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Abstract. We deal with monotone inclusion problems of the form 0 € Az + Dz 4+ N¢(x)
in real Hilbert spaces, where A is a maximally monotone operator, D a cocoercive operator
and C' the nonempty set of zeros of another cocoercive operator. We propose a forward-
backward penalty algorithm for solving this problem which extends the one proposed by
H. Attouch, M.-O. Czarnecki and J. Peypouquet in [3]. The condition which guarantees
the weak ergodic convergence of the sequence of iterates generated by the proposed scheme
is formulated by means of the Fitzpatrick function associated to the maximally monotone
operator that describes the set C. In the second part we introduce a forward-backward-
forward algorithm for monotone inclusion problems having the same structure, but this
time by replacing the cocoercivity hypotheses with Lipschitz continuity conditions. The
latter penalty type algorithm opens the gate to handle monotone inclusion problems with
more complicated structures, for instance, involving compositions of maximally monotone
operators with linear continuous ones.
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1 Introduction and preliminaries

1.1 Motivation and problem formulation

In the last years one can observe in the literature an increasing interest in solving varia-
tional inequalities expressed as monotone inclusion problems of the form

0 € Az + Ng(), (1)

where H is a real Hilbert space, A : H = H is a maximally monotone operator, C' =
argmin ¥ is the set of global minima of the proper, convex and lower semicontinuous
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function ¥ : # — R := R U {00} fulfilling min ¥ = 0 and N¢ : H = H is the normal
cone of the set C' C H (see [1-3,18,19]). Specifically, one can find in the literature forward-
backward algorithms for solving (1) (see [2,3,18,19]), which perform in each iteration a
proximal step with respect to A and a subgradient step with respect to the penalization
function W.

In case ¥ : H — R is differentiable with Lipschitz continuous gradient, for the algo-
rithm, that reads as

Choose 1 € H. For n € N set z,11 = (Id+X, A) " (2 — \Bu VY (21)),

with (A\,)nen and (8y,)nen sequences of positive real numbers, ergodic convergence results
are usually obtained in the following hypotheses

(i) A+ N¢ is maximally monotone and {z € H : 0 € Az + N¢(z)} # 0;
(H) < (it) For every p € ran N¢, Y, Anbn [\Il* <ﬂ%> —oc <ﬁ%>} < +00;
(iii) (An)nen € €2\ 1.

Here, ¥* : H{ — R denotes the Fenchel conjugate function of ¥ and ran N¢ the range of
the normal cone operator N¢ : H = H. Let us mention that hypothesis (ii), which is the
discretized counterpart of a condition introduced in [1] in the context of continuous-time
nonautonomous differential inclusions, is satisfied, if > % < 400 and ¥ is bounded
below by a multiple of the square of the distance to C' (see [2]). This is for instance the
case when C =zer L = {z € H: Lv =0}, L : H — H is a linear continuous operator with
closed range and ¥ : H — R, ¥(x) = ||Lz||? (see [2,3]). For further situations for which
condition (ii) is fulfilled we refer to [3, Section 4.1].

It is worth mentioning that when A is the convex subdifferential of a proper, convex
and lower semicontinuous function ® : H — R the above algorithm provides an iterative
scheme for solving convex optimization problems which can be formulated as

mlqr{l{q)(a:) tx € argmin U}, (2)
TE

Motivated by these considerations, we deal in this paper with monotone inclusion
problems of the form
0 € Az + Dz + N¢ (o), (3)

where A : H = H is a maximally monotone operator, D : H — H is a (single-valued)
cocoercive operator and C C H is the (nonempty) set of zeros of another cocoercive
operator B : H — H. Following [3] we propose a forward-backward penalty algorithm
for solving (3) and prove weak ergodic convergence for the generated sequence of iterates
under hypotheses which generalize the ones in (H). To this end we specially generalize
(ii) to a condition which involves the Fitzpatrick function associated to the maximally
monotone operator B. Added to that, we prove strong convergence for the sequence of
iterates whenever A is strongly monotone.

The investigations made in this manuscript are completed in Section 3 with the treat-
ment of the monotone inclusion problem (3), this time by relaxing the cocoercivity of D
and B to monotonicity and Lipschitz continuity. We formulate in this more general setting
a forward-backward-forward penalty type algorithm for solving (3) and study its conver-
gence properties. The interest in having a suitable algorithmic scheme in this context is
given by the fact that it allows via some primal-dual techniques to deal with monotone in-
clusion problems having more complicated structures, for instance, involving compositions
of maximally monotone operators with linear continuous ones.



1.2 Notations and preliminary results

For the reader’s convenience we present first some notations which are used throughout
the paper (see [4,7,8,16,22,25]). By N = {1,2,...} we denote the set of positive integer
numbers and let ‘H be a real Hilbert space with inner product (-,-) and associated norm
|- 1| = /(). The symbols — and — denote weak and strong convergence, respectively.
When G is another Hilbert space and K : H — G a linear continuous operator, then the
norm of K is defined as ||K|| = sup{||Kz| : x € H, ||z|| < 1}, while K* : G — H, defined
by (K*y,z) = (y, Kz) for all (z,y) € H x G, denotes the adjoint operator of K.

For a function f : H — R we denote by dom f = {x € H : f(z) < +oo} its effective
domain and say that f is proper, if dom f # () and f(x) # —oo for all x € H. Concerning
calculus rules where o0 are involved we make the following conventions (cf. [25]): (4o00)+
(—o0) = +00, 0(+00) = 400 and 0(—oc) = 0. Let f*: H — R, f*(u) = supyeqy{(z,u) —
f(x)} for all u € H, be the conjugate function of f. The subdifferential of f at x € H,
with f(x) € R, is the set Of(z) :={ve H: f(y) > f(z)+ (y —z,v) Yy € H}. We take by
convention df(z) := 0, if f(x) € {£oo}. We also denote by min f := inf,c4 f(x) and by
argmin f := {z € H : f(x) = min f}.

Let S C H be a nonempty set. The indicator function of S, 85 : H — R, is the function
which takes the value 0 on S and +oo otherwise. The subdifferential of the indicator
function is the normal cone of S, that is Ng(z) ={u e H : (y—z,u) <0Vy € S},ifz € S
and Ng(z) = 0 for x ¢ S. Notice that for x € S, u € Ng(z) if and only if og(u) = (x,u),
where o is the support function of S, defined by og(u) = sup,cg(y, u).

For an arbitrary set-valued operator M : ‘H = H we denote by Gr M = {(z,u) €
HXxH:ue Mz} its graph, by dom M = {x € H : Mz # (0} its domain, by ran M =
{u € H:3x € Hst. u€ Mz} its range and by M~ : H = H its inverse operator,
defined by (u,z) € GrM~! if and only if (z,u) € GrM. We use also the notation
zer M = {x € H : 0 € Mz} for the set of zeros of the operator M. We say that M
is monotone if (x — y,u —v) > 0 for all (z,u),(y,v) € Gr M. A monotone operator M
is said to be maximally monotone, if there exists no proper monotone extension of the
graph of M on ‘H x H. Let us mention that in case M is maximally monotone, zer M is
a convex and closed set [4, Proposition 23.39]. We refer to [4, Section 23.4] for conditions
ensuring that zer M is nonempty. If M is maximally monotone, then one has the following
characterization for the set of its zeros

z € zer M if and only if (u — z,w) > 0 for all (u,w) € Gr M. (4)

The operator M is said to be vy-strongly monotone with v > 0, if (x — y,u — v) >
vz — y||? for all (x,u),(y,v) € GrM. Notice that if M is maximally monotone and
strongly monotone, then zer M is a singleton, thus nonempty (see [4, Corollary 23.37]).

The resolvent of M, Jy : H = H, is defined by Jy = (Id+M)~!, where Id : H —
H,Id(x) = x for all x € H, is the identity operator on H. Moreover, if M is maximally
monotone, then Jy; : H — H is single-valued and maximally monotone (cf. [4, Proposition
23.7 and Corollary 23.10]). For an arbitrary v > 0 we have (see [4, Proposition 23.18])

Jynt + v -1p-1 0y Id = 1d. (5)
The Fitzpatrick function associated to a monotone operator M, defined as

o HXH—=R, oy(z,u)= sup  {(z,0) + (y,u) — (y,v)},
(y,v)eGr M
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is a convex and lower semicontinuous function and it will play an important role through-
out the paper. Introduced by Fitzpatrick in [17], this notion opened the gate towards
the employment of convex analysis specific tools when investigating the maximality of
monotone operators (see [4-9,13,22] and the references therein). In case M is maximally
monotone, ¢y is proper and it fulfills

onv(z,u) > (z,u) V(x,u) € H x H,

with equality if and only if (z,u) € Gr M. Notice that if f : H — R, is a proper, convex
and lower semi-continuous function, then df is a maximally monotone operator (cf. [20])
and it holds (0f)~1 = df*. Furthermore, the following inequality is true (see [5])

poy(z,u) < fz)+ [ (u) V(z,u) € H X H. (6)

We refer the reader to [5], for formulae of the corresponding Fitzpatrick functions computed
for particular classes of monotone operators.

Let v > 0 be arbitrary. A single-valued operator M : H — H is said to be ~y-cocoercive,
if (x—y, Mz — My) > ~||Mx — Myl|? for all (z,y) € H x H, and «y-Lipschitz continuous, if
|Mz— My| < vl|lz—yl for all (z,y) € H xH. A single-valued linear operator M : H — H
is said to be skew, if (xz, Mz) =0 for all z € H.

We close the section by presenting some convergence results that will be used several
times in the paper. Let (x,)nen be a sequence in H and (Ag)ken a sequence of positive
numbers such that ),y Ax = +00. Let (z,)nen be the sequence of weighted averages
defined as (see [3])

1 n n
Zn = —Zkkajk, where Tn:Z)\k Vn € N. (7)
Tn
k=1 k=1

Lemma 1 (Opial-Passty) Let F be a nonempty subset of H and assume that the limes
limy, o0 ||2n—2|| exists for every x € F. If every weak cluster point of (xy)nen (respectively
(zn)nen) lies in F, then (xn)nen (respectively (zn)nen) converges weakly to an element in
F asn — 4o0.

The following result is taken from [3].

Lemma 2 Let (an)neN, (bn)nen and (en)nen be real sequences. Assume that (ap)nen S
bounded from below, (by)nen is nonnegative, (e, )nen € £ and ani1— an +by < &, for any
n € N. Then (an)nen is convergent and (bp)nen € £

2 Forward-Backward Penalty Schemes

The problem we deal with at the beginning of this section has the following formulation.

Problem 3 Let H be a real Hilbert space, A, B : H = H maximally monotone operators,
D : H — H an n-cocoercive operator with n > 0 and suppose that C' = zer B # (). The
monotone inclusion problem to solve is

0 € Ax + Dz + N¢(z).



The following iterative scheme for solving Problem 3 is inspired by [3].

Algorithm 4
Initialization: Choose x1 € H
For n € N: Choose w,, € Bx,
Set Tpt1 = Iy, a(xn — A Dxy, — A\pSnwy),

where (A, )nen and (B, )nen are sequences of positive real numbers. Notice that Algorithm
4 is well-defined, if dom B = H, which will be the case in Subsection 2.2, when B is
assumed to be cocoercive. For the convergence statement the following hypotheses are
needed

(1) A+ N¢ is maximally monotone and zer(A + D + N¢) # 0;
(Hyitz) § (ii) For every p € ran Ne, 3, ey Anfn {sgg B (u 5%) —oc (g;ﬂ < 005
(iii) (An)nen € €2\ 1.

Since A is maximally monotone and C is a nonempty convex and closed set, A + N¢ is
maximally monotone if a so-called regularity condition is fulfilled. We refer the reader
to [4,6-9,22,25] for conditions guaranteeing the maximal monotonicity of the sum of two
maximally monotone operators.

Further, as D is maximally monotone (see [4, Example 20.28]) and dom D = H, the
hypothesis (i) above guarantees that A + D + N¢ is maximally monotone, too (see [4,
Corollary 24.4]). Moreover, for each p € ran No we have

p p
sup u,— | —oc|—=—]>0VneN.
uGCSDB < Bn> </8n>

Indeed, if p € ran N¢, then there exists © € C such that p € No(w). This implies that

ilelgSOB <U, i) —ocC (é;) > <u’ﬁpn> —ocC (él) =0Vn eN.

Remark 5 Let us mention that, if Dz = 0 for all z € H and B = 0V, where ¥ : H — R
is a proper, convex and lower semicontinuous function with min ¥ = 0, then the monotone
inclusion problem in Problem 3 becomes (1), since in this case C' = argmin W. Moreover,
as ¥(z) = 0 for all z € C, by (6) it follows that condition (ii) in (H) implies condition (ii)
in (Hyi.), hence the hypothesis formulated by means of the Fitzpatrick function extends
the one given [3] to the more general setting considered in Problem 3. It remains an open
question to find examples of proper, convex and lower semicontinuous functions ¥ : H — R
with min ¥ = 0 for which (ii) in (H) is not fulfilled, while for B = 0¥ condition (ii) in
(H i) holds.

The results provided throughout this section and the techniques and ideas used for
proving them have been inspired by [3], however, they are here adapted and extended to
the general context of the monotone inclusion problem stated in Problem 3.



2.1 The general case

In this subsection we will prove an abstract convergence result for Algorithm (4), which
will be subsequently refined in the case when B is a cocoercive operator.

Lemma 6 Let (zp)nen and (wp)nen be the sequences generated by Algorithm 4 and take
(u,w) € Gr(A+ D+ N¢) such that w = v + p+ Du, where v € Au and p € No(u). Then
the following inequality holds for any n € N

st — ull® = [l — ul® 4+ A2y — 30| Dary — Du® <

2\ 0 [sup ©B <u, p) —oc <p>} + 3A%ﬁfl||wn|]2 + 3)\2\\Du + vH2 + 20\ (u — xp, w).
ueC Bn /Bn
(8)

Proof. From the definition of the resolvent of A we have % — Bnwp — Dxyy € Az
and since v € Au, the monotonicity of A guarantees

(xn—O—l — Uy, Tp — Tpt+1 — )\n(ﬂnwn + Dx,, + 'U)> >0VneN, (9)

thus
(U — Tn+41,Tn — xn+1> < )\n<u — Tni1, Bnwn + Dxp + U) Vn € N.

Further, since

1 1 1
(U = Tpt1, Tn — Tpg1) = §||5Un+1 - U||2 - §||xn - UH2 + §||5Un+1 - an2a
we get for any n € N

|01 = ul)? = |2 = ull® < 200 (u = Zp41, Bawp + Dan +0) = [|Tnt1 — 24
= 2\, (U — Xy, Brwy, + Day + 0) + 200 (X0, — Tt 1, Brwy, + Dy +0) — || @pp1 — 31:n||2
< 20 (u — xy, Bpwy + Dxy 4+ v) + Ai”ﬁnwn + Dz, + U||2
< 20 (U — T, Buwn + Dy +v) + 3X2 B2 |lw, ||> + 3A\2 || Du + v||? + 3\2|| Dy, — Dul|®.

Next we evaluate the first term on the right hand-side of the last of the above inequalities.
By using the cocoercivity of D and the definition of the Fitzpatrick function and that

wy, € Bz, and o¢ (6%) = (u, 4-) for every n € N, we obtain

2)\n<u — Tn, ﬂnwn + Dz, + U)
=2\, (u — Xy, Brwy, + Dxy +w — p — Du)
= 2>\n<u — Ty, Dy — DU> + 2)\n<u — T, Bpwy — p) + 2)\n<u - $naw>

= 2\ (u — xp, Dxyy — Du) + 20,5, <(u, W) + <:cn, ﬁp> — (Tp, wp) — <u, 6p>)
+ 2\ (U — Xy, w)

—2n\,||Dxy, — DuH2 + 2X\n0n [sup ©B (u, p) —oc (p)] + 20, (u — Ty, w).
ueC Bn Bn

This provides the desired conclusion. |

IN



Theorem 7 Let (z)nen and (wp)nen be the sequences generated by Algorithm 4 and
(2n)nen the sequence defined in (7). If (Hyir,) is fulfilled and (AnBn|wnl)nen € €2, then
(zn)nen converges weakly to an element in zer(A+ D + N¢) as n — +00.

Proof. As lim, 1o A, = 0, there exists ng € N such that 2n — 3\, > 0 for all n > nyg.
Thus, for (u,w) € Gr(A + D + N¢), such that w = v 4+ p + Du, where v € Au and
p € Nc(u), by (8) it holds for any n > ng

nr1 = ull? = [lzn —ul® <
2\ 0 [sug ©B <u, p) —oc <p>} + i’))\%ﬁ,21||wn||2 + 3>\3L\|Du + v||2 + 22 (u — Xy, w).
ue 10)
By Lemma 1, it is sufficient to prove that the following two statements hold:
(a) for every u € zer(A + D + N¢) the sequence (||zn — ul|)nen is convergent;
(b) every weak cluster point of (2, )nen lies in zer(A + D + Ng).

(a) For every u € zer(A 4+ D + N¢) one can take w = 0 in (10) and the conclusion
follows from Lemma 2.

(b) Let z be a weak cluster point of (z;,)nen. As we already noticed that A+ D + N¢
is maximally monotone, in order to show that z € zer(4A + D + N¢) we will use the
characterization given in (4). Take (u,w) € Gr(A + D + N¢) such that w = v + p + Du,
where v € Au and p € Ng(u). Let be N € N with N > ng + 2. Summing up for
n =mng+ 1,..., N the inequalities in (10), we get

N N no 0
HCCN—H - UH2 - Hxno-l—l - U‘HQ <L+2 <Z Apt — Z AnTp — Z At + Z AnTn, w> )
n=1 n=1 n=1 n=1

where

L=2 Y B [21618% (u Bpn) —oc (;)]

n>nog+1
+3 >0 ANBwal?+3 D A2|Du+ol? €R.
n>no+1 n>np+1

Discarding the nonnegative term ||y — u|? and dividing by 27x = 23N | A\ we
obtain

|#no1 —ul* _ L

_ < _
o = 2ry Tl avw),
where L := L+ 2(— Yo AU+ Y0 Ay, w) € R. By passing to the limit as N — +oo
and using that limy_, 1 74 = +00, we get

lim inf (u — > 0.

A infiu = 2y, w) 2
Since z is a weak cluster point of (zy)nen, wWe obtain that (v — z,w) > 0. Finally, as this
inequality holds for arbitrary (u,w) € Gr(A+ D + N¢), the desired conclusion follows. B



In the following we show that strong monotonicity of the operator A ensures strong
convergence of the sequence (x,)neN-

Theorem 8 Let (zp)nen and (wn)nen be the sequences generated by Algorithm 4. If
(Hitz) is fulfilled, (AnBullwn|)nen € €2 and the operator A is y-strongly monotone with
v > 0, then (zn)nen converges strongly to the unique element in zer(A + D + N¢) as
n — +00.

Proof. Let be u € zer(A+ D + N¢) and w = 0 = v + p + Du, where v € Au and
p € Neo(u). Since A is y-strongly monotone, inequality (9) becomes

(X1 — Uy Ty, — Tng1 — A (Bnwn + Dz 4+ 0)) > Ayl Tng1 — uH2 Vn € N. (11)
Following the lines of the proof of Lemma 6 for w = 0 we obtain for any n € N
29| Tn41 — uH2 + |41 — UHQ —lzn — UHZ + An(2n = 3An)||[ Dy, — DUH2 <

2\ n [sup OB <u, p) —oc <p>} + 3)\,2152||wn|]2 + 3)\?LHDU + vH2.
ueC Bn ,Bn

Thus, as lim;,_, 10 Ap = 0, there exists ng € N such that for all n > ng
29 A [ €41 = ul? + [@ns1 = ul® = fl2n — ul?

< Db [sup o <u g) oo (;’)} 1 3X2 82 | + 302 | Dt + o]

ueC
and, so,
2 2 p p
29 S Mallznss —ul? < Jang —ul+2 32 Auba [sup o5 <u5) oc (5)]
n>ng n>no ueC n n

+3 > A2B2[lwnll* + 3[[Du+v|? D> AL < +oo.

n>ng n=ng
Since ), cn An = 400 and (||z, — ul|)nen is convergent (see the proof of Theorem 7 (a)),
it follows lim,,— 4o ||z — u| = 0. |
2.2 The case B is cocoercive

In this subsection we deal with the situation when B is a (single-valued) cocoercive oper-
ator. Our aim is to show that in this setting the assumption (A, B,|/wn|)nen € £2 in The-
orem 7 and Theorem 8 can be replaced by a milder condition involving only the sequences
(A)nen and (Bn)nen. The problem under consideration has the following formulation.

Problem 9 Let H be a real Hilbert space, A : H = H a maximally monotone operator,
D : H — H an n-cocoercive operator with n > 0, B : H — H a p-cocoercive operator with
i > 0 and suppose that C' = zer B # (). The monotone inclusion problem to solve is

0 € Ax + Dz + No(z).

Algorithm 4 has in this particular setting the following formulation.



Algorithm 10
Initialization: Choose x1 € H
For n € N set: zp41 = Jy, a(xn — MDzp — A\ fBrBxy,).

Remark 11 (a) If Dx = 0 for every z € H and B = 0V, where ¥ : H — R is a convex
and differentiable function with p~!-Lipschitz gradient for ; > 0 fulfilling min ¥ = 0, then
we rediscover the setting considered in [3, Section 3], while Algorithm 10 becomes the
iterative method investigated in that paper.

(b) In case Bx = 0 for all x € H Algorithm 10 turns out to be classical forward-
backward scheme (see [4,14,24]), since in this case C' = H, hence N¢g(z) = {0} for all
zeH.

Before stating the convergence result for Algorithm 10 some technical results are in
order.

Lemma 12 Let be u € CNdom A and v € Au. Then for every e > 0 and any n € N we

have
lEnst — ull® = f2n — ll? + — |@mss — 2all® + — Ao (@n — u, Ban) <
1+¢ 1+¢
2

Proof. As in the proof of Lemma 6 we obtain for any n € N that

|Zn+1 — u||2 — ||z — u”2 + [[Tn41 — xnuz < 2X\(u — Tn1, Bn By + Dap +v) =
22X Bn{u — Ty, Bxy) + 20 0n Ty, — Tnp1, Bxy) + 2X (u — Tpp1, Dy + 0).

Since B is p-cocoercive and Bu = 0 we have that
(u — x,, Bx,) < —p||Bzy|* ¥n € N,

hence

2
fe)\nﬂn@ — &y, Bxy,) Yn € N Ve > 0.

2
2)\n/6n<u - xan$n> < _174/fe>\nﬁn”anH2 + 1

Inequality (12) follows by taking into consideration also that

2XnBn Ty, — Tpy1, Bry) < |Zni1 — znl|* + (1 + ) N2 52| Bz, ||* Vn € N Ve > 0.

1+¢
[ |

Lemma 13 Assume that limsup,, ,, o A\fBn < 2 and let be u € CNdom A and v € Au.
Then there exist a,b > 0 and ng € N such that for any n > ng it holds

[@n1 — UH2 — [l — U||2 ta (H$n+1 - anQ + AnBn{@n — u, Bry) + Anﬁn”Bl‘an) <
(bAZ — 2nA,) || Dz, — Dull® + 2Xn(u — 25, v + Du) + A2 | Du + v||?. (

—_

3)



Proof. We start by noticing that, by making use of the cocoercivity of D, for every € > 0
and any n € N it holds

At — Tpt1, Dxy + v)
= 2\ (xp — Tpy1, Dy + ) + 20\ (u — 2, Dy + 0)

2(1+¢
ST |Tnt1 — CL‘n||2 + (E))\iHDazn + v||2 + 2\ (u — xp, Dy + v)
4(1+¢)

)\ELHDxn — Du||2 +

€
+
€ 2 2
- A2 D+ o]+

4(1+¢
iy e — el L)

2(1
2\ (u — zp, Dz, — Du) 4+ 20, (u — zp, v + Du)

LA+e) A(1
e

+e
s = ol 2210, Dul? + D2 Do

€
< _ <
~2(1+e
2201 Dz — Dul|? 4 27 (u — @n, v + Du).
In combination with (12) it yields for every € > 0 and any n € N

R
T —

2e
|Zn1 _UH2 - Hxn_u||2+ +€)\nﬂn<xn_u> By,)

5Bl B
4(1
< b (14 D08 - ) Imal+ (F5EE - 20, ) D, - Du?
4(1
+2)\n<u—xn,v+Du>+(;_ag))\iHDu—i-vW.

Since limsup,, ., ., ABn < 2u, there exists a > 0 and ng € N such that A, 8, < a < 2pu
for any n > ng. Hence, for any n > ng and every € > 0 it holds

14¢ 1+ 1+4e¢
and one can take g9 > 0 small enough such that (1 4 ¢)a — 1+60 + 155 < 0. Taking
a= (1 +ao) and b = (1?0) the desired conclusion follows. |

Lemma 14 Assume that limsup,, , . A\fBn < 24 and limy, oo Ay = 0 and let be (u,w)
€ Gr(A+ D + N¢) such that w = v + p + Du, where v € Au and p € No(u). Then there
exist a,b > 0 and n1 € N such that for all n > ny it holds

A/n/ n
fesn =l = w4 a (s =00l + 257 (00 = Ban) + 3o B )
25 fpen (v o) oo ()] Do
< sup Uy —— + 20 (U — xp, w) + bA, || Du + v||”. 14
0 s o (2 o (4= o) + B Dut ol (14)

Proof. According to Lemma 13, there exist a,b > 0 and ng € N such that for any
n > ng inequality (13) holds. Since lim,, o, A, = 0, there exists n; € N,ny > ng such
that b)\% — 2nA, < 0 for all n > nq, hence,

|zn1 = ull® = [lzn —ul® + a (Hxn—i—l — &p||? + A (@n — u, Bry) + )‘nﬁn”anHQ)
< 2\ (u — xp, v 4+ Du) + bA2||Du 4 v||* Vn > ny.

10



The conclusion follows by combining this inequality with the subsequent estimation that
holds for any n € N:

2Mn(u — xp, v + Du) + a)\gﬁn (u — xy, Bxy)
= 2Xn(u — T, —p) + a)\gﬁn (u—an, Bxn) + 2An(u — &n, w)
o arnBn 4p 4p

arnBn 4p 4p
L) oo () |+ 220 — ).
5 Lpen (v 35) —oe (3)] 2wt o
]

Theorem 15 Let (x,)nen and (wn)nen be the sequences generated by Algorithm 10 and
(2n)nen the sequence defined in (7). If (Hyiz) is fulfilled and imsup,,_, o AnfBn < 24,
then the following statements are true:

(i) for everyu € zer(A+D+ N¢) the sequence (||zn,—u||)nen is convergent and the series
Snen lZns1—zn % Y ey AnBn(BEn, tn—u) and 3., . AnBn || Ban||* are convergent
as well. In particular limy, 4 o0 ||Tnt1 — xn|| = 0. If, moreover, liminf,, o An By >
0, then limy,—s 4 oo (BXy, Ty — u) = limy, 4o || Bxn|| = 0 and every weak cluster point
of (xn)nen lies in C.

(7i) (zn)nen converges weakly to an element in zer(A + D + N¢) as n — +00.

(iii) if, additionally, A is strongly monotone, then (zp)nen converges strongly to the
unique element in zer(A+ D + N¢) as n — +00.

Proof. For every u € zer(A+ D + N¢), according to Lemma 14, there exist a,b > 0 and
ny € N such that for all n > ny inequality (14) is true for w = 0. This gives rise via Lemma
2 to the statements in (i). As the sequence (A, )nen is bounded above, it automatically
follows that (A, Ba|| Byl )nen € £2. Hence, (ii) and (iii) follow as consequences of Theorem
7 and Theorem 8, respectively. |

Remark 16 Let us emphasize the fact that the results obtained in this subsection by
assuming that B is a cocoercive operator enables us to treat the more general case where
C is the set of zeros of an arbitrary maximally monotone operator.

Indeed, we consider in Problem 3 that C' = zer M # (), where M : H = H is a
(possibly set-valued) maximally monotone operator. The idea is to apply the results in
Subsection 2.2 to the operator B := Jy;-1 : H — H, which according to [4, Proposition
20.22, Corollary 23.10 and Proposition 4.2] is u-cocoercive with ;1 = 1. By noticing that
zer Jy—1 = zer M, we can address the monotone inclusion problem to be solved as a
problem formulated in the framework of Problem 9. Obviously, in the iterative scheme
given in Algorithm 10 the operator M will be evaluated by a backward step.

Further we will show that one can provide sufficient conditions for (ii) in (H f;;,) written
in terms of the Fitzpatrick function of the operator M. To this end we use the following
estimation for the Fitzpatrick function of Jy;-1, obtained by applying [5, Proposition 4.2],
a result that gives an upper bound for the Fitzpatrick function of the sum of two maximally

11



monotone operators in terms of the Fitzpatrick functions of the operators involved. Take
an arbitrary p € ran N¢o and v € C. We have for every n € N

Py <u, i) = Prd+M-1 <5pn’u) < ¢u (é;ﬁ) +op-1 (éjl,U) =

2
p p
a +QOM (’LL, > )
IBTL n

where we used the fact that ¢ (z,v) = 1 ||z + v||? for all (z,v) € H x H.
This means that the condition (ii) in (Hy;.) applied to the reformulation of Problem
3 described above is fulfilled, if we assume that ) Z\TZ < 400 and that for every

i

peranNg, D, ey Anbn [sup OM (u, 5%) —o¢ (é;)] < +00.
ueC

3 Tseng’s Type Penalty Schemes

In this section we deal first with the monotone inclusion problem stated in Problem 9
by relaxing the cocoercivity of B and D to monotonicity and Lipschitz continuity. The
iterative method we propose in this setting is a forward-backward-forward penalty scheme
and relies on a method introduced by Tseng in [23] (see [4,12,15] for further details and
motivations). By making use of primal-dual techniques we will be able then to employ the
proposed approach when solving monotone inclusion problems involving compositions of
maximally monotone operators with linear continuous ones.

3.1 Relaxing cocoercivity to monotonicity and Lipschitz continuity

We deal first we the following problem.

Problem 17 Let H be a real Hilbert space, A : H = H a maximally monotone operator,
D : H — H a monotone and n~'-Lipschitz continuous operator with n > 0, B : H — H
a monotone and p~'-Lipschitz continuous operator with u > 0 and suppose that C' =
zer B # (). The monotone inclusion problem to solve is

0 € Ax + Dz + N¢(z).

One can notice that we have relaxed the assumptions imposed on B and D in Problem
9, however, they are both maximally monotone, see [4, Corollary 20.25]. It is obvious
that an n-cocoercive operator with 1 > 0 is monotone and 1~ !-Lipschitz continuous, while
the opposite is not the case. It is well-known that, due to the celebrated Baillon-Haddad
Theorem (see, for instance, [4, Corollary 8.16]), the gradient of a convex and differentiable
function does not provide a counterexample in this sense, however, nonzero linear, skew
and Lipschitz continuous operators are monotone, but not cocoercive. For example, when
‘H and G are real Hilbert spaces and L : H — G is nonzero linear continuous, then
(z,v) — (L*v,—Lz) is an example in this sense. This operator appears in a natural way
when employing primal-dual approaches in the context of monotone inclusion problems as
done in [12] (see also [10,11,15,24]).

12



Algorithm 18
Initialization: Choose x1 € H
For n € N set: p, = Jy, aA(zn — A\nDxy — A5 Bxy)
Tn+1 = )\n/Bn(an - Bpn) + )\n(DQ:n - Dpn) + Pn;

where (Ay)nen and (Bpn)nen are sequences of positive real numbers.

Remark 19 If Bz = 0 for every = € H (which corresponds to the situation N¢(z) = {0}
for all z € H), then Algorithm 18 turns out to be the error-free forward-backward-forward
scheme from [12, Theorem 2.5] (see also [23]).

We start with the following technical statement.

Lemma 20 Let (zp)nen and (pp)nen be the sequences generated by Algorithm 18 and let
be (u,w) € Gr(A+ D + N¢) such that w = v+ p + Du, where v € Au and p € No(u).
Then the following inequality holds for all n € N:

MBr A2
s = ull? = o — ull? + (1 - (P4 2) ) I — pal?

< 2\ 0, [igg ©B <u éi) (/Bn>:| + 2 (u — pn, w). (15)

Proof. From the definition of the resolvent we have **~*» — 3, Bx,, — Dx,, € Ap, for
every n € N and since v € Au, the monotonicity of A guarantees

(Pn — U, Tn — pn — M(BpBayn + Dy +v)) > 0Vn €N,

thus
<U — PnyTn — pn> < <U — DPn, AnBnBxy + Ay Dz, + )\nv> Vn € N.

By using the definition of z,11 given in the algorithm we obtain

(U — pn, T — Pn)
< (U = Pny Tnt1 — Pn + AnBuBpn + AnDpn + Ayv)
= (U — Pny Tnt1 — Pn) + AnBn (U — Pn, Bpn) + An(w — pp, Dpn) + A (u — pp,v) Vn € N.
From here it follows

1
I2 = Sllan = wll® + 5k — pal?

1
5”“ — DPn
1 1
< Sl = pulP = S lhenss = ulP + 5 lonss — pal?
+ )\nﬁn<u — Pn, Bpn> + >\n<u — Dn, Dpn> + )\n<u - pn7U> Vn € N.
Since v = w — p — Du and due to the fact that D is monotone, we obtain for every n € N
|2nt1 = ul)® = [l — ul®

p
< Hmn—&-l _pn”2 - ”xn _pn||2 + 2\ 06n (<U7Bpn> + <pna /§> - <pn7Bpn> - <u7 B>>
+ 2)\n<u — Py Dpn — Du> + 2)\n<u — Pn; w>

< ensr — pall® = 12n — pal® + 27nfn {sup s ( ﬂ) _oc ( y )] 2l po).
ue n n
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The conclusion follows, by noticing that the Lipschitz continuity of B and D yields

AnBn AnBn

A
lEns1 — pall < +n"> 2 — pull ¥ € N,

A

lzn — pnll + le” — Pl = <
n

[ |

The convergence of Algorithm 18 is stated below.

Theorem 21 Let (2y,)nen and (pp)nen be the sequences generated by Algorithm 18 and
(2n)nen the sequence defined in (7). If (H i) is fulfilled and limsup,,_, , . (% + )‘7”) <
1, then (zp)nen converges weakly to an element in zer(A+ D + N¢) as n — +00.

Proof. The proof of the theorem relies on the following three statements:
(a) for every u € zer(A+ D + N¢) the sequence (||z, — u||)nen is convergent;

(b) every weak cluster point of (z/),cn, where

1 n n
z;:— Appr and Tn:Z)\k Vn € N,
™ =1 k=1

lies in zer(A + D + N¢);
(c) every weak cluster point of (zp,)nen lies in zer(A + D + N¢).

In order to show (a) and (b) one has only to slightly adapt the proof of Theorem
7 and this is why we omit to give further details. For (c) it is enough to prove that
limy,—s 4 oo ||2n — 2, || = 0 and the statement of the theorem will be a consequence of Lemma
1.

Taking u € zer(A+ D + N¢) and w =0 = v + p + Du, where v € Au and p € N¢(u),
from (15) we have

MBn An )2
lnsr — ull? = an — ull? + (1 - (M " ;) ) I — pal?

< 2M\fn Egg@B (u Bi) —oc (;ﬂ)] -

As limsup,, , (% + /\7") < 1, we obtain by Lemma 2 that >y [z, — pn? < 4o0.
Moreover, for any n € N it holds

n 2

> Aklax —pr)

k=1

Since (An)nen € €2\ €%, taking into consideration that 7, = S_p_; A\p = +00 (n — +00),
we obtain ||z, — z,|| = 0 (n = +00). |

2
1 n
/12 _
l2n — zplI” = <5 (; Akllzk —m\l)

n

:\]w‘ =

<

zﬂw‘ =
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As it happens for the forward-backward penalty scheme, strong monotonicity of the
operator A ensures strong convergence of the sequence (z,)nen.

Theorem 22 Let (zp)nen and (pp)nen be the sequences generated by Algorithm 18. If
(Hyitz) is fulfilled, limsup,, o (% + %) < 1 and the operator A is ~y-strongly mono-
tone with v > 0, then (zyn)nen converges strongly to the unique element in zer(A+ D+ N¢)
as n — +0o0o.

Proof. Let be u € zer(A+ D + N¢) and w = 0 = v + p + Du, where v € Au and
p € N¢(u). Following the lines of the proof of Lemma 20 one can easily show that

2 2 2 )\n/Bn )\n 2 2
29Anllpn = ull” A+ flen ey = ul” = flon —ul" 4+ { 1= ==+ 25 ) ) len = pal

iggwg <u, Bpn> —o¢ </§n>] Vn € N.

The hypotheses imply the existence of ng € N such that for every n > ng

< 2Anf0n

2 Anllpn — w2 + [2nst — w2 — [l2n — ul2 < 228 [sup o (u p) oo (p>] |
ueC 571 6n

As in the proof of Theorem 8, from here it follows that

> Aallpn — ul® < 0.

neN

Since (An)nen is bounded above and Y, v |2 —pn||* < +0c (see the proof of Theorem
21), it yields

o (0.9} oo
ZAonn - U||2 < QZAonn _an2 + QZ Anllpn — u”2 < +00.

n=1 n=1 n=1

As Y cnAn = +00 and (||z, — u||)nen is convergent, it follows limy, oo |2, —ul =0. W

3.2 Monotone inclusion problems involving compositions with linear
continuous operators

In this subsection we will show that the Tseng’s type penalty scheme investigated in the
previous section allows the solving of monotone inclusion problems with a more intricate
formulation. The problem under consideration is the following.

Problem 23 Let H and G be real Hilbert spaces, A1 : H = H and As : G = G maximally
monotone operators, K : H — G linear continuous operator, D : H — H a monotone and
n~1-Lipschitz continuous operator with n > 0, B : H — H a monotone and p~'-Lipschitz
continuous operator with g > 0 suppose that C' = zer B # (). The monotone inclusion
problem to solve is

0€ Ajz+ K*AyKx + Dx + Ne(x).
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We use the product space approach (see [4,10-12,15]) in order to show that the above
problem can be reformulated as the monotone inclusion problem treated in Subsection 3.1
in an appropriate product space. To this end we consider the real Hilbert space H x G
endowed with the inner product

{(z,v), (@, ")) xg = (x, 2"V + (v,0")g V(x,v), (z/,v) € H x G

and corresponding norm. We define the following operators on ‘H x G. For (z,v) € H X G
we set

A(z,v) = A1z X Ay, D(z,v) = (Dz + K*v, —Kz), B(z,v) = (Bz,0)
and, for C=CxG= zeré,
Ng(z,v) = Ne(x) x {0}.

One can easily show that if (z,v) € zer(;l—i—ﬁ—i—Na), then z € zer(A1 + K* Ay K+ D+ N¢).
Conversely, when = € zer(A; + K*A3K + D + N¢), then exists v € AyKx such that
(z,v) € zer(A+ D + Ng). Thus, determining the zeros of the operator A+ D+ Ng will
provide a solution for the monotone inclusion problem in Problem 23.

One has that A is maximally monotone (see [4, Proposition 20.23]), D is monotone and

n-Lipschitz continuous, where 77 = /2 (?7% + | K ||2> and B is monotone and p~!-Lipschitz

continuous. All these considerations show that we are in the context of Problem 17, thus,
in order to determine the zeros of A+ D + Ng, we can use Algorithm 18, the iterations of
which read for any n € N as follows:

(Pn, Qn) = J)\ng [(xny 'Un) - )\nﬁ(xny 'Un) - )\nﬁné(xny 'Un)}
(xn+1avn+1) = A\nfn [E(fvm Un) - E(pn, Qn)] + A\ [ﬁ(xmvn) - f)(pm%z) + (pna Qn)-

Since J, 7(w,v) = (J)\Al(:lf),J)\A;l(’U)) for every (x,v) € H x G and every A > 0
(see [4, Proposition 23.16]), this gives rise to the following iterative scheme.

Algorithm 24
Initialization: Choose (z1,v1) € H X G

For n € N set: p, = Jy, 4, (azn — M (Dxy + K*vy) — )\nﬂann>

Tpi1 = MaBn(Bxy — Bpp) +An(Dxp — Dpp) + A K* (v — qn) + Pn
Un+1 = )\nK(pn - J:n) + qn,

where (A\,)nen and (Bpn)nen are sequences of positive real numbers. For the convergence
of this iterative scheme the following hypotheses are needed:

(i) A1 + Ng¢ is maximally monotone and zer(A; + K*AsK 4+ D + N¢) # 0;
(H;ft’zp) (i) For each p € ran(N¢), >, cn Anbn [Sug B (u, 5%) —oc (é;)} < 4005
ue
(ii1) (An)nen € €2\ 1.
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One will see that (H;‘ng ) implies the hypotheses (H f;;,) formulated in the context of the
monotone inclusion problem of finding the zeros of A + D + Ng. Indeed, hypothesis (i)
in (If;';gi ) guarantees that A + Ng is maximally monotone and, as already seen, that
zer(A+ D + Ng) # 0. Further, we have for all (z,v), (2/,v") € H x G that

_ AN ‘PB(‘T’:U/)’ if v' =0,
@B((l'av)a (2, v )) - { +o00, otherwise

and

~ _ oc(z), ifv=0,
og(z,v) = { +o00,  otherwise.

Moreover, ran Nz = ran N¢ x {0}. Hence, condition (ii) in (H}:?;an) is nothing else than

~ , (p,p’)>_ ~((p,p’))
a0, 55 o (5

The following convergence statement is a direct consequence of Theorem 21 and Theorem
22.

for each (p,p’) € ran(Ng), Z AnfBn < 4-00.

neN

Theorem 25 Let (z)nenN, (Un)neN, (Pn)nen and (qn)nen be the sequences gemerated by
Algorithm 24 and (zn)nen the sequence defined in (7). If (H;(;gp) is fulfilled and

nH~n 1
lim sup (A 5 + )\n\/Q (2 + HK||2)> <1,
n—+o00 2 n

then (zn)nen converges weakly to an element in zer(Ay + K*AsK + D+ N¢) as n — +o0.
If, additionally, A1 and A;l are strongly monotone, then (xy)nen converges strongly to
the unique element in zer(A; + K*AsK + D + N¢) as n — +oo.

Remark 26 We applied the forward-backward-forward penalty scheme in the product
space in order to solve monotone inclusion problems where also compositions with linear
continuous operators are involved. Let us underline the fact that, even in the situation
when B is cocoercive and, hence, B is cocoercive, the forward-backward penalty scheme
in Algorithm 10 cannot be applied in this context, because the operator D is definitely
not cocoercive. This is due to the presence of the skew operator (z,v) — (K*v, —Kx) in
its definition. This fact provides a good motivation for formulating, along the forward-
backward penalty scheme, a forward-backward-forward penalty scheme for the monotone
inclusion problem investigated in this paper.

Remark 27 In the particular case Dx = 0 for every x € H and Bx = 0 for every x € H
(which corresponds to the situation when N¢(z) = {0} for every z € H) Algorithm 24
turns out to be the error-free case of the forward-backward-forward scheme proposed and
investigated from the point of view of its convergence in [12, Theorem 3.1].
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