Variable smoothing for convex optimization
problems using stochastic gradients
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We aim to solve a structured convex optimization problem, where a non-
smooth function is composed with a linear operator. When opting for full
splitting schemes, usually, primal-dual type methods are employed as they
are effective and also well studied. However, under the additional assumption
of Lipschitz continuity of the nonsmooth function which is composed with the
linear operator we can derive novel algorithms through regularization via the
Moreau envelope. Furthermore, we tackle large scale problems by means of
stochastic oracle calls, very similar to stochastic gradient techniques. Appli-
cations to total variational denoising and deblurring, and matrix factorization
are provided.
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1 Introduction
The problem at hand is the following structured convex optimization problem

min f(z) + g(Kx), (1)
z€EH
for real Hilbert spaces H and G, f : H — R := RU {£oc} a proper, convex and lower
semicontinuous function, g : G — R a, possibly nonsmooth, convex and Lipschitz con-
tinuous function, and K : H — G a linear continuous operator.
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Our aim will be to devise an algorithm for solving (1) following the full splitting
paradigm (see [5,6,8,9,15,17,29]). In other words, we allow only proximal evaluations
for simple nonsmooth functions, but no proximal evaluations for compositions with linear
continuous operators, like, for instance, for g o K.

We will accomplish this feat by the means of a smoothing strategy, which, for the
purpose of this paper, means, making use of the Moreau-Yosida approximation. The
approach can be described as follows: we “smooth” g, i.e. we replace it by its Moreau en-
velope, and solve the resulting optimization problem by an accelerated proximal-gradient
algorithm (see [3,13,21]). This approach is similar to the those in [7,10,11,20,22], where

a convergence rate of O(%) is proved. However, our techniques (for the determinis-

tic case) resemble more the ones in [28], where an improved rate of O(7) is shown, with
the most notable difference to our work is that we use a simpler stepsize and treat the
stochastic case.

The only other family of methods able to solve problems of type (1) are the so called
primal-dual algorithms, first and foremost the primal-dual hybrid gradient (PDHG) in-
troduced in [15]. In comparison, this method does not need the Lipschitz continuity of g
in order to proof convergence. However, in this very general case, convergence rates can
only be shown for the so-called restricted primal-dual gap function. In order to derive
from here convergence rates for the primal objective function, either Lipschitz continu-
ity of g or finite dimensionality of the problem plus the condition that g must have full
domain are necessary (see, for instance, [5, Theorem 9]). This means, that for infinite
dimensional problems the assumptions required by both, PDHG and our method, for
deriving convergence rates for the primal objective function are in fact equal, but for
finite dimensional problems the assumption of PDHG are weaker. In either case, how-
ever, we are able to proof these rates for the sequence of iterates (xj),~, itself whereas

PDHG only has them for the sequence of so-called ergodic iterates, i.e. (1 Zle Ti) sy
which is naturally undesirable as the averaging slows the convergence down. Further-
more, we do not show any convergence for the iterates as these are notoriously hard to
obtain for accelerated method whereas PDHG gets these in the strongly convex setting
via standard fixed point arguments (see e.g. [29]).

Furthermore, we will also consider the case where only a stochastic oracle of the
proximal operator of g is available to us. This setup corresponds e.g. to the case where
the objective function is given as

m
i (K 2
min f(x) + ;gx i), (2)
where, for i = 1,...,m, G; are real Hilbert spaces, g; : G; — R are convex and Lipschitz

continuous functions and K; : H — G; are linear continuous operators, but the number
of summands being large we wish to not compute all proximal operators of all g;,i =
1,...,m, for purpose of making iterations cheaper to compute.

For the finite sum case (2), there exist algorithms of similar spirit such as those
in [14,24]. Some algorithms do in fact deal with a similar setup of stochastic gradient
like evaluations, see [26], but only for smooth terms in the objective function.



In Section 2 we will cover the preliminaries about the Moreau-Yosida envelope as well
as useful identities and estimates connected to it. In Section 3 we will deal with the
deterministic case and prove a convergence rate of (’)(%) for the function values at the
iterates. Next up, in Section 4, we will consider the stochastic case as described above

and prove a convergence rate of O (%) Last but not least, we will look at some

numerical examples in image processing in Section 5.

It is important to note that the proof for the deterministic setting differs surprisingly
from the one for the stochastic setting. The technique for the stochastic setting is less
refined in the sense that there is no coupling between the smoothing parameter and the
extrapolation parameter. Where as this technique works also works for the deterministic

setting it gives a worse convergence rate of O <IOE k ) The tight coupling of the two

sequences of parameters, however does not work in the proof of the stochastic algorithm
as it does not allow for the particular choice of the smoothing parameters needed there.

2 Preliminaries

In the main problem (1), the nonsmooth function regularizer g is supposed to be Lips-
chitz continuous. This assumption is necessary to ensure our main convergence results,
however, many of the preliminary lemmata of this section hold true similarly if the
function is only assumed to be lower semicontinuous. We will point this out in every
statement of this section individually.

Definition 2.1. For a proper, convex and lower semicontinuous function g : H — R,
its convexr conjugate is denoted by g* defined as a function from H to R, given by
g*(x) :=sup {(z,p) —g(p)} VreH.
peEH
As mentioned in the introduction, we want to smooth a nonsmooth function by con-
sidering its Moreau envelope. The next definition will clarify exactly what object we are
talking about.

Definition 2.2. For a proper, convex and lower semicontinuous function g : H — R, its
Moreau envelope with the parameter > 0 is defined as a function from H to R, given
by .
#9() = (g + 5I2) ) = sup {(.p) = g"(p) = SlpI1?} -
pEH

From this definition, however, it is not completely evident that the Moreau envelope
indeed fulfills its purpose in being a smooth representation of the original function. The
next lemma will remedy this fact.

Lemma 2.1 (see [2, Proposition 12.29]). Let g : H — R be a proper, convexr and lower
semicontinuous function and p > 0. Then its Moreau envelope is Fréchet differentiable
on H. In particular, the gradient itself is given by

V(*g)(z) = ; (z — prox,,, (z)) = prox: . <z> Ve e H

n



and is p~ ' -Lipschitz continuous.

In particular, for all 4 > 0, a gradient step with respect to the Moreau envelope
corresponds to a proximal step

r—uV(*g)(z) = prox,, (z) VreH.

The previous lemma establishes two things. Not only does it clarify the smoothness of
the Moreau envelope, but it also gives a way of computing its gradient. Obviously, a
smooth representation whose gradient we would not be able to compute would not be
any good.

As mentioned in the introduction, we want to smooth the nonsmooth summand of the
objective function which is composed with the linear operator as this can be considered
the crux of problem (1). The function g o K will be smoothed via considering instead
#go K : H — R. Clearly, by the chain rule, this function is continuously differentiable
with gradient given for every x € H by

1 Kz
_ * _ * _ *

V#goK)(x) =K'V (*g) (Kx) = ;K (K — prox,,, (Kz)) =K PTOX1 . (M) ,
and is thus Lipschitz continuous with Lipschitz constant W, where ||K|| denotes the
operator norm of K.

Lipschitz continuity will play an integral role in our investigations, as can be seen by
the following lemmas.

Lemma 2.2 (see [4, Proposition 4.4.6]). Let g : H — R be a convex and Lg-Lipschitz
continuous function. Then, the domain of its Fenchel conjugate is bounded, i.e.

dom g* C B(0, L),
where B(0, Ly) denotes the open ball with radius Ly around the origin.
The Moreau envelope even preserves the Lipschitzness of the original function.

Lemma 2.3 (see [18, Lemma 2.1]). Let g : H — R be a convex and Lg-Lipschitz
continuous function. Then its Moreau envelope * g is Ly-Lipschitz as well, i.e.

Fg(z) ="9(y)l < Lgllz =yl Vo,ycH.
Proof. We observe that for all x € H
Vtg(z) € dg(prox,,, (v)).
Therefore we can bound the gradient norm
IV*g(2)|| < supfllvfl : y € H,v € 9g(y)} < Ly V€ H, (3)

where we used in the last step that the Lipschitz continuity of g. The statement follows
from the mean-value theorem. O



The following lemmata are not new, but we provide proofs anyways in order to remain
self-contained and to shed insight on how to use the Moreau envelope for the interested
reader.

Lemma 2.4 (see [28, Lemma 10 (a)]). Let g : H — R be proper, convex and lower semi-
continuous. The maximizing argument in the definition of the Moreau-Yosida envelope
is given by its gradient, i.e. for u > 0 it holds that

argmax {(.p) ~g"(p) = 5} = V90

Proof. Let © € ‘H be fixed. It holds

* Iz 1 Iz
angmax {(5,5) ~ 9" (9) = 5191} =avgmax { - L el? + (o)~ S0l - 070
pEH PEH 1%
2
oz .
=argmax | —- ||= —p|| —g"(p)
peH { 2 ||p }
pllz |7
= arg min {g*(p) +5 0, P }
pEH 1%
o x
—pI'OXI%g* ;
and the conclusion follows by using Lemma 2.1. O

Lemma 2.5 (see 28, Lemma 10 (a)]). For a proper, convex and lower semicontinuous
function g : H — R and every x € H we can consider the mapping from (0,+00) to R
given by

s (). (4)

This mapping is convex and differentiable and its derivative is given by

0 1
5, @)= —5IV¥g(@)I? Vo e H Yue (0,+00).

“w 2
Proof. Let x € ‘H be fixed. From the definition of the Moreau-Yosida envelope we can see
that the mapping given in (4) is a pointwise supremum of functions which are linear in
w. It is therefore convex. Furthermore, since the objective function is strongly concave,
this supremum is uniquely attained at V*g(z) = argmax,cq, {(z,p) — g*(p) — 5lIpll*}.
According to the Danskin Theorem, the function p +— #g(z) is differentiable and its
gradient is given by

0

9 o2
K — —a* _ -
o 9 8u2§5{<$’p> g () = 5l }

1
== IV 9@)|* Vi€ (0,+00).



Lemma 2.6 ( [28, Lemma 10 (b)]). Let g : H — R be proper, convexr and lower semi-
continuous. For py, pue >0 and every x € H it holds

1
Mg(z) <*g(x) + (p2 — m)illv“lg(fv)HQ‘ (5)
If g is additionally Lg-Lipschitz and if po > pqp > 0, then

L2

Hg(x) <Mglx) <Mg() + (p2 — m)jg' (6)

Proof. Let x € H be fixed. Via Lemma 2.5 we know that the map p +— #g(x) is convex
and differentiable. We can therefore use the gradient inequality to deduce that

rag(a) 2 9(0) + (uz = o) (talo)] )
—1g(@) — (a2 — 1) 9% g(a) .

which is exactly the first statement of the lemma. The first inequality of (6) follows
directly from the definition of the Moreau envelope and the second one from (5) and
(3). O

By applying a limiting argument it is easy to see that (6) implies that for any u > 0

g(x) < g(x) <Pg(z) +p— (7)

which shows that the Moreau envelope is always a lower approximation the original
function.

Lemma 2.7 (see [28, Lemma 10 (c)]). Let g : H — R be proper, convexr and lower
semicontinuous. Then, for u > 0 and every x,y € H we have that

Fg(@) + (V¥ g(x),y — o) < g(y) — SIIV" (@)
Proof. Using Lemma 2.4 and the definition of the Moreau-Yosida envelope we get that
Fg(x) + (VFg(a),y — x) = (2, Vig(z)) — 9" (V'g(x)) - %||V“9(96)”2 +(Vig(2),y — )
= (Vig(a).y) — g"(V"g(x) = SIV"g(@)?

< sup{{p,y) = 9" (0)} - 51V g(@)|P
pEH

= 9(y) - 519" g(@)|>



In the convergence proof of Lemma 3.3 we will need the inequality in the above lemma
at the points Kz and Ky, namely

9(Ky) — %I!V“Q(Kﬂf)ll2 > "g(Kz) + (VFg(Kz), Ky — Kz)
= Vg(Kx) + (K*V'g(Kx),y — ) (®)
="g(Kz) +(V(*go K)(z),y —x) Vr,yeH.

The following lemma is a standard result for convex and Fréchet differentiable functions.

Lemma 2.8 (see [23]). For a convex and Fréchet differentiable function h : H — R with

Ly -Lipschitz continuous gradient we have that

(w) + (Vh(a).y ) < h(y) = 5 [Vh(z) = Vi) Vo.y € 1.

By applying Lemma 2.8 with #¢g, Kz and Ky instead of h, x and y respectively, we
obtain

I
Hg(Ka)+(V (g o K) @),y — 1) < "g(Ky)— 5|V g(Ka) =V g(Ky)|* Va.y € H. (9)
The following technical result will be used in the proof of the convergence statement.

Lemma 2.9. For a € (0,1) and every x,y € H we have that

(1= a)llz =yl +allyl® > a(l - a) |

3 Deterministic Method

Problem 3.1. The problem at hand reads

min F(x) := f(x) + g(Kz),

z€EH
for a proper, convex and lower semicontinuous function f : H — R, a convex and Lg-
Lipschitz continuous (Lg > 0) function g : G — R, and a nonzero linear continuous
operator K : H — G.

The idea of the algorithm which we propose to solve (1) is to smooth g and then to
solve the resulting problem by means of an accelerated proximal-gradient.

Algorithm 3.1 (Variable Accelerated SmooThing (VAST)). Let yo = xo € H, (k)0 C
(0, +00), and (tk)y>, a sequence of real numbers with ty =1 and ty > 1 for every k > 2.
Consider the following iterative scheme

14

Ly = Mk
_ 1

T =1,

(Vk > 1) Ky
Tp = Prox, ¢ | Yp—1 — K" proxig* (%)
t—1
| Ve =Tk E (Th — Tpe1)



Remark 3.1. The assumption ¢; = 1 can be removed but guarantees easier computation
and is also in line with classical choices of (t),~, in [13,21].

Remark 3.2. The sequence (ug);~; given by
g = Tp—1 + tp(xry — K1) Vk>1,

despite not appearing in the algorithm, will feature a prominent role in the convergence
proof. Due to the convention ¢t; = 1 we have that

U = xg + tl(xl — J}o) = .

We also denote
FF=f4MmgoK Vk>D0.

The next theorem is the main result of this section and it will play a fundamental role
when proving a convergence rate of O(4) for the sequence (F(zy)) >0

Theorem 3.1. Consider the setup of Problem 3.1 and let (xx)y>q and (yr)>q be the
sequences generated by Algorithm 3.1. Assume that for every k > 1

ME+1
Tkt

Wk — HEk+1 — <0

and
1— b 2. = yt?
; Ve+1lg11 = Vklg-
k+1

Then, for every optimal solution x* of Problem 3.1, it holds

F(zy) - F(z*) < llzo — NLj’ YN > 1.
o 27]\]25%\7 2 o

The proof of this result relies on several partial results which we will prove as follows.

Lemma 3.1. The following statement holds for every z € H and every k >0

F¥ (app1) + k1 = 2II* <

2Yk41

f(z) + "4 g(Kyg) + (V(* g0 K)(yk), 2 — yk) +

1 2
Z =Ykl -
s llz = el
Proof. Let k > 0 be fixed. Since, by the definition of the proximal map, zp4+1 is the

minimizer of a %il—strongly convex function we know that for every z € H

1
f(@rs1) + 17 g(Kyg) + (Vg o K)(yk), Tr+1 — yk) + e ka1 — vl +
+
1 2
x —z|” <
3w = 2P <
f(z) + " g(Kyg) + (V(# g0 K)(yk), 2 — yk) + S Iz — yrll.
+



Next we use the Lyi1-smoothness of #t+1go K and the fact that %—1“ = L1 to deduce

k1 — 2II* <

1
f(wpgr) + 14 g(Kwpgq) + 5
k+1

f(2) + 15 g(Kye) + (V (" g 0 K)(yk), 2 — yr) + 12— yell*.

1
2Vk41

Lemma 3.2. Let x* be an optimal solution of Problem 3.1. Then it holds

lz* — 2ol

DN | =

* 1 *
Nn(FH(z1) = F(z*)) + Slur —a [

Proof. We use the gradient inequality to deduce that for every z € H and every & > 0
Hitg(Kye) + (V(" g o K)(yk), 2 — yp) < M 1g(Kz) < g(Kz)

and plug this into the statement of Lemma 3.1 to conclude that

1
lzksr = 217 < F(2) + 5l =yl

Fk’—i—l Tra1) +
(i41) 2Yk41 2k 41

For k = 0 we get that
F'(a1) + ol — 2|2 < F(a*) + —— 1" — yol|?.
2m - 27

Now we us the fact that u; = 1 and yg = z¢ to obtain the conclusion. O

Lemma 3.3. Let x* be an optimal solution of Problem 3.1. The following descent-type
inequality holds for every k > 0

k]2 1 _ ex]||2
Fk+1(l'k+1) . F(a:*) + Huk+1 2'%' ” < (1 _ > (Fk(l‘k) o F(ZL'*)> + ”uk :g H
2Vk41th 44 byt 29,4154
1 k+1
# (1725 ) (= e = ) g
k41 tkt1

Proof. Let k > 0 be fixed. We apply Lemma 3.1 with z := (1 - )xk + L 2* to

tr41 trt+1
deduce that

k+1 g1 — |2 1 .
Frri(opg) + 55— < f|(1-— | ap + —2" | + "1 g(Ky)
29k41l54 4 tk+1 (78]

+ (1 - tk1+1> (V(#*+1g o K)(yk), Tk — Yk)

]' * *
+ — (V("*g o K)(yr), z* — yr) g, — 2|2,

_l’_ - @
tht1 2Yks1t] 4



Using the convexity of f gives

*(|2
Upt] — 1 1
FF (o) + w < (1 — ) fze) + f(@")
2Yk+1t5 41 brta
1 1
+ <1 - > mettg(Kyg) + (1 - > (V(**+1g0 K)(ye), i — yi) (10)
Tht1 lkt+1
1 B+l g( K 1 V(H+1go K * e x*”Q
g () + V(g o K) (), 2" — yi) + 5o
k+1 k+1 V1041

Now, we use (8) to deduce that

1 1 "
—HMrg(Kyg) + —— (V(***1g o K)(yk), 2" — yx) <
le+1 Tkt1 (11)

1 * 1 HE+1
——g(Ka*) — — 5o [V g (Ky) |12
le+1 tgy1 2

and (9) to conclude that

1 k41 _L k+1g o T —
(1— tkH)“ 9(Kyr) + (1 tk+1> (V(**+1g o K)(yk), vk — yr) < -

1 1
<1 - > et g(Kag) — <1 - > FEEL ||t g () — 041 g( K )|
tk:-‘r]. tk-‘rl 2

Combining (10), (11) and (12) gives

k41 gy — 2" L T 1
Fri(opg) + ————5—— < | 1— g(Kzp) + (1 - f(zk)
2941541 le+1 le+1

1 * 1 *
+ —g(Kz")+ —f(a)
lk+1 Ukt

1
- (1) e gty - Vg
i) 2
1 k12
Lty G g ey 4 L =

tet1 2 2Yeq1ti g

The first term on the right hand side is #*+1 g(Kxy) but we would like it to be #*g(Kxy).
Therefore we use Lemma 2.6 to deduce that

* |2
Uk4+1 — T 1 1
F** (@) + M < <1 B ) MrolKar) + <1 - ) )
2941t 238 Kas

1 1 1 1
gk e+ (1 - ) (i — i) L0 g (B |2
le+1 Tht1 let+1 2
1
- (1 - ) HIEL | Gt g () — TP g(K )2
li+1 2
1 _ax]|2
=L g ey, 2 4 L
thr1 2 21tk

(13)

10



Next up we want to estimate all the norms of gradients by using Lemma 2.9 which says
that

1 1
(1 ) I9am) = oeeig(Kan) P + 9 g >
+

t
k+1 1 1 (14)
(1 N ) |V g (K[|,
te+1) Tkt
Combining (13) and (14) gives
U — z*|? 1 1
P ) + LI < (1 D Y gty + (1- ) st
2941544 li+1 tkt1
1 * 1 * 1 1 Hk+1 2
+ o —g(Ka") + —f(@") + (1 — — ) (e — b 1) 5 |V g (K ) |
Tt U1 lk+1 2
o HE+1 (1 N 1 ) 1 HvukJrlg(ka)HQ + ||Uk - .73*H2
2 tet1/) tett 2Vk41t] 4

Now we combine the two terms containing ||V#*+1g(Kzy)||? and get that

U — z*|? 1 1
FHWMHwH‘“l”g(l—mH)Mmer%Q—)fww

2Yk41tiy g tht1
1 * 1 g — a*|?
+——g(Ka*) + — f(a*) + T2 L
tht1 (Ka’) i1 (=) 2V 1134
1 prs1) 1
# (1225 ) (e = 222 ) Jiomeong o)
le+1 tpy1 ) 2

By subtracting F(z*) = f(z*) + g(Kz*) on both sides we finally obtain

P ) - Pt + LI o (1LY (b )+ et

2V 4134y Tht1 2941t
1 k1) 1
" (1 - ) (“k — i1 — 2EF ) S[IVHE g (Kay) |12,
lkt1 tht1 ) 2

Now we are in the position to prove Theorem 3.1.

Proof of Theorem 3.1. We start with the statement of Lemma 3.3 and use the assump-

tion that
HE+1

k1

Mk — M1 — <0

to make the last term in the inequality disappear for every k > 0

* (|2 * ]2
U —x 1 U — X
2Vk1tg k+1 Y41t

11



Now we use the assumption that

P 2. = yt?
7 Ve+10k41 = VEUE
k+1

to get that for every k > 0

< 2 k * ||uk‘ B 1,*”2

< Wt (F"(zp) — F(27)) + ————.
(15)

Let N > 2. Summing (15) from k£ =1 to N — 1 and getting rid of the nonnegative term

|luny — z*||? gives

k1 — 2*|

Ver1tayr (FF ™ (@p41) — F(2*)) + 5

lur — =*||?

Wt (FY (zy) = F(2%)) < (F(21) - Fa*)) + 5

VYN > 2.

Since t; = 1, the above inequality is fulfilled also for N = 1. Using Lemma 3.2 shows
that )
[0 — 2]

FN(xN)fF(x*)g 5
'YNtN

VN > 1.

The above inequality, however, is still in terms of the smoothed objective function. In
order to go to the actual objective function we apply (7) and deduce that

. N . Ly lwo — 2| L
F(xN)*F(x)SF (l’N)*F(x)+MN—_72 WUN— VN > 1.
2 2Nty 2

O

Corollary 3.1. By choosing the parameters (Nk)k21a(tk)kz1a(7k)kz1 in the following
way,
t1=1, 1 =0bl|K|>? forb>0,

and for every k > 1

i Pk
thp1 = AJ12 + 2k, fgr = g, Y= ; (16)
k 21— trg | K[|
they fulfill
k
ik — st — 2 <0 (17)
tit1

and )

(1 - t> Verither = Wt (18)
k41

For this choice of the parameters we have that

_ 12 BbLAIKI? A2
lwo —a*|?  PLIKT® (767> YN > 1,

12



Proof. Since vy, and py are a scalar multiple of each other (18) is equivalent to

1
(1 - t> pritie = ity Yk > 1
k1

and further to (by taking into account that 1 > 1 for every k > 1)

8 te 2
1 = Ph g — = g ——— Yk > 1 (19)
tk+1 tk+1 -1 tk+1 - tk+1

Our update choice in (16) for the sequence (), is exactly chosen in such a way that
it satisfies this. Plugging (19) into (17) gives for every k£ > 1 the condition

2 2
1§(1+ 1 ) t trht Uy tet1+1

ther) g thrr — 1 B ot — 1

which is equivalent to
3 2 2 2
02> thi1 = teqr — telhrr — b

and further to
2 2 2 2
topr + e >t (tin — ;) -

Plugging in tg11 = 4 /tz + 2t;, we get that this equivalent to
thr Ftr > tepa2ty V> 1,

which is evidently fulfilled. Thus, the choices in (16) are indeed feasible for our algorithm.
Now we want to prove the claimed convergence rates. Via induction we show that

k+1
%gtkgk VEk > 1. (20)

Evidently, this holds for t; = 1. Assuming that (20) holds for k£ > 1, we easily see that

toag = AJ12 42t < AVK2 42k <AK2 4+ 2% +1=Fk+1
+ k

and, on the other hand,

2

k4 1)2 1 1 k+2
tk+1_\/ti+2tk2\/(—z)+k+1—2\//€2+6/€+522\/k2+4k—|— _ite

In the following we prove a similar estimate for the sequence (j);~,. To this end we
show, again by induction, the following recursion for every k > 2

k—1
P Hj:l tj l (21)
=
[t — 1)t

13



For k = 2 this follows from the definition (19). Assume now that (21) holds for k > 2.
From here we have that

k-1 k
t B [t 1 ti [T=1t 1

gl = o = [ = [
tht1 (L1 — 1) HfZQ(tj — 1) ti tir (b1 — 1) HkH(tj — 1)t
Using (21) together with (20) we can check that for every k > 1
H?—l tj i M1 9 1
k+1 = M1 — = b|K||* —, 22
Ht = H H?;l(tj -1) tk+1 tk+1 1;1 (tjr1—1) ~ thn 1] Ukt (22)

where we used in the last step the fact that 51 <t + 1.
The last thing to check is the fact that uy goes to zero like % First we check that for

every k > 1
tr 1
— <14+ —. 23
tpy1 — 1 th1(tgr — 1) (23)

This can be seen via
(e + Dtpr < (e +1)2 =t 1 +1 VE>1.
By bringing t;+1 to the other side we get that
thpatr < thi — e + 1,

from which we can deduce (23) by dividing by ¢2 41— et
We plug in the estimate (23) in (21) and get for every k > 2

= =ity 1
k= M=k +.
[t — 1) b
k—1 1 - 1
< 1+ — -
Mlg( tj—l—l(tj-i-l_l) I;I( J+2 >tk
k—1
4\ 1 w24\ 1 w24\ 1
< 1+= | —< ) = =b|K|? —.
T (14 5) ¢ mow (7)o ()

With the above inequalities we can to deduce the claimed convergence rates. First note
that from Theorem 3.1 we have

k|2 L2
Flay) - Fety < 100 =210 B gy sy,
27Nty 2

Now, in order to obtain the desired conclusion, we used the above estimates and deduce
for every N > 1
% 2 % 2 2
lro —a*l® | L3 llwo—at|? | BIIKI o an

2’yNtN 2 2bt N 2t 6

B O L 2

<0 | —
— W(N+1) (N+1) 6 )’

14



where we used that ;
LNt
INEN = >b
K2~

as shown in (22). O

Remark 3.3. Consider the choice (see [21])

14 4/1+ 4¢3
— e Vk2>1

t1=1, tgt1= 5

and
p1 = b||K||?, for b> 0.

Since
th =thy1 —thyr VE>1,

we see that in this setting we have to choose
pr =b||K||* and v, = b VEk > 1.

Thus, the sequence of optimal function values (F(xn))y>; approaches a b|K HQ%—

approximation of the optimal objective value F'(z*) with a convergence rate of O(ﬁ),

oo P IKIPLS

F —F(z") < g VYN > 1.
(o) = Fla®) <2 s : >

4 Stochastic Method

Problem 4.1. The problem is the same as in the deterministic case

min f(z) + g(Kz)

other than the fact that at each iteration we are only given a stochastic estimator of the
quantity
1
V(**go K)(-) = K* prox . . <K> Vk > 1.
Mk

P
Remark 4.1. See Algorithm 4.3 for a setting where such an estimator is easily computed.

For the stochastic quantities arising in this section we will use the following notation.
For every k > 0, we denote by o(x, ..., x) the smallest o-algebra generated by the fam-
ily of random variables {zo,...,z;} and by Ex(-) := E(-|o(zo,...,x)) the conditional
expectation with respect to this o-algebra.

Algorithm 4.1 (stochastic Variable Accelerated SmooThing (sVAST)). Let yo = xo €
H, (k) >, @ sequence of positive and nonincreasing real numbers, and (t;),~, o sequence

15



of real numbers with t1 =1 and tix > 1 for every k > 2. Consider the following iterative
scheme

2
Ly, = L1
1

(Ve>1) | ™7 Ie
T = prox, ¢ (Ye—1 — Wwk—1)

_ tp—1 _
Y = ok + 3 (@ — o),

where we make the standard assumptions about our gradient estimator of being unbiased,
1.e.

Ex (&) = V("1 g0 K)(yk),

and having bounded variance
Er, (16 — V("9 0 K) () |*) < o
for every k > 0.
Note that we use the same notations as in the deterministic case
Uy = p_1 + tg(zp — xp_1) and FF() = f + " go K Vk>1.
Lemma 4.1. The following statement holds for every (deterministic) z € H and every
k>0

_ |2 _ 2
Ek (Fk+1(xk+1) + ”$k+1 Z” ) S Fk-‘rl(z) + ”Z yk”
29k+1 2%k 41

2172
Lyl Lg>

+ Y+t <02+ | 5

Proof. Here we have to proceed a little bit different from Lemma 3.1. Namely, we have
to treat the gradient step and the proximal step differently. For this purpose we define
the auxiliary variable

2k = Ygp—1 — k-1 Yk > 1.

Let k > 1 be fixed. From the gradient step we get

Iz — 2l = llyr—1 — Yu&—1 — 2|2
= lyr—1 — 2[1* = 29k (&1, vh1 — 2) + VEIEe—1]%

Taking the conditional expectation gives
Er—1 (12 = 2kl1?) = llyk-1 = 21 = 2% (V(**g 0 K) (yr-1), yx—1 — 2)+ 7iBr-1 (|€—1]%) -
Using the gradient inequality we deduce

Ee-1 (/2 = zll?) < llyk—1 — 211> = 29 (("*g 0 K) (yk—1) — (g 0 K)(2))
+7iEk—1 (|1€6-11%)

16



and therefore
Pk }E — 2\ < } — 2I? Bkgo K
(g0 K) (k1) + 5Er-1 (12 = 2l°) < 5llgn-1 = 2II° +w(* g0 K)(2)
N (24)
+ fEk—l (ll€e-11%) -
Also from the smoothness of (#+g o K) we deduce via the Descent Lemma that
L
Meg(Kzg) <M g(Kyk-1) + V(" g o K)(yk-1), 2k — Yr-1) + ?kIIZk — g1l
Plugging in the definition of z; and using the fact that Ly = %k we get
Yk
Hhg(K ) <P g(Kys) = (Vg 0 K)(yh1), Gk-1) + 5 1€kl

Now we take the conditional expectation to deduce that

Ep1 (" g(Kz)) < Mo g(Kye—1) — 7 |V (" g 0 K)(ye_1)|]* + %Ek,l (I&k=101?) - (25)

Multiplying (25) by -, and adding it to (24) gives

1
B (M g(Kz)) + 5B (12 = 2)?) <
1
g 2) + S llye—1 — 2P = IV (*g 0 K) (w0 I* + 72 Br1 (16-1ll*) -
Now we use the assumption about the bounded variance to deduce that
1 1
W1 (" g(K2)) + 5Brn (12 = 2[1*) < w*g(Kz) + S llyk-1 = 21 +7ii0™. (26)
Next up for the proximal step we deduce
Flo) + gl — 2l + gl = 2I? < f) 4 gl - w2 (@)
2%k 2 - 27k
Taking the conditional expectation and combining (26) and (27) we get

1 1
i (0K + F(a) + o = 2l + gl — 217 <
1
WwF*(2) + -1 = z|” + yio?.
From here, using now Lemma 2.3, we get that
k 1 2 1 2
By (™ () = mLgl Kllllzn — zill + Sl — 2" + S llaw — 217 ) <

1
WFH(2) + 5 llgs — 21 + o

17



Now we use 1
_*'YkLQHK”Q Nk — 2ell? = Lol K|l |lzx — 21|

[\

to obtain that

1
Fp s (M%) b2l zu2) <

1
Vka(Z)+§||yk—1—Z||2+’YkU + %LZHKHQ

O

Lemma 4.2. Let x* be an optimal solution of Problem 4.1. Then it holds

E (yi(F!(z1) = F'(a%))) + gllu —a I? < llzo —a I +~fo® + 71L2||KH2
Proof. Applying the previous lemma with k£ = 0 and z = x*, we get that

1 *

B (P a0 + 3llos =21 ) <P )+ gl — 07| oo + 3L
Therefore, using the fact that yo = x¢ and u; = x1,

E (n(F o) - @) + gl = o'[?) < Gleo — "I +fo + 21K
which finishes the proof. O

Theorem 4.1. Consider the setup of Problem 4.1 and let (zy);>o and (yr);>o denote
the sequences generated by Algorithm 4.1. Assume that for all k > 1

Pk+1 = tk’ - tk‘-i—l + tk+1 2 0.

Then, for every optimal solution x* of Problem 4.1, it holds

. 11 . 11K IP 12
E(F(an) ~ F(a*)) € — 5 lkeo - o PP S 200 + o)
Nty N k=1
1 HKH2L2
+ o2 t N > 1.
Proof of Theorem 4.1. Let k > 0 be fixed. Lemma 4.1 for z := (1 — m) E+ mx
gives
E Fk-‘rl( )+ 1 1 1 2 <
k Tk U1 — T <
T 2 e T e
1 1 1 1 1 2
Fk+1(<1>mk+x>+ x* — Ug
k41 tkt1 2Vk+1 ||tk tk+1

KL
s [ )
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From here and from the convexity of F**1 follows

1

B (P4 o) - FE0) - (12 1) (749 @) - PI) <

_ ex||2 _ ¥||2 K 2L2

u T u X

|| k 5 H _Ek H k+1 S ” Vit 0_2+ || ” g .
2Vk1ti 2V 1544 2

Now, by multiplying both sides with by tk 41, we deduce
Ep (B0 (F (@ps1) = F1@")) + (i — 840 () () = P71 (%)) <

1 * * HKHW
(Il = &1 = Bi, (Jukes = ")) + 1741 <a el

2Yk+1

Next, by adding t2(F**1(z)) — FF1(z*)) on both sides of (28), gives

B (140 (F* () = F¥ @) 4 i (F¥H () = FFH1(0) <

1 "
tr(F* () — FF (2 N5 (. — 21 = g, (unsr — 2*[1%))
VE+1
IK|°L
41 Vo1 <02 + Tg .

Utilizing (6) together with the assumption that (i)~ is nonincreasing leads to

B (10 (F @) = FE@)) + g (F5 ) — PH(@)) <

* 1 * * L2
t%(Fk(xk) - Fk(x ) + m (Huk - ||2 — Eg (||Uk:+1 -z HQ)) + t%(ﬂk - Mk+1)7g

2 IK|?L;
+tk+1'}/k+1 0 —|—T .

Now, using that ti > t%_H — tka1, we get

Ey, (t2+1(Fk+1($k+1) - Fk+1(ff*))> + pr1 (FF () — FM (%)) <

1 *
th(F*(xy) — F*(2*)) + S (luk — 2% = B (Jlupsr — 2*]|%))
L L2 L2
+ippn— 2 — U1 el 5 +tk+1,uk+17

K||?L?
i1 Ther (‘72 . H|2|9>

19



Multiplying both sides with 4441 and putting all terms on the correct sides yields

L? 1
Eg (%Htiﬂ (Fk+1(iﬁk+1) — P (a%) + Mk+12g> + g ks — $*||2> +

Vi1 1 (FF T () — FFH (%)) <

L? 1 (29)
’}/kJrltz <Fk(a:k) — Fk(a:*) + /Lk29> + iHuk — :L’*||2+
; IK|*L;
FYVk+1tk1Hk+1 5 4 tk+1’Yk+1 o? + T .

At this point we would like to discard the term g1 ppp1 (F* (z) — F*+1(2*)) which
we currently cannot as the positivity of F¥*!(z;) — FF!(2*) is not ensured. So we add

2
'Yk_t'_lpk_t'_l‘uk_i_l% on both sides of (29) and get

L2 1
Ey ('YkJrltz-H <Fk+1($k+1) FF (@) + ppg 2 5 ) + §Huk+1 - 37*H2> +

L2
Vk+1Pk+1 (Fk“( K) = P ") + =) ) <

(30)

L? 1
’ykﬂti <Fk(xk) — Fk(a:*) + Mk29> + iHuk — x*H2+

L; 2 | IIEIPL
FVe+1Hk+1 5 5 I (thi1 + Prt1) +tk+1’Yk+1 0"+ |
Using again (6) to deduce that
L2

Vh+1Pk+1 (Fk+1($k) — FMHa*) + g =2 5 ) > Yer1Pert (F(2g) — F(2%)) >0

we can now discard said term from (30), giving

L 1
Ey, <7k+lti+1 <Fk+1($k+1) FMY @) + =2 5 ) ok = 27| )

12
Vrr1th (Fk( k) — FF(x ;) *||uk: —z*|? (31)
L2 |K||2L2
TV 1Hk 41 9 (t1 + Prt1) + Loyt Vi .

2
Last but not least we use the that F*(x;) — FF(z*) + Mk% > F(x) — F(z*) > 0 and

20



Yie+1 < g to follow that
LQ

Y1ty (Fk(a?k) — F* (")

Combining (31) and (32) yields

Ex ('}’k+lti+1 (Fk+1(3?k+1) — FM (2

th (Fk(xk) -

LZ

TVt 1 k1= 5 I (tys1 + pry1) + tk+1’7k+1

L2
+Mk2‘q> <t (Fk(afk) —Fk(x*)Jer;) - (32)
% 1
)+ pka1— |+ S lluesr — 2] ) <
2 2
% 1
FHa) + uk;) Folu—at? @)

IK|”L
o? + 5

).

Let N > 2. We take the expected value on both sides (33) and sum from & =1 to N —1.

Getting rid of the non-negative terms |luy — z

E(th?v (FN(QBN) FN(a*)

LQ
E (71 (Fl(xl) — Fl(z") + M12‘q>>

*||? gives

L2
— <
+ uN 9 <

Ly
*Hm—fﬂ 2 +kz27kﬂk 5

2ty + pi)

).

IIKHQL2

+Z tivi ( Y

Since t; = 1, the above inequality holds also for N = 1. Now, using Lemma 4.2 we get

that for every N > 1

L2
E(’YNt?v (FN(OCN) FN(a*) + p N

From (7) we follow that

Wtk (Flay) = F(z")) < vty <FN(CCN) — FY¥(2") + py

therefore, for every N > 1

E (wik (FY (an) — FN(2")))

L2
)) < —Hx - H2+Z’ykuk 5

7 (t), + pr,)
=1

L IEP

—I—Zt < 5

)
)

2

1 N L
* (12 g
< §H%‘0—3j =+ E Vette—- (te + pr)

2
k=1

N 272
K||“L
(2 H!g

+)

k=1

).
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By using the fact that up = || K| for every k > 1 gives
oo IEIPLE S
o — 2*[|* + 52> "R (tk + px)

N 1
E (i (Flaw) ~ F) < 5 :
k=1
K 2L2 N
+< 2+ | ! 9)27% VN > 1.
k=1
Thus,
N 11 : 1K) &
E(F(ey) = F@) S —slloo = " |P + — =2 32t + i)
N N k=1
1 K22\ &
- ( 2, | ! L)Y g YN =1
N k=1
O
Corollary 4.1. Let
14 4/1 4482
t1=1, tg1= 5 Vk > 1,
and, for b >0,
b b
pe = —||K|%, and v = — Vk>1
k2 k2

Then,
* on—x*HQ 2 2”2 1
E(F(zy) — F(z*) < 22— 0 4| K||PL2— ——
(F(xn) (z%)) i | ||93 ~
1+ log(N)
+2b (202 + |K||2L2) ——=""2 YN > 1.
( |K|I*L;) — >

Furthermore, we have that F(xy) converges almost surely to F(z*) as N — +00.
/ 2
Proof. First we notice that the choice of t511 = w fulfills that
pri1 =t —tiq +tp1 =0 Vk>1.

Now we derive the stated convergence result by first showing via induction that

Assuming that this holds for £ > 1, we have that
=k+1

AR IR E R R L EV By Ry 1o
= = 2

2

tpr1 = 5
22



and

L4 /T4+42  144/14+4(5° 10Vi2 ka1
2 = 2 =Ty T

Furthermore, for every N > 1 we have that

tp11 =

1 [IK|PLE & 4 |IK|PL] b 2b||KHQL2 Y
P LS Rt pr) € e
Wiy 2 ; ' UGN Z Z (34)
20| K |*LG & m 1

< 2 g 2 _ plKI2L2T
<= LR UKL O

The statement of the convergence rate in expectation follows now by plugging in our pa-
rameter choices into the statement of Theorem 4.1, using the estimate (34) and checking
that

N N
1
SR B3 L <H(1+log(N)) YN 21
= k=1
The almost sure convergence of (F(xy)) N>1 can be deduced by looking at (33) and

dividing by 'yk+1ti 41 and using that 'yk+1t% 112 ’ykti as well as p, = 0, which gives for
every k >0

L? 1
B | ¥ (pg1) — FFN @) + e =2 + s—5— e — 27 <
2 2’)’k+1tk+1

L? 1 L? | K||2L2
o _ R 9 |2 B T 2 12T Hg )}
(or) = FH") + g gl = 2P 5 5 e | 0 + 75

Plugging in our choice of parameters gives for every k > 0

L2 1
Ei | FF M (@pg1) — FFN@%) + 1 =2 + ———5—lupr — 2| | <
2 2, k+1tk+1

2

L
FF(ay) — F*(a*) + 2 +

* (|2
U — T +
3+ =l

gv
where C' > 0.
Thus, by the famous Robbins-Siegmund Theorem (see [25, Theorem 1]) we get that

L2 .
(FF (2gq1) — FF(2%) + prg1 ), converges almost surely. In particular, from the
convergence to 0 in expectation we know that the almost sure limit must also be the
constant zero. O

Finite Sum. The formulation of the previous section can be used to deal e.g. with
problems of the form

min f(z) + > gi(Kiz) (35)
=1
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for f : H — R a proper, convex and lower semicontinuous function, g; : G; — R convex
and Lg,-Lipschitz continuous functions and K; : H — §; linear continuous operators for
t=1,...,m.

Clearly one could consider

K — H— Xﬂzilgl
x— X,o Kz

with || K= 37, || KG||* and

I xG—oR
X Yi = iy 9i(Yi)-

in order to reformulate the problem as

min f(z) +g(Kz)

and use Algorithm 3.1 together with the parameter choices described in Corollary 3.1
on this. This results in the following algorithm.

Algorithm 4.2. Let yo = x9 € H,1 = b||K]||, for b > 0, and t; = 1. Consider the
following iterative scheme

s
Tk = HE

Kiys_
T = Prox., ¢ <yk_1 =Yk iy K ProxX . . (3'21>>

B 7
(Vk > 1) thi1 = A/t2 + 2ty

— tp—1 _
Yk = T + tk+12(3?k T—1)
t
— k
| Hkt1 Mkti+l—tk+1'

However, problem (35) also lends itself to be tackled via the stochastic version of our
method, Algorithm 4.1, by randomly choosing a subset of the summands. Together with
the parameter choices described in Corollary 4.1 which results in the following scheme.

Algorithm 4.3. Let yo = 29 € H,b > 0, and t; = 1. Consider the following iterative
scheme

m _3
M = ng:l”Kiuzk 2
= bk 2

€5, * Kz _
(Vk > 1) T} = Prox, ; (%1 — Yk pik Yo K Prox, . (3”“1)>

: i
Py 7
14+4/1+482

let1 = 5
_ tp—1 _
| Yk =kt e (Tk — Te-1),
with € = (€1k, €24, ---,€mi) a sequence of i.i.d., {0,1}" random variables and p; =

P[Ez"l = 1]
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Since the above two methods were not explicitly developed for this separable case and
can therefore not make use of more refined estimation of the constant || K]||, as it is done
in e.g. [14]. However, in the stochastic case, this fact is remedied due to the scaling of
the stepsize with respect to the i-th component by p;” L

Remark 4.2. In theory Algorithm 4.1 could be used to treat more general stochastic
problems than finite sums like (35), but in the former case it is not clear anymore how
a gradient estimator can be found, so we do not discuss it here.

5 Numerical Examples

We will focus our numerical experiments on image processing problems. The examples
are implemented in python using the operator discretization library (ODL) [1]. We define
the discrete gradient operators D; and D, representing the discretized derivative in the
first and second coordinate respectively, which we will need for the numerical examples.
Both map from R™*™ to R™*™ and are defined by

] Uit1,5 — Ui 1<1<m,
(D1u); j =
0 else,

and

)i —uyy 1< 5 <m,
(DQU)M - {0 else

The operator norm of D and Ds, respectively, is 2 (where we equipped R™*" with the
Frobenius norm). This yields an operator norm of /8 for the total gradient D := D1 x Dy
as a map from R™*™ to R™*™ x R™*" gee also [12].

We will compare our methods, i.e. the Variable Accelerated SmooThing (VAST) and
its stochastic counterpart (sVAST) to the Primal Dual Hybrid Gradient (PDHG) of [15]
as well as its stochastic version (sPDHG) from [14]. Furthermore, we will illustrate
another competitor, the method by Pesquet and Repetti, see [24], which is another a
stochastic version of PDHG (see also [29]).

In all examples we choose the parameters in accordance with [14]:

e for PDHG and Pesquet&Repetti: 7 = 0; = HVT”

g = L . S—
e for sPDHG: o0; = KT and 7 = e K]

where v = 0.99.

5.1 Total Variation Denoising

The task at hand is to reconstruct an image from its noisy observation. We do this by
solving
min - allz = bz + || Dizfly + [[ D21,

xeRmX n
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(a) Groundtruth (b) Data (c) Approximate solution

Figure 1: TV denoising. Images used. The approximate solution is computed by running
PDHG for 7000 iterations.

104 PDHCG
PDHG
. —»— sPDHG 1011 —¥— sPDHG
© 10 VAST b=0.1 E VAST b=0.1
% sVAST b=0.1 2 1072+ —eo— sVAST b=0.1
5 2
1y -3
; 10 g 10-3]
g 5
E < 10
10°4 )
10*&)‘
10° 10! 102 10° 10 10" 10 10°
iterations [epochs] iterations [epochs]
i i i foctive Ele)=F(z")
(a) Distance to the solution. (b) Relative objective &=+
Figure 2: TV denoising. Plots.
with a > 0 as regularization parameter, in the following setting: f = «f|- — b||l2,91 =
92 = |I'll, K1 = D1, K3 = Ds.

Figure 1 illustrates the images (of dimension m = 442 and n = 331) used in for this
example. These include the groundtruth, i.e. the uncorrupted image, as well as the data
for the optimization problem b, which visualizes the level of noise. In Figure 2 we can
see that for the deterministic setting our method is as good as PDHG. For the objective
function values, Subfigure 2b, this is not too surprising as both algorithms share the
same convergence rate. For the distance to a solution however we completely lack a
convergence result. Nevertheless in Subfigure 2a we can see that our method performs
also well with respect to this measure.

In the stochastic setting we can see in Figure 2 that, while sSPDHG provides some
benefit over its deterministic counterpart, the stochastic version of our method, although
significantly increasing the variance, provides great benefit, at least for the objective
function values.

Furthermore, Figure 3, shows the reconstructions of sSPDHG and our method which
are, despite the different objective function values, quite comparable.
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(a) sSVAST (b) sPDHG

Figure 3: TV Denoising. A comparison of the reconstruction for the stochastic variable
smoothing method and the stochastic PDHG.

5.2 Total Variation Deblurring

For this example we want to reconstruct an image from a blurred and noisy image. We
assume to know the blurring operator C' : R™*" — R™*™_ This is done by solving

min a||Cz = bl|s + || Diz||1 + || Daz||1, (36)
€T mXn

for @ > 0 as regularization parameter, in the following setting: f = 0,91 = «||-—b||2, 92 =
93 = |I'lli, K1 = C, Ky = D1, K3 = Ds.

(a) Groundtruth (b) Data (¢) Approximate solution

Figure 4: TV Deblurring. The approximate solution is computed by running PDHG for
3000 iterations.

Figure 4 shows the images used to set up the optimization problem (36), in particular
Subfigure 4b which corresponds to b in said problem.

In Figure 5 we see that while PDGH performs better in the deterministic setting, in
particular in the later iteration, the stochastic variable smoothing method provides a
significant improvement where sPDHG method seems not to converge. It is interesting
to note that in this setting even the deterministic version of our algorithm exhibits a
slightly chaotic behaviour. Although neither of the two methods is monotone in the
primal objective function PDHG seems here much more stable.
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104
100<
[
g ~ Z
% L g 10-1]
% 10% =
© PDHG 3 PDHG
£ —— SPDHG Z 102{ — SPDHG
E Pesquet&Repetti :: Pesquet&Repetti
1014 —— VAST b=0.2 03] T VAST b=02
sVAST b=0.2 sVAST b=0.2
100 10! 102 100 10! 102
iterations [epochs] iterations [epochs]
; : : © gt F(z)—F(z*
(a) Distance to the solution. (b) Relative objective %

Figure 5: TV deblurring. Plots.

5.3 Matrix Factorization

In this section we want to solve a monconver and nonsmooth optimization problem
of completely positive matrix factorization, see [16,19,27]. For an observed matrix
A € R4 we want to find a completely positive low rank factorization, meaning we are
looking for x € ]R’;Xod with r < d such that 272 = A. This can be formulated as the
following optimization problem

min ||z7z — A1, (37)

rXxd
xERZO

where 27 denotes the transpose of the matrix z. The more natural approach might be
to use a smooth formulation where |-||3 is used instead of the 1-Norm we are suggesting.
However, the former choice of distance measure, albeit smooth, comes with its own set
of problems (mainly a non-Lipschitz gradient).

The so called Proz-Linear method presented in [18] solves the above problem (37), by
linearizing the smooth (R%*%-valued) function x — 2”2 inside the nonsmooth distance
function. In particular for the problem

min g(c(2)),

for a smooth vector valued function ¢ and a convex and Lipschitz function g, [18] proposes
to iteratively solve the subproblem

. 1
Tpy1 = argmin {g(c(wk) + Ve(xg)(x — xy)) + EHJJ — kag} vk > 0, (38)

for a stepsize t < (LyLpv.) '. For our particular problem described in (37) the sub-
problem looks as follows

. 1
Thi1 :argmm{”x%x—AH1—|—2||x—ka§} , (39)

rXd
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Figure 6: Comparison of the evolutions of the objective function values for different
starting points. We run 40 epochs with 5 iterations each. For each epoch
we choose the last iterate of the previous epoch as the linearization. For the
stochastic methods we fix the number of rows (batchsize) which are randomly
chosen in each update a priori and count d divided by this number as one
iteration. For the randomly chosen initial point we use a batchsize of 3 (to
allow for more exploration) and for the one close to the solution we use 5 in
order to give a more accuracy. The parameter b in the variable smoothing
method was chosen with minimal tuning to be 0.1 for both the deterministic
and the stochastic version.

and therefore fits our general setup described in (1) with the identification f = ||- —

:ck||§+5R%d(x), g = |Ih and K = 2. Moreover, due to its separable structure, the

subproblem (39) fits the special case described in (35) and can therefore be tackled
by the stochastic version of our algorithm presented in Algorithm 4.3. In particular
reformulating (38) for the stochastic finite sum setting we interpret the subproblem as

d

Tpi1 = argmin {Z Hx{[z, Je — Ali, :]H1 + 1||ac - a:kH%} ,
zeRS? =t 2

where Ali,:] denotes the i-th row of the matrix A.

In comparison to Section 5.1 and Section 5.2 a new aspect becomes important when
evaluating methods for solving (38). Now, it is not only relevant how well subprob-
lem (39) is solved, but also the trajectory taken in doing so as different paths might lead
to different local minima. This can be seen in Figure 6 where PDHG gets stuck early on
in bad local minima. The variable smoothing method (especially the stochastic version)
is able to move further from the starting point and find better local minima. Note that
in general the methods have a difficulty in finding the global minimum ... € R3*60
(with optimal objective function value zero, as constructed A := x} . e € ROOX60 in
all examples).
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