Duality for location problems with unbounded unit
balls

Gert Wanka* Radu Ioan Bot' Emese Vargyas?

Abstract. Given an optimization problem with a composite of a convex and com-
ponentwise increasing function with a convex vector function as objective function,
by means of the conjugacy approach based on the perturbation theory, we determine
a dual to it. Necessary and sufficient optimality conditions are derived using strong
duality. Furthermore, as special case of this problem, we consider a location problem,
where the ”distances” are measured by gauges of closed convex sets. We prove that
the geometric characterization of the set of optimal solutions for this location problem
given by Hinojosa and Puerto in a recently published paper can be obtained via the
presented dual problem. Finally, the Weber and the minmax location problems with
gauges are given as applications.

Keywords. Convex programming, Location, Conjugate duality, Gauges, Opti-
mality conditions

1 Introduction

Location problems play an important role in a lot of fields of applications, as they ap-
pear in many areas such as transportation planning, industrial engineering, telecom-
munication, computer science, etc. A lot of research has been carried out in location
analysis, the results of these problems being to locate some items, to optimize trans-
portation costs, to minimize covered distances etc. Among the large number of papers
and books dealing with location analysis we mention [2], [5], [6], [8], [9], [10] and [16].

This paper is based on the work of Y. Hinojosa and J. Puerto [6], in which the au-
thors introduced a location problem, where the ”distances” were measured by gauges
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of closed (not necessarily bounded) convex sets. For this problem the authors ob-
tained a characterization of the set of optimal solutions and gave some methods to
solve it.

The goal of our paper is to treat the problem introduced in [6] by means of duality.
On the other hand, we show how it is possible to derive the optimality conditions for
this optimization problem via strong duality.

In order to do this we consider at first a more general optimization problem,
and then we particularize the results for the location problems in [6]. The objective
function of the original optimization problem we consider is a composite of a convex
and componentwise increasing function with a convex vector function. Applying the
Fenchel-Rockafellar duality concept based on conjugacy and perturbations (cf. [3]),
we construct a dual problem to it and we prove the strong duality. Then, by means
of strong duality, we derive the optimality conditions for the primal optimization
problem.

Afterwards, we study optimization problems with monotonic gauges as objective
functions as particular cases of the general problem treated before. Analogously to
the general problem, we construct a dual problem and prove the strong duality, and
then we derive the optimality conditions.

In Section 5 we consider the optimization problem treated by Y. Hinojosa and J.
Puerto in [6]. The obtained optimality conditions turn out to be the same as in [6].
The sections 6 and 7 are devoted to the specialization of the Weber and the minmax
problem with gauges, respectively.

In the past most of the references concerning location problems have considered
distances induced by norms, but recently some papers have been published that con-
sider the use of gauges like [4], [12] and [17]. These lead to more general models, for
example to model situations where the symmetry property of a norm does not make
sense.

2 Notations and preliminary results

In this section we provide some definitions and results that we shall use in the sequel.
As usual, R™ denotes the n-dimensional real space, for n € N. Throughout this paper
all the vectors are considered as column vectors belonging to R™, unless otherwise
specified. An upper index 7 transposes a column vector to a raw one and viceversa.
The inner product of two vectors x = (951, ...,xn)T and y = (yl, ...,yn)T in the n-
dimensional real space is denoted 27y = Y"' | 2;5;. Now we recall the concepts of
gauges and polar sets and we relate them with some other concepts of convex analysis.

Definition 2.1. Let C' C R" be a closed convex set containing the origin. The
function ¢ defined by

ve(x) = inf {a >0:x¢€ ocC’}
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is called the gauge of C. The set C'is called the unit ball associated with v¢. As usual,
we set yo(x) := +o0, if there is no a > 0 such that z € aC.

Definition 2.2. Let ' C R" be a closed convex set containing the origin. The

set given by
C'={yecR": y"z <1, Vz € C}

is called the polar set of C.
Remark 2.3. (° is a closed convex set containing the origin.

Definition 2.4. Let C' C R" be a convex set. The function oo given by
oc(y) :=sup{y’z: z € C}

is called the support function of C.

Theorem 2.5. ([7]) Let C be a closed convex set containing the origin. Then
(i) its gauge vco is a nonnegative closed sublinear function,
(i) {xr € R": vo(z) <71} =7rC, for allr > 0.

Proposition 2.6. ([7]) Let C' be a closed convex set containing the origin. Its gauge
Yo is the support function of the set C°, namely

vo(x) = oco(x) = sup{y’z - y € C%}.

Corollary 2.7. ([7]) Let C be a closed convex set containing the origin. Its support
function o¢ is the gauge of C° and is denoted by Yco, i.e.

oc(y) =veo(y) =inf {a>0: y € aC’}.
Proposition 2.8. The conjugate function 75 : R — R U {+o0} of ¢ verifies
{ 0, if yeCv,

Yely) = 400, otherwise,

where C° is the polar set of C.

Proof. By the definition of the conjugate function of vo(z) we get

() = sup {y"z —yc(2)} = sup {yTz —inf {a>0: z € aC}}
TER?

rER?
= sup {y"z + sup (—a)} = sup {y"z — a} =sup {y"(az) — a}
TeR™ a>0, >0, a>0,
rzcal rzcal 0 zeC
B T, |0, if y e C°,
N iﬂ%o‘{ ilelg {u'z—1}} = { +00, otherwise. O
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Remark 2.9. By Theorem 2.5 and Remark 2.3 the fact that y € C? is equivalent to
07 if Yoo (y) < 17

the inequality yco(y) < 1, so, one can write 75 (y) = { +00. otherwise

3 The optimization problem with a composed con-
vex function as objective function

Let (X, || - ||) be a normed space and X* the topological dual space of X. (x*, x)
will denote the value at © € X of the continuous linear functional x* € X*. Further,

let g; : X — R,i =1,...,m, be convex and continuous functions and f : R™ — R

be a convex and componentwise increasing function, i.e. for y = (y1,...,ym)%, 2 =
T R™

(Zla SR Z’m) € )

yi > zipi=1,...,m= f(y) > f(2).

The optimization problem which we consider is the following one

(P) inf flg(z)),
where g : X — R™, g(z) = (q1(2), ..., gm(2))T.

In this section we find out a dual problem to (P) and prove the existence of weak
and strong duality. Moreover, by means of strong duality we derive the optimality
conditions for (P).

The approach, we use to find a dual problem to (P), is the so-called Fenchel-
Rockafellar approach and it was very well described in [3] and [11]. It offers the
possibility to construct different dual problems to a primal optimization problem by
perturbing it in different ways (cf. [13], [14] and [15]).

In order to find a dual problem to (P) we consider the following perturbation
function ¥ : X x ... x X xR™ — R,

—_——

m+1

U(x,q,d) = f((g1(z +q1)s -, gm(z + am))" +d),

where ¢ = (q1,...,qn) € X X ... x X and d € R™ are the so-called perturbation
variables.
Then the dual problem to (P), obtained by using the perturbation function W, is

(D) Sup {_\P*(O?pa A)}>
AER™ p;eX™,
i=1,....,m
where U* : X* x ... x X* xR™ — R U {400} is the conjugate function of W. Here,
—_—

m+1
pi,t =1,...,m, and A € R™ are the dual variables.
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We recall that for a function h : ¥ — R, Y being a Hausdorff locally convex
vector space, its conjugate function h* : Y* — R U {400} has the form h*(y*) =
sup{(y*,y) — h(y)}. Y* is the topological dual space to Y.
yey

Therefore the conjugate function of ¥ can be calculated by the following formula

\If*(m*,p, )‘> = sup { <$*7$> + Z <pza%> + )\Td

¢ €X,i=1,....m, i=1
rzeX,deR™

—Fp @+ @) gmlo+ gn))T + )},

To treat this expression we introduce at first the new variable ¢ instead of d and then
the new variables r; instead of ¢; by

t=d+(g(z+aq), - gn(T+qn)" €R™
and
rn=rx+qeX,1=1,....m
This implies

m

V(a5 p,A) = sup { (x* x) + Z (i, @)

¢ €Xi=1,..., m, i=1
zeX,teR™

AT (= (gi(x + @),y G2+ 0)T) — f<t>}

- o { o e
_A;(e(;(m), . ,gm(rm))T)} + tselﬂég{ATt - ()}

= ifg{(m,m— zgz(n)}@g <$ —pr >
0 -

= f*(A)+Zm;(Azgz) (pz)+§1€1)g <fff —lew >

We have now to consider z* = 0 and, so, the dual problem of (P) has the following

form
(D) sup { Z (Nigi)(pi) +1nf <sz, >}

m *
)\GiR 1p i EX*, i1



In the objective function of (D), if > p; # 0x+, there exists xy € X,z # Ox, such
=1

(2

that <Zpi,x0> < 0. But, for all & > 0 we have
i=1

;g)f( <Zpi,$> <a- <;pi,$o> ;

m
and this means that, in this case, in)f( <ZP¢, x> = —00.
i=1

TE
m
In conclusion, in order to have the supremum in (D), we must consider > p; = 0.

=1
By this, the dual problem of (P) is

(D) _sw {—f*@)—Z(Aig»*@»}. 0

=1,..., mvz pi=0
i=1

Now, let us point out a property of the conjugate of a componentwise increasing
function.

Proposition 3.1. Let be f : R™ — R a componentwise increasing function. Then
f*(A) = 400 for all X\ € R™ \ R"".

Proof. Let be A € R™ \ R7. Then there exists at least one ¢ € {1,...,m} such
that \; < 0. But

) =sup {(Nd—f(d)} > sup {Ndi— f(0,....d;, ..., 0)},

deR™ d=(0,...,d;,...,0),
d; R

this means that

d; <0

d; ER
> sup {)\idi} — f(0,...,0) = +o0,
d;<0
ie. f*(A) =+oo, VA€ R™\RT. O

By Proposition 3.1, the dual problem of (P) becomes

(D) Sup {—f*()\) - Z(Algz)*(pz)} :

A€RTY pieX™, i=1
m

=1,..., mvz pi=0
i=1



Let us point out that, by the Fenchel-Rockafellar approach, between (P) and (D)
weak duality, i.e. inf(P) > sup(D), always holds (cf. [3]).

But, we are interested in the existence of strong duality inf(P) = max(D). This
can be shown by proving that the problem (P) is stable (cf. [3]). Therefore, we show
that the stability criterion described in Proposition I11.2.3 in [3] is fulfilled. For the
beginning we need the following proposition.

Proposition 3.2. The function ¥ : X x ... x X xXR™ — R,
1
m+

\I/(x7q,d) = f((gl(x + Ch)? s 7gm($ + qm))T + d)

18 convex.
The convexity of W follows from the convexity of the functions f and g and the fact
that f is a componentwise increasing function.

Theorem 3.3. (strong duality for (P)) If inf(P) > —oo, then the dual prob-
lem has an optimal solution and strong duality holds, i.e.

inf(P) = max(D).

Proof. By Proposition 3.2, we have that the perturbation function ¥ is convex.
Moreover, inf(P) is a finite number and the function

(QIa'-'7Qm7d) —>\IJ(0,q1,...,qm,d)

is finite and continuous in (0,...,0,0gm) € X X ... x X xR™. This means that the
~—— ——

stability criterion in Proposition I11.2.3 in [3] is fulfilled, which implies that the prob-
lem (P) is stable. Finally, the Propositions IV.2.1 and IV.2.2 in [3] lead to the desired
conclusions. 0

The structure of the problem (P) looks like a scalarization of a vector optimization
problem by means of the monotonic function f. The results concerning duality for
the problem (P) could be used to derive duality statements in the multiobjective
optimization. But, this is the subject of some of our present research.

The last part of this section is devoted to the presentation of the optimality con-
ditions for the primal problem (P). They are derived, by the use of the equality
between the optimal values of the primal and dual problem.

Theorem 3.4. (optimality conditions for (P))

(1) Let Z € X be an optimal solution to (P). Then there exist p; € X*,i=1,...,m,
and A € R, such that (X, p1,...,Pm) is an optimal solution to (D) and the
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following optimality conditions are satisfied

(2) IfT€ X, (A p1,-..,Pm) is feasible to (D) and (i)-(iii) are fulfilled, then T is an
optimal solution to (P), (\,D1,...,DPm) is an optimal solution to (D) and strong
duality holds

f(g(j Z zgz i .

=1

Proof. (1) By Theorem 3.3 follows that there exist p; € X*,i =1,...,m, and A eRT,
such that (A, p1, ..., Pm) is a solution to (D) and inf(P) = max(D). This means that

> pi=0and

flg(@) = =f"(\) - Z(S\zgz)*@z) (2)

The last equality is equivalent to
0= f(g(z Z )+ Nigi@) + Nig)* () — (B (3)
=1 =1

From the definition of the conjugate functions we have that the following so-called
Young-inequalities

Flg(@) + £ (A) = A Zkzgz (4)

and

Aigi(Z) + (Niga)" (i) = (i @) ;i =1,...,m, (5)
are true. By (4) and (5) all the terms of the sum in (3) must be equal to zero. In
conclusion, the equalities in () and (4¢) must hold.
(2) All the calculations and transformations done within part (1) may be carried
out in the inverse direction starting from the conditions (7), (i7) and (4i¢). Thus the

equality (2) results, which is the strong duality and shows that Z solves (P) and
(A, D1y -+, Pm) solves (D). O



4 The case of monotonic gauges

In this section we give an application to the problem presented above. Therefore, let
Yo : R™ — R be a monotonic gauge of a closed convex set C' containing the origin.
Recall that ¢ is a monotonic gauge on R™ (cf. [1]), if yo(u) < v¢(v) for every u and
v in R™ satisfying |u;| < |v;| for each ¢ = 1,...,m.
As in the Section 3 X is assumed to be a normed space and g : X — R™, g(z) =
(g1(x), ..., gm(x))T, where g;,i = 1,...,m, are convex and continuous functions.

Let us introduce now the following primal problem

(Pye)  inf 74 (g(x)),

where v} 1 R™ — R, 74 (t) = vc(th), with ¢+ = (¢],...,t1)T and ¢ =max{0, ¢},
1=1,....m.

Proposition 4.1. The function v}, : R™ — R is convexr and componentwise in-
creasing.

Proof. First, let us point out that the function (-)* : R™ — R, defined by
tt = (tf,...,t5)T, for t € R™, is a convex function. This means that, for u,v € R™
and « € [0, 1], it holds

(cu+ (1 —a)v)" < aut + (1 —a)v™.

Here, ” <7 is the ordering induced on R™ by the cone of non-negative elements R
By the positive sublinearity and monotonicity of the gauge v¢, we have for u,v € R™
and a € [0,1],

Y& (au+ (1 — a)v) = ve((au+ (1 — a)v)?) < ve(aut + (1 — a)v™)
< are() + (1 — ahre(v) = arvd () + (1 — ) w).

This means that the function 7, is convex.

In order to prove that 7/, is componentwise increasing, let u,v € R™ be such that
u; < vy, 0= 1,...,m. It follows v < v}, which implies that |u;| < |vf|, i =
L,....,m. yc being a monotonic gauge, we have vo(u™) < ~vo(vh), where ut =
(uf, .y ui)T, vt = (vf, ..., uh)T or, equivalently, v/ (u) < 4 (v).
Hence the function 7/, is componentwise increasing. U

By the approach described in Section 3, a dual problem to (F,,) is

(Dre) 5w {—(’%)*(A)—Z(Aigi)*(pi)}.

1=1,...,m, Z pi=0
=1

i=



Proposition 4.2. The conjugate function (v5)* : R™ — RU {+o00} of v} verifies

. 0 if NeRT and yoo(N) <1
+ — ’ + ’
() (A) = { 400, otherwise,

where Yco is the gauge of the polar set C°.

Proof. For A € R™ \ R the assertion is a consequence of Proposition 3.1 and
Proposition 4.1.

Let be A € R7. For t € R™, we have |t;| > [¢]|, ¢ = 1,...,m, which implies that
Ye(t) = e(th) =74 (t) and

76(A) = sup {ATt = yc(t)} < sup {ATt =2 ()} = () (V). (6)
teR™ teR™

On the other hand, for the conjugate of the gauge 7o we have the following formula

(see Remark 2.9)

07 if Yco ()\) < ]-7
+00, otherwise.

S50 = sup AT — 70 ()} = { )

teR™
If yco(A) > 1, we have that 400 = 75(A) < (74)*(A). From here, (74)*(\) = +o0.
Let be now y¢o(A) < 1. Because A = 0, it follows that ATt < ATt*, for every t € R™.
Furthermore, by Theorem 2.5, from yco(A) < 1 it follows that A € C° and then by
Proposition 2.6 we obtain that ATt* < 4o (¢*). From these inequalities we obtain for
the conjugate function of v/

0 <75(A) < (38)"(N) = sup {\"t — e (t")} < sup {A"t" —yc(t7)} < 0.
teR™ teR™

Consequently, there is (7£)*(A\) = 0 and the proposition is proved. O

By Proposition 4.2 the dual of (P,,) has the following formulation

(Dyc) Sup {— Z()‘zgz)*(pz)} :

AERT, i€ X7, i=1,....;m, —
m

> pi=0,7c0(N)<1
i=1

In the objective function of this dual we separate the terms for which A\; > 0 from
the terms for which A\; = 0 and then the dual can be written as

(Dse) sup {— > (Mg (p) — Z(O)*(pi)} : (8)

m ) -
pi€X* i=1,...,m, > p;=0, el il
i=1
Yoo (M) <1, IC{1,...,m},
Ai>0 (i€1), \;=0 (¢ 1)
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For i ¢ I, it holds

0*(p:i) = sup{(pi, x) — 0} = sup(p;, x) =
zeX zeX

0, if p;, =0,
+00, otherwise.

For i € I there is (M\g:)*(pi) = \ig; (Aizpz) (cf. [3]). Denoting p; := - L, we obtain

(Dse) Sup {— Z Aigi (Pz)} )

(IAD)EY,,

el
with
Y’}/c = {(I7 Aap> : [ g {17 --'7m}7>\ = (>\17 "'7)\m)T7p = (p17 "'7pm>7
Yeo(A) <1, N >0(iel), A Z)\Zp,—()}
el

Because inf(P,,) is finite being greater or equal than zero and 7 is a convex and
componentwise increasing function, by Theorem 3.3 we can formulate the following
strong duality theorem for the problems (P,.) and (D,,).

Theorem 4.3. (strong duality for (P,.)) The dual problem (D,.) has an op-
timal solution and strong duality holds, i.e.

inf(P,.) = max(D,).

Similarly to the general problem (P) the optimality conditions for (P,.) can be
derived.

Theorem 4.4. (optimality conditions for (P,.))

(1) Let T be an optimal solution to (P,.). Then there exists an optimal solution
(I,\,p) €Y, to (D,.), such that the following optimality conditions are satisfied

(i) ITC{l,...,m}, Ai>0(iel), =0(i¢l),

(41) Yeo(A )<1 Z)\lpl:O,
(iii) e (g(@ ))ZZIAigi(Q_f>,
(i) g:i(x) + g; (ps) = (pi, T), 1 € 1.

(2) Ifz € X, (I,\,p) €Y, and (i) — (iv) are fulfilled, then T is an optimal solution
to (Py.), (I,\,p) € Y, is an optimal solution to (D.,) and strong duality holds

)
iel
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Proof. (1) By Theorem 4.3 follows that there exists an optimal solution (I, \,p) €
Y, to (D,,) such that (i) — (i7) are fulfilled and

— Z Nig; (7i)-
iel
This equality is equivalent to
0= [75(9(x) + )= > Nigi@) |+ Milgi(@) + g7 (p) — (B (9)
iel iel

Using Young’s inequality we have

16(9(@) + (78)(A) = A = Xigi(@) (10)

iel

and )
9:(Z) + 97 (pi) = (i, ), i € 1. (11)

All terms of the sum in (9) inside brackets are positive, therefore
Hg(@) + () (V) = Ag(z) = Y Nigi(@) (12)
Tc\g Yo g i9i

iel

and B
9:(%) + g; (pi) = (pi, T), i € 1. (13)
But, by Proposition 4.2, we have that (7/)*(A) = 0, and, so, £ (g(Z)) = > \igi(Z).

iel
In conclusion, the relations (iii) — (iv) must also hold.

(2) All the calculations and transformations done within part (1) may be carried out
in the inverse direction. U

5 The location model with unbounded unit balls

In this section we consider the problem treated by Hinojosa and Puerto in [6]. This
is a single facility location problem, where gauges of closed convex sets are used to
model distances.

Throughout this section let A := {ay,...,a,,} be a subset of R™ which represents
the set of existing facilities. Each facility a;, € A has an associated gauge ¢,,, whose
unit ball is a closed convex set C,, containing the origin. Let w = {w,,, ..., w,,, } be a
set of positive weights and let 7o : R™ — R be a monotonic gauge of a closed convex
set C' containing the origin. The distance from an existing facility a; € A to a new
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facility = € R™ is given by ¢,.(x —a;). By gogi we denote the gauge of the polar set Cgi.

The location problem studied in [6] is

(Py.(A)) inf 7o (walgoal(a: —ay), ..., Wq, Pa,, (T — am)).

reR™

Let g : R" — R™ be the vector function defined by g(z) := (g1(2), ..., gm(z))?,
where g;(x) = W, pq,(x — a;) for all i = 1,...,m.
Because
v (9(@)) = vc(g" (@) = vc(g(2)), Vo €R",

P,.(A)) can be written in the equivalent form
(Pye

(P (A))  inf 74 (g()),

z€eR™

which is a particular case of the problem studied in the previous section. We mention,
that instead of the space X considered in the case of the general optimization problem,
we take here analogously to [6], the space R". Therefore the dual problem to (P, (A))

(Dye(A))  sup {— > g (pz-)} ,

(]7)‘1p)€Y"{C (A) Z’e[

with

Vield) = {(LAR) TS {Loesmb A= (s )T 0 = (D1 D),

Yoo N) <L, i >00G€el), \i=00G¢1),> \ips = O}.
iel
As the dual space X* is also R", the dual variable p belongs to R" x ... x R". This
———

is also valid for the duals in the rest of the paper.

In our case g;(r) = wq,Ya,(r — a;), i = 1,...,m, hence (cf. [3])

010 = (o = ) () = Cnn ) ) + s = i, (25 4o
By Remark 2.9, ¢f, (%) = 0 if 2o, (“’%) =L and, denoting p; =
“ 400, otherwise,

L j € I, the dual problem to (P.

Wa,; ’ ate]

(Do) sup {—ZAiwam?ai}y

(A)) becomes

Y'yc(A) = {(Ia Aap) 1 g {1,...,7’71},)\ = (Ala"'v)\m)T7p = (p17"'7pm)7 (;021(297,) < 17



i€l AW <L A>06El), A=0(¢1), Y huwap = o}.

i€l

Using the Theorems 4.3 and 4.4 we can present for (P,,(A)) and (D, (A)) the
strong duality theorem and the optimality conditions.

Theorem 5.1. (strong duality for (P, (A))) The dual problem (D,.(A)) has
an optimal solution and strong duality holds, i.e.

inf(P’Yc ('A)) = maX(DWC (-A))

Theorem 5.2. (optimality conditions for (P,,(A)))

(1) Let T be an optimal solution to (P,.(A)). Then there exists an optimal solution
(I,\,p) € Y,.(A) to (D,.(A)), such that the following optimality conditions are
satisfied

(i) TC{1,...m}, i >0(el), \=0(¢l),
(”) fYCO()\) < 17 gpgl(ﬁl) < 17 (A4S [7 Aiwaiﬁi = 07
iel _
(111) Yo (Way Pa, (T — A1), s Wy, Pa,, (T — ) = 7/\iwa¢90ai(j a;),
el
(“}) 30a1<x al) = _iT(_ - ai)a el

(2) If z € X, (_1:,75\,}5) €Y, and (i) — (iv) are fulfilled, then T is an optimal solution
to (Py.(A)), (I, \,p) € Yy, (A) is an optimal solution to (D.(A)) and strong duality

70<wa190a1 (*T - al)v ooy Way, Payy, ('f - am)) = Z Xiwaiﬁ?ai'
i€l

Proof. Theorem 5.2 is a direct consequence of Theorem 4.4 and the fact that
ve(9(x)) = ve(g(x))- D

Remark 5.3. The optimality conditions obtained for the optimization problem
(P,.(A)) are the same as the conditions obtained by Y. Hinojosa and J. Puerto
in Lemma 7 in [6]. In the paper cited above the authors gave an geometrical de-
scription of the set of optimal solutions, but, as one can see, by means of duality one
obtains the same characterization of this set.

In the next two sections of this paper we present some particular cases of the
problem (P, (A)), namely, the Weber problem and the minmax problem with gauges

of closed convex sets.
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6 'The Weber problem with gauges of closed con-
vex sets

The Weber problem with gauges of closed convex sets is

mlgﬂ{ng Wa,;a; (T — i),

where ¢,,, © = 1, ..., m, are gauges whose unit balls are the closed convex sets C,,, i =
1,...,m, which contain the origin, and w = {wg,,...,w,,, } is a set of the positive
weights. As one can see, the problem above is equivalent to the following one

(Pu(A))  inf L(g(z)),

r€R™

where [; : R™ — R, [1(A\) = > |\ and g : R™ — R™ is the vector function defined
i=1

by g(x) = (g1(2), ..., gm ()T, With g;(x) = wa,pa,(x — a;) for all i = 1,...,m. One
may observe that the function /; is a monotonic gauge, actually, a monotonic norm.

Taking yc(A) = [1(\) for all A € R™, by the results obtained in the previous
section, the dual problem to (P,(A)) becomes

(Dw (A)) SU_p /\ wazpz az )
(I,Ap)EYw(A ;
with

Yw(A) = {(IJ Aap) I C {17 ”'7m}7)\ = <)\17 "'7/\m)T7p = (plv"’apm)v S022<p7,) < ]-7
ie PO <1, N >03Gel) A D), Nwapi = }
el

Remark 6.1. In case the gauge 7o of a convex set (' is a norm, the gauge of the
polar set CY actually becomes the dual norm. Because the dual norm of the [; —norm
is 19(\) = max |Ai|, we obtain the following formulation for the dual problem

-----

(DW(A)) Sup { Z)\ Weq, pz a’t} )

(I\p)EYu (A) P
with
Vol d) = {(LAD) T {1, omb A= (At e A) 9 = (01, ) 20, (01) < 1,
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iel, Iglealx)\z_l, A >0(el), N 0(2%]),26;)\,@0%;0@ O}
Let us give now the strong duality theorem and the optimality conditions for

(P,(A)) and its dual (D, (A)).

Theorem 6.2. (strong duality for (P,(.A))) The dual problem (D,(A)) has an
optimal solution and strong duality holds, 1.e.

inf(P,(A)) = max(D,(A)).

Theorem 6.3. (optimality conditions for (P,(.A)))
(1) Let & be an optimal solution to (P,(A)). Then there exists an optimal solu-
tion (I, \,p) € Yyu(A) to (Dy(A)), such that the following optimality conditions are

satisfied ~ - o
(1) IQ{_l, Lm}, /\z>0(z€I)L)\Z-*_0 (1¢1),
(9) maxX; <1, @) (p;) <1, i€l, > Nwgpi =0,
i€l iel
(130) > Wa,pa, (T — a;) =D NWa, 0a, (T — a;),
=1 iel
i) 7

(
(2) Ifx € X, (I,Ap) €
solution to (P,(A)), (I,\,p) € Yyu(A) is an optimal solution to (D, (A)) and strong

duality holds
Z waigpai ('f - ai) = - Z ;\iwaiplrai-
i=1 iel

Proof. Theorem 6.3 is a direct consequence of Theorem 5.2. U

7 The minmax problem with gauges of closed con-
vex sets

The optimization problem studied in this last section is the minmax problem with
gauges of closed convex sets

(Pn(A)) inf max wg, ., (z — a;),

zeR™ 1=1,...,m

where ¢,,, @ = 1,...,m, and w = {wg,, ..., w,,, } are considered like in the previous
section. One can see that this problem is equivalent to the following one

(Pn(A)) - inf loo(g(2)),

rER™
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where [, : R — R, [(\) = max |Ail and g : R™ — R™ is the vector function

1=1,...,

defined by g(:v) = (gl($)7 7gm( )) ) Wlth gz( ) - waigpai( - z) for all ¢ = 17 ey M

One may observe that the function [, is also a monotonic norm.

Taking 7o (A) := l(A) for all A € R™, the dual problem to (F,,(.A)) becomes

(D (A)) sup A wazpz a; ¢,
(I,Ap)EYm (A ZEZI
with

Vil A) = { (1A P) 1 TS {1y mb A = Oty M) = (B1, o pin), 65, () < 1,

ie LI\ <1, \>0Gel), Z)\wapz—O}

el

Remark 7.1. Because the dual norm of the [,,—norm is 12 (\) = > |\;| we ob-
i=1

tain the following formulation for the dual problem
(Dm(A)) sup AW, P} @i ¢
(I,)\,p)EYm ZEZI

with

Y (A) = {(I,/\,p) T C {1 mb A= (Ao A) D = (P1, oo D) €2 (92) < 1,

iel, Z)\ <L, i>0(Gel), A Z)\wapl— }

i=1 el

Like in the previous section we give now the strong duality theorem and the op-
timality conditions for (P,,(A)) and its dual (D,,(A)).

Theorem 7.2. (strong duality for (P, (A))) The dual problem (D,,(A)) has
an optimal solution and strong duality holds, i.e.

inf(P,,(A)) = max(D,,(A)).

Theorem 7.3. (optimality conditions for (P,,(A)))
(1) Let T be an optimal solution to (Pn(A)). Then there exists an optimal solu-
tion (I, \,p) € Yi(A) to (D,,(A)), such that the following optimality conditions are

17



satisfied

(i) IC{1,. Jm}, A >0(' el), N=0(i¢I),

(i) A<, @) (p) <1, i€l Y Awa,p; =0,
iel i€l

(ii1)  max wa, 0, (7 — ) = 50 Nt (7 — ),
E m iel _

() o, (T —a;) =" (T —a;), i € 1.

(2) If z € X, (I,\,p) € Yo(A) and (i) — (iv) are fulfilled, then T is an optimal
solution to (P,,(A)), (I,\,p) € Y;,(A) is an optimal solution to (D,,(A)) and strong
duality holds

X o, pa, (T == \we,p a;
iel
Proof. Theorem 7.3 is a direct consequence of Theorem 5.2. 0
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