AN ANALYSIS OF SOME DUAL
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In the first part of this study we have introduced six different multiobjective dual
problems to a general multiobjective optimization problem, for which we presented
weak as well as strong duality assertions. Afterwards, we derived some inclusion results
for the image sets of three of these problems.

The aim of this second part is to complete our investigations by studying the
relations between all six multiobjective dual problems. Moreover, conditions under
which the dual problems are equivalent are given.

The results are illustrated by some examples.

A general scheme containing the relations between the six multiobjective duals and
other duals mentioned in the literature is derived.
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1 Preliminaries

The aim of this paper is to continue the investigations of the relationships between
different dual problems in the theory of multiobjective optimization. In the first
part of this study we have considered the following primal multiobjective problem

(P) v-min f(z),

A= { ER": g(x) = (g1(), .. ,gk<x>>T§o},

K

*Ph. D. student, Faculty of Mathematics, Chemnitz University of Technology, D-09107
Chemnitz, Germany, email: radu.bot@mathematik.tu-chemnitz.de. Research partially sup-
ported by the Gottlieb Daimler- and Karl Benz-Stiftung (under 02-48/99).

"Professor, Faculty of Mathematics, Chemnitz University of Technology, D-09107 Chemnitz,
Germany, email: gert.wanka@mathematik.tu-chemnitz.de



where f(z) = (fi(x),..., fm(z))T and f; : R®* — R = RU {00}, i = 1,...,m,
are proper functions, g; : R® — R, j = 1,...,k, and K C RF is assumed to be
a convex closed cone with intK # (), defining a partial ordering according to

29 Sy if and only if z; — 29 € K. We consider Pareto-efficient and properly
K
efficient solutions with respect to the ordering cone R'".

To that problem we have associated six dual problems and proved the exis-
tence of weak duality and, under the fulfillment of (Ay), (4,) and (Acg), the
existence of strong duality. Let us recall this three assumptions, which play an
important role also in this second part

(Ay) | the functions f;, i = 1,...,m, are convex and [ ri(domf;) # 0,
i=1

(Ay) | the function g is convex relative to the cone K, i.e. Vry, 20 €
R™ VA € [0,1], \g(z1) + (1 = Ng(ze) — g( Az + (1 — N)x2) € K,

(Acg) | there exists 2’ € [ ri(domf;) such that g(2') € —intK.
i=1

After proving the existence of weak and strong duality, we related the image
sets of three of these duals, (Dy), (D,), a € F, and (Dpy), denoted by D, =
hY(B1), Dy = h*(B,), a € F, and, respectively, Dpy, = hf*(Bpr), to each other.
Here, B, B, and Bp; denote the admissible sets of the dual problems (D),
(Dy) and (Dpyp), and k', h® and ¥ are the corresponding vector-valued dual
objective functions.

We denote by F the following set

a(A) = (ar(N), ..., am(N)T,  such that

F=qo: intRJr - ]R+ : Z )\iai()\) =1, VA= ()‘17 ---;)\m)T S intRT ’
=1

and, so, the family of problems (D,), a € F, generalizes the dual multiobjective
problem introduced by us in [1].
We showed that, for every a € F, it holds

DiNR™ C D, NR™ C Dpyp, (1. 1)

where the notation ” C ” means that the inclusions in (1. 1) may be strict. This
assertion remains valid even if (Ay), (4,) and (Acg) are fulfilled.

On the other hand, we have proved that the sets of the maximal elements of
these three sets are equal, i.e., for every a € F,

vmazD; = vmaxD,, = vmaxDpy,. (1. 2)

Here, by vmaxA we denote the set of maximal elements of a set A C R™ with
respect to the partial ordering given by R'!".
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In order to continue this analysis, let us denote the image sets of the problems
(DF), (DL> and (Dp) by DF = hF<BF), DL = ]’LL(BL) and Dp = hP(Bp),
respectively, where Br, By, and Bp denote the admissible sets of the dual problems
(Dr), (Dr) and (Dp), and h*, hl and h' are the corresponding vector-valued
dual objective functions. We mention that in the objective space we use the cone
R, and, in this situation, one can observe that the multiobjective dual problem
(D) is actually the problem introduced by Jahn in [2] and [3].

We start our investigations by proving the existence of some relations of inclu-
sion between the sets Dpr, Dp, D, and Dp, in the general case. By giving some
counter-examples we also show that, unfortunately, a relation like in (1. 2) does
not hold. On the other hand, we show under which conditions the sets become
identical. Obviously, in this case, they will also have the same maximal elements.

In the second part of the paper we include in our study the multiobjective
duals introduced by Nakayama in [4], [5] and Weir and Mond in [6], [7] and [8].

2 The relations of inclusion between Dp;, Dp,
DL and Dp

For the beginning, let us notice that during this section we work in the general
case. Obviously, from the definition of the multiobjective duals in the first part
of the study, it follows that Dgy, Dp, Dy, Dp are subsets of R™.

PROPOSITION 2.1
(a) It holds Dgy, C Dp.
(b) It holds Dgy, C Dy.

Proof

(a) Let be d = (di,...,dn)T € Dpp. Then there exist p; € R%i = 1,...,m,
q 2 0 and A € intR'}? such that

K*
=1 i=1 i—1

By the definition of the conjugate function, we have

m

m m T
Z Nid; < — Z Aifi (pi) + xiglan (Z /\ipi> z+q" g(x)
; i=1 i=1

m m T
< — A* (. i n. T
< Zl Aifi (pi) + inf (Zl M%) T+ q g(x)



IN

m S T
_ ; Aifi(pi) + ;Ielﬁt (; Aipi) '
= — Z Aifi (pi) — X <_ Z Aipi) |
=1 .

This means that (p,\,d) € Br and d = h¥ (p,\,d) € h (Br) = Dp.
(b) Like in (a), let be d = (dy, ...,dn)" € Drr. Again, there exist p; € R",i =

1,...,m,q 2 0and A € intR7} such that
K*

Z)\d < - Z/\f (p:) ( Z)\zpz>.

Applying the inequality of Young (cf. [9]) for f;,i =1,....,m

—fr(ps) < fix) — pla, Vo € R,

and for ¢”g

( Z )\Zpl> <q"g(x (Z A1p2> x,Vr € R",
it holds

Z)\d <Z/\f z) + ¢ g(z), Yo € R™.
From here,

. < i
> ik < jnf, [ZA filw) +q"g(a >]
and this means that (p, \,d) € By and d = h%(p, \,d) € hX(BL) = Dy.

O

Ezample 2.1 Form =2,n =1k =1, K =Ry, let us consider the functions
Ji,fo:R—=R, g: R — R, defined by

| =z, if z€[0,+00),
filw) = { 400, otherwise,

f2<x> =0,
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and
(2) = 1—22, if z€]0,+00),
A 1, otherwise.

For p = (p1,p2) = (1,0), A = (1,1)T and d = (1,0)7, it holds

Ady 4+ Aady =1 = =X\ f{(p1) — Ao f5 (p2) + g(iﬁio (A1p1 + Aapo)

and, so, we have that d = (1,0) € Dp.
Let us show now that d ¢_ Dpy. It this were not true, then there would exist
p=(p1,p2), > 0and A = (A, A2)” € intR% such that

M < =Mfr(B) = Aafs (D2) + ;Ielﬂf{ [(Mip1 + Aap2) z + qg(z)] - (2. 1)

In order to happen this, we must have p, = 0 and f5(p2) = 0. Then, from
2. 1),

[ N q
1< —fi(pi) + inf [pla: + X—lg(w)} : (2. 2)
In the case ¢ > 0, we have that in}% [ﬁlx + %g(m)] = —00, which means that
BAS

g must be 0. Then the inequality (2. 2) becomes
1< —ff(p inf [p
< —fi(p1) + inf [pr2],
and, so, it is obvious that p; must be also 0. It remains that

1< —£1(0) = inf [fu(a)] = inf x = 0,

zeR x>0

and this is a contradiction. In conclusion, d = (1,0) ¢ Dpy, which means that
Dpy, € Dp, i.e. the inclusion may be strict.

Ezample 2.2 Let be now m = 2,n =1,k =1, K = Ry, and the functions
fi, fo:R—R, g: R — R, introduced by

—2?, if z €]0,+00),
400, otherwise,

f1($)={

f2(z) =0 and g(z) = 2* — 1.
For g =1, A= (1,1)T and d = (—1,0)7, it holds

Ady 4 Aedy = =1 = ;Ielﬂg A fi(x) + Aafo(z) + qg(2)],

and this implies that d = (—1,0)T € Dy.



Like in the previous example, let us show now that d gé_D Fr- If this were not
true, then there would exist p = (p1,p2), ¢ > 0 and A = (A1, A2)" € intR% such
that

=X < =AM f(D1) = Ao f5(D2) + ;Ielﬂf& [(5\1]51 + /_\2232) x+ @(x)} : (2. 3)
It holds py = 0, f5(p2) = 0 and, from (2. 3),
. el q
LS i) + inf [ + (o) @ 4)

But
~Fi () = 1 1) = = inf [* ] = —ox,

and this contradicts relation (2. 4). So, d = (—=1,0)T ¢ Dp; and, from here,
Drp € Dp, i.e. the inclusion Dpyp C Dy may be strict.

PROPOSITION 2.2
(a) It holds Dr C Dp.
(b) It holds Dy, C Dp.

Proof

(a) Let be d = (dy, ...,d,,)T € Dp. Then there exist p; € R",i = 1,...,m, and
A € intR’! such that

Z Nid; < — Z Aifi(pi) — X <— Z /\ipi>
; i=1 i=1
m m T
= — Z Afr(pi) + ;Ielg (Z /\¢p¢> T
i=1 i=1
m m T
i=1 i=1

By the inequality of Young, we obtain
i=1 i=1
or, equivalently,
. < i ().
; Nid; < ;g;; Aifi(z)
This means that (\,d) € Bp and d = h”()\,d) € h”(Bp) = Dp.
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(b) Let be again d = (dy, ...,d,)" € D, ¢ 2 0 and X € intR'}?" such that
K*

Z)\idi < inf [Z Aifi(x) +q"g(x)

z€R™

IN

;gﬁl [ Aifi(w) + C]TQ(I)]
=1

< i ().
< ;gﬁl;)\zﬁ(fﬁ)

Like before, (\,d) € Bp and d = hf'(\,d) € h*(Bp) = Dp.
U

Remark 2.1 Let us consider again the problem in Example 2.2. We show that
d=(-1,0)T € Dp, but d = (=1,0)T ¢ Dp. For A = (1,1)7, it holds

Ady + Xody =1 = ;gﬁt [Afi(x) + Ao folx)],

and, from here, we have d = (—1,0)T € Dp. B -
Assuming that d € Dy, there would exist then p = (1, p2) and A = (A1, Ao)T €
intR3 such that

—A1 < =AM i) = Aaof5(P2) + inf (NP1 + Aopo) . (2. 5)

9(z)<0

In order to have this fulfilled, we must have p, = 0 and f5(p2) = 0. So, (2. 5)

becomes
—1<—fi(p1) + inf (p12).
z€[—1,1]

Again, —f;(p;) = —oo leads us to a contradiction. So, d = (—=1,0)T ¢ Dp,
and, from here, Dp C Dp, i.e. the inclusion Dr C Dp may be strict.

Remark 2.2 We show now that, for the problem presented in Example 2.1,
d=(1,0)T € Dp, but d = (1,0)T ¢ Dy. For A = (1,1)%, it holds

Ardy + Aody = 1 = ;gﬁt M fi(z) + Ao fo()],
and, then, we have d = (1,0)" € Dp.

Assuming d € Dy, there would exist ¢ > 0 and A\ = (5\1,5\2)T € mtRi such
that

A < ;IEIIE (M fi(x) + Aafol) + qg(2)] = 910121% [z +q(1 —2%)]. (2. 6)
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Obviously, (2. 6) is true just if ¢ = 0 and, in this case, it becomes
A < inf [ha] =0,
x>0

which is a contradiction. From here, d = (1,0)” ¢ Dy, and, so, the inclusion
Dy, € Dp may be also strict.

So far we have proved that
Dpr C Dr < Dp. (2. 7)
L

Remark 2.3 In the examples 2.1 and 2.2, one may observe that (1,0)7 € Dp,
(1,0)T ¢ Dy and (—=1,0)T € Dy, (—1,0)" ¢ Dp, respectively. This certifies the
fact that in the general case it cannot be established any relation of inclusion
between the sets D and Dy, similar to the ones asserted in the propositions 2.1
and 2.2.

From (1. 1) and (2. 7), we can conclude that, in the general case, it holds,
for every a € F,

Dy
C
b S Dr 2. 8)

DiNR™C D,NR™ C Dy, C

In chapter 5 of the first part of the study we proved that even if the inclu-

sions in (1. 1) between Dy, D,,« € F, and Dpj, are strict, their sets of maximal

elements are equal (cf. (1. 2)). We show now by some counter-examples that

this result does not hold for the maximal elements sets of Dpr, Dp, Dy and

Dp. Actually we show that there is no relation of inclusion between vmaxD gy,
vmaxDp, vmax Dy and vmaxDp.

Remark 2.4 Let us consider again the problem in Example 2.1. We showed
that d = (1,0)7 ¢ Dpy and this means that d = (1,0)7 ¢ vmazDpr. On
the other hand, we have d = (1,0) € Dp and, moreover, it can be proved that
d = (1,0) € vmaxDpg. In conclusion, vmaxDp g vmazrDrgy,.

For the same example, let be now d = (0,0)7. It can be verified that
d € vmazDrr, which means that d = (0,00 € Dpy, C Dp. But, because
d = (1,0)" € D, it follows that d ¢ vmazDy. So, vmazDpy, ¢ vmaxDp.

Ezample 2.8 For m = 2,n = 1,k =1, K = R, let be f1,f, : R — R,
g : R — R such that

2% if ze|0,4+00),
filz) = { 400, otherwise,
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and

(2) = 1—2% if z€]0,+00),
9\t = 1, otherwise.

For ¢ =1, A = (1,1)T and d = (1,0)T, we have (¢,\,d) € By and d € Dy.
Moreover, d € vmaxDy,. It can be also verified that d ¢ Dpy, and, from here,
d = (1,0)" ¢ vmaxDpy. This means that vmazD;, € vmaxDpy.

On the other hand, it can be shown that d = (0,0)” € vmazDg;. But,
Proposition 5.1 (b) implies that d = (0,0)7 € Dpy, C D;. Obviously, d ¢
vmaz Dy, otherwise it would contradict the maximality of d = (1,0)% in Dy. So,
vmaxz Dy, € vmaz Dy,

Remark 2.5 For the problem presented in Example 2.2, we have that d =
(-1, O)T € Dp and, moreover, d € vmaxDp. Because d ¢ D, we also have that
d ¢ vmaxDp. In conclusion, vmaxDp ,Q_ vmaxrDrp.

In order to show that vmaxzDr € vmaxDp, let us consider for m = 2,n =
1,k =1, K =R, the functions fi, f» : R — R, g : R — R such that

fi(z) = { x, if z € (0,+00),

400, otherwise,

fo(z) =0,9(z) = x.

It is easy to verify that for p = (0,0), A = (1,1) and d = (0,0)” the
element (p, \, d) belongs to Br, which gives us that d = (0,0)T € Dp. Moreover,
d=(0,0)" € vmazDp.

By Proposition 2.2 (a) we have d = (0,0)7 € Dp. But, for A = (1,1)7 and
d = (1,0)7, (\,d) € Bp and, from here, d = (1,0)” € Dp. So, d = (0,0)7 ¢
vmaxDp and vmazDp ,i_ vmaxDp.

Remark 2.6 Considering again the problem in Example 2.1, we have d =
(1,0)T € Dp, and d ¢ Dy. From here, d ¢ vmaxDy. Moreover, d = (1,0)T €
vmazDp, which shows that vmazDp ¢ vmaxDy,.

On the other hand, d = (0,007 € vmazDy, and, by Proposition 2.2 (b),
d € D, C Dp. Because, d = (1,0)” € Dp, it follows d = (0,0)” ¢ vmazDp. So,
vmaz Dy, Q vmaxrDp.

In the general case we can conclude now that between the sets of maximal
elements of Dpy, Dr, Dy, and Dp a relation of equality or any relation of inclusion
does not hold. In this situation, the only valid relation is the relation of inclusion
(2. 7).



3 Conditions for the equality of the sets Dpj,
DF, DL and Dp

Assuming the conditions (Ay), (A,) and (Acg) are satisfied, we prove in this
section that relation (2. 7) becomes an equality.

THEOREM 3.1 Let the assumptions (Ay) and (Acq) be fulfilled. Then it
holds DFL = DF.

Proof By Proposition 2.1 (a) we have that Dp;, C Dp.
Now let be d € Dp. Then there exist p = (p1,...,pm) € R" x ... x R" and
A € intR? such that (p, \,d) € Bp, i.e.

Do Ndi < =D NF ) =X (— > /\ipi>
‘ i=1 i—1
m m T
= - ZZI A7 (i) + ;Ielft <ZZI /\,-pi> x. (3. 1)

But, (A4,) and (Acg) being fulfilled, it follows that for the scalar problem

m T
(P/\p) ;gﬁ‘ (; )\ipi> x,

Az{mGR":g(z)go},

K

the strong duality holds (cf. Theorem 2.1 in part one). One of its dual problems
(cf. [10]) is

m T
(D}?) sup inf <Z )\Z-pi> z+q"g(z)
i=1

q = OxER”
K*

The strong duality theorem assures the existence of an element ¢ = 0, that is
K*
a solution to (D}*) such that

. T
. . . T
;gﬁl (;Zl )\ipl) r = inf(P),) = max(D;") p zlean” < E )\,pz> r+q g(x)

(3. 2)
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From (3. 1) and (3. 2), we have
m m m T
4. < — ) 4 .
; Nid; < ; Nifi (i) + inf (; A1p1> x
m m T
= — * (), i . gL
= Zl Aifi(pi) + inf (Zl M%) x+q g(z)
= — Z A f pl < Z /\zpz> .

This means that (p7 q_7/\7d) S BFL and d = hFL<p7 q_7)‘7d) S hFL(BFL> = DFL-
0J

Remark 3.1 For the problem presented in Example 2.2, one may observe that
(4,) and (Acg) are fulfilled, d = (—1,0)” € Dp, but d = (—1,0)" ¢ Dp;, = Dp.
We conclude that just these two assumptions are not sufficient to have equality
between all the sets in (2. 7).

THEOREM 3.2 Let the assumptions (Ay) and (A,) be fulfilled. Then it holds

Proof By Proposition 2.1 (b) we have that Dp;, C Dy.

Let be d € Dy,. Then there exist ¢ 2 0 and A € intR’} such that (p, A, d) € B,
K*
ie.

<

ZAd inf [ZAfZ +q"g(x )] (3. 3)

Let us consider the function k& : R® — R, k(z) = Y. \ifs(z). We have
i=1

domk = () domf; and, from (A;), it follows ri(domk) = () ri(domf;) # 0 (cf.
i=1 i=1

[11]). Let us also notice that dom (g’ g) = R™ and then, by Theorem 31.1 in [12],

there exists p € R"™ such that

nf [; Nifi(x) +q"g(x <Z A fz) + inf [p'z+q g(@)]. (3. 4)

On the other hand, from Theorem 16.4 in [12], there exist p; € R",i =1, ...,m,
such that p = > \;p; and

(Z /\ifi> (p) = Z Aifi (pi)
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From (3. 3) and (3. 4) we obtain

m

SoAdi < inf [Zm g )]

_ (ZA]’) )+ 1nf [pTx-l—ng(x)}

= _Z/\f pi) + inf (Z;/\ipz) z+q"g(z)
= —Z)\f pz < Z)\zpz>'

This means that, for p = (p1, ..., om), (9, ¢, A, d) € Brr, and d = h¥L(p, q, A, d)
S hFL(BFL) = Dpy. O

Ezample 3.1 For m = 2,n =2,k =1, K = Ry, we consider the functions
fi, fo : R? = R, g : R? = R, introduced by

f(acx)— T if l’EX,
P20 400, otherwise,

< < =
X:{wz(x1,x2)ER2:0§x1§2 <z <4 for z O}

T l<ay,<4 for 1 >0
fo(z1,22) = 0 and g(x1, 22) = 1.

It can be observed that (Ay) and (A,) are fulfilled, d = (3,0) € Dp, but
d = (3,07 ¢ Dpy = Dyp. Like in Remark 3.1, we can conclude that just the
assumptions (Ay) and (A,) are also not sufficient to have equality between all
the sets in (2. 7). The next theorem shows when this really happens.

THEOREM 3.3 Let the assumptions (Ay), (Ay) and (Acg) be fulfilled. Then
it holds DFL = DL = DF = Dp.

Proof By the Theorems 3.1 and 3.2, we have Dp;, = D = Dp. Let us prove
now that Dr = Dp.

Proposition 2.2 (a) gives us that Dp C Dp. It remains to prove just that the
reversed inclusion also holds.

Let be d € Dp. Then there exists A € intR’} such that (X, d) € Bp, i.e.

;Azdz_g;&fm (3 5)
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Moreover, by (3. 5), and, since (Ay), (4,) and (Acg) are true, it follows that
the assumptions of the strong duality Theorem 2.1, presented in the first part of
this study, are fulfilled. Considering for the primal problem

(P) ;gﬁl; Aifi()
its dual

pi€R™i=1,..;m

(D?«“) sup {— Z Aifi(pi) — XA <— Z Az’]h‘) } )

the last one has a solution. Then there exist p; € R™,i =1, ..., m, such that

m

;Ielﬂz Aifi(x) = — 21 Aifi (i) = X (_ 21 /\z‘ﬁz) : (3. 6)

i=1

From (3. 5) and (3. 6) we have

Z Aid; < ;g‘z Aifi(z) = — Z N (Pi) = X <— Z )\iﬁi) ;
=1 =1 =1 i—1

which actually means that, for p = (py, ..., pm), (P, \,d) € B and d = h¥ (p, \, d)
€ h¥(Br) = Dp. O

As a consequence of this last theorem we can affirm that, if (Af), (4,) and
(Acg) are fulfilled, from (1. 1) and (2. 7) we have, for every a € F,

D\NR™ C D, NR™ C Dypy, = Dy, = Dy = Dp. (3. 7)
This last relation, together with (1. 2), gives us for every a € F,

vmax Dy, = vmax D, = vmazDpp, = vmazrDp = vmax Dy, = vmaxDp, (3. 8)

provided that (Ay), (4,) and (Acg) hold.

4 Nakayama multiobjective duality

One of the first theories concerning duality for convex multiobjective problems
was developed by Nakayama and has been described in [4], [5] and [13]. If we
consider this theory for the primal problem (P), the dual introduced there be-
comes

D - N (U
(D) max (U.y),
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h{V(Ua y) Y1

(U, ) Ym
with
hjv(U, y)=vyj,j=1,...,m,
the dual variables
UcU,y=(yi,...,ym)" €R™,
U={U:Uisa m x k matrix such that U - K C R},

and the set of constraints

By ={(U,y) : U € U and there is no x € R", such that y = f(z) + Ug(x)}.

ai

tuU = : € U,q € RFi = 1,...,m, then for every k € K, it must
L
hold (¢i k,...,qL k)" € R, From here, for i = 1,...,m, ¢/'k > 0,Vk € K, which
actually means that ¢; € K*, for i = 1,...,m. By this observation the dual (Dy)
can be written, equivalently, in the following way

(DN) v-max hN(Ql?"'anay)a
(q1,--,9m,y)EBN
h{V(qlw"aqmay) yl
hN(Qla 7qm7y) = = )
h%(q17‘“7qm7y) ym
with
h;‘v(QD 7qm7y) = yj:j = 17 ey M
the dual variables
qi S IRI€7Z = 1a"'7may: <y17‘-'7ym)T € IRm7
and the set of constraints
By ={(q1,-,qm>y): ¢ =0,i=1,..,m, and there is no z € R"
K*

such that y = f(z) + (¢f g(x), ..., gL g(x))T}.

The proofs of the next two theorems had been given in [4].

THEOREM 4.1 (weak duality for (Dy)) There is no x € A and no element

m
+

=
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THEOREM 4.2 (strong duality for (Dy)) Assume that (Ay), (A,) and (Acq)
are fulfilled. If T is a properly efficient solution to (P), then there exists an ef-
ficient solution (Gi, ..., qm,y) € Bn to the dual (Dy) and strong duality f(z) =

hN((jl,. v qm,Y) =y holds.

In order to relate the dual (Dy) to the duals considered in the previous chap-
ters, let us denote by Dy := h™(By) C R™ the image set of the Nakayama
multiobjective dual.

PROPOSITION 4.3 It holds Dy, C Dy.

Proof Let be d = (dy, ...,d,,)" € Dy. Then there exist ¢ 2 0 and X € intR}
K*
such that (¢, \,d) € By, i.e.

Z i_xleann[Z)\fz +q"g(x )] (4. 1)

Let be, fori=1,...,m, ¢; :=

i 2

We show now that (g, ...,qm,d) € By. If this does not happen, then there
exists ¥ € R™ such that d = f(2) + (¢ g(a’), ..., g(2"))T. Tt follows that
ST Xidi > 3" Nifi(2))+qTg(2'), but this contradicts the inequality in (4. 1). From
i=1 i=1

here we obtain that (gy, ..., Gm,d) € By and d = h™ (q1, ..., G, d) € KN (By) = Dy.
O

Example 4.1 For m = 2,;n = 1,k =1, K = R, let be f1,fo : R — R,
g : R — R such that fi(z) =z, fo(z) =1 and g(x) = —1.

Considering ¢, = ¢ = 0 and d = (1,0)7, it is obvious that there is no x € R®
such that

d=(1,0" 2 f(z) + (q19(2), 29(2))" = (,1)".

This means that d = (1,0)T € Dy.
On the other hand, we have d ¢ Dy and, so, D;, C Dy, i.e. the inclusion
Dy C Dy may be strict.

Example 4.2 Form =2,n =1k =1, K =R,, let now be fi, fos : R — R,
g : R — R such that
fi(z) = fa(z) =

and

(2) = 1—2a2 if z€]0,+00),
g\ = 1, otherwise.
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The element d = (1,1)T belongs to Dy and Dp. We show now that d ¢ Dy.
If this were not true, then there would exist ¢, g2 > 0 such that (g1, g2, d) € Dy,
or, equivalently,

d=(1,1)" 2 (v +qg(r),r + qg())", (4. 2)
would not hold for any z € R. But, for i = 1,2, lim (z + ¢;g(x)) = —oco, which

means that there exists 2’ € R such that 2+ ¢ g(x) < 1 and z + gag(z) < 1. This
contradicts (4. 2). The conclusion is that, in general, Dp Q Dy and Dp g Dy.

Remark 4.1 For the problem introduced in Example 4.1, let us notice that
(Ay), (Ay) and (Acq) are fulfilled. By Theorem 3.3, we have D, = Dp = Dp,
and, so, d = (1,0)T neither belongs to D, nor to Dp. But, we have shown that
d = (1,0)" € Dy. We conclude that Dy € D and Dy € Dp.

The last results allow us to extend the relation (2. 8) by introducing the set
Dy. We get, for every a € F,

Dr C Dp

D; C
L= DN

DiNR™C D,AR™C Dy C

If (Af), (4y) and (Acg) are fulfilled, then from (3. 7) and Proposition 4.3
this relation becomes, for every a € F,

DiNR™ C Dy NR™ C Dy, = Dy, = D = Dp C Diy. (4. 4)

We remind that, if (Ay), (A,) and (A¢g) are fulfilled, then the maximal el-
ements sets of the first six duals are equal (cf. (3. 8)). The following example
shows that, even if the three assumptions are fulfilled, between vmaxDy and
vmazDp does not exist any relation of inclusion.

Example 4.3 Form = 2,n = 2,k =1, K = R, let be fi,f, : R? — R,
g : R? — R such that

T if e X,
400, otherwise,

fi(@1, @) :{

Folar, ) = To if zelX,
22T 400, otherwise,

X = {:L‘ = (x1,29)" € R?: 1,9 > 0 such that 25 > 0, if 2, € [0,1)},

and
g(x1,29) = 0.

We notice that (Af), (4,) and (Acg) are fulfilled.

16



For ¢ = ¢ =0 € K* = {0} and d = (1,0)7 it does not exist x = (z1,z2)7
€ X such that (1,0)” = (z1,29)". This means that (0,0,d) € By and d € Dy.

Let us assume now that there exist i, ¢, € K* and d € R? such that (g, G2, d)
€ By and d Z d = (1,0). We have then q; = @ = 0 and for 7 = (1,0)7 € X
holds

(f1(Z) + @19(T), f2(Z) + g(@))" = (71,72)" = (1,0)" =d S d.

It follows that (1, G2, d) ¢ By, which means that d = (1,0)7 € vmaxDy.
Let us assume now that d € Dp = Dy. Then there exists A = (A, A\2)T €
intR% such that

A= Midy + dods < ;Ielﬁl Mf1(z) + Ao fo(x)] = ;g)f( (Arzy + doa) .

On the other hand, for n € N*, (£, )" € X it holds
R .
A < A— 4+ X—,Vn € N%.
n n

If n — +o00, then we must have A1 < 0 and this is a contradiction. From
here, d = (1,0)7 ¢ Dp and, obviously, d = (1,0)” ¢ vmazDp. In conclusion,
vmaz Dy g vmazDp.

On the other hand, for \; = A, = 1 and d = (0,0)7, we have d = (0,0)” € Dp
and, moreover, d = (0,0)” € vmazDp.

By Proposition 4.3, d = (0,0)” € Dp C Dy and, because d = (1,0)T € Dy,
it follows d = (0,0)” ¢ vmaxDy. So, vmaxDp ¢ vmaxDy.

Remark 4.2 In Proposition 5 in [5], Nakayama gives some necessary conditions
to have
vminP = vmax Dy = vmaxDy, (4. 5)

where vmin P represents the set of the Pareto-efficient solutions of the problem
(P).
In order to have (4. 5), this proposition claims that (Ay), (4,) and (Acg) must
be fulfilled, the problem (P) must have at least one Pareto-efficient solution, all
these Pareto-efficient solutions must be properly efficient and the set

G={(z,y) eER"xRF: 3z € X, s.t. y = f(v),22g(x)}
Rm

s K

must be closed.

5 Wolfe multiobjective duality

The next multiobjective dual problem, that we treat in this paper is the Wolfe
multiobjective dual also well-known in the literature. First it was introduced

17



in the differentiable case by Weir in [6]. Its formulation for the nondifferentiable
case can be found in [7] and it has been inspired by the Wolfe scalar dual problem
for nondifferentiable optimization problems (cf. [14]).

The Wolfe multiobjective dual problem has the following formulation

(DW) v-max hW($7Q>)‘)7

(z,g,\)€Bw
hY(z,q,\)
hW (a:? Q7 A) == E M
hY (z,q,\)

with
h?/<x’q’ /\) = f](x> + ng<$),j = 17 ey m,

the dual variables
reR" qgeRF A= (\t,..., \n)T €R™,

and the set of constraints

BW - {(.Z',q,)\) RS Rn’)\ = (Ala“'a)\m)T < ZntRT?Z)\z = 17
i=1

120020 (E0h) (0)+ "))}
K* i=1
Here, for a function f : R® — R, 0f(z) = {z* € R" : f(x) — f(T) >< 2*,2— T >
Va € R"} represents the subdifferential of f at the point z € R™.

The following two theorems represent the weak and strong duality theorems.
Their proofs can be derived from [6] and [7].

THEOREM 5.1 (weak duality for (Dy)) There is no x € A and no element
(y,4,\) € Bw fulfilling h'" (y,q,\) 2 f(x) and b (y,q,A) # f ().
RT
THEOREM 5.2 (strong duality for (Dy/)) Assume that (Ayf), (A,) and (Acq)

are fulfilled. If T is a properly efficient solution to (P), then there exists ¢ = 0

— _ K*
and A € intRY such that (Z,q,\) € Bw is a properly efficient solution to the dual
(Dw) and strong duality f(z) = h"(z,q, \) holds.

Let us consider now Dy := hW(By) € R™. We study, in the general case,
the relations between Dy, and the image sets of the duals introduced so far.

PROPOSITION 5.3 [t holds Dy C Dy,.
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Proof Let be d = (d, ... dm) € Dw. Then there exists (z,q,\) € By such
that d = WY (,q,3) = f(2) + (¢79(2), . ¢ g(2))".

From here, it follows

Z)\idi = Z)\zfz(x) + (Z >\i> q g Z)\ fi(z +q g(z). (5. 1)

On the other hand, because of (x, ¢, \) € By, we have

ow(Zm) )+ (¢ g)(x),

which implies that

ZAifi( +q"g(x) < inf [ZMZ u) +q"g(u )] (5. 2)

From (5. 1) and (5. 2) we obtain

‘d. = A <

;Mlz ;Azﬁ( +q"g(x) < inf [ZM% ) +q"g(u )]

which gives us (¢, \,d) € By, and d = h'(q,\,d) € h(Br) = Dy.. O
Example 5.1 For m = 2,n

g : R — R such that fi(z) = fo(x
Forq=0e K*={0}, A= (1

= k: 1, K = R, let be fi,fs : R — R,
) = 2? and g(x) = 0.
DT and d=(—1,-1)" we have

)\1d1 + )\ng =-2<0= Helllfk |:33'2 + .TZ} = Helﬂg [Alfl(l’) + )\Qfg(l') + ng(l')] s

which implies that d = (—1,—-1)7 € Dy.

We will show now that d = (1,—1)T ¢ Dy,. If this were not true, then
there would exists (Z,4,\) € Bw, with A = (A, \2)T € intR2, A} + Ay = 1,
g € K* = {0} such that

d=(-1,-1)" = (f1(z) + 4g(z), f(2) + 4g(2))" = (z*,2°)".

But, this is a contradiction and, so, Dy C Dy, i.e. the inclusion may be
strict. Moreover, by (4. 3), we have Dp € Dy and Dy € Dyy.

Example 5.2 For m = 2,n = 1,k =1, K = R, let be fi,fs : R — R,
g : R — R such that fi(z) = fa(x) =0 and g(z) = 0.
For p = (0,0), ¢ = 0 € K* = {0}, A = (5, 1), t = (1,=1)7, it holds

d=(1,-1)T € D;. Otherwise, d = (1,—1)T ¢ Dy.. So, D; NR™ ¢ Dy, whence,
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DaﬂngDw, Oéef, DFLgDW and DFSZDW

Example 5.3 For m = 2,;n = 1,k =1, K = Ry, let be f1,f; : R — R,
g : R — R such that fi(z) = —1,f2()—1—x2andg(x):0.

Forx =0,¢=0and A = (% )7 it holds (z,¢,\) € By and d = (—1,1)" =
(/1(0), £2(0))" € Dw.

Let us show now that d ¢ Dp. If this were not true, then there would exist
p= (]31,]52)7 /_\ = (5\1, /_\Q)T S ZTLtRa_ such that (]5, /_\,d) S BF, ie.

=X+ A < =AM fE(D1) — Ao fs (D2) + ;felﬂg (MiD1 + Aop) . (5. 3)

But, f5(p2) = sup{pex+ 2% —1} = 400, and this contradicts the inequality in
z€eR

(5. 3). In conclusion, Dy € Dp, and, so, Dw € Dpr, Dw € D, NR™, a € F,

By (4. 3), Proposition 5.3 and examples 5.1-5.3, we obtain in the general case
the following scheme for every a € F

DiNR"C DoNR"C Dpr, &y Dp
L= Dy . (5. 4)
Dp

Dy € Dy € Dy

For the last part of this section, let us assume that (Ay), (4,) and (Acg) are
fulfilled.

PROPOSITION 5.4 It holds Dy C D; NR™.

Proof Let be d = (dy, ...,d,,)T € Dy . Then there exists (z,q,\) € By such
that d = hW(z, ¢, \). Because of

068<ZAJ-}> ) +0(q" g)(x ZM?J% ) +3(q" g)(),

it follows that there exist p; € R, i = 1,...,m such that p; € df;(x),i =1, ....,m,
and — > \ip; € 9(¢7g)(x). As a consequence follows (cf. [9])
i=1

fi(pi) + filx) = Tx t=1,..,m, (5. 5)

and
( ZAsz> +qg(x ( Zx\@,) . (5. 6)
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Defining, for j =1, ..., m,

m T
tj = p’]TZL’ + <_ Z )\sz> x € R,
i=1

then Y A\;t; = 0 and this means that (p, ¢, \,t) € By, for p = (p1, ..., pm). On the
i=1
other hand, from (5. 5) and (5. 6) we have, for j = 1,...,m,

* * 1 -
Z )\Z i=1
i=1

= —fip)—(d"9) —Zkipi) + 1
=1

. T
i—1
= filx)+q"g(x) = d;.
In conclusion, d = h'(p,q, A\, t) € h'(B,) = D;. 0

Remark 5.1 For the problem described in Example 5.2 the assumptions (Ay),
(4,) and (Acq) are fulfilled and d = (1,—1)" € D; NR?, but d ¢ Dy. This
means that even in this case the inclusion Dy, € Dy NR™ may be strict.

So, if (Ay), (A,) and (Acq) are fulfilled, then (5. 4) becomes, for every a € F,
Dw C Dy NR™ C DyNR™ C Dy, = Dpp = Dy, = Dp C Dy. (5. 7)

Let us recall that in this situation we have, by (3. 8), the following equality
for every a € F

vmax D, = vmaxD, = vmaxDr;, = vmaxrDr = vmax Dy = vmazDp.

The next example shows that, even in this case, the sets vmaxDy, and
vmazrDp are in general not equal.

Ezample 5.4 Form = 2,n = 1,k = 1, K = R, let be fi,f, : R — R,
g : R — R such that

fi(z) = falx) =

400, otherwise,

{ 22, ifz € (0,+00),
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and
g(x)=0.
It is obvious that (Af), (A,) and (Acq) are fulfilled. For A = (1,1)" and
d = (0,0)T, we have (\,d) € Bp and d € Dp. Moreover, d € vmaxDp.
We will show now that d = (0,0)” ¢ Dyy. If this were not true, then there
would exist (7, ¢, A) € Bw, with A = (A, A\o)T € intR%, A +Xo = 1,7 € K* = {0}
such that

d=(0,0)" = (fu(z) + qg(2), fo(2) + a9(2))" = (f1(7), fo(2))".
But, fi(x) = fao(z) > 0,V € R, and this leads to a contradiction. From here
we obtain that d = (0,0)” ¢ Dy and, obviously, d = (0,0)? & vmazDyy.
6 Weir-Mond multiobjective duality

The last section of this work is dedicated to the study of the so-called Weir-Mond
dual optimization problem. It has the following formulation (cf. [6] and [8])

(DWM) v-max hWM(xa g, )‘)7

(z,q,\)EBw M
MMz, q, \)
hWM ("'E7 q’ A) - S )
hyM(x,q, \)

with
h}/VM(xa(L )\> = fg(l'),] =1,..,m,

the dual variables
re€R" qgeRF A= (\p,..., \n)' €R™,

and the set of constraints

Bwu ={(z,¢,\): z€R" A= (A,..., )" €intRT, > N\i=1,¢20,
i=1 K*

g(r) > 0,0 €0 (f: Aifi) (2) + 0(q"g) (@)}.

The following theorems state the existence of weak and strong duality (cf. [6]
and [8]).

THEOREM 6.1 (weak duality for (D

v)) There is no x € A and no element
f(x) and WV (y,q, \) # f(z).

V&=

R

+3
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THEOREM 6.2 (strong duality for (Dwas)) Assume that (Af), (Ay) and
(Acq) are fulfilled. If T is a properly efficient solution to (P), then there exists

Gg=>0and \ € intR" such that (z,q, \) € By is a properly efficient solution to
K*
the dual (Dyyr) and strong duality f(z) = hWM(z,q, \) holds.

Let be Dy == h"WM(Byy) € R™. We are now interested in relating the
image set Dy s to the image sets which appear in the relation (5. 4).

PROPOSITION 6.3 It holds Dwy C Dy,.

Proof. Let be d = (dy,...,d,)T € Dy Then there exists (z,q,\) € By
such that d = WM (z,q,\) = f(x). Because

OE@(ZAJZ) )+ 9(q"g)(z),

we have
. <
21 Nifi(x) +¢" g(x) < inf [§ Xifi(w) + " g(u )]

On the other hand,

Z)\idizz)\ifi Z)\fz +q"g(),
i=1 i=1

which implies

=1

Aid; < inf [Zm u) +q" g(u )]
So, (¢, A\,d) € By, and d = h(¢q, X\, d) € h*(B,) = Dy, O

Remark 6.1 For the problem considered in Example 5.1 we have that d =
(—=1,—1)" € Dy, and d ¢ Dy. In a similar way it can be shown that d =
(1,—1)" ¢ Dywys. This means that the inclusion Dy, € Dy may be strict.
From here it also follows that Dp € Dy and Dy € Dy (cf. (4. 3)).

Remark 6.2 Let us consider now the problem in Example 5.2. Here, it holds
d = (1,—1) € D;. But, one can verify that d = (1,—1) ¢ Dy s, which implies
that D; NR™ ¢ Dy and, from here, we have that D, NR™ € Dy, o € F,
Dpy, SZ Dwwy, Dr ,@ Dy and Dp ,@ Dy

Remark 6.3 For the problem in Example 5.3, we have d = (—1,1) ¢ Dy and,
obviously, d = (=1,1) € Dw. So, it holds Dy € Dp and, as a consequence,
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DWM g DFL; DWM g Da ﬂRm, o€ f” and DWM g D1 NR™,

Next we construct two other examples which show that between Dy, and
Dy also does not exist any relation of inclusion.

Example 6.1 For m =2 n =1,k =1, K =R, let be fi,fo : R — R,
g : R — R such that fi(z) = fg()zoandg()—x—l.
\T

For z =0,¢g=1and A= (1,1)", it holds (z,¢,A) € By and

d=(=1,-1)" = (f1(0) + ¢01(0), f2(0) + qg2(0))" € Dy
Otherwise, d ¢ Dy, which means that Dy & Dy .
Example 6.2 Form =2 n =1,k =1, K =R, let be fi,fo : R — R,

g:RHRsuchthatfl( )=, folx) =x and g(z) = —x + 1.
Fora:—Q,q—land)\ (2,2) 1th01dsqg(é):%20and

mf[Afi(@) + Ao fo(e) +qg(2)] = 1,

which means that (z,¢,\) € By and d = (3, 5) = (f1(3), f2(3))" € Dwr.
Let us prove that d ¢ Dy . If this were not true, then there would exist

(Z,q, \) € By such that

~(33) = @)+ 2000 Fs)+ @) = (o =+ 1,7+ a2+ 1)
(6. 1)
Because (7,7, \) € By, we have

inf [\ f1(2) + dafo(w) + q9(0)] = M A1(Z) + X fo(2) + 39(2),

or, equivalently,
irelﬂg[x +q(—x+1)]=z4+q(—-z+1).

This is true just if ¢ = 1. But, in this case, (6. 1) leads us to a contradiction.
In conclusion, Dy, SZ Dy

In the general case, we get the following scheme for every a € F

Dy C Dp
DINR" G DaNR" C DSy o Dr
Dy
Dy, c Dr (6. 2)
Dy
Dp
Dwn C D C Dy



Let us now try to find out how is this scheme changing under the fulfillment
of the assumptions (Ay), (4,) and (Acg). From (5. 7) we have for every a € F

Dw € DiNR™C D,AR™ C Dy, = Dp = Dy = Dp C Dy.

Remark 6.4 Let us notice that for the problem formulated in Example 6.1
(Af), (Ay) and (Acq) are fulfilled. But, Dy & Dy py, which implies Dy NR™ ¢
DWM7 DaﬂRm g DWM: (S f, and DFL = DF = DL = DP g DWM

Remark 6.5 For the problem presented in Example 6.2 we proved that
d = (%, %)T € Dy . By using some calculation techniques concerning conju-
gate functions, it can be also proved that d = (%, %)T ¢ D,, for every a € F. In
conclusion, Dwy € Do NR™, o € F, and, from here, Dy py € Dy NR™, even if
(Ay), (Ay) and (Acg) are fulfilled.

By the last two remarks, using (5. 7), if (Ay), (4,) and (A¢g) are fulfilled,
we get the following scheme for every a € F

Dw € DyAR™ C DyAR™ C Dy = Dy = Dy = Dp C Dy,
and
Dwy € Dpr, = Dp = D, = Dp C Dy,

and no other relation of inclusion holds between these sets.

Remark 6.6 For the problem in Example 5.4 we have d = (0,0)T € vmaxzDp,
but d ¢ vmaxrDw and d ¢ vmazDyyp. This means that vmazDp g vmaz Dy
and vmaxDp ¢ vmaxDy )y and we notice that, even if (Ay), (A4,) and (Acg)
are fulfilled, these sets may be different.

Remark 6.7 The question concerning finding some sufficient or necessary
conditions for which the sets vmax D p, vmax Dy, and vmax Dy, coincide is still
open.
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