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REGULARITY CONDITIONS FOR FORMULAE
OF BICONJUGATE FUNCTIONS

Radu Ioan Bot* and Sorin-Mihai Grad

Abstract. When the dual of a normed space X is endowed with the weak*
topology, the biconjugates of the proper convex lower semicontinuous func-
tions defined on X coincide with the functions themselves. This is not the
case when X™ is endowed with the strong topology. Working in the latter
framework, we give formulae for the biconjugates of some functions that ap-
pear often in convex optimization, which hold provided the validity of some
suitable regularity conditions. We also treat some special cases, rediscovering
and improving recent results in the literature. Finally, we give a regularity
condition that guarantees that the biconjugate of the supremum of a possi-
bly infinite family of proper convex lower semicontinuous functions defined
on a separated locally convex space coincides with the supremum of their
biconjugates.

1. INTRODUCTION

When working with convex functions defined in infinitely dimensional spaces,
one usually considers the duals of the used spaces endowed with the corresponding
weak™® topologies. Then the proper convex lower semicontinuous functions coin-
cide with their biconjugates and different interesting and also “good-looking” results
can be derived. We refer the reader to [11] for a comprehensive survey of convex
analysis on locally convex spaces whose duals are endowed with the corresponding
weak™® topologies. On the other hand, there are many problems given on spaces
whose duals are endowed with arbitrary topologies and not everything from the pre-
viously mentioned case can be one-to-one imported. Take for instance the maximal
monotone operators. When they are defined on reflexive Banach spaces convex
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analysis was successfully employed to help in dealing with different problems like
sums, compositions, surjectivity etc. Such investigations were performed also for
monotone operators defined on non-reflexive Banach spaces, but not all the results
could be extended in this case.

Among the recent papers dealing with biconjugates of convex functions defined
on normed spaces we mention [4, 6, 12]. The first two of them contain the formula
for the biconjugate of the maximum of two functions, while the last one brings
also formulae for the biconjugates of the functions obtained by several convexity-
preserving operations. In this paper we perform similar investigations, giving formu-
lae for the biconjugates of some functions that appear often in convex optimization.
First we deal with the biconjugate of a so-called perturbation function, which sat-
isfies a formula provided the fulfillment of some regularity conditions. Then we
particularize in different ways this function, considering the perturbation functions
used to obtain the Lagrange and Fenchel-Lagrange duals of a given convex con-
strained minimization problem, the perturbation function used for the Fenchel dual
to a convex unconstrained minimization problem and perturbations of composed
convex functions, respectively. For suitable values assigned to these functions we
obtain further formulae for the biconjugates of some special functions, which are
shown to hold under two types of regularity conditions, namely closedness-type
and interiority-type. Thus we rediscover and extend several recent results in the
literature. Finally, relaxing the hypothesis imposed on the space we work with in
the sense that instead of normed it is taken only separated and locally convex, we
give a regularity condition that guarantees that the biconjugate of the supremum
of a family of arbitrarily many proper, convex and lower semicontinuous functions
coincides with the supremum of the biconjugates of the mentioned functions.

Consider two separated locally convex vector spaces X and Y and their topo-
logical dual spaces X* and Y*. When X is a normed space with the norm || - ||, the
norm on X* is denoted by || - ||, and on this space we work with three topologies,
namely the strong one induced by || - || which attaches X ** as dual to X*, the
weak™® one induced by X on X*, w*(X™*, X), which makes X to be the dual of X*
and the weak one induced by X** on X*, w(X™*, X**). The topologies considered
on the other spaces are taken in a similar way. We specify each time when a weak
topology is used, otherwise the strong one is considered. A normed space X can
be identified with a subspace of X **, and we denote by & the canonical image in
X** of the element 2 € X. Denote also U = { :z € U}, for U C X and by
(x*,x) = x*(x) the value at z € X of the linear continuous functional z* € X*.
Take Y to be partially ordered by the nonempty closed convex cone C, i.e. on Y
there is the partial order “<c”, defined by z <c y < y—2€ C, z,y € Y. To
Y we attach a greatest element with respect to “<” which does not belong to Y,
denoted by oo and let Y* =Y U{oco¢}. Then for any y € Y® one has y <¢ oo



Formulae of Biconjugate Functions 1923

and we consider on Y*® the following operations: y + coc = oo + y = co¢ and
t-ooc = ooc forally € Y and all t > 0. A function g : Y — R = RU {400}
is said to be C-increasing if for y, z € Y such that z <o y one has g(z) < g(y).
The dual cone of C'is C* = {y* € Y* : (y*,y) > 0 Vy € C}. We define also
(y*, 00c) = oo for all y* € C*.

Given a subset U of X, by cl(U), co(U), éy and oy we denote its closure,
its convex hull, its indicator function and support function, respectively. For sets,
the closures in the weak™ topologies are denoted by cl,~, while the ones in the
weak topologies are denoted by cl,,. We also use the strong quasi relative interior
of a nonempty convex set U denoted sqri(U), which contains all the elements
x € U for which the cone generated by U — x is a closed linear subspace. Denote
Axn = {(z,...,z) € X" : x € X}. We use also the projection function Pr x :
X xY — X, defined by Prx(z,y) = x ¥(z,y) € X XY and the identity function
on X, idx : X — X with idx(z) =2 Vz € X.

For a function f: X —R we use the classical notations for domain dom (f) =
{r € X : f(x) < 400}, epigraph epi(f) = {(z,r) € X xR : f(z) < r} and
conjugate function f* : X* — R, f*(z*) = sup{(z*,z) — f(z) : € X}. When
X is normed, the conjugate function of the conjugate of a function f : X — R is
said to be the biconjugate of f and it is denoted by f** : X** — R, f**(2**) =
sup{(z**, x*) — f*(z*) : 2* € X*}. If we consider on X* the weak* topology,
then we obtain another biconjugate for f, namely a function defined on X which
takes at each x € X the value f**(&). We call f proper if f(x) > —oco Vo € X
and dom(f) # 0. By convention, we consider 0f = ddom(y)- Given two proper
functions f,g : X — R, we have the infimal convolution of f and g defined by
fOg: X =R, (fOg)(a) = inf{f(z)+g(a—z) : € X}. The convex hull of the
function f : X — R is co(f) : X — R, the greatest convex function everywhere
less than or equal to f, while the greatest lower semicontinuous function everywhere
less than or equal to f is the lower semicontinuous hull of f, cl(f) : X — R. Note
that epi(cl(f)) = cl(epi(f)). Like for the sets, we denote for the functions the
lower semicontinuous hulls obtained when we work with the weak™* topologies by
cl,+ and the ones when we deal with the weak topologies by cl,,, too. Some of the
notions introduced above can be generalized also for functions mapping into infinite
dimensional spaces. For a function i : X — Y® one has

e the domain: dom(h) = {x € X : h(z) € Y},
e h is proper: dom(h) # 0,
e his C-convex: h(tx+(1—t)y) <c th(z)+(1—t)h(y) Va,y € X Vt € [0, 1],

for A € C*, (A\h) : X — R, (Ah)(z) = (\, h(z)),

the C-epigraph epio(h) = {(z,y) € X xY :y € h(z) + C},



1924 Radu Ioan Bot and Sorin-Mihai Grad

e h is C-epi-closed if epip(h) is closed,
e h is star C-lower semicontinuous at x € X: (\h) is lower semicontinuous
at z VA € C*.

Remark 1.1. When a function is star C-lower semicontinuous, it is also C-
epi-closed. The reverse statements do not hold in general (see [2, 8]).

Given a linear continuous mapping A : X — Y, we have its adjoint A* :
Y* — X* given by (A*y*,z) = (y*, Az) for any (x,y*) € X x Y*. For the
proper function f : X — R we define also the infimal function of f through A as
Af:Y >R, Af(y) =inf {f(z) 12 € X, Az =y}, y €Y.

For an attained infimum (supremum) instead of inf (sup) we write min (max).
We give now some statements which play important roles in our paper. Note that
the third lemma was, to the best of our knowledge, unknown until now, and it
generalizes the result we give as Corollary 1.1, which was mentioned in [12], for
instance.

Lemma 1.1. (cf. [1, 10, 9]). Let ® : X x Y — R be a proper convex lower
semicontinuous function with 0 € Pry (dom(®)). For each z* € X* one has

(1) (@,0) () = sup{{a*,a) — B(x,0)} = clue (inf @(,57)) ")

Lemma 1.2. (cf. [1, 5]). Let ® : X x Y — R be proper convex lower
semicontinuous with 0 € Pry (dom(®)). Then Prx«yxr(epi(®*)) is w*-closed if
and only if

2)  (®(-,0))"(z") = sup{(z*, z) — ®(x,0)} = min ®*(z*,y") Va* € X".
reX y*eY*

Lemma 1.3. Let X be a normed space and let the convex function f : X — R
have a nonempty domain. To [ we attach the function

foxe R fan={ [0 18

400, otherwise.

A

If el (f) is proper; then f** = cly-(f).

Proof. Suppose X** endowed with w*(X**, X*). Then the conjugate of f,
f*: X* — R looks for all 2* € X* like

fr@) = swp {@@72") —f@™)}= suwp {(2",3) ~ f(2)}

z**edom(f) zedom(f)

= sup {(z%2) - f(2)} = [ (z).

z€dom(f)
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Thus, by the Fenchel-Moreau Theorem, one automatically has that the conjugate of

A

this function, which is nothing but f**, is equal to cl,= (f). ]

Corollary 1.1. If X is a normed space, for a nonempty convex subset U of it

one has (0y)*™* =0, (O

2. NEW FORMULAE FOR BICONJUGATE FUNCTIONS

The perturbation functions play a very important role in duality and, as one can
see further, different functions used in optimization can be obtained from suitably
chosen perturbation functions. For more on the importance of perturbation functions
in convex analysis we refer to [1, 5, 11]. Further, unless otherwise specified, let
X and Y be normed spaces. Since there is no possibility of confusion, denote the
norms on X and Y by || - || and the ones on their duals by || - ||..

2.1. The biconjugate of a general perturbation function

Theorem 2.1. Let the proper convex function ® : X x Y — R fulfill the feasi-
bility condition 0 € Pry (dom(®)). Then (®(-,0))** > &**(-,0). If  is also lower
semicontinuous, then (®(-,0))** = ®**(-,0) if and only if cly (infy-cy- ®*(-, y*))
= cl(infyrey+ *(-, y%)).

Proof. The first inequality follows from (®(-,0))* < infy«cy~ ®*(-,y*), by
considering the conjugates of these two functions. Take & moreover lower semi-
continuous. Then, using Lemma 1.1, one gets

(®(-,0)" = clw*< inf @*(-,y*)) < clw< inf @*(-,y*))

y*ey* y*EY*
_ 1( inf &% (-, *)< inf (-, y"),
oI ,nf. ¢, y") S (5 y")

from which, by considering the conjugates and taking into consideration that a
function and its closure have the same conjugate, follows

(®(-,0))* = (clw*< inf @*(-,y*)>>* > (cl( inf @*(-,y*)>>*

y*ey* y* cYy*

:< inf @*(-,y*)>*

y* cY*

and the last term coincides obviously with ®**(-,0). It is straightforward that if the
closure of inf,«cy« ®*(-, y*) coincides with its weak™ closure one gets (®(-,0))**
= ®**(-,0). Assume now this equality true. Then, by the previous inequality, we

have . .
(- (g, °C.0)) = (af inf "))
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followed by

(ctur (nf @*(.y)) " (™)
= (cl( inf @*(-,y*))) (™) Y™ e X,
yrey
The weak* closure of infy«cy« ®*(-,y*) is proper and convex (cf. [1], for in-
stance) and also weak™ lower semicontinuous, which yields that it is lower semi-
continuous, too. On the other hand, cl(infy-cy+ ®*(-,y*)) is convex and lower
semicontinuous and also proper because it is greater than or equal to the proper
function cl,+ (infy«cy« ®*(-,y*)) and if it would be everywhere equal to +oco then
®* would be everywhere 400, too. But when this happens, then ®** takes ev-
erywhere on X the value —o0, and this contradicts the properness of ®, which is
also convex and lower semicontinuous and fulfills ®(x,0) = ®**(Z,0) whenever
x € X. Applying now the well-known biconjugate theorem (see [11], for instance),
we obtain (cly« (infy-cy~ @*(,y*)))**(};) = cly- (infycy= ®*(-,y*))(z*) and
(cl(infyeey+ @*(-, ™))" (z%) = cl(infyeey- ®*(-,y*))(z*) V2* € X*. Finally,
(3) yields cly+ (infyscy= ®*(-,y*)) = cl(infy-cy= D*(-, y*)). |

Theorem 2.2.  Let the proper convex lower semicontinuous function @ :
X XY — R fulfill 0 € Pry(dom(®)). If one has

(RC) Prx«xr(epi(®*)) is w*-closed,
or
(RC") X and Y are Banach spaces and 0 € sqri(Pry (dom(®))),

then (®(-,0))™ = &**(-, 0).

Proof. Lemma 1.2 says that (RC') is equivalent to (2) which is implied also by
(RC") according to [11, Theorem 2.7.1]. Since the epigraph of the closure of the
infimal value function of ®* coincides with the closure of the projection of epi(®*)
on X* x R and the latter set is both w*-closed and closed, the conclusion follows
by the previous theorem. ]

Remark 2.1. Note that the equalities in Theorem 2.1 are further equivalent to
cly (Prx«xr(epi(®*)) = cl(Prx-xr(epi(®*))). The assertion in Theorem 2.1
can be also derived as a consequence of [12, Proposition 6], by taking A : X —
X xY, A(x) = (x,0) and h = ®. The same applies for (RC’) = (®(-,0))** =
®**(-,0) in Theorem 2.2. Because (RC) is equivalent to (2) and (RC") implies it,
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it is straightforward that (RC") yields (RC). There are examples where (RC) is
valid, unlike (RC"). Therefore one can note that (RC') is indeed weaker than (RC").
Usually, the condition (RC') and the ones springing from it are said to be closedness-
type regularity conditions, while (RC'") belongs to the so-called interiority-type
regularity conditions.

2.2 Biconjugates of the function to be minimized in a constrained convex
optimization problem

Let f : X — R be a proper convex function, h : X — Y* a proper C-convex
function and S C X a nonempty convex set. Denote G = SNh~!(—C) and assume
that G N dom(f) is nonempty.

Consider the general convex optimization problem

(P) inf  f(x).
z€eS,
h(z)e—-C

Different dual problems can be attached to (P), some of them by means of the
perturbation theory. In the following we will particularize the function ® from the
previous subsection to be the perturbation functions which are used to obtain the
Lagrange and Fenchel-Lagrange dual problems to (P) (cf. [3], for instance). Recall
that ® : X x Y — R is a perturbation function for the problem (P) when

4) ®(z,0) = f(z) + dg(x) Vo € X.
The perturbation function used to attach to (P) its Lagrange dual problem is

_ f(x), ifxe S hx)ey—C,
(I)L:XXYHR, (I)L((L‘,y): ( (
400, otherwise.

One can verify that this function satisfies (4), is proper and convex, and its conjugate
is

(f + ((=y")h) +d5)"(z"), ify" € =C,

P X*xY* = R, & (2, y*) =
400, otherwise.

Further, one can determine the second conjugate of &, which is

y*e *

We obtain the following statement.
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Theorem 2.3. One has always (f + dG)** > supyseex(f + (y*h) + d5)*
Assuming the additional hypotheses

(Hp) f is lower semicontinuous, h is C-epi-closed and S is closed,

fulfilled, it follows that the inequality above is always fulfilled as equality if and
only if cly« (infy«cco- (f + (y*h) + ds)*) = cl(infy~cc+(f + (y*h) + d5)*). Under
(Hp), if one has

(RCr) y*g()* epi((f + (y*h) + dg)*) is w*-closed,

or

(RC}) X and Y are Banach spaces and 0 € sqri(h(SNdom(f)Ndom(h))+C),
then (f +0G)*™ = sup,«cc-(f + (y*h) + ds)*™.

Proof. The first part follows directly from Theorem 2.1, noting that (H,) yields
the lower semicontinuity of ®;. Further, the feasibility condition 0 € Pry (dom
(®r)) is equivalent to saying that G N dom(f) is nonempty, which is true. Noting
that (RC') becomes (RCy) for 1, and (RC’) turns into (RC’), we can apply
Theorem 2.2 and we are done. ]

If we want to separate f from h in the formula of (f + dg)**, a good choice
is to consider the perturbation function which leads to the Fenchel-Lagrange dual
problem to (P). It is

flz+2z), ifzeSh(z)ey—C,

(I)FL XXX XxY — K, (I)FL((L',Z,y) = { +00 otherwise

This function satisfies the feasibility condition and (4), being also proper and convex.
Simple calculations show that its conjugate is @7, : X* x X* xY* = R,

@)+ ((=y)h) +05)" (2" — 27), ify* € =C7,

(I)* * * *) — .
Fr(r™, 2% y") { +00, otherwise,

while its second conjugate of turns out to be ®%% : X** x X** x Y** - R,

y*e *

This perturbation function leads to another formula for the biconjugate of f + d¢.
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Theorem 2.4. One always has (f+3G)** > f**+sup,«cc«((y*h)+ds)*™. As-
suming the additional hypotheses (H 1) fulfilled, it follows that the inequality above
is always fulfilled as equality if and only if cl - (infy«co- (f*O((y*h) + 05)*) =
cl(inf«cox (f*O((y*h) + 05)*). Under (Hp), if one has

(RCFL) epi(f*) + y*g()* epi(((y*h) + ds)*) is w*-closed,

or

(RC%;) X andY are Banach spaces and
0 € sgri(dom(f) x C — (epi_c(—h)) N (S xY)),

then (f +0G)™ = [ 4+ supy«cc+ ((y*h) + d5)*.

Proof. The first part follows directly from Theorem 2.1, noting that (H,) yields
the lower semicontinuity of ®ry,, too. Further, noting that (RC') becomes (RCFr.)
for &y, and (RC’) turns into (RC%; ), we can apply Theorem 2.2, which yields
the conclusion. ]

2.3. Biconjugates of the sum of functions to be minimized in an unconstrained
convex optimization problem

In the previous subsection we gave formulae for the biconjugate of the function
to be minimized in a constrained convex optimization problem, where usually La-
grange duality is considered. In order to do similar things for unconstrained convex
optimization problems to which Fenchel dual problems are usually attached, consider
the proper convex functions f : X — R and g : Y — R and the linear continuous
operator A : X — Y fulfilling the feasibility condition A(dom(f)) Ndom(g) # 0.
We are interested to give the biconjugate of the function f + g o A. In order to do
this, let the perturbation function

Pp: X XY =R, ®a(z,y) = f(z) +g(Ax + 7).

By construction this is a proper convex function which satisfies the feasibility con-
dition and also ® 4(x,0) = f(z) + g(Az) Vx € X. The conjugate of ®4 is

g X' XY =R, Pala’,y) = f(z" = A") + 9" (v"),
and its biconjugate turns out to be

We have the following statement.
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Theorem 2.5. One always has (f +go A)*™* > f**+ ¢g** o A**. Assuming the
additional hypotheses

(Ha) f and g are lower semicontinuous,

fulfilled, it follows that the inequality above is always fulfilled as equality if and
only if cly+(f*0A*g*) = cl(f*0A*g*). Under (H ), if one has

(RCa) epi(f*) + (A* x idr)(epi(g*)) is w*-closed,
or
(RC")) X andY are Banach spaces and 0 € sqri(dom(g) — A(dom(f))),
then (f + g o A)™ = f** & g** o A*.
Proof.  The first part follows directly from Theorem 2.1, noting that (Hj,4)

yields the lower semicontinuity of ®4. Further, noting that (RC') becomes (RC4)

for &4 and (RC") turns into (RC";), we can apply Theorem 2.2, which yields the

conclusion. -

When f(z) = 0 Vo € X, the feasibility condition becomes A(X)Ndom(g) # 0
and the result given above collapses into the following statement.

Theorem 2.6. One always has (go A)** > g** o A**. Assuming the additional
hypothesis

(Hop) g is lower semicontinuous,

fulfilled, it follows that the inequality above is always fulfilled as equality if and
only if cly~(A*g*) = cl(A*g*). Under (Hy), if one has

(RCo) (A* x idr)(epi(g*)) is w*-closed,
or
(RCY)) X and'Y are Banach spaces and 0 € sqri(dom(g)—A(X)),

then (go A)*™ = g** o A**.

When taking Y = X", f; : X — R, i = 1,...,n, proper convex functions,
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g(z) =>" fi(w;), where . = (21, ...,2,) € X™ and Az = (z,...,x), the fea-
sibility condition becomes N} ; dom(f;) # () and we obtain the following assertions.

Theorem 2.7. One always has (Y i i)™ > > 7, f*. Assuming the addi-
tional hypotheses
(H,) fi is lower semicontinuous, i = 1,...,n,

fulfilled, it follows that the inequality above is always fulfilled as equality if and
only if cly (O f7) = WO, 7). Under (Hy,), if one has

n

(RCy) > epi(ff) is w*-closed,
i=1
or
(RCY) X is a Banach space and 0 € sqri( [ dom(f;) — Axn>,
i=1

then (3 iy i)™ = 2 Ji™

Taking in this statement n = 2 or from Theorem 2.5 in case X = Y and
A = idx, the feasibility condition turns into dom(f) Ndom(g) # () and we get the
following statement.

Theorem 2.8. One always has (f +g)** > f**+g**. Assuming the additional
hypotheses (H 4) fulfilled, it follows that the inequality above is always fulfilled as
equality if and only if cl+(f*Og*) = cl(f*0Og*). Under (H ), if one has

(RC5s) epi(f*) + epi(g*) is w*-closed,
or
(RCY) X is a Banach space and 0 € sqri(dom(g) — dom(f)),

then (f +9)"* = f* +g""

Remark 2.2. In the last three theorems we rediscover and partially extend
some recent results given in [12].

Using Theorem 2.8 and Corollary 1.1 we can give another formula for the
biconjugate of the function f + d;7, where U C X is a nonempty convex set.

Theorem 2.9. One always has (f + u)™ > f** +46, |
additional hypotheses

0y Assuming the
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(Hp) f is lower semicontinuous and U is closed,

fulfilled, it follows that the inequality above is always fulfilled as equality if and
only if cly=(f*Ooy) = cl(f*Uov). Under (HF), if one has

(RCF) epi(f*) + epioy is w*-closed,
or
(RC%) X is a Banach space and 0 € sqri(dom(f) — U),

then (f + (5(])** = f** + 5c1w*((7)'

Remark 2.3. When U coincides with G, the feasible set of the problem (P)
considered earlier, the statement from above gives another characterization of the
biconjugate of f + d¢ which corresponds to the perturbation function used to attach
to (P) its Fenchel dual problem, namely

flx+2), ifzed,

Pr: X xX =R, Op(x,2)=
400, otherwise.
Remark 2.4. A sufficient hypothesis to have G closed is to take S closed and
h C-epi-closed. Note also that under these hypotheses one has (cf. [2]) epiog =

cly+(epi(os) + Uyec+epi((y*h)*)).

3. OTHER IMPORTANT BICONJUGATES

In this section we give formulae for the biconjugates of other important functions
in optimization, namely composed convex functions and indicators of constraint sets.

3.1. Biconjugates of the composed convex functions

Consider the proper convex function f: X —R, the proper convex C-increasing
function g : Y — R with the convention g(coc) = +oc and the proper C-convex
function h : X — Y*. We impose moreover the feasibility condition (h(dom(h) N
dom(f)) + C) Ndom(g) # . We give two formulae for the biconjugate of the
function f + g o h, by considering different perturbation functions (see also [1]).

Let first the perturbation function

D1 : X xY =R, &(z,y) = f(x) +g(h(z) +y).
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It is proper and convex, fulfills the feasibility condition required in Theorem 2.1
and ®1(z,0) = (f+ goh)(z) Vz € X, and its conjugate function turns out to be

_ 9" (") + (f + (y*h))*(z"), ify* e,
O] X*xY* =R, ®j(z",y") = W)+ +(

400, otherwise.
Here we used the fact that g*(y*) = +oo whenever y* ¢ C*. The biconjugate of
Oy is 1 X x Y™ S R,

o7 (2™, y™) = sup {{z™,2%) + (¥, y") — " (y*) — (f + (y"h))"(27)}

= swp {(f+ W)@+ ™y — g ()}
y*e *

We are ready now to give the first formula for the biconjugate of f + g o h.

Theorem 3.1. One always has (f + g o h)** > sup,«cco«{(f + (y*h))™(-) —
g*(y*)}. Assuming the additional hypotheses

(Heoe) f and g are lower semicontinuous and h is star C-lower semicontinuous,

fulfilled, it follows that the inequality above is always fulfilled as equality if and only
if clu (infys ec { (f+(y*h))"(-)+9"(y")} = cl(infy-co-{ (f+(y"h)" () +9"(y") }-
Under (Hcc), if one has

(RCY) y*edgm(g*) ((0, g*(y*)) +epi((f + (y*h))*)) is w*-closed,
or

(RCY) X andY are Banach spaces and 0 € sqri(dom(g)—h(dom(f)Ndom(h))),

then (f + g © h)™ = supy-edom(g {(f + (1) (-) = 9" (y")}.

Proof. The first part follows directly from Theorem 2.1, since (Hc ) guarantees
(cf. [1]) that the proper convex function ®; coincides at each (z,y) € X x Y with
®7*(&,9), thus it is lower semicontinuous. Further, noting that (RC) becomes
(RCq) for ®; and (RC’) turns into (RCY), we can apply Theorem 2.2, which
yields the conclusion. u

If we want to have f separated from h in the formula of the biconjugate, the
following perturbation function can be considered

Py: X x X xY =R, ®z(z,2,9) = f(z+2) +g(h(z) +y).
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It is proper and convex, fulfills the feasibility condition required in Theorem 2.1 and
$9(2,0,0) = (f + goh)(z) Vo € X. Using again that g*(y*) = +oo whenever
y* ¢ C*, the conjugate function of @ turns out to be &3 : X* x X* x Y* — R,

@) +g7 () + (yh) (@ = 27), ify* e Cr,

400, otherwise,

5(a", 2% %) = {

while its biconjugate is ®5* : X** x X** x Y** — R,
m*,z*EX*,y*EC*
y* *
We are ready now to give the second formula for the biconjugate of f + goh, where
f and h are separated.

Theorem 3.2. One always has (f + goh)*™ > f** +supco-{(y*h)*" () —
9*(y*)}. Assuming the additional hypotheses (H c¢) fulfilled, the inequality above
is always fulfilled as equality if and only if cl ,+ (infy= cc= { (f*O(y*h)*) (-)+g*(v*) })
= cl(infycc-{(f*O(y"h)")(-) + g"(y*)}). Under (Hcc). if one has

(RC3) epi(f*) + y*edgm(g*) ((0,9*(y*)) + epi((y*h))*))is w* — closed,

or

(RC%) X andY are Banach spaces and 0 € sqri(dom(f) x dom(g) — epic(h)),

then (f +goh)™ = f"+ sup {(y"h)™()—g"(y")}
y*edom(g*)

Proof. The first part follows directly from Theorem 2.1, because (Hc¢) guar-
antees (cf. [1]) that the proper convex function ®2 coincides at each (z, z,y) €
X x X xY with ®5*(z, 2, §), thus it is lower semicontinuous. Further, noting that
(RC) becomes (RCy) for @5 and (RC”) turns into (RCY), we can apply Theorem
2.2, which yields the conclusion. ]

Remark 3.1. When (H¢e) is valid, one has (f + g o h)**(2) = f**(2) +

—

g (h(x)) Vo € X.
3.2. Biconjugates of indicators of constraint sets

Let h : X — Y* be a proper C-convex function with the property that
h=1(—C) # 0. The conjugate of the function Sp-1(—c) plays important roles
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in many recent papers on duality in convex optimization. Thus the question how
does its biconjugate look when the duals of the spaces X and Y are endowed with
the strong topology arises naturally. We give in the following a statement for this
biconjugate function. It can be obtained from Theorem 2.3 or Theorem 2.4 for
f(z) =0Vzr € X and S = X or from Theorem 3.1 or Theorem 3.2 for f(z) =0
Vre Xand g=40_¢.

Theorem 3.3. One always has (5,’;:(_0) > Supy«cc+ (y*h)™. Assuming the
additional hypothesis

(He) h is C-epi-closed,

fulfilled, it follows that the inequality above is always fulfilled as equality if and
only if cly (infy«ccx (y*h)*) = cl(infyxcc+ (y*h)*). Under (Hc), if one has

(RC¢) y*gC* epi((y*h)*) is w*-closed,
or
(RC) X and Y are Banach spaces and 0 € sqri(h(dom(h)) + C),

then (5Zf1(_0) = Sup, e+ (Y*h)*

Remark 3.2. One may wonder how can we apply Theorem 3.1 or Theorem 3.2
to obtain the statement above, since in their additional hypotheses (Hcc) h needs
to be taken star C-lower semicontinuous, not C-epi-closed as in (H¢). Fortunately,
in the special case f(xz) = 0 Vz € X and g = d_¢ the perturbation functions @
and @, are lower semicontinuous even when we weaken the topological assumption
on h from star C-lower semicontinuity to (H¢).

4. THE BICONJUGATE OF THE SUPREMUM OF A FAMILY OF CONVEX FUNCTIONS

In the recent papers [4, 6, 12] the biconjugate of the maximum of two proper
convex functions defined on a normed space is determined via different approaches.
The natural question which arises is how would the formula of the biconjugate of
the supremum of a possibly infinite family of proper convex functions look like
and under which regularity conditions. In the following we give an answer to this
question and we show that the formulae we give hold even in locally convex spaces.

Consider further a dual system formed by a separated locally convex vector
space X and its topological dual X*. According to [7], with a family M of
totally saturated bounded subsets of X one can induce on X* the so-called uniform
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convergence topology on M denoted 74. Consider further X* endowed with 7.
Restricting the sets in M to satisfy certain properties, one obtains different classical
locally convex topologies on X*. For instance, when all the elements of M are finite
sets 7y becomes the weak™ topology, when they are absolutely convex and weakly
compact it coincides with the Mackey topology 7., while when all these sets are
weakly bounded we get the strong topology on X*, 7. Note that 7, coincides, when
X is a normed space, with the strong topology induced by the norm on X*. The
weak™ topology is the weakest uniform convergence topology that can be considered
on X*, while 73 is the strongest. The dual of X* is X if and only if 75 is weaker
than 7y, but stronger than weak™. On the other hand, when 7, is strictly stronger
than 75, but weaker than 7, the dual of X*, denoted X ** and referred to also as
the bidual of X, does not coincide anymore with X. Note also that by endowing
X* with any 754 stronger than weak™ its dual has X among its linear subspaces.
In this section we take X to be a separated locally convex space and its dual
X* to be endowed with an arbitrary uniform convergence topology 7p( which is
strictly stronger than 75, but weaker than 7,. Then X* has a dual X** which
does not coincide with X . In this case the biconjugate of a function f : X — R is
defined analogously to the case when X is normed. Let the proper convex functions
fi: X = R, t €T, where T is an arbitrary index set, possibly uncountable, such
that dom (super f;) # 0. This yields the nonemptiness of the set N¢erdom(f;).
RT is the space of all functions iy : ' — R, endowed with the product topology and
with the operations being the usual pointwise ones. For simplicity, denote y; = y(t)
Vy € RT ¥t € T. Let Agr be the subset of the constant functions y € R”. The
dual space of RT is (RT)*, the so-called space of generalized finite sequences \ =
(At)ter such that \; € RVt € T, and with only finitely many ); different from zero.
The positive cone in R” is RT = {y € RT : y, = y(t) > 0Vt € T}, and its dual
is the positive cone in (RT)*, namely (RL)* = {y* = (y;)ier € RT)* 1 yf >0
Vt € T}. Denote also B = {y* € (R])*: Y,.ryf = 1}. Using previous results
from this paper we can formulate the following statement for the biconjugate of

supser ft-

Theorem 4.1. One always has (sup;cr ft)** > SUp,«cp (Yier yfft)**. As-
suming the additional hypotheses

(Hr) ft is lower semicontinuous whenever t € T,

fulfilled, there is always

(%) (supft>** = (clw* (ylréfg (;yffty»* > ySUE% (;yffty*.

teT

When X is a normed space the inequality in (5) is always fulfilled as equality if
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and only if cly- (infyep(Xycp 4 f1)7) = clinfy-es(3ycp 47 fi)7)-
Under (Hr), if one has

(RCT) co ( thepi( 1 )) is w*-closed,
or

(RCY) T is at most countable, X is a Fréchet space and
0e sqm’( 11 ft<tQTdom(ft)> — Apr + R?L),
teT

or

(RCY) T is finite,

then

(6) (Supf)** = sup ( y*f)**-
teT ! y*eB tEZ; Bt

Proof. For each y* € Bonehassup,cq fi > > ,cr i frand so (supyer fi) ™ >
(Yiervi fr)™". This yields the first inequality.

From [1, Section 4.3] we know that, provided the fulfillment of (Hr), one
always has (sup;crp f1)* = cly= (infyes (3 ,c7 i fi)"). Conjugating in both sides
we obtain (supyep fi)** = (el (Infy-en (X er ¥ f:)7))". On the other hand,
clys (infyees (Xiervifi)) <infyen (X ervife)”, which yields

(7) (clw*<yi*réf3<zyfft>*>>* > (;%%(Zy:ft)*)* = sup (nyft)**v
teT teT

Y EB Micr

and using the equality obtained before we get (5). If cly« (infyc5(d>_,crvi f1)*) =
cl(infyes(D,cr vi ft)*), the inequality in (7) is fulfilled as equality, since a func-
tion and its lower semicontinuous hull have the same conjugate, and this means that
the inequality in (5) turns into an equality. So far we did no need the additional
assumption on the space X to be normed. But this is needed to show the other im-
plication in the desired equivalence regarding the equality case in the inequality from
(5). If this inequality is fulfilled as equality, then (cly«(infy-cg(>,cryife)*)) =
(cl(infy+en(> ter vi f1)*))” and, using a similar argumentation to the one in the
proof of Theorem 2.1, we obtain cl«(infycp (3_,cryi fi)*) = cl(infyen(> e
yi ft)*). This was the only place in this subsection where X had to be taken normed.
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To prove the second part of the theorem we treat each regularity condition
separately. First, note that there is always

co(th epi(ft*)> - y*%g epi((ZZ/jftY)
teT
C epi<yiggg (t;y?ft)*) c epi((fgg ft)*),

and the weak* closures of all these sets coincide with epi ((sup,cr f;)”). Assuming
the validity of (RCr), the sets in the chain of inclusions from above become equal,
therefore one gets

®) (supfi) = min (Suf)"

teT teT

Now we deal with (RC”.). Note that for any arbitrary 2* € X*, we have

) —(sup ft)*(x*) = inf { — (x*, z) +sup ft(x)} = inf {u—{(z" )}

reX z€ X, u€R,
teT teT fe(z)<uvteT

Let us take a closer look to the term in the right-hand side of (9). Removing the
term (z*, x), we can see inf{u : z € X,u € R, fy(z) < u Vt € T} as a convex
minimization problem like (P), for X = X xR, Y = R”, § = X xR, f(z,u) =u
and

(fe(x) —u)ter, ifxe tQT dom(f;),

h(xv ’U,) = .
OORT otherwise.

One can easily notice that S is nonempty, convex and closed, f is proper, convex
and lower semicontinuous and it can be proven that h is proper, Ri-convex and
RZ -epi-closed. Note moreover that SN A~ (—RT) Ndom(f) # 0. It is known (cf.
[1] for instance) that (RC) guarantees in this case the stable strong duality for
the problem (P) and its Lagrange dual. Since (RC7) yields (RCy), the mentioned
stable strong duality holds under the fulfillment of (RC" ), too. Giving to S, f and
h the values assigned above, it is not hard to see that in this case (RC'}) turns into
(RCY.). Assuming this condition fulfilled, one obtains (see also [2]) then that there
is stable strong duality for the special case of the problem (P) taken above and its
Lagrange dual, which yields that for all z* € X* one has

a0, {u—@ha)y = max inf {u—(a%2)+ G h)(aw)})
fi(z)<uVteT ueR

Rewriting the term in the right-hand side, we obtain further

nf _ (2t _ nf ~ (2 " B }
L )= s o)+ it
fe(z)<uvteT ueR teT
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= max { it {0+ S ui )+ (1 -3 00))

yre(RD)" teT teT
— max — * 2 W * ¥« )
max (Zytft) (z*) ;{%%(Z%ft) (%)
teT teT

Using (9) the equalities above yield (8).

If (RCY) is valid, let T = {1,...,n}. In this case RT becomes R" and we
use the fact that int(R’}) # (. For any z € M, dom(f;) there is always an @ >
max;—1, . fi(Z) such that (fi(Z) — @)¢=1,..n € —int(R’}). This means actually
that for each z* € X™* the classical Slater Constraint Qualification for the convex
minimization problem considered in the left-hand side of (10) is valid. Then there
is strong duality for this problem and its Lagrange dual, which lies in the right-hand
side of (10), whenever z* € X*. Relation (8) follows analogously to the case of the
validity of (RC’.). Alternatively, when (RCY.) holds one can apply [11, Corollary
2.8.11] to obtain (sup; <<, fr)* = min{(3 L, ¥ fo)" - yf 20, 2oL, 97 = 1},
which is nothing but (8).

We have proven that under any of the three regularity conditions we considered
(8) holds. Taking the conjugates of the terms in both sides of it, (6) follows. ]

Remark 4.1. Note that when T is uncountable R” is not a Fréchet space, thus
no interiority-type regularity conditions originating from (RC} ) can be considered
in the statement above in this case.

We proved that provided the validity (Hr) and of each of (RCr), (RC’.) and
(RCY) one has (6). Since the regularity conditions given in [4, 6, 12] ensure that
the biconjugate of the maximum of two functions coincides with the maximum of
their biconjugates, it is natural to look for conditions which guarantee the formula
(supser fi)" = supyer £7*. In the following we show that (RCr) guarantees this
formula, too.

Theorem 4.2. One always has (supteT ft)** > supyer fi*. Assuming the ad-
ditional hypothesis (H 1) and the condition (RC'r) fulfilled, it follows ( supcr ft)**
= Supser fi -

Proof. Conjugating twice both sides of the obvious inequality f; < sup;cr ft
Vj €T weget fi* < (supteT ft)** Vj € T. Taking the supremum regarding j € T’
in the left-hand side we obtain the desired inequality, sup e f;* < (supyer fi) "
In [1, Section 4.3] we have shown that there is

0 eni(smp 1)) = (oo ) = e (o U i)
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Since (J,cpepi(ff) is a subset of epi(infier f), one has
(12) co(tLEJTepmf:)) C co(epi( juf 7).

Let (x,7) € co(epi(infier f;)). Using the definition of the convex hull of a
function it follows immediately that (z,r) € epi(co(inf;er f7)), therefore

(13) CO(epi(inf f;‘)) - epi(co(inf f;‘))

teT teT

As
e (epi(eo( jnf 7)) J=epi{clor (co (120 f7) ) ) =l (co(eri (juL.£7)))

from (11), (12) and (13) we obtain, using also the fulfillment of (RC), epi((sup;cr
ft)*) = epi(co (infier f7)), which is nothing but (sup;cr fi)* = co(infier 7).
Considering the conjugates of these functions one gets (sup;cr fi)** = (co(infier
fi))*. Since the convex hull of a function is greater than or equal to the lower semi-
continuous convex hull of the same function and it is less than or equal to the func-
tion itself and [11, Theorem 2.3.1(iv)] asserts that the conjugates of cl(co(f)) and f
coincide for each function f, it follows that (co(infier f7))* = (infier f7)*. There-
fore, we have (sup,cp fi)** = (infier fi)*. Since (inficr f7)* = sup,cp f;*, one
gets (supsep fi)™ = supser ™. u

Remark 4.2. When T contains only two elements, say 7' = {1, 2}, we obtain
from the statement given above a new regularity condition that, provided the lower
semicontinuity of the proper convex functions fi, fo : X — R, ensures the formula

(sup{f1, fo})™* = sup{fi", f3*}, namely
(RCy) co(epi(f) Uepi(f3)) is w*-closed.

Regularity conditions of interiority-type which guarantee the same formula can be
found also in [6, Theorem 6], [4, Theorem 3.1] and [12, Proposition 7]. In all these
papers X was considered a normed space, and this fact plays a decisive role in the
proofs of the mentioned formula, while our results are given for X locally convex.
Of course, we can formulate them also in the framework used in Sections 2 and 3
and in [4, 6, 12] by taking X normed and X * endowed with 7.

Remark 4.3. Taking into consideration the discussion from the beginning of
this section, one can expect to extend in a natural way the results given in the
previous two sections from normed to locally convex spaces, in which case the
regularity conditions arising from (RC’) would impose the spaces to be Fréchet,
not Banach.
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