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Abstract. In this paper we propose two different primal-dual splitting algorithms
for solving inclusions involving mixtures of composite and parallel-sum type monotone
operators which rely on an inexact Douglas-Rachford splitting method, however applied
in different underlying Hilbert spaces. Most importantly, the algorithms allow to process
the bounded linear operators and the set-valued operators occurring in the formulation
of the monotone inclusion problem separately at each iteration, the latter being indi-
vidually accessed via their resolvents. The performance of the primal-dual algorithms is
emphasized via some numerical experiments on location and image denoising problems.
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1 Introduction and preliminaries

In applied mathematics, a wide range of convex optimization problems such as single-
or multifacility location problems, support vector machine problems for classification
and regression, portfolio optimization problems as well as signal and image processing
problems, all of them likely possessing nondifferentiable convex objectives, can be reduced
to the solving of inclusions involving mixtures of monotone set-valued operators.

In this article we propose two different primal-dual iterative error-tolerant methods for
solving inclusions with mixtures of composite and parallel-sum type monotone operators.
Both algorithms rely on the inexact Douglas-Rachford algorithm (cf. [10,11]), but still
differ clearly from each other. An important feature of the two approaches and, simul-
taneously, an advantage over many existing methods is their capability of processing the
set-valued operators separately via their resolvents, while the bounded linear operators
are accessed via explicit forward steps on their own or on their adjoints. The resolvents
of the maximally monotone operators are not always available in closed form expressions,
fact which motivates the inexact versions of the algorithms, where implementation errors
in the shape of summable sequences are allowed.
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The methods in this article are also perfectly parallelizable since the majority of their
steps can be executed independently. Furthermore, when applied to subdifferential oper-
ators of proper, convex and lower semicontinuous functions, the solving of the monotone
inclusion problems is, under appropriate qualification conditions (cf. [3,5]), equivalent
with finding optimal solutions to primal-dual pairs of convex optimization problems. The
considered formulation also captures various types of primal convex optimization prob-
lems and corresponding conjugate duals appearing in wide ranges of applications. The
resolvents of subdifferentials of proper, convex and lower semicontinuous functions are
the proximal point mappings of these and are known to assume closed form expressions
in many cases of interest.

Recent research (see [4,6-8,12,19]) has shown that structured problems dealing with
monotone inclusions can be efficiently solved via primal-dual splitting approaches. In [12],
the problem involving sums of set-valued, composed, Lipschitzian and parallel-sum type
monotone operators was decomposed and solved via an inexact Tseng algorithm having
foward-backward-forward characteristics in a product Hilbert space. On the other hand,
in [19], instead of Lipschitzian operators, the author has assumed cocoercive operators
and solved the resulting problem with an inexact forward-backward algorithm. Thus,
our methods can be seen as a continuation of these ideas, this time by making use of the
inexact Douglas-Rachford method. Another primal-dual method relying on the same fun-
damental splitting algorithm is considered in [13] in the context of solving minimization
problems having as objective the sum of two proper, convex and lower semicontinuous
functions, one of them being composed with a bounded linear operator.

Due to the nature of Douglas-Rachford splitting, we will neither assume Lipschitz
continuity nor cocoercivity for any of the operators present in the formulation of the
monotone inclusion problem. The resulting drawback of not having operators which can
be processed explicitly via forward steps is compensated by the advantage of allowing
general maximal monotone operators in the parallel-sums, fact which relaxes the working
hypotheses in [12,19].

The article is organized as follows. In the remaining of this section we introduce the
framework we work within and some necessary notations. The splitting algorithms and
corresponding weak and strong convergence statements are subject of Section 2 while
Section 3 is concerned with the application of the two methods to convex minimization
problems. Finally, in Section 4 we make some numerical experiments and evaluate the
obtained results.

We are considering the real Hilbert spaces H and G; endowed with the inner product
()3 and (-, -)¢, and associated norm [|-[|3; = 1/ (-, )3 and [|-[|g, = \/( )g i =1,...,m,
respectively. The symbols — and — denote weak and strong convergence, respectively,
Ry denotes the set of strictly positive real numbers and Ry = R4 U {0}. By B(0,7)
we denote the closed ball with center 0 and radius r € R, ;. For a function f: H — R =
R U {£o00} we denote by dom f := {x € H : f(x) < +o0} its effective domain and call f
proper if dom f # @ and f(z) > —oco for all x € H. Let be

[(H):={f:H — R: f is proper, convex and lower semicontinuous}.

The conjugate function of f is f* : H — R, f*(p) = sup{(p,z) — f(z): x € H} for
all p € H and, if f € I'(H), then f* € I'(H), as well. The (convez) subdifferential of
f:H—>RatzeHistheset df(x) ={peH: fly)— flx) > (p,y—x) Vy € H}, if
f(z) € R, and is taken to be the empty set, otherwise. For a linear continuous operator



L;: H — G;, the operator L} : G; — H, defined via (L;z,y) = (x, L}y) for all z € H and
all y € G;, denotes its adjoint, for i € {1,...,m}.

Having two functions f, g : H — R, their infimal convolution is defined by fOg :
H — R, (fOg)(x) = infyey {f(y) + g(x —y)} for all z € H, being a convex function
when f and g are convex.

Let M : H — 2 be a set-valued operator. We denote by zer M = {z € H : 0 € Mz}
its set of zeros, by fix M = {z € H : © € Mz} its set of fized points, by graM =
{(z,u) € H xH :u € Mz} its graph and by ran M = {u € H : Iz € H, u € Mx}
its range. The inverse of M is M~ : H — 2" w s {x € H : u € Mz}. We say that
the operator M is monotone if (z —y,u —v) > 0 for all (z,u), (y,v) € graM and it
is said to be mazimally monotone if there exists no monotone operator M’ : H — 2%
such that gra M’ properly contains gra M. The operator M is said to be uniformly
monotone with modulus ¢, : Ry — [0, +00] if ¢py is increasing, vanishes only at 0, and
(x —y,u—v) > op (||lx —yl) for all (z,u), (y,v) € gra M.

The resolvent and the reflected resolvent of an operator M : H — 27t are

Ju = (Id+ M)~ and Ry = 2Jy — Id,

respectively, the operator Id denoting the identity on the underlying Hilbert space. When
M is maximally monotone, its resolvent (and, consequently, its reflected resolvent) is a
single-valued operator and, by [1, Proposition 23.18], we have for v € Ry

Id = Jypr +vJy-1p-1 077 'd. (1.1)

Moreover, for f € I'(H) and v € R, the subdifferential d(7yf) is maximally monotone
(cf. [20, Theorem 3.2.8]) and it holds J.g; = (Id +4df)~" = Prox,;. Here, Prox, ;(z)
denotes the prozimal point of vf at x € H representing the unique optimal solution of
the optimization problem
g {17) + v — o1} (1.2)
in —|ly — . .
Jel Yy 9 y—x
In this particular situation (1.1) becomes Moreau’s decomposition formula
Id = Prox, s +v Prox, 1. oy d. (1.3)

When © C H is a nonempty, convex and closed set, the function dq : H — R, defined by
da(z) =0 for x € Q and dq(z) = +o0, otherwise, denotes the indicator function of the
set 2. For each v > 0 the proximal point of vdq at & € H is nothing else than

1
Prox.s, (7) = Proxs, () = Po(z) = arg min = ||ly — z?,
ye 2

which is the projection of x on Q.
The sum and the parallel sum of two set-valued operators M, My : H — 2™ are
defined as My + My : H — 2", (My + Ms)(z) = Mi(x) + Ma(z) Vo € H and

—1
MiOM, : H = 2, MyO M, = (M7 M5Y)
respectively. If M; and Ms are monotone, then M7 4+ Ms and M; O M, are monotone,

too. However, if M7 and M, are maximally monotone, this property is in general neither
for My + Ms nor for My O My true (see [3]).



2 Algorithms and convergence results

Within this section we provide two algorithms together with weak and strong convergence
results for the following primal-dual pair of monotone inclusion problems.

Problem 2.1. Let A : H — 27 be a maximally monotone operator and z € H. Further-
more, for every i € {1,...,m}, let r; € G;, B; : G; — 2% and D; : G; — 2% be maximally
monotone operators and L; : H — G; a nonzero bounded linear operator. The problem
is to solve the primal inclusion

find ¥ € H such that z € AT + Z L (B;0OD;) (LT — 1) (2.1)
i=1

together with the dual inclusion

z— Yy Lt € Ax

find U1 € G1,...,Tp € Gy, such that (x EH){U‘ &(B.0D)(Lix — i), i = 1 m

(2.2)
We say that (Z,71,...,Um) € H X G1... X Gy, is a primal-dual solution to Problem
2.1, i
m
z— ZL?Ui € A7 and 7; € (BZ DDZ')(LiT — Ti), 1=1,...,m. (2.3)
i=1
If (Z,71,...,Um) € HxGy...X Gy is a primal-dual solution to Problem 2.1, then Z is a
solution to (2.1) and (1,...,Ty) is a solution to (2.2). Notice also that
m
T solves (2.1) & z — Z L (B;0OD;)(LiT — ;) € AT &
i=1
_ _ z— >y L, € AT,
dv1 € G1,...,U;, € Gy, such that { U; € (BiOD:)(LiT — 1), i =1,...,m.
Thus, if Z is a solution to (2.1), then there exists (U1,...,Um) € G1 X ...Gy, such that
(Z,v1,...,Um) is a primal-dual solution to Problem 2.1 and if (vy,...,7,) € G1 X ...Gn
is a solution to (2.2), then there exists T € H such that (Z,71,...,0,) is a primal-dual

solution to Problem 2.1.

Example 2.1. In Problem 2.1, set m =1, z =0 and r; =0, let G = G, By = B,
Li=L,Dy:G—29 Di(0) =Gand Dy(v) = @ Vv € G\ {0}, and A : H — 2 and
B : G — 29 be the convex subdifferentials of the functions f € T'(H) and g € T'(G),
respectively. Then, under appropriate qualification conditions (see [3,5]), to solve the
primal inclusion problem (2.1) is equivalent to solve the optimization problem

inf {(2)+g(Lo)}

while to solve the dual inclusion problem (2.2) is nothing else than to solve its Fenchel-
dual problem

sup {—f*(=L"v) = g"(v)} .
veG

For more primal-dual pairs of convex optimization problems which are particular
instances of (2.1)-(2.2) we refer to [12,19].



2.1 A first primal-dual algorithm

The first iterative scheme we propose in this paper has the particularity that it accesses
the resolvents of A, B, L and D; Li=1,...,m, and processes each operator L; and its
adjoint L}, i =1,...,m two times.

Algorithm 2.1.
Let zg € H, (v1,0,---,Um0) € G1 X...xGp and 7 and 0y, @ = 1,...,m, be strictly positive
real numbers such that .
TZU@HI@HQ < 4.
i=1
Furthermore, let (A,;),>0 be a sequence in (0,2), (an)n>0 a sequence in H, (b;,)n>0 and
(din)n>0 sequences in G; for all i =1,...,m and set

Pin = Jra (xn - % Z;ll L;!(Ui,n + TZ) + an

Win = 2p1,n — In

Fori=1,....m

{ P2,in = Jy g1 (Vi + FLiwin — 0iri) +bin
K3

W2in = 2P2in — Vin

Yn >0 X 2.4
(vn 2 0) Zlp = Wip — %Z?ll Liwzin 24
Tn+l = Tn + An(zl,n - pl,n)
Fori=1,....m
22in = JaiD;l (w2,in + G Li(221,0 — w1p)) + din
Vintl = Vin + An(22in — D2,in)-
Theorem 2.1. For Problem 2.1 assume that
m
z € ran (A + ZL:(Bi OD;)(L; - —ri)> (2.5)
i=1
and consider the sequences generated by Algorithm 2.1.
(i) If
400 +o00
Z )\nHanH’H < +09, Z )‘H(Hdl,n”gz + ||bl,n||gz) <400, 1=1,...,m,
n=0 n=0
and 3P0 (2 — \p) = +o0, then
(a) (Tn,Vim, .- Umn)n>0 converges weakly to an element (T,V1,...,Tp) € H X
G1 X ... X G, such that, when setting
T m
P =Jra (50— §;Lf@ —i—Tz) ,
and Py ; = J, g1 (vi + %Li(%l —-T) — am-) ,i=1,...,m,
the element (py, P21 - -, Dam) 5 a primal-dual solution to Problem 2.1.
(b) Mi(z1m —P1n) = 0 (n = +00) and A\ (22,in — P2,in) — 0 (n — +00) for
1=1,...,m.



(c) whenever H and G;, i = 1,...,m, are finite-dimensional Hilbert spaces,

ap, - 0 (n = 4o00) and by, — 0 (n — +oo) for i = 1,...,m, then
(P1nsD2,1m5 - - - s D2mon)n>0 converges to a primal-dual solution of Problem 2.1.
(ii) 1f
+oo “+oo
> lanlls <400, > (lldiallg, + [binllg) < +o00, i=1,...,m, inf Ay >0
n=0 n=0 n=
and A and B;l, i1=1,...,m, are uniformly monotone,
then (P1n,P2,1,ns---»P2,mn)n>0 converges strongly to the unique primal-dual solu-

tion of Problem 2.1.

Proof. Consider the Hilbert space G = G; X ... X G,,, endowed with inner product and

associated norm defined, for v = (v1,...,vm), ¢ = (¢1,---,qm) € G, as
m m
(v,9)g =Y (visai)g, and |[v]lg = | > [lvillg,, (2.6)
i=1 i=1

respectively. Furthermore, let IC = H x G be the Hilbert space endowed with inner
product and associated norm defined, for (z,v), (y,q) € K, as

((z,0), (4, @) = (@ 9)y + (v, @)g and ||(z,v)[x = /llzlF + vllG, (27
respectively. Consider the set-valued operator
M : K — 2K, (x,v1,...,Um) = (—2 + Az, —|—Bl_1v1,...,7"m —i—B;llvm),

which is maximally monotone, since A and B;, ¢ = 1,...,m, are maximally monotone
(cf. [1, Proposition 20.22 and Proposition 20.23]) and the bounded linear operator

m
S K=K, (z,v1,...,0m)— <ZL;‘vi,—L1x,...,—Lma}> ,
i=1
which proves to be skew (i.e. §* = —8) and hence maximally monotone (cf. [1, Example

20.30]). Further, consider the set-valued operator
Q:K— 2K, (T, 01, ..., Up) (O,Dflvl,...,Dglvm) ,

which is maximally monotone, as well, since D; is maximally monotone for i = 1,...,m.
Therefore, since dom S = IC, both %S + @ and %S + M are maximally monotone
(cf. [1, Corollary 24.4(i)]). On the other hand, according to [12, Eq. (3.12)], it holds
(2.5) & zer (M + S+ Q) # @, while [12, Eq. (3.21) and (3.22)] yield

(x,v1,...,0m) € z2er (M + S+ Q)

2.8
=(x,v1,...,0y) is a primal-dual solution to Problem 2.1. (28)
Finally, we introduce the bounded linear operator
r 1ls. , v 1 U1
V:’C—>’C, (.’L’,'Ul,...,vm) '_><7-_2;le“(71_2le"O-m_Qme>



It is a simple calculation to prove that V' is self-adjoint, i.e. V* =

operator V is p-strongly positive for

1
p— (1—2 T;a,HL 112) mln{T s

V. Furthermore, the

b

11 1

Om

which is a positive real number due to the assumption

m
TZO’ZHLle <4

=1

(2.9)

made in Algorithm 2.1. Indeed, using that 2ab < aa® + % for any a, b € R and any

a € Ryy, it yields foreach i =1,...,m
o3| Zs | 2 izy ol Lill*) o
2| Lz |villg, < x|z + ;|G 2.10
il llsellvillg, < —= T T [l]|% Z [loillg, (2.10)
and, consequently, for each @ = (x,v1,...,v,) € K, it follows that
2 m 112 m
x villg.
(x, V), = lll3 + Z Ieill, — Z (Liz,vi)g,
T i=1 i i=1 '
=05 | <= vl <&
> +> L= MLl lldlslg
T -1 7 i=1
(2.10) 1 Ui x 4|
> (1 -3 TZU’L'HLi”Q) (H HH +Z I lHQz
i=1 =1 i
1 1 1
>|1-= L; e, — 2
— ( 2 7—E:O-ZH H ) mln{ 0_17 7O_m}HwHK:
— pllel. (2.11)

Since V is p-strongly positive, we have cl(ran V') = ran V' (cf. [1, Fact 2.19]), zer V' = {0}

and, as (ran V)
ran V = K. Consequently, V'

= zer V* = zer V. = {0} (see, for instance, [1, Fact 2.18]), it holds
1 exists and |[V 7| < %.

The algorithmic scheme (2.4) is equivalent to

ZTn—P1, 1 m
% -3 Zi:1 L:Ui,n S A(pl,n - an) -z aTn
Win = 2p1,n — Tn
For:=1,...,m
Vi,n—P2,i, 1 1 -1 bi,
{ =t — S Li(xn — pin) € —3Lipin + B (P2in — bin) + 15 —
W2in = 2p2,1,n Vin
(vn = 0) Wi,n—21,n L 0
— 5 W2 in =
Tptl = Tn + Ay (Zl,n Pi,n)
For:=1,...,m
wa 22 1 1 -1 d;,
=t — o Li(win — 210) € —5Lizin + D (220 — dig) — 2
| | Vil = Vi + An(22,in — P2im)-
(2.12)



We introduce for every n > 0 the following notations:

Ty = (TnsVipny- s Umn) dn=(0,d1 ;. dmn)
yn:(p1n7p21n7"'7p2mn) d dg:(o,d;,ln7.“,d;n-,n) (213)
) IRs) 31Ty an m X
Wy, = (Win, W21, W2mn) by = (an,bips -, bmn)
Zn = (Zl,na 22 1,my e Z?,m,n) bg = (a%’ b;’ln ey b;;n)
The scheme (2.12) can equivalently be written in the form
Vi, —y,) € (38 +M) (y, —by) + 1Sb, — b]
(vn>0) | =W En 1 ) (2.14)
V(wy = 20) € (184 Q) (20 — dn) + 1 Sd, — d]
Tn4+1 = T + >‘n (Zn - yn) .
We set for every n >0
1
et =v-! ((25 + V) b, — bg)
(2.15)

el =y ((;SJr V) d, —dg) .

Next we introduce the Hilbert space Ky with inner product and norm respectively
defined, for ,y € IC, as

(@, Y)x, = (@, Vy) and [lzflx, =/ (@, VE)k, (2.16)

respectively. Since %S + M and %S + @ are maximally monotone on IC, the operators
1 1
B=v! (25 + M> and A:=V~! (25 - Q) (2.17)

are maximally monotone on Ky . Moreover, since V is self-adjoint and p-strongly pos-
itive, one can easily see that weak and strong convergence in Ky are equivalent with
weak and strong convergence in IC, respectively.

Now, taking into account (2.14), for every n > 0, we have

1 1
Ve, —vy,) € (25 + M) (y, —bn) + §Sbn - b7
1 1
& Ve, € <V+2S+M> (Y, — bp) + <QS+V> b, — b’
1
&z, € (Id+ v (;S +M)) (Y, —by) + V1 ((25+ V) b, — bg)
1 —1
sy, = <Id+ vl <2S+ M)) (a:n - eg) 1 b,
& Yy = (d+B)™" (2, — eh) + b, (2.18)
and
1 1
V(w, — z,) € (25 + Q> (zn —dyn) + §Sdn —-d;
1 -1
&z, = (Id—i— v! (2S+Q>) (wn — eZ) +d,

& zp=Id+ A)7! (wn - eg) +d,. (2.19)



Thus, the iterative rules in (2.14) become

Y, =JB (CBn - eﬁ) +b,
(n>0)| z,=J4 (2yn —x, — efb) +d, - (2.20)

Tpi1 =Ty + An(Zn — Yy)
In addition, we have
zer (A + B) :zer<V_1 (M—i—S—I—Q)) =zer(M+S+Q).
By defining for every n > 0
B, =JB (azn - e%) —Jp (xn)+ b, and o, = J4 (2yn -z, — ei) —Ja 2y, — x,) +d,,
the iterative scheme (2.20) becomes

Yp = JB(mn) + IB'IZ
(Vn>0)| zn=Ja 2y, —xn) + 0, . (2.21)
T+l = Ty + An(zn - yn)

Thus, it has the structure of an error-tolerant Douglas-Rachford algorithm (see [11]).
(i) The assumptions made on the error sequences yield

+o0 +oo +o0o +o0
D Aalldnllie < +00, D Aalldfllx < 400, > Anllballc < 400, D Anllb] [l < +o0
n=0 n=0 n=0 n=0
(2.22)
and, by the boundedness of V!, § and V, it follows
+00 +oo
Z )\nHele;c < +o0 and Z An||efl||;c < +o00. (2.23)

Further, by making use of the nonexpansiveness of the resolvents, the error sequences
satisfy

—+o0 “+o00
> M llenllc + 18alx] <30 A (174 (20, = @ — €5) = Ja (25, — @) [l + [ldallx
n=0 n=0
15 (0 — €)= g (@) | + [ballx]
+o00
<3 M lleftllc + lldallx + 1€kl + [[Ballx] < +oo.

n=0
By the linearity and boundedness of V' it follows that

+o00
> A llewnllicy + [1Balliey] < +oo.

n=0

(i)(a) According to [11, Theorem 2.1(i)(a)] the sequence (&, )n>0 converges weakly in
Kv and, consequently, in K to an element € fix (R4 Rp) with JgT € zer(A+ B). The
claim follows by identifying Jp@ and by noting (2.8).



(i)(b) According to [11, Theorem 2.1(i)(b)] it follows that (RaRp®, —xy) — 0 (n —
+00). From (2.21) it follows that for every n > 0

Mz = Un) = 2 (Ra(Ris(@a) +28,) — @ + 200,),

thus, by taking into consideration the nonexpansiveness of the reflected resolvent and the
boundedness of (A\)p>0, it yields

An
[ A (2n — yn)H’CV STHRARBiEn - mn”Kv
An
+ ?HRA(RBiBn +28,) — Ra(RBxy) + 200 ||k,
<||RaRBxn — Tullicy + An [[lanllicy + [1Bnllcy] -

The claim follows by taking into account that A, [||aw|lxcy + [|1Bnllxy] = 0 (n = +00).

(i)(c) As shown in (a), we have that @, - @ € fix (RaRp) (n — +00) with JpT €
zer(A + B) = zer(M + S + Q). Moreover, by the assumptions and (2.13) we have
b, — 0 (n — +00), hence by (2.15) it holds that €’ — 0 (n — +oo) and therefore
B,, — 0 (n = 400). In conclusion, by the continuity of Jp and (2.21), we have

Y, = JB (xn) + B, = JBE € zer (M + S + Q) (n — +).

(ii) The assumptions made on the error sequences yield

+oo +00 +oo +oo
Y lldalix < +o0, Y- lld7 e < 400, Y llballc < +o0, D [[67]|x < +oo,
n=0 n=0 n=0 n=0

thus,

+oo —+00
Z HegHK < +o00 and Z Hele;c < +o0.

n=0 n=0
This implies that

“+o00

> el + [1B,llx] < +oo

n=0

which, due to the linearity and boundedness of V', yields

+o0o

> llanlicy + 1Ballxcy] < +oo.

n=0
Since A and B;” 1 i=1,...,m, are uniformly monotone, there exist increasing functions
¢a: Ry = [0,400] and ¢p-1 : Ry — [0,4+00], i = 1,...,m, vanishing only at 0, such

that

(r—yu—2z)>dallr—yln) V(z,u),(y,2) €grad

1 2.24
(U—w,p—q)ZqﬁB;l(Hv—ngi) Y (v,p), (w,q) €graB; ' Vi=1,...,m. (2.24)
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The function ¢ps : Ry — [0, 400],

o) :inf{qﬁA(a)—l—iqﬁBi_l(bi) : a2—|—§:b$ :c}, (2.25)
i=1 i=1

is increasing and vanishes only at 0 and it fulfills for each (z,u), (y, z) € gra M

(x—yu—2)>om(lz—-ylx). (2.26)
Thus, M is uniformly monotone on /C.

The function ¢p : Ry — [0, +00], ¢B(t) = ¢m <”1Vt>, is increasing and vanishes

only at 0. Let be (x,u), (y, 2z) € gra B. Then there exist v € Mx and w € My fulfilling
Vu= %Sm 4+vand Vz = %Sy + w and it holds

<:1:—y,u—z>,cv :<$—y,V’U,—VZ>K;

_ <a: —y, (;Sa: —|—v) - (;Sy+w>>’c

.26)
= oM ([lx = ylix)

1
> P _

= o8 (|z - yllxy) - (2.27)

Consequently, B is uniformly monotone on Ky and, according to [11, Theorem 2.1(ii)(b)],
(JB®n)n>0 converges strongly to the unique element y € zer(A+B) = zer (M + S + Q).
In the light of (2.21) and using that 8,, — 0 (n — +00), it follows that y,, - ¥ (n —
+00). O

(2

Remark 2.1. Some remarks concerning Algorithm 2.1 and Theorem 2.1 are in order.

(i) Algorithm 2.1 is a fully decomposable iterative method, as each of the operators oc-
curring in Problem 2.1 is processed individually. Moreover, a considerable number
of steps in (2.4) can be executed in parallel.

(ii) The proof of Theorem 2.1, which states the convergence of Algorithm 2.1, relies on
the reformulation of the iterative scheme as an inexact Douglas-Rachford method
in a specific real Hilbert space. For the use of a similar technique in the context of
a forward-backward-type method we refer to [19].

(iii) We would like to notice that the assumption 3,79 A, ||an|l3 < 400 does not nec-
essarily imply either that (||la,||%)n>0 is summable or that (an)p>0 (weakly or
strongly) converges to 0 as n — +o0o. We refer to [11, Remark 2.2(iii)] for fur-

ther considerations on the conditions imposed on the error sequences in Theorem
2.1.

Remark 2.2. In the following we emphasize the relations between the proposed algo-
rithm and other existent primal-dual iterative schemes.

(i) Other iterative methods for solving the primal-dual monotone inclusion pair intro-

duced in Problem 2.1 were given in [12] and [19] for D; !, i = 1,...,m monotone
Lipschitzian and cocoercive operators, respectively. Different to the approach pro-
posed in this subsection, there, the operators D; 1 i =1,...,m, are processed

within some forward steps.
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(ii) When for every i = 1,...,m one takes D;(0) = G; and D;(v) = @ Vv € G;\ {0}, the
algorithms proposed in [12, Theorem 3.1] (see, also, [8, Theorem 3.1] for the case
m = 1) and [19, Theorem 3.1] applied to Problem 2.1 differ from Algorithm 2.1.

(iii) When solving the particular case of a primal-dual pair of convex optimization prob-
lems discussed in Example 2.1 one can make use of the iterative schemes provided
in [13, Algorithm 3.1] and [9, Algorithm 1]. Let us notice that particularizing Al-
gorithm 2.1 to this framework gives rise to a numerical scheme different to the ones
in the mentioned literature.

2.2 A second primal-dual algorithm

In Algorithm 2.1 each operator L; and its adjoint L], ¢ = 1,...,m are processed two
times. However, for large-scale optimization problems these matrix-vector multiplications
may be expensive compared with the computation of the resolvents of the operators A,
Bitand DY i=1,...,m.

The second primal-dual algorithm we propose for solving the monotone inclusions in
Problem 2.1 has the particularity that it evaluates each operator L; and its adjoint L],

i=1,...,m, only once.

Algorithm 2.2.
Let 29 € H, (Y1,0,---+Ym,0) € G1 X ... X G, (V1,0,---,Um0) € G1 X ... X G, and 7 and

oi, 1 =1,...,m, be strictly positive real numbers such that

m 1

TZUiHLiHQ < —.

. 4

=1
Furthermore, let v; < 20; 7 S, 0| Lil|%, i = 1,...,m, let (Ay)n>0 be a sequence in
(0,2), (an)n>0 a sequence in H, (b; n)n>0 and (d; »)n>0 sequences in G; foralli =1,...,m
and set

Pin = JrA (xn - T (Z?ll L;‘kvi,n - Z)) + an

Tpil = Tp + )\n(pl,n - $n)

Fori=1,...,m

(Vn > 0) P2,in = Jy;D; Wi + ViVin) + din

Yin+1 = Yin + Mn(P2in — Yin)

DP3in = JgiBi—l (Ui,n + o (Li(2pl,n - xn) - (2p2,i,n - yi,n) - Tz)) + bi,n
Vin+1 = Vin + A (D3,in — Vin)-

(2.28)
Theorem 2.2. In Problem 2.1 suppose that
m
z € ran <A +> Li(BiOD;) (L - —ri)> : (2.29)
i=1
and consider the sequences generated by Algorithm 2.2.
(i) If
+o0 +o00
Z )\nHanH’H < +09, Z )‘H(Hdl,n”gz + ||bl,n||gz) <400, 1=1,...,m,
n=0 n=0

and 322N (2 — A\p) = +o0, then

12



(a) (Tn,Yim,-- s Ymmn> Vln,---sUmn)n>0 converges weakly to an element
(T, s Uy Uy e+ -5 0m) € H X G X oo X Gy X G X ... X Gy such
that (T,01,...,Um) is a primal-dual solution to Problem 2.1.

(b) )\n(pl,n - xn) -0 (n — +OO), An(p?,i,n _yi,n) -0 (n — +OO) and )\n(p3,i,n -
Vin) = 0 (n — +00) fori=1,...,m.

(c) whenever H and G;, i = 1,...,m, are finite-dimensional Hilbert spaces,
(Tn, Vis - -, Umn)n>0 converges to a primal-dual solution of Problem 2.1.

(i) If
+o0o +oo

> Nlanllz < 400, 3 (lIdinllg; + [binllg) < +00, i=1,...,m, inf A, >0

and A, B;l and D;, i1 =1,...,m, are uniformly monotone,

then (P1n,P31ms---»P3.mn)n>0 converges strongly to the unique primal-dual solu-
tion of Problem 2.1.

Proof. Welet G = Gy x...xG,, be the real Hilbert space endowed with the inner product
and associated norm defined in (2.6) and consider

K=HxGxg,

the real Hilbert space endowed with inner product and associated norm defined for & =
(x,y,v),u = (u,q,p) € K as

(T, u)c = (z,u)y + (Y, @)g + (v, p)g and [lz|x = \/Hl‘II% + 1yl +lvllg,  (2.30)
respectively. In what follows we set
y= 1, Ym), v=(v1,..,0m), =T, s Um), U= (T1,...,0m).
Consider the set-valued operator
M : K — 2K, (x,y,v) +— (—z+ Az, Diy1,..., Dpym,m1 + Bl_lvl, ey + B o),

which is maximally monotone, since A, B; and D;,i = 1,...,m, are maximally monotone
(cf. [1, Proposition 20.22 and Proposition 20.23]) and the bounded linear operator

m
S K—-K, (ryv)— (ZLfvi,—vl,...,—vm,—L1x+y1,...,—me—i—ym> ,
i=1

which proves to be skew (i.e. §* = —8) and hence maximally monotone (cf. [1, Example
20.30]). Since dom S = K, the sum M + S is maximally monotone, as well (cf. [1,
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Corollary 24.4(i)]). Further, we have

=1
ze€Ax + 3" Liv;
<:>(EI($’,U) Eng){ Vi € (BZDDl)(Ll.%—Tl), 1=1,....m

z€ Ax + >0 Liv;

@(El(x,v)eng){ Liz—rie Blv+ Doy, i = 1,...,m
OG_Z+A$+2121L:<U7J

<:>(E|(:E,y,’0)€’(:) 0€e Dy, —v,i=1,...,m
Ocr+B v —Lix+y, i=1,....m

& (3(z,y,v) €K) (0,...,0) € (M + S) (z,y,v)

& zer (M + S) # @. (2.31)

From the above calculations it follows that

z— > Liv; € Ax

v; € (BZDDl) (Lﬂ?—?"i),i: 1,....m

< (x,v1,...,0y) is a primal-dual solution to Problem 2.1.
(2.32)

(z,y,v) € zer (M + S) = {

Finally, we introduce the bounded linear operator

V. K—-K

v v
(l’y, <_ZL*U’U +,Ula"'7yrn+vmyo_1_L1x+yla"'am_me+ym>a

Tm 1 Om

which is self-adjoint, i.e. V* = V. Furthermore, the operator V is p-strongly positive

for
U 1 1 1 1 1
p=11-2 TZUZ-HLZ-H2 mm{ ...,,,...,},
i=1 T fy ’Ym o1 Um

which is a positive real number due to the assumption
U 1
TZUiHLi||2 < i (2.33)

made in Algorithm 2.2. Tndeed, for v; < 207 '7 37, 0;||L;||? it yields for each i =
1,...,m,

2(Lix — yi, vi)g, < 2| Lillllzll#l[villg; + 2llyillg: villg;

oLl [l [,
7 KA KA (A
VT ity 0| L2 i—1 Vi i—1 Ti
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and, consequently, for each ¢ = (z,y,v) € K, it follows that

x||? n
mvwxz”h+zﬂ

lyllg, | llvillg, =
TG 4 l‘gz -2 (Liz — yi, vi)g,

T i=1 Vi i i=1
m . 1 1 1 1 1
> 1=z L fmin {2 al
i=1 T ’71 7m Ul Um
= plz|k. (2.34)

The algorithmic scheme (2.28) is equivalent to

Tn—Pl,n
T

Tpil = Tp + )\n(pl,n - fl:n)
Fori=1,....m
Yi,n—P2,i,n din
5 225 Vs c D P d _ 5
(\V/’I’L > 0) i + ,n z(pZ,z,n z,n) 7i (235)
Yin+1 = Yin + (P20 — Yin)

Viin—P3.i, . , -
e s L — Lz(xn - pl,n) + Yin — P2in

€7ri+ B (p3in = bin) = Liprn + p2in — =
Vi1 = Vi + An(P3in — Vi)

;11 L;‘kvi,n € —z+ A(pl,n - an) —

T

We introduce for every n > 0 the following notations:

Ty = (l‘nv Yn,-- -y Ymn, Vin,--- 7/Um,n)

Dp = (D1, P21m5 - - - P2mns> P3,1,ms - - - s D3myn) (2.36)

an = (ana dl,n) . 7dm,n7 bl,na ) bm,n)
d n dm,n b ,n bm,n
a;:(%,;—l,,.,%n,;—l,,.,,am)
Hence, the scheme (2.35) can equivalently be written in the form
_ _ o T
(Vn > 0) V(x, —p,) € (S+M)(p, —a,) + Sa, —al, (2.37)
Tnt+1l = Tn + (D), — Tn).

Considering again the Hilbert space ICy with inner product and norm respectively
defined as in (2.16), since V is self-adjoint and p-strongly positive, weak and strong
convergence in ICy are equivalent with weak and strong convergence in IC, respectively.
Moreover, A = V1 (8 + M) is maximally monotone on Ky . Thus, by denoting e, =
V1((S+V)a, —a]) for every n > 0 the iterative scheme (2.37) becomes

p :JA(mn*en)TLan
VYn >0 n 2.38
(¥ 20 \‘ Tpi1 = Ty + (D, — Tn)- ( )

Furthermore, introducing the maximal monotone operator B : IC — 2%, = — {0},
and defining for every n > 0

oy, =Jg (wn - en) —Ja (mn) + ay,
the iterative scheme (2.38) becomes (notice that Jp = Id)

Yp = JB(:BTL)
(Vn>0)| p,=Ja(y, —x,) +a, , (2.39)
Ln+1 = Tp + /\n(pn - yn)
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thus, it has the structure of the error-tolerant Douglas-Rachford algorithm from [11].
Obviously, zer(A + B) = zer(M + S).
(i) The assumptions made on the error sequences yield

+o0 oo
Z Anllan |l < +oo and Z Anllenllx < +o0.
n=0 n=0

Thus, by the nonexpansiveness of the resolvent of A,

+oo

Z Anllan |l < 400
n=0

and, consequently, by the linearity and boundedness of V,

+o00
Z Anllan |, < +oo.

n=0

(i)(b) Follows in analogy to the proof of Theorem 2.1(i)(b).
(i)(c) Follows from Theorem 2.2(i)(a).
(ii) The iterative scheme (2.38) can be also formulated as

Py = JA(mn) + oy,
Tptl = Tp + )‘n(yn - pn)

with the error sequence fulfilling

+o0

Z o llxc, < +oo.
n=0

The statement follows from [11, Theorem 2.1(ii)(b)] by taking into consideration the
uniform monotonicity of A and relation (2.32). O

Remark 2.3. When for every i = 1,...,m one takes D;(0) = G; and D;(v) = @ Yv €
Gi \ {0}, and (d;n)n>0 as a sequence of zeros, one can show that the assertions made in
Theorem 2.2 hold true for step length parameters satisfying

m
Ty il Lil* <1,
=1

when choosing (y1,0,...,Ymo) = (0,...,0) in Algorithm 2.2, since the sequences
(Y1ms - s Ymm)n>0 and (U1, ..., Umn)n>0 vanish in this particular situation.

Remark 2.4. In the following we emphasize the relations between Algorithm 2.2 and
other existent primal-dual iterative schemes.

(i) When for every i = 1,...,m one takes D;(0) = G; and D;(v) = @ Vv € G;\ {0}, and
(din)n>0 as a sequence of zeros, Algorithm 2.2 with (y1,0,...,Ymo0) = (0,...,0) as
initial choice provides an iterative scheme which is identical to the one in [19, Eq.
(3.3)], but differs from the one in [12, Theorem 3.1] (see, also, [8, Theorem 3.1] for
the case m = 1) when the latter are applied to Problem 2.1.
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(ii) When solving the particular case of a primal-dual pair of convex optimization prob-
lems discussed in Example 2.1 and when considering as initial choice y; 9 = 0, Al-
gorithm 2.2 gives rise to an iterative scheme which is equivalent to [13, Algorithm
3.1]. In addition, under the assumption of exact implementations, the method in
Algorithm 2.2 equals the one in [9, Algorithm 1], our choice of (\;)n>0 to be vari-
able in the interval (0,2), however, relaxes the assumption in [9] that (A,)n>0 is a
constant sequence in (0, 1].

3 Application to convex minimization problems

In this section we particularize the two iterative schemes introduced and investigated in
this paper in the context of solving a primal-dual pair of convex optimization problems.
To this end we consider the following problem.

Problem 3.1. Let ‘H be a real Hilbert space and let f € I'(H), z € H. For every
i € {1,...,m}, suppose that G; is a real Hilbert space, let g;, l; € ['(G;), r; € G; and let
L; : H — G; be a nonzero bounded linear operator. Consider the convex optimization
problem

(P)  inf {f(ff»‘) + ;(gi Ol)(Liz — 1) — (z, Z)} (3.1)
and its conjugate dual problem
(D) sup {—f* <z - iwa) i (g5 (vi) + 15 (vi) + (Uz-,n>)}. (3.2)
(V1500030 m )EGL X ... XGm i=1 i=1
Considering the maximal monotone operators
A=0f, Bi=0g;and D; =0l;, i=1,...,m,
the monotone inclusion problem (2.1) reads

find T € H such that z € 9f(T) + ZL* 0g; 00L;) (LT — 1), (3.3)
i=1

while the dual inclusion problem (2.2) reads

L*
find 77 € G1,...,T;, € Gy, such that (EIJUEH){ (%Dl@lg)z(fff(r)) . .
(3.4)

If (Z,01,...,Um) € H X G1...X Gy, is a primal-dual solution to (3.3)-(3.4), namely,
m
z — ZL;‘@ € 0f(Z) and v; € (0g; 00L;)(LiT — 1), i =1,...,m, (3.5)
i=1
then 7 is an optimal solution to (P), (U1,...,Tp) is an optimal solution to (D) and

the optimal objective values of the two problems, which we denote by v(P) and v(D),
respectively, coincide (thus, strong duality holds).

Combining this statement with Algorithm 2.1 and Theorem 2.1 give rise to the fol-
lowing iterative scheme and corresponding convergence results for the primal-dual pair
of optimization problems (P) — (D). We also use that the subdifferential of a uniformly
convex function is uniformly monotone (cf. [1, Example 22.3(iii)]).
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Algorithm 3.1.
Let 2o € H, (v1,0,---,Um0) € G1 X...xGp and 7 and 0y, i = 1,..., m, be strictly positive
real numbers such that

m
TZUz||Lz||2 < 4.
=1

Furthermore, let (A,;),>0 be a sequence in (0,2), (an)n>0 a sequence in H, (b;,)n>0 and
(din)n>0 sequences in G; for all i =1,...,m and set

m
Pin = PrOXTf (xn - % Ei:l L;F'Ui,n + TZ) +an
Wi n = 2p1,n — Tn
Fori=1,....m
o,
P2in = ProXe,gr (Vi + G Liwin — 0iri) + bip
W2in = 2P2in — Vin

Vn >0 3.6
(¥n = 0) Zin = Wip — § 2y Liwain (36)
Tptl = Tp + )‘n(zlm, - pl,n)
Fori=1,....m
22 = ProXgpr (Wo,in + G Li(2210 — w1n)) + din
Vintl = Vin + Anl(22in — D2,in)-
Theorem 3.1. For Problem 3.1 suppose that
m
z € ran <8f + ZLf(agi 0ol (L; - —m-)) , (3.7)
i=1
and consider the sequences generated by Algorithm 3.1.
(i) If
—+00 —+00
Z )‘TLHG’HHH < +00, Z )‘H(Hdl,nngz + Hbl,nHQz) <Aoot =1,...,m,
n=0 n=0
and 39 A (2 — A\p) = +o0, then
(1) (Tn,Vim, .- Umn)n>0 converges weakly to an element (T,01,...,Um,) € H X
g1 X ... x G, such that, when setting
T m
P = Prox; (x— 3 ZL;‘UZ' + TZ) ,
i=1
_ _ gj _ _ .
and Py ; = Proxg, <vi + 5L¢(2p1 —T) — airi> i=1,...,m,
Py is an optimal solution to (P), (Paq;---,P2m) 8 an optimal solution to (D)

and v(P) = v(D).
(1) M(z1n — D1n) = 0 (n — 400) and A\p(22in — P2in) — 0 (n — 400) for

i1=1,...,m.

(iii) whenever H and G;,i = 1,...,m, are finite-dimensional Hilbert spaces, a, —
0 (n = 4o00) and bj, — 0 (n — +00) for i = 1,...,m, then (p1,,)n>0
converges to an optimal solution to (P) and (p21n,---,P2,mn)n>0 CONVETgES

to an optimal solution to (D).
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(i) 1If

“+oo “+o00
> llanlls < +00, - (lldillg, + lbimllg) < +o0,i=1,...,m, inf A, >0
n=0 n=0 -

and f and g7, i =1,...,m, are uniformly convex,

then — (pin)n>0 converges strongly to an  optimal solution to (P),
(P2,1m5 - -+ P2mn)n>0 converges strongly to an optimal solution to (D) and

v(P) =v(D).

Algorithm 2.2 and Theorem 2.2 give rise to the following iterative scheme and corre-
sponding convergence results for the primal-dual pair of optimization problems (P)— (D).

Algorithm 3.2.

Let z0 € H, (Y1,00---,Ym,0) € Gi X ... X G, (V1,0,---,Um0) € G1 X ... X Gy, and 7 and
oi, 1 =1,...,m, be strictly positive real numbers such that

Ui 1
7'220’1'”[4”2 < Z
=1

Furthermore, let v; < 20[17 S aillLil? i =1,...,m, (Aw)n>0 be a sequence in (0,2),
(an)n>0 a sequence in H, (b;n)n>0 and (d; ,)n>0 sequences in G; for all i = 1,...,m and
set

Pin = PrOXTf (xn -7 (Z?; L;‘kvi,n - Z)) +ap

Tpyl = Tn + )\n(pl,n - xn)

For:=1,...,m

(Vn > 0) D2in = PI"OX%.li (yi,n + 'Y’L'Ui,n) + di,n

Yint1l = Yim + M(P2,in — Yin)

P3,in = ProxXe,gx (Vi + 07 (Li(2p1,n — Tn) — (2D2,i0 — Yim) — 7i)) + i
Vint1 = Vi + M(D3,in — Vin)-

(3.8)
Theorem 3.2. In Problem 3.1 suppose that
m
z € ran <8f + ZL;"(agi 00;)(L; - —m)) , (3.9)
=1
and consider the sequences generated by Algorithm 3.2.
(i) If
+oo +o0o
Z >\n||anH7-l < +o00, Z )‘H(Hdi,n”gi + Hbi,n”gi) <400, 1=1,...,m,
n=0 n=0
and 3N (2 — A\p) = +o0, then
(a) (TnsYin,-- s Ymm,Vin, -« Umn)n>0 converges weakly to an element
(T, Y15 ooy Upys V15 -y O) € H X G1 X oo X Gy X G1 X ... X Gy, such that
T is an optimal solution to (P), (U1, ...,Um) is an optimal solution to (D) and

v(P) =v(D).
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() M(pin—2n) = 0 (n = +00), A\(p2,in —Yin) = 0 (n = +00) and A\p(p3in —

Vin) = 0 (n — +00) fori=1,...,m.
(c) whenever H and G;, i = 1,...,m, are finite-dimensional Hilbert spaces,
(xn)n>0 converges to an optimal solution to (P) and (vign,...,Umn)n>0 CON-

verges to an optimal solution to (D).

(ii) If
“+oo “+o0o
>~ llanlln < o0, Y- (ldiallo, + binllg,) < +o0, i=1,...,m, inf Ay >0
n=0 n=0 n=
and f,l; and g5, i =1,...,m, are uniformly conver,
then, (pin)n>0 converges strongly to the wunique optimal solution to (P),
(P31, - -+ > P3mn)n>0 converges strongly to the unique optimal solution of (D) and
v(P) =v(D).
Remark 3.1. According to Remark 2.3, when [; : G; = R, [; = d10y, and (din)n>0 is
chosen as a sequence of zeros for every ¢ = 1,...,m, the assertions made in Theorem 3.2

hold true for step length parameters satisfying
m
TE:(UHLAP<<1
i=1
when taking in Algorithm 3.2 as initial choice (y10,...,Ym,0) = (0,...,0). In this case

the sequences (Yin, .. Ymn)n>0 and (P21, - - -, P2,mn)n>0 vanish and (3.8) reduces to

P = Prox ¢ (x, — 7 (3010 Livipn — 2)) +an
Tn+1 ::xn'+'An(p1Jz_‘xn)
(vn>0) | Fori=1,....m (3.10)
P3,in = ProXg,gr (Vi + 07 (Li(2p1n — Tn) — 13)) + bim
Vint1 = Vi + M(D3,in — Vi)

Remark 3.2. Condition (3.7) in Theorem 3.1 (respectively, condition (3.9) in Theorem
3.2) is fulfilled, if the primal optimization problem (3.1) has an optimal solution,

0 € sqri (dom g —doml}), i=1,...,m, (3.11)
and (see, also, [12, Proposition 4.3])
(ri,...,rm) €sqri k), (3.12)

where
E = {(le—yl,...,me—ym):xedomf and y; Edomgi—i—domli,i:l,...,m}.

Here, for a nonempty convex set 2 C H, we denote by

sqriQ) = {x eN: U A2 — x) is a closed linear subspace}
A>0

its strong quasi-relative interior. According to [1, Proposition 15.7], condition (3.11)
guarantees that ¢; 00; € I'(G;), i = 1,...,m.
If one of the following two conditions
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(i) for any ¢ = 1,...,m one of the functions g; and [; is real-valued;

(i) H and G;, i = 1,...,m, are finite-dimensional and there exists € ridom f such
that L;x —y; € ridom g; +ridoml;, e =1,...,m;

is fulfilled, then condition (3.12) is obviously true. For (ii) one has to take into ac-
count that in finite-dimensional spaces the strong quasi-relative interior of a convex set
is nothing else than its relative interior and to use the properties of the latter.

4 Numerical experiments

In this section we emphasize the performance of the algorithms introduced in this article
in the context of two numerical experiments on location and image denoising problems.

4.1 The generalized Heron problem

We start by considering the generalized Heron problem which has been recently investi-

gated in [14,15] and where for its solving subgradient-type methods have been used.
While the classical Heron problem concerns the finding of a point u on a given straight

line in the plane such that the sum of distances from @ to given points u', v? is minimal,

the problem that we address here aims to find a point in a closed convex set 2 C R™ which

minimizes the sum of the distances to given convex closed sets Q; CR", ¢ =1,...,m.
The distance from a point z € R™ to a nonempty set 2 C R” is given by

d(z; Q) = (|| - B0q)(z) = inf [z - z].

Thus the generalized Heron problem reads

m
inf D> d(@; %), (4.1)
=1
where the sets 2 C R™ and €2; C R”, ¢ = 1,...,m, are nonempty, closed and convex.

We observe that (4.1) perfectly fits into the framework considered in Problem 3.1 when
setting

f=6bq,and gi=|-|, li =0dq, foralli=1,...,m. (4.2)

However, note that (4.1) cannot be solved via the primal-dual methods in [12] and [19]
since they require the presence of at least one strongly convex function (cf. Baillon-
Haddad Theorem, [1, Corollary 18.16]) in each of the infimal convolutions || - || dg,,
i=1,...,m, a fact which is obviously not the case. Notice that

g: :R™ %R7 g;k(p) = Seu]lg {<p7 $> - HxH} = 63(0,1)(1))7 1= 17“ -, M,
€T n

thus the proximal points of f, g7 and ], i =1,...,m, can be calculated via projections,
in case of the latter via Moreau’s decomposition formula.
In the following we test our algorithms on some examples taken from [14,15].

Example 4.1 (Example 5.5 in [15]). Consider problem (4.1) with the constraint set €
being the closed ball centered at (5,0) having radius 2 and the sets ;, ¢ = 1,..., 8, being
pairwise disjoint squares in right position in R? (i.e. the edges are parallel to the x- and
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y-axes, respectively), with centers (—2,4), (—1,-8), (0,0), (0,6), (5,—6), (8, —8), (8,9)
and (9, —5) and side length 1, respectively (see Figure 4.1).

When solving this problem with Algorithm 3.1 and Algorithm 3.2 (in the sequel
called DR1 and DR2, respectively) and the choices made in (4.2), the following formulae
for the proximal points involved in their formulations are necessary for x, p € R? and
T, €Ry,1=1,...,8

1
Prox, (z) = (5,0) + argmin = ||y — (z — (5,0))||” = (5,0) + Py, (= — (5,0))
y€B(0,2)

1
Pross: (v) = argmin L 12— pl12 = P (9)
z€B(0,1)
P 2
y— =
o

=p—o0;Pq, (p) :
o

Figure 4.1 gives an insight into the performance of the proposed primal-dual methods
when compared with the subgradient algorithm used in [15]. After a few milliseconds
both splitting algorithms reach machine precision with respect to the root-mean-square
error where the following parameters were used:

p) 1
— :p—aiargmmi

% 2€8Q;

1.3
Prox,,x (p)( :)p — 03 Prox 1), <

e DRI (VZ € {1’ te 78}) 0 = 0157 T = 2/( ?:1 Uj)? >\n = 157 To = (572)7 Vi,0 = 07
e DR2: (Vi€ {1,...,8}) 0 = 0.1, 7 = 0.24/(X3_, 05), A = 1.8, 20 = (5,2), vi0 = 0,
e Subgradient (cf. [15, Theorem 4.1]) 2o = (5,2), o, = L.

n

(a) Problem with optimizer (b) Progress of the RMSE values
107 —DR1
sl ---DR2
o - - Subgradient
o0 QS T T e
J _
ol
N0
ol
_al
_G, L L
107 10° 10"
-8 CPU time in seconds

-10

Figure 4.1: Example 4.1. Generalized Heron problem with squares and disc constraint set on the
left-hand side, performance evaluation for the root-mean-square error (RMSE) on the right-hand
side.

Example 4.2 (Example 4.3 in [14]). In this example we solve the generalized Heron
problem (4.1) in R3, where the constraint set ) is the closed ball centered at (0,2,0)
with radius 1 and €;, ¢ = 1,...,5, are cubes in right position with center at (0, —4,0),
(—4,2,-3), (—3,-4,2), (—5,4,4) and (—1,8,1) and side length 2, respectively.

Figure 4.2 shows that also for this instance the primal-dual approaches outperform
the subgradient method from [15]. In this example we used the following parameters:
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e DRI: (Vi€ {1,...,5}) 0i = 03, 7 = 2/(X2_1 0;), A = 1.5, 20 = (5,2), v;0 = 0,
e DR2: (Vie{l,...,5}) 0, =02, 7= 0.24/(2?:1 0j)y An = 1.8, 29 = (5,2), v;0 =0,
e Subgradient (cf. [14, Theorem 4.1]) zo = (0,2,0), a;,, = +.

n

(a) Problem with optimizer (b) Progress of the RMSE values
' —DR1L
---DR2
- - Subgradientf
107 10° 10"

CPU time in seconds

Figure 4.2: Example 4.2. Generalized Heron problem with cubes and ball constraint set on the
left-hand side, performance evaluation for the RMSE on the right-hand side.

4.2 Image denoising

The second numerical experiment concerns the solving of a problem arising in image
denoising. To this end, we consider images of size M x N as vectors x € R"™ forn = M N,
where each pixel denoted by z;;, 1 <17 < M, 1 < 7 < N, ranges in the closed interval
from 0 to 1.

We are solving the regularized convex nondifferentiable problem

1 2
inf <= ||lz—0b ATV 4.3
it {5 lle = bl 42TV}, (1.3
where b € R" is our given noisy image. Here, A € R is a regularization parameter and
TV : R™ — R is the discrete anisotropic total variation function.
We let ) = R" x R”, then the operator L : R" — Y, z; j — (L1z; j, Lax; ;),
Tiv1i— X, fi<M T 41 — Tij ifj<N
L L= i1, 2] ) dL R ) 5] ]
12 { 0, if§ =M MO T2TIT ifj=N

represents a discretization of the gradient in horizontal and vertical direction for each

x € R™ with ||L|| < v/8. Furthermore, considering the discrete anisotropic total variation
functional

M-1N-1
TV(z) = Y > |tis = wigl+ @igen — iyl
=1 j=1
M-1 N-1
+ |Tiv1,N — xiN| + Z |41 — gl
i=1 j=1
where reflexive boundary conditions are assumed, it holds that TV (z) = || Lz||1.
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(a) Noisy image, o = 0.06 (b) Noisy image, o = 0.12 Figure 4.3: The noisy im-
g age in (a) was obtained af-
ter adding white Gaussian
noise with standard devia-
tion o = 0.06 to the orig-
inal 256 x 256 lichtenstein
test image, (c¢) shows the
denoised image for A =
0.035. Likewise, the noisy
image when choosing ¢ =
0.12 and the denoised one
for A = 0.07 are shown in
(b) and (d), respectively.

(c) Denoised image, A = 0.035 (d) Denoised image, A = 0.07

Consequently, the optimization problem (4.3) can be equivalently written as
inf {f(z)+g(Lx)}, (4.4)
z€R™

where f : R" = R, f(z) = 3|z —b|?, and g : ¥ = R, g(v,w) = A[(v,w)]|1. Since for
every (p,q) € Y we have g*(p,q) = ds(p, q) (see [3]), S C Y being the closed convex set

S ==X A" x [=A A

It is easy to see that for all z, p, ¢ € R™ and 7, 0 € Ry, it holds

1 1
Prox,¢(z) = arg min {sz — |+ 2|z - tz} = (x + 7b)
ot ) 2 1

+7

1
Proxeg«(p,¢) = argmin S [|(21, 22) — (p, QlI*> = Ps(p. q).
(21,22)€S

We solved the regularized image denoising problem with the two Douglas-Rachford
type primal-dual methods DR1 (Algorithm 3.1) and DR2 (Algorithm 3.2), the forward-
backward-forward type primal dual method (FBF, cf. [12]) and its acceleration (FBF
Acc, cf. [6]), the primal-dual method (PD) and its accelerated version (PD Acc), both
given in [9], the alternating minimization algorithm (AMA) from [18] together with its
Nesterov-type acceleration (cf. [17]), as well as the Nesterov algorithm (cf. [16]) and the
FISTA algorithm (cf. [2]), the latter operating on the dual problem. A comparison of the
obtained results is shown in Table 4.1 while the test images can be found in Figure 4.3.
It is noticeable that, especially when a low level of tolerance is assumed, the primal-dual
algorithms proposed in this paper definitely outperform the other methods.
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o =0.12, A =0.07

o =0.06, A =0.035

e=10"* e=10"6 e=10"* e=10"6
DR1 1.40s (48)  3.35s (118) 1.31s (45)  2.93s (103)
DR2 1.24s (75)  2.82s (173) 1.12s (66)  2.57s (147)
FBF 8.89s (343) 58.96s (2271) 4.86s (187) 41.21s (1586)
FBF Acc  2.63s (101)  11.73s (451) 1.93s (73) 8.07s (308)
PD 5.26s (337)  35.53s (2226)  2.77s (183)  25.53s (1532)
PD Acc 1.42s (96)  7.26s (447) 1.20s (70)  5.44s (319)
AMA 7.20s (471)  46.76s (3031)  3.98s (254)  34.36s (2184)
AMA Acc  1.83s (89) 11.68s (561) 1.41s (63) 8.39s (383)
Nesterov 1.97s (102) 12.45s (595) 1.51s (72) 8.77s (415)
FISTA 1.71s (100)  10.92s (645) 1.14s (70) 7.41s (429)

Table 4.1: Performance evaluation for the images in Figure 4.3. The entries refer to the CPU
times in seconds and the number of iterations, respectively, needed in order to attain a root-mean-
square error (RMSE) for the iterates below the tolerance e.
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