Conjugate Duality in Vector Optimization and Some Applications to
the Vector Variational Inequality
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Abstract. The aim of this paper is to extend the so-called perturbation approach in order to
deal with conjugate duality for constrained vector optimization problems. To this end we use two
conjugacy notions introduced in the past in the literature in the framework of set-valued optimization.
As a particular case we consider a vector variational inequality which we rewrite in the form of a
vector optimization problem. The conjugate vector duals introduced in the first part allow us to
introduce new gap functions for the vector variational inequality. The properties in the definition of
the gap functions are verified by using the weak and strong duality theorems.

Key words: conjugate duality, conjugate map, vector optimization, perturbation function,
vector variational inequality, gap function

AMS subject classification: 49N15, 54C60, 5835, 90C29

1 Introduction

Having a scalar optimization problem one can attach to it a conjugate dual problem by using the
so-called perturbation approach ([7]). This topic has been intensively investigated in the past,

the mentioned approach giving new insights in the duality theory. Bot and Wanka considered for

*Faculty of Mathematics, Chemnitz University of Technology, D-09107 Chemnitz, Germany, e-mail: lkal@

mathematik.tu-chemnitz.de.

TFaculty of Mathematics, Chemnitz University of Technology, D-09107 Chemnitz, Germany, e-mail: radu.bot@

mathematik.tu-chemnitz.de.

fFaculty of Mathematics, Chemnitz University of Technology, D-09107 Chemnitz, Germany, e-mail: gert.wanka@

mathematik.tu-chemnitz.de.



a primal scalar optimization problem three conjugate duals, namely the Lagrange, Fenchel and
Fenchel-Lagrange dual problems, all of them obtained by considering some special perturbation
functions ([5], [23]). The relations between the optimal objective functions of these duals have been
completely investigated.

Inspired by the scalar case, Tanino and Sawaragi in [20] (see also [18]) developed a conjugate
duality theory based on the same perturbation approach but for vector optimization problems.
They considered a new concept of a conjugate map (also called type I Fenchel transform) in finite-
dimensional spaces based on Pareto efficiency. For different perturbation functions one can attach
to a vector optimization problem, by using this conjugacy notion, a dual problem. Weak and
strong duality assertions can be also formulated. Furthermore, by using the concept of supremum
of a set (cf. [21]) on the basis of weak orderings, this conjugate duality theory has been extended
to optimization problems in partially ordered topological vector space (see [22]) and to set-valued
vector optimization problems (see [19]).

In the first part of the paper we construct for a primal vector optimization problem, by considering
some appropriate perturbation functions, three new vector dual problems based on the Lagrange,
Fenchel and Fenchel-Lagrange duality concepts treated in [23] in the scalar case. To this end we
consider on the one hand the type I Fenchel transform introduced in [20] but also, on the other
hand, a different conjugacy concept, namely the type II Fenchel transform. For the definition and
some property of the latter we mention the book of Goh and Yang ([11]). For all the vector duals
considered in this paper weak and strong duality assertions are proved.

In the second part of the paper we deal with the connections between vector optimization and
vector variational inequalities. Since the vector variational inequality in a finite-dimensional space
was introduced first in [8], several papers concerning this topic have been written in the past (see
for instance [10], [13] and [14]). By rewriting a vector variational inequality in the form of a vector
optimization problem, the conjugate vector duals introduced in the first part allow us to introduce
new gap (merit) functions for it.

In the case of scalar optimization the construction of a gap function for variational inequalities



has been associated to Lagrange duality (see [9]). Different classes of gap (merit) functions have
been considered also by Noor in [17] for general variational inequalities in Hilbert spaces. The
general variational inequalities have been introduced in [15] and include as special cases variational
inequalities, quasivariational inequalities and complementary problems (see also [16]). By using the
gap functions introduced in [17] one can obtain error bounds for the solution of general variational
inequalities.

The approach we consider here extends to the vector case the results in [3] and [2] where dif-
ferent gap functions have been constructed via conjugate duality for variational inequalities and for
equilibrium problems, respectively.

The paper is organized as follows. In section 2 we recall some definitions and some preliminary
results. In section 3 we develop a new duality theory for the constrained vector optimization problem
by using the perturbation approach and working with the type I Fenchel transform. Similar results
are obtained in section 4 but using the type II Fenchel transform. These duality concepts allow us
to define in section 5 some new gap functions for the vector variational inequality. The properties

in the definition of the gap functions are verified by using the weak and strong duality theorems.

2 Mathematical preliminaries

Let C be a pointed closed and convex cone in R”. For any &, u € R™, we use the following ordering
relations: E<pu < p—£6e€Candé < pe p—£¢ e C\{0}. Furthermore, we denote { £ p <
¢ c\{o} c\{o}
p—& ¢ C\{0}. The notions >, > and % are used in an alternative way.
¢ c\{o} c\{0}
Definition 2.1 A point y € R" is said to be a maximal point of a set Y CR"™ ify € Y and there is

noy €Y such thaty < .
C\{0}

The set of all maximal points of Y is called the maximum of Y and is denoted by énax Y. The
0

minimum of Y is defined analogously. Further we take the cone C being the nonnegative orthant

R? = {x = (z1,.yzn)T €ER 2; >0, i :177”}-

Lemma 2.1 [18, c¢f. Proposition 3.1.3] Let Y1,Ys C R™. Then



(i) nax (Y14+Y2) € max Y + Jnax Yo;
R7\{0} R7\{0} R7\{0}

(ii) mm (Y1+}/'2)C min Y; + mln Ys.
R \{0} R \{0}

Definition 2.2 [11, c¢f. Definition 8.2.2] Let h : R™ = RP be a set-valued map.

(i) The set-valued map mln h(x) is said to be externally stable if h(z) C min h(z)+RE, Va €
RE\{0} RZ\{0}

R™.

(i) Similarly, the set-valued map Jax h(z) is said to be externally stable if h(x) C max h(x) —
RE\{0} R?\{0}

R, Vo e R™.
Lemma 2.2 [18, Lemma 6.1.1] Let Fy : R® = RP and F» : R" = RP be set-valued maps and
X C R"™. Then m\z?é} xgx[ 1(z) + Fa(z)| C R%le{)é} mgX Fi(x) +Rr§1€{>é} Fy(z)|. If R?&%} Fy(z) is
externally stable, then the converse inclusion also holds.
Corollary 2.1 [18, Corollary 6.1.3] Let F' : R = RP be a set-valued map and X C R". If

max F(x) is externally stable, then max |J F(z) = max max F(x).
RE\{0} REA{0} zex REA{0} zex RE\{0}

Before describing the conjugate duality for vector optimization, let us recall the concepts of conjugate

maps and of set-valued subgradient.

Definition 2.3 [11, Definition 8.2.1] Let h : R™ = RP be a set-valued map.

(i) The set-valued map h* : RP*"™ = RP defined by h*(U) = max |J [U:L‘ - h(:n)], U € RPX" g
REN{0} zeRrn
called the conjugate map of h.

(ii) The conjugate map of h*, h** is called the biconjugate map of h, i.e.
W (z) = Tnax U [U:L“—h* )},xGR”.
RINO} |/ goxn

(i1i) U is said to be a subgradient of the set-valued map h at (z;y) if y € h(Z) and

y—UZz € min h(z) — Ux].
in, U o) - v



The set of all subgradients of h at (z;y) is denoted by Oh(z;y) and is called the subdifferential
of h at (z;y). If Oh(x;y) # &, Yy € h(z), then h is said to be subdifferentiable at x.

When ¢ : R™ — RP is a vector-valued function, then the conjugate map ¢* of ¢ is defined by

“(T) = Tx — eR";, T € RP*™,
o(T) = apax {To - p(@)] s €R"}

Let f: R"™ — RPU{oo} be an extended vector-valued function. Here oo is the imaginary point whose

every component is +0o0. We consider the following unconstrained vector optimization problem
(P) min {f@)\ e R"}.
R\ {0}
In other words, (P,) is the problem of finding # € R™ such that f(z) £ f(z), Vo € R". Let

RE\{0}
® : R"xR™ — RPU{oo} be another vector-valued function such that ®(z,0) = f(x), Vo € R", which

is the so-called perturbation function. The value function is a set-valued map ¥ : R™ = RP U {oco}
defined by ¥(y) = min {@(w,y)] x € R"}. Clearly ¥(0) = min f(R"™) is the minimal frontier of

R2\ {0} R?\ {0}

the problem (P,). The problem (P,) can be stated as the primal optimization problem

(Py,) min { ®(z,0)] z € R™ .
RE\{0} { }

The conjugate map of @, denoted by &* : RP*™ x RP*™ = RP U {o0}, is a set-valued map defined in
the usual manner: ®*(U,V) = max {Um +Vy—®(z,y)| z € R, y € Rm}. Then the conjugate

RE\{0}

dual optimization problem can be defined as being

(D) max —9*(0,V)].
RE\{0} VE%JXm ]

Since —®* is a set-valued map, the problem (D,) is not an ordinary vector optimization problem.

In other words, it can be reformulated as follows.

Find V* € R such that — $*(0,V*) N max || [— (I)*(O,V)} £ o,
Ri\{ﬂ} VeRpXm

Theorem 2.1 [18, Proposition 6.1.12] (Weak duality)

®(x,0) ¢ —*(0,V) —RE\{0}, Vo € R", ¥ V € R?X™,

Definition 2.4 The primal problem (P,) is said to be stable with respect to the perturbation function

® if the value function V is subdifferentiable at y = 0.



Theorem 2.2 [18, Theorem 6.1.1] (Strong duality)

(i) The primal problem (P,) is stable with respect to ® if and only if for each solution x* to the

primal problem (P,) there exists a solution V* to the dual problem (D) such that
®(z*,0) € —2*(0, V™). (2.1)

(ii) Conversely, if x* € R™ and V* € RP*™ satisfy (2.1), then x* is a solution to (P,) and V* is

a solution to (D).

3 Conjugate duality for the constrained vector optimization prob-

lem

In this section some special perturbation functions investigated for scalar optimization in [23] are
applied to the constrained vector optimization problem. As a consequence, we obtain different dual
problems having set-valued objective maps. In analogy to the scalar case, let us call them Lagrange,
Fenchel and Fenchel-Lagrange dual problem, respectively. Let f : R® — RP, g : R" — R™ be

vector-valued functions and X C R™. Consider the vector optimization problem

(VO) min {f(a:)| zEG},

R\ {0}

where G = {x € X|g(x) < O}. Let us introduce now the following perturbation functions (cf. [5]
R

and [23])

f(x), veX, g(x) <u,
P :R" x R™ - RPU {0}, ®i(z,u) = =

o0, otherwise;

flx+wv), z€q,
Q9 : R" x R" — RP U {o0}, Po(z,v) =

o0, otherwise;

O3 :R" x R" x R™ — RP U {c0},

flx+v), zeX, g(x) <u,
O3(z,v,u) = R

0, otherwise.



Then the corresponding value functions can be written as follows.

Uy :R™ = RP, Uy(u) = R?\i&)} {¢>1(a:,u)| T € R”} = Rgl\i{%} {f(a:)l z € X, g() RﬁTu};
Uy :R" = RP, Uy(v) = R?\ig)} {@2(az,v)| x € R”} = R?\ig)} {f(x+v)| x € G};
U3 :R" x R™ =3 RP, U3(v,u) = Ran\i{%} {@3($,U,U)| x € R"}
= Rén\i%(l)}{f(x—l—vﬂ r e X, g(x)RgTu}

In view of Definition 2.4, the problem (VO) is said to be stable with respect to the perturbation

function ®;, i = 1,2, 3, if the value function ¥;, i = 1,2, 3, is subdifferentiable at 0.

Definition 3.1 Let Z C R™ be a convex set.
(i) The set-valued map G : R™ = RP is said to be convez, if for any x1,x9 € Z and § € [0,1], we

have £G(z1) + (1 — §)G(x2) C G(&x1 + (1 — §)xa) + RE.

(ii) The set-valued map G : R™ = RP is said to be strictly convex, if for any xi,x9 € Z, x1 # x2
and & € (0,1), we have {G(z1) + (1 — £)G(x2) € G(&x1 + (1 — §)z2) + int RE, where int RE

denotes the interior of a set Rﬁ.

Lemma 3.1 Let X C R" be a convex set and f;, i = 1,p, gj, j = 1,m, be convexr functions. If
Yu € R™ (resp., Yv € R" and V(v,u) € R" x R™) the set Ui(u) (resp., Va(v) and ¥3(v,u)) is

externally stable, then the value function WUy (resp., ¥o and ¥3) is convex.

Proof: Let us verify it only for ;. By the same way, one can prove the assertions for ¥ and Vs.
Let uj,uz € R™ and A € [0,1]. Then AW;(ui) + (1 — A\) ¥y (uz) € AHi(u1) + (1 — N)Hi(ug), where
H; is defined by Hi(u) := {f(:n)| z e X, g(ac)Rgm u} By the convexity and the external stability,
we have )
AH(u1) + (1 — A)Hy(ug) C
{f(m FL=X)2) Ax+ (1= Nz € XogQa + (1-X)2) < M+ (1~ A)W} +RE
+
= Hi(Aup + (1 — Nug) + RE C ¥(Aug + (1 — Nug) + RE.

Consequently, one has AU; (u1) + (1 — A) Wy (ug) € ¥(Aug + (1 — Nug) + RE. O

7



Let us give some stability criteria with respect to the above perturbation functions. Similar

results can be found in [20].

Proposition 3.1 (see [1]) Let X C R™ be a convex set and g;, j = 1,m, be convex functions.

Assume that the functions f;, i = 1,p, are strictly convez.

(i) If Vu € R™ the set Wy(u) is externally stable and there exists xy € X such that —g(xg) €

int R'?, then the problem (VO) is stable with respect to ®.

(ii) If Vv € R™ the set Wa(v) is externally stable, then the problem (VO) is stable with respect to

Ds.

(iii) If V(v,u) € R™ x R™ the set Us(v,u) is externally stable and there exists xo € X such that

—g(zo) € int R7, then the problem (VO) is stable with respect to ®3.

In section 5 we consider the vector optimization problem with linear objective function. Since
the hypothesis of strictly convexity is not fulfilled, the above stability criteria cannot be applied.

Instead of it we will use Proposition 3.2. Let be A € RP*™. Consider the vector optimization problem

(Pa) min < Az| z € G ;.
RE\{0} { }

Before giving a stability criterion for (P4) with respect to ®9, let us mention the following trivial
properties.
Remark 3.1 Let h : R™ — RP be a vector-valued function and Z C R". The following assertions

are true:
(i) For any t € RP it holds {h(x) +t| z € Z} = {h(z)| x € Z} + t.
(ii) For any set A C RP it holds |J {A + h(x)} =A+ U {h(x)}.
r€Z rx€eZ

For the problem (Pj4) we can state the following stability criterion.

Proposition 3.2 Let the set gl\i{n}{Aﬂ x € G} be externally stable. Then the problem (Pga) is
R2\{0

stable with respect to ®o.



Proof: Let f(x) = Az, A € RP*™. Then, in view of Remark 3.1, one has

—Ui(T) = mm min {Azx + Av| z € G} —Tv| =
o) = %) eRn[ RN | -
min Av —Tv + mln Az| z € G min A—T)vlv € R"} + min {Ax| x € G}|.
i U [ Juin {4a] H = Jin [{(A= Tyl e R") Jin { H

As the set gl\igl}{Aﬂ x € G} is externally stable, for T'= A one has (cf. Corollary 2.1)
R%\{0

—Ui(A) = mm min {Ax| z € G} = mln Azl x € G
S(4) = min win {4s] 2. G) = min (42| 2 < G}

In other words, Vz € Enin}{Ax| x € G}, it holds z € —¥3(A). This means that 0V2(0;2) # @. O
REA{O

Lagrange duality. In the following we obtain different dual problems by specializing the per-

turbation approach. First we construct a dual problem to (VO) by using the perturbation function

®;. We prove first the following preliminary result.

Proposition 3.3 Let A € RP*™. Then

(i) @1(0,4) = max {{Au\ ueRM + {Ag(z) — f(z)| z € X}}.

(i) If the set IPH&X}{AUI u € R} is externally stable, then it holds
R?\{0

$1(0,A) = m\a{;é}{ m\z?é}{/\u\ ueR™ + {Ag(x) — f(z)| z € X}}.

Proof:

(i) Let A € RP*™, Taking into account Remark 3.1
®7(0,A) = max {Au —®y(z,u)| z €R", u e Rm} =

o, {u = f@l 2 € X, gto) < u} = o U {du=J@)9to) £}

Setting 4 := u — g(x), we have

P1(0,A) = s U {Ag(:ﬂ) — f(x) +Au| u € R+} = g Y {Ag(a:) = f(@)+

{Ad| 7 e RT}} = s {{Au| ueRM + {Ag(z) — f(z)| z € X}}.

(ii) Follows from Lemma 2.2. O



According to Proposition 3.3, we can define the following dual problem to (VO)

DYo max — ®7(0,A

(D) Rz\{O}Aeﬁim[ H0,0)]
= max min —Aul u e R} + {f(x) — Ag(z)| z € X} ;.
Ri\{D}AE%JmRi\{O}{{ | u e R} +{f(2) -~ Ag(a)| @ € X} }

This dual problem may be considered as a kind of Lagrange-type dual problem. This interpretation
appears evident and natural in the context of the following derivation of the classical Lagrange dual
problem to (VO) (cf. [18]).

As applications of Theorem 2.1 and Theorem 2.2 we get weak and strong duality results for (VO)

and (DYO).
Proposition 3.4 (Weak duality)

flx)+€ £ 0, Vo €G, Ve € dj(0,A), VA € RPX™,
R%\{0}

Proposition 3.5 (Strong duality)

(i) (VO) is stable with respect to ®1 if and only if for each solution x* to (VO) there exists a

solution A* to (DYO) such that f(z*) € —®%(0,A*).

(ii) Conversely, if x* € G and A* € RP*™ satisfy f(x*) € —®7(0,A*), then =* is a solution to

(VO) and A* is a solution to (DY©).

Under the external stability condition of the set R?&%}{Aq] q € R}, considering as objective of the
dual problem the set-valued map in Proposition 3.3(ii), one can obtain similar results.

Before coming to the next perturbation function, let us, as announced, explain how the problem
(DY©) turns out to be the classical Lagrange dual problem (cf. [18]) under a certain restriction on

the feasible set of the dual. To do this, we assume that the feasible set looks like
L={AeR™™ Au>0, vueRY} = {A e R ART C R .
7
Then we conclude immediately that
min {Au| v € R} = {0}, VA € L. (3.1)
R2\{0} -

10



Because of A € L, by using (3.1), from Lemma 2.1(i) follows

®7(0,—A) = Jax {{—Au| u e R+ {—Ag(z) — f(x)| z € X}}

\{o}
C max {—Au| u € R} + max {—Ayg rx € X} =— min {Au| ue R }+
o (Al w € BT} -+ o (~Ag(e) ~ J(@) @ € X) = = pin {Au] we )

Jps (~Agl@) — J(@)] @ € X} = max (~Ag(e) ~ J(&)] v € X).

Denoting by ®(A) := nax {—=Ag(z) — f(z)| = € X}, we get the classical Lagrange dual problem to

B2\ {0}
(VO)
DY9) max —&) = max min {Ag(z )|z e X}.
(DL) %5, AeL[ n] = B2\ {0) ALEJL iy ) @ I

Proposition 3.6 [18, Theorem 5.2.4] (Weak duality)

flx)+¢ £ 0, Vzed, Ve ®(A),VA € L.
R%\{0}

Proposition 3.7 [11, Theorem 8.3.3] (see also [18, Theorem 5.2.5(i)])
Let ¥ € G, A* € L such that f(z*) € —®(A*). Then f(z*) is simultaneously a minimal point to the

primal problem (VO) and a mazimal point to the dual problem (5%0)
Fenchel duality. The following result is in connection with the perturbation function ®s.

Proposition 3.8 Let T € RP*™. Then
(i) ®3(0,T) = pax {{TU — f()| v € R} + {~Tx| z € G}}.

(i) If the set f*(T) = m\a:{x}{Tv — f(v)| v € R"} is externally stable, then it holds
0

®3(0, T)_ max {f*(T)+{—Tx] xeG}}.

Proof:

(i) Let T'€ RP*". In view of Remark 3.1

®3(0,7) = m\a:{x}{Tv — Py(z,v)| z € R”, veR"} =
0

max {Tv— f(z+v)|z€ G, veR"} = nax Tv— f(x+v)veR"
o | )= s U ve R,

11



Denoting v := = 4 v, one gets

®5(0,7) = max To — f(v) —Tz| v € R" —rnax — Tx+
o \{O}U{ | J RE\{0} eG{

(T5— f(3)| ¥ € ]R{”}} = s {{TU — f(W)| v ERM} +{~Tx| z € G}}.

(ii) Follows from Lemma 2.2. O

As a consequence we state the following dual problem to (VO), which will be called the Fenchel dual

problem

(DY9) max — ®5(0,7)| = max min {{f(v) —=Tv|v e R"} +{Tz| z € G} ;.
" >Rz\{0}T€gm[ 1.7 Ri\{o}Tengi\{O}{{ pr it 1

Also in this case one can state weak and strong duality assertions.

Proposition 3.9 (Weak duality)

f@)+¢& £ 0, VzeG, VE e @5(0,T), VT € RP*™.
R%\{0}

Proposition 3.10 (Strong duality)

(i) (VO) is stable with respect to ®o if and only if for each solution x* to (VO), there exists a

solution T* to (DY©) such that f(z*) € —®5(0,T%).

(i) Conversely, if x* € G and T* € RP*™ satisfy f(z*) € —®5(0,T*), then z* is a solution to

(VO) and T* is a solution to (D}.©).

As mentioned before, under the external stability of the set f*(T) = m&x}{T v— f(v)| veR"}, for
0
the dual problem having as objective the set-valued map in Proposition 3.8(ii), one can also show

similar dual assertions.

Fenchel-Lagrange duality. In the following we deal with the perturbation function ®3.
Proposition 3.11 Let A € RP*™ qnd T € RP*™. Then

(i) ®300,7,A) = max { U {Au}+ U {Tv—f)}+ LE_JX{Ag(ac)—T:C}}.

+\{0} uGRZL veER?

12



(i) If the sets R%l&{}(()}{AU| u € R} and f*(T) are externally stable, then it holds

®3(0,7,A) = max { max U {Au} + f(T) + U {Ag(z) — TJ:}}

RO} T REAO} ueR™ zeX

Proof:

(i) Let T € RP*™ and A € RP*™. By applying Remark 3.1

®3(0,7,A) = max {Tv—i—Au— O3(z,v,u)| x € R", veR", ue ]Rm} = max {TU+AU
RE\{0} RL\{0}

—flz+v)ze X, velR" g(x) < u} = max {Tv+Au— flx+v)| g(x) < u}
AR A i
veER™

Putting @ := u — g(x), one has

®3(0,T,A) = max {Tv+ A(g(z) +u) — f(z+v)| ueR'} = max Tv + Ag(x)
’ R\{0} U R0 g(gn{
vGR”

—flz+v)+ {Au| u € R+}} = e {Ag(:ﬁ) + {Au| u € R™} + {Tv — f(z+v)| v e R”}}.
zeX

Setting v := x + v, we obtain

®3(0,7,A) = m&%} Y {Ag(ac) +{Au| v e R} + {Tv — Tz — f(v)| v € ]R”}}

= A -T A € R To— f(v)] v eR"
Rr;\a{}é}xex{ 9(2) = To + {Au| u € RY} + {T0 — /()| o ¢ B} }

- RI??&{}S} {{Au| ueRT}+{Tv— f(v)|veR"} +{Ag(x) —Tz| z € X}}

(ii) By Lemma 2.2, one can easily verify (ii). O
Now we can formulate the following so-called Fenchel-Lagrange dual problem to (VO)

OF)  max ) [-@50.74)
+\ }(T,A)ERPX”XRPX’”

= max U min 3 {f(v) —Tv| v € R"} + {—Au| v € R} + {Tx — Ag(x)| v € X} .
RO (T,A)ERPX"xRpmei\{O} { }

Proposition 3.12 (Weak duality)

f@)+& £ 0, Vo e X, V€ e ®5(0,T,A), V(T,A) € RP*™ x RPX™,
RZ\{0}

Proposition 3.13 (Strong duality)

13



(i) (VO) is stable with respect to ®3 if and only if for each solution x* to (VO) there exists a

solution (T*, A*) to (DY9) such that f(z*) € —®5(0,T*, A*).

(i) Conversely, if x* € X and (T*,A*) € RP*" x RP*™ satisfy f(xz*) € —®5(0,T*,A*), then x* is

a solution to (VO) and (T*, \*) is a solution to (D}9).

Like for (E‘L/O), under the same restriction on A, we can introduce another Fenchel-Lagrange-type
dual problem. Indeed, let us suppose that A € L. Then, according to Lemma 2.1(i) and (3.1), it
holds

$3(0,T, —A) = max { U —aad+ | {70 - s} + | {—Ag(:r)—T:):}} c

p
REA{0} u€R’? vER™ zeX

max | J {~Au} + max { U (7o - f)} + U{—Ag(x)—Tx}} -

Ri\{o} u€RT Rﬂ\{O} vER? zeX
max U {Tv—f(v)} + U {—=Ag(x) — Tz} ;.
Y /

Let us denote by (T, A) := max { U {Tv—-f(v)}+ U {-Ag(z) — Tl‘}} If the set f*(T) is

Rﬁ.\{o} veER™ zeX
externally stable, then W(T, A) can be rewritten as W(T,A) = max {f*(T) + U {—Ag(z) — Ta:}}
RE\{0} zeX
So we can suggest the following dual problem
Y max Y [-Sma)
R0} (T,A)ERP*1 X L, [ }
= max U min U {f(v) = Tv}+ U {Tx+ Ag(x)} ;.
RIMOY (o pyeRpxn g, B MO { veER zeX }

Proposition 3.14 (weak duality)
f(l') +§ f 0, Vr € G, Vf e EI(T7 A),V(T’ A) c RPX*" x L.
RE\{0}

Proof: Let (T, A) € RP*™ x L be fixed and & € U(T,A). In other words

¢ £ Tv— f(v)+ (=Ag(z) — Tx), Yv e R", Va € X.
B2\ {0}

Choosing v = z := & € G, we obtain that f(z) +& £ —Ag(Z). On the other hand, since A € L
REA\{0}
from z € G it follows that —Ag(Z) > 0. Consequently, one has f(z)+¢& £ 0. O
Ry REA{0}
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Proposition 3.15 Let z* € G and (T*,A*) € RP*™ x L be such that f(z*) € —U(T*,A*). Then
f(x*) is simultaneously a minimal point of the primal problem (VO) and a mazimal point to the

dual problem (ﬁ%g)
Proof: Let z* € G and (T*, A*) € RP*™ x L be such that f(z*) € —U(T*, A*). The latter means

) € m\l{%} { gﬂ{f —T"v} + ngJX{T*x + A*g(:v)}} (3.2)

If f(z*) is not a minimal point of the primal problem (VO), then there exists x € G such that

f(z) < f(z*). As mentioned before, since A* € L, z € G yields A*g(z) < 0. Consequently, we

R%\{0} RE
have f(x) + A*g(z) < f(z*) or, equivalently, f(x) — T*z + Tz + A*g(x) < f(z*). But
RE\{0} RE\{0}
fl@) =T o+ Tz + Ag(x) e | {fv) - T} + |J{T72 + A"g(2)},
veER™ rzeX

which is a contradiction to (3.2). Therefore f(z*) is a minimal point to the problem (VO). Further,
if f(z*) is not a solution to (5%?), then Jy € U {— (T, A)} such that f(z*) < 7.
(T, A)ERPX" X L, R\ {0}
Let (T',A) € RP*" x L be such that y € —V(T', A). From Ag(z*) < 0 follows
P

RY

J > f@*)+Ag(a") = f(z*) — Ta* + Ta* + Ag(a”),
RZ\{0}

which contradicts the fact that y € —‘ivf(f , K) in the same way as before. Accordingly, f(z*) is a

solution of (5%? ). O

4 Special cases

This section aims to investigate some special cases of dual problems based on alternative definitions
of the conjugate maps and the subgradient for a set-valued map having vector variables. In Definition
2.3, if we choose U := [t, ..., 1] € RP*" for t € R", as variable of the conjugate maps, then this reduces
to the definition considered in this section. Remark that duality results for vector optimization
developed by Tanino and Sawaragi (see [18] and [20]) are essentially not distinguishable in both
cases. The advantage of considering conjugate maps with vector variable consists in the fact that

the corresponding dual problems have a more simple form than ones in Section 3 and so they can be
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easily reduced to the duals in scalar optimization. Let us recall first the definitions of the conjugate

maps with vector variables (cf. Definition 2.3).

Definition 4.1 [11, Definition 7.2.3] (the type II Fenchel transform)

Let h: R™ = RP be a set-valued map. For \,x € R™ we denote (\'z), = (\Tx,... \T2)T € RP.

(i) The set-valued map hy, : R™ = RP defined by hy(\) = 121\21}{} U [()\T:c)p —h(x)|, N € R™ is
RYA\{0} zeRrn

called the (type II) conjugate map of h;

(ii) The conjugate map of h%, h¥*(x) = max [J |(Az),— h;‘,(A)], x € R" is called the biconju-
RE\{0} AeRn

gate map of h;
(i4i) X € R™ is said to be a subgradient of the set-valued map h at (%;%), if j € h(z) and j—(A\1z), €

min z) — (NTx),).
in U )~ ()

Like in Section 3, let f: R™ — RP, g : R™ — R™ be vector-valued functions and X C R". Based on
the perturbation functions introduced in Section 3, let us suggest some dual problems having now
vector variables. For convenience, in this section we denote the perturbation functions by ¢; instead
of ®;, for i = 1,2,3. Let us notice that throughout this section instead of ‘pr we write ¢, ¢ = 1,2, 3.

Lagrange duality. By using the dual objective map having a vector variable with respect to
¢1, the Lagrange dual problem to (VO) was introduced in [20]. Let us now explain how one can
obtain this dual.

Lemma 4.1 Let A € R™. Then gl\i{n}{()\Tm)p\ z € RT} = {0}, if A > 0 and is equal @, otherwise.
R2\{0 R

Proof: Let z € min {(ATz),| z € RT}. Then 3z € R7 such that z = (A\TZ), and it holds

RE\{0}
(A7), pz (ATz),, Vz € RT or, equivalently, ATz < ATz, Vz € R7. In other words, it holds
RY\{0}
Az = min ATz. Since inf Mz =0, if A > 0, and is equal —o0, otherwise, we obtain the conclu-
zeR” z€RT RT
sion. O

Proposition 4.1 Let A € R™. Then ¢7(0,\) = max {(/\Tg(:c))p — f(z)| z € X}, if A <0 and is
RE\{0} R

equal &, otherwise.
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Proof: Let A € R™. Then by definition ¢7(0,\) = Jmax {()\Tu)p —pi(z,u)| zx € R", u € Rm} =

RH\{0}
R%l\aj{)é} {()\Tu)p —f@)| z e X, g(z) RST u} Setting 4 := u — g(z), we have
G0N = max {WTg@), + (W), - fla)| w € X, acRY}
= (9@~ f@)] o € X} + (W)l a R},

In view of Lemma 2.1(i) and of Lemma 4.1, one has

©1(0,A) C max {(\Tg(x Np— flz)| x e X} + max {(\T u)p| u € R}

RE\{0} RE\{0}
= IWM{QT()) f(z)l z € X} — min {(—A Tu)y| u € R}
R2\{0} ! RE\{0} ' i
being equal me{x {(A\Tg(x)),— f(@)| 2 € X}, if A < 0 and equal @, otherwise. For A < 0 it remains
=2\(0 w7 7
to show that max {(ATg(z)), — f(z)| z € X} C ¢;(0,\). Let § € max {(A\g(x)),— f(z)| = € X}.
RY\{0} R?\{0}
This means § € {(A\g(z)), — f(z)| z € X} andy £ (M g(x)), — f(z), Vz € X. Choosing @ = 0,
RE\{0}

we have
5 =5+, € {{(Ng(@)y — J@)] 2 € X} + {(u)| u e RI}}.

On the other hand, since (\Tu), < 0, Vu € R7, one has § > § + (A\Tu), and it holds

oD
R% R

+ (M), £ (Mg(@)p — f(@) + (A Tu)p, Yo e X, Yu e RT.
RE\{0}

Consequently, we obtain that § ¢ (Ag(2)), — f(z) + (\Tu),, Vz € X, Vu € RT. In other words
RE\{0}
7 € ¢1(0,A). O

Thus a dual problem to (VO) can be formulated as

(DY°)  max —1(0,N)] = max Inln {f(x) = Ng(2),| z € X}
B AV - [-si0n] = RO, 2 (RO !

+

= max U mln {f(x)+ (\Tg(x)),| € X}.

AT

+

Proposition 4.2 [18, Theorem 6.1.4]

(i) The problem (VO) is stable with respect to 1 if and only if for each solution T to (VO), there
exists a solution X € R™ with X\ > 0 to the dual problem (B‘L/O) such that f(z) € m\lj?}{f( x)+
R RA\{0
(M'g(2))p| x € X}. In this case AT g(z) = 0.
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(ii) Conversely, if T € G and X € R™ with X\ > 0 satisfy the relations above, then T and X are
R

solutions to (VO) and (E‘L/O), respectively.

Remark 4.1 Let p =1 and the assumptions of Theorem 2.8 in [5] (see also [23]) be fulfilled. Then
Proposition 4.2 coincides with the optimality conditions (cf. Theorem 2.9 in [5]) for the Lagrange
dual problem in scalar optimization.

Ezxample 4.1 Consider the vector optimization problem

(VOy) min {(z1,22)] 0<a; <1, z; € R, i =1,2}.
R3\{0}

Let us construct the Lagrange dual problem to (VO;). Before doing this, in view of (ﬁ}fo), for
A > 0, one has to calculate gn\i{n}{f(a:) +(Mg(z))p| € X}. Let A= (A1, A2, A3, \a)T € R* and the
R R%\{0

function g : R? — R* be defined by g(z) = (=21, 21 — 1, —x2, 22 — 1)T. In other words, we have

(A2 =AM+ 1Dz + (A — A3)x2 A2+ A4
min ($1,CL’2)T € R? -

2
RO} (A2 — A1)z + (A4 — A3+ 1)z A2+ A\

—A+1 A=A
Let By = . Taking into account Theorem 11.20 in [12], if 3 € int R%

Ay — A1 A —A3+1

such that u? By = 0, then min {Byx| z € R?} = {Bjz| v € R?} (cf. Lemma 5.1). In the other case,
RZ\{0}

one has 1211\1?}{B13:| r € R?} = @. As "' By = 0 is nothing else than (Ao — A1+ 1)1+ (A2 — A1 )2 = 0
R2\{0

and (Mg — A3)p1 + (Mg — Az + 1)pug = 0, it must hold Ay = Ay + m’_‘ﬁw and A3 = M\ + m/fuz' Now let

us define

Ll::{AeRﬂaﬂeimRi such that Aj = A+ —4 Ny =M+ 12 }
w1+ w2 w1+ 2

In conclusion, we obtain for the Lagrange dual problem (ﬁ‘{ol) the following formulation

(A2 — A+ Dxg + (A — A3)xo A2+ A\
max - (z1,22)T € R?
R
+\{0})\]§1 0 ()\2 — )\1)1’1 + ()\4 — A3+ 1)$2 Ao+ A4
)\621

Let Z = (0,0)7 € R? and A = (A1, A2, A3, A1) € Ly be such that A > 0 and ATg(Z) = 0. Then from

3
M g(Z) = 0 follows Ao + Ay = 0. As Ag, Ay > 0, this implies that Ao = Ay = 0. Moreover, as A € L,
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it holds \; = —#L— and \3 =

p1tp2 )\3:1—Olf01'0<04<1

©2 Y. — —
T In other words, Ay = a : u1+u2

On the other hand, it is clear that

f(@)=(0,0" € in {f (@) + +(Ng(@))2] € R}

R3\{0}
(z1 — 72) (a—1)y
= M1+M2 (1, x2) TeRr? ) = yeR 3>, 0<a<l.
u1+u2 (z2 — 1) ay
According to Proposition 4.2(ii), T and A = (a,0,1 — ,0)7, 0 < a < 1 are solutions to

(VOy) and (lA?Zol), respectively.

Fenchel duality. Before considering the next dual problem, we prove the following assertions.

Lemma 4.2 Lett € R" and Y C R". If the set Igle{x}{(th)p\ x € Y} is not empty, then we have
R2\{0

nax {tT2)lz e Y} = {(maXtT )p}-

RE\{0}
Proof: Let t € R". By assumption, there exists Z € Y such that (t'z), < (t'z),, Vz €Y or,
RE\{0}
equivalently, 7'z > tTx, Vo € Y. Therefore 'z = maxt’z. ]

zeY

Proposition 4.3 Let t € R". Then 3(0,t) = fy(t) — (mlnt x)p, if me{x}{( thz),| r € G} # @
z€G
+

and is equal &, otherwise.

Proof: Let t € R"™. By definition ¢5(0,t) = Igl&{x}{(tTv)p — pa(x,v)] x € R*, v € R”} =
0

tTv),— f(z+ € G, v € R"}. Substituti =+ t ©3(0,t) = tT's),—
R?e{)é}{< v)p—flz+v)| v } ubstituting v := z+wv, we get ©3(0,t) me{)é}{( 0)p

(tT2), — (@) 2 € G, T e ]R”} = e {{(tT@)p — (@) 7 € R+ {(~tT2),| x € G}}. According

to Lemma 2.1(i), it follows that

©5(0,t) C Jmax {(t"v)p — f(v)| v €R™} + Jnax {(~t"2),| = € G}.

RE\{0} RE\{0}
It is clear that unless m&x}{( z)pl v € G} # @, ¢5(0,t) = @. Since me{x}{( z)pl v € G} # @,
R?
by Lemma 4.2 it holds me{x}{( the),| 2 € G} = {(—migth)p}. In other words ¢3(0,t) C
R, \{0 x€
Rgf&g}{(tTv)p = f()] v € R"} — (mint"2), = f3(t) — (mint"z),
Let now 5 € f,(t) — (gjréi(r;ltT:r) Then g € Iil\a:[)(()} {{(tTv)p — f(v)| veR"} — (géigth)p}. This
means that § £ (tTv), — f(v) — (mint’z),, Vv € R™. Moreover, from
R?\{0} zeG

"), — f(v) — (ngg tTx), > (tTw), — f(v) — (t'2),, V2 € G, Yv € R"
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follows (tTv), — f(v) — (tTx), # ¥, Vo € G, Yv € R". Whence j € 5(0,1). O
RE\{0}
The Fenchel dual problem can be stated now as being

(D¥°)  max —¢5(0,%)| = max — f5(t) + (mintTz),|.
" Ri\{o}teRn[ 2 } Rﬁ\{o}tew[ P ecG P

By using Theorem 2.2 and Proposition 4.3 one can formulate the following result.
Proposition 4.4

(i) The problem (VO) is stable with respect to w2 if and only if for each solution T to (VO), there
exists a solution t € R™ to the dual problem (]3%0) such that f(z) € —f;(t) + (miél trz),. In
Te

this case tL'7 = mint! z.
zeG

(i1) Conversely, if T € G and t € R™ satisfy the relations above, then T and t are solutions to (VO)

and (IA)%O), respectively.

Remark 4.2 Let p =1 and the assumptions of Theorem 2.8 in [5] be fulfilled. Then Proposition
4.4 is nothing else than the result which provides the optimality conditions (cf. Theorem 2.10 in [5])
for the Fenchel dual problem in scalar optimization.

Fenchel-Lagrange duality. The last dual problem in this section deals with the perturbation

function 3.

Proposition 4.5 Lett € R" and A € R™. Assume that max {(\Tg(z)—tTz),| 2 € X} # @. Then

RE\{0}
©5(0,t,\) = f(t) + (mg}(([)\T g(x) —tTz])p, if A < 0 and is equal @, otherwise.
Proof: Let t € R” and A € R™. By definition
G0N = {(t70)y + (), — ps(w,v0,0) # €R" v € R",u € R™}
= tTv), + ATw), — f(z + € X,veR", <
g {70 O, — f@ )] 2 € X e B (o) < 0}
= max U U + (M), — f(x+v)| g(z) < up.
Ri\{(]} zeX UGR”{ RY }
Taking @ := u — g(z), one has
@30, = max |J |J { + (M g(2)), +(>\Ta)p—f(1:+v)\ﬂeRT}

\{0} xeX veR”
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— max | J | {(tT’U)p—i-()\Tg(x))p— fl@+v) + {(\Ta),| aeRT}}

p
R0} reX veER"

— R?&%} y {()\Tg(:c))p +{(\Ta),| a € RT} + {(tTv), — f(z +v)| v € R”}}.

Setting now v := = + v, it follows that

* _ T T~ — m
#i00.4:0) = s U (0ot + {0y 0 € BT)

HETDp = (T~ S@ 7R = max | {(OVg(e))p — ()t
+ zeX

{(\Ta),| @ € RY} +{(70), - f(0)] 7 € R"} | = e {{0Tw),| u e R+

{(t"0)p = F(v)| v € R} + {(N g())p — (tT2)| 2 € X}}-

Consequently one has ¢%(0,t,A\) € max {(A\Tu),| v € R?} + max {(tTv), — f(?)| v € R*"}+
0.6 € e (Tl w € BY) 4+ e (70), — S0)] v € B)

gl&x}{()\Tg(a?))p — (tT'z),| € X}. Moreover, we can easy verify that
R2\{0

Rgf%}{(ﬂg(x) —tha)y| w € X} = {(max[\' g(w) — t'a])p}.

By Lemma 4.1 we conclude that ¢3(0,¢,\) C f;(t) + (mag(([)\Tg(a:) —tT'z]),, if A < 0, being equal @,
e RT

otherwise.

Let us show now the converse inclusion. Let t € R", A < 0 and § € f, (¢)+ (max N g(z)—tTz]),.

R z€R™
Then it holds y € Rlﬁrl&}é} {{(tTv)p — f(v)] v € R*"} 4+ (rmnea):éc[)\Tg(x) — th])p}. In other words
g £ (tTv), — f(v) + (max[A\Tg(z) — tTz]),, Vv € R™ Since
(t"0)p = f(v) + (N g(2) = 1 2)p <(0)p = f(v) + (max[N'g(z) — t'a])p, ¥ € X,
R? z

we conclude that § £ (tTv), — f(v) + (AT g(x) — tTx),, Vo € X, Vv € R" or, equivalently,
REA\{0}

g+ \u), £ ("), — flo)+ (W) —tTz), + (A\Tw)y, Vo € X, Yo € R™, Yu € R
R2\{0}

On the other hand, because of (\Tu), < 0, Vu € R™* it holds y > y + (M), u e R™*. Whence, we
R? R?
obtain that y £ (t7v),— f(v)+ (AT g(z) —tTz),+ (A\Tu)p, Vo € X, Yo € R", Yu € R7'. Therefore
RE\{0}
g € ¢3(0,t,N). O

Now we can define the following Fenchel-Lagrange-type dual problem to (VO)

(DrY)  max [ — ¢5(0,t,A)| = max — [y () + (minft"z — AT g(2)]),
RE\{0} (£, 0)€Rn xR™ [ } REA{O} , %n r€X
A<0
Rm

+
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= max — () + (min[tTz + AT g(x)]),|.
R0}, m p oceX[ (@) p]

A>0

m
RY

According to Theorem 2.2 and Proposition 4.5 one can state the following result.

Proposition 4.6

(i) The problem (VO) is stable with respect to s if and only if for each solution T to (VO),
there exists a solution t € R™, X € R™ with A\ > 0 to the dual problem (ﬁgg) such that
R

f(@) e —fy(t) + (Hél)r(l[foL’ + AT g(x)])p. In this case tT7 + \Tg(z) = Hél)I(l[le' + Mg(x)] and

Mg(z) = 0.

(ii) Conversely, if T € G and t € R™, X € R™ with A > 0 satisfy the relations above, then T and
RT

(t,\) are solutions to (VO) and (ﬁgg), respectively.

Remark 4.3 In the scalar case Proposition 4.6 is nothing else than the assertion dealing with the
optimality conditions for the Fenchel-Lagrange duality (cf. Theorem 2.11 in [5]).

Further we show some relations between the dual objective maps investigated in this section.

Proposition 4.7 Let t € R® and A € R™ with A < 0. If Igla{x}{(—th)M x € G} # @ and
R R%\{0

max {(\g(x) ~#72)) = € X} 2, then ¢3(0.1) € (0.1, ) ~ B
R¥\{0

Proof: Let t € R" and A < 0. Assume that z € 3(0,t) = f(t) — (IniéltTZL‘)p. Since g(x) < 0,
R e R

for # € G one has —\Tg(z) < 0, Vo € G. After adding tTx in both sides we have mi}r{l[th -
ze

Mg(z)] <min[tTz — Mg(z)] < mint’'z and so —(mint’'z), < —(min[t’x — ATg(z)]),. This means

zeG zeG zeG Ri rzeX
that —(min ¢’ z), € —(min[t"z — ATg(z)]), — R Therefore z € f;(t) — (min[t"z — AT g(x)]), — RE.
rzelG zeX zeX
In other words z € ¢3(0,¢,A) — RE. O

Proposition 4.8 Let t € R" and A € R™ with A < 0. If the set f;(t) is external stable and
R}

Rgl&x}{()\Tg(a:) —tTz),| x € X} # @, then ¢1(0,\) C ¢35(0,t,A) — RE.
0
+

Proof: Let ¢ € R™ and A < 0 be fixed. Then one has ¢7(0,\) = Rm&}g}{(/\Tg(x))p — flx)] =z €
=y y
X} C{(\g(@))p — f(@)| © € X} C{(tT2)p — f(2)] v € R"} + {~(tT2 — Mg(2))| z € X}. On
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the other hand, in view of the relation —{(pTz — ATg(z)),| z € X} C — Hli)I{l(pT% — Ng(z)), — RE.
Te
and by the external stability of f;(t), we have p}(0,\) C fi(t) — RY — mj)][(l(pTx —Ag(2)), —RE =
Te
£3(0) — min(pTe — ATg(x), — B = @3(0.1, A) — BT 0

rzeX

5 Applications to vector variational inequalities

5.1 Gap functions for vector variational inequalities

Let F' : R" — R™*P be a matrix-valued function and K C R™. The vector variational inequality
problem consists in finding z € K such that
(VVI) Fx)'(y—2) £ 0, VyeK.
RE\{0}
Definition 5.1 (c¢f. [6] and [11]) A set-valued map v : K =2 RP is said to be a gap function for

(VVI) if it satisfies the following conditions:
(i) 0 € v(x) if and only if x € K solves the problem (VVI);

(i) 0 % (y), Vye K.
E” \{0}

For (VVI) the following gap function has been introduced in the past (see [6])

VVvI _ F T(,. _ e K\,
va© (@) Rrpf%}{ (@) (z =yl y }

Let us notice that ’yXVI is a generalization of Auslender’s gap function for the scalar variational
inequality problem (cf. [4]). On the other hand, the duality results investigated in Section 3 allow
us to introduce some new gap functions for (V'VI). Let us mention that such a similar approach
has been used for scalar variational inequalities in [3]. We remark that x € K is a solution to the

problem (VVI) if and only if 0 is a minimal point of the set {F(x)T(y —z)|y€ K} This means

that = is a solution of the following vector optimization problem

(P in {F@)(y-2)yeK}.
+
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Let 2 € K be fixed. Setting f,(y) := F ()T (y — ) instead of f in (DY.9), the Fenchel dual problem

to (PVV!:z) turns out to be

(Dp¥'; @) max (] min { U {(F@)" =Ty} - F2)"z+ | {Ty}}'

REN(0},,, = RE\{0)

cRpxn yeR™ yeK
We define the following map for any z € K vpV(z) .= ®3(0,T;z), where ®3(0,T;x) is
TeRpxn
defined by ®5(0, T;2) = max { U {(T - F@)T)y} + F(z) Tz + U {—Ty}}.
REA{0} % yeRrn yeK

Theorem 5.1 Let for any x € K the problem (PVV!;x) be stable with respect to &)2(0, sx). Then

eV is a gap function for (VVI).
Proof:

(i) Let z € K be a solution to the problem (VVI). As the problem (PYV/;z) is stable, by
Proposition 3.10(i), there exists a solution T, € RP*" to (DYY!;x) such that folz) =0 €
—®%(0, Ty; ). In other words, 0 € 3(0,7};z) and this implies that 0 €  |J ®5(0,T;z) =

TeRpPxn
vEVI(z). Conversely, let z € K and 0 € v5"!(z). Hence, there exists T, € RP*" such that

0e 5;(0,Tx; ) or, equivalently, 0 = F(2)" (z — ) € —CAISE(O,Tw;m). According to Proposition

3.10(ii), z is a solution to (PVV!;x) and also to the problem (VVI).

(ii) Let y € K be fixed. Then, in view of Proposition 3.9, for any 7" € RP*", one has fy,(z) +

& £ 0,VzeK, V¢e ®3(0,T;y) or, equivalently, F(y)T(z —y) + & £ 0,VzeK, Ve

=2\(0) A0
U @3(0,T;y) =" (y). Setting 2 =y, we get & £ 0, V& € vLV (y). O
TeRpxn R2\{0}

According to Proposition 3.2, we can give the following result relative to the stability with respect
to ®5(0,-;x) when z € K.

Proposition 5.1 Let for any x© € K the set gﬂ\l%l}{F(.ﬁ)Tm y € K} be externally stable. Then the
R2\{0

problem (PVV!; x) is stable with respect to 52(0, 5 T).

In connection with the Fenchel dual problem we call 'yg‘/[ the Fenchel gap function for the prob-

lem (VVI). Let now the ground set K be given by K = {1‘ € R g(z) < 0}, where g(z) =
]Rm

+
(g1(), ..., gm ()T, gi : R® — R. Before introducing two other gap functions, let us formulate the
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Lagrange and Fenchel-Lagrange dual problems for (PYVV/; z). Taking fx instead of f in ®7(0,A) and

®3(0,T, A), respectively, we have

D) wax | min { U (=M — F@ e+ U @7y - A} )

REN(0} , o RO}

qERT yER?
and
(DYYT: 2) max U min U {—Aq} — F(z)Tx
Ri\{o} (T,A)ERPX”XRPXW Ri\{o} { QERKL
+ UIF@T=myt+ Ty - Mg} }-
yeR” yeR”
For x € K, we define the gap functions as follows vy V(z) .= |J ‘5’{ (0, A; x), where Ef{ (0,A;z) =
AeRpXm
max { U {Ag}+F(@)a+ U {Ag(y)—F(@)Ty} } and 1} (2) i= U ®5(0, T, As @),
REN{O} & gerrp y€eR™ (T,A)ERP X7 x RPX ™
where ®5(0,T,A;z) = max { U {Ag} + F@)Tz + U {(T - F@)T)y} + U {Agly) — Ty}},
REN{0} ¢ geRrm yERn yeRn

respectively. In analogy to the proof of Theorem 5.1, by applying the duality assertions in Section

3 for (DY©) and (D}9), respectively, the following theorem can be verified.

Theorem 5.2 Let for any © € K the problem (PYVI;z) be stable with respect to ®1(0,-;z) and

53(0, s @), respectively. Then vY'V1 and v%VT are gap functions for (VVI).

The origin of these new gap functions for (VVI) justifies to call them the Lagrange gap function

'y]‘:/VI and the Fenchel-Lagrange gap function V}Q/I, respectively.

5.2 Gap functions via Fenchel duality

According to the results in Section 4, we can suggest a further class of gap functions to (VVI). In
this subsection, we restrict the construction of a gap function to the case of Fenchel duality. As
mentioned before, for a fixed x € K we consider the following vector optimization problem relative
to (VVI)

(P i {P@)T(y-2)l ye K}.
+

For a fixed z € K, taking F(x)"(y — x) as the objective function, (13%0) becomes

DYVvI. in [(F(z)T(y — ) — (#7 € R + (mintZy), .
(D" "5 x) Rriﬂ\a{)é}tew Rén\lﬁ}[( (@) (y—2) = (ty)ply ] (yngﬁ y)p}

We need first the following auxiliary result.
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Lemma 5.1 Let M € RP*". Then gl\l{n}{My| y e R"} = {My| y € R"}, if exists i € int RE. such
R2\{0

that u”" M = 0 and is equal @, otherwise.

Proof: Let M € RP*™ be fixed and § € R™. According to Theorem 11.20 in [12], My € min {My|y
REN{O}
€ R"} if and only if 3u € int R such that My < p"My, Yy € R™. As ian uI'My = 0, if
yeR™
wI'M =0 and is equal —oo, otherwise, the conclusion follows. ]

Let C :=[t,...,t] € R"*P and for a fixed z € K let N(x) be the set defined by
N(z):={t e R"| Jp € int RY such that (F(z)—C)u =0}
In view of Lemma 5.1, the dual becomes

AVVI, T T n : T
DFia)  max ) { - F@)Te 4 (F@) - )Tyl y € R + (mintTy), }.
+\ }tGN(az)

We introduce for z € K the following map

V@) = F@)Te+ | [(0 - F@)Tyly € B}~ (mintTy), .
teN(z)

Theorem 5.3 Let for any x € K the set gl\l{n}{F(x)Ty| y € K} be externally stable. Then 5V!
R2\{0

is a gap function for (VVI).
Proof:

(i) Let = € K be fixed. As the set Hl\lfl}{F(x)Tm y € K} is externally stable, by Proposition 5.1,
R%\{0
the problem (PVV!;z) is stable. Taking F'(z)” (y — x) instead of f(y) in the formula of I (@),
by Lemma 5.1, this becomes max {(t'y),— F ()T (y—2)|y € R"} = F(2)Tz— min {(F(x)—
RY\{0} vr RP\{0}
C)ly|ly e R} = F(z)Tz — {(F(z) — C)Ty| y € R"}, where C = [t, ...,t] € R™ P and t € N(z).

Let z € K be a solution to (VVI). By Proposition 4.4(i) it follows that
0€—F)'z+{(F()-C)'yly e R"} + (mint'y),
y

and so 0 € y»V1(z). Conversely, let Z € K and 0 € 34"!(z). Then 3t € N(z) such that
0 F(x)Tz+{(C—-F(z)lyl yec R} — (ml}r{lt Y)p, where C' = [t,...,#] € R"*P. Taking into
ye

PVVI

account Proposition 4.4(ii), Z is a solution to ( z). Consequently, & solves the problem

(VVI).
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(ii) Let y € K. Choosing T := [t,....,t]T € RP*" by Proposition 3.9 and Proposition 4.3, it

holds F(y)T(z —y)+& £ 0, Vze K, V€ frt) — (mi}rgtTy)p,Vt € N(y) or, equivalently,
ye

RE\{0}
Fy)l(z—y)+& £ 0, Vz € K, V¢ € 3%V (y). Setting z = y, one has & £ 0, V€ €
RE\{0} RI\{0}
T (). O

Remark 5.1 In the case p = 1, the problem (VVI) reduces to the scalar variational inequality

problem of finding z € K such that
(VD)  Flx)(z-y) 20, y €K,

where F' : R™ — R" is a vector-valued function. Let x € K be fixed. If t € N(z), there exists
p > 0 such that (F(x) — t)u = 0. Therefore it holds F(x) = t. Consequently, the gap function for

the variational inequality (V) becomes Yi!(z) = F(x)Tx + mz}%c(—F(a:)Ty) = max F(x)T(z —y),
ye ye

which coincides with Auslender’s gap function (see [3] and [4]).

10
Ezample 5.1 Let F = be a constant matrix and K = {(z1,22)7 € R} 0 < 2; <

01
1, ; € R, i = 1,2}. We consider the vector variational inequality problem of finding € K such

that

1 0
(VVIL) (y—z) £ 0,VyeK.
0 1 RI\{0}

We calculate 7%V for (VVIy). Let z = (x1,72)7 € R? be fixed. First we consider the set-valued

map W : R2 = R? given by (see (DYV7;2)) W (x1,22) = R1211\i{1%]}{F(:1r:)T(y —xz) — (tTy)2| y € R?}.
¥

Then

(1 —t1)yr — tayo T
W(x1,x2) = Rgn\i%} (y1,92)T € R? 3 —
* —tiy1 + (1 —t2)ye T2
If 3p = (p1, p2)? € int Ri such that (1—¢1)u1 —t1pe = 0 and —toug +(1—1t2)ue = 0 or, equivalently,

t1 +ta =1 and tou; = t1u2, then, by Lemma 5.1, it holds

(1 —t1)y1 — tays )
W(x1,22) = (y1,12)" €R? 3 —

—t1y1 + (1 —t2)y2 T2
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Whence

N x1 t(y2 — y1)
T M w) = + U (y1,92)" € R?

2 tem (1=1)(y1 — v2)

in (1—-t¢ in t
o2 (1= 0 15, e

in (1-t¢ in ¢
o2 (1= 0 15, e

where the set N is defined by Ny := {t € R| Iu € int R? such that (1 —¢)u1 = tus}. Further, as

N; = (0,1), we obtain that

ty
’ Yy € R}.
T2 t€(0,1) (t—1)y
Remark 5.2 A very interesting problem arises when one wants to obtain error bounds for the
solutions of the vector variational inequality (VVI) by using the gap functions introduced in this
section like Noor did in [17] for the general variational inequality. As the gap functions are set-
valued functions, the real challenge is to find some scalar gap functions attached to them which

characterize the solutions of (VVI) in a similar way. Then one could try to obtain the error bounds

for the solutions of (VVI) by means of these intermediate scalar functions.
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