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Abstract. We incorporate inertial terms in the hybrid proximal-extragradient algorithm
and investigate the convergence properties of the resulting iterative scheme designed for
finding the zeros of a maximally monotone operator in real Hilbert spaces. The convergence
analysis relies on extended Fejér monotonicity techniques combined with the celebrated
Opial Lemma. We also show that the classical hybrid proximal-extragradient algorithm
and the inertial versions of the proximal point, the forward-backward and the forward-
backward-forward algorithms can be embedded in the framework of the proposed iterative
scheme.
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1 Introduction

The problem of numerically approaching the set of zeros of a maximally monotone operator
in real Hilbert spaces is a topic of relevance for research communities working in differ-
ent mathematical areas, like partial differential equations, evolution systems and convex
optimization, with wide applications to real-life problems as in image processing, signal
recovery, classification via machine learning, location theory, average consensus in network
coloring, clustering, etc.

The classical iterative scheme for solving this problem is the proximal point algorithm
(see [23]):

2" = (1d +¢,7) " Hb) vk >0,

where T : H = H is a maximally monotone operator, H is a real Hilbert space, Id is the
identity operator on ‘H and (cg)ken is a real sequence fulfilling liminfy . cx > 0. In
case zerT = {x € H : 0 € Tz} # (), the above algorithm weakly converges to a point in
zer T, no matter how the staring point z° € H is chosen.
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Following the ideas from [13], developed in the context of dealing with variational
inequalities, and [27], the following hybrid proximal-extragradient algorithm has been pro-
posed in [26]:

Algorithm 1 Choose 2° € H, o € [0,1) and (ci)ren such that ¢ > ¢ > 0 for all k € N.
For all k € N consider the following iterative scheme:

(i) for some ), >0, choose v* € TEH (y*) such that

llexo™ + y* — 2®||* + 2epep < 0®||y* — 2%

(ii) define x*+1 = zF — cpo®.

In the above iterative scheme, Tl€l : H =t H denotes the e-enlargement of the operator
T. Tt is shown in [26] that the sequence (2*)reny weakly converges to a point in zer T', pro-
vided this set is nonempty. We refer the reader to [19] for iteration complexity results and
also to [25] for a more general treatment of the hybrid-type proximal-extragradient meth-
ods. Several classical algorithms from the literature, like the classical proximal point, the
forward-backward and the forward-backward-forward algorithms can derived as particular
instances from the hybrid proximal-extragradient iterative scheme. Let us notice that the
forward-backward and the forward-backward-forward (see [28]) algorithms are designed for
finding the zeros of the sum of two maximally monotone operators, one of them being
single-valued, their formulations depending whether the single-valued operator is cocoer-
cive or (only) monotone and Lipschitz continuous. The book [5] is an excellent reference
for anyone interested in proximal algorithms.

In this paper we will focus on the class of so-called inertial prorimal methods, the
origins of which go back to [1,3]. The idea behind the iterative scheme relies on the use
of an implicit discretization of a differential system of second-order in time and it was
employed for the first time in the context of finding the zeros of a maximally monotone
operator in [3]. One of the main features of the inertial proximal algorithm is that the
next iterate is defined by making use of the previous two iterates. It also turns out that
the method is a generalization of the classical proximal point one (see [23]). Since its
introduction, one can notice an increasing interest in the class of inertial type algorithms,
see [1,3,4,8-10,15,17, 18,20, 21]. Especially noticeable is that these ideas where also
used in [20] in the context of determining the zeros of the sum of a maximally monotone
operator and a (single-valued) cocoercive operator, giving rise to the so-called inertial
forward-backward algorithm. We also notice that an inertial forward-backward-forward
algorithm has been proposed in [8] for the same problem in case the single-valued operator
is monotone and Lipschitz continuous.

In this note we propose a hybrid proximal-extragradient algorithm with inertial and
memory effects. The convergence of the iterative scheme relies on extended Fejér mono-
tonicity techniques adapted to the needs of the inertial-type numerical scheme. Moreover,
we also show, like in [25], that the classical hybrid proximal-extragradient algorithm, the
inertial proximal point algorithm and the inertial versions of the forward-backward and
forward-backward-forward algorithms can be derived from the inertial hybrid proximal-
extragradient scheme proposed in the paper.



2 Preliminaries

In this section we recall some notations and results in order to make the paper self con-
tained. For the notions and results presented as follows we refer the reader to [5-7,12,
16,24]. Let N = {0,1,2,...} be the set of nonnegative integers. Let H be a real Hilbert
space with inner product (-,-) and associated norm || -|| = \/(-,-). The symbols — and —
denote weak and strong convergence, respectively.

For an arbitrary set-valued operator T' : ‘H = H we denote by GrT = {(z,u) €
HXH:ue Ta}its graph, by domT = {x € H : Tx # 0} its domain, by ranT = UyeyTx
its range. We use also the notation zerT = {x € H : 0 € Tz} for the set of zeros
of T. We say that T is monotone if (x — y,u —v) > 0 for all (z,u),(y,v) € GrT.
A monotone operator T is said to be mazimally monotone, if there exists no proper
monotone extension of the graph of T on H x H. The resolvent of T, Jr : H = H, is
defined by p € Jpx if and only if (p,z—p) € GrT. Moreover, if T' is maximally monotone,
then Jr : H — H is single-valued and maximally monotone (see [5, Proposition 23.7 and
Corollary 23.10]).

Let v > 0. A single-valued operator A : H — #H is said to be 7y-cocoercive if (z —
y, Ax — Ay) > || Az — Ay||? for all (z,y) € H x H. Moreover, A is v-Lipschitzian if
|Az — Ay[| < vl|z — y| for all (z,y) € H x H.

Let T : H = H be a monotone operator and € > 0. The e-enlargement of 7', denoted
by Tlel : H = #, is defined by

TE (@) ={ueH: (x—y,u—v)>—cV(y,v) e GrT}.

Introduced in [13], this notion proved to possess fruitful properties in connection with
the theory of monotone operators [11,12,14], being used also in the formulation of sev-
eral numerical schemes of proximal-type. The following properties, which will be used
throughout the paper, have been taken from [25].

Proposition 2 Let T,T1,T5 : H = H be mazimally monotone operators and A : H — H
be y-cocoercive, where v > 0. The following hold:
(i) T =T,
(ii) if 0 < g1 < &9, then TIEU(x) C T (2) for all 2 € H;
(i) if wy € TN (zy) for all k € N, 2, — x, ug, — u and e, — €, then v € T (x);
(iv) Tl[al](x) + Tgaz](x) C (T) + Ty)lErte2l(z) for all x € H and e1,e9 > 0;

(v) Az € AlE(x), for all x,z € H, where ¢ = w.

We close this section by presenting two convergence results which will be crucial for
the proof of the main results in the next section.

Lemma 3 (see [1-3]) Let (¢r)ken, (0 )ken and (ax)gen be sequences in [0, +00) such that
Or1 < @k 4 ar(pr — Pr—1) + 0k for all k > 1, 3, 0k < +00 and there exists a real
number o with 0 < o, < a < 1 for all k € N. Then the following hold:

(i) 2opziler — wraly < +oo, where [ty = max{t,0};

*

(ii) there exists p* € [0,+00) such that limg_, 40 pr = ©*.

Lemma 4 (Opial, see for example [5]) Let C be a nonempty set of H and (z*)ren be a
sequence in H such that the following two conditions hold:



(a) for every x € C, limy_, o ||2F — || exists;
(b) every sequential weak cluster point of (x*)nen is in C;

Then (zF)ren converges weakly to a point in C.

3 An inertial hybrid proximal point algorithm

This section is dedicated to the formulation of an inertial hybrid proximal-extragradient
algorithm and the convergence analysis of it. The iterative scheme we propose for finding
the zeros of a given maximally monotone operator 1" : H = H has the following form.

Algorithm 5 Choose 2°, 21, 22,4 y*, vt € H, 0,0 >0, ¢ > 0, (ck)k>1 and (ax)g>1 such
that
c.>c>0 VkE>1,

0<a<a Vk>1

and
a5 +40?) + 0% < 1. (1)

For every k > 2 consider the following iterative scheme:

(i) for some ), >0, choose v* € TEH (y*) such that

2ckER + Hckvk +yF — aF — g (aF — xk_l)HQ-l-

k-1 xkfl xkfl . xk72)||2

4ozkHck_1vk71 +vy - ak—l(

< o?lly* = aF | + dago® |yt = 2%

(ii) define 2*1 = 2% + ay, (2% — 2F71) — ok

3.1 Relation to other splitting algorithms from the literature

Before analyzing the convergence of the above algorithm, we show that several algorithms
from the literature can be embedded in the setting of this inertial hybrid scheme, by
following some techniques from [25].

(i) The hybrid prozimal-extragradient algorithm (see [26]) presented in Algorithm 1
follows by taking o = 0, which enforces ag = 0 for all k& > 1.

(ii) The inertial prozimal point algorithm (see [3]) for finding the zeros of T" reads:

gkt = JckT(wk + oy (xF — :Ek_l)) Vk > 1, (2)

where 0 < ap, < a < % for every k > 1.
By taking in Algorithm 5 ¢ = 0, we obtain for every k > 2 that g, = 0 and y* =
¥ + oy (aF — 2P — o = 2P Since vF € TI(y*) we derive from Proposition 2(i)

ok — gt 4 ak(xk — xk_l) = cpvF € e TyF = ¢ T* 1,

which, by the definition of the resolvent, is nothing else than the iterative scheme (2)
starting with k£ = 2.



(iii) The inertial forward-backward algorithm for finding the zeros of T':= A+ B, where
A : H — H is a y-cocoercive operator with v > 0 and B : H = H is a maximally monotone
operator reads in the error-free case (see [20]):

" =J. B (a:k — e AxF + o (aF — xkil)) Vk > 1, (3)
where for o, 0 > 0 fulfilling (1) it is assumed that 0 < o, < @ and 0 < ¢ < ¢ < 2702 for

every k > 1.
Considering (2*)ren the sequence generated by (3), for every k > 1 we define:

ok i(l,k gty g QR gk kel
Cl Cl
yF = gkt
ka+1 _ ka2
= —47
2 _ Q% k k—112
= % — 2"

€ = €,1€ —1—5%

Let k > 2 be fixed. By the choice of v¥, the equality (ii) in Algorithm 5 is obviously
verified. Moreover, from (3) we derive that v* € Ax* + Bah+!,
From (i)-(ii) and (iv)-(v) in Proposition 2 we get

oF e A[s}c](karl) + Bkt QA[E’lﬁ](xk+1) + B[si](xk+1) C
(A + B)lErl(gF+1y = Tlerl (gh+1y = pleed (Fy,

Finally, we show that the inequality in Algorithm 5(i) holds. By the choices we met
we have ¢;v! + y! — 2! — ay(2! — 2/~1) = 0 for all I > 1, hence
2cker + |lexv® + yF — ¥ — ag (2 — 2F7H )P+

k—1 l'k_l k-1 xk—2)H2

4ak.||ck_lvk_1 +y —ag_1(x = 2cpep < dyoley, =

ot — a2+ dago? 2t — 2P = Py — 2| + dago?lyt Tt — 2,

(iv) Finally, we consider the inertial forward-backward-forward algorithm (see [8]) for
finding the zeros of T := A + B, where A : H — H is a monotone and B-Lipschitz
continuous operator with 8 > 0 and B : ‘H = H is a maximally monotone operator.
According to [8] (see also [8, Remark 6]) this has the following iterative scheme:

k _ k _ k k _ k-1
{ Yy = JCkB[x cpAzx +Oék(.%' Z )] Vk > 1,

2 =y g Ak — AyF),

1-5a—02(4a+1)
2(02+1)

for av,0 > 0 fulfilling (1) and & > 0 chosen such that <7 < 59 it s

assumed that 0 < ap < acand 0 <c< ¢ < % i;i%gi?

for every k > 1.



Consider the sequences (z¥)reny and (y*)ren generated by this algorithm. For every
k > 1 we define:

EL — 0
1

b= = (aF — k) — Az 4 %(mk — gk,
Ck Ck

ok = Ayk+bk

k= o + oF — 2F — ak(mk —zF 1),

Let & > 2 be fixed. The definition of the resolvent yields b* € By*, hence v* € Ty".
Further, from the definition of b* we get

k= e AyF + b + yF — 2F — ak(mk - mk_l) = ck(Ayk - Axk),

hence
2L = gk 4 (Azk — AgR) = oF — ok = ok g (e — 2L — et

and the update rule in Algorithm 5(ii) is verified. In what concerns the inequality in

Algorithm 5(i), we notice first that \/% < 0 < 1. By using the fact that A is

B-Lipschitz, we get

k Oék(l‘k . xk:fl)HQ_’_

k—1 k-1 k=1 k—2y)2

- -z )]

2cLER + Hckvk +yF —x
dagley 10" 4y —ap—1(z HIP A+ dag |t =
lle(Ay* — Az®)||* + deglep—1 (Ay" " — AaP 1P <

i Bly" — a® | + daci 1 B2 |lyt T — 22 <

T

= |Ir

o?|ly* -

3.2 Convergence analysis

In this subsection we prove the convergence of the proposed inertial hybrid proximal-
extragradient algorithm.

Theorem 6 Let T : H = H be a mazimally monotone operator such that zerT # ().
Consider the sequences generated by Algorithm 5, where (ax)g>1 is supposed to be non-
decreasing and we either take oy = 0 or x' = z°. Then the following statements are
true:

(1) Yopen Iz = 2*? < too, Ypenllz? = ¥*1? < Hoo, Yoy 08 < 400 and
ZkZQ e < 00,

(ii) (x¥)pen converges weakly to an element in zer T.

Proof. We fix an element z € zerT" and k > 1 and make the following notations

k

T :ckvk+yk—xk

_ 1
— ag(a® = 2*71) and g = la — 2.
By the update rule in Algorithm 5(ii) one obviously has

Pk =gk gkt (4)



Since v* € Tl (y*) and 0 € Tz, the definition of the enlargement yields the inequality
<vk,yk —2) > —¢p.

Multiplying it with —¢;, and taking into account Algorithm 5(ii) and (4) we derive

<xk+1 — b - ak(mk — gFl) gk — z) < cpeg + <ckvk, rk>. (5)

Let us take now a look at the left-hand side of the above inequality. We have

<l’k+1 _ xk‘ _ ak(xk: - xkz—l)’xk-i-l - z>

= (2Pt — gk 2R oy — g ((af — 2P ek — o) 4 (@F — 2R 2R — k)
1

1 _ _
— 5”$k+1_$k”2+90k+1_§0k_05k <2ka _ l‘k 1H2 _'_ka — Pr_1 + <$k —Ik 1,1,‘k+1 —$k>>

1 Qg _ _
= Pk+1 —sﬁk—ak(¢k—¢k—1)+§”$k+l —1‘kH2— 7H$k—ﬂ3k 1||2—04k($k—$k la gt —$k>-

The term (c,v*,7%) in the right-hand side of (5) can be written as
(ext®, %) = (2 4 agp(a — aF1) = L gk gk
— (kL R Ry g (R gkl gk gty
St — 2 22 = Dt — g7 et - b g — 2

Consequently, (5) can be equivalently written as

_ O _
Pra1 — ok — ar(pr — ro1) < ola® — 2P yF — ¥y 4 7”3:’“ —zF 12
1 1
+Ck5k+§||rk”2_ §Hﬂ?k—ka2- (6)
Further,
_ (677 _ _ Qg
o — 2y — oh) £ B o aF N2 < ot — T2 4 g o2
_ _ _ ay,
< 205 (| 2t =y ) + Yt - 2t

and from (6) we obtain

ap — 1

Phat — Pr — (k= Pr1) < 2% = ¥ + 20 [a* ! =P

1 _
+0k5k+§HT’kHQ+20€kH7“k 2. (7)
On the other hand, the inequality in Algorithm 5(ii) yields

R [T T [ (8)

Lookp2 ko1y2 . O°
Ck5k+§||7“ 1%+ 20 [[r" 17 < -y

2

hence from (7) we get

1—ak—02

5 Il = o7 + 200 (1 4+ o) 2 =y (9)

Or1— Pk — ar(Pr — Pr—1) < —



(i) For the proof of this statement we are going to use some techniques from [3]. We
define the sequence

pk = ok — ko1 + 20 (1 + 0”) |2 — )P VE > 1
Using the monotonicity of (o )xr>1 and the fact that ¢ > 0 for every k£ > 1, we get
M1 — k< Pkt — ok — ok (Pr — Pr-1)
+ 201 (14 0%)[Ja® = yF|P — 20 (1 + 0®) |2 = 512,
which gives by (9)
2

1—Oék—O'

Mkﬂ—uké—( 5

—2%Ha+v%)mﬁ—wka2L (10)

The upper bound requested for (oy);>1 and (1) shows the inequality

1— oy —o? 1—a(5+402) — o2
%—mm(ucy?)z o +2U) 7 S 0vk>1, (11)
thus ( ) )
l—ab+40°)—0c
ot — i < )= k2 vk 1, (12)

2

The sequence (fix)r>1 is nonincreasing and the bound for (ag)r>1 delivers

—app-1 < Pk — app—1 < pp < py Yk > 1 (13)
‘We obtain
=
o < g +M120/ < afypy+ vk > 1,
= 11—«

where we notice that p; > 0. Indeed, in case a; = 0 one has pu; = 1 > 0, while in
the case ' = 20 we have 1 = @ and p; = 1 — arpo + 2a1(1 + 02|20 — 0| >
(1 — a)po + 201 (1 + 02)||2° — 3°||2 > 0 due to (1). Combining (12) and (13) we get for

every n > 1

1—a(5+40?%) — o2
2

M1
1—a’

n
D 2" = 1P < 1 — pngr < 4 apn < 0"+
k=1

which shows that >,y [|2F — y*||? < +oc.

The fact that >, -, e, < 400 follows now from (8), since ¢;, > ¢ and «aj, < « for every
k > 1. Notice that from (8) we deduce also that >~ [[7*||> < +oc. Further, from (4)
we have Y1 [|af T — 2F(12 <2 (5, [I7F)1% + Yoh; lv* — 2*||?) for every n > 1, hence
> ken 1287 — 2F||? < +oo. Finally, from Algorithm 5(ii) we derive that >, [[v*[|* <
+00.

(ii) In order to prove this statement we are going to use Lemma 4. We shown above
that for an arbitrary z € zer T the inequality (9) is true. By (11) we get

Ori1 — or — @k — r_1) < 200(1 + 0?)||zF 1 — A2 Ve > 1 (14)



and from Lemma 3 and part (i) it follows that limg_,, o [|z¥ — 2| exists. On the other
hand, let = be a sequential weak cluster point of (z¥)zcy, that is, this sequence has a
subsequence (z7),cy fulfilling 2% — 2 as n — +o00. Since ¥ — y¥ — 0 as k — +o0, we
get yFr — 2 as n — +oo. Further, we have vfn € TlErl(ykn) vhn — 0 and ef» — 0 as
n — +o00, hence from Proposition 2(iii) and (i) we deduce 0 € Tz, thus x € zerT. By
Lemma 4, (2¥)ren converges weakly to an element in zer T'. |

Remark 7 By arguing in a similar manner as for Algorithm 5, one can prove the conver-
gence of the following inertial-type hybrid proximal-extragradient algorithm, as well:

Algorithm 8 Choose 2°, 2, 22,4 y*, vt € H, 0,0 >0, ¢ > 0, (ck)k>1 and (ax)k>1 such
that
c.>c>0 VkE>1,

0<ap<a Vk2>1

and
5a+ 0% < 1. (15)

For every k > 2 consider the following iterative scheme:

(i) for some e}, > 0, choose vF € TIEkl(y*) such that

2ckER + ||ckvk +yF— 2k — ak(xk — $k_1)||2+

4ak\|ck,1vk*1 + ykfl . xkfl . Oékfl(l'kfl . xka)HQ < UZHyk . LI?kHQ;

(ii) define xFT1 = 2% + ay (2% — 2F71) — b,

The differences between the two iterative scheme are in the relations (1) and (15) and the
two inequalities in the statements (i), respectively. The hybrid proximal-extragradient, the
inertial prorimal point and the inertial forward-backward algorithms can be rediscovered
as particular instances of this iterative scheme, too (notice that for the latter on needs to
take 5% =0,k > 1). However, the inertial forward-backward-forward algorithm cannot be
embedded in Algorithm 8 and this is why we opted in this paper for the inertial version
provided in Algorithm 5, despite its more complex formulation.
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