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Abstract

We introduce a new Fenchel dual for vector optimization problems
inspired by the form of the Fenchel dual attached to the scalarized primal
multiobjective problem. For the vector primal-dual pair we prove weak
and strong duality. Furthermore, we recall two other Fenchel-type dual
problems introduced in the past in the literature, in the vector case, and
make a comparison among all three duals. Moreover, we show that their

sets of maximal elements are equal.
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1 Introduction

Multiobjective optimization problems have generated a great deal of interest
during the last years, not only from a theoretical point of view, but also from
a practical one, due to their applicability in different fields, like economics and
engineering. In general, when dealing with scalar optimization problems, the
duality theory proves to be an important tool for giving some dual characteriza-
tions for the optimal solutions of the primal problem. Similar characterizations
can also be given for multiobjective optimization problems, namely for problems
having a vector function as objective function.

An overview on the literature dedicated to this field shows that the general
interest was centered on multiobjective problems with geometric and inequality
constraints. The duality theories developed for these problems are extensions of
the classical Lagrange duality approach. We recall here the concepts developed
by Mond and Weir in [14], [15] (the formulation of which being based on the
optimality conditions provided by strong Lagrange duality). Tanino, Nakayama
and Sawaragi investigated in [12] the duality for vector optimization problems
in finite dimensional spaces using the perturbation approach, the duals obtained
in this case being also Lagrange-type duals. They extended to the vector case
the conjugate theory from scalar optimization (see for example [11]). In Jahn’s
paper [8] the Lagrange dual appears explicitly in the formulation of the feasible
set of the multiobjective dual.

Another approach which we mention here is due to Bot and Wanka, who

constructed a vector dual (cf. [4]) using the so-called Fenchel-Lagrange dual of



a scalar convex optimization problem. This is a combination of the classical
Lagrange and Fenchel duals and was treated in papers like [1], [2] and [3].

With respect to vector-type Fenchel duality concepts the bibliography is not
very rich. We mention in this direction the works of Breckner and Kolumbén [5]
and [6] as well as the ones due to Gerstewitz and Gopfert (cf. [7]) and Malivert
(cf. [10]).

The primal problem treated in this paper has as objective function the sum
of a vector function, with another one, which is the composition of a vector
function, with a linear operator. For it we propose a Fenchel-type dual which
extends the well-known scalar Fenchel dual from [11]. We prove weak and strong
duality and compare the new dual to two other from the literature.

The paper is organized as follows. In Section 2 we introduce some prelimi-
nary notions and results and formulate the primal vector optimization problem
we deal with. In Section 3 we attach to the vector primal problem a scalar-
ized optimization problem and consider its scalar Fenchel dual problem. For
the scalar primal-dual pair we derive via the strong duality theorem necessary
and sufficient optimality conditions. Inspired by the formulation of the scalar-
ized dual we define in Section 4 the new wvector dual problem and prove for the
vector primal-dual pair weak and strong duality. In Section 5 we present two
other Fenchel-type dual problems, one inspired by Breckner and Kolumban’s
paper [6], while the other one is constructed in a similar manner to Jahn’s
multiobjective problem considered in [8] by making a slight change in the def-
inition of the feasible set of the first one. For these two primal-dual pairs we

also provide weak and strong duality theorems. The image sets of the three



duals are closely connected, as it is proved in Section 6, where the existence of
some relations of inclusion between these sets is proved. Moreover, we illustrate
by some examples that in general these inclusions are strict. Finally, we show
that even though this happens, the sets of mazrimal elements of the image sets

coincide.

2 Preliminary notions and results

In this section we present some notions and preliminary results used throughout
the paper. We also introduce the primal vector optimization problem and
consider two notions of solutions appropriate for vector optimization.

T

All the vectors considered are column vectors. For z = (z1,...,2,)" and

y= (Y1, yn)T in R* by 2Ty = anlxzyz we denote the usual inner product.
i=
Having a function f : R® — R = R U {#+o0} its effective domain is denoted
by dom(f) = {x € R" : f(z) < +oo}. The function f is said to be proper if
f(z) > —oo for all x € R™ and dom(f) # 0. Its epigraph is the set epi(f) =
{(z,r) e R"xR: f(x) <r}andits conjugate function is defined by f*: R" —
R, f*(p) = sup {pT:E —f(x):z € R”}.
The function f is polyhedral if epi(f) is a polyhedral set, which means that
it can be written as the intersection of a finite family of closed half-spaces.
For the operations in the extended real-line R, along the usual addition and

multiplication, we consider the following conventions which are typical in the

convex analysis

(+00) 4 (—00) = +00, 0(+00) = 400,0(—00) = 0.



Having a nonempty subset C' of R™, int(C') denotes its interior, while ri(C)
denotes its relative interior. For a linear operator A : R® — RF its adjoint
A* : RF — R is the linear operator defined by (A*y)'z = y' (Az) for all
(z,y) € R" x RF,

Before coming to the formulation of the primal vector optimization problem
let us make some considerations regarding the set R™", m > 1, which is defined
as being R x ... x R. For d',d’ € R" we have that d’ = d” if and only if
d; = d! for alln; € {1,...,m}. For elements in R operations like addition and
multiplication with an element in R are to be understand componentwise. Even
if in our investigations only the addition occurs, one can notice that, due to
the conventions made above, both operations are well-defined. Extending the

concept of partial order induced by the nonnegative orthant R on R™ we say

that for two elements z,y € R™ one has
x 2y if and only if x; > y; for all i € {1,...,m}.

The primal problem, for which a new Fenchel duality concept is here con-

sidered, is the following vector optimization problem

(P v min (f(z) + (g0 A)(z)).

Throughout this paper we assume that f and g are two vector functions

f=f,for )’ and g =(g1,92, -, 9m)",

such that f; : R® — R and ¢; : R¥ — R are proper and convez for i € {1,...,m}

and that A : R® — R¥ is a linear operator. Furthermore, we suppose that for



I,J C{1,...,m} the functions f;,i € I, and g;,j € J, are in fact polyhedral and

that the following regularity condition is fulfilled

(RCY) 3J '€ ﬂ dom(f;) N ﬂ ri(dom(f;)) such that

iel le{1,...m\I
Ax' e ﬂ dom (g;) N ﬂ ri (dom (g¢)) .
jeJ te{l,m\J

For the vector optimization problem (P4) different notions of solutions have
been introduced and studied in the literature. We use in this paper the Pareto-
efficient and the properly efficient solutions, which are defined below. One can
notice that similar investigations can be done for the weakly efficient solutions,

too.

Definition 1 An element T € R™ is said to be Pareto-efficient to the problem

(PA) if from
f(@) 4+ (g0 A)(T) = f(z)+ (9o A)(z) forz € R"

follows that

f(@) + (g0 A)(T) = fz) + (90 A) ().

Definition 2 An element T € R"™ is said to be properly efficient to the problem

(PA) if there exists A = (A1, ..., Am)T in int(R™) such that

m

S (fi(w) T (gio A><x>> <3N (fi(m) T (gio A><m>>-
=1 1=1

Remark 1. If the feasibility condition (i~ dom(f;)NA~1 (N, dom(g;)) # 0
is fulfilled (which is the case when (RC*) holds), then for every properly efficient
element Z of (P4) one has that f(z) + (go A)(Z) € R™. One should also notice
that every properly efficient element is efficient, but the reverse claim does not

hold in general.



3 Duality for the scalarized problem

In order to be able to formulate a vector dual problem to (PA), we develop
first a duality theory for the following scalar optimization problem (motivated
by the definition of a properly efficient solution), with A € int(R") arbitrarily

chosen,

m

() int, > (o) + (a0 A)) ).
i=1

The classical Fenchel dual problem to (P') is (cf. [11, Corollary 31.2.1])

sup (- (Z )\ifi) (—A%q) — <Z AiQi) (Q)> :
gER* i=1 i=1

With regard to our purposes this dual problem has the drawback that the func-
tions involved don’t appear separately. Therefore we consider as dual problem

to (P{!) a refinement of it, namely

of) s (s )
pierle"gieR’ﬂi:l,...m, i—1
Z_; Ai(pi+A*qi)=0
One should notice that it is possible to obtain (D4') as conjugate dual to (P5') by
employing the perturbation approach for an appropriate perturbation function
(cf. [1,11,13]). In the following we prove that (Dj!) is indeed a dual problem
of (P)’\“), namely, that weak duality always holds, while, under the convexity
assumptions and assuming the fulfillment of the regularity condition (RCA),
strong duality holds.

For the scalar problems (P{') and (D4!) we denote by v (P{') and v (Dy))

their optimal objective values, respectively.

Theorem 1 (scalar weak duality) It holds v (P{}) > v (D{).

7



Proof. Let us consider z € R", p = (p1,...,pm) € R" X ... x R" and ¢ =

(q1, .- gm) € RFx...xRF such that f:l)\i (pi + A*q;) = 0. From Fenchel-Young’s
i=

inequality we get fi(z)+ f/ (pi)—p;fpﬂv > 0 and (gioA)(x)—l—g;k(qi)—(A*qi)Tx >0,

for all i € {1,...,m}. Then

m m

> x50+ o @) 2 X0~ 100 sk @) )+
(e atn) e = on( s —a @),
=1

=1

As z and (p, q) are arbitrary feasible elements to (P)‘f‘) and (D;\L‘), respectively,
the conclusion follows. [

Remark 2. One can easily notice that in the proof of the theorem above
neither the convexity assumptions for the functions involved nor the regularity
condition (RC#4) has been used. Nevertheless, for having strong duality one

needs these assumptions to be fulfilled.

Theorem 2 (scalar strong duality) Let f; : R* — R and g; : R¥ — R be proper
and convex functions, i € {1,...,m}, and I,J C {1,...,m} be the sets of indices
for which the functions f;,i € I, and gj,7 € J, are polyhedral. If the regularity
condition (RC?) is fulfilled, then v (Pf) = (Dj\“) and (Df) has an optimal

solution.

Proof. First we notice that

*

—o(P{) = sup [— Ejj (£ + (g0 A><x>)] - [fj w5+ o a) | ©

r€R™ i—1

*

= [DoNfi+Y Nlgie A+ D> N+ D> MlgeA)| (0).

iel jeJ le{l,..m}\ I te{l,...m}\J



The functions \; fi, [ € {1,...,m}\I, and A\(g0 A), t € {1,...,m}\J, are proper
and convex, while the functions \;f;, i € I, and \j(gj o A), j € J, are proper
and polyhedral. From (RC4) we have that there exists 2’ € R™ such that

v €(\dom(Aifi) N [(dom (Nj(gjoA) N (]  ri(dom(\fy))

i€l jeJ 1e{1,..,mP\I

and

Ax' € ﬂ ri (dom (gy) ).
te{1,.mp\J

For t € {1,...,m}\J, as Az’ € ri (dom(g;)), by [11, Theorem 6.7],

2’ € A1 (1i(dom(g))) =1i (A" (dom(gy))) = ri (dom(gs o A)).

Therefore
z e (dom(Aifi) N () dom (Aj(gj 0 A)) N
el jedJ
(1 ri(dom(\f) N (]  ri(dom(N(gioA))).
le{1,...mM\I te{l,...m¥N\J

Consequently, by [11, Theorem 20.1], there exist p; € R™,v; € R",i € {1,...,m},

such that > (p; +7v;) =0 and

m
1=

1

—o(P{) = pcritd g {Z()‘ifi)*(pi) +) </\j(9j ° A)) (vj)

ie{l,..m} il jed
_gl(pﬂrvi):o
Y o X (Maed) @
le{l,...mI\I te{l,....m}H\J
_ Zuifi)*(p@-wz(xj(gjoA)) @)
icl jed
FY e Y (MgtoA)) (®).
le{l,...m}\I tef{1,...m}N\J



Applying now statement [11, Theorem 16.3] for the proper and convex functions
Mg, t € {1,...,m}\J, and taking into consideration the remark after [11, Corol-
lary 31.2.1] for the proper and polyhedral functions \;g;,j € J, there exist

g; € RF i € {1,...,m}, such that A*g; =7; and (N\i(g; 0 A)) (W) = (Nigi) ().

Then
Z Aifi)*(Pi) + Z (Aigi)" (@;) and Z (P + A"q;) =
=1 i=1 i=1

As

af)" @) = 2af? (570) and (" (@) = N () Vi € 1)

by denoting P, : )\ ~p; and g, := )\i i€ {1,...,m}, one has

m m m
==Y Nfi (@) = D> Nigi (@), where Y "\ (p; + A*g;) = 0.
=1 i=1 i=1
By Theorem 1 we have that v(P{!) = v(D4) and, consequently, (p,g) with
p= (Pyy..-sDyp) and § = (qy,---, G,p,) is an optimal solution of the dual. |
The next theorem states the necessary and sufficient optimality conditions
one can derive from the theorem above for the primal-dual pair (P{)-(Dg).
They will play a decisive role when proving the vector strong duality result in

the next section.

Theorem 3 a) Assume that the hypotheses of Theorem 2 are fulfilled. If T €
R™ is an optimal solution of (P/{‘), then there exists (p,q), D = (P1,---, D) €

R” x ... x R", § = (Gq,...,q,,) € R¥ x ... x R¥ an optimal solution of (Df),

10



such that
(i)  fi@) +fF () =plz, Vie{l,.,m};

(i) (g0 A) (@) +97 (@) = (A*q)" 7, Vie{l,..m};
(i) é NP, + A*G;) = 0.

b) If T € R™ and (p,q) with D = (Py,--,Py) € R X ... X R™ and q =

(Gys s Gyy) € REX ... X RF are such that (i), (i1) and (iii) are fulfilled, then they

are optimal solutions to (Pf) and (Df), respectively, and U(P/’\L‘) = v(Df).

Proof. a) Since T is an optimal solution of (P/(‘),

m
oB) = Yo (1@ + g0 4) @) )
i=1
Further, by Theorem 2, we obtain the existence of an optimal solution (p,q)

to (D{), p= (Prs-sPp) € R" X .. x R® and 7 = (qy, ..., @) € RF x ... x R,

m

fulfilling > A\i(p; + A*g;) = 0 and
=1
Mil fi(@)+(gioA)(@) | =) Xl —fi B:) —9" (@) )
; ( Y ) ; < b gi \q >
Thus
Son(f@) + o) @)+ 5 B+ a7 @) ) =0 =
=1
0= >N <fi (@) + £ (B;) — p?w) +
i=1

Sox((oro ) @)+ @) - (400" 7).
=1

But, for each i € {1,...,m}, f; @)+ f (7;)—PL T > 0 and (g; 0 A) (Z)+9;* (;) —
(A*g,)" T > 0 due to Fenchel-Young’s inequality. Thus we have obtained that
a sum of terms, each greater than or equal to zero is zero. Consequently, each

of them must be zero. Hence the relations (i), (4) and (i7i) hold.

11



b) All the calculations and transformations done within part a) may be

carried out backwards, starting from the conditions (), (i) and (#4i) . |

4 The new vector dual problem

By using the results obtained in the previous section, we are now able to formu-
late a Fenchel-type multiobjective dual to (P?). The dual (D) will be a vector
maximum problem, therefore efficient solutions in this sense are considered for
it. For the primal-dual pair (P4) — (D?) weak and strong duality results will
be proved.

Let us define (D4) as being

DA — h(p,q,\ 1),
(D5 0= a0

where

(P, g, \t) : p=(p1,.ee, pm) € R™ X ... x R™,
q= (Q17 an) S Rk X ... X Rk,
B= A=A,y An)T € int(R7),

t=(t1,....tm)T € R™,

m m

YA+ A% ) =0, A\it; =0
i=1 i=1
and h is defined by
hl (p7 q, >\a t)
h(p,q,\t) = ;
hon (P @, A, 1)

with

12



Definition 3 An element (f), q,\, f) € B is said to be Pareto-efficient to the

(DA) if from
h(p,qg,\,t) 2 h (p,q,X,i) for (p,q,\,t) € B
follows that h (p,q,\,t) = h (P, q, A\, T).
Between (PA) and (DA) the following weak duality assertion holds.

Theorem 4 (vector weak duality) There exist no x € R™ and no (p,q,\,t) € B

such that

h(p.q, A t) 2 f(x)+ (g0 A) () and h(p,q, A1) # f (2) + (g0 A)(x).

Proof. We proceed by contradiction, assuming that there exist x € R™ and

(p,q, A\, t) € B such that
Bpa M) 2 f(@) + (g0 A) (2)
and h (p,q,\,t) # f(z) + (9o A) (x). This means that
hi (0,0 M 1) > @) + (g0 A) () Vi€ {1,..,m)
and that there exists at least one j € {1,...,m} such that
hj (P, ¢, A1) > fj () + (gj 0 A) (x).
Therefore

> Ml t) > S (F(e) + (510 A)) )

i=1 =1

13



On the other hand,

Zm; Aihi (p,a, A t) - = i Az‘< — 17 (pi) — 9i (@) + tz-)
1= i=1
= ZZZL;)‘Z( — [ (pi) — 95 (%‘)) + g)\iti
= iM(—ff‘ (pi) — gi (%))-
=1

Applying again Fenchel-Young’s inequality, one has that for each i € {1,...,m}

I (i) > plz — fi (x) and gF (¢;) > (A*q:)" 2 — (gs 0 A) (z). Further we obtain

i=1 =1
(s ( (910 4) (z >>,
=1

which is a contradiction to the strict inequality from above. This concludes the
proof. [

Remark 3. As in the scalar case, for proving the weak duality theorem nei-
ther convexity assumptions for the functions involved nor the regularity condi-

tion (RC4) has been used.

Theorem 5 (vector strong duality) Let f; : R* — R and g; : R¥ — R be
proper and convex functions, i € {1,....m}, and I,J C {1,...,m} be the sets
of indices for which the functions f;,1 € I, and g;,7 € J, are polyhedral. If
the regularity condition (RC*) is fulfilled and T is a properly efficient solution
0 (PA), then there exists an efficient solution (]3, q, X,f) to (DA) such that

@ +(g0A) @ = h (5.2, 07) € R,

Proof. Let T be a properly efficient solution to (PA). Then, according to

Definition 2, there exists A € int(R7") such that T is an optimal solution to the

14



scalar optimization problem

m

7 e 3 A(5e) + e A1),
zeR? =1

As we are working under the assumption that (RCA) holds, Theorem 3 ensures

the existence of an optimal solution to (D‘X“), (p,q) such that the optimality

conditions (i), (i¢) and (7ii) are satisfied. Moreover, as mentioned in Remark

1, f(Z)+ (go A) (T) € R™. Let us define

L= (p;+ Ag) ' TeR forall ie{l, . ,m}.

Since
Y N@+AT) =0and > Nli=> N+ A7) T=0,
=1 i=1 =1

there is (T?, T\, f) € B, which means that this element is feasible to (Df) .
Moreover, by the optimality conditions (7), (i) and (iii) from Theorem 3,

for each ¢ € {1,...,m} one has

fi@) =Pl 4 (g9i0 A) (T) — (Aq) 7+ 1

= [fi(@) +(gi0A) (7).

In order to finish the proof it remains to show that (;T), T, )\, f) is Pareto-
efficient to (DA). If this were not the case, then there would exist (p, g, A, t) € B
such that h(p,q,\,t) = h(p,q, A\, 1) and h(p,q,\,t) # h(D,q,\1t) = f(T) +
(go A) (T). As this contradicts the weak duality theorem (Theorem 4), it leads

to the desired conclusion. ]

15



Remark 4. In the particular case when n = 1 (we denote f; and g; by f and
g, respectively) our dual proves to be exactly the Fenchel dual problem (cf. [11])

to the primal scalar optimization problem

inf (f(z) + g(Ax)).

reR™

In this case A\; > 0, t; = 0 and denoting p := p; and ¢ := ¢q1, the dual becomes

sup { - f(p) - 9*(6])}7
peER™, geRk
p+A*q=0

which is nothing else than
sup { — [T(-=A%q) - 9*(Q)}-
qERF
This means that the vector duality concept developed in this section is a natural

extension of the classical Fenchel duality.

5 Other two Fenchel-type vector dual problems

In this section we consider two other Fenchel-type dual problems for the primal
vector optimization problem (P4), in the particular case A : R® — R is
assumed to be the identical operator. The two duals have in common the
fact that the Fenchel dual of the scalarized primal problem is involved in the
formulation of the feasible set. In the following section we study the relationship
between these two duals and the problem (D4). One can notice that these
investigations can be easily extended to the general case when A is a linear
operator that is not necessarily the identical one. We opted for this special

setting due to the simpleness of the calculations.

16



Consider the primal problem

(P) - min (/(@) + g(a))

where f and ¢ are as in Section 2 supposing that n = k and A : R® — R” is
the identical operator. Therefore the regularity condition (RC*) becomes
(RC)  (dom(f;) N [)dom(g;) N
i€l jeJ

() ri(dom(f)) N (]  ri(dom(g:)) # 0.

le{1,...m}I\I te{l,....mH\J

The first vector dual problem we consider here is denoted by (D;) and is a
particular case of the one introduced by Breckner and Kolumbén in [6]. It has

the following formulation

D — max h'(\,p,d
(D1) v omax (A, p,d)

with the objective function h!(\, p,d) = d and the feasible set

(A, p,d) € int(R™) x R x R™ :

*

Wae (3 Aifi)* 0~ (Exa) 0

The weak and strong duality theorems for the vector primal-dual pair (P)—

(D) are consequences of [6, Proposition 2.1] and [6, Theorem 3.1], respectively.

Theorem 6 (vector weak duality for (Dy)) There exist no x € R™ and no

(A, p,d) € By such thatd 2 f(z)+ g (x) and d # f(x) + g (z).

Theorem 7 (vector strong duality for (D)) Let f;, g; : R™ — R be proper and

convez functions, i € {1,....,m}, and I,J C {1,...,m} be the sets of indices for

17



which the functions f;,;i € I, and g;j,5 € J, are polyhedral. If the regularity
condition (RC) is fulfilled and T € R™ is a properly efficient solution to (P),
then there exists an efficient solution (X, p,d) to (D) such that f (Z) + g (T) =

deR™.

It is worth mentioning that the idea of considering in the formulation of
the feasible set of the vector dual problem the dual optimization problem of
the scalarized primal problem can be also found by Jahn in [8]. In this paper
the author provides for the multiobjective problem with geometric and cone
constraints a vector dual by employing in the formulation of the feasible set
of the latter the Lagrange dual of the scalarized primal problem. Different to
Breckner and Kolumbén, for Jahn’s dual the equality is replaced by an inequal-
ity. Following the same scheme we introduce a further vector dual problem to
(P) as being

D — max h*’(\,p,d
(D2) v onax (A,p,d)

with the objective function h%(\, p,d) = d and the feasible set

(

(A, p,d) € int(RT) x R" x R™ :

By =

ATd < — <§;1 Aifz)* (p) — (g)l Aigi) (—p)

The weak and strong duality theorems for the primal-dual pair (P) — (D3)

follows.

Theorem 8 (vector weak duality for (Ds)) There exist no x € R™ and no

(A, p,d) € By such that d = f () + g (x) and d # f (z) + g ().

18



Theorem 9 (vector strong duality for (Ds)) Let fi, g; : R™ — R be proper and
convez functions, i € {1,....,m}, and I,J C {1,...,m} be the sets of indices for
which the functions f;,i € I, and g;,j € J, are polyhedral. If the regularity
condition (RC) is fulfilled and T € R™ is a properly efficient solution to (P),
then there exists an efficient solution (X,p,d) to (D2) such that f (Z) + g (T) =

deR™,

We omit giving the proofs of the last two theorems, as Theorem 8 is an
easy consequence of Theorem 6, while Theorem 9 follows from Theorem 7 and

Theorem 13 (the proof of the latter will be given in the next section).

6 A comparison of the image sets of the vector duals

The aim of this section is to provide some relations between the image sets of
the vector duals (D), (D) and (D2) of the problem (P), where the first one is

(take in the formulation of (D) n = k and A : R” — R™ the identical operator)

D _ h(p,q,\ 1),
(D) v e (P, g, A\ t)

where

(p7 quAat) b= (p17 ,Pm) e R" x ... X an
q=(q1,-.., qm) € R" x ... x R",
B= A= (A1, Ap) T € int(RT),

t=(t1,....tm)T €R™,

m m
S Ai(pi+a)=0,> Ait; =0
i=1 i=1 )

19



and h is defined by

h1 (p,q, A\, 1)

h(p,q, A\ t) = ;

han (P54, A, 1)

with
hi (P, g, A t) = = fi (pi) — 97 (qi) + i for all ¢ € {1,...,m}.
Throughout this section we assume that f;,¢; : R® — R are proper and

convex for i € {1,...,m} and that I,J C {1,...,m} are the sets of indices for
which the functions f;,i € I, and gj,j € J, are polyhedral. Furthermore, we

assume that the regularity condition (RC) is satisfied.

Proposition 10 The following relations among the image sets of the three du-
als hold:

hY(By) Ch(B)NR™ C h?(By).

Proof. We start with the first relation of inclusion. Let d € h'(Bi). Then

there exists A € int(R") and p € R™ such that (\,p,d) € B;. Furthermore,

> Nidi = — (Z )\ifi> (p) — (Z AiQi) (—=p).
i=1 i=1 =1

Since (RC) is fulfilled, we apply [11, Theorem 20.1], obtaining in this way the

m m
existence of p; € R",¢; € R, 1 € {1,...,m}, such that > \ip; =p, > Nigs = —p
i=1 i=1

and
Nd==>"Nff (i) = > Nigi (4i) -
=1 =1

For t; := d;+ f(pi) +g; (¢:;) for all i € {1, ...,m} we have that > \; (p; +¢;) =0
i=1

and Y \it; = 0. Thusd = h (p,q, \,t) € h (B)NR™ and so h! (By) C h (B)NR™.
i=1
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We come now to the second relation of inclusion. Let (p, g, A, t) € B be such

m

that h(p,q, \,t) € h(B) NR™. For Z ipi and d := h (p, q, A\, t) we have

Nd="h(p,q,\t) —g; (@)

< - (Z; Aifi) () - 2 )\igi) (-D).

Hence (\,7,d) € By and h (p,q,\,t) = d € h? (By). Thus h (B) NR™ C h2 (By).

I Mg T

|
In the following we give two examples which prove that the inclusions among

the image sets in Proposition 10 are in general strict, i.e.
Rt (By) C h(B)NR™ C h?(By).
# #
Example 11 Consider the functions f,g: R — R? given by
f@)=@-1,—z—1)T and g¢(z)= (x,—2z)" for all z € R.
We prove that h (B) NR™ ; h? (By).
For A = (1,1)T, p = 0 and d = (—2,—2)T, there is (A, p,d) € Bz and
d € h? (By), since

Mid=-2-2=—-4<-2=—(fi+£)® - (g1+9) (-p).

We show now that d ¢ h(B). Let us suppose by contradiction that there

exists (p/, ¢, N, t') € B such that h (p',¢', N, t') = d. This means that
hi(p', d' N ') = —f7 (p;) — gi (qi) +t; =—2 forie{1,2}.

and one must necessarily have that pj = 1,p), = —1,¢) = 1 and ¢4 = —1.

2
Moreover, > A, (p; 4+ ¢}) = 0, which means that A} — X, = 0. We obtain
i=1

— 1 (pi)—g; (qi)+t; = —1+t; = =2 for i € {1,2}, meaning that t; = t5 = —1.
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2
Since we have supposed that (p’,¢', X', t') € B, the equality > Njt. = —X| =X, =
i=1

—2\} must hold. But this is a contradiction to the fact that X" € int(R%).
Consequently, for d = (=2, —2)T € h% (By), there exists no (p/,¢’, N, t') € B

such that h (p', ¢, N,t') = d, which shows that h (B) N R™ ; h? (Bs).
Example 12 Consider now the functions f, g : R — R? given by
f(z)= (29:2 - 1,3:2)T and g (z) = (=2z,—z + 1)" for all z € R.

We prove that bl (B1) C h(B) NR™.

C
Z
For p = (3,0),q = (—-2,-1), A = (1, l)T and t = (%, —%)T we have both

2 2
relations Y A (pi +¢i) = 0 and > A\;t; = 0 fulfilled. Thus (p,q, A, t) € B and
i=1 i=1
h(p, g, M) = (=, 3)T e h(B) nR™.
Suppose now that there exists (X, p’,d") € By such that d' = h (p,q, \,t) =

(—4,5)" . Then

Nd = inf {~p'z + a? (201 +A5) = AT+ inf {z (p' = 2X1 = Xp) + A}

This means that

_u
8

)

20N, + N
_% X+ X,
which is equivalent to 2] + A\, = 0, obviously a contradiction to A’ € int(R2).

Therefore there exists no (X, p’,d") € By such that d = h(p,q,\,t). Hence

Kl (B)) C h(B)NR™.

In what follows, we study the relations among the sets of maximal elements
of the image sets treated in this section. They are defined as
d e R™:3(p,q,\t) € B efficient to (D)

v —max h(B) =
such that d = h(p,q, \,t)

22



for the problem (D), while v — maxh!(B;) and v — max h?(Bsy), respectively,

are defined analogously.
Theorem 13 [t holds v — maxh! (B1) = v — max h? (Bs).

Proof. "v — maxh' (B;) C v — maxh*(Bz) ” Let (X, p,d) € By be such that
d € v —maxh' (B;). We suppose that d ¢ v — max h? (By) . Since d € h%(Bs),
there exists (A, p,d) € Ba such that d = d and d # d. Further, having that
(\,p,d) € By this would contradict d € v — maxh' (B;). So (A,p,d) € B,

which means

Md < — (Z )\iﬁ) (p) — (Z )\igi> (—=p)-
i=1 =1

Thus there exists d € d + R7\{0} fulfilling

Ad= - (Z Aifi) (p) — (Z >\i91‘> (=p).
i=1 i=1
It follows that ()\,p,cf) € B;. But in this case d > d and d # d, which is a

contradiction to the maximality of d in h!(B;). Therefore we must have
v —maxh' (B)) C v — maxh?(By).

"v — maxh? (By) € v — maxh! (B1)”. Let (X\,p,d) € B be such that d €

v—max h? (By) . We start by proving that (X, D, 8) € Bjy. Assuming the contrary,

*

one has X' d < — (Z i fz) (P) — (Z /\igi> (—p) . Therefore there exists
i=1 i=1

ded+ R7*\{0}, such that
Nd<Nd=— (Z Aifz’) (?) — (Z /\z’gz‘) (=p).
i=1 i=1
As (X, D, J) €Byand d e d+ R™\{0} we have obtained a contradiction to the

maximality of d in h?(By) for (Ds). This means that d € hy(By).
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Let us suppose now that d ¢ v—max h' (By) . Then there exists (), p,d) € By
such that d > d and d # d. Since B; C By and d € h?(By) this provides
a contradiction to the maximality of d in h?(Bz). Thus v — maxh? (By) C
v —maxh' (By). [ ]

Remark 5. Let us emphasize the fact that in the proof of Theorem 13
neither the convexity assumptions on the functions involved nor the regularity
condition (RC) has been used. In conclusion the sets of maximal elements of
the problems (Dp) and (Ds3) are always identical.

By Proposition 10 we have that the set h (B) N R™ is placed in between

the sets h! (B;) and h? (By). Since, as proved above, the sets of the maximal

elements of the latter coincide, one can easily conclude that
v —maxh! (B)) = v — maxh (B) = v — max h? (Bs).

This happens even though in general h! (B;) % h(B)NR™ % h? (By).
Acknowledgements. The authors are indebted to an anonymous reviewer for

valuable suggestions and comments which improved the quality of the paper.

References

[1] Bot, R.I. (2003): Duality and Optimality in Multiobjective Optimization,

Dissertation, Faculty of Mathematics, Chemnitz University of Technology.

[2] Bot, R.I.,, Wanka, G. (2004): An Analysis of Some Dual Problems in Mul-

tiobjective Optimization (I), Optimization, 53 (3), 281-300.

24



[3]

[11]

Bot, R.I.,, Wanka, G. (2004): An Analysis of Some Dual Problems in Mul-

tiobjective Optimization (II), Optimization, 53 (3), 301-324.

Bot, R.I.,, Wanka, G. (2002): A New Duality Approach for Multiobjetive
Convex Optimization Problems, Journal of Nonlinear and Convex Analysis,

3 (1), 41-57.

Breckner, W., Kolumbén, I. (1968): Dualitdit bei Optimierungsaufgaben in

Topologischen Vektorrdumen, Mathematica, 10 (33), 229-244.

Breckner, W., Kolumbéan, 1. (1969): Konvexe Optimierungsaufgaben in

Topologischen Vektorrdumen, Mathematica Scandinavica 25, 227-247.

Gerstewitz, C., Gopfert, A. (1981): Zur Dualitdt in der Vektoroptimierung,
Seminarbericht 39, Sektion Mathematik, Humboldt-Universitat Berlin, 67-

84.

Jahn, J. (1983): Duality in Vector Optimization, Mathematical Program-

ming 25, 343-353.

Jahn, J. (2004): Vector Optimization - Theory, Applications, and Exten-

sions, Springer Verlag, Berlin.

Malivert, C.(1992): Fenchel Duality in Vector Optimization. Advances in
Optimization. Lecture Notes in Economics and Mathematial Systems 382,

Spriner Verlag, Berlin, Heidelberg, 420-438.

Rockafellar, R.T. (1970): Convexr Analysis, Princeton University Press,

Princeton.

25



[12]

[13]

Sawaragi, Y., Nakayama, H., Tanino, T. (1985): Theory of Multiobjective

Optimization, Academic Press, New York.

Wanka, G., Bot, R.I. (2002): On the Relations Between Different Dual
Problems in Convexr Mathematical Programming, in: P. Chamoni, R. Leis-
ten, A. Martin, J. Minnermann, H. Stadtler (Eds.), ”Operations Research

Proceedings 20017, Springer Verlag, Berlin, 255-262.

Weir, T., Mond, B. (1989): Generalised Convexity and Duality in Multiple
Objetive Programming, Bulletin of Australian Mathematical Society, 39,

287-299.

Weir, T., Mond, B. (1991): Multiple Objective Programming Duality With-

out a Constraint Qualification, Utilitas Mathematica, 39, 41-55.

26



