\ {0} (d=d). (5. 6)

This contradicts the maximality of d in D; and implies that d must be maximal
in DFL~

"vmaxDrp;, C vmaxD,”. Let be now d € vmaxDpy. Then there exist p; €
R i=1,..,m, g€ RFand \ € intR’? such that

ixidig—iu ( z;/\ipZ).

i=1 i=1

Let be again d € R™ such that d € d + R™ (d = d) and

Z Tg)* (‘ Z)\ipi) . (5- 7)

Forp:=p, A\:= )\, (:= -+—q =0 and
gl)w‘ K*
i * [ — P * 1 - \ = J .
ty = f;(p;) + (@"9) _TZAiPi +djeR,j=1..,m
DA i=1

we have Z Ait; = 0 (cf. (5. 7)), whence (p, q, \,t) € By.

Moreover the value of the objective function on this element is hl(p, q,\ 1)
=d € d+R? (d=d). On the other hand, (5. 7) assures that (p,q, \,d) €
Brr, and the max1mahty of d in Dpy, implies that it is impossible to have d €
— (RT\{O}) (d Z d). Then we must have h'(p,q,\,t) = d = d and, so,
d € h'(B,)) = Dy

It remains to show that, actually, d € vmaxzD;. If this does not happen,

then there exists an element (p, g, M\ t) € By such that d = h'(p,q, \,t) €
d+ (R7\{0}) (d = d). But, relation (5. 3) states that D; NR™ C Dpy, and,
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from here, d € Dpy. The fact that d € d + (R7\ {0}) (d = d) contradicts the
maximality of d in Dgpy. We can conclude now that d € vmaxD;. O

THEOREM 5.4 For each o € F it holds vmaxD, = vmaxDpr,.

Proof Let be a € F fixed.

"vmazD, C vmaxDgp;”. Let be d € vmaxzD,. Then it holds d € D, N R™
and this implies that d € Dpg, (cf. (5. 3)). Let us assume that d ¢ vmazDpr.
As in the proof of Theorem 5.3, there exists d € D; such that (cf. (5. 6))

ded+ R\ {0} (d=d).

But, by (5. 3) we have d € D, and this contradicts the maximality of d in Da.
In conclusion, d € vmaxDpy,.

"vmaxrDp;, € vmaxD,.” Let be now d € vmaxDpy. By Theorem 5.3 it
follows that d € vmazD; and, from here, d € D; "NR™ C D, N R™. -

Assuming that d ¢ vmazD,, there must exist an d € D, such that d €
d+R7\ {0} (d Z d). On the other hand, because of D, NR™ C Dpp, it holds
d € Dpy, and this leads us to a contradiction to d € vmazDpy,. So, d must belong
to vmaxD,. O

As a conclusion of this first part, we obtain from the last two theorems that,
for each o € F,
vmazD; = vmaxz D, = vmaxDpy,. (5. 8)

Remark 5.1

(a) Let us notice that the inclusions in (5. 3) can be strict, even if the assump-
tions (Ay), (Ay) and (Acq) are fulfilled (cf. Example 5.2 and Example 5.3).
On the other hand, the equality (5. 8) holds without asking the fulfillment
of any of these three assumptions. The equality in (5. 8) holds in the most
general case.

(b) Further comparisons between the image sets and the maximal elements sets
of the image sets of these three duals and of other multiobjective duals will
be discussed within the second part of this study.
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