Solving monotone inclusions involving parallel sums of
linearly composed maximally monotone operators

Radu Ioan Bot; ! Christopher Hendrich 2

April 28, 2016

Abstract. The aim of this article is to present two different primal-dual methods for
solving structured monotone inclusions involving parallel sums of compositions of maxi-
mally monotone operators with linear bounded operators. By employing some elaborated
splitting techniques, all of the operators occurring in the problem formulation are pro-
cessed individually via forward or backward steps. The treatment of parallel sums of
linearly composed maximally monotone operators is motivated by applications in imag-
ing which involve first- and second-order total variation functionals, to which a special
attention is given.
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1 Introduction

In applied mathematics, a wide variety of convex optimization problems such as single-
or multifacility location problems, support vector machine problems for classification and
regression, problems in clustering and portfolio optimization as well as signal and image
processing problems, all of them potentially possessing nonsmooth terms in their objec-
tives, can be reduced to the solving of inclusion problems involving mixtures of monotone
set-valued operators. Therefore, the solving of monotone inclusion problems involving
maximally monotone operators continues to be one of the most attractive branches of
research (see [1,3,5,6,9,12,13,15-24,26-29]).

1.1 Motivation

The problem formulation we consider in this article is inspired by a real-world application
in image denoising, where first- and second-order total variation functionals are linked via
infimal convolutions in order to reduce staircasing effects in the reconstructed images.
Let b € R™ be the observed and vectorized noisy image of size M x N (with n = MN
for greyscale and n = 3M N for colored images). For k € N and w = (wy,...,wg) € Rf“H
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we consider on RF¥*™ the following norm defined for y = (y1,...,yx)T € RF*" as
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where addition, multiplication and square root of vectors are understood to be componen-
twise. Further, we consider the forward difference matrix

-1 1 0 0 - 0
-1 1 0 - 0

Dy = : R D e RFXE
0 0 -1 1 o0
0 0 0 -1 1
0 0 0 0 0

which models the discrete first-order derivative. Note that —DED;~C is then an approxi-
mation of the second-order derivative. We denote by A ® B the Kronecker product of the
matrices A and B and define

D
D, =1Iny® Dy, Dy:DN®IMandD1=[Dx], (1.1)
Y
where D, and D, represent the vertical and horizontal difference operators, respectively,
and Iy and Iy are the identity matrices of sizes N and M, respectively. Further, we
define the discrete second-order derivatives matrices

(1.2)

D
Dyy = IN @ (=D3;Dyr), Dyy = (—DYDn) @ I, Dy = l v 1

Dyy

and

-DI 0
Ll_[ 0 —DyT]

and notice that Dy = L1D;. This approach was initially proposed in [14] and further
investigated in [27]. We refer the reader to [27] for other discrete second-order derivatives
involving also mixed partial derivatives (in horizontal-vertical direction and vice versa).

The reconstructed image is obtained by solving one of the following convex optimization
problems (see [27, Example 2.2 and Example 3.1])
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respectively, where aj,as € Ry, are the regularization parameters and the regularizers
correspond to anistropic total variation functionals.

This is the reason why we are going to treat the following more general primal-dual
pair of complexly structured convex optimization problems.

Problem 1.1. Let H be a real Hilbert space, z € H and f, h € T'(H) such that h
is differentiable with p-Lipschitzian gradient for u € Ry;. Furthermore, for every i =
1,...,m, let G;; X;, ); be real Hilbert spaces, r; € G;, let g; € I'(X;) and I; € T'();)



and consider the nonzero linear bounded operators L; : H — G;, K; : G; — &; and
M; : G; — V;. We want to solve the primal optimization problem

inf {f(x) + g ((gz o K;)O(ljo MZ)> (Lix — 1) + h(z) — (z, 2) } (1.5)

z€H

together with its conjugate dual problem

sup { —(f*Ohr") (Z - ZLfopz) > [91 pi) + 1 (q) + <pz‘,Ki7’z‘>]}-
(p,9)EXBY, i=1 i=1
Krpi=M}q;, i=1,...m

(1.6)

By R4+ we denote the set of strictly positive real numbers and by Ry := R4 U {0}.
For a function f : H — R := R U {400}, where # is a real Hilbert space, we denote by
dom f:={z € H: f(x) < +oo} its effective domain and call f proper, if dom f # @& and
f(x) > —oo for all x € H. We let

[(H):={f:H — R | f is proper, convex and lower semicontinuous}.

The conjugate function of fis f* : H — R, f*(p) = sup {(p,z) — f(x) : x € H} for all
p € H, and, if f € T'(H), then f* € T'(H), as well. For a linear bounded operator
L :H — G, where G is another real Hilbert space, the operator L* : G — H defined via
(Lz,y) = (x, L*y) for all z € H and all y € G denotes its adjoint.

Having two proper functions f, g : H — R, their infimal convolution is defined by
fOg:H =R, (fOg)(x) =infyey {f(y) + g(x —y)} for all z € H. If f and g are convex,
then fOg is convex, too.

In order to solve the primal-dual pair of optimization problems (1.5)-(1.6), we will ac-
tually solve the corresponding system of optimality conditions (see (3.2)), which is nothing
else than a system of monotone inclusions with a complex and intricate structure. This
motivates the investigation of the following primal-dual pair of monotone inclusion prob-
lems.

Problem 1.2. Let # be a real Hilbert space, z € H, A : H — 2™ a maximally monotone
operator and C' : H — H a monotone p~!'-cocoercive operator for € R, ;. Furthermore,
for every i = 1,...,m, let G;, &X;, ); be real Hilbert spaces, 7; € G;, B; : Xi — 2% and
D; : Vi — 2% be maximally monotone operators and consider the nonzero linear bounded
operators L; : H — G;, K; : G; — X; and M; : G; — V;. We want to solve the primal
inclusion

m
find T € H such that z € AT —I—Z L;‘((KZ* o Bjo K;)O(M; oD;o Mz))(Lﬁ —1;) +CT
i=1
(1.7)

together with its dual inclusion
z— > LIK:p; € Ax Il— Cz,
Ki(Lix —9y; —r;) € B, b, i=1,....m

My, € D;'g,i=1,...,m
Kz*iz = Mz*qz,l = ].7 L)

T)Z' S /Y“Z = 1, ey,
find g, € V;,i =1,...,m, such that 3z € H :
gi € gz,l = 1, ey m,

(1.8)



We propose in this paper two iterative methods of forward-backward and forward-
backward-forward type, respectively, for solving this primal-dual pair of monotone inclu-
sion problems and investigate their asymptotic behavior. The two methods share the
common feature to reduce the solving of the primal-dual pair of monotone inclusions to
the determination of the set of the zeros of the sum of two maximally monotone opera-
tors defined on an suitable product space endowed with a topology that is synchronized
with the problem. Depending on the nature of the two operators we employ the forward-
backward algorithm (see [2]) or Tseng’s forward-backward-forward algorithm (see [28]) and
obtain easily implementable iterative schemes. These have the property that each of the
operators arising in the formulation of the monotone inclusion problem (1.7) is evaluated
separately. More precisely, the set-valued operators are evaluated via their resolvents,
called backward steps, while the single-valued ones are accessed via explicit forward steps.
A forward-backward-forward algorithm for solving the primal-dual pair of monotone inclu-
sions (1.7) - (1.8), in the particular situation when L; is the identity operator and r; = 0 for
any ¢ = 1,...,m, has been recently investigated in [3]. However, since it makes a forward
step less, the forward-backward method is naturally more attractive from the perspective
numerical implementations. This phenomenon is supported by our experimental results
reported in Section 4.

After the appearance of the proximal point algorithm for approximating the set of
zeros of a maximal monotone operator defined on a Hilbert space (see [26]), the attention
of the community was drawn to iterative schemes for determining the zeros of the sum
of two maximally monotone operators, due to the role played by these schemes in the
minimization of the sum of two convex functions. To the most classical methods of this
type belongs the Douglas-Rachford splitting algorithm (see [22]), which has the property
that at each iteration the operators are processed separately via their resolvents. Of equal
importance are methods designed to determine the zeros of the sum of a single-valued
monotone operator and a maximally monotone operator, like the forward-backward [2]
and Tseng’s forward-backward-forward [28] algorithms, which evaluate the single-valued
operator via a forward step and the set-valued one via its resolvent.

In the last years, motivated by different applications, the complexity of the mono-
tone inclusion problems increased, by including sums of maximally monotone opera-
tors composed with linear bounded operators (see [13,15]), (single-valued) Lipschitzian
or cocoercive monotone operators and parallel sums of maximally monotone operators
(see [3,5,12,19-21,29]). For some of these iterative schemes, under strong monotonicity
assumptions accelerated versions have been provided (see [6,9, 15]).

The article is organized as follows. In the remaining of this section we introduce
notations and preliminary results in convex analysis and monotone operator theory. In
Section 2 we formulate the two algorithms and study their convergence behavior. In
Section 3 we employ the outcomes of the previous one to the simultaneously solving of
convex minimization problems and their conjugate dual problems. Numerical experiments
in the context of image denoising problems with first- and second-order total variation
functionals are made in Section 4.

1.2 Notation and preliminaries

We are considering the real Hilbert space H endowed with inner product (-,-) and asso-
ciated norm ||-|| = \/(-,+). The symbols — and — denote weak and strong convergence,
respectively. Having the sequences (zp)n>0 and (Yn)n>0 in H, we mind errors in the



implementation of the algorithm by using the following notation taken from [3]

(n = yp Vn >0) & Z |z — ynl| < 4o0. (1.9)
n>0

Let M : H — 2 be a set-valued operator. We denote by zer M = {x € H : 0 € Mz}
its set of zeros, by gra M = {(z,u) € HxH : u € Mz} its graph and by ran M = {u € H :
3o € H, u € Mz} its range. The inverse of M is M~ : H — 2" u s {x € H :u € Mz},
The operator M is said to be monotone if (x — y,u —v) > 0 for all (z,u), (y,v) € gra M.
The operator M is said to be mazimally monotone if it is monotone and there exists no
monotone operator M’ : H — 2™ such that gra M’ properly contains gra M. The operator
M is said to be uniformly monotone with modulus ¢5s : Ry — [0, +00] if ¢ps is increasing,
vanishes only at 0, and (x — y,u — v) > ¢ (|| — y]|) for all (z,u), (y,v) € gra M.

Let p > 0 be arbitrary. A single-valued operator M : H — H is said to be p-cocoercive
if (v—y, Mx—My) > p||Mx— My|? for all (z,y) € H x H. Moreover, M is p-Lipschitzian
if |Mz — Myl < pllz —y|| for all (z,y) € H x H. A linear bounded operator M : H — H
is said to be self-adjoint, if M = M* and skew, if M* = —M.

The sum and the parallel sum of two set-valued operators Mi, My : H — 2" are
defined as My + My : H — 2M, (My + Ms)(z) = Mi(z) + Ma(x) Yz € H and

-1
MOMy s H — 2%, My OMy = (M7 + M5 )

respectively. If M; and Ms are monotone, then My + Mo and My O M, are monotone,
too. However, if M7 and M5 are maximally monotone, this property is in general not true
neither for M7 + My nor for My O Ms, unless some qualification conditions are fulfilled
(see [2,4,30]).

The resolvent of an operator M : H — 2™ is

Jy =Id+ M),

where the operator Id denotes the identity on H. When M is maximally monotone, its
resolvent is a single-valued firmly nonexpansive operator and, by [2, Proposition 23.18],
we have for 7 € Ry

Id = Jypnr +vJy-1p-1 077 '1d. (1.10)

Moreover, for f € I'(H) and v € Ry, the subdifferential (v f) is maximally monotone (cf.
[25]) and it holds J o5 = (Id + ~vof) ! = Prox,¢. Recall that the (convex) subdifferential
of f:H—RatxeHistheset Of(x) ={peH: fly)— f(z) > (p,y—xz) Yy € H}, if
f(x) € R, and is taken to be the empty set, otherwise. Furthermore, Prox, () denotes the
proxzimal point of vf at x € H, representing the unique optimal solution of the optimization
problem
1
inf Ny — =] 1.11
inf {2700+ 5lly - <P} (111)
In this particular situation, relation (1.10) becomes Moreau’s decomposition formula
Id = Prox.,y +7v Prox, -1 s« oy Hd. (1.12)

When Q C H is a nonempty, convex and closed set, the function dg : H — R, defined by
da(z) =0 for z € Q and dq(x) = 400, otherwise, denotes the indicator function of the set
Q). For each v > 0 the proximal point of vdq at x € H is nothing else than

1
Prox. s, () = Proxs, (z) = Po(z) = argmin - ||y — z||?,
yeN 2



which is the projection of x on 2.
Finally, when for ¢ = 1,...,m the real Hilbert spaces H; are endowed with inner

product (-, )4, and associated norm |||l = /(- ")4,, we denote by
H=H1D...OHn

their direct sum. For v = (v1,...,vm), ¢ = (q1,...,qm) € H, this real Hilbert space is
endowed with inner product and associated norm defined via

m m
(v, )3 =Y _ (vis i)y, and, respectively, [[v]lz = | > [[vill3,-
i=1 i=1

2 The primal-dual iterative schemes

Within this section we provide two different algorithms for solving the primal-dual inclu-
sions introduced in Problem 1.2 and discuss their asymptotic convergence. In Subsection
2.2, however, the assumptions imposed on the monotone operator C' : H — H are weak-
ened by assuming that C' is only p-Lipschitz continuous for some p € Ry ..

In the following, we let

and

p:(plv"wpm)exa (I:(Q1a---an)€y7 y:(yla"'7ym)€g-

We say that (7,p,q,y) € HE X &Y @ G is a primal-dual solution to Problem 1.2, if

m
Z—ZL;‘K;“@- € A7 + C7 and

i=1 (2.1)
Ki(LiT — g, — ;) € By 'p;, Myy; € D 'q;, Kipy=Mq;, i=1,....,m.

If (z,9,4,y) € H®X &Y @& G is a primal-dual solution to Problem 1.2, then Z is a
solution to (1.7) and (P,q,y) is a solution to (1.8). Notice also that

T solves (1.7) & z € AT + ZL?((K: oBio K;)0O(M;oD;o MZ))(L@ —ri)+CT
i=1

z—>i Lv; € AT+ C7,
& Jv e Gsuch that{ L,z —r; € (KfoBjo Ki)il(m) + (M} oD;o Mi)il(@-),
1=1,...,m
z—>i, Lv; € AT + Cx,
& 3(v,y) € G® G such that ©; € (K} oBjo Ki)(LiT —y; —74), i =1,...,m,
v, € (MfoD;joM)(y;), i=1,...,m
s =Y, LiKIp; € AT+ C,
D € (Bio Ki)(LiT —y; — i), i =1,...,m,
G; € (Dio M;)(;), i=1,...,m,
Kip; =M!q;, i=1,...,m

< 3(p,q,y) € X Y @ G such that



z = ﬁlLIKfﬁieAf;LCf,

K,(Liz—7y;,— 1) € B 'p;,i=1,....m,
Mg, € D;'g;, i=1,...,m
K:EZMZ*@, izl,...,m

< 3(p,q,9) € X &Y @ G such that (2.2)

)

Thus, if 7 is a solution to (1.7), then there exists (P, q,y) € X®Y DG such that (T, P, q,Y)
is a primal-dual solution to Problem 1.2 and if (p,q,¥) is a solution to (1.8), then there
exists T € H such that (Z,P,q,y) is a primal-dual solution to Problem 1.2.

Remark 2.1. The notations (1.9) have been introduced in order to allow errors in the
implementation of the algorithm, without affecting the readability of the paper in the
sequel. This is reasonable since errors preserve their summability under addition, scalar
multiplication and linear bounded mappings.

2.1 An algorithm of forward-backward type

In this subsection we propose a forward-backward type algorithm for solving Problem 1.2
and prove its convergence by showing that it can be reduced to an error-tolerant forward-
backward iterative scheme.

Algorithm 2.1.
Let z9 € H, and for any i = 1,...,m, let p;o € &}, gip € Vs and 2,0, yi0, vio € G;. For

any 1 = 1,...,m, let 7, 01;, 024, V14, 72, and o; be strictly positive real numbers such
that
11 1 1 1 1
2071 (1 —@) min { } > 1, (2.3)
i=lo,m (T 015 025 Y10 Y24 O

for

m
@ = max {4 T ; oillLill*,  max {\/91,ﬂl,j||Kj||2, \/92,j72,j||Mj||2}} :

Furthermore, let € € (0,1), (An)n>0 be a sequence in [, 1] and set

T~ Joa(xn — 7 (Cay + 210 Livig — 2))

For:=1,...,m

Din ~ J91,iB{1 (Pin + 01,1 K% )

Qi = JHQYiDifl (Gin + 02, M;y; )

Ulin = Zin + V1,0 (K (Din — 2Dim) + Vip + 03 (Li(2Tp, — z0) — 73))

U2im = Yim + V2,0 (M (Gin — 2Gin) + Viin + 04 (Li (2T, — ) — 1))
= o 140372, . _OiMi )
Zim N T, bz, \ULin — oy, U2in

(Vn > 0) ﬂi,n ~ JE (u2,i,n - UW2,z'5i,n)
L Vin R Vi + 03 (Li(2Ty, — T0) — 75 — Zip — Vi)
Tntl = Tn + )\n(fn - xn)

Fori=1,.
Pin+1 = pz n + )\ ( pi,n)
Qin+1 = Gin + >\ (Qz n Qi,n)
Zin+l = Zin + A (Z'L n Zi,n)
yz n+1l — yz n + A (yz n yi,n)
Vin+1 = Vin + )\ ( n Ui,n)-

(2.4)



Theorem 2.1. For Problem 1.2, suppose that
m
Z € ran (A + ZL;k((Kz* oB,;o Kz) O (Mz* oD;o Mz))(Lz . —7“7;) + C), (25)
i=1
and consider the sequences generated by Algorithm 2.1. Then there exists a primal-dual

solution (Z,P,q,y) to Problem 1.2 such that

(i) Tp =T, Pin — Di, Gin — G; and Yin —T; for anyi=1,...,m as n — +oo.

(ii) if C is uniformly monotone at T, then x,, — T as n — +00.

Proof. We introduce the real Hilbert space K =H O X DY PGP G D G and let

p:<p17---7pm) z:(21,...,zm)
g=(q1,---,qn) and ¢ v=(v1,...,0m) . (2.6)
y:(yla"-aym) T:(rl,...,rm)

We introduce the maximally monotone operators

B:X 52 poBipiX...XByupmand D:Y —2Y g Dig1 X ... X Dpmgm.
Further, consider the set-valued operator

M:K—2% (2,p,q,2,9,v)—(—z2+ Az) x B lpx D7 lq x (—v,—v,7 + 2z + y),

which is maximally monotone, since A, B and D are maximally monotone (cf. [2, Propo-
sition 20.22 and Proposition 20.23]) and the linear bounded operator

(‘T?p)quwza’v) — (0)0707 —-v,—0,=z + y)

is skew and hence maximally monotone (cf. [2, Example 20.30]). Therefore, M can be
written as the sum of two maximally monotone operators, one of them having full do-
main, fact which leads to the maximality of M (see, for instance, [2, Corollary 24.4(i)]).
Furthermore, consider the linear bounded operators

f{“:g—mc, z— (K21, Kinzm), M:g—>y, y— (Myyi, ..., Mpym),
and

S KK,

m
(x7p7 q,z,Y, U) = (Z Lj'l)i, —KZ, —M’!L K*p7 M*q7 _leu BRI _me> .
i=1
The operator S is skew as well and therefore maximally monotone. As dom S = IC, the
sum M + S is maximally monotone (see [2, Corollary 24.4(i)]).
Finally, we introduce the monotone operator

Q:K—-K, (z,p,q,2,y,v) — (Cx,0,0,0,0,0)

1

which is, obviously, p~"-cocoercive. By making use of (2.2), we observe that

z—>i LK p; € Ax + Cx,
Ki(Lix—yi—Ti)EBi_lpi, 1=1,...,m,
MiyiEDi_lq% izlv"'vma
Kipi=M/q, i=1,...,m.

(25) ©3(z,p,qy) eHEX DY G :



0€ —z+Ax+ 37" Liv; + Cx,
OG—Kizi—i-Bi_lpi, 1=1,...,m,
d(z,pq) eHOX DY OG—MZ-yi—FDi_lqi,i:l,...,m,
d(z,y,v) GGG | 0=K!pi—v;, i=1,...,m,
O:Mi*qi—’l)i, i:l,...,m,
O=ri+zi+yi—Lixz, i1=1,...,m

< 3(z,p,q,2,9,v) €Ezer(M + S + Q).

From here it follows that

z— > LIK:p; € AT + C7,
K{(LiT —7g; —7:) € B 'p;, i =1,...,m,

= _ B
My, € D q;, i=1,...,m,
Kz*pl:M’L*QNfL:]"?m
< (Z,p,q,y) is a primal-dual solution to Problem 1.2. (2.7)
Further, for positive real values 7,601, 02:,7v1.4,72,4,0: € Ri4, i = 1,...,m, we introduce
the notations
p _ (p Pm 2z _ (2 Zm
01 01,17 01,m Y1 71,1777 Mim {g _ (1)71 vm)
l: 1 Gm 9 l: Y1 Ym 9 o g1’ om )
02 021" O2.m Y2 Y2,17 7T Y2um

and define the linear bounded operator

VZ’C-)]C, (xvpaqazvyvv)'_)(””’
T 0 0y 20

m
(— ZLfUi, Kz, My, K*'p, M*q,—Lx,..., —Lm:):) .
i=1
It is a simple calculation to prove that V is self-adjoint. Furthermore, the operator V is
p-strongly positive with

11 1 1 1 1
p:(l—a)min {,7777}>O7
i=Lom LT 015 G2 71,0 V2,4 O

a= { TZUzHL 1%, jax {\/91,371,J||K 1%, \/92,ﬂ2,g||M ||2}}

The fact that p is a positive real number follows by the assumptions made in Algorithm
2

2.1. Indeed, using that 2ab < aa® + % for every a, b € R and every a € R, 4, it yields for

any i =1,...,m

for

oil| Li? o VTrimaillLill* o
2||L; || ||« villg, < zl|3, + vl

2
A1l K| 61,1, | K |
20 Killpllal e, < ey sy VTR e 2.8)
177'7171 ’Yl,l
My lwille < 2202l 02 AR, 2
Ay 1 Q¢ o 92,1 2,1 & yz V2,4 vi gir



Consequently, for each ¢ = (z,p,q, z,y,v) € K, using the Cauchy—-Schwarz inequality

and (2.

(, V),

>(1—@) min

= plllk-

8), it follows that

Hx||H +Z [szﬂx qu‘\@i N 1218, N lyillg, N \|Ui||éi]
01, 02 Vi VY2,i o
m m m
—2> (Liz,vi)g, + 2> (pi, Kizi)y, + 2 (@i, Miyi)y,
i—1 i—1 i=1

i=1,....m

(2.9)

Since V' is maximally monotone (cf. [2, Example 20.29]) and p-strongly positive, it is

strongly monotone and therefore, by [2

Consequently, V1
In consideration of (1.9), the algorithmic scheme (2.4) can equivalently be written in

, Proposition 22.8], it holds that V is surjective.

exists and |V 71| < %.

the form
@ -y L (vm Uin) — Cap
€ —z+ A(Tn —an) + 2502 Livi, — 22
For:=1,...,m
iniﬂ/in = bzn
% + K’L(ZZ n Zz,n) z 1(]71 n bz,n) - Kizi,n - 91’71.
i,n_fvi,n -1 U, di,n
(Yn > 0) B+ Mi(Yin — Uin) € D (Gin — din) — Miflin — 55 (2.10)
ZW:H# + K*(pz,n pz,n) Uz nt K pz n — €lin
W + Ml (Qi,n - %,n) Uz n + M Qz n — €2in
L vi,n;vi,n - Lz(ajn - ajn) =7+ Zi,n + yi,n - Lizy, — €3,i,n
Tn+1l = Ty, + )\n(in - mn)a
where
b, = (pl,m . 'pm,n) eX ﬁn = (ﬁl,na .. ﬁm,n) eXx
qn:(Qan ‘-7an)€y qn:(flvl,na"~7amn)€y
Zn = (Zl,na <5 2m n) S g 211 = (gl,Th cee Zm n) S g
yn - (yl,na "7ymn) yn = (gl,na”'vymn)
Un = (Ul,na -, Um n) S g Up = (Ul,na cen Um n) S g
and
Ly = ($n7pn7 dny2ns Ynp, 'Un) eK
in = (fnyﬁnv q’l’h g’m gna 77n> ek.
Also, for any n > 0, we consider sequences defined by
anp €H €ln = (61,1,717 ce uel,m,n) €g
b, = (bl,m A bm,n) cX and €erp = (62,177“ ce 762,m,n) S Q, (2.11)
dn = (dl,rw o 7dm,n) € y €3n = (63,1,717 B 763,m,n) €@

that are summable in the corresponding norm. Further, by denoting for any n > 0

{ €n = (anabnydn7070>0) eK

b, d
eg = <a7?) 97115 9; €1,n, e2,n)e3,n) € ’Cv

10



which are also terms of summable sequences in the corresponding norm, it yields that the
scheme in (2.10) is equivalent to

V(z, —x,) — Qx, € (M + S)(z, —e,) + Se, — €],

> .
(v = 0) Tpt1 = Tp + A\ (T, — ) - (2.12)
We now introduce the notations
A =V 1 (M + 8) and Bx :=V!Q (2.13)

and the summable sequence with terms e¥ = V! ((V + S)e,, — €]) for any n > 0. Then,
for any n > 0, we have

Ve, —&n) — Qx, € (M +S) (2, —e,) + Se, — e,
s Ve, —Qx, € (V+M+S) (X, —e€,) +(V+Se, —e],
&2, —VIQa, € (Id+ V(M +8)) (@ —en) + V' ((V + S)e, — €])
Sy = (J+ V(M +S) (20— V'Qu—eY) +en
& Ty = (Id+ Ax) (:I:n — Bz, — eX) +ey. (2.14)

Taking into account that the resolvent is Lipschitz continuous, the sequence having as
terms

ef’c =Ja, (mn — Bxx, — e,‘{) — Ja, (xn, — Bxxy) + €, Vn >0
is summable and we have
Tp = Ja, (xn — Bxxy) + ef’c Vn > 0.

Thus, the iterative scheme in (2.12) becomes

in ~ JA;C (mn - BIan)

~ 2.1
Tpil = Ty + An(mn - :Bn)a ( 5)

(Vn >0) {

which shows that the algorithm we propose in this subsection has the structure of a
forward-backward method.
In addition, let us observe that

zer(A;c—f—B;c):zer<V_1(M+S+Q)) =zer(M+S+Q).

We then introduce the Hilbert space Ky with inner product and norm respectively defined,
for x,y € IC, via

<w7y>7cv = (z, Vy)x and [[z[lxc, = \/(z, V). (2.16)

Since M + S and @ are maximally monotone on IC, the operators Ax and By are
maximally monotone on ICy. Moreover, since V is self-adjoint and p-strongly positive,
one can easily see that weak and strong convergence in Ky are equivalent with weak and
strong convergence in JC, respectively. By making use of ||V 7! < %, one can show that

11



By is (u~!p)-cocoercive on Ky. Indeed, we get for x, y € Ky that (see, also, [29, Eq.
(3.35)])

(x —y, Bxx — Bry)x, = (¢ —y,Qz — Qy)i
> p7Qz — Qylk
> VTV TIQz - V' Qullk | Qz — Qi
> VT (Brz — Bry, Qe — Qy)x
= p VT |Bx® — Brylk,,
> ' pl|Bxx — Bryllx, - (2.17)

As our assumption imposes that 2u~!p > 1, we can use the statements given in [17,
Corollary 6.5] in the context of an error tolerant forward-backward algorithm in order to
establish the desired convergence results.

(i) By Corollary 6.5 in [17], the sequence (x,),>0 converges weakly in ICy (and there-

it thus follows that (Z,p, q,y) is a primal-dual solution with respect to Problem 1.2.
(ii) From [17, Remark 3.4], it follows

Z ”B;(;.’L'n — BKEH%CV < +o00,

n>0
and therefore we have Bxx, — B, or, equivalently, Qx, — Qx as n — +o0. Consid-
ering the definition of @, one can see that this implies Cz,, — CZ as n — 4+00. As C is

uniformly monotone, there exists an increasing function ¢¢ : [0, +00) — [0, +00] vanishing
only at 0 such that

oc(|lzn — 7)) < (2 — T, Can — OF) < |25 — T||Can — CF|| ¥n > 0.

The boundedness of (z, — T),>0 and the convergence Cx, — C7 further imply that
Ty — T as n — +00. Il

Remark 2.2. Suppose that C': H — H, x — {0}, in Problem 1.2. Then condition (2.3)
simplifies to

m
e {73 oL, e {151 b7 12417} < 1.
i=1 a

1,....m
In this case, the scheme (2.15) reads
(Vn > 0) { Tnt1 = Ty + A (Ja®n — Tp), (2.18)

and it can be shown to convergence under the relaxed assumption that (A\,)n>0 C [,2 — €],
for € € (0,1) (see, for instance, [16,17,23]).

Remark 2.3. (i) When implementing Algorithm 2.1, the term L;(2%,, — =) should be
stored in a separate variable for any ¢ = 1,...,m. Taking this into account, each
linear bounded operator occurring in Problem 1.2 needs to be processed once via
some forward evaluation and once via its adjoint.

(ii) The maximally monotone operators A, B; and D;, i = 1,...,m, in Problem 1.2 are
accessed via their resolvents (so-called backward steps), also by taking into account
the relation between the resolvent of a maximally monotone operator and its inverse
given in (1.10).

12



(iii) The possibility of performing a forward step for the cocoercive monotone operator
C is an important aspect, since forward steps are usually much easier to implement
than resolvent steps (resp. evaluations of proximal operators). Due to the Baillon—
Haddad theorem (cf. [2, Corollary 18.16]), each p-Lipschitzian gradient with g € Ry 4
of a convex and Fréchet differentiable function f : H — R is u~!-cocoercive.

2.2 An algorithm of forward-backward-forward type

In this subsection we propose a forward-backward-forward type algorithm for solving Prob-
lem 1.2, with the modification that the operator C': H — H is assumed to be p-Lipschitz

continuous for some p € Ry, but not necessarily p~!-cocoercive.

Algorithm 2.2.
Let g € H, and for any i = 1,...,m, let p;o € X;, ¢i0 € Vi, and z;0, Yi0, vio € Gi. Set

B=n+ Jmax {01z, max {1512, 11123 (2.19)

=1

let € € (0, ﬁ), (7n)n>0 be a sequence in [s, 1?} and set

%n ~ J’ynA (CUn — Tn (C'rn + Z:Zl L?vi,n - Z))
Fori=1,....m
ﬁi,n ~ J’ynB;1 (pi,n + ’YnKzzz,n)
‘E,n ~ J%LDZ,—1 (Qi,n + ’YnMiyi,n)
Ulin = Zin — In (K:pi,n —Vin — Tn (szn - rz))
U2,in = Yin — Yn (M Gn — Vin — Yn (Lixn — 13))
> 12 V2
Zim ~ 11272 (Ul,i,n - WUZi,n
o~ ~ 2~
(vn > ()) Yin ~ 1+92 (u2,z’,n - Vnzi,n) (2.20)
L Ui = Vi + Yo (Li%n — 75 — Zin — Yiyn)
Tpt+1 =~ Tp + Vn(cxn - Cfn + Zzn;l L: ('Ui,n - 'lN)z,n))
For:=1,....m
Din+1 = Din — Yn(Ki(Zin — Zin)
qin+1 ~ ai,n —Tn M (yi,n - gi,n)

%
*

(
Zim+1 = Zin + (K (Pin — Dipn
(

)
Yin+1 =~ gi,n + ’Yn(Mi*(Qi,n - az,n))
Vin+1 =~ 5i,n — Tn L'L("En - fn))

Theorem 2.2. In Problem 1.2, let C : H — H be u-Lipschitz continuous for p € Ry,
suppose that

z € ran (A + 3L (K7 0 Bio Ki) O (M o Dyo My) )(Li - —74) + 0), (2.21)
=1

and consider the sequences generated by Algorithm 2.2. Then there exists a primal-dual
solution (T, P, q,y) to Problem 1.2 such that

(i) Yo lltn — Znl* < +00 and for anyi=1,....m

Z |pin — Dimll* < o0, Z Igi.n — Ginl|* < +o0 and Z 1Yin — Gimll* < +00.
n>0 n>0 n>0

13



(i) T, =T, Ty, =T, and for anyi=1,....m

ei:n - ?i,n , gi,n - ?@',n and Yin ?@',n )

Di;n — Din Qiin — Qi Yin = Uin
Proof. As in the proof of Theorem 2.1, consider K =HPX DY DG PG P G along with
the notations introduced in (2.6). Further, let the operators M : I — 2% S : K — K
and Q : I — K be defined as in the proof of the same result. The operator S + @Q is
monotone, Lipschitz continuous, hence maximally monotone (cf. [2, Corollary 20.25]), and
it fulfills dom(S + Q) = K. Therefore the sum M + S + Q is maximally monotone as

well (see [2, Corollary 24.4(i)]).
In the following we derive the Lipschitz constant of S + Q. For arbitrary

by using the Cauchy—Schwarz inequality, it yields

IS+ Q)z — (S + Q)| < [|Qz — Q| + ||Sz — Sz

<l =+ | (X Li s — ). ~K(z - 2), ~M(y - 5. K" (0 - ).

M*(q—q),—Li(x — &), ..., —Lp(z — %)) H

m m
:un:c—au(HZL:v—vz +Z[HK (21 = 2| + 1Mi(ys — )l
=1 =1

2
I = BOI + 1047 @i = @) P + Lt - D]

m m m
< pllz - &) + ((Z 12a02) (Il = 1% + 3 llos = l1®) + 3 [ 1212 — 7)1
i=1 i=1 =1

2
IRl = Gl + 1P — 5i° + 10460l — 3]

(M+Jmax{z|w 12, mase {12 104 }}) = - . (2.22)

=1

In the following we use the sequences in (2.11) for modeling summable errors in the
implementation. In addition we consider the summable sequences in K with terms defined
for any n > 0 as

€p = (an7 bnv dTLa 0) 07 0) and én = (0) 07 05 €1,n,€2n, 63,71)~
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Note that (2.20) can equivalently be written as

In = In (Cl‘n + >0 L?Ui,n) € (Id +Yn(—2 + A))(fn — an)
Fori=1,....m

DPin + ’YnKiZi,n € (Id + VHBZI)(ﬁi,n - i,n)

Qin + FYnMiyi,n € (Id + ’YnDz‘_l)(E]Vi,n - i,n)

Zin — ’7nKZ‘*pi,n = gi,n - ’YnT}i,n —€lin

Yinm — ’YnMZ‘*Qi,n = :lji,n - '}’nai,n —€2in

Uin""YnLixn:77in+7n(ri+gin+gin)_€3in
v >0 I _ I = ) I ~77 2‘23
(v = 0) Tnt1 & Ty + Y (Can — CTp + 3530 L (Vi — Vin)) (223)
For:=1,...,m

Dint1 = Din — In(Ki(Zin — Zin))
Qi,n-l—l ~ CF]vi,n - fYn(Mz(yz,n - gz,n))
Zin+l = zi,n + 'Yn(Kz* (pi,n - ﬁz,n))
yi,n-‘,—l ~ gi,n + ’Yn(Ml* (Qi,n - Z]vz,n))
Vin+1 =~ le)’i,n - ’Vn(Li(l‘n - En))

Therefore, (2.23) is nothing else than
Ly — ’Yn(S + Q)wn € (Id + ’YnM> (in - en) — e,
Vn >0 g 2.24
(¥n > ){a:nHwn+%<<s+cz>xn—<s+cz>pn>. (2.24)

We now introduce the notations

Ax =M and Bx =S+ Q. (2.25)
Then (2.24) is

Tn = Jvy, Ay (n, — WBxxn, +€,) + €,
VYn >0 " Tn A AT — 2.26
( o ) \‘ Tpil R Ty + Y (BlCajn - BIC$n) . ( )
We observe that for

erlf = Jy, Ax (xn, — mBrxn + €p) — I Axc (xn — WmBxTn) + €n,

one has z,, = J,, a, (n — Brxn) + eX for any n > 0 and it holds

Z ||e§|| = Z Sy, Axe (B — BT + €n) — Jy, A (®n — 1 Brcn) + enl|
n>0 n>0

< Z [y, ax (B0 — BT + €n) — Jy, A (Tn — T Brczn) || + [|enll]
n>0

< >[Il + llenll] < +oo.
n>0

Thus, (2.26) becomes

(VTL > O) Ty ~ J'ynA;c (wn - 'YnBICwn)

” ~ 2.27
Tpil R Ty + Y (BIC-'Bn - BKlwn) s ( )

which is an error-tolerant forward-backward-forward method in K whose convergence has

been investigated in [13]. Note that the exact version of this algorithm was proposed by
Tseng in [28].
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(i) By [13, Theorem 2.5(i)] we have

Z |z, — fénH2 < 400,
n>0

which yields 3,5 [|#n — Zn||* < +00 and for any i = 1,...,m,

D o pim = Pinl? < 400, D lgim — Gimll* < 400 and Y [[gin — Ginll> < +00.
n>0 n>0 n>0

€, = T and &, — T. In consideration of (2.7), it follows that (Z, P, q, D) is a primal-dual
solution to Problem 1.2, x,, =~ %, Z, = T, and fori =1,...,m

po = [ =T g [ e
Di;n = Din Qin — Qi Yin = Uin
d

Remark 2.4. (i) In contrast to Algorithm 2.1, the iterative scheme in Algorithm 2.2
requires twice the amount of forward steps and is therefore more time-intensive. On
the other hand, many steps in Algorithm 2.2 can be processed in parallel.

(ii) A forward-backward-forward type algorithm for solving the primal-dual pair of
monotone inclusions (1.7) - (1.8), in the particular situation when L; is the identity
operator and r; = 0 for any ¢ = 1,...,m, has been recently investigated in [3].

3 Application to convex minimization

In this section we employ the algorithms introduced in the previous one in the context of
solving the primal-dual pairs of convex optimization problems introduced in Problem 1.1.

For every x € H and (p,q) € X ® Y with K}p; = M q;, i =1,...,m, by the Young-
Fenchel inequality, it holds

F(@) + h(z) + (£ OR°) ( - f:Lz‘K:pi) > < S LK, >

1=1 i=1

and, for any i =1,...,m and y; € G,

9i(Ki(Lix — i — yi)) + 95 (pi) > (pi, Ki(Lix — i — yi)) = (K 'pi, Lix — i — yi)

and
Li(Miys) + 1 (45) > (@i, Miyi) = (M ¢, yi)-
This yields

m

inf {70)+ 3 (o0 K) Ol M) (i = 1)+ hia) — (2,2) }

zeH i1

m

= inf {f(x) + Z (gZ(KZ(LZx —ri — ;) + Li( lyl)) + h(x) — (z, 2) } (3.1)

(z,y)EHDG =1

m m

> sup {— (f*OR") (Z— ZL?Ki*pz) > o) + 1) + <pi,Km>H,
(P, ) EXDY, i=1 i=1

Kipi=M}q, i=1,..m
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which means that for the primal-dual pair of optimization problems (1.5)-(1.6) weak du-
ality is always given.

Considering (7,p,q,y) € HD X &Y & G a solution of the primal-dual system of
monotone inclusions

z— Y LiK;p; € 0f(Z) + Vh(Z) and
i=1 (3.2)
Ki(LiT_yi - Ti) € 89:(@); szz € 81:(@')7 Kz*ﬁz = Mi*iiv i=1,...,m,

it follows that T is an optimal solution to (1.5) and that (P, q) is an optimal solution to
(1.6). Indeed, as h is convex and everywhere differentiable, it holds

z— f:L;*Ki*@ € 0f(x) + Vh(z) CO(f + h)(T),
i=1
thus . .
f@) +h@) + (f*On) <z -> L;‘Kji> = <z -> LfKZ-*pi,:c> .
i=1 i=1
On the other hand, since g; € I'(X;) and [; € T'());), we have for any : = 1,...,m
9i(Ki(LiT —Y; — 1)) + 9; (B;) = (KiDi, LiT — 1 = ;)

and
Li(Miy;) +15(q;) = (MG, ;)

By summing up these equations and using (3.2), it yields

F@+ Y (g0 Ki) O (0 My) ) (L = 73) + h(3) — (7, 2)
=1

< f@ + Y (KL — ri 7)) + L(MF) + h(T) — (7.2)
i=1

= - (f*ohn") ( - iLfK?Z) -5 [ + @) + K .
=1 1=1

which, together with (3.1), leads to the desired conclusion.

In the following, by extending the result in [3, Proposition 4.2] to our setting, we
provide sufficient conditions which guarantee the validity of (2.5) when applied to convex
minimization problems. To this end we mention that the strong quasi-relative interior of
a nonempty convex set 2 C H is defined as

sqri Q2 = {:z: eQ: U A(f2 — ) is a closed linear subspace} .
A>0
Proposition 3.1. Suppose that the primal problem (1.5) has an optimal solution, that
0 € sqri(dom(g; o K;)* —dom(l; o M;)*), i=1,...,m (3.3)
and

0 €sqriE, (3.4)
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where
E::{;(l{Ki(Li(domf)—ri—yi)—domgi} X %{Miyi—domli} g € G i=1, m}
Then
> € ran (8f+§:L;‘((K;" 0 dgi 0 Ki) O (M? 00l 0 My)) (Li - —74) +Vh>.
=1

Proof. Let T € H be an optimal solution to (1.5). Since (3.4) holds, we have that (g; o K;),
(I o M;) € T'(G;), t = 1,...,m. Further, because of (3.3), [2, Proposition 15.7] guarantees
for any i = 1,...,m the existence of 7; € G; such that

((gi 0 K3) O (I 0 My))(T) = (95 0 Ki)(T — ;) + (li o M;) (7).

Hence, (Z,Y) = (Z,Yy,- - -,Y,,) is an optimal solution to the convex optimization problem
m

inf h — (K (Lijx — g l; 3.5

2 g 1)+ 1)~ ) 4 [0 =)+ B} (35)

By denoting
fH®G =R, f(z,y)=f(2)+h(z) —(z,2)

g: XoY—-R, g — Kiry) + 1i(yi)
V=3 lote | 56
L:HeG—-XaY, (z,y)—~ X {Ki(Lix_yi)} X ><{ zyz}
i=1
problem (3.5) can be equivalently written as
inf {f(z,y) +9(L(z,y))}. (3.7)

(z,y)EHDG

Thus,
0€d(f+goL)(z,7y).

Since E = L(dom f) — dom g and (3.4) is fulfilled, it holds (see, for instance, [2,4,7])

0€d(f+goL)(xy) =0f(T,Y)+ (L 0dgo L)(T,7),

where
m
L' XeY—>HeG, (p.a)~ (X LiKipi, —Kipi+ Miq,...,~Kpm+ Myan ).
i=1
We obtain

0 € df(T,g)+ (L" 0odgo L)(T,7)
0€df(T)+ Vh(T)— 2+ X LI (K] 0 dg; o K;)(LiT — ri — ;)
0e *(Kl* OagiOKi)(LiT*T‘i *yz) + (Mz* OaliOMi)gi, 1=1,....m

0€df(xT)+ Vh(T) — 2+ > i, Liv;
SIveG:q v e (KfodgioK)(Liz—r;—7y;), i=1,...,m
S (MZ*OaleMl)gl, 1=1,...,m
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0€df(z)+ Vh(T) —z+ i, Liv;
SIweG:{ LE—ri—7, € (K odgiok) ‘v, i=1,....m
y; € (M oalioMi)flvi, i=1,...,m
0 € 8f(F) + Vh(Z) — 2+ X7, Liv;

@Hveg:{ v; € ((Ki*oagioKi)D(Mi*oalioMi))(LiT—m), i=1,...,m

&2 € 0f(T) + iL;‘((K;‘ 0 dg; o Ki) O (M} 0 0l; o Mi))(Lﬁ — ;) + VI(T),

i=1
which completes the proof. O
Remark 3.1. If one of the following two conditions

e f isreal-valued and the operators L;, K; and M; are surjective for any i = 1,...,m;

e the functions g; and [; are real-valued for any i = 1,...,m;

is fulfilled, then E = X @ Y and (3.4) is obviously true.
On the other hand, if H, G;, X; and );, i = 1,...,m are finite dimensional and

K;y; € K;(Li(ridom f) — r;) — ridom g;,

for any i = 1,...,m, there exists y; € G; : { M;y; € ridom; ’
1Y1 1

then (3.4) is also true. This follows by using that in finite dimensional spaces the strong
quasi-relative interior of a convex set is nothing else than its relative interior and by taking
into account the properties of the latter.

3.1 An algorithm of forward-backward type

When applied to (3.2), the iterative scheme introduced in (2.4) and the corresponding
convergence statements read as follows.

Algorithm 3.1.
Let zg € H, and for any ¢ = 1,...,m, let Pio € X;, qi0 € Y; and Yi,0, 23,0, Vi,0 € G;. For

any ¢ = 1,...,m, let 7, 01, 02;, 14, 72, and o; be strictly positive real numbers such
that
11 1 1 1 1
2071 (1 —@) min {,,,,,} > 1, (3.8)
i=Lom T 015 O2; 71,5 Y25 O

for

m
@ = max {4 T;Uz'llLiH2aj:IT11§?fm {\/91,j71,j||Kj|!2, \/92,j72,j||Mj||2}} :
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Furthermore, let € € (0,1), (An)n>0 be a sequence in [, 1] and set

Tp ~ Prox,¢ (xn — 7 (Cxp + 300 Livin — 2))

Fori=1,....m

Din = Proxg, ;¢ (pin + 01,iKizin)

Gin ~ Proxg, 2 (Gin + 02, M;yin)

Ul,in = Zin + Y1,i (Kz* (pi,n - Qﬁl,n) + Uin + o; (Lz(2fn - :L'n) - Tz))

U2im X Yim + V2,0 (M (i — 2Gin) + Viin + 04 (Li(2T0, — ) — 1))
14+0iv2.4 Ut i — OiV1,i Us
o, (71, 72,0) \ LAm T THoe, - 2bn

(Vn > 0) ?Z@n N o (u2,i,n~_ Tiv2,i%in) ) )

| Vi R Vi + 03 (Li(2T0 — T0) — 75 — Zin — Yin)
Tntl = Tn + An(fn - xn)

For:=1,...,m

Din+1 = Din + M (Din — Pin)

Zi,n ~

Qin+1 = Qipn + An(‘]i,n Qi,n)

Zin+1l = Zin T )\n(gl,n Zi,n)

Yin+1 = Yin + An (gz,n - yi,n)
| Vin+l = Vin + )\n(az,n Ui,n)-

Theorem 3.2. For the optimization problem (1.5), suppose that
m
z € ran <8f + > L (K 0 0g; o K;) O (M; 0 0l; o M;)) (L - —r;) + Vh) (3.10)
i=1
and consider the sequences generated by Algorithm 3.1. Then there exists an optimal
solution T to (1.5) and optimal solution (p,q) to (1.6) such that
(i) xp, =T, pin —D; and ¢, —G; foranyi=1,...,m asn — +oc.

(ii) if h is uniformly convex at T, then x, — T as n — +00.

Proof. The results is a direct consequence of Theorem 2.1 when taking
A= 8f, C= Vh, and Bi = agi, Di = 8li, 1= 1, s, M. (3.11)

We also notice that, according to Theorem 20.40 in [2], the operators in (3.11) are
maximally monotone, while, by [2, Corollary 16.24], we have A™1 = 9f*, C~1 = oh*,
BZ-_1 = Jg; and DZ-_1 = 0l} for i = 1,...,m. Furthermore, by [2, Corollary 18.16], C = Vh
is p~1-cocoercive, while, if h is uniformly convex at T € H, then C' = Vh is uniformly
monotone at T (cf. [30, Section 3.4]). O

Remark 3.2. If h € I'(H) such that Vh(z) = 0 for all z € H, then condition (3.8)
simplifies to

m
max {TZO'Z'HLi||27I§'1élIX {el,ﬂl,jHKa'sz92J72J||Mj”2}} <t
=1

In this situation Algorithm 3.1 converges under the relaxed assumption that (Ap)n>0 C
[e,2 —¢] for € € (0,1) (see also Remark 2.2).

20



3.2 An algorithm of forward-backward-forward type

On the other hand, when applied to (3.2), the iterative scheme introduced in (2.20) and
the corresponding convergence statements read as follows.

Algorithm 3.2.
Let zo € H, and for any i = 1,...,m, let p;o € X}, qi0 € Vi, and 20, ¥io, vio € G;. Set

5= /Hr\lmaX{ZHL I2, max (G 1512}, (312)

=1

let € € (0, ﬁ), (7n)n>0 be a sequence in [s, 155} and set

Ty & Prox,, r (zn — Yo (Cop + 2200 Livin — 2))

Fori=1,...,m

ﬁi,n ~ PI‘OX’\ng‘ (pi,n + ’VnKiZi,n)

ai,n ~ PI‘OX,Ynl;_k (Qi,n + ’YnMiyi,n)

Uim R Zin — Yo (K Pin — Vi — o (LiTn — 1))

U2,i,m = Yim — Tn (Mi*Qi,n —Vim — In (szn - Tz))

~ 142 V2

Zin =~ 14242 (Ul,i,n - Wuli,n

(Vn > 0) Vin ™ g (U2in = WZin) (3.13)
| Ui = Vi + Yo (Litn — 75 — Zin — Yin)

Tp4+1 =~ %n + 'Yn(0$n - C%n + Zgl L? (Ui,n - 77z,n))

Fori=1,....m

Pin+1 = ﬁi,n ( z(zi,n - gz,n))
Qin+1 = az n — n( z(yi,n 371 n))
Z n+1 ~ Zz n + "Yn(KZ* (pi,n - pz n))
Yint+1 = yz n+ 'VH(MZ*(Qi,n - Ql n))
Yn(Li(Tn — Tp)).

| Vintl =~ Uz,n -

Theorem 3.3. For the optimization problem (1.5), suppose that

Z € ran <8f + Z L;k ((Kz* o 891 o Kz) U (Mz* o 8ll o Mz)) (Ll . —’I”Z‘> + Vh), (314)
i=1

and consider the sequences generated by Algorithm 3.2. Then there exists an optimal
solution T to (1.5) and optimal solution (p,q) to (1.6) such that

(1) Yp>o llvn — Tn|? < 400 and for anyi=1,...,m

> Mpin = Pinl® < +o0 and Y lldin — Ginll* < +oo.
n>0 n>0

(ii) T, =T, Ty, =T and for anyi=1,...m
Pin = Pin gpg { dim " Gin
Pi;n — Din i —lin

Proof. The conclusions follow by using the statements in the proof of Theorem 3.2 and by
applying Theorem 2.2. O
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4 Numerical experiments

Within this section we show how the two algorithms we propose in this paper have per-
formed when solving the image denoising problems (1.3) and (1.4) formulated in the in-
troductory section, namely

1
(B1C/P)  ing {Slle = b + (@] 1 0 P)D (@2l 1z 0 D)) (0)
and
1
(GMIC/P) it {lle = b + (@] 1) D a2l -1 0 L)) (Pro) }.

respectively, also in comparison with other numerical schemes from the literature.

First, we notice that for both problems a condition of type (3.3) is fulfilled, thus the
infimal convolutions are proper, convex and lower semicontinuous functions. Due to the
fact that the objective functions of the two optimization problems are proper, strongly
convex and lower semicontinuous, these have unique optimal solutions. Finally, in the
light of Remark 3.1, a condition of type (3.4) holds. Thus, according to Proposition 3.1,
the hypotheses of the theorems 3.2 and 3.3 are for both optimization problems (¢2-IC/P)
and (¢3-MIC/P) fulfilled.

In order to compare our two primal-dual iterative schemes with algorithms relying on
(augmented) Lagrangian and smoothing techniques, we formulated using the definition of
the infimal convolution (1.3) and (1.4) as optimization problems with constraints of the
form

, 1
(63-1C/P) inf {2||361 + o = bl + ]|zl + 042||22H1,w2} ,

T1,22,21,22

4.1
subject to Dy 0 RO Y )
) 0 DQ xT9 o z9

and
. 1
BMIC/P) int S~ bF + arnlln + a2l |
4.2
subject to Dy —1d v —( -
! 0 L J\w) \ =2
respectively.

We performed our numerical tests on the colored test image lichtenstein (see Figure
4.1) of size 256 x 256 making each color ranging in the closed interval from 0 to 1. By
adding white Gaussian noise with standard deviation 0.08, we obtained the noisy image
b € R". We took w; = (1,1) and ws = (1, 1), the regularization parameters in (¢3-IC/P)
and (¢3-MIC/P) were set to a; = 0.06 and ap = 0.2, while the tests were made on an Intel
Core i7-3770 processor.

When measuring the quality of the restored images, we used the improvement in signal-
to-noise ratio (ISNR), which is given by

x — b||?
ISNRk =10 lOglO (M) s
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(a) Original image (b) Noisy image (c) Reconstructed image

Figure 4.1: Figure (a) shows the clean 256 x 256 lichtenstein test image, (b) shows the image
obtained after adding white Gaussian noise with standard deviation 0.08 and (c) shows the recon-
structed image.

(a) ISNR. values for (£3-IC/P) (b) ISNR values for (¢3-MIC/P)

10° 10" 10°  10° 10" 10°
CPU time in seconds CPU time in seconds

Figure 4.2: Figure (a) shows the evolution of the ISNR for the (¢2-IC/P) problem w.r.t. the CPU
times (in seconds) in log scale. Figure (b) shows the evolution of the ISNR for the (¢3-MIC/P)
problem w.r.t. the CPU times (in seconds) in log scale.

where z, b, and xj are the original, the observed noisy and the reconstructed image at
iteration k € N, respectively.

In Figure 4.2 we compare the performances of Algorithm 3.1 (FB) and Algorithm 3.2
(FBF) in the context of solving the optimization problems (1.3) and (1.4) to the ones of
different optimization algorithms.

The double smoothing (DS) algorithm, as proposed in [11], is applied to the Fenchel
dual problems of (4.1) and (4.2) by considering the acceleration strategies in [10]. One
should notice that, since the smoothing parameters are constant, (DS) solves continu-
ously differentiable approximations of (4.1) and (4.2) and does therefore not necessarily
converge to the unique minimizers of (1.3) and (1.4). As a second smoothing algorithm,
we considered the variable smoothing technique (VS) in [8], which successively reduces
the smoothing parameter in each iteration and therefore solves the primal optimization
problems as the iteration counter increases. We further considered the primal-dual hybrid
gradient method (PDHG) as discussed in [27], which is nothing else than the primal-dual
method in [15]. Finally, the alternating direction method of multipliers (ADMM) was
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applied to (4.1), as it was also done in [27]. Here, one makes use of the Moore-Penrose
inverse of a special linear bounded operator which can be implemented in this setting effi-
ciently, since Df D; and DID; can be diagonalized by the discrete cosine transform. The
problem which arises in (4.2), however, is far more difficult to be solved with this method
(and was therefore not implemented), since the linear bounded operator assumed to be
inverted has a more complicated structure. This reveals a typical drawback of ADMM
given by the fact that this method does not provide a full splitting, like primal-dual or
smoothing algorithms do.

As it follows from the comparisons shown in Figure 4.2, the FBF method suffers because
of its additional forward step. However, many time-intensive steps in this algorithm could
have been executed in parallel, which would lead to a significant decrease of the execution
time. On the other hand, the FB method performs fast and stable in both examples, while
optical differences in the reconstructions for (¢3-IC/P) and (¢3-MIC/P) are not observable.

Acknowledgements. The authors are thankful to two anonymous reviewers for com-
ments and recommendations which improved the quality of the paper.
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