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Abstract. We introduce a penalty term-based splitting algorithm with inertial effects designed
for solving monotone inclusion problems involving the sum of maximally monotone operators and
the convex normal cone to the (nonempty) set of zeros of a monotone and Lipschitz continuous
operator. We show weak ergodic convergence of the generated sequence of iterates to a solution
of the monotone inclusion problem, provided a condition expressed via the Fitzpatrick function
of the operator describing the underlying set of the normal cone is verified. Under strong
monotonicity assumptions we can even show strong nonergodic convergence of the iterates. This
approach constitutes the starting point for investigating from a similar perspective monotone
inclusion problems involving linear compositions of parallel-sum operators and, further, for the
minimization of a complexly structured convex objective function subject to the set of minima
of another convex and differentiable function.
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1 Introduction and preliminaries

The article [4] has represented the starting point of the investigations of several authors (see
[4-6,8,16,17,22,38,40]) related to the solving of variational inequalities expressed as monotone
inclusion of the form

OEAQS+NM($), (1)

where H is a real Hilbert space, A : H = H is a maximally monotone operator, M := argmin ¥
is the set of global minima of the convex and differentiable function ¥ : H — R fulfilling
min¥ = 0 and Ny; : H = H denotes the normal cone to the set M C H. One motivation
for studying such monotone inclusions certainly comes from the fact that, when A = 0® is the
convex subdifferential of a proper, convex and lower semicontinuous function ® : H — R. this
opens the gates towards the solving of convex minimization problems of type

miﬁ{@(m) cx € argmin U}, (2)
Te
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A fruitful approach proposed in the above-mentioned literature when numerically solving (1)
assumes the penalization of the function ¥ and the performing at each iteration of a gradient
step with respect to it in combination with a proximal step with respect to A. In the asymptotic
analysis of these schemes, a fundamental role is played by the condition

for every p € ran Ny, Z)\nﬂn [\I/* (g;) — oM <ﬁi>} < +o0, (3)

n>1

which is basically the discrete counterpart of a condition given in the continuous setting for
nonautonomous differential inclusions in [4]. Here, ¥* : H — R denotes the Fenchel conjugate
function of ¥, ran Nj; the range of the normal cone operator Nys : H = H, o the support
function of M and (A\,)n>1 and (B,)n>1 are positive real sequences representing step sizes and
penalty parameters, respectively. For conditions guaranteeing (3) we refer the reader to [4-6,
38,40].

In [16,17] we investigated from a similar perspective the more general inclusion problem

0 € Az + Dz + Ny(x), (4)

where A : H = H is a maximally monotone operator, D : H — H a (single-valued) monotone
and Lipschitz continuous operator and M C H denotes the nonempty set of zeros of another
monotone and Lipschitz continuous operator B : H — H. We formulated a forward-backward-
forward algorithm of penalty type for solving (4) and proved weak ergodic convergence for the
sequence of generated iterates, provided that a condition formulated in the spirit of (3), however,
formulated by using the Fitzpatrick function associated to B, is valid.

In this paper, our aim is to endow the forward-backward-forward algorithm of penalty type
for solving (4) from [16,17] with inertial effects. Iterative schemes with inertial effects have
their roots in the implicit discretization of a differential system of second-order in time (see [3]).
One of the main features of the inertial splitting algorithm is that the new iterate is defined by
making use of the previous two iterates. Taking into account the ”prehistory“ of the process
can lead to an acceleration of the convergence of the iterates, as it has been for instance pointed
out by Polyak (see [41]) in the context of minimizing a differentiable function. As emphasized
by Bertsekas in [11] (see also [39] and [24]), one of the aspects which makes algorithms with
inertial (sometimes also called memory) effects useful is their ability to detect optimal solutions
of minimization problems which cannot be found by their noninertial variants. Since their
introduction one can notice an increasing interest in inertial algorithms, which is exemplified by
the following references [1-3,7,18-21, 23,24, 28,30, 31, 35-37].

We show weak ergodic convergence of the sequence generated by the proposed iterative
scheme to a solution of the monotone inclusion problem (4) by using Fejér monotonicity tech-
niques. The correspondent of condition (3) in the context of monotone inclusion problems of
type (4) will play again a decisive role. When the operator A is assumed to be strongly mono-
tone, the iterates are proved to converge strongly to the unique solution of (4). By using a
product space approach, we are also able to enhance these investigations to monotone inclusion
problems involving linear compositions of parallel-sum operators. This further allows to formu-
late a penalty scheme with inertial effects for the minimization of a complexly structured convex
objective function subject to the set of minima of another convex and differentiable function.

Next we present some notations which are used throughout the paper (see [9,13,14,33,45,47]).
Let H be a real Hilbert space with inner product (-,-) and associated norm |- || = v/(-,-). When
G is another Hilbert space and L : H — G a linear continuous operator, then the norm of L is
defined as ||L|| = sup{||Lz|| : x € H,||z| < 1}, while L* : G — H, defined by (L*y,x) = (y, Lx)
for all (z,y) € H x G, denotes the adjoint operator of L.

For a function f: H — R we denote by dom f = {z € H : f(z) < +oo} its effective domain
and say that f is proper, if dom f # 0 and f(z) # —oo for all z € H. Let f* : H — R,



[*(u) = supgen{(u,z) — f(z)} for all u € H, be the conjugate function of f. We denote by
['(H) the family of proper, convex and lower semi-continuous extended real-valued functions
defined on H. The subdifferential of f at x € H, with f(z) € R, is the set df(x) := {v € H :
fly) > f(z) + (v,y — x) Vy € H}. We take by convention df(z) := 0, if f(x) € {£oo}. We also
denote by min f := inf,ey f(x) and by argmin f := {z € H : f(x) = min f}. For f,g: H - R
two proper functions, we consider their infimal convolution, which is the function fOg : H — R,
(fOg)(z) = infyer{f(y) + g(z —y)}. B

Let M C H be a nonempty convex set. The indicator function of M, ép; : H — R, is the
function which takes the value 0 on M and 400 otherwise. The subdifferential of the indicator
function is the normal cone of M, that is Ny (z) ={u e H : (u,y —2z) <0Vye M}, ifx € M
and Nys(xz) = 0 for x ¢ M. Notice that for z € M, u € Ny () if and only if opr(u) = (u, ),
where o is the support function of M, defined by ons(u) = sup,ep;(y, u). Further, we denote
by

sqriM = {x € M : UxsoA\(M — z) is a closed linear subspace of H}

the strong quasi-relative interior of M. We always have int M C sqri M (in general this inclusion
may be strict). If H is finite-dimensional, then sqri M coincides with ri M, the relative interior
of M, which is the interior of M with respect to its affine hull.

For an arbitrary set-valued operator A : H =2 H we denote by Gr A = {(z,u) e HX H :u €
Ax} its graph, by dom A = {z € H : Az # (0} its domain, by ranA={u € H :Jx € H s.t. u €
Az} its range and by A™! 1 H = H its inverse operator, defined by (u,x) € Gr A~! if and only
if (z,u) € Gr A. The parallel sum of two set-valued operators Ay, Ay : H =% H is defined as

MDAy H = H, A0 = (A7 + 4317

We use also the notation zer A = {z € H : 0 € Ax} for the set of zeros of the operator A. We
say that A is monotone if (x —y,u —v) > 0 for all (z,u), (y,v) € Gr A. A monotone operator
A is said to be maximally monotone, if there exists no proper monotone extension of the graph
of A on H x H. Let us mention that in case A is maximally monotone, zer A is a convex and
closed set [9, Proposition 23.39]. We refer to [9, Section 23.4] for conditions ensuring that zer A
is nonempty.
If A is maximally monotone, then one has the following characterization for the set of its
Zeros
z € zer M if and only if (u — z,w) > 0 for all (u,w) € Gr M. (5)

The operator A is said to be y-strongly monotone with v > 0, if (x — y,u — v) > 7|z — y|?
for all (z,u),(y,v) € GrA. Notice that if A is maximally monotone and strongly monotone,
then zer A is a singleton, thus nonempty (see [9, Corollary 23.37]). Let v > 0 be arbitrary. A
single-valued operator A : H — H is said to be y-Lipschitz continuous, if |Az — Ayl < 7|z —y||
for all (z,y) € H x H.

The resolvent of A, Ja : H = H, is defined by J4 = (Id +4)~!, whereId : H — H,Id(z) =z
for all x € H, is the identity operator on H. Moreover, if A is maximally monotone, then
Ja : H — H is single-valued and maximally monotone (cf. [9, Proposition 23.7 and Corollary
23.10]). For an arbitrary v > 0 we have (see [9, Proposition 23.18])

Jya+7J 141097 Id =1d. (6)

When f € I'(H) and v > 0, for every z € H we denote by prox. ;(z) the prozimal point of
parameter v of f at x, which is the unique optimal solution of the optimization problem

int {0+ 5l —alP}. ™



Notice that Jy5r = (Id +v0 )t = prox, s, thus prox,; : H — H is a single-valued operator
fulfilling the extended Moreau’s decomposition formula

PrOX. s +7 PrOX(q /) f+ oy 'Id =1d. (8)

Let us also recall that the function f : H — R is said to be y-strongly convex for v > 0, if
f =3I+ is a convex function. Let us mention that this property implies that 8 f is y-strongly
monotone (see [9, Example 22.3]).

The Fitzpatrick function associated to a monotone operator A is defined as

oA HXH—=R, oa(r,u) = sup {{z,v) + (y,u) — (y,v)},
(y,v)eGr A
and it is a convex and lower semicontinuous function. Introduced by Fitzpatrick in [34], this
function opened the gate towards the employment of convex analysis specific tools when investi-
gating the maximality of monotone operators (see [9,10,12-15,27,45] and the references therein)
and it will play an important role throughout the paper. In case A is maximally monotone, ¢4
is proper and it fulfills
oalz,u) > (x,u) Y(x,u) € H X H,
with equality if and only if (z,u) € Gr A. Notice that if f € I'(H), then df is a maximally
monotone operator (cf. [42]) and it holds (9f)~! = df*. Furthermore, the following inequality
is true (see [10])
vor(z,u) < f(z) + f*(u) Y(z,u) € H x H. (9)

We refer the reader to [10] for formulae of the Fitzpatrick function computed for particular
classes of monotone operators.

We close the section by presenting some convergence results that will be used several times
in the paper. Let (z,,)n>1 be a sequence in H and (A;)r>1 a sequence of positive numbers such
that >, <, Ax = +00. Let (2,)n>1 be the sequence of weighted averages defined as (see [6])

1 n n
Zn = P Z)\k:pk, where 7, = Z)\k Vn > 1. (10)
k=1 k=1

Lemma 1 (Opial-Passty) Let F' be a nonempty subset of H and assume that lim,,_, ||, — 2|
exists for every x € F. If every sequential weak cluster point of (xn)n>1 (respectively (zp)n>1)
lies in F, then (xn)n>1 (respectively (zn)n>1) converges weakly to an element in F' as n — +00.

Lemma 2 (see [1-3]) Let (pn)n>0, (0n)n>1 and (on)n>1 be sequences in [0,400) such that
On+1 < @n + an(on — @n—1) + On for alln > 1, anl 0n < +00 and there exists a real number
a with 0 < a, <a<1 foralln>1. Then the following statements are true:

(1) Yonz1len = pn-1ly < +00, where [t]y = max{t,0};
(i) there exists p* € [0, +00) such that lim,_, 4 ©n = ©*.
A direct consequence of Lemma 2 is the following result.

Lemma 3 Let (¢n)n>0, (0n)n>1, (@n)n>1 and (Brn)n>1 be sequences in [0, +00) such that ppiq <
—Bn + on + an(en — @n—1) + oy, for alln > 1, anl On < +00 and there exists a real number «
with 0 < ap < a <1 foralln> 1. Then the following hold:

(Z') ZnZl[‘Pn - ‘Pnfl}+ < +00, where [t]Jr = max{t, 0};
(it) there exists ¢* € [0,+00) such that limy, 40 n = ©*;

(ii) 3,51 Bn < +00.



2 A forward-backward-forward penalty algorithm with inertial
effects

Throughout this section we are concerned with the solving of the following monotone inclusion
problem.

Problem 4 Let H be a real Hilbert space, A : H = H a maximally monotone operator,
D : H — H a monotone and n~'-Lipschitz continuous operator with n > 0, B : H — H a
monotone and g~ '-Lipschitz continuous operator with y > 0 and assume that M = zer B # ().
The monotone inclusion problem to solve is

0 € Az + Dz + Ny (z).
We propose the following iterative scheme for solving Problem 4.

Algorithm 5
Initialization: Choose zg,x1 € H
For n > 1 set: pp = Jy, a(xn — A\ Dxy — \iBn By, + an(xn — 2p—1))
Tnt+1 = Anﬁn(an - Bpn) + An(Dl'n - Dpn) + Dn,

where (Ap)n>1, (Bn)n>1 and (ap)n>1 are sequences of positive real numbers that represent the
step sizes, the penalty parameters and the control parameters of the inertial effects, respectively.

Remark 6 When «,, = 0 for any n > 1, the above numerical scheme becomes Algorithm 3
n [16]. On the other hand, assume that Bz = 0 for all x € H (having as consequence M = H
and Njps(z) = {0}). In this case, Algorithm 5 turns out to be the inertial splitting method
proposed and analyzed in [18] for solving the monotone inclusion problem

0 € Az + Daz. (11)

If we combine these two cases, namely by assuming that o, = 0 for any n > 1 and Bx = 0 for
all z € H, then Algorithm 5 is nothing else than Tseng’s iterative scheme for solving (11) (see
also [26] for an error tolerant version of this method).

The following technical statement will be useful in the convergence analysis of Algorithm 5.

Lemma 7 Let (x,)n>0 and (pn)n>1 be the sequences generated by Algorithm 5 and let (u,w) €
Gr(A+ D+ Nyy) be such that w = v+ p+ Du, where v € Au and p € Nps(u). Then the following
iequality holds for any n > 1:

[Znt1 — ull® = [|zn — ull?* < anllon — ull? = [|zn—1 — ull?) + 200 [|zn — zn-1|?
A A\ 2
1 n

+ 2\nfn {sup ©B (u, ;) — oM <p>} + 2\ (u — pp,w). (12)

ueM 671

| — pull?

Proof. It follows from the definition of the resolvent operator that ﬁ(azn — pn) — BnBxy, —
Dz, + (j\‘—:(xn — Zp—1) € Apy, for any n > 1 and, since v € Au, the monotonicity of A guarantees

<pn — U, Tp — Pn — )\n(ﬁann + Dz, + U) + Oln(l'n - l'n—l)) >0Vn2>1,



thus

<U — Pn,Tn _pn> S <u — Pn, Anﬂann + Anl)xn + Anv - an(xn - xn—l)) vn Z 1.
In the following we take into account the definition of z,1 given in the algorithm and obtain

<u — DPn,Tn — pn) < <u — Dns Tng1 — Pn + MBnBpn + M Doy + Av — an(xn - l’n,1)>
= <U — DPn> Tp+1 — pn> + )\nﬁn<u — Dn, Bpn> + An(“ — Pn; Dpn>

+ A(u — ppyv) + an (P — U, Ty — Tp—1) Y0 > 1. (13)
Notice that for any n > 1

1 1 1
(1= Py = ) = 310 = pall® = Sz =l + 5 o = pull,

1 1 1
(1= Pyt = pa) = 5w = Pl = Sy =l + 5 a1 — pal®

and

(P — Uy Ty — Tp—1) = (Tp, — U, Ty, — Tp—1) + (Pn — T, Ty, — Tp—1)

e —zaall® | o =l e —ul
N 2 2 2
n Ipn —znall®  Nza —zaall®  llza _anQ'
2 2 2

By making use of these equalities, from (13) we obtain that for any n > 1
1 1 1
5”“ - an2 - §||wn - u”2 + inn - an2

1 1 1
< Sllu—pal® - §Hmn+1 —ul]® + §H90n+1 — pal®+
/\nﬁn<u — Pn, Bpn> + )\n<u — Pn, Dpn> + )\n<u — Pn, U>+

lzn —ull® _za-a —ul? | o =20l o = pal®
Qp, — + —
2 2 2 2

Further, by using the inequality
lpn = zn-1ll” < 2llzn = pall® + 2llz0 — 2o,

the relation v = w — p — Du and the definition of the Fitzpatrick function we derive for any

n>1

|z 41 = ull* = lzn — ul?

2)\n<u — Pns Dpn, — DU> + 2)\n<u *pnaw>+

On [Hxn - U”2 —[|zn—1 — UH2 + [|2n _an2 + 2|z — $n—1H2]

< s — pall® = l2n — pal> + 27nf [sup o5 <u p) — o <p>} i
ueM 671 ﬁn
2An(u — pp, Dpyy — Du) + 2\, (u — pp, w)+

On [Hxn - u”2 —lzn-1— UH2 + [|lzn _anQ +2[|zn — xn—l”Q] .



Since D is monotone, we have (u — p,, Dp, — Du) < 0 for any n > 1 and the conclusion
follows by noticing that the Lipschitz continuity of B and D yields

An B AnBn
I [t

A A
e =l < 2222 =l + 22 2~ ] = ( ; n") ln — pall ¥ > 1.

We will prove the convergence of Algorithm 5 under the following hypotheses:
(i) A+ Njs is maximally monotone and zer(A + D + Nyy) # 0;
(Hpitz)  (it) For every p € ran Nas, D, <1 Anfn [sup ©B (u, 6%) — oM (é’;)} < 400
o ueM
(731) (An)n>1 € £2\ £1.
Remark 8 The first part of the statement in (i) is verified if one of the Rockafellar conditions
M Nintdom A # 0 or dom A Nint M # () is fulfilled (see [43]). We refer the reader to [9,12-15,
45] for further conditions which guarantee the maximality of the sum of maximally monotone
operators. Further, we refer to [9, Subsection 23.4] for conditions ensuring that the set of zeros
of a maximally monotone operator is nonempty. The condition (ii) above has been introduced
for the first time in [16]. According to [16, Remark 4], the hypothesis (ii) is a generalization

of the condition considered in [6] (see also (H]ocfttz) and Remark 18 in Section 4 for conditions
guaranteeing (ii)).

Remark 9 (see also [16]) Since D is maximally monotone (see [9, Example 20.28]) and dom D =
‘H, the hypothesis (i) above guarantees that A + D + Nj; is maximally monotone, too (see [9,
Corollary 24.4]). Moreover, for each p € ran Nj; we have

sup ¢n <u, p) — oM <p> >0Vn > 1.
ueM ﬁn Bn

Indeed, if p € ran Ny, then there exists u € M such that p € Nys(w). This implies that

s (5:) o (32) 2 (23— () =ove=

Let us state now the convergence properties of the sequences generated by Algorithm 5.

Theorem 10 Let (zy,)n>0 and (pp)n>1 be the sequences generated by Algorithm 5 and (2p)n>1
the sequence defined in (10). Assume that (H i) is fulfilled, (cu,)n>1 is nondecreasing and there
exist ng > 1, a > 0 and o > 0 such that for any n > ngy

0<a,<a (14)

and
S5a + 20 + (1 4+ 4o+ 20) </\nfn+)\n>2§1. (15)
The following statements hold:
(i) Fonzo lTnt1 — @nll® < 400 and 3=, >, [lzn — pall* < +o0;
(i) (zn)n>1 converges weakly to an element in zer(A + D + Npr) as n — +00;

(i) if A is y-strongly monotone with v > 0, then (zy)n>0 and (pn)n>1 converge strongly to the
unique element in zer(A + D + Nys) as n — +oo.



Remark 11 When

>\n n A'I’L
lim sup (ﬁ + ) <1,
n——+00 1% n

one can select @ > 0, o > 0 and ng > 1 such that (15) holds for any n > ng. With given « and
no one can chose a nondecreasing sequence (ay,)p>1 fulfilling (14) for any n > ng, too.

Proof. We start by noticing that for (u,w) € Gr(A + D + Njs) such that w = v + p + Du,
where v € Au and p € Ny (u), from (12) we obtain for any n > ng

lensr —ull? = llzn — ull® < anlllen — ull? ~ zn — ull®) + 20 ]2 — 2na)?
2
_(AnBn 4 M \T
[1 (u +n> an]
- 2
AnBn An
(1+T +n>

+ 2\.0n [sup ©B (u, Bp> — oM (p)} + 2\ (u — pp,w). (16)

ueM IBTL

|1 — $n||2

Indeed, this follows by taking into consideration that

HSUTLJrl - $n” = ||)‘nﬁn(B$n - Bpn) + )\n(Dl‘n - Dpn) +Pn — xn“

)\n n )\n
s@+ B+>Wwwﬂ
M n

and, due to (15),

2
1— (Anﬂnjt/\rl) —ay > 0Vn > ng.
H n
With the notations
On = ||z, —ul|?> ¥Yn >0
and
tn = ©n — ApnPn—1 + 20 ||z, — xn_le Vn > 1,

we obtain from (16) and the fact that (o, ),>1 is nondecreasing the inequality

Hn+1 — HUn < Pn+1 — Pn — an(@n - <107171) + 2an+1”xn+l - anz - 2an||55n - xn71H2

2
17 ()\7;Lﬁ7l+)\7n> — oy,

2
b L A
(1+ £ +n)

+ 2X.0n [sup ©B (u, ﬁp) — oM (;)} + 2\ (u — pp, w) Yn > ng. (17)

ueM

20041 — |Zna1 _5Un||2

Further, we claim that

Indeed, this is equivalent to

>\n n )\n 2 >\n n )\n ?
(2ap4+1 + 0) <1+ B —i—) +an+< 8 +> <1Vn >ny,
H n H n



which is true since due to (14)-(15) we have for any n > ny

)\n n )\n 2 )\n n )\n 2
(2an+1+0)(1+ o +> +an+< o +>
H n H n

An n )\n 2 )\n n )‘TL 2
(2a—|—0)<1+ b +> —|—o<—|—< b —|—> <
K n © n

2 2
22a+0) 1+<)\”B”+)\"> +a+()\"6"+)‘”> <1
H n H n

IN

We conclude from (17)-(18) that for any n > ng

Hnt1 — fn < _0'||$n+1 - anQ +2X 65 [SUP ¥$B (Ua p) —O0M <p>} + 2/\n<u - pnaw>-
ueM Bn /Bn
(19)

Next we divide the proof in three parts.

(a) First we prove that for every u € zer(A + D + Nys) the sequence (||zy, — ul|)n>0 is
convergent and the statement (i) holds.

Take an arbitrary u € zer(A+ D+ Nyy). In this case one can take w = 0 in (19) and summing
up these inequalities for n = ng, ..., N, where N > ng, we obtain

N N
UN+1 = Hny < —0 Z [Zni1 — 2n|® + 2 Z AnBn [Sup ¥B (U, Bp> —oM (Bpﬂ (20)

n=ng n=ng ueM

- p p
<23 v [ oo (n ) —ow (3]
hence (un)n>1 is bounded from above due to (Hyy.). Let C > 0 be an upper bound of this
sequence. By using (14) we get
n — a1 < pp < C Vn > ng,
from which we deduce (since o € (0,1) due to (15))

n—ng
C
on < Oén_nOSOnO +C Z ak—l < Ozn_nOSORO + E Vn > ng+ 1. (21)
k=1

Further, by combining (20), the definition of the sequence (i )n>1, (14) and (21) we obtain
for any N > ng+1

N N
g Z Hxn—‘rl _anQ < Hng — UN+1 +2 Z )\nﬁn |:SUP YB <u7 ;) —O0M <Bp>:|

n=ng n=ng ueM
l p p
< Uny + N + 2 Z AnBn [sup ¥B <u7 > —O0M <>:|
n=no ueM Bn Bn
N—ng+1 Co = p p
< Hpy +a @no—f—l +22)\n n|SUP YB (U, = | = O0M | — .
- n—no ueM Bn Bn

(22)



From (Hpi,) and (22) we further get > <o l|#nt1 — zn||*> < 400. Moreover, by taking into
account the inequality (12) for w = 0, (14)-(15) and (H ;.), we conclude by applying Lemma 3
that >, - lon — pul|? < +oo and (|2, — ul|)n>0 is convergent

(b) Next we prove that every weak cluster point of (2], )nen, where

z —Z)\kpkandm. i/\kVnZI,
" k=1 =

lies in zer(A + D + Nyy).

Let z be a sequential weak cluster point of (2],),>1. As we already noticed that A+ D+ Ny is
maximally monotone, in order to show that z € zer(A+ D+ Nj;) we will use the characterization
given in (5). Take (u,w) € Gr(A + D + Nys) such that w = v + p + Du, where v € Au and
p € Nyr(u). From (19) we have

Hn+1 — Un < QAnﬁn |:Sup YB <u7 p) —O0M < >:| + 2)\n<u _pn7w> vn > no.
ueM ﬁn 5n

Let N € N with N > ng—+ 2. Summing up the above inequalities for n = ng+1, ..., N we get

N N no no
UN+1 — Png+1 < L 42 <Z Al — Z AnDn — Z Apl + Z AnPn, w> ,
n=1 n=1 n=1 n=1

where

L= 22)\an [521\131ch< é;) — oM (ﬁn>:| € R.

n>1
Dividing by 27y = 2 fo:l Ar we obtain

HMN+1 — Hng+1 <
27N 21N

+ (u — 2y, w), (23)

where
B ng no
P ;:L+z<_zxnu+zxnpn,w> R
n=1 n=1
Notice that due to (a), (z5)n>0 is bounded, hence the sequence (fi,)n>1 is bounded as well. By
passing in (23) to limit as N — 400 and by using that limy_, 1., T4 = +00, we get
1 flu — > 0.
Bl = =) =0
Since z is a sequential weak cluster point of (z/,),>1, we obtain that (u — z,w) > 0. Finally, as
this inequality holds for arbitrary (u,w) € Gr(A + D + Njy), the desired conclusion follows.
(¢) In the third part we show that every weak cluster point of (2,,)n>1 lies in zer(A+D+ Nyy).

For (c) it is enough to prove that lim, ,i ||2zn — 2,]| = 0 and the statement will be a
consequence of (b).

For any n > 1 it holds
Z)\k (zk — pr) (Z Akl 2k —pk”) 2 (Z Ai) <Z [E7 —ka|2> .
™ T \j=1 k=1

Since (Ap)n>1 € ¢%\ ¢, taking into consideration that 7, = > p_q Ak — 400 as n — +oo and
> ons1 %0 = pall? < 400, we obtain ||z, — z,|| = 0 as n — +o0.

lzn = 2p1* =

1
72
'I’L
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The statement (ii) of the theorem follows by combining the statements proved in (a) and (c)
with Lemma 1.

Finally, we prove (iii) and assume to this end that A is y-strongly monotone. Let be u €
zer(A+ D + Ny) and w =0 = v+ p + Du, where v € Au and p € Njs(u). Following the lines
of the proof of Lemma 7, one obtains for any n > ng

29\ llpn — u”2 + [ Tny1 — uH2 — |lzp — UH2§ an(||zn — U”2 = |zp—1 — UHQ) + 20 [|Tn — xn—IHZ

2
B 1_<Anﬁn+An> o,
I U

+ 2M\.8n 5&5 ¥B (u ﬁp) — oM (;)

I

|zn _pn”2

= zp—1 — UHQ) + 2ap[|Tn — xn—1”2

+ 2X\.0n -sup B (u ;) — oM (p>- . (24)

Lue M Bn

Invoking now Lemma 3, we obtain that

> Aallpn — ull? < +oo.

n>1

Since (Ay)n>1 is bounded from above and - |7 — pul|? < +oo, it yields

(o ¢] [o¢] o
> Aallzn —ul? <2 Aallzn —pal® + 2 Anllpn — ull* < 4o

n=1 n=1 n=1
As 51 An = +00 and ([[zn, — ul|)n>1 is convergent, it follows limy,—, oo |25 — ul| = 0. This
obviously implies lim,,—, 4 ||pn — u|| = 0, since limy, 40 |2 — pu|| = 0. [ |

3 A primal-dual forward-backward-forward penalty algorithm
with inertial effects

The aim of this section is to propose and investigate from the point of view of its convergence
properties a forward-backward-forward penalty algorithm with inertial effects for solving the fol-
lowing monotone inclusion problem involving linearly composed and parallel-sum type monotone
operators.

Problem 12 Let H be a real Hilbert space, A : H = H a maximally monotone operator and
C : H — H a monotone and v-Lipschitz continuous operator for v > 0. Let m be a strictly
positive integer and for any ¢ = 1,...,m let G; be a real Hilbert space, B; : G; = G; a maximally
monotone operator, D; : G; = G; a monotone operator such that D, 1'is v;-Lipschtz continuous
for v; > 0 and L; : H — G; a nonzero linear continuous operator. Consider also B : H — H a
monotone and p~!'-Lipschitz continuous operator with x> 0 and suppose that M = zer B # ().
The monotone inclusion problem to solve is

0€ Ax + i L} (B,0D;)(Lix) + Cx + Ny (). (25)

=1

The algorithm we propose for solving this problem has the following form.

11



Algorithm 13
Initialization: Choose (zg, V1,0, Um0)s (T1,V1,1, -, Um,1) € HX G1 X ... X G,
For n >1set: pp=Jy,alzn — M(Cxp+ D00 Livig) — MifnBay + ap(xn — 2p—1)]
Qin = JAnBi_l [Uz‘,n + )\n(LZ{En — D;lvm) + Oén(ULn — /Ui,nfl)]; 1=1,....m
Tn+l = Anﬁn(an - Bpn) + An(cxn - Cpn)
+An Z?ll L;(('Ui,n - Qi,n) + pn
Vin+1 :)\an(pn - xn) +>\n(Dz‘_1vi7n - Dz‘_l%,n) + Qim,i = ]—7 ey m,

where (An)n>1, (Bn)n>1 and (ap)n>1 are sequences of positive real numbers.

Remark 14 In case Bx = 0 for all x € H, the above numerical scheme becomes the inertial
algorithm that have been studied in [18] in connection with the solving of the monotone inclusion
problem

m
0€ Az + > Li(B,0D;)(Liz) + Ca.
i=1
If, additionally, o, = 0 for all n > 1, then the algorithm collapses into the error-free variant
of the primal-dual iterative scheme formulated in [32, Theorem 3.1].

For the convergence result we need the following additionally hypotheses (we refer the reader

to the remarks 8 and 18 for sufficient conditions guaranteeing (HY;/~""")):

(i) A+ Ny is maximally monotone and
zer (A+ S0 Lo (B;OD;) o L; + C + Nu) # 0;

(74) For every p € ran Njs, > Apfn | Sup ¢p (u, L) — oM <L> < 4o0;
n>1 uEM Pr Pn
(iii) (An)n>1 € £2\ £1.

For proving the convergence of the sequences generated by Algorithm 13 we will make use
of a product space approach, which relies on the reformulation of Problem 12 in the same form
as Problem 4.

Theorem 15 Consider the sequences generated by Algorithm 13 and let (z,)n>1 the be sequence
defined in (10). Assume that (Hp,>"™) is fulfilled, (an)n>1 is nondecreasing and there exist
no>1, a >0 and o > 0 such that for any n > ng

0<an,<aVn>ng (26)
and
AnBn ?
5a+ 20 + (1 + 4o + 20) P + M) <1Vn >nyg, (27)
where

m
B =max{v,vi,...Un}+ Z | Ls |2
i=1
Then (zp)n>1 converges weakly to an element in zer (A + Y1, L} o (B;OD;) o L; + C + Ny)
as n — +oo. If, additionally, A and B;l, i = 1,...,m, are strongly monotone, then (T,)n>1
converges strongly to the unique element in zer (A + > Lo (B,OD;)o Ly + C + NM) as
n — +00.

12



Proof. The proof makes use of similar techniques as in [17], however, for the sake of complete-
ness, we provide as follows the necessary details.

We start by noticing that © € H is a solution to Problem 12 if and only if there exist
v1 € G1,..vy U, € Gy, such that

0e€ Az + > " Lfv;+ Cax + Ny (z) (28)
v; € (BZDDZ)(le),Z =1,..,m,
which is nothing else than
0e€ Az + > " Liv;+ Cx + Ny(z) (29)
0e Bi_lv,- + DZ-_I’UZ‘ —Lix,i=1,...,m.

We further endow the product space Hx Gi X ... X G, with inner product and associated
norm defined for all (z,v1, ..., vm), (Y, W1, ..., W) € HX G1 X ... X G, a8

m
<(.T},’U1, "'77}777,)7 (y7w17 ceey wm)) - <$7y> + Z<Ui7wi>
i=1
and
m
(@, 01, ey o)l = |22+ D ol
i=1
respectively.

We introduce the operators A:Hx G1 X oo X Gy 2 HX G X oo X Gy

A(z,v1, ..., o) = Az X Bl_lvl X ... X B o,

D:Hx G1 X .. X Gy > HX G1 X ... X Gy,

m
5(.%’, Uiy ooy Upn) = (ZL;*W + Cx, Dl_lvl — Lz, ...,D;llvm — LmZL‘)
i=1

and B : Hx G1 X ... X G —> HX G1 X ... X G,

B(z,v1,...,vm) = (Bz,0,...,0).

Notice that, since A and B;, ¢ = 1, ..., m are maximally monotone, Ais maximally monotone,
too (see [9, Props. 20.22, 20.23]). Further, as it was done in [32, Theorem 3.1], one can show
that D is a monotone and [B-Lipschitz continuous operator.

Let (x,v1, ..., Um), (Y, W1, ..., W) € HX G1 X ... X Gpy. By using the monotonicity of C' and

Dl._l, t=1,...,m. we have

(2,01, ey V) — (Yy W1,y eey Wi )y D(xy 07, ooy U) — D(y, w1, ey i)

m
=(z—y,Cz—Cy) + Z(Ui — wy, Dj v — Dy M)

=1
+ > (@ =y, Lf(vi — wi)) — (0 — w;, Li(z — ))) >0,
=1

which shows that D is monotone.

13



The Lipschitz continuity of D follows by noticing that

Hf)(ar,vl,...,vm) —l~)(y,w1,... W) H
<H(C$—C’y,D_lvl Dy wl,...,D_ -D,, Lo H

(S i e

m m 2 m
<\ [Vl =yl + D o — wil|2 + (Z 1Ll - flvi = wi\l) + 3Ll - |z — yll?
=1 i=1

i=1
<Bl[(z,v1, ..., Um) = (Y w1, ooy win) |-
Moreover, B is monotone, p~'-Lipschitz continuous and
zerézzeergl X oo X G =M X Gy X ... X G,
hence

Nyp(2,v1, s 0m) = Ny(w) x {0} x ... x {0},

where

M:ngl x...xgm:zeré.
Taking into consideration (29), we obtain that x € H is a solution to Problem 12 if and only
if there exist v1 € G1, ..., v;m € Gy, such that

(2,01, ...y U) € zer(g—k D+ Np)-

Conversely, when (x,v1,...,0m) € zer(g + D + N77); then one obviously has x € zer (A +
S Lo (B,OD;)oLi +C + NM). This means that determining the zeros of A+D+ Ny will
automatically provide a solution to Problem 12.

Further, notice that

Ty 4(2, 01, ey U) = (JAAl (#), Tyt (1), s Tyt (vm)>

for every (z,v1,...,0m) € HX G1 X ... X Gy, and every A > 0 (see [9, Proposition 23.16]). Thus
the iterations of Algorithm 13 read for any n > 1:

7 ~
(pn’ din, - Qm,n) = J)\ng |:('TTL) Ulny -y Um,n) - AnD(xna Vlny ey Um,n)

_)\n/BnE(xna Ul,ny -y Um n) + an((xnv Viny ey Um,n) - (wn—lv Vin—1s -y Um,n—l))}

(xn-i-lavl,n-‘rlv <eey Um n+1) - An/Bn |: (mn; U1,n, -~-7vm,n> - E(]?na qimny e Qm,n)]

+An [ (xm Uln, - Um,n) - D(pm qin, - Qm,n)] + (pn7QI,na ceey Qm,n)a

\

which is nothing else than the iterative scheme of Algorithm 5 employed to the solving of the
monotone inclusion problem

0 € A(x,v1, .., vm) + D(,01, .00y ) + Nyp (2,01, 005 U
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In order to compute the Fitzpatrick function of E, we consider two arbitrary elements
(T, 01, ey Um), (2, 0], 0),) € HX G X oo X Gy It holds

o5 (@01, vm), (2,01, 0p,)) =

sup {((x,vl, ey Um)y By, wi, ooy )Y + (2, 0], o 00, (Y w1,y ey W)
(y,w1,...,wm)e
HXG1X...XGm

— {(y, w1, ..., wp,), By, wr, ,wm)>}

= sup {<x7By>+<xlay>+Z<v;7wl> - <yaBy>}7
=1

(yawlz"'7wﬂl)€

HXG1X...XGm

thus » | |
B ' ) oes(x, '), it =... =1, =0,
SDB((SU,UL ey Um), (2,07, ...,Um)) - { e =
Moreover,
U~(5[j U1 v ): O’M(m’), ifUlz___:an:O7
M ) 5 ooy Um _*_oo7 otherWiSe,

hence condition (ii) in (H]’fftz_sum) is nothing else than

for each (p, p1,...,pm) € ran Nyy = ran Ny x {0} x ... x {0},

ZAan[ sup - ¢p ((u,m,...,vm),mm’w) — o5 (M) < +o0.
n>1 (UyV1 e ey Um ) EM 6” Bn
Moreover, condition (i) in (H ?Z;_sum) ensures that A+ N 77 is maximally monotone and zer(A+

D+ N ) F (). Hence, we are in the position of applying Theorem 10 in the context of finding

the zeros of A+ D+ N 77+ The statements of the theorem are an easy consequence of this result.
|

4 Convex minimization problems

In this section we deal with the minimization of a complexly structured convex objective func-
tion subject to the set of minima of another convex and differentiable function with Lipschitz
continuous gradient. We show how the results obtained in the previous section for monotone
inclusion problems can be applied in this context.

Problem 16 Let H be a real Hilbert space, f € I'(H) and h : H — R be a convex and
differentiable function with a v-Lipschitz continuous gradient for v > 0. Let m be a strictly
positive integer and for any i = 1, ..., m let G; be a real Hilbert space, g;,l; € I'(G;) such that [; is
v 1—strongly convex for v; > 0 and L; : H — §G; a nonzero linear continuous operator. Further,
let ¥ € T'(H) be differentiable with a p~!-Lipschitz continuous gradient, fulfilling min ¥ = 0.
The convex minimization problem under investigation is

inf {f(x) £ 3 (000 (L) + h(x)} . (30)

r€argmin ¥ ‘
=1
Consider the maximal monotone operators

A= af,B = V\I’,C = Vh,BZ‘ = 8gi and Di = 8li,i = 1,...,m.
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According to [9, Proposition 17.10, Theorem 18.15], D, - VI is a monotone and v;-Lipschitz
continuous operator for i = 1,...,m. Moreover, B is a monotone and g~ !-Lipschitz continuous
operator and

M := argmin ¥ = zer B.

Taking into account the sum rules of the convex subdifferential, every element of zer (8 f+
S Lf o (0g;,00l;) o Li + Vh 4+ Nyy) is an optimal solution of (30). The converse is true
if an appropriate qualification condition is satisfied. For the readers convenience, we present
the following qualification condition of interiority-type (see, for instance, [32, Proposition 4.3,
Remark 4.4])

(0, ...,0) € sqri (H(domgi +doml;) — {(Liz, ..., Lpz) : © € dom f N M}> . (31)
=1

The condition (31) is fulfilled in one of the following circumstances:

(i) domg; + doml; = G;, i =1, ..., m;

(ii) H and G; are finite-dimensional and there exists € ridom f Nri M such that L;x €
ridomg; + ridom/;, i = 1,...,m (see [32, Proposition 4.3]).

Algorithm 13 becomes in this particular case

Algorithm 17
Initialization: Choose (Zg,v1,0,--,Um,0), (1,011, s Um1) € HX Gi X ... X Gy
For n > 1 set: p, = prox, r[zn — Aa(Vh(zn) + 300 Livin) — AfBn VY (25)
+an(33n - xnfl)]
Qin= prox/\ng:[v,-,n + A (Lizp, — VI (vign))+ an(Vip — vip—1)]i = 1,...,m
Tn+1 = Anﬁn(v‘ll(xn) - V\Ij(pn)) + )‘n(Vh(xn) - Vh(pn))
+An 2111 L;k (Ui,n - Qi,n) + Pn
Vim+1 = Li(pn — xn) + A (VI (Vin) =V (Gin)) +4in, i =1,...,m.

For the convergence result we need the following hypotheses:

(1) Of + Ny is maximally monotone, (30) has an optimal solution and the
(o qualification condition (31) is fulfilled;
H

fit) (#1) For every p € ran Nas, 37,50 Anfn [q,* (B%) o (ﬁ%)} < +oo:
(#11) (An)n>1 € 02\ 1.

Remark 18 (a) Let us mention that 0 f 4+ Ny, is maximally monotone, if 0 € sqri(dom f — M),
a condition which is fulfilled if, for instance, f is continuous at a point in dom f N M or int M N
dom f # 0.

(b) Since ¥(z) = 0 for all z € M, by (9) it follows that whenever (ii) in (H;ifz) holds,
condition (ii) in (H7, "), formulated for B = V¥, is also true.

(c) The hypothesis (ii) is satisfied, if >, ,’6\,—2 < 400 and ¥ is bounded below by a multiple
of the square of the distance to C' (see [5]). This is for instance the case when M = zer L =
{r€eH:Lx =0}, L:H — His a linear continuous operator with closed range and ¥ : H —
R, ¥(z) = || Lz||? (see [5,6]). For further situations for which condition (ii) is fulfilled we refer

to [6, Section 4.1].

We are able now to formulate the convergence result.
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Theorem 19 Considere the sequences generated by Algorithm 17 and let (z,)n>1 the be sequence
defined in (10). Assume that (H;ffz) is fulfilled, (o, )n>1 is nondecreasing and there exist ng > 1,
a >0 and o > 0 such that for any n > ng

0<a, <aVn>ng (32)

and

A1’L/BTZ

2
5a—|—20+(1+4a+20)< +An6> < 1Vn > no, (33)
where

B =max{v,v1,....Um} +

m
DLl
=1

Then (zn)n>1 converges weakly to an optimal solution to (30) as n — +oo. If, additionally, f
and gf, i =1,...,m, are strongly convex, then (x,)n>1 converges strongly to the unique optimal
solution of (30) as n — +o0.

Remark 20 (a) According to [9, Proposition 17.10, Theorem 18.15], for a function g € I'(H)
one has that g* is strongly convex if and only if g is differentiable with Lipschitz continuous
gradient.

(b) Notice that in case ¥(x) = 0 for all x € H Algorithm 17 has been studied in [18] in
connection with the solving of the optimization problem

inf {f(fc) 3 (@0 (L) + h<x>} . (34)

=1

If, additionally, a,, = 0 for all n > 1, then Algorithm 17 becomes the error-free variant of the
iterative scheme given in [32, Theorem 4.2] for solving (34).
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