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Abstract The Alternating Minimization Algorithm has been proposed by Paul Tseng to solve convex
programming problems with two-block separable linear constraints and objectives, whereby (at least)
one of the components of the latter is assumed to be strongly convex. The fact that one of the subprob-
lems to be solved within the iteration process of this method does not usually correspond to the calcu-
lation of a proximal operator through a closed formula affects the implementability of the algorithm.
In this paper we allow in each block of the objective a further smooth convex function and propose a
proximal version of the algorithm, which is achieved by equipping the algorithm with proximal terms

induced by variable metrics. For suitable choices of the latter, the solving of the two subproblems in the
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iterative scheme can be reduced to the computation of proximal operators. We investigate the conver-
gence of the proposed algorithm in a real Hilbert space setting and illustrate its numerical performances

on two applications in image processing and machine learning.

Keywords Proximal AMA - Lagrangian - Saddle Points - Subdifferential - Convex Optimization -

Fenchel Duality
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1 Introduction

Tseng introduced in [1] the so-called Alternating Minimization Algorithm (AMA) to solve optimization
problems with two-block separable linear constraints and two nonsmooth convex objective functions,
one of these assumed to be strongly convex. The numerical scheme consists in each iteration of two
minimization subproblems, each involving one of the two objective functions, and of an update of the
dual sequence which approaches asymptotically a Lagrange multiplier of the dual problem.

The strong convexity of one of the objective functions allows to reduce the corresponding minimiza-
tion subproblem to the calculation of the proximal operator of a proper, convex and lower semicontinu-
ous function. This is for the second minimization problem in general not the case, thus, with the excep-
tion of some very particular cases, one has to use a subroutine in order to compute the corresponding
iterate. This may have a negative influence on the convergence behaviour of the algorithm and affect its
computational tractability. One possibility to avoid this, is to properly modify this subproblem with the
aim of transforming it into a proximal step, and, of course, without losing the convergence properties
of the algorithm. The papers [2] and [3] provide convincing evidences for the efficiency and versatility
of proximal point algorithms for solving nonsmooth convex optimization problems; we also refer to [4]
for a block coordinate variable metric forward-backward method.

In this paper we address in a real Hilbert space setting a more involved two-block separable opti-
mization problem, which is obtained by adding in each block of the objective a further smooth convex
function. To solve this problem we propose a so-called Proximal Alternating Minimization Algorithm
(Proximal AMA), which is obtained by inducing in each of the minimization subproblems additional

proximal terms defined by means of positively semidefinite operators. The two smooth convex func-
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tions in the objective are evaluated via gradient steps. For appropriate choices of these operators we
show that the minimization subproblems turn into proximal steps and the algorithm becomes an itera-
tive scheme formulated in the spirit of the full splitting paradigm. We show that the generated sequence
converges weakly to a saddle point of the Lagrangian associated with the optimization problem under
investigation. The numerical performances of Proximal AMA are illustrated in particular in comparison
to AMA for two applications in image processing and machine learning.

A similarity of AMA to the classical Alternating Direction Method of Multipliers (ADMM) algorithm,
introduced by Gabay and Mercier in [5], is obvious. In [6-8] (see also [9,10]) proximal versions of the
ADMM algorithm have been proposed and proved to provide a unifying framework for primal-dual
algorithms for convex optimization. Parts of the convergence analysis for the Proximal AMA are carried

out in a similar spirit to the convergence proofs in these papers.

2 Preliminaries

The convex optimization problems addressed in [1] is of the form

i .t = 1
xeR}Tr,;felRm f(x)+g(z) st Ax+Bz=b, 1)

where f : R” — R := RU {00} is a proper, y-strongly convex with y > 0 (this means that f — 7 || - ||* is
convex) and lower semicontinuous function, g : R” — R is a proper, convex and lower semicontinuous

function, A €¢ R"™*",Be R™™ and b € R".

For ¢ > 0, the augmented Lagrangian associated with problem (T), L. : R” x R"” x R” — R reads
Le(x,z,p) = f(x) +g(z) + (p, b — Ax — Bz) + %||Ax + Bz — b||%.
The Lagrangian associated with problem (1) is
L:R"xR"xR" - R, L(x,zp)=f(x)+g(z)+ (p,b — Ax — Bz).

Tseng proposed the following so-called Alternating Minimization Algorithm (AMA) for solving (I):



4 Sandy Bitterlich et al.

Algorithm 2.1 (AMA) Choose p° € R’ and a sequence of strictly positive stepsizes (cx)x>o- For all

k > 0 set:
xF = argmin {f(x) — (pF, Ax)} ()
x€R"
z* € argmin {g(z) — (", Bz) + %kHAxk + Bz — sz} 3)
zeR™
pk+1 = pk—l-ck(b—Axk—sz). 4)

The main convergence properties of this numerical algorithm are summarized in the theorem below

(see [1]).

Theorem 2.1 Let A # 0and (x,z) € ri(dom f) x ri(dom g) be such that the equality Ax + Bz = b holds.
Assume that the sequence of stepsizes (cx)x>( satisfies

2y
e<qg < —=—€eVk>0,
A2

where 0 < € < HXHZ' Let (x, 2%, p¥)i>q be the sequence generated by Algorithm 2.1. Then there exist x* € R"

and an optimal Lagrange multiplier p* € R” associated with the constraint Ax + Bz = b such that

xF = x%, BZF — b — Ax*, pF — pF(k — 4o0).

If the function z — g(z) + || Bz||? has bounded level sets, then (z*)y>( is bounded and any of its cluster points z*

provides with (x*,z*) an optimal solution of (I).

It is the aim of this paper to propose a proximal variant of this algorithm, called Proximal AMA,
which overcomes its drawbacks, and to investigate its convergence properties.

In the remainder of this section we will introduce some notations, definitions and basic properties
that will be used in the sequel (see [11]). Let % and G be real Hilbert spaces with corresponding inner
products (-, -) and associated norms || - || = 1/(, -). In both spaces we denote by — the weak conver-
gence and by — the strong convergence.

We say that a function f : H — R is proper, if its domain satisfies the assumption dom f :=
{x € H: f(x) < 400} # @ and f(x) > —co forallx € H.Letbe I(H) = {f : H - R :
f is proper, convex and lower semicontinuous}.

The (Fenchel) conjugate function f* : # — R of a function f € T'(H) is defined as

fr(p) =sup,cy{{px) — f(X)} VP EH
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and is a proper, convex and lower semicontinuous function. It also holds f** = f, where f** is the
conjugate function of f*. The convex subdifferential of f is defined as of(x) = {u € H : f(y) >
f(x)+ (u,y —x)Vy € H},if f(x) € R, and as df (x) = @, otherwise.

The infimal convolution of two proper functions f,g : # — R s the function fOg : H — R, defined

by (f0g)(x) = infyen{f(y) +g(x —y)}-

The proximal point operator of parameter -y of f at x, where y > 0, is defined as

. : 1 2
Prox,s: H — H, Prox,¢(x) = arger?{m vf(y) + E”y —x||“¢.
Y
According to Moreau’s decomposition formula we have

Prox, s(x) + 7 Prox(y /) ¢+ (v 'x)=x, VxeH.

Let C C H be a convex and closed set. The strong quasi-relative interior of C is

sqri(C) = {x € C: Up~oA(C — x) is a closed linear subspace of 7} .

We always have int(C) C sqri(C) and, if # is finite dimensional, then sqri(C) = ri(C), where ri(C)
denotes the interior of C relative to its affine hull.

We denote by S () the set of operators from  to H which are linear, continuous, self-adjoint
and positive semidefinite. For M € S (#H) we define the seminorm || - [[pr : H — [0, +00), ||x||m =

V/ (x, Mx). We consider the Loewner partial ordering on S, (), defined for My, M, € S, (H) by
My = My < ||x[|m; > ||x]lm, Vx € H.

Furthermore, we define for « > 0 the set Py(H) := {M € S;(H) : M = ald}, where Id : H —
H,1d(x) = x for all x € H, denotes the identity operator on H.

Let A : H — G be a linear continuous operator. The operator A* : G — #, fulfilling (A*y,x) =
(y, Ax) for all x € H and y € G, denotes the adjoint operator of A, while || A|| := sup{||Ax|| : ||x]| < 1}

denotes the norm of A.

3 The Proximal Alternating Minimization Algorithm

The two-block separable optimization problem we are going to investigate in this paper has the follow-

ing formulation.
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Problem 3.1 Let #, G and K be real Hilbert spaces, f € I'(H) -strongly convex withy > 0,¢ € T'(G),
h1 : H — R a convex and Fréchet differentiable function with L;-Lipschitz continuous gradient with
L1 >0, hy : G — R aconvex and Fréchet differentiable functions with Ly-Lipschitz continuous gradient
with L, > 0,A:H — Kand B : § — K linear continuous operators such that A # 0 and b € K.
Consider the following optimization problem with two-block separable objective function and linear

constraints

x€r7r_[1,iznegf(x) +hy(x) +g(z) + ha(z) st. Ax+ Bz =0. )

We allow the Lipschitz constant of the gradients of the functions /; and h; to be zero. In this case the
functions are affine.

The Lagrangian associated with the optimization problem (5) is defined by L : H x G x K — R,
L(x,z,p) = f(x) + I (x) +g(2) + h2(2) + (p,b — Ax — Bz).
We say that (x*,z*, p*) € H x G x K is a saddle point of the Lagrangian L, if
L(x*,z*,p) < L(x*,z% p*) < L(x,z,p*) V(x,z,p) € HxGxK.

It is well-known that (x*,z*, p*) is a saddle point of the Lagrangian L if and only if (x*,z*) is an optimal

solution of , p* is an optimal solution of its Fenchel dual problem

ilelg{—(f*ﬂhi‘)(z‘l*?\) — (g"0mz)(B*A) + (A, b) }, (6)

and the optimal objective values of (5) and (6) coincide. The existence of saddle points for L is guaranteed

when (5) has an optimal solution and, for instance, the Attouch-Brézis-type condition
b € sqri(A(dom f) + B(dom g)) (7)

holds (see [12, Theorem 3.4]). In the finite dimensional setting this asks for the existence of x € ri(dom f)
and z € ri(dom g) satisfying Ax + Bz = b and coincides with the assumption used by Tseng in [1].

The system of optimality conditions for the primal-dual pair of optimization problems (5)-(6) reads:
A*p* —Vhy(x*) € of (x*), B*p* — Vhy(z") € 9¢(z*) and Ax* + Bz* = b. 8)

This means that if (5) has an optimal solution (x*,z*) and a qualification condition, like for instance (7),

is fulfilled, then there exists an optimal solution p* of (6) such that () holds; consequently, (x*,z*, p*) is
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a saddle point of the Lagrangian L. Conversely, if (x*,z*, p*) is a saddle point of the Lagrangian L, thus,
(x*,z*, p*) satisfies relation (8), then (x*,z*) is an optimal solution of (5) and p* is an optimal solution
of (6).

Remark 3.1 If (x7,z], p7) and (x3,z3, p3) are two saddle points of the Lagrangian L, then x] = x3. This
follows easily from (8), by using the strong monotonicity of df and the monotonicity of dg.

In the following we formulate the Proximal Alternating Minimization Algorithm to solve (§). To this
end, we modify Tseng’s AMA by evaluating in each of the two subproblems the functions h; and h;
via gradient steps, respectively, and by introducing proximal terms defined through two sequences of
positively semidefinite operators (MF)y=o and (M5%)y=o.

Algorithm 3.1 (Proximal AMA) Let (M¥);>9 C Sy (H) and (M)i>9 € S+(G). Choose (x°,2°,p°) €

H x G x K and a sequence of stepsizes (ck)x>o C (0, +00). For all k > 0 set:

1 = argmin {f(x) — (pF, Ax) + (x — &K, Vi (2F)) + %le - xk”?\/[k} )
xeH 1

21 € argmin {g(z) — (p*, Bz) + %kHAka + Bz — b|)2 + (z — 2K, VI (2F)) + %Hz - zk||§w,2(} (10)
z€G

pk+l — pk +Ck(b . Axk-‘rl . sz-‘rl). (11)

Remark 3.2 The sequence (zk)kzo is uniquely determined if there exists a; > 0 such that c,B*B + M’zC €
Pu, (G) for all k > 0. This actually ensures that the objective function in the subproblem is strongly
convex.

Remark 3.3 Let k > 0 be fixed and M} := Uikld — cxB*B, where 0 > 0 and oyc||B||> < 1. Then M} is

k+1

positively semidefinite and the update of z*™" in the Proximal AMA method becomes a proximal step.

This idea has been used in the past with the same purpose for different algorithms involving proximal

steps; see, for instance, [7,8913]14,15/16]. Indeed, holds if and only if
0 € 9g(z"h) + (cxB* B+ ME)ZH 4 ¢, B* (AxFT1 — b) — MEZF + Vi (2F) — B*pt
or, equivalently,

0 € ag(ZF1) + Ulszrl — <; Id —ckB*B) 25+ Vo (25) 4 ¢ B* (Ax*1 — b) — B*pk.
k k
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But this is nothing else than

2
21 = argmin {g(Z) + 1 Hz - (zk — 03 Vhy (2F) + oy B* (b — AxF1 — BZF) + tTkB*pk) H }
zeG 20k

= Proxgg (zk — 03 Vo (25) 4 oy B* (b — Ax*1 — BZF) + (TkB*pk) :
The convergence of the Proximal AMA method is addressed in the next theorem.

Theorem 3.1 In the setting of Problem 3.1 let the set of the saddle points of the Lagrangian L be nonempty. We
assume that MY — 5L 1d € Sy (M), Mk = MK, ME — L21d € S..(G), Mk = MK for all k > 0 and that

(ck)k>0 is a monotonically decreasing sequence satisfying

e< ¢ < —e Vk>0, (12)

27
1A]>
where 0 < € < W. If one of the following assumptions:
(i) there exists & > 0 such that M’Z‘ — % Id € Py(G) forall k > 0;
(ii) there exists B > 0 such that B*B € Pg(G);

holds true, then the sequence (x*,z*, p¥)o generated by Algorithm 3.1 converges weakly to a saddle point of the

Lagrangian L.

Proof Let (x*,z*, p*) be a fixed saddle point of the Lagrangian L. This means that it fulfils the system

of optimality conditions

Ap* — Vhy(x*) € 9f (x¥) (13)
B*p* — Vhy(z*) € 9g(z") (14)
Ax* +Bz* =b (15)

We start by proving that

k+1 2 k+1 2 k+1 _ k|2
ky_: [x*H — x*[|* < 400, ) || B2 — Bz*||” < 400, ) [|ZH — 2z ||M,2{_L72101 < +oo
>0 k>0 k>0

and that the sequences (z¥);> and (p*)= are bounded.
Assume that L; > 0 and L, > 0. Let k > 0 be fixed. Writing the optimality conditions for the

subproblems (9) and (10) we obtain

A*pk — Vhy (2F) + ME(xF — K1) e af (oK) (16)
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and
B*pF — Vhy(2F) 4 cxB* (— AxF1 — BZK1 ) 4 ME(2F — 2541 e ag(2F), (17)
respectively. Combining - with the strong monotonicity of df and the monotonicity of dg it
yields
(A (P — p*) = Vi () + Ty () + MEGE - 20), 2551 ) > o1 2o P
and
(B*(p* — p*) — Vhy(2) + Vha(z") + ¢ B* (— AxKH1 — B2 4 b) + ME(2F — 21, K41 — %) >,
which after summation lead to
(pF — p*, Ax*1 — Ax*) + (p* — p*, BZ" — Bz*)
+{cp(—AxX — Bz 4 p), BZF - Bz*)
—(Vhy(x%) = Vhy (x*), 1 — x*) — (Vhy(2F) — Vi (2*), 21 — 2%)
(ME (xR = L) Ly K (R k) R ey s R 2, (18)
According to the Baillon-Haddad-Theorem (see [11, Corollary 18.16]) the gradients of Iy and h, are Lil
and Liz—cocoercive, respectively, thus
(Vin(x') = Vi (), 5" = %) = [V (x°) = Vin (x|
(Vhy(z*) — Vhy(2F), 2% — 2F) > LizHth(z*) — Vhy (2|2
On the other hand, by taking into account (1) and (I5), it holds

<Pk _ P*/ Aka _ Ax*) + <Pk _ P*/sz+1 _ BZ*>

1

_ <Pk _ p*,Akarl +sz+1 _ b> — a k+1>

(W —ppt—p
By employing the last three relations in (18), it yields
%<pk ot B — ) o (= AxEH B 4 B _ B
(M (k= DY, Ry (M (K — 2R, R
+(Vhy(x*) — Vhy(xF), x50 — 1) 4+ (Vhy (x*) — Vi (2F), x* = xF)
—L%va*) = Vi () [[? + (Vho(2) = Vha(25), 2477 = 27)

k * 1 * k
+(Vha(2") = Vhy(2),2* = 2F) - BIW’@(Z ) = Vin(Z)|? = o[l — |2,
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which, after expressing the inner products by means of norms, becomes

1 k * 12 k k-l-l 2 k+l * (12
2 (1P =PI+ g = PP =

Lk k_ ok N
5 (1 =2 g = I = R — 125 = 2"

+% (||Ax* _ Axk+1”2 —b— Axktl _ sz+1H2 | Ax* + Bzkt1 _ |2)
1k Kk k k
7(||z —Z*||212<*||Z —Z+1||?M;2c* + *H )

\ 1
(VR (x*) = Vi (xF), 21— F) — L IVmGT) = Vi ()2

1
+(Vhy(z*) — Vhy(2F), 21 — 2F) — L—Hth(z*) — Vhy(ZM)[]2 > ||a*! — |2
2
Using again (T1), the inequality ||Ax* — Axk+1]|2 < || A]]2||x* — x*+1||? and the following expressions

1
(Vhi(x*) = Vi (xF), 21— F) L 1V &) = Vi ()7

2
- L 1<vm<x*>—vm<xk>>+1<xk—xk+l>\ T
I 2 4
and
1
(Vhy(x*) — Vhy(2F), 251 — 2F) — f||th(Z*) — Vhy(z9)|?
2
_ 1 « k 1 ol Lok ke
= —Ly||7—(Vha(z") = Vha(z")) + 5 (2" =2"7)|| +—=|lz" =25,
Lo 2 4
it yields
1 * *
|| — ||Mk+ || |+ || 22, <
2

Lok 2 1ok sp2 Kk oxn2 _ Ckypaox k+1 2
EHx - X ||M11<+27k||i7 —p’l +§||Z -z ||M,2(—?||Ax + Bz " — b

1 Ck 1
— I =R — (v = FUAIR) I =22 = Sl = =R
1 x oy o Lok | Lk ke
L || = (Vi (') = Vi (%)) 4+ 5 (x5 = ) 4 S Jak — 241
Ly 2 4
1 . oy o Lok | L2k kg2
~La || - (Vho(2") = Vha() + 5(5 =24 |+ 21 =241,

Finally, by using the monotonicity of (MX);>o, (M5)=0 and (cx)x>0, we obtain

Cp | ¥ — [ + [ [ Y g <

eellx* = %" + 1P° = p*I + cill2” = 27136 — Res (19)
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where

Ri = ci (27 = cell AIP) 441 — |2 + [ B2 — Bz P+

cllzt —z HMIZLLTZM—'—C]‘HX X ‘|M’1‘7L71Id+
1 1 2
2ci Ly L(Vhl(x*)_Vhl(xk)>+2(xk_xk+1)‘ i
1
! k Lok kn1 2
N EP P |
2

If L; = 0 (and, consequently, Vh; is constant) and Ly > 0, then, by using the same arguments, we obtain

again (19), but with
Re = ci (27 = cell AIP) 441 — |2 + [ B2 — Bz P+

k_ _k+1y2 k k12
e PR A

2

1 . 1
2¢, Ly fz(th(Z ) — Vhy(29)) + E(Zk -2

If L, = 0 (and, consequently, Vi, is constant) and Ly > 0, then, by using the same arguments, we obtain

again (19), but with
Ry i= i (27— el AJR) ¥4 — |2 + B+ - B2+

k_ k+1)2 k_ k12
cllz =z ||M§—0—ck||x x ||M’1<—L71Id+

2

1 . 1
2exLa | (Vi (x") - Vhy (x)) + 5 («F = 2*11)

Relation (I9) follows even if L = L, = 0, but with

Ry := ck (2’Y - Ck”A”Z) [ — 12 4 [ B2 — B2 + eyl — 2| + eellxt — xR

Notice that, due to M — % Id € S4(H)and M5 — % Id € §4(G), all summands in Ry are nonnegative.

Let be N > 0 fixed. By summing the inequality in for k = 0,..., N and using telescoping argu-

ments, we obtain

N+ [P = P el = 2 R <

NEEY[ES

N
= g + 157 = P+l =2 g -~ 1 R
=0

On the other hand, from (19) we also obtain that

. k *112 k * (|12 k * (|2
3 Jim (el —x* (e + 17— P71+ el — 271y ) (20)
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thus (p*)i>o is bounded, and Yt~ Ry < +o0.

Taking into account we have ¢ (27 — ci||A||?) > €?||A||? for all k > 0. Therefore

Yol —x¥|2 < +oo, Y ||IBZFTT — Bz ||? < 40 (21)
k>0 k>0
and
k+1 k|2
kg() |z z HME—LZ—ZId < +o0. (22)
From here we obtain
xF = x*, Bz — Bz* (k — +0), (23)

which, by using and (15), lead to
pr = =0 (k — +o0). (24)
Taking into account the monotonicity properties of (cx)x>0 and (M¥);=0, a direct implication of and
i
3 tim (5 = p 2+ eellF =2 ) - (25)
Suppose that assumption (i) holds true, namely, that there exists & > 0 such that M’Z‘ - % Id € P, (G)

for all k > 0. From it follows that (z¥);>¢ is bounded, while ensures that
2k 50 (k= +o0). (26)

In the following let us prove that each weak sequential cluster point of (x*,z*, p¥);=¢ (notice that
the sequence is bounded) is a saddle point of L. Let be (z,7) € G x K such that the subsequence

(xki, 25, pkf)]-zo converges weakly to (x*,z, p) as j — +oo. From we have
A*pN — Vi (x47) + MY (x4 — xRty € af (ki) i > 1.

Due to the fact that x*i converges strongly to x* and pkf converges weakly to a p as j — oo, using the
continuity of Vh; and the fact that the graph of the convex subdifferential of f is sequentially closed in

the strong-weak topology (see [11, Proposition 20.33]), it follows
A*p—Vhy(x*) € of (x").
From we have forall j > 0

B*pY — Vhy(241) + ¢ B* (—AxS+ — B9 4 b) + My (24 — 2kt € ag(24t),
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which is equivalent to

BN + Vha (271) — Vi (299) + ¢ B* (- AxS*! — B2+ 1 b)

+MY (25— 251) € B(g + ) (257
and further to

it e 9(g+p)* (B*pkf + Vhy (2511 — W (29)

o B (— AT — B2 4 b) + My (5 — 2T ). 27)

By denoting forall j > 0

ki+1

vl =2k ,uj = pkf,

wl := Vha(2N7) — Vhy(25) + ¢ B* (- AxN ! — B2 4 b) + My (ki — 2k,

reads

ol € (g + hy)* (B*u/ 4+ w) Vj > 0.

According to (26) we have v/ — z,u/ — pas j — +oo thus, by taking into account (23), Bv/ — Bz = Bz*
as j = +oo. Combining (29) with the Lipschitz continuity of Vhy, 24), 26) and (II), one can easily see
that w/ — 0 as j — +oo. Due to the monotonicity of the subdifferential we have that for all (1, v) in the

graph of 9(g + )" and forallj > 0
(Bvl — Bo,u) + (v — v,/ —u) > 0.
We let j converge to +oo and receive
(Zz—v,B*p—u) >0 Y(u,0) in the graph of o(g + hp)*.

The maximal monotonicity of the convex subdifferential of (¢ + h)* ensures that Z € 9(g + hy)*(B*p),
which is the same as B*p € 9(g + hp)(Z). In other words, B*p — Vh,(Z) € 0g(z). Finally, by combin-
ing and (24), the equality Ax* + Bz = b follows. In conclusion, (x*,Z, p) is a saddle point of the
Lagrangian L.

In the following we show that sequence (x*,z", p*);>o converges weakly. To this end we consider

two sequential cluster points (x*,z1, p1) and (x*,zp, p2). Consequently, there exists (ks)s>0, ks — +o0

as s — oo, such that the subsequence (x*s,zks, p*s);=o converges weakly to (x*,z1,p1) as s — -+oo.
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Furthermore there exists (k;);>0, kt — +o0 as t — o0, such that that a subsequence (xkf,zkf, pkf)tzo
converges weakly to (x*,zp, p2) as t — +oo. As seen before, (x*,z1, p1) and (x*,zp, p2) are both saddle
points of the Lagrangian L.

From (25), which is fulfilled for every saddle point of the Lagrangian L, we obtain

Ell k_ 2_ k_ 2 k_ 2 _ k_ 2 :T 28
tim (7 = prl2 = 17 = pall® + ez = 21y — il — z2l13) )

For all k > 0 we have

195 = prll2 = 17 = pall? + el — 212 — 2 = 2 =

Ip2 = pull*> +2{px = pa, p2 = p1) + k|22 — Z1||?ch +20k(zk — 22,22 — 21) pgi-

Since Mk > (1x + %) Id for all k > 0 and (M) is a nonincreasing sequence of symmetric operators
in the sense of the Loewner partial ordering, there exists a symmetric operator M > (a + %) Id such
that (M%);>0 converges pointwise to M in the strong topology as k — +oco (see [13, Lemma 2.3]). Fur-
thermore, let ¢ := limy_, ;o ¢x > 0. Taking the limits in along the subsequences (k;)s>0 and (k¢ )0,
it yields

T=—llp2 = p1ll* = cllza — z1l%4 = llp2 = p1* + cllz2 — 21ll3,
thus

Ip2 = p1ll* + cllz2 — z1 |3, = 0.

It follows that p; = p; and z; = 2z, thus (xk,2F, p¥);>¢ converges weakly to a saddle point of the
Lagrangian L.

Assume now that condition (ii) holds, namely, that there exists B > 0 such that B*B € Pg(# ). Then
Bllz1 — z2||* < ||Bz1 — Bzy||? for all z1,z2 € G, which means that, if (x},z}, pi) and (x3,z}, p3) are two
saddle points of the Lagrangian L, then x] = x5 and z] = z3.

For the saddle point (x*,z*, p*) of the Lagrangian L we fixed at the beginning of the proof and the

enerated sequence (xk, zK, pk >0 We receive because of (23) that
g q P k>0

kot Kz, PR S0 (k= 4o0). (29)

Moreover,

3 lim Ik —p*II2.
— 00
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The remainder of the proof follows in analogy to the one given under assumption (i). O

If iy =0and hp =0, and M’lc =0and MIZ‘ = 0 for all kK > 0, then the Proximal AMA method becomes
the AMA method as it has been proposed by Tseng in [1]. According to Theorem [3.1|(for L1 = L, = 0),
the generated sequence converges weakly to a saddle point of the Lagrangian, if there exists B > 0
such that B*B € Pg(G). In finite dimensional spaces this condition reduces to the assumption that B is

injective.

4 Numerical Experiments

In this section we compare the numerical performances of AMA and Proximal AMA on two applications
in image processing and machine learning. The numerical experiments were performed on a computer

with an Intel Core i5-3470 CPU and 8 GB DDR3 RAM.
4.1 Image Denoising and Deblurring

We addressed an image denoising and deblurring problem formulated as a nonsmooth convex opti-
mization problem (see [14-16])

inf {;|Ax—b||2+/\TV(x)}, 30)

xeR”

where A € R"*" represents a blur operator, b € R" is a given blurred and noisy image, A > 0 is a
regularization parameter and TV : R” — R is a discrete total variation functional. The vector x € R" is

the vectorized image X € RM*N

, where n = MN and x; ; := X;; stands for the normalized value of the
pixel in the i-th row and the j-th column, for 1 <i < M,1 <j < N.

Two choices have been considered for the discrete total variation, namely, the isotropic total variation

TVieo : R" — R,

M—-1N-1
TVio(x) = Y ) \/(Xm,j —x;;)? 4 (11 — xij)?
P
M-—1 N-—1
+ ) N =Xl Y e — 2wl
i =

and the anisotropic total variation TV piso : R” — RR,

M—-1N-1

TVaniso(¥) = ) Y [¥it1j— %ij
21 =1

M-1 N-1

+ Y Ixian — Xl + Y i — xml-
i=1 j=1

+ |xij1 — i
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Consider the linear operator L : R" — R" x R", x;; — (L1x;;, Lyx; ), where
p i,f i,jr b2 Xij

Xit1,j — Xij, ifi<M Xij+1 — Xijs lf] <N
lei,j = and Lin,j =

0, ifi =M 0, ifj=N

One can easily see that ||L||?> < 8. The optimization problem can be written as

inf {f(Ax)+g(Lx)}, (31)

xeR”

where f : R" - R, f(x) = 1[[x —b||? and g : R" x R" — R is defined by g(y,z) = A[|(y,z)||1 for the

anisotropic total variation, and b ,z) = Ay, 2) ||« = /\Zj«\ﬁ Zl-i 2.+ 72 for the isotropic total
p y 8\ y i=1 ~j=1 yz,] i,j P

variation.

We solvde the Fenchel dual problem of by AMA and Proximal AMA and determined in this
way an optimal solution of the primal problem, too. The reason for this strategy was that the Fenchel
dual problem of is a convex optimization problem with two-block separable linear constraints and

objective function.

Indeed, the Fenchel dual problem of (3I) reads (see [11,12])

peR,l,qlg]{{an {f"(p)+8"(q)}, st. A'p+L'q=0. (32)

Since f and g have full domains, strong duality for (31)-(32) holds.
As f*(p) = %llp||> + (p,b) for all p € R", f* is 1-strongly convex. We choosed M¥ = 0 and M} =
UikI — cxL*L (see Remark 3.3) and obtained for Proximal AMA the iterative scheme which reads for every

k>0:

pk+1 = AxF—b
g1 = Proxy, (qk + o L(— A PR — L*gF) + (TkL(xk))

xk-‘rl — xk 4 Ck(_A*pk-l-l _ L*qk+l).

In the case of the anisotropic total variation, the conjugate of g is the indicator function of the

set [—A, A]" x [—A, A]", thus Proxge+ is the projection operator P|_, jnx[—an Oon the set [—A, A]" x
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[—A, A]". The iterative scheme reads for all k > 0:

karl — Axk —b

(@ a5) = Plappeioany ((aF,05) + cuor(~LA" P! — LL*(qf, 45)) + oLt

K= b g (AT - L g5 )

In the case of the isotropic total variation, the conjugate of g is the indicator function of the set S :=
{(v,w) € R" x R" : maxj<ij<y \/012 + wlz < A}, thus Proxg, ¢+ is the projection operator Ps : R" x R" —

Son S, defined as

(vi/ wi)

max{)x,,/vlz—i—w?},

(v;, w;) — A i=1,..n.

The iterative scheme reads for all k > 0:

pk-‘rl — Axk —b
(61, g571) = Ps ((ah, 48) + cuon(—LA"p*! — LL* (g, ) + onLa)

A = o (—ATp - L g5

(a) Original image "office_4” (b) Blurred and noisy image (c) Reconstructed image

Fig. 1: The original image, the blurred and noisy image and the reconstructed image after 50 seconds cpu time.

We compared the Proximal AMA method with Tseng’s AMA method. While in Proximal AMA a
closed formula is available for the computation of (q'{“, qSH) k>0, in AMA we solved the resulting op-
timization subproblem

. x 1
(541, 571) = argmin { " (1,2) = (40,1 () + 5 AP 4 L () P

q1.92

in every iteration k > 0 by making some steps of the FISTA method [2].
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Fig. 2: The objective function values and the ISNR values for the anisotropic TV and A = 5-1075.

15

20 25 30 35 40 45 50
CPU time in seconds

Fig. 3: The objective function values and the ISNR values for the anisotropic TV and A = 1075.
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Fig. 4: The objective function values and the ISNR values for the isotropic TV and A = 5-1075.

We used in our experiments a Gaussian blur of size 9 X 9 and standard deviation 4, which led to an

operator A with ||A||> = 1and A* = A. Furthermore, we added Gaussian white noise with standard

deviation 10~3. We used for both algorithms a constant sequence of stepsizes ¢y = 2 — 10~ for all k > 0.

One can notice that (cx)x>o fulfills (12). For Proximal AMA we considered o} = 2;.()001% forall k > 0,
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Fig. 5: The objective function values and the ISNR values for the isotropic TV and A = 10~%.

which ensured that every matrix M§ = Uikl — cL*L is positively definite for all k > 0. This is actually
the case, if oxci||L||?> < 1 for all k > 0. In other words, assumption (i) in Theoremwas verified.

In the Figures[2]-[fjwe show how Proximal AMA and AMA perform when reconstructing the blurred
and noisy colored MATLAB test image "office_ 4" of 600 x 903 pixels for different choices for the regu-
larization parameter A and by considering both the anisotropic and isotropic total variation as regular-
ization functionals. In all considered instances that Proximal AMA outperformed AMA from the point
of view of both the convergence behaviour of the sequence of the function values and of the sequence
of ISNR (Improvement in Signal-to-Noise Ratio) values. An explanation could be that the number of

iterations Proximal AMA makes in a certain amount of time is more than double the number of outer

iterations performed by AMA.
4.2 Kernel Based Machine Learning

In this subsection we will describe the numerical experiments we carried out in the context of classi-
fying images via support vector machines.

The given data set consisting of 5570 training images and 1850 test images of size 28 x 28 was taken
from http:/ /www.cs.nyu.edu/ roweis/data.html. The problem we considered was to determine a deci-
sion function based on a pool of handwritten digits showing either the number five or the number six,
labeled by +1 and —1, respectively (see Figure [6). To evaluate the quality of the decision function we
computed the percentage of misclassified images of the test data set.

In order to describe the approach we used, we denote by

Z={(Xy,Y1),..., (Xn, Yn)} CR? x {4+1,-1},


http://www.cs.nyu.edu/~roweis/data.html
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Fig. 6: A sample of images belonging to the classes +1 and —1, respectively.

the given training data set. The decision functional f was assumed to be an element of the Reproduc-
ing Kernel Hilbert Space (RHKS) H, induced by the symmetric and finitely positive definite Gaussian
kernel function
d d Ix — yII?
k:R* xR = R, x(x,y) = exp <_Zr2> .

By K € R™" we denoted the Gram matrix with respect to the training data set Z, namely, the
symmetric and positive definite matrix with entries Kl-]- = k(X;, X]-) fori,j = 1,...,n. To penalize the
deviation between the predicted value £(x) and the true value y € {41, —1} we used the hinge loss
functional (x,y) — max{1 — xy,0}.

According to the Representer Theorem, the decision function £ can be expressed as a kernel expan-
sion in terms of the training data, in other words £(-) = Y1 ; xix(-, X;), where x = (x1,...,x,) € R" is

the optimal solution of the optimization problem

min {;xTKx +C imax{l - (Kx)iYi,O}}. (33)

xeR" =

Here, C > 0 denotes the regularization parameter controlling the tradeoff between the loss function
and the regularization term. Hence, in order to determine the decision function we solved the convex

optimization problem (33), which can be written as

min {f(x) + g(Kx)}

xeR"

or, equivalently,

oihin {f(x)+g(z)}, st. Kr—z=0

where f : R" —» R, f(x) = $xTKx, and g : R" — R is defined by g(z) = C L/ max{1 — z;¥;,0}.
Since the Gram matrix K is positively definite, the function f is Amin(K)-strongly convex, where

Amin(K) , denotes the minimal eigenvalue of K, and differentiable, and it holds Vf(x) = Kx for all
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x € R". For an element of the form p = (py, ..., pn) € R", it holds

Z?:l piYir if PiYi [S [—C,O],i =1,...,n,

+o00, otherwise.

Consequently, for every y > 0 and p = (p1, ..., pn) € R", it holds

Proxg+(x) = (Pyl[fc,o](l’l = oY1), Py, —co(pn — UYn)) ’

where Py, (_c g denotes the projection operator on the set Y;[-C,0],i =1,..,n.

We implemented Proximal AMA for M§ = 0 for all k > 0 and different choices for the sequence

(M’l‘)kzo. This resulted in an iterative scheme which reads for all k > 0:

. 1 -
Xkl = argflzun {f(x) — (¥, Kx) + EHX - xk||§w,1(} = (K + MH7I(Kp* + MExF) (34)
x€R"
1 1 1
k+1 k+1 k k+1 k k+1 k
1 = Proxig (Kx - P > = <Kx o P ) — aProxckg* (cka Hop ) (35)

P = pF o (KR 4 2R,

We would like to emphasize that the AMA method updates the sequence (zk“)kzo also via (35), while
the sequence (x¥1);5¢, as M¥ = 0, is updated via x**! = pk for all k > 0. However, it turned out
that the Proximal AMA where M’l‘ = 74K, for 7y > 0 and all k > 0, performs better than the version
with M§ = 0 for all k > 0, which actually corresponds to the AMA method. In this case becomes

k+1 _

x (p* + 1) for all k > 0.

1
1+7%

We used for both algorithms a constant sequence of stepsizes given by ¢, = 2 - AT\“}?ﬁf ) — 108 for all

k > 0. The tables below show for C = 1 and different values of the kernel parameter ¢ that Proximal
AMA outperforms AMA in what concerns the time and the number of iterates needed to achieve a
certain value for a given fixed misclassification rate (which proved to be the best one among several
obtained by varying C and o) and for the RMSE (Root-Mean-Square-Deviation) for the sequence of

primal iterates.
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Table 1: Performance evaluation of Proximal AMA (with 7, = 10 for all k > 0) and AMA for the classification problem with

C =1 and ¢ = 0.2. The entries refer to the CPU times in seconds and the number of iterations.

Algorithm misclassification rate at 0.7027 % RMSE < 1073
Proximal AMA  8.18s (145) 23.44s (416)
AMA 8.65s (153) 26.64s (474)

Table 2: Performance evaluation of Proximal AMA (with 7, = 102 for all k > 0) and AMA for the classification problem with

C =1 and ¢ = 0.25. The entries refer to the CPU times in seconds and the number of iterations.

Algorithm misclassification rate at 0.7027 % RMSE < 103
Proximal AMA  141.78s (2448) 629.52s (10940)
AMA 147.99s (2574) 652.61s (11368)

5 Perspectives and Open Problems

In the future, it might be interesting to:

(1) carry out investigations related to the convergence rates for both the iterates and objective func-
tion values of Proximal AMA; as emphasized in [10] for the Proximal ADMM algorithm, the use of
variable metrics can have a determinant role in this context, as they may lead to dynamic stepsizes
which are favourable to an improved convergence behaviour of the algorithm (see also [17,18]);

(2) consider a slight modification of Algorithm 3.1, by replacing (11) with
g & y rep g
pk+1 — pk + 9Ck(b _ Axk-‘rl _ sz+1)/

where 0 < 0 < @ and to investigate the convergence properties of the resulting scheme; it has
been noticed in [19] that the numerical performances of the classical ADMM algorithm for convex op-
timization problems in the presence of a relaxation parameter with 1 < 6 < @ outperform the ones
obtained when 6 = 1;

(3) embed the investigations made in this paper in the more general framework of monotone inclu-

sion problems, as it was recently done in [10] starting from the Proximal ADMM algorithm.
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6 Conclusions

The Proximal AMA method has the advantage over the classical AMA method that, as long as the
sequence of variable metrics is chosen appropriately, it performs proximal steps when calculating new
iterates. In this way it avoids the use in every iteration of minimization subroutines. In addition, it
handles properly smooth and convex functions which might appear in the objective. The sequences
of generated iterates converge to a primal-dual solution in the same setting as for the classical AMA
method. The fact that instead of solving of minimization subproblems one has only to make proximal
steps, may lead to better numerical performances, as we show in the experiments on image processing

and support vector machines classification.
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