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Variational Principles for Vector Equilibrium

Problems Related to Conjugate Duality
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Abstract: This paper deals with the characterization of solutions for vector
equilibrium problems by means of conjugate duality. By using the Fenchel
duality we establish variational principles, that is, optimization problems with
set-valued objective functions, the solution sets of which contain the ones of
the vector equilibrium problems. The set-valued objective mappings depend
on the data, but not on the solution sets of the vector equilibrium problems.
As a particular instance we obtain gap functions for the weak vector variational

inequality problem.
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Introduction

In analogy to the scalar case, vector equilibrium problems can be considered as being

generalizations of vector variational inequalities, vector optimization and equilibrium

problems (cf. [3]). In the past some results established for these special cases
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have been extended to vector equilibrium problems. By generalizing the similar
concept from the scalar case (see [7]), gap functions for vector variational inequalities
have been proposed for the first time in [9]. Moreover, by generalizing the similar
concept from the scalar case (cf. [6] and [8]) so-called variational principles for vector
equilibrium problems have been also given (see [4] and [5]). These are optimization
problems with set-valued objective functions, the solution sets of which contain the
ones of the vector equilibrium problems, being actually extensions of the concept of
gap (merit) functions for vector variational inequalities.

Recently, in the scalar case, the construction of gap functions for variational
inequalities and equilibrium problems has been associated to Lagrange duality ([10])
but also, more generally, to conjugate duality (see [1], [2], and [12]). On the other
hand, a conjugate duality theory in vector optimization has been developed by
Tanino and Sawaragi (see [14], [17] and [19]), by introducing some new concepts of
conjugate maps and set-valued subgradients, based on Pareto efficiency or on some
weak orderings.

In this paper we focus on the construction of set-valued mappings on the basis
of the so-called Fenchel duality which allow us to propose new variational principles
for vector equilibrium problems. The set-valued mappings depend on the data, but
not on the solution sets of the vector equilibrium problems.

In Section 2 we introduce some notions and results regarding conjugate duality
in vector optimization based on weak orderings. In Section 3, by using a special
perturbation function, we introduce a Fenchel-type dual problem for a vector opti-
mization problem with set constraints. In Section 4 we formulate some variational
principles for vector equilibrium problems. The set-valued mappings we introduce
here are formulated by means of the Fenchel-type dual and depends on the data, but
not on the solution sets of the vector equilibrium problems. In the last section we

obtain as a particular case gap functions for the weak vector variational inequalities.



2 Mathematical preliminaries

Let Y be a real topological vector space partially ordered by a pointed closed convex
cone C' with a nonempty interior int C' in Y. For any &, 4 € Y, we use the following

ordering relations:

E<pu & pu—-£EeC;
E<p & p—Eeint O

§Lp & p—§¢int C

The relations >, > and % are defined similarly. Next we introduce the notions of
weak maximum and weak supremum of a set Z given in the space Y, obtained as an
extension of Y by adding two imaginary points +o0o and —oo, respectively. These
two elements must fulfill —oo < y < +o0 for y € Y. Further we make the following

conventions
(£00) + (£00) = £o0,
(£o0) +y =y + (o) = £oo for all y € Y,
A(£o0) = oo for A > 0 and A\(£o00) = Foo for A < 0.

The sum +o0 4 (—0o0) is not considered, since we can avoid it.
For a given set Z C Y, we define the set A(Z) of all points above Z and the set

B(Z) of all points below Z by

A(Z) = {y €Y|y >y forsomey € Z}
and

B(Z) = {y €Y|y <y for somey € Z},

respectively. Clearly, A(Z) CY U{+oo} and B(Z) C Y U {—oo}.

Definition 2.1 A point § € Y is said to be a weak mazimal point of Z C Y if

Y€ Z andy ¢ B(Z), that is, if y € Z and there is no y' € Z such that y < y'.
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The set of all weak maximal points of Z is called the weak maximum of Z and

is denoted by WMax Z.

Definition 2.2 A point § € Y is said to be a weak supremal point of Z C Y if
y ¢ B(Z) and B({y}) C B(Z), that is, if there is no y € Z such that y < y and if

the relation y' < y implies the existence of some y € Z such that y' < y.

The set of all weak supremal points of Z is called the weak supremum of Z and
is denoted by WSup Z. Remark that WMax Z = Z N WSup Z. Moreover it holds
— WMax(—Z2) = WMin Z and — WSup(—Z2) = Winf Z, where the weak minimum
and the weak infimum are defined analogously to the weak maximum and weak
supremum, respectively. More about these concepts can be found in the works [18]
and [19].

In the following we define the conjugate mapping and subgradient of a set-valued
mapping by using the notions of weak supremum and weak maximum of a set. Let
X be another real topological vector space and let £(X,Y) be the space of all linear
continuous operators from X to Y. For z € X and [ € £(X,Y), (l,z) denotes the

value of [ at z.

Definition 2.3 (see [19]) Let G : X =Y be a set-valued mapping.

(i) The set-valued mapping G* : L(X,Y) =Y defined by

G*(T) = Wswp | [(T, z) — G(a;)], for T € L(X,Y)

zeX

1s called the conjugate mapping of G.

(ii) The set-valued mapping G** : X =Y defined by

G™(x) = WSup U [(T, z) — G(T)|, forz e X
TEL(X,Y)

is called the biconjugate mapping of G.



(i) T € L(X,Y) is said to be a subgradient of the set-valued mapping G at (o;yo)
if yo € G(z0) and

(T, x0) — yo € WMax U [(T, x) — G(x)]

The set of all subgradients of G at (zg;yo) is called the subdifferential of G at
(o;Y0) and is denoted by OG(xo;yo). If 0G(x0;y0) # @ for every yg € G(xg), then
G is said to be subdifferentiable at x.

Next we recall some notions and results from the conjugate duality theory in
vector optimization introduced and investigated in [19]. Let X and Y be real topo-
logical vector spaces. Assume that Y is the extended space of Y and h is a function

from X to Y U {+00}. We consider the vector optimization problem
(P) Winf{h(z)|z € X}.

Let U be another real topological vector space, the so-called perturbation space. Let

®: X x U — Y U{+o0} be the perturbation function, namely fulfilling
®(x,0) = h(x), Vo € X.
The perturbed problem of (P) is
(P)  Wint {@(x,u)| € X},

where u € U is the so-called perturbation variable.

Definition 2.4 The set-valued mapping W : U = Y defined by
W (u) = WInf(P,) = WInf {CID(x, )|z e X}

is called the value mapping of (P).



It is clear that WInf(P) = W (0). The conjugate mapping of ® is
(T, A) = WSup {(T,z) + (A, u) — (z,u)| s € X, we U}
for T'e L(X,Y) and A € L(U,Y). Then

—®*(0,A) = —WSup{(A,u}—@(m,uﬂxEX,UEU}

= WInf{CD(x,u) —(AMu)zeX, ue U}.
A dual problem to (P) can be defined as follows
(D) WSup U [ — &*(0, A)} :
AEL(UY)

Since A — —®*(0,A) is a set-valued mapping, the dual problem is not an usual

vector optimization problem.

Proposition 2.1 [19, Proposition 5.1] (Weak duality)

For any x € X and A € L(U,Y) it holds

®(z,0) ¢ B( . (I)*(O,A)).

Definition 2.5 [19, Definition 5.2]
The primal problem (P) is said to be stable if the value mapping W is subdifferen-

tiable at 0.

Theorem 2.1 [19, Theorem 5.1/, [15, Theorem 3.1]

If the problem (P) is stable, then
Winf(P) = WSup(D) = WMax(D).

Let us notice that some results on conjugate duality for set-valued vector opti-
mization problems has been given by Song in [15]. Moreover, some stability criteria

can be found in [15], [16] and [19].



3 Fenchel duality for vector optimization

In this section we specialize the theory described above and introduce, by using a
special perturbation function, a Fenchel-type dual problem to the vector optimiza-
tion problem with set constraints. Let the spaces X and Y be the same as in Section
2. Assume that A is a function from X to Y U {+oco} and G C X. We consider the

vector optimization problem
(P.) Winf{h(z)|z € G}.

We choose as perturbation space U := X and consider the perturbation function

P: X x X — Y U{+oo} defined by

h(x +u), if x € G;
O(x,u) =
+00, otherwise.

For the proof of the next proposition we need the following obvious relations.
Remark 3.1 Let g : X — Y be a function and Z C X. The following assertions

are true:

(i) For any y € Y it holds
{9(x) +ylz e Z} ={g(zx)| x € Z} +y;
(ii) For any set A C Y it holds

U +g@)] = A+ (J{g@)}.

r€Z r€Z

Proposition 3.1 Let T € L(X,Y). Then

&*(0,T) = WSup {h*(T) F{(T,0)| z € G}}.



Proof: Let T € L(X,Y) be fixed. By definition

®*(0,7) = WSup{(T,u) — ®(z,u)| z € X,u € X}

= WSup{(T,u) — h(z +u)| z € G,u € X}.

We set @ := x + u and, by applying Remark 3.1 and Proposition 2.6 in [19], we

obtain

®*(0,T) = WSup {{<T, @) — h(@)| @€ XY+ {—(T,a) z € G}}
= WSup { WSup{(7, @) — h(a)] @ € X} +{~(T,2)| = € G} }

= WSup {h*(T) +{—(T,x)| x € G}}

Consequently, we can introduce the following dual problem to (P.)

(D) Wsw | WInf{ —BNT) + {(T,2)| x € G}}.
TeL(X,Y)

Proposition 3.2 (Weak duality)

For any x € G and any T € L(X,Y) it holds
h(z) ¢ B( — 340, T)).
Proposition 3.3 If the primal problem (P,) is stable, then
Winf(P.) = WSup(D.) = WMax(D,).

Remark 3.2 According to Proposition 2.6 in [19], one can use for ®*(0,7") the

following equivalent formulations



o*(0,T) = WSup {{<T, w) — h(w)| u € XY+ {—(T,2)| = G}}
— WSup {h*(T) H{(T,2)| z € G}}
{

= WSup < A" (T) + WSup{—(T, z)| x € G}}

The following result deals with the stability of the problem (P.), assuming that its
objective function has the form h(z) = (C,z), C € L(X,Y).

Proposition 3.4 Let C € L(X,Y) and the objective function h : X =Y be defined
by h(z) = (C,x),x € X. Then the problem (P.) is stable.

Proof: Let W : X =2 Y be the value mapping of (P.)

W(y) = WInf{®(z,y)| z € X}

= WInf{(C,z +y)| x € G} = (C,y) + WInf{(C,z)| x € G}.

Let z € W(0) be fixed. By definition, 0W(0;z) # 0 means that there exists T' €
L(X,Y) such that (see Definition 2.3(iii))

—z € WMax | J [(T,y) — W(y)]. (3.1)

yeX

Let us show that (3.1) holds. By applying Remark 3.1 we have

WHT) = WSup | J[T,y) - W(y)]

= WSup [ J[T,y) — (C.y) - WInf{(C, z)| = € G}]

yeX

= WSup{ — WInf{(C,z)| c € G} + {{T — C,y)| y € X}}



Taking 7' = C, in view of Corollary 2.3 in [19], one has

W*(C) = WSup WSup{—(C, z)| z € G}

= WSup{—(C,z)| x € G} = — WInf{(C,z)| x € G} = —W(0).

This means that —z € W*(C) = WSup U [(C,y) — W(y)]. On the other hand, as

yeX
—z=(C,0) —z € U [(C,y) — W(y)], it follows that
yeX
—z € WMax | J [(C.) - W(y))
yeX
In other words, W is subdifferentiable at 0. 0]

4 Variational principles for vector equilibrium
problems

In the following we assume that K is a nonempty convex setin X and f : KxK — Y
is a bifunction such that f(z,x) =0, Va € K. We consider the vector equilibrium

problem which consists in finding x € K such that
(VEP) flz,y) £0, Vy € K.

By K? we denote the solution set of (VEP).

We say that a variational principle (see [4], [5]) holds for (V EP) if there exists
a set-valued map G : K = Y, depending on the data of (VEP) but not on its
solution set such that the solution set of (V EP) is contained in the solution set of

the set-valued optimization problem

(Pg) WMin | ] G(x).

zeK
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(Pg) is nothing else than the problem of finding zy € K such that

G(z0) N WMin U G(z) # @.
veK

Auchmuty ([6]) was the first who proposed variational principles as generaliza-
tions of the concept of gap functions for variational inequalities. Later, Blum and
Oettli ([8]) introduced variational principles also for equlibrium problems. Varia-
tional principles for vector equilibrium problems have been investigated by Ansari,
Konnov and Yao in [4] and [5] as generalizations of the above mentioned variational
principles.

In this section we give variational principles for (VV EP) obtained on the basis of
the Fenchel-type duality introduced in the previous section. Let us notice that the
Fenchel duality has been used by the authors in [1] and [2], when constructing gap
functions for scalar equilibrium problems.

One can easily notice that z € K is a solution to (VEP) if and only if 0 is a
weak minimal point of the set {f(z,y)| v € K}. For a fixed x € K consider the

following vector optimization problem
(PYEFz)  Winf {f(l‘,y)l y e K}.
Further let be fv: XxX =Y

~ x,y), if (z, K x K;
Fla.y) = f(z,y), if (z,y) € K X

—+00, otherwise.

The Fenchel-type dual of (PVE”; z) introduced in Section 3 turns out to be

(DVEPz) WSup () Wint {{(e,9) — (T.y)l y € X} + {(T,p)| y € K} }
TelL(X,Y)

= WSuwp |J Wn {{f(a.y) — (Ty)| y € K} + {(T'y)| y € K} }.
TeL(X,Y)
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In view of Proposition 2.6 in [19], the dual becomes

(DV¥Fim)  Wswp ) Winf{ - fi(Tia) + {((T.y)] y € K},

TEL(X,Y)
where fi(-;2) 1 L(X,Y) = Y is defined by f5(T;2) = WSup{(T,y) — f(z,y)| vy €

K}. For any x € K we introduce the following mapping

W)= [—‘PZ(O,T;@],

TeL(X,Y)

where ®#(0,T;x) = WSup {f;}(T;x) +{—(T,y)| y € K}} This can be rewritten

as

W) = U [~ Wsw {fi(Ti0) + {(~(T.y) y € K} }]

TEL(X,Y)

= U Wmi{ - Ji@a) + (T v € K} }

TeL(X,Y)

- U Wlnf{{f(xay)—@ayﬂyGK}+{<T,y>|y€K}}.
TeL(X,Y)

We consider the following optimization problem

(P Wsup | @),

rzeK

which delivers, as proved in the following, a variational principle for (V EP).
Lemma 4.1 For any x € K, if z € v,(x), then z # 0.

Proof: Let 2z € K be fixed and

zeqp@) = |J Wt {{f@y) —(Ty)|ye K} + {({Ty)|y € K} .
TelL(X,Y)

Then exists T € £(X,Y) such that

c e Wint {{f(z.y) = (T.9)| y € K} + {(T.)| y € K} |.
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We assume that z > 0. This can be equivalently written as

z> flz,2) — (T,z) + (T, z),

which leads to a contradiction.

Theorem 4.1 Let the problem (PVEY; z) be stable for each x € KP. Then
(i) T € K is a solution to (VEP) if and only if 0 € v,(Z);
(ii) K? C K?, where KT denotes the solution set of (P,).

Proof:

(i) If z € K is a solution to (VEP), then by Proposition 3.3 one has
0 € WInf(PVE?: 7) = WMax(DVEP; 7).
Whence

0€ WMax | WInf{ — (T 2) + {(T,y)| y € K}}.
TeL(X,Y)

Consequently, 0 € v,(Z). Let us now assume that

0en@ = U Wht{-fill,9)+ Tyl ye K} }
TeLlL(X,Y)
- U wnt{{f@y) — (Ty)ly e K}
TeL(X,Y)

+ (Tl ye K}

Thus exists T € £(X,Y) such that

0€ Winf {{f(z,y) — (T.p)| y € K} + {(T,p)| y € K} }.
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Assume that 0 ¢ WInf{f(z,y)| y € K}. Then one must have

0 ¢ WMin{f(z,y)| y € K}

and so there exists y' € K such that f(z,y) < 0 or, equivalently, f(z,y') —

(T,y') + (T,y') <0, which leads to a contradiction.

(ii) Let z € KP. In view of (i) we have 0 € ~,(Z). On the other hand, by Lemma

4.1, if z € ,(x) for x € K, then z % 0. In conclusion, from z € |J 7,(z)

zeK
follows z % 0. This means that
0 € WMax U p(z) € WSup U Yo(x),
zeK rzeK
which means that = € K. OJ

Remark 4.1 Let X = R™ and Y = R. Then the linear continuous operator
T € L(R",R) can be identified with a n - dimensional vector. In this case for a

given set Z C R we have (cf. [18])

y€ WSup Z if and only if ¥ > y, Vy € Z and if ¢ < ¥, then Jy € Z such that

Yy <.

In other words WSup Z is nothing else than the usual concept of the supremum of
the set Z in R.
Assume that ¢ : X x X — RU{+o00} is a bifunction satisfying p(z,z) =0, Vz €

K. Consider the equilibrium problem which consists in finding x € K such that

(EP) o(z,y) >0, Vy € K,

which is a special case of (V EP). Taking in the formulation of (DV¥”; z) the function
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© instead of f, the dual becomes

(D"52)  sup inf {{p(z,y) — (T.y)| y € R"} + {(T,9)| y € K} }

TeR™
- inf {p(z,y) — (T, y)} + inf (T, }
sup 1 inf (e, ) — {T,9)} + inf (T'y)
_ — ¢y(@,T) + inf (T, )},
Sup { #y(@, T) + inf (T y)

where ¢} (z,T) := sup{(T,y) — ¢(x,y)} is the conjugate function of p(z,-) : X —
yeR?

R U {400} with respect to the variable y for a fixed x. The function ~, turns out in

this case to be

VP () = —o(DEP; ) = nf {y (2, )+ sup(~T,y) }.

TeR™ yeK

where v(DEF;z) is the optimal objective value of the problem (DF?;x). This is
nothing else than the gap function introduced in [2].

Ezample 4.1 Let u : X — Y U {+o0} be a given function and the bifunction
fdomux X — Y U{+oo} defined by f(z,y) = u(y) —u(z), where dom u := {x €
X| u(z) € Y}. We assume that K x K C dom f. Then (VEP) becomes the vector

optimization problem of finding x € K such that

For any x € K, 7, turns out to be

Fola) = —u(@)+ | WInf {{uly) — (Top)| y € X} + {(Toy)| y € K},
TeL(X,Y)

Assuming the stability of (P,), by Proposition 3.3, it holds
Winf(P,) = WSup(D,,) = WMax(D,,), (4.1)

where (D,) is the Fenchel-type dual problem to (P,).
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Let Z € K be a solution to (P,). From (4.1) follows

u@e |J Wt {{uly) — (L)l y e X} + (Tl y e K} },
TeL(X,Y)

In other words 0 € 7,(Z). The inverse implication follows analogously (see the proof
of Theorem 4.1). On the other hand, by Proposition 3.3 and Proposition 2.6 in
[19], one has WSup J 7,(z) = {0}. If = € K solves (P,), then as shown before,
0 € 7,(z). This me;elfs( that 7 € K? and so K? C KP. In other words, for this
particular form of the vector equilibrium problem the assertions of Theorem 4.1 are
automatically fulfilled. Thus the latter proves to be a natural generalization of some
results which hold for some special cases of (VEP).

Example 4.2 (see [16]) Let X = R, Y = R?, C = R% and the vector-valued

function ¢; : R — R* U {+o00} be given by

(x,0), if z €[0,1],
p1(z) =
400, otherwise.

For the bifunction f; : R? — R?*U {+o0}

901<y) - 901<x>7 if (xvy)T S [07 1] X [07 1]7

+00, otherwise,

fl(xvy) =

we consider the vector equilibrium problem of finding = € K = [0, 1] such that

(VEP) filz,y) = o1(y) —wi(x) £0, Vy € K.

According to 7,, we have Vo € R

W@ = | Wt {ei(y) —eil@) = (Ty) | y € K} + (L)l y € K},

TeL(R,R?)
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This can be written as (see Remark 3.2)

(@) = —ei@) - J Wsw{{(T.y) —eily)l y € K}

TeL(R,R?)

+ (Tl ye K}

= —pi@) - J WSup{ WSuwp{(T.p) — 41(y)| y € K}

TeL(R,R2)

+ WSup{—(T,y)| y € K}}

Notice that the linear continuous operator T € L(R,R?) can be represented as

= (o, 8)T € R2 Using the notations

Ui(T): = WSup{(T,y) —¢1(y)| y € K} = WSup{(a — 1, 8)y| y € [0,1]},

Yao(T) : = WSup{—(T,y)| y € K} = WSup{(—a, —B)y| y € [0, 1]},

one can find for any 7' = («, )7 € R? how the sets 1, (T'), ¥o(T) and WSup{¢;(T)

+15(T)} are looking.

(i) fa>1and >0, then

(1) = {(z,y)" €eR (z=a—-1,y<P V(=0 z<a-1)},

Vo(T) = {(,y) €R*(2=0,y<0)V(y=0, 2<0)}.

Whence WSup{¢1(T) + ¢2(T)} = ¢1(T).

(ii) If @ > 1 and B < 0, then

o) = {@y) €R w=a-1, y<PV(y=0,2<0)
v (y -z, O<x<a—1>}

() = {( ,>TeR2 (6=0,y<0)V(y=-4 ¢ <—a)
¢ (=L —ase<a)}

17



Consequently we have

WSup{vs(1) + (1)} = {(z,9)" € R} (e =a -1, y<p)

&

o —

V (y: 1x,0§x§a—1>}.

If « =1 and 3 < 0, then one can easily see that

WSup{vn(T) + (1)} = {(@.y)" € R (r =0, y <0)

V=B r<-a)v(y="s —a<z<o)}
Q
(iii) If 0 < < 1 and > 0, then

w@) = {@y) eR|@=0y<0V(y=5a<a-1)

Vv (y: ﬁlx, a—1§x§0>},

o —

Ua(T) = {(z,y) €R* (z=0, y<0)V(y=0, <0}

As a consequence one has WSup{¢1 (T')+v2(T)} = ¢1(T). If additional, o = 0
and § > 0, then it holds

WSup{¥1(T) + (1)} = {(z.9)" € R*| (x =0, y <0)

le,a—1§x§0>}.

vV (y =0, xSa—l)V(y:

(iv) If 0 < a < 1 and 8 < 0, then

W) = {@y) €R (=0, y<0)V(y =0 z<0)},
o) = {@y" e (@=0y<0)V(y=—F 2 <—a)

vV (yzgm, —anSO)}.

Hence WSup{¢1(T') + 1o(T)} = ¥o(T'). Moreover, if « = 0 and 5 < 0, then it
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holds

WSup{v1(T) +v2(T)} = {(z,9)" €R?| (x =0, y <P)

Vo (y=-3, z<0)}.

(v) If a <0 and > 0, then

?/fl(T) =

{
(

(1) = {(@y)" €R (@ =—a, y<-HV (y =0, 2 <0)
(

and we get further

WSup{y1(T) + (1)} = {(m,y)T ERY (= —a, y < —0B)

ﬁlx, a—1§x§0>

v (yzﬁ,xﬁa—l)\/(y:

V (yzéx, 0§m§—a>}.
a
(vi) Finally, if @« < 0 and § < 0, then

vi(T) = {(z,y)" €R*(2=0, y<0)V(y=0, 2 <0),

Ua(T) = {(z,y)" €R’| (z=—a, y<—-B)V(y=-0, 2 < —a)}.

and in this case we have WSup{u(T') + ¢o(T)} = 1o(T).

Summarizing all above cases, we obtain the complete description of the mapping

Vp1-
In the following we deal with another class of vector equilibrium problems, the

so-called dual vector equilibrium problem. The dual vector equilibrium problem is
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the problem of finding € K such that
(DVEP)  fly.a) #0, Vy € K.

Variational principles for (DV EP) can be given in a similar way to the ones for
(VEP). Indeed, let us denote by K¢ the solution set of (DV EP). One can notice
that 7 € K is a solution to (DV EP) if and only if 0 is a weak maximal point of the

set {f(y,7)| y € K}. For any « € K we consider the vector optimization problem

(PPVEE: 2) WSup{f(y,z)| y € K} = —WInf{—f(y,z)| y € K}.

Instead of considering (PPVEP; x), we work with the vector optimization problem

(PPYERi)  WInf{~f(y,x)| y € K},
By using the function fA: XxX =Y,

f(.ﬁE,y): —f(y,x), if (I7y)EKXK;

400, otherwise,

the Fenchel-type dual to (PPYEP; ) can be written as

(DPVEFie) Wsup [ Winf {{F(z,5) = (A g} y € X} + {(A )l y € K} }
AEL(X,Y)
= Wsup |J Winf {{~f(y.2) = (A}l y € K} + {(A.)l y € K} }.
AEL(X,Y)

For every x € K we define the following mapping

va(@) =) @30, A;2),
AEL(X,Y)

where ©5(0, A;2) = WSup { {f(y,) + (A,9)| y € K} + {~(A,p)| y € K} }.
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To the problem (DV E P) we associate the set-valued vector optimization problem

(D) Winf U Ya(z),

zeK

which represents the starting point in formulating a variational principle for (DV EP).
Lemma 4.2 For any x € K, if z € y4(x), then z £ 0.

Proof: Let 2 € K be fixed and

seqa(e) = |J WSup {{f(s2)+ (A y)ly€ K} +{~(Ay) ye K}}.
AEL(X,Y)

Consequently, there exists A € L(X,Y) such that

e WSwp {{f(y,2) + (R,9)| y € K} + {~(RA,p)| y € K} }.

Let z < 0. In other words

2 < flz,x) + (A z) — (A, z).

This contradicts the fact that z is a weak supremal element of the set {{ fly,x) +
Ay)lye K} + (Rl y e K}}. .
Theorem 4.2 Let the problem (]SDVEP; x) be stable for each x € K. Then

(i) T € K is a solution to (DV EP) if and only if 0 € v4(7);

(i) K* C K¢, where K¢ denotes the solution set of (D).
Proof:

(i) Let € K be a solution to (DV EP). Then, by Proposition 3.3, it follows that

0 € WSup(PPVEP: 3) = — WInf(PPVPP; &) = — WMax(DPVEP: 7).
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Therefore

0cWMin | Wsup{{f(y,z) A e K+ {—(Ay)|ye K}}.

AEL(X,Y)

In other words we have 0 € ~4(Z). Let now 0 € 74(Z). Then there exists
A € £(X,Y) such that

0 € WSup {{£(y.7) + (A,9)l y € K} + {~(A, ) y € K} }.

If 0 ¢ WSup(PPVEP:Z), then 0 ¢ WMax(PPYEP; %), Whence there exists
7 € K such that f(7,7) > 0 or, equivalently, f(7,7) + (A, 7) — (A, 7) > 0. But

this leads to a contradiction.

(ii) Let 7 € K% Taking into account (i), one has 0 € v4(7). By Lemma 4.2 we

obtain that

0 € WMin U va(x) € Winf U va(x),

zeK rzeK

which means z € K;l. O

Under some (generalized) convexity and monotonicity assumptions the relations
between the solution sets of (V EP) and (DV EP) have been investigated in [5] and
[13]. In this way we can relate the mapping 74 to the vector equilibrium problem

(VEP). Before doing this, let us recall some definitions and preliminary results.

Definition 4.1 [5, Definition 2.1]
A function f: K x K — Y is called

(i) monotone if, for all x,y € K, we have
f(z,y) + fly,z) <0;

(i1) pseudomonotone if, for all z,y € K, we have

flx,y) £0 implies f(y,x) # 0
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or, equivalently,

f(z,y) >0 implies f(y,z) <O0.

Definition 4.2 [5, ¢f. Definition 2.2]
A function h : K — Y s called

(i) quasiconvez if, for all a« € Y, the set L(a) = {z € K| h(z) < a} is convex;
(i) explicitly quasiconvex if h is quasiconvex and, for all z,y € K such that h(z) <

h(y), we have

h(z) < h(y), forall zz =tx+ (1 —t)y andt € (0,1);

(i1i) hemicontinuous if, for any x,y € K and t € [0,1], the mapping t — h(tx +

(1 —t)y) is continuous at 0.

Proposition 4.1 [5, Proposition 2.1]
Let K be a nonempty convex subset of a Hausdorff topological vector space X and

let f: K x K —Y be a bifunction such that f(z,x) =0, Vo € K.
(i) If f is pseudomonotone, then KP C K¢;

(i) If f(x,-) is explicitly quasiconvex and f(-,y) is hemicontinuous for all x,y € K,

then K% C KP.

By using Theorem 4.2 and Proposition 4.1 one can easily verify the following asser-

tion.

Proposition 4.2 Let all the assumptions of Proposition 4.1 and Theorem 4.2 be

fulfilled. Then
(i) T € K is a solution to (VEP) if and only if 0 € ~4(7);

(ii) K? C K4,
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5 Gap functions for weak vector variational in-
equalities

This section deals with the construction of gap functions for the weak vector vari-
ational inequality problem. To this end we use the results given in the previous
sections for the vector equilibrium problems. As before, let X and Y be real topo-
logical spaces, K is a convex subset of X and F': X — L£(X,Y) a given mapping.

The weak vector variational inequality problem consists in finding x € K such that
(WVVI) (F(x),y—x) £0, Yy € K.

Definition 5.1 /9, Definition 5(ii)]
A set-valued mapping ¥ : X = Y 1is said to be a gap function for the problem
(WVVI) if it satisfies the following conditions

(1) 0 € Y(z) if and only if x € K solves (WVVI);
(1) 0 % P(y), Vy € K.

As one has that 7 € K is a solution to (WVVI) if and only if 0 is a weak minimal
point of the set {(F(Z),y — z)| y € K}, let us consider the vector optimization

problem

(PYVVL ) WiInf{(F(z),y — )| y € K}.

We take in the definition of v, for any x € K, f(z,y) := (F(z),y — x) and

then define the gap function as being —v,. Thus one gets the following set-valued

mapping

Upl@) i= |J WSup {{(T9) = (F(2),y — 2}l y € X} + {~(T.p)l y € K} }

TeL(X,Y)
= J Wsup {{(T = Fa).9)| y € X} + {~(T.y)| y € K} } + (F(2), )

TeL(X,Y)

Theorem 5.1 The mapping ¢, is a gap function for the problem (WVVI).
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Proof:

(i) Since y — (F(x),y — x) is a linear mapping, Proposition 3.4 ensures the
stability of the problem (P"VVI;x) for any # € K. Thus the first condition

in the definition of a gap function follows from Theorem 4.1(i).

(i) By Lemma 4.1, for any y € K and any z € —,(y) one has z % 0. It follows
that 0 % ¢,(y), Yy € K. O

The relations between (WVVI) and the so-called Minty weak vector variational
inequality have been investigated by several authors (see [11], [13], [20] and [21]).

This is the problem which consists in finding x € K such that

As done in Section 4, (MW V'V I) can be related to the following vector optimization

problem

(PMYVVT ) WInf{(F(y),y — z)| y € K},

in the sense that x € K is a solution to (MWVVI) if and only if 0 is a weak
minimal point of the set {(F(y),y — x)| y € K}. Taking in the formula of g,

f(a:, y) := (F(x),y — x), this becomes the following mapping

va(z) = ) WSup {{<F(y),w -y +Aylye Xi+{-(Aylye K}}-
AEL(X,Y)

From Theorem 4.2(i) and Lemma 4.2 one has the following assertion.

Theorem 5.2 Let the problem (PMWVVI.x) be stable for any solution x € K to

(MWVVI). Then g is a gap function for the problem (MWVVI).

Next we give some conditions which guarantee that the mapping ¢4 is also a gap

function for (WVVI). To this end we need first the following definitions.
Definition 5.2 [21] Let F': K — L(X,Y) be a given function.
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(i) F is weakly C-pseudomonotone on K if for each x,y € K, we have

(F(x),y —x) £ 0 implies (F(y),z—y) #0;

(ii) F is v-hemicontinuous if for each x,y € K and t € [0,1], the mapping t —

(F(zx+tly—x)),y — x) is continuous at 0.

Proposition 5.1 /21, Lemma 2.1]

Let X, Y be Banach spaces and let K be a nonempty convex subset of X. Assume that
F: K — L(X,Y) is weakly C-pseudomonotone on K and v-hemicontinuous. Then
x € K is a solution to (WVVI) if and only if it is also a solution to (MWVVI).

Combining Proposition 5.1 and Theorem 5.2 one gets the following result.

Proposition 5.2 Let the assumptions of Proposition 5.1 and Theorem 5.2 be ful-
filled. Then g4 is a gap function for (WVVI).
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