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1. Introduction

Given an optimization problem with a single-valued objective function, one can associate to it, by means of the very
fruitful conjugate duality theory, various dual problems, like for example, the classical Lagrange and Fenchel duals, and
also the so-called Fenchel-Lagrange dual. The latter was introduced by Bot and Wanka in [6]. It is a "combination” of
the classical ones. For more information regarding this type of dual problem the interested reader can consult various
papers like [5], where this dual is successfully used also for optimization problems which involve more general concepts
of convexity, and [9], where Farkas-type results and theorems of the alternative are proved using the weak and strong
duality between a primal problem and its Fenchel-Lagrange dual problem.

As the complexity of the optimization problems is increasing, the study of problems which encompass as special cases
the already treated ones are of large interest. Since many optimization problems involve composed convex functions, the
attention of many researchers has turned to such kind of problems. From the large number of papers that have appeared
during the last decades and treat composed convex optimization problems, we mention here [1, 2, 10, 11, 13-19, 22].
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Regarding optimization problems which involve composed convex functions, the Fenchel-Lagrange duality has proved to
be very useful in giving a compact formula for the dual and in deriving necessary and sufficient optimality conditions.
Strong duality between the primal problem and its Fenchel-Lagrange dual holds under rather weak assumptions (see
[3] for more details on this topic). Moreover, using the weak and strong duality, Farkas-type results and theorems of the
alternative involving composed convex function can be proved (see, for instance, [4]).

Many optimization problems which arise from various fields of applications (like physics, economics, engineering) have
not only involved one objective function, but a finite or even an infinite number of objectives. This being a reason why
many mathematicians pay great attention to such kind of problems (see [7, 8] and the references therein). For vector
optimization problems, one can consider several types of solutions, and among the most used of them there are the
proper efficient and the weakly efficient solutions. Also in a primal vector problem one can attach a vector dual problem.
But, unlike in the scalar case, now the dual problem depends on the efficient solutions we deal with. For both types of
solutions mentioned above such dual problems are given in [12]. In this work, the objective function of the dual problem
is implicitly given, ie., it is defined using the feasible set of the dual problem. Some new dual problems for proper
efficient solutions have been given in [7, 8]. The objective functions of the dual problems are explicitly given. Moreover,
they are easier to calculate. Our aim is to give such a dual problem (i.e., a dual problem whose objective function is
explicitly given) also when dealing with weak efficient solutions.

It is of great practical interest that our new vector dual problems for weakly efficient solutions presented in the current
paper include dual objective functions that are explicitly formulated by means of conjugate functions. This allows us
to apply the well-developed calculus for conjugate functions from the theory of convex analysis. In particular, a lot of
functions (e.g. linear and convex quadratic functions, exponential and logarithmic functions, norm and gauge functions
etc.) permit to calculate their conjugate functions in closed or explicit analytic form. Even more, optimality conditions
containing conjugate functions for weakly efficient solutions can be derived using the strong duality. They can be helpful
for the construction of optimality tests and numerical algorithms to determine weakly efficient solutions, although this
is not the direct purpose of this paper.

It is well known that the weakly efficient solutions of a given vector optimization problem can be characterized by means
of linear scalarization. Provided that strong duality holds between the scalarized problem and its Fenchel-Lagrange
dual problem, necessary and sufficient optimality condition for the weak efficient solutions of the initial multiobjective
problem can be established. Even more, using the scalar dual problem, it is possible to construct a multiobjective dual
problem to the primal one and to prove weak and strong vector duality assertions. Unlike the papers [7, 8], from where
this approach has been borrowed, in our case some entries of the scalarizing vector can be equal to 0. Because of this
situation, some of the dual problems given in the above mentioned papers turn out to be special instances of the dual
problem we give.

Let us consider a vector valued function whose entries are compositions of some convex functions. Having a problem
with an objective function of this kind and with cone inequality constraints, our aim is to provide necessary and sufficient
conditions for its weakly efficient solutions, expressed by using the conjugates of the functions involved. To this end,
we associate to our initial problem a family of scalar optimization problems and to each scalar problem we provide a
Fenchel-Lagrange-type dual. Regarding the construction of the Fenchel-Lagrange-type dual of the scalar problem, we
would like to mention that the approach we use is similar to the one used in [3, 4] Namely, we consider a problem
which is equivalent to the scalar one in the sense that their optimal objective values are equal, but whose dual can
be easier established. For the new problem we consider first the Lagrange dual problem. To the inner infimum of the
Lagrange dual we attach the Fenchel dual problem and it can be easily seen that the final dual we obtain is actually
a Fenchel-Lagrange-type dual of the primal problem. The construction of the dual is described here in detail and a
constraint qualification ensuring strong duality is introduced.

Many vector optimization problems turn out to be special instances of the problem we treat and to each of them we
can attach a vector dual problem derived from the initial dual (this is a consequence of the way the dual problem is
given). For instance the dual we obtain when we treat the classical vector optimization problem with geometrical and
cone constraints as a special instance is similar with one of the dual problems given in [7]. For the vector optimization
problem whose objective function is such that each entry of it is a sum of two convex functions the vector dual problem
we acquire is a Fenchel-type vector dual problem.

Multiobjective optimization problems have a very wide range of applications in fields like operations research, economics,
finance, product and process design, oil and gas industry, aircraft and automobile design, and the list is far from being
over. Because of its generality, many practical problems which are encountered in the previous mentioned fields of interest
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turn out to be special cases of the problem we treat within this paper. We mention here only some of them; namely, the
multiobjective problems, which involve quadratic functions (the Markowitz mean-variance portfolio optimization problem,
the smallest enclosing ball problem and the optimal separating hyperplane problem can be reformulated in this form);
and, the optimization problems which have as entries "max” functions (which can be encountered in fields like resource
allocation, production control and game theory). Also a type of fractional programming problems can be treated as a
special instance of the optimization problem we treat. We refer here to a vector optimization problem whose entries
are ratios with the nominators squares of nonnegative convex functions and the denominators positive concave functions.
Such type of problems can arise in investment and dividend coverage, production planning and scheduling, data mining
and entropy optimization.

We have given our approach for general ordering cones because in the applications or real-world multiobjective problems
not only the coordinate-wise ordering (induced by the positive orthant as ordering cone) appears. Examples are available
in portfolio optimization, fractional programming or semidefinite programming, where the cone of positive semidefinite
symmetric matrices or the cone defining the lexicographic partial order are of practical interest. One should have in
mind also the situation where the decision maker is not interested in the whole efficiency set. Varying the size of the
cone he can reduce or extend the set of efficient solutions he is interested in. A special and very realistic situation is
that a number of k decision makers consider each of them a multiobjective problem with the same input variable x, but
with different multiobjective functions F; and different ordering cones K;, i = 1,..., k (as motivated above). They all
consider a scalarization f;o F;, i =1, ..., k, of their own multiobjective problem and want to have a compromise solution
based on the multiobjective problem (P) as formulated in Section 3.1.

The paper is organized as follows. In Section 2 we give some notions and results which are used later. The third section
contains the main results of the paper. The multiobjective optimization problem we work with is presented together
with a family of scalar problems associated to it. Moreover, to each of these scalar problems, a dual problem is given
and, using the weak and strong duality, some necessary and sufficient conditions for the weakly efficient solutions of
the multiobjective problem are established. A multiobjective dual to the initial problem is given and weak and strong
duality assertions are also proved. In the last section of the paper, some particular cases are considered.

2. Preliminary notions and results

In this section, we present the notations we use throughout the paper. Some well-known notions and results which are
used later are also mentioned. All the vectors considered are column vectors. In order to transpose a column vector to
a row vector we use an upper index 7. Considering two arbitrary vectors x = (xq, ..., x,)" and y = (y1, ..., y,)" from the
real space R”, by x"y is denoted the usual inner product (i.e., we have x"y = Y |_, x;y;). As usual, by "<g" is denoted
the partial order introduced by the convex cone K C R”, defined by

xSkyey—xek, x,yeR".

Let us mention that throughout this paper the cones are assumed to contain the element 0.

If X C R" is given, its relative interior is denoted by ri(X). The indicator function of the set X is defined in the following
way

0, x e X,

Sy - R" E =R + ’ 0 =
» - U {#o0} x(x) {+oo, otherwise.

For a given function h : R” — R, we denote by dom(h) = {X eR": h(x) < -I—oo} its effective domain. We say that the
function is proper if its effective domain is a nonempty set and h(x) > —oo for all x € R".
When X is a nonempty subset of R”, we define for the function h the conjugate regarding to the set X by
hy :R” - R, hi(p) =sup {pTx —h(x)}.
xeX

Regarding the conjugate, we would like to mention that the inequality (Young-Fenchel)

h(x) + hi(x) —x*'x >0 M
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is fulfilled for all x € X and x* € R". It is easy to see that for X = R” the conjugate relative to the set X is actually
the (Fenchel-Moreau) conjugate function of h denoted by h*. Even more, it can be easily proved that h} = (h + 0x)*.
The rules we adopt concerning the arithmetic calculation involving +00 and —oo are those in [20]. In this context, as

0(400) =0 and 0(—o0) =0,

we can easily prove that
0, x*=0,
+o00, otherwise,

(0h)*(x*) = {
while
(ah)*(ax*) = ah*(x*) 3)

holds independently from these conventions for all x* € R” and a > 0.

Definition 2.1.
Let K C R¥ be a convex cone.

(i) The function h : R¥ — R is called K-increasing if for all x, y € R¥ such that x < y, then h(x) < h(y).

(ii) The function H : R” — R¥ is called K-convex if for all x,y € R” and for all @ € [0, 1] we have
H(ax +(1— a)g) <k aH(x) + (1 — a)H(y).

Definition 2.2.
Let K C R” be a convex cone. By the dual cone of K we denote the set

K*={x"eR":x*"x >0,¥x € K}.
Lemma 2.1. B
Let K CR” be a convex cone and h : R" — R a proper and K-increasing function. Then h*(x*) = +o0 for all x* ¢ K*.
Proof. Take an arbitrary x* ¢ K*. By definition there exists ¥ € K such that x*"x < 0. Since for some arbitrary

X € dom(h) and for all @ > 0, we have h(x — ax) < h(x). It is not hard to see that

h*(x*) = sup{x*"x —h(x)} > sup{x*" (X — ax) — h(Xx — ax)}
xER? a>0

> sup{x*’ (X — ax) — h(%)} = x* "X — h(x) + sup{—ax*'X} = +oo,
a>0 a>0
and the proof of the lemma is complete. O

Definition 2.3. B
We call infimal convolution of the proper functions hy, ..., hy : R” — R, the function

k k
mO..Ohe :R" 5 R, (hO...0h)(x) = inf { Y hi(x):x = in}.
i=1 i=1

The following statement closes this preliminary section.

Theorem 2.1 (cf. [20]).
Let hy, ..., h; : R" — R be proper convex functions. If the set ﬂfﬂ ri(dom(h;)) is nonempty, then

k

k * ul
( Z’“) (p) = (hi0...0h3)(p) = inf { > _hilp):p= pr}'
i=1 =

i=1

and for each p € R" the infimum is attained.
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—
3. The composite multiobjective problem

In the first subsection of this section, we present the multiobjective problem we treat within the paper. A family of
scalar optimization problems is then attached to it and a characterization of the weakly efficient solutions is given. In
the second subsection, we provide a dual problem to the scalar problem derived in the first subsection and a weak and
a strong duality theorem are proved. Moreover, necessary and sufficient optimality conditions for weak efficiency are
presented. In the last subsection, a multiobjective dual of the primal one is also introduced and weak and strong duality
assertions for the vector primal and dual problems are proved.

3.1.  The general framework

In the following, let X C R” be a nonempty convex set, K C R"™ a convex cone containing 0 and g : R” — R",
g = (g1,....gm)", be a K-convex function. For i = 1,...,k, let K; C R" be a convex cone (0 € K;) and consider the
functions f; : R" — R and F; : R" — R" such that f; is a proper, convex and Kj-increasing function, while F; is a
K;-convex one.

The primal vector optimization problem we treat within the present paper is

(P) v-min (1 0 Fy(x), ..., fi 0 Fi(x)) .
xeX,
g(x)=k0

Moreover, we suppose that

k
A C()Fi ' (dom(f)),
i=1

where A = {x € X : g(x) <k 0} # f is the feasible set of the problem (P) and F;'(dom(f;)) = {x € R" : F;(x) € dom(f;)}.

Definition 3.1.
A feasible element X € A is called weakly efficient solution of the problem (P) if there exists no x € A such that
fioFi(x) < fioFi(x) foralli=1,... k.

The proof of the following proposition is omitted as it is trivial.

Proposition 3.1.
Under the previous assumptions each function fio F; : R" - R, i =1, ..., k, is a proper convex function.

To an arbitrary A = (A, ..., A)T € RX we associate the set [, = {i € {1,...,k} : A > 0}. One has A € R \ {0} if and
only if I, # #.

By Proposition 3.1, (P) is a multiobjective convex optimization problem and in order to characterize its weakly efficient
solutions, to (P) we associate a family of scalar optimization problems. Namely, for each A = (A1, ...., A,)T € R\ {0},
we consider the optimization problem

k
(Py) inf Y A(fi o Fi)(x).
xeX, 3
g(x)=k0

or, equivalently,

(P,) inf Y Ai(fi o Fi)(x).

xeX,
T el
g(x)=k0
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The following well-known result gives a characterization of the weakly efficient solutions of a convex vector optimization
problem via linear scalarization (see, for instance, [12]).

Theorem 3.1.
A feasible point X of the problem (P) is weakly efficient if and only if there exists A € RX \ {0} such that X is an optimal
solution of the problem (P,).

3.2. Optimality conditions for weak efficiency

Let us consider an arbitrary A € RX such that /, # f. We construct a dual problem to (P,) and from the strong duality
assertion we derive the optimality conditions which characterize a weakly efficient solution for (P). To this end, we
associate to the problem (P,) the following convex optimization problem

(P/,\) inf Z )‘Lft(gt)
XX, g(M=K0, gl
yi€R"Fi(x)—yi Sk, 0,
iely

In what follows, by v(P) we mean the optimal objective value of an optimization problem (P). Regarding the optimal
values of the problems (P,) and (P;), the following result can be established.

Theorem 3.2.
v(Py) = v(P;).

Proof. For an arbitrary x feasible to (P,) take y; = F;(x) for all i € I,, and so, the tuple formed by x and y;, i € I,,
is feasible to (P;). Thus, 3., Afi(Fi(x)) = X_ic;, Aifilys) > v(P}), and this implies v(P;) > v(P}).

In order to prove the opposite inequality, let us consider some x and y;, i € /), feasible to (P}). Since g(x) <x 0,
it follows immediately that x is feasible to (P,). By the hypothesis that f; is a Ki-increasing function the inequality
Fi(x) — yi =k 0 implies fi(Fi(x)) < fi(y:), Vi € .. We have v(Py) <)), Aifi(Fix)) < _ics, Aifi(y:)- Taking the infimum
on the right-side regarding x and y;, i € I, feasible to (P;) we obtain v(P,) < v(P}). O

Our next step is to construct a dual problem to (P}) (see also [3, 4]) and to give sufficient conditions in order to achieve
strong duality, i.e., the situation when the optimal objective value of the primal coincides with the optimal objective
value of the dual and the dual has an optimal solution.

First of all, we consider the Lagrange dual problem to (P;})

. wp i { A+ o gl + X ul ()=o)
geks, SN icly ichy
ui €K} i€ly y; R icl)

where ¢ € K* and u; € K, i € I), are the dual variables. Concerning the inner infimum, by the definition of the
conjugate regarding to X one obtains

inf { S Afy) + a7 g0 + X uT (Fi) — yz)}

yie)ﬁke”?(,éeu icl) icl)
= —sup { —q'gx)— ¥ U,TF[(X)} -3 sup {u]yi—Afilyi)}
xeX iely iel) y;eR"

— ( > ulFi+q'g ) X(O) = 2_(Af)*(u).

iely i€ly
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Moreover, by Theorem 2.1 we get further

( > _ulFit ng)*(O) = ( > ulFi+('g+ 5x))*(0) =t { > (/R (v)+(a"g+ fw( -3 ) }

X

iely iely iely iely
= i {Z(uf F) () + (ng);( —Zvi) } (4
VERTIED i€ly i€ly
Taking into consideration the previous relations, the dual (D,) can be equivalently rewritten as
(0, sp sup | = TOh) ()~ TTAY0)— ") (= T |
geK*, v,eR", iely iely i€l
ui €KY i€l icly
Introducing the new variables B; := (-)u; and p; := (;-)vi, i € I, the dual problem can be written as (we use relation (3))
(0, swp | = Tane) - CAE R 00— @ - Tae) |
qeK*, iely iely icly
BieK{ .pieR",
iely

It is well-known that the optimal objective value of the problem (P;) is always greater than or equal to the optimal
objective value of its Lagrange dual, i.e. v(P}) > v(D,). Due to Theorem 3.2, the problem (D,) is also a dual problem to
(P,). and thus the following assertion arises easily.

Theorem 3.3.
Between the primal problem (P,) and the dual problem (D,) weak duality always holds, i.e. v(P,) > v(D,).

In order to ensure the equality of the optimal objective values of the two problems, we have to impose a constraint
qualification. The idea we follow is similar to the one presented in [3] and to this aim some preliminary work is necessary.
Let us consider that [, = {1, ..., i} ({ < k) and take Y = dom(f;,) x ... x dom(f;,) C RN, where N = n;, + ... + n;,. It is
not hard to see that the optimization problem (P}) can be equivalently written as

Py inf  A(x,y),
(Py) oy, (x.y)
B(x.y)< 00

where Q = K x Ki, X ... X Ki;, y = (ys,, - yi,) € R™ x .. x R" =RV,
AR x RY - R, A(x, y) = Ay fi, (ys,) + o+ Ay fi(ys,)
and
n m T
B:R" xRN - R” x RN, B(x, y) = (g(x), Fiy (X) = i, oo Fiu(x) — y3,) -

Let us notice that Q is a convex cone containing 0 and that (P) is a convex optimization problem. Using the results
and considerations in [3] (cf. the proof of Proposition 1 the closedness assumption for Q is there superfluous), it follows
that between (P}) and its Fenchel-Lagrange dual problem

(D5) sup  {=AX y*) = (V" By (—X*, —y*)}
(x*,y*)eR" xRN,
yeQ*

strong duality holds if the following condition is fulfilled, i.e.,

0 € B((X x V) +ri(Q). (5)
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Since

ri(Q) = ri(K) x ri (Ky,) x ... x ri (K,),

relation (5) requires the existence of some x” € ri(X) and y’ = (y;,, ..., y;,) € ri(Y) such that

0 € (g9(x),

Fiy(X) = yiys oo Fif6)) =y, ) + 1K) x ri (K ) xox (K )

The last relation is equivalent with

and from here the condition

(CQ,)

can be easily derived.

g

dx’

(x’)e—r[(K)andF,vl.(x Ey, I’l( ),j=1,...,l,

Fi(x) € ri(dom(f))) — ri(Ki), i€ 1),

€ ri(X) such that «[ g(¥) € —ri(K).

In the following, we prove that the dual problems (D) and (D)) are identical. To this end, let us take some arbitrary
(x*,y*) € R" x RN and y € Q*. This is equivalent with the existence of some vectors y; € R, ., y; € R" and

g €K, B, €K,

- By € Kiy such that y* = (y7,, ..., y;) and y = (q, By, -, By), respectively.

Using the definition of the conjugate function, we obtain

while

A yT) =

(V! B)xy (=X",

[ l
sup {X*TX +y* Ty — Alx, y)} = sup {X*TX + Z y;‘]_Ty,-/. — ZA,-jf,-/.(yi/.)}
j=1 j=1

xeR", xeR!
yeRN yi; er",
1:1 ,,,,, l

sup x*
XER?

-y

X+Z sup {y;"y;, — A,,f,,(yl,)}—sup{x”x}+Z(A,,f,,) (Y5),

/1y1€RI j=1

= sup { —xTx— y*Ty —y'Blx, U)}
xeX,
yey
I
= SU)E { —x*Tx—nyjTy,-, g(x) — ZB (Fl yi/)}
yi; Sdomir), =
]=1 ..... l

_SUP{—X x—q'g(x) ZB (X)}+Z sup i "y +Blyi}

xeX =1 Yi; edom(, )

I
(ng + ZBJFI’/) (=x7) + Z 63"'""’/)(&’ — i)
= X =1

Since it is binding to have x* = 0 (otherwise sup, _z. {x*"x} = +00), we get

v(

D) =

[
sup (=A%)~ B, =00} = sup {5 {00010 B (B0 |- g+ZB ) o}

(x*,y*)eR" xRN,
yeQ*
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-
As by Theorem 2.1
sup | = 044707 = B By — 1) | = =001 (B,

ng.
yf]_e]R i

j=1,..1 and

we obtain

wm—wﬂ iqn@%Zw ) —'on (-3

eK* -
xq €RrR", j=1 j=1

'j
B, eK

Introducing the new variables § = g, E[i = (%)Bij and Xj, := (Ai)xj; j =1,....1, the optimal objective value of (D)
i i

turns out to be equal to (cf. (3))

[
sup{ Z/\,, o Z/\,/(B Fiy) (x;) ( ZAUXU)}

<R", =

and it can be easily seen that the dual problems (D) and (D,) coincide.
We consider now the following constraint qualification for (P)

Fi(¥') € ri(dom(£)) — ri(K)), i=1,...k,

(CQ) Ix" € ri(X) such that{ gix') € —ri(K).

The following assertion displays the strong duality between the optimization problems (P,) and (D,).

Theorem 3.4.
Suppose that the constraint qualification (CQ) is fulfilled. Then strong duality holds between (P,) and (D,), i.e.
v(P,) = v(D,) and the dual problem (D,) has an optimal solution.

Proof. Since (CQ) is fulfilled strong duality holds between the problems (P}) and (D}), ie. v(P}) = v(D}) and the
dual has an optimal solution. Since this implies v(P,) = v(P;) = v(P}) = v(D}) = v(D,) and the existence of a solution
for the problem (D,), the proof is complete. O

Remark 3.1.
Although for the proof of the previous theorem we need just the weaker assumption (CQ,) we decided to consider (CQ)
since this constraint qualification is independent from the set /.

Based on the just proved strong duality property, we are able to point out necessary and sufficient optimality conditions
for the solutions of problem (P). Theorem 3.5 is devoted to that matter.

Theorem 3.5.

(a) Suppose that the condition (CQ) is fulfilled and let X be a weakly efficient solution of the problem (P). Then
there exist A = (A1, ..., A,)T € RK\ {0}, g e K*, p, €R" and B, € K7, i € Iy, ={i € {1,....k} : A > 0}, such that
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|
(i) fio Fi(X) + f5(B:) — BT Fi(x) = 0, i € I,
(ii) B Fi(x) + (BITFI')*(:D!') —p/x=0i€ly
(iii) q"g(x) + ( ZML) + Y Aplx=0;
iely iely
(iv) q"g(x) = 0.
(b) If there exists X feasible to (P) such that for some A € R\ {0}, ¢ € K*, p, € R" and B; € K7, i € I,, the

conditions (i) — (iv) are satisfied, then X is a weakly efficient solution of (P).

Proof. (a) Since X is a weakly efficient solution of (P), by Theorem 3.1 there exists A = (A, ..., &)™ € RX \ {0} such
that X is an optimal solution of the problem (P,). As (CQ) is fulfilled, Theorem 3.4 ensures the strong duality between
(P,) and (D,). Thus, there exist ¢ € K*, p; € R” and B; € K, i € I), such that

D_Alfio F)®) = =) Afi(B) =) _A(BIF) Tg)}(—ZA,vpf).

iely iely iely iely

The last equality is nothing else than

S Ao PR Y AL B+ ABIFN () +a 9% ( Y hpi) = X Ao R+ :(8) — BT 0]

iely iely iely i€ly el
" Z/\[B AR+ 87 F ) = plx| + [ 7o) + @ali (= Y] = ( = S anlx) | - oot
iely iely iely

As g(x) <k 0 (x is a feasible solution to (P)) and g € K* we have —q'g(x) > 0. Moreover, all the other terms within
the brackets of the previous sum are non-negative (see relation (1)). Thus, each term must be equal to 0 and the
relations (i) — (iv) follows.

(b) Following the same steps as in (a), but in the reverse order, the desired conclusion can be easily reached. O
Remark 3.2.
For the assertion (b) of Theorem 3.5, Le., the sufficiency of the conditions (i), ... (iv) for the weak efficiency of X the

fulfillment of (CQ) is not necessary.

3.3. The vector dual of (P)

For an arbitrary A = (Aq,.... &))" € Rk \ {0} let be [A| = ZL Ai. We introduce the following multiobjective dual
problem to (P)

" pvemax (hi(4q.p. B.1),... hi(A q.p. B, 1),

where

0.0, B0 = ~1118) ~ B () a0l = X ami) +

iely

foralli =1, ..., k, and the dual variables are A = (A, ..., A,)T € RK, g = (g1, ... qu)T €ER"™, p = (p1, ..., px) € R"x...xR",
B=(Bi..5) ER™ x ... x R™ and t = (t;, ..., t;)7 € R¥. The feasible set of the problem (D) is described by

k
B= {(/\,q,p,B,t) AERIN\{0}Lge KB K i=1..k) At :0}.
i=1

As for the primal problem (P), we also consider for the dual problem weakly efficient solutions.
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Definition 3.2. -
A feasible element (A,q,p,B,f) € B is called weakly efficient solution of the problem (D) if there exists no
(A, q,p,B.t) € Bsuch that hi(A, q,p,B,t) > hi(A,q,p,B,T) foralli=1, ... k.

Theorem 3.6 (Weak Vector Duality).
There is no x € A and no (A, q,p, B, t) € B such that f; o Fi(x) < hi(A,q,p, B, t) foralli=1,..., k.

Proof. In order to prove the theorem, suppose that there exist x € A and (A, q,p, 8, t) € B such that f; o F(x) <
hi(A q,p, B, t). Since A € RX \ {0}, the inequality

k 3
D_AfioFilx) <) AihilA.q.p.B.1) (6)
i=1 i=1
follows immediately. But

ZAh Aa.p.Bt)=) Ahi quBt)—ZA[ () — (BT Fi)(pi) — |1 ( ZAp)H].

iely iely iely

and, since |A| = Y, A = YicpAiand 3o Aty = Y, Aiti =0, we get

Y dihiAq,p. Bty ==Y Af7(B)=) MBI Fi)(p)—(q9) ( ZAp) (7)

iely iely iely iely

The inequalities

=Y Af(B) <)Y AfioFi(x) =Y ABlFilx (8)

iely iely i€ly

and

=2 _MBIEY(p) <Y _ABIFi) =) Aplx 9)

iely iely iely

are easy consequences of the Young-Fenchel inequality as well as

Tg)*x( - Z/\fpi) <) Apix+(a"g)).

el i€ly

Since g"g(x) <0 (g € K* and g(x) € —K) there follows the inequality

i€l i€ly

Adding up relations (8), (9) and (10) we get

S b g.p.8 0 =~ Af (B~ Y ABF (oo - (09l (= L) <X o

i=1 iely iely iely iely

This leads us to a contradiction to (6). Thus the initial assumption is false and the proof of the theorem is complete. [
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Theorem 3.7 (Strong Vector Duality). B B
Assume that (CQ) is fulfilled. IfX is a weakly efficient solution of the primal problem (P), then there exists (A, q,p, B, t) €
B that is a weakly efficient solution to the dual problem (D) and for all i =1, ..., k applies

fio Fi(x) = hi(A.q, P, B, 1).

Proof. Since x is a weakly efficient solution of (P) and the condition (CQ) is fulfilled, by Theorem 3.5, there exist
A€ REN\ {0}, g € K*, p; € R" and B; € K}, i € I, such that the conditions (i) — (iv) of the above mentioned theorem
are fulfilled. Take an arbitrary i € {1, .. k}\lA Since the function f; is proper and convex, the function f; is proper and
convex, too (for more details see [20]). Therefore, there exists B € K (see Lemma 2.1) such that f*(B,) € R. Moreover,

since BiTFi is proper and convex, we can find at least one p; € R" such that (B[ Fi) (p:) € R. Choose

_ A _ G, 0 1,
)\::)\’ ﬁ::q, piZ:{E['{EI)” Bl:{é l.E)‘ and

pi, L &1, Bi, il
pIx+ gla’g) ( ZAp[), il
?,' = i€l
fio Fi(x) + f,-*(Bi) + (Bz Fi)*(ﬁi) + \lﬁ(ng)X( 2 A Pl) , L&y
icly
It is clear that #; € R since all terms occurring in the definition of #; are finite, Vi =1, ..., k, and that (see Theorem 3.5

(iii) and (iv))

k
‘Zji?i = Zl’?i = Z)\i(PiTY) + (ng)j(( - Z)‘ipi) =0

iely

It remains to show that f;0 F;(x) = h;(A,q,p, B, ) for all i € I (for i & I; this is trivial as a consequence of the definition
of t). We have

h(%q.5.8.9 =~ (B) — (B F)(p)) — 5@ 9)x ( - Ziiﬁi) Tt

ek

=—1:(B)— (B F)"(p)—p(a” 9)x ( Z/\p)+PlX+w(q g)( gmpl—)

iely

= —f{(B) — (B Fi)"(p:) + p/x = —f}(B) + Bl Fi(X) = fi o Fi(x).

For the last equalities, we used Theorem 3.5 (i) and (ii). The fact that (4,q,p, B, 1) is a weakly efficient solution of the
dual problem (D) is a straightforward consequence of Theorem 3.6. O

4. Special cases

Within this section, two special cases are treated. In the first case, we consider the functions F; being linear, while in
the second case we show how the ordinary convex optimization problem can be derived as a special case of our general
result.

4.1. Composition with a linear operator

In the following, let f; : R — R be proper convex functions and F; be linear functions, i = 1, ..., k. More precisely, we
consider the functions

FiiR" >R, Fix) = A,

where A; is an n; x n real matrix for each i =1, ..., k. Our initial problem becomes in this special case
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(PA) v-min (f1(Ar), ... fe(Ax) .
9=K0

Let us consider K; = {0} C R™ for all i =1, ..., k. It is not hard to prove that the functions f; are K;-increasing, while

F: are K;-convex. Moreover, since ri(K;) = {0}, i =1, ..., k, the condition (CQ) becomes in this special case
. Aix" € ri(dom(f;)), i=1,....k,

co? I X) such that

(co? x" € ri(X) such tha {g(x’)e—ri(K).

Since forall i =1, ..., k and for all B; € R} we have

0, AiTBz = Pi
400, otherwise,

(B Fo)*(pi) = {

the next results arise as easy consequences of the ones presented within the previous section.

Theorem 4.1.

(a) Suppose that the condition (CQ") is fulfilled and let X be a weakly efficient solution of the problem (P?). Then
there exists A = (A, ..., i) € RE\ {0}, g € K* and B € R, i € I, such that

(i) Fi(AR) + F7(B) — Bl (AX) =0, i € ),
(i) "g(x) + (9" g)x ( -L AfA,-TBi) + L ABlAR =0
(iii") q"g(x) = 0.

(b) If there exists X feasible to (P) such that for some A € Rk \ {0}, ¢ € K* and B; € R", i € I,, the conditions
(i") = (iii*) are satisfied, then X is a weakly efficient solution of (P*).

To the problem (P*), we attach as a special case of (D) (cf. 3.3) the vector dual problem

(D) v-max_ (h2(A,q,B,1), ... h{ (A q.B. 1),
(Aq.B.t)eBA
where for each i =1, ..., kK we have
1
W0 B, 1) = —17(8) m(ng);( LY AT 3.-) it

icl,

and the dual variables are A = (A, .., &) € R, g = (g1,....qn)" € R", B = (B1,....,B) € R x ... x R"™ and
t=(t1,...ts)" € RX. The feasible set turns out to be

k
B = {()\,q,B, t):AeRA\{0}g e K™Y At =o}.

i=1

Now, we get from Theorem 3.6 and Theorem 3.7 the corresponding weak and strong vector duality results.

Theorem 4.2.
There is no x € A and no (A, q, B, t) € B* such that f;(Aix) < (A, q,B,t) forall i =1, ..., k.

Theorem 4.3. o
Assume that (CQ?) is fulfilled. If X is a weakly efficient solution of the problem (P?), then there exists (A, q,B,%) € B
that is a weakly efficient solution to (D*) and for all i =1, ..., k one has

fl‘ (A,Y) = h/l4 (X, ﬁ, E, ?) .
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|
4.2. The ordinary multiobjective optimization problem

Let us consider now ny = ... = ny = n and let
F:R" > R", Fi(x)=x,

forall i =1, ..., k. For f, : R" — R proper and convex functions, i = 1,..., k, our initial problem becomes

B o T
(P?) ain (A - )
9(x)=x0

Obviously, the previous problem is a particular case of (P*) with A; = [ (the identical operator), i = 1,...,k. The
constraint qualification (CQ") becomes

k
(COB) Ix’ € ri(X) (" ri (dom(f;)) such that g(x) € —ri(K).

i=1

Theorem 4.4.

(a) Suppose that the condition (CQB) is fulfilled and let X be a weakly efficient solution of the problem (PB). Then
there exists A € R \ {0}, ¢ € R, and p; € R", i € I, such that

(i) fix) + £ (p) — p[X =0, i €I,

(ii®) q"g(x) + ( Z/\pl) +3Y Aplx=0,

iely icly
(iiiB) qTg(x) = 0.

(b) If there exists X feasible to (PB) such that for some A € RK \ {0}, g € R” and p; € R", i € I,, the conditions
(iB) — (iiiB) are satisfied, then X is a weakly efficient solution of (PB).

As before to (P?) we associate a vector dual problem, namely

(DB) v-max (hBA q,p.t),.. hf(A,q,p,t))T,
(Lq.p.t)eBB

where

i q.p.t) = 17 (p) — |1 qg)x( Z/\p.) ti

icly

foralli =1, ..., k, and the dual variables are A = (A1, ..., &))" € R, g = (g1, ....gn)" ER™, p = (p1, ..., pr) € R"x...xR"
and t = (t1, ..., ty)T € R¥. Let

k
= {(A,q,p,t):AeRﬁ\{O},q €KY At :0}.

i=1

Theorem 4.5.
There is no x € A and no (A, q,p, t) € BE such that f;(x) < hB(\,q,p,t) foralli=1, ... k.

Theorem 4.6.

Assume that (CQP) is fulfilled. If X is a weakly efficient solution of the problem (PB), then there exists (A,q,p,t) € B®
that is a weakly efficient solution to (D) and for all i =1, ..., k applies
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e
Remark 4.1.

We would like to mention that for K = R the results presented in this paper are true if instead of g(x') € —ri(R}) =
— int(R7) we impose the weaker assumption (see [20])

9;(x) <0, jeL
g,(X)<0. jEN,

where L:= {j € {1,...,m} : g; is an affine function} and N := {1,...,m} \ L.

5. Conclusions

In this paper, we considered a multiobjective optimization problem the objective function of which has as entries
compositions of some convex functions, while the constraints are given by cone inequality constraints. To that problem
we associated a family of scalar optimization problems and to each member of this family a Fenchel-Lagrange-type
dual is formulated. Using the weak and strong duality statements for the scalar problems optimality conditions for
weakly efficient solutions of the original problem are presented, where only the involved functions and their conjugates
are used. A vectorial dual of the general problem we treat is given and weak and strong duality assertions are proved.
Moreover, some special cases are considered.

Acknowledgements

Research partially supported by DFG (German Research Foundation), project WA 922/1.

References

[1] Adédn M., Novo V., Weak efficiency in vector optimization using a closure of algebraic type under cone-convexlikeness,
European J. Oper. Res, 2003, 149, 641-653
[2] Arana-Jiménez M., Rufidn-Lizana A, Osuna-Gémez R., Weak efficiency for multiobjective variational problems,
European J. Oper. Res., 2004, 155, 373-379
[3] Bot R.I, Grad S.-M., Wanka G., A new constraint qualification and conjugate duality for composed convex optimiza-
tion problems, J. Optim. Theory Appl., 2007, 135, 241-255
[4] Bot R.I., Hodrea I.B.,, Wanka G., Farkas-type results for inequality systems with composed convex functions via
conjugate duality, J. Math. Anal. Appl., 2006, 322, 316-328
[5] Bot R, Kassay G., Wanka G., Strong duality for generalized convex optimization problems, J. Optim. Theory Appl.,
2005, 127, 45-70
[6] Bot R.I., Wanka G., A new duality approach for multiobjective convex optimization problems, J. Nonlinear Convex
Anal., 2003, 3, 41-57
[7] Bot R.I., Wanka G., An analysis of some dual problems in multiobjective optimization (I), Optimization, 2004, 53,
281-300
[8] Bot R.I., Wanka G., An analysis of some dual problems in multiobjective optimization (Il), Optimization, 2004, 53,
301-324
[9] Bot R.I., Wanka G., Farkas-type results with conjugate functions, SIAM J. Optim., 2005, 15, 540-554
[10] Combari C., Laghdir M., Thibault L., Sous-différentiels de fonctions convexes composées, Ann. Sci. Math. Québec,
1994, 18, 119-148 (in French)
[11] Hiriart-Urruty J.-B., Martinez-Legaz J.-E., New formulas for the Legendre-Fenchel transform, J. Math. Anal. Appl.,
2003, 288, 544-555
[12] Jahn J., Mathematical vector optimization in partially ordered linear spaces, Peter Lang Verlag, Frankfurt am Main,
1986



Optimality conditions for weak efficiency to vector optimization problems with composed convex functions

[13] Jeyakumar V., Composite nonsmooth programming with Gateaux differentiability, SIAM J. Optim., 1991, 1, 30-41

[14] Jeyakumar V., Lee G.M., Dinh N., Characterizations of solution sets of convex vector minimization problems, European
J. Oper. Res., 2006, 174, 1396-1413

[15] Jeyakumar V., Yang X.Q., Convex composite minimization with C'! functions, J. Optim. Theory Appl, 1993, 86,
631-648

[16] Kutateladze S.S., Changes of variables in the Young transformation, Soviet Math. DokL., 1977, 18, 1039-1041

[17] Lemaire B., Application of a subdifferential of a convex composite functional to optimal control in variational in-
equalities, Lecture Notes in Economics and Mathematical Systems, Springer Verlag, Berlin, 1985, 255, 103-117

[18] Levin V.L,, Sur le Sous-Différentiel de Fonctions Composeé, Doklady Akademia Nauk, 1970, 194, 28-29 (in French)

[19] Lin Y., Wang X., Necessary and sufficient conditions of optimality for some classical scheduling problems, European
J. Oper. Res., 2007, 176, 809-818

[20] Rockafellar RT., Convex analysis, Princeton University Press, Princeton, 1970

[21] Wanka G., Bot R\, Vargyas E., Duality for location problems with unbounded unit balls, European J. Oper. Res.,
2007, 179, 1252-1265

[22] Yang X.Q., Jeyakumar V., First and second-order optimality conditions for convex composite multiobjective optimiza-
tion, J. Optim. Theory Appl., 1997, 95, 209-224



	Introduction
	Preliminary notions and results
	The composite multiobjective problem
	Special cases
	Conclusions
	Acknowledgements
	References

