Fixing and extending some recent results on the ADMM
algorithm

Sebastian Banert * Radu Ioan Bot Erné Robert Csetnek ¥

April 12, 2020

Abstract. We investigate the techniques and ideas used in [R. Shefi, M. Teboulle, Rate of
convergence analysis of decomposition methods based on the prorimal method of multipliers for
conver minimization, SIAM Journal on Optimization 24(1), 269-297, 2014] in the convergence
analysis of two proximal ADMM algorithms for solving convex optimization problems involving
compositions with linear operators. Besides this, we formulate a variant of the ADMM algorithm
that is able to handle convex optimization problems involving an additional smooth function in
its objective, and which is evaluated through its gradient. Moreover, in each iteration we allow
the use of variable metrics, while the investigations are carried out in the setting of infinite
dimensional Hilbert spaces. This algorithmic scheme is investigated from the point of view of
its convergence properties.
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1 Introduction

One of the most popular numerical algorithms for solving optimization problems of the form
inf {f(x) + g(Aa)}, 1)
Tz€eR™

where f : R® — R := RU {#oco} and g : R™ — R are proper, convex, lower semicontinuous
functions and A : R™ — R™ is a linear operator, is the alternating direction method of multipliers
(ADMM). Here, the spaces R™ and R™ are equipped with their usual inner products and induced
norms, which we both denote by (-,-) and || - ||, respectively, as there is no risk of confusion.
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By introducing an auxiliary variable z one can rewrite (1) as

Lot @)+ () )
Azx—2z=0

The Lagrangian associated with problem (2) is
[:R" xR™ x R™ = R, l(x,2,y) = f(z) + g(2) + (y, Az — 2),
and we say that (z*, z*,y*) € R" x R™ x R™ is a saddle point of the Lagrangian, if
I(x*, 2% y) <I(z*, 2" y") <l(z,z,y") V(z,2,y) € R" x R™ x R™. (3)

It is known that (z*, z*, y*) is a saddle point of [ if and only if z* = Az*, (z*, z*) is an optimal
solution of (2), y* is an optimal solution of the Fenchel-Rockafellar dual problem (see [3-5,20,30])
to (1)

sup {—f*(=ATy) — g*(v)}, (4)
yeR™
and the optimal objective values of (1) and (4) coincide. Notice that f* and ¢g* are the conjugates
of f and g, defined by f*(u) = sup,epn{(u, z)—f(x)} for all u € R"” and ¢*(y) = sup,crm {(y, 2) —
g(z)} for all y € R™, respectively.

If (1) has an optimal solution and A(ri(dom f)) Nridom g # @, then the set of saddle points
of [ is nonempty. Here, we denote by ri(S) the relative interior of a convex set S, which is the
interior of S relative to its affine hull.

For a fixed real number ¢ > 0 we further consider the augmented Lagrangian associated with

problem (2), which is defined as
Lo:R* xR™ xR™ - R, Le(,2,y) = £(2) +9(2) + (y, Az — 2) + £ || Az — 2]
The ADMM algorithm reads:

Algorithm 1 Choose (2°,2°,94%) € R® x R™ x R™ and ¢ > 0. For all k > 0 generate the
sequence (mk,zk,yk)kzg as follows:

2 e argmin L. (z, 2*, y*) = argmin {f(m) 4 EHAZE Lk Cﬂyk”z} (5)
reER™ z€R™ 2

oA - argmin Lc(xk+17 2, yk) = argmin {g(z) 4 E”Axk+l — a4+ c’lkaQ} (6)
zeR™ 2ER™M 2

yk+1 = yk + C(A$k+1 — Zk+1), (7)

If A has full column rank, then the set of minimizers in (5) is a singleton, as is the set of
minimizers in (6) without any further assumption, and the sequence (xk,zk,yk)kzo generated
by Algorithm 1 converges to a saddle point of the Lagrangian [ (see, for instance, [19]). The
alternating direction method of multipliers was first introduced in [25] and [23]. Gabay has
shown in [24] (see also [19]) that ADMM is nothing else than the Douglas-Rachford algorithm
applied to the monotone inclusion problem

0 € 0(f* o (—AN))(y) + 9g*(v)



For a function k : R — R, the set-valued operator defined by dk(z) := {u € R" : k(t) — k(x) >
(u,t —x) Vt € R"}, for k(z) € R, and 0k(z) := 0, otherwise, denotes its (convex) subdifferential.

One of the limitations of the ADMM algorithm comes from the presence of the term Ax
in the update rule of 2**! (we refer to [14] for an approach to circumvent the limitations of
ADMM). While in (6) a proximal step for the function g is taken, in (5) the function f and the
operator A are not evaluated independently, which makes the ADMM algorithm less attractive
for implementations than the primal-dual splitting algorithms (see, for instance, [8-10, 12,13,
16,29]). Despite of this fact, the ADMM algorithm has been widely used for solving convex
optimization problems arising in real-life applications (see, for instance, [11,21]). For a version
of the ADMM algorithm with inertial and memory effects we refer the reader to [7].

In order to overcome the above-mentioned drawback of the classical ADMM method and to
increase its flexibility, the following so-called proximal alternating direction proximal method of
multipliers has been considered in [28] (see also [22,26]):

Algorithm 2 Choose (2°,2°,9%) € R x R™ x R™ and ¢ > 0. For all k > 0 generate the
sequence (xk,zk,yk)kzg as follows:

. c B 1
1€ anguin{ ) + SAn =+ gl - R, B
rER™ 2 2
. C o 1
ST = argmin {g(z) + Gl Az =2 4 TP 4 Sl - z’“H?wQ} (9)
zeR™ 2 2
yk+1 = yk + C(Aflfk+1 — Zk+1), (10)

Here, My € R™ "™ and My € R™*™ are symmetric positive semidefinite matrices and ||u||%4L =
(u, M;u) denotes the squared seminorm induced by M;, for i € {1,2}.

Indeed, for M1 = Ms = 0, Algorithm 2 becomes the classical ADMM method, while for
M; = p11d and Mas = poId with py,ue > 0 and Id denoting the corresponding matrix, it
becomes the algorithm proposed and investigated in [18]. Furthermore, if M; = 771 1d —cAT A
with 7 > 0 such that c7||A|? < 1 and My = 0, then one can show that Algorithm 2 is equivalent
to one of the primal-dual algorithms formulated in [16].

The sequence (zk)kzo generated in Algorithm 2 is uniquely determined due to the fact that
the objective function in (9) is lower semicontinuous and strongly convex. On the other hand,
the set of minimizers in (8) is in general not a singleton and it can be even empty. However, if
one imposes that M; + A*A is positive definite, then (xk)kzo will be uniquely determined, too.

Shefi and Teboulle provide in [28] in connection to Algorithm 2 an ergodic convergence rate
result for a primal-dual gap function formulated in terms of the Lagrangian [, from which they
deduce a global convergence rate result for the sequence of function values ( f(z*)+g(Az*))x>0 to
the optimal objective value of (1), when g is Lipschitz continuous. Furthermore, they formulate a
global convergence rate result for the sequence (|| Az* — 2*||)1>0 to 0. Finally, Shefi and Teboulle
prove the convergence of the sequence (:):k, zk,yk)kzo to a saddle point of the Lagrangian [,
provided that either M7 = 0 and A has full column rank or M; is positive definite.

Algorithm 2 from [28] represents the starting point of our investigations. More precisely, in
this paper:

e we point out some flaws in the proof of a statement in [28], which is fundamental for the
derivation of the global convergence rate of (||Az* — 2*||);>¢ to 0 and of the convergence of the
sequence (2%, 2, y*¥)>0;



e we show how the statement in cause can be proved by using different techniques;

e we formulate a variant of Algorithm 2 for solving convex optimization problems in infinite
dimensional Hilbert spaces involving an additional smooth function in their objective, that we
evaluate through its gradient, and which allows in each iteration the use of variable metrics;

e we prove an ergodic convergence rate result for this algorithm involving a primal-dual gap
function formulated in terms of the associated Lagrangian [ and a convergence result for the
sequence of iterates to a saddle point of [.

2 Fixing some results from [28] related to the convergence anal-
ysis for Algorithm 2

In this section we point out several flaws that have been made in [28] when deriving a funda-

mental result for both the rate of convergence of the sequence (||Az* — 2%||)x>0 to 0 and the

convergence of the sequence (z¥, 2%, 3/*) k>0 to a saddle point of the Lagrangian [. We also show

how these arguments can be fixed by relying on some of the building blocks of the analysis we

will carry out in Section 3.

To proceed, we first recall some results from [28]. We start with a statement that follows
from the variational characterization of the minimizers of (8)-(9).

Lemma 3 (see [28, Lemma 4.2]) Let (x%, 2% y*)i>0 be a sequence generated by Algorithm 2.
Then for all k > 0 and for all (x,z,y) € R™ x R™ x R™ it holds

(2P, 24 ) < Uz 2, g ) 4 (P - 2R A — 2R ) +
b3 (e = 2* By, — e — 2By + 1z = 21 — 12 = 2 3,)
5 (Ml =y P = My - A P)
5 (I = Mg, + 15— H R, + e A P
Furthermore, by invoking the monotonicity of the convex subdifferential of g, in [28] the
following estimation is derived.

Lemma 4 (see [28, Proposition 5.3(b)]) Let (¥, 2% y*)1>0 be a sequence generated by Algorithm
2. Then for all k > 1 and for all (x,z) € R™ x R™ it holds
c
e(h = 2K, Afw —ah ) <2 (Jl = 22 — 12— P + || Az — 2)?) +

1

k— k k k
5 (12571 = 2513, — 1125 = 51y, )

By taking (z,z,y) := (z*,z* y*) in Lemma 3, where (z*,2*,y*) is a saddle point of the
Lagrangian [, and by using the inequality (see (3))

l(mk+17zk+1,y*) > l(a;*,z*,ka) Yk > 0,

and the estimation in Lemma 4, one easily obtains the following result.



Lemma 5 Let (z*,2*,y*) be a saddle point of the Lagrangian | associated with (1), My, Ma be
symmetric positive semidefinite matrices and ¢ > 0. Let (z*, zk,yk)kzo be a sequence generated
by Algorithm 2. Then for all k > 1 the following inequality holds

2™+t —aF (3, + 12 = 2R + eIy = P (11)
k k - k k k
lz* = 2* 3y, + 112" = 2" R er, + Tl = P (125 = 2R, (12)
k k - k k k—
< l* = 2¥|3g, + 12" = 2R syser, + e Hly = 3517 + 1125 = 257 (13)

By using the notations from [28, Section 5.3], namely
e | P e eV
and
b = a* = 2y + 12 = Py era + ¢ Myt — FIP + N1 — 2R, Yk > 1,
the inequality in Lemma 5 can be equivalently written as
,Uk—i-l _ CHZk-i-l _ zkH2 < uk _ uk—i—l VE > 1. (14)
In [28, Lemma 5.1, (5.37)], instead of (14), it is stated that
Pl < uF — P E > 1, (15)

however, its proof, which follows the argument that goes through Lemma 3, Lemma 4 and
Lemma 5, is not correct, since it leads to (14) instead of (15).

Since the sequence (v¥)g>g is monotonically decreasing, statement (15), in combination with
straightforward telescoping arguments, leads to the fact that (vk)kzo converges to zero with
a rate of convergence of O(1/k). This implies that (||Az* — 2¥|)k>0 converges to zero with a
rate of convergence of O(1/vk) (see [28, Theorem 5.4]). In addition, statement (15) is used
in [28, Theorem 5.6] to prove the convergence of the sequence (xF, 2% y*) k>0 to a saddle point of
the Lagrangian [. However, the techniques used in [28], involving function values and the saddle
point inequality, do not lead to (15), but to the weaker inequalitiy (14).

In the following we will show that one can in fact derive (15), however, to this end one needs
to use different techniques. These are described in detail in the next section; here we will just
show how do they lead to (15). We would like to notice that, differently from [28], in our analysis
we will only use properties related to the fact that the convex subdifferential of a proper, convex
and lower semicontinuous function is a maximally monotone set-valued operator.

We start our analysis with relation (40), which in case h = 0, L = 0, M} = M; = 0 and
Mé“ = Ms = 0 for all £ > 0 (see the setting of Section 3) reads

el 2" = AdMHP 4 la® — MR, + [12° - R, <

1
k k k
2% = 2" W3g, + 112" = Ax[Rpyera + Zlly" = 7I1°

1
k * k * k *
(1541 = B, 14 = 42" By s+ 21554 = 071 (16)



for all £ > 0. Using that

2

k k+1

Csz - A$k+1H2 —cllzF =2 k+1 _yk>

1
—E(y

1
= o — R L g ekt g,
we obtain from (16) that
1
k k .k k k k k k k k
20— 25 M =) et — TRy, 112 - T R e + 2y T —yfP <
1
k k k
lz* — 2" |13, + 112" — Az*(},4c10 + ly™ - y[I?

1
k k k *
e e A A I

for all £ > 0. By taking into account that, according to (54),

1 1

k k o,k k k k k_ k-

(0= 2Pyt —yh) > T = 2R, — Sl - AT,
2 2

for all k£ > 1, it yields
1
k k k k k k
l2* = ¥Ry, + 1127 = 2 R e + ~lly oyt <
1
k k k k k—
2% = 230 + 112" = A [Rpypera + 19" =y 17 + 112" = 23,

1
e e A e A A e ]

which is nothing else than (15).

From here, by using that v**1 < v¥ for all k£ > 0 and straightforward telescoping arguments,
it follows immediately that (|| Az* — 2*||)s>0 converges to zero with a rate of O(1/vk).

We will see in the following section that the inequality (40) will play an essential role also
in the convergence analysis of the sequence of iterates. When applied to the particular context
of the optimization problem (1) and Algorithm 2, Theorem 15 provides a rigorous formulation
and a correct and clear proof of the convergence result stated in [28, Theorem 5.6].

3 A variant of the ADMM algorithm in the presence of a smooth
function and by involving variable metrics

In this section we propose an extension of the ADMM algorithm considered in [28] that we
also investigate from the perspective of its convergence properties. This extension is twofold:
on the one hand, we consider an additional convex differentiable function in the objective of
the optimization problem (1), which is evaluated in the algorithm through its gradient, and on
the other hand, instead of fixed matrices M7, My, we use different matrices in each iteration.
Furthermore, we change the setting to infinite dimensional Hilbert spaces. We start by describing
the problem under investigation:



Problem 6 Let H# and G be real Hilbert spaces, f: H — R, g : G — R be proper, convex and
lower semicontinuous functions, h : H — R a convex and Fréchet differentiable function with
L-Lipschitz continuous gradient (where L > 0) and A : H — G a linear continuous operator.
The Lagrangian associated with the convex optimization problem

Inf {f(z) + h(z) + g(A2)} (18)

is

L HxGxG =R U 2,y) = F@) +he) +9(2) + {, Az — 2)
We say that (z*,z*,y*) € H x G x G is a saddle point of the Lagrangian [, if the following
inequalities hold

l(x*, 2% y) <", 2" y") <l(z,z,y") V(z,2,y) e H X G xG. (19)

Notice that (z*, z*,y*) is a saddle point if and only if z* = Ax*, z* is an optimal solution of
(18), y* is an optimal solution of the Fenchel-Rockafellar dual problem to (18)

(D) zlellg){—(f* OR) (=A%) —g" ()}, (20)

and the optimal objective values of (18) and (20) coincide, where A* : G — H is the adjoint
operator defined by (A*v,z) = (v, Ax) for all (v,z) € G x H. The infimal convolution f*Oh* :
H — R is defined by (f*Oh*)(x) = infuen{f*(u) +h*(z —u)} for all z € H.

For the reader’s convenience, we discuss some situations which lead to the existence of saddle
points. This is for instance the case when (18) has an optimal solution and the Attouch-Brézis
qualification condition

0 € sri(dom g — A(dom f)) (21)

holds. Here, for a convex set S C G, we denote by
sriS = {z € S : Uy>oA(S — ) is a closed linear subspace of G}

its strong relative interior. Notice that the classical interior is contained in the strong relative
interior: int .S C sri S, however, in general this inclusion may be strict. If G is finite-dimensional,
then for a nonempty and convex set S C G, one has sri S = ri§. Considering again the infinite
dimensional setting, we remark that condition (21) is fulfilled if there exists 2’ € dom f such
that Az’ € dom g and g is continuous at Ax’.

The optimality conditions for the primal-dual pair of optimization problems (18)-(20) read

—A*y — Vh(x) € 0f(xz) and y € 0g(Ax). (22)

This means that if (18) has an optimal solution z* € H and the qualification condition (21)
is fulfilled, then there exists y* € G, an optimal solution of (20), such that (22) holds and
(z*, Ax*,y*) is a saddle point of the Lagrangian [. Conversely, if the pair (z*,4*) € H x G
satisfies relation (22), then z* is an optimal solution to (18), y* is an optimal solution to (20)
and (z*, Az*,y*) is a saddle point of the Lagrangian [. For further considerations on convex
duality we invite the reader to consult [3-5,20,30].



Furthermore, we discuss some conditions ensuring that (18) has an optimal solution. Suppose
that (18) is feasible, which means that its optimal objective value is not +oc. The existence of
optimal solutions to (18) is guaranteed if, for instance, f + h is coercive (that is im0 (f +
h)(z) = +00) and g is bounded from below. Indeed, under these circumstances, the objective
function of (18) is coercive and the statement follows via [3, Corollary 11.15]. On the other
hand, if f + h is strongly convex, then the objective function of (18) is strongly convex, too,
thus (18) has a unique optimal solution (see [3, Corollary 11.16]).

Some more notations are in order before we state the algorithm for solving Problem 6. We
denote by S;(#H) the family of operators U : H — H which are linear, continuous, self-adjoint
and positive semidefinite. For U € S, (#H) we consider the semi-norm defined by

|z||3 = (x,Uz) Vo € H.
We also make use of the Loewner partial ordering defined for Uy, U, € Sy (H) by
Ur v Us & ol > llel, Vo € H.

Finally, for o > 0, we set
Po(H) ={U € S+(H) : U = a1d}.

Algorithm 7 Let M} € S.(H) and M§ € S (G) for all k > 0. Choose (z°,2°,y°) € Hx G x G
and ¢ > 0. For all k > 0 generate the sequence (z*, 2%, yk)kzo as follows:

1
M1 ¢ argmin {f(:n) + (x — ¥, Vh(z®)) + gHAx — WP+ S - xk||?\/[{c} (23)

zeH 2
. c _ 1
2 = argmin {g(z) + )| AzF — 2 YRR 2|2 — zkH?V[k} (24)
2€G 2 2 2
yk+1 — yk + C(Al’k+1 _ ZkJrl)' (25)

Remark 8 (i) If h = 0 and M = My, M¥ = My are constant in each iteration, then Algorithm
7 becomes Algorithm 2, which has been investigated in [28].

(ii) In order to ensure that the sequence (z*);> is uniquely determined one can assume that
for all k > 0 there exists af > 0 such that MF + cA*A € P (H).

This is in particular the case when

Ja > 0 such that A*A € P, (H). (26)

Relying on [3, Fact 2.19], on can see that (26) holds if and only if A is injective and ran A* is
closed. Hence, in finite dimensional spaces, namely, if H = R™ and G = R™, with m > n > 1,
(26) is nothing else than saying that A has full column rank.

(iii) One of the pioneering works addressing proximal ADMM algorithms in Hilbert spaces,
in the particular case when A = 0 and M{“ and Mé“ are equal for all £ > 0 to the corresponding
identity operators, is the paper by Attouch and Soueycatt [2]. We also refer the reader to [22,26]
for versions of the proximal ADMM algorithm stated in finite-dimensional spaces and with
proximal terms induced by constant linear operators.



Remark 9 We show that the particular choices M{“ = % Id —cA* A, for 7, > 0, and Mé" =0
for all £ > 0 lead to a primal-dual algorithm introduced in [16]. Here Id : H — H denotes the
identity operator on H. Let k > 0 be fixed. The optimality condition for (23) reads (for z¥+2):

0 € Of(x"?) 4 cA*(Axht? — K+ em gkt ly o ppirl (pht2 _ gkl L gp(2h )
— 8f(xk+2) + (CA*A—i- M{g+1)xk+2 + CA*(—Zk—H +C—1yk+1) _ M{H_lxk—H + Vh(.%'k+1).

From (25) we have
CA*(—ZIC+1 + cilykJrl) = A*(kaJrl — yk) — cA* AxFt
hence
0 € df (aFt2) + (cA* A+ MIT) (a2 — by 1 A (29 — b)) 4 Vh(2PT). (27)

By taking into account the special choice of M{“ we obtain

1
0€df(a") + — (x’f“ - g;’f“) + A2y = yF) + Va(aM),
Thk41

thus,

2" = (Id+710f) 7" (l'kH — Tt VR(&PY) — 1 A (2 — Z/k)>

= argmin {f(x) +

oy HHC - (fﬂkﬂ - Tk-+1Vh(ka+l) - Tk+1A*(2yk+l - yk)) HQ} (28)

2Tp41

Furthermore, from the optimality condition for (24) we obtain
c(AzhHl = R Ry AR (E kL) € 9g(2F Y, (29)
which combined with (25) gives
gL 4 ME(R — 2R € 9g (k). (30)
Using that M} = 0 and again (25), it further follows

0 € ag*(yk+1) _ Zk—i—l
_ 89*(yk+1) + C—l(yk-‘rl _ yk . CA.’L‘k+1),

which is equivalent to

yk 1 = (Id —l—c@g*) 1 (yk + CA.'Ek 1)
. 1 k k+1 2
* + " . 1
= arzgemln {g (z) + o (y + cAx ) (31)

The iterative scheme obtained in (31) and (28) generates, for a given starting point (z!,4°) €
H x G and ¢ > 0, the sequence (z*,y*);>1 for all k& > 0 as follows

e (i reann ]

Hﬂc - <$k+1 — Tht VAT — 1 A (281 — yk)) HQ} :

1
Y"1 = argmin {g* (2) + —
z€G 2c

gk t? argmin {f(a:) +

zEH 2Tp41

9



Form, =7 > 0foral k > 1 one recovers a primal dual algorithm from [16] that has been
investigated under the assumption 1 —c[|A|? > £ L (see Algorithm 3.2 and Theorem 3.1 in [16]).
We invite the reader to consult [8, 9 13,29] for more insights into primal-dual algorithms and
their highlights. Primal-dual algorithms with dynamic step sizes have been investigated in [13]
and [9], where it has been shown that clever strategies in the choice of the step sizes can improve
the convergence behavior.

3.1 Ergodic convergence rates for the primal-dual gap

In this section we will provide a convergence rate result for a primal-dual gap function formulated
in terms of the associated Lagrangian [. We start by proving a technical statement (see also [28]).

Lemma 10 In the context of Problem 6, let (z*, 2¥, yk)kzo be a sequence generated by Algorithm
7. Then for all k > 0 and all (x,z,y) € H X G X G the following inequality holds

WL 2P ) < U(a, 2, yF ) 4 e (2P = 2K A(e — 2FY))

1
+ 5 (Il = 2* 1 + 12 = 212 + <7y = *12)
1 _
— 5 (Il = 2"+ e = B+ ey — o)
1 _
5 (ka-‘rl o ka?\/[f o Lka’-ﬁ-l _ kaQ + sz‘-i-l - Zk”?\/jg +e 1Hyk+1 o ka2) ]

Moreover, we have for all k >0
c 1
C<Zk+1 o Zk,A(.T o xk+1)> < 5 <HA.§C . Zk||2 . ||Aa: _ Zk+1||2) + %HykJrl o ka2'

Proof. We fix k£ > 0 and (z,z,y) € H x G x G. Writing the optimality conditions for (23) we
obtain
—Vh(zP) + cA* (2% — c7lyF — AP 4 MF(2F — 2P € af (M. (32)

From the definition of the convex subdifferential we derive

fah) = @) <

<Vh( ) + CA*( zk + c*lyk + Akarl) + M{f(_xk + $k+1),3§' _ [Bk+1>
(Vh(zh), 2 — 257 4 (P A — 2FH)) — ek — 250 Az — oFH0))
M = at), o= ), (33)

where for the last equality we used (25).
Furthermore, we claim that

h(ack'H) — h(z) < —(Vh(a:k),a: — xk+1> + %Hmkﬂ — zr:kH2 (34)

Indeed, this follows by applying the convexity of h and the descent lemma (see [3, Theorem
18.15 (iii)]):

h(w) = h(z**1) = (Vh(z"), 2 — 2"

h(z®) + (Vh(z®), z — 2%) — h(z*Th) — (Vh(z¥), 2z — 2FT1) =

v

L
h(ﬂjk) - h(xk+1) + <Vh($k),$k+1 _ xk> > _§||xk+1 . l‘k||2

10



By combining (33) and (34) we obtain
(f + )@ < (f +h)(@) + @ Al — 2P ) — e(2F — 24 A — M)

b glle =My — 2l — R — Sl - b2 + 2 - R
(35)
From the optimality condition for (24) we obtain
(AT = L TRy MR M) € gg(R T, (36)
which, combined with (25), gives
yFHL o ME(ZF — 2P € ag(2F ). (37)
From here we derive the inequality
g(zk:-i-l) o g(Z) < <_yk+1 + Méﬁ(zk-i-l _ zk),z o zk+1>
= — (2= ) = MR — sl = R — Sl - 2y
(38)

The first statement of the lemma follows by combining the inequalities (35) and (38) with the
identity (see (25))

1
(y, AxF ! — ) = (R Ak — ) (g = gF? =y — T - =)

The second statement follows easily from the arithmetic-geometric mean inequality in Hilbert
spaces (see [28, Proposition 5.3(a)]). [

A direct consequence of the two inequalities in Lemma 10 is the following result.

Lemma 11 In the context of Problem 6, assume that M — L1d € Sy (M), MF = M, M} ¢
S1(G), M} = Mé““ for all k >0, and let (x%, 2% y*)1>0 be the sequence generated by Algorithm
7. Then for all k > 0 and all (x,z,y) € H X G X G the following inequality holds

Cc
UM y) < Uzt + 3 (14w — 2|2 — Az — 241

1 k K k k
5 (= a1 = Nl = 2+ 2= gy = 2 = 542 )

1 k(2 1 2)
oo (= ¥ = Iy = y*+12) -
We can now state the main result of this subsection.

Theorem 12 In the context of Problem 6, assume that M — L1d € S, (H), M = M
My € 8.(G), M¥ = M2k+1 for all k > 0, and let (2%, 2% y*)k>0 be the sequence generated by
Algorithm 7. For all k > 1 define the ergodic sequences

“ig gt iy

?r\H
?r\»i
?r\»i
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Then for all k > 1 and all (z,z,y) € H x G x G it holds

13 2 ) 1,2, 7) < H22Y,
where 1(z,2,y) 1= §lAz = 2% + § (Il = 20129 + 12 = 2029 ) + lly — 101

Proof. We fix k > 1 and (z,2,y) € H X G X G. Summing up the inequalities in Lemma 11 for
1=0,...,k — 1 and using classical arguments for telescoping sums, we obtain

e
—

k—1
S U ) <3 i, 2, gF ) (w2, ).
1=0 ;

-
I
o

Since [ is convex in (z, z) and linear in y, the conclusion follows from the definition of the ergodic
sequences. |

Remark 13 Let (z*, 2*,y*) be a saddle point for the Lagrangian [. By taking (z,z,y) :=
(z*, z*,y*) in the above theorem it yields

V(" 2 y)
k
where f(z*) + h(z*) + g(Ax™) is the optimal objective value of the problem (18). Hence, if we

suppose that the set of optimal solutions of the dual problem (20) is contained in a bounded
set, there exists R > 0 such that for all £ > 1

(f +h)@") + g(Z*) + R AT — 28| — (£(2") + h(z") + g(Az")) <

1
2+ 2+ 1P

(f +B)(@") + g(2") + (v, AT* = 2F) — (f(2") + h(a*) + g(Az")) < VE > 1,

Lfceig o2y Ly« op2 Lo« 0
P (514" = 2092 4 Sl = g + 51" - )
The set of dual optimal solutions of (20) is equal to the convex subdifferential of the infimal
value function of the problem (18)
v:G =R, Y(y) = inf (f(2) +h(@) +9(Az +y)),
at 0. This set is weakly compact, thus bounded, if 0 € int(domt) = int(A(dom f) — dom g)
(see [3,5,30]).

3.2 Convergence of the sequence of generated iterates

In this subsection we will address the convergence of the sequence of iterates generated by
Algorithm 7 (see also [6, Theorem 7]). One of the important tools for the proof of the convergence
result will be [15, Theorem 3.3], which we recall below.

Lemma 14 (see [15, Theorem 3.3]) Let S be a nonempty subset of H and (z¥)k>0 a sequence
in H. Let @ >0 and W* € Po(H) be such that W* = WL for all k > 0. Assume that:

(i) for all z € S and for all k > 0: ||zFT! — 2||yyres < |2 — 2|y

(ii) every weak sequential cluster point of (z*)k>o belongs to S.
Then (z*)g>0 converges weakly to an element in S.

12



The proof of the convergence result relies on techniques specific to monotone operator theory
and does not make use of the values of the objective function or of the Lagrangian . This makes
it different from the proofs in [28] and from the majority of other conventional convergence
proofs for ADMM methods. To the few exceptions belong [2] and [19].

Theorem 15 In the context of Problem 6, assume that the set of saddle points of the Lagrangian
I is nonempty and that Mf — L1d € Sy (H), MF = MY, M} € S1(G), M¥ = My™ for all
k>0, and let (2%, 2%, y*)1>0 be the sequence generated by Algorithm 7. If one of the following
assumptions

(1) there exists aq > 0 such that M — 51d € Py, (H) for all k > 0;
(1) there exists v, cr > 0 such that Mf — 2 1d +A*A € Po(H) and M5 € Po,(G) for all k > 0;

(1) there exists a > 0 such that M — 5 1d+A*A € Po(H) and IMETY = ME = MITL for all
k>0

is fulfilled, then (z*, 2%, yk)kzo converges weakly to a saddle point of the Lagrangian l. This means
that (x*)k>0 converges weakly to an optimal solution of problem (18), and (y*)i>0 converges
weakly to an optimal solution of its dual problem (20).

Proof. Let S C HxGxG denote the set of the saddle points of the Lagrangian [ and (z*, z*, y*)
be a fixed element in S. Then z* = Az* and the optimality conditions hold

—A*y* — Vh(z") € 0f(z*), y* € 0g(Ax™).
Let k& > 0 be fixed. Taking into account (32), (36) and the monotonicity of df and dg, we obtain
(cA*(2F — AxF Lt — Yy + MF (2% — %) — Vh(zP) + A*y* + Vh(z*), 2" — 2%) > 0

and
(c(AxhTL — AL e lyPy o ME (R — 2Py — g 2T Ag*) > 0.

We consider first the case L > 0. By the Baillon-Haddad Theorem (see [3, Corollary 18.16]),
the gradient of h is L~!-cocoercive, hence the following inequality holds

(Vh(z*) — Vh(z"),2* — 2¥) > L7Y|Vh(z*) — Vh(a")|?
Summing up the three inequalities obtained above we get

c(2® — AxPt Akt — Ax) 4 (vt — oF, A2PT — Ag*) + (Vh(z®) — Vh(zP), 28T — 2%)
+<M{i‘($k‘ _ $k+1),l‘k+1 _ .Z‘*> + C<Aaj‘k+1 _ Zk+1,zk+1 o Al‘*> + <yk _ y*72k+1 o AZL‘*>

F(ME (P = 2PN AT Ag*) 4 (Vh(z®) — VA(2P), 2" — 2%) — L7Y|Vh(z*) — VR(z)|]? > 0.
Further, by taking into account (25), it holds

<y*—yk,Aﬂik+1—Aﬂf*>+<yk—y*,Zk+1—AI*> — <y*—yk,Axk+1—Zk+1> — cfl<y*_yk’yk+1_yk>‘

13



By using some expressions of the inner products in terms of norms, we obtain
g (sz . Ax*”2 o ”Zk o A$k+1||2 _ ||Axk+1 o ALU*H2)
2 (1A — Aa)? — At = L2 g2

+% (" = ™12+ g™+ = o917 = ™" = )2

;v =
N—— N N~ 0

1 . .
+5 (2" = a3 = ok = a2 — b — 7|2,
1 x
5 (125 = Az — 12 = 242 — 5 — A,
HITA() — VA, 2~ a¥) L VRG) - Va2

k+1

By using again relation (25) for expressing Az**! — z#*1 and by taking into account that

(Vh(z*) — Vh(z"), 2" — 2% — L7Y|Vh(z*) — Vh(z")|? =

1 2 L
) HL—l <Vh(:n*) - Vh(xk)) +3 (xk - ackH) ' + Fllak — e,
it yields
1 k+1 1 k+1 k+1 * 12 <
5”«’5 - HM{c + *||Z ”M’Urcld %Hy -y ° <
1 . 1 1
ink—fU ”?wf +§HZ — Az” |’Mk+cld+ 2C|| yF =y
Cok k12 Lok k12 Lok k12
—2Hz — Az —§H$ - HMk—in =2 g
1 2 L
) HL—l <Vh(m*) - Vh(xk)) +3 (xk - ka) ‘ + fllat —

and from here, by using the monotonicity assumptions on (MF);>¢ and (M¥§)x>0, we finally get

Lok Lok k
§H93 1 l‘*||§4{c+1 + §||Z A \|Mk+1+dd 2*c||’y oyt <

Lok k Lok
5”93 *95*||?\4{c+§HZ *A$*||M§+cld+*||y —y*|

1
k $k+1||2 . k k+1HMk

Ci k k112
—5 Il = Aat P - PEPIEE|

§||37

) HLl (Vh(a:*) - Vh(xk)) + % (xk - :z:k“) ‘2. (39)

In case L = 0, similar arguments lead to the inequality

1 k+1 * (12 1 k+1 1 k+1 * (12
ST =2 2 s 4 S = A2+ 5 Iy <
Lok k Lok
P E P e e &
Ci_k k 1% k Lo k
— 2k — AR = Sl — R — sk - . (40)
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It is easy to see, by using arguments invoking telescoping sums, that, in both cases, (39) and
(40) yield

ST = AR < oo, ST R Ry < oo, S IE - SR < oo, (41)
k>0 k>0 k>0

The case when Assumption (I) is valid.

By neglecting the negative terms from the right-hand side of both (39) and (40), it follows
that the first assumption in Lemma 14 holds, when applied in the product space H x G x G, for
the sequence (x%, 2%, y*);>q, for W* := (M}, M¥ + c1d, ¢ 1d) for k > 0, and for S CH x G x G
the set of saddle points of the Lagrangian .

From (41) we get

2 — 2F 50 (B — +o0), (42)

since Mf — L1d € Py, (H) for all k > 0 with oy > 0, and
2K — Akt 5 0 (k — +o0). (43)
A direct consequence of (42) and (43) is
2K — 50 (B — 400). (44)
From (25), (43) and (44) we derive
yF =y 50 (k= +o0). (45)

The relations (42)-(45) will play an essential role in the verification of the second assumption
in Lemma 14. Let (7, %,7) € HxGx§ be such that there exists (ky,)n>0, kn — +00 (asn — +00),
and (2P, 2F» yFn) converges weakly to (Z,%,7) (as n — +00).

From (42) we obtain that (Az*»*1),cn converges weakly to AT (as n — 400), which com-
bined with (43) yields Z = AZ. We use now the following notations for all n > 0
al = cA* (2P — Axhn Tl — Tlyke) 4 Mf" (zFn — gk tLy 4 (Pt — Vh(zP)

n

Ay = xk”H
by = Zhntl

From (32) and (37) we have for all n > 0

a, € O(f + h)(an) (46)
and
by € 0g(by,). (47)
Furthermore, from (42) we have
a, converges weakly to T (as n — +00). (48)
From (45) and (44) we obtain
b, converges weakly to 7 (as n — +00). (49)
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Moreover, (25) and (45) yield
Aa,, — by, converges strongly to 0 (as n — +00). (50)
Finally, we have

(L;; + A*b; _ CA*(an _ Al’k"—H) —I—A*(yk"+1 _ ykn) —l—M{C" (:L'k" _ l‘k”+1) —|—A*M§" (an _ zkn—f—l)
+ Vh(zM ) — Vh(zM).

By using the fact that Vh is Lipschitz continuous, from (42)-(45) we get
a, + A*b) converges strongly to 0 (as n — +00). (51)

Taking into account the relations (46)-(51) and applying [1, Proposition 2.4] to the operators
I(f + h) and dg, we conclude that

—A'yed(f+h)(x)=0f(T) + Vh(Z) and 7 € dg(AT),

hence (7,z,7) = (7, AZ,7y) is a saddle point of the Lagrangian [, thus the second assumption of
the Lemma 14 is verified, too. In conclusion, (z¥, 2", yk) k>0 converges weakly to a saddle point
of the Lagrangian (.

The case when Assumption (II) is valid.

We show that the relations (42)-(45) are fulfilled also in this case. Indeed, Assumption (II)
allows to derive from (41) that (43) and (44) hold. From (25), (43) and (44) we obtain (45).
Finally, the inequalities

aka-ﬁ-l o xk:H2 Ska-H o ka?\J{C + HAxk-i—l o Aka2

L
Ly

<kt — xk||i/lf + 2| Azttt — K2 4 2)2F — A2R)? VE >0

-Z1d
vield (42).
On the other hand, notice that both (39) and (40) yield

. Lok a2 Lok a2 Lok w2
Elkll)gloo (2Hﬂ? -z ||M{v+§HZ —c ||M§+c1d+§c||y —vl7), (52)

hence (y*)g>0 and (2¥)g>0 are bounded. Combining this with (25) and the condition imposed on
M{“ —% Id +A* A, we derive that (2*) x>0 is bounded, too. Hence there exists a weakly convergent
subsequence of (x¥, 2% y¥);>¢. By using the same arguments as in the proof of (I), it follows
that every weak sequential cluster point of (a:k , 2k yk) k>0 is a saddle point of the Lagrangian [.

Now we show that the set of weak sequential cluster points of (xk,zk,yk)kzo is a single-
ton. Let (x1,z21,y1), (22, 22,y2) be two such weak sequential cluster points. Then there ex-
ist (kp)p>0, (kg)g>0, kp — 400 (as p = +00), kg — 400 (as ¢ — +00), a subsequence
(z*v, 2Fr ykr) >0 which converges weakly to (z1,21,%1) (as p — +oc), and a subsequence
(zka, zka yka),~o which converges weakly to (w2,22,92) (as ¢ — +00). As seen, (z1,21,¥1)
and (x2, z2,y2) are saddle points of the Lagrangian [ and z; = Ax; for ¢ € {1,2}. From (52),
which is true for every saddle point of the Lagrangian [, we derive

3 lim (E(iﬁkazkwk;xl,zhyﬂ — E(Uck,zk,yk;JBz,Zz,yz)) ; (53)

k—4o00
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where, for (z*, z*,y*) the expression E(xF, 2% y*;2*, 2%, 9*) is defined as

E(xkak,yk;x 2 Y ) = 7”$k -z H]w{C + §sz -z H?\/[é“—&-cld + ?C“yk ) H2

Further, we have for all £k > 0

Lok Lok 1 k k
QHI‘ - $1||?\4§ - in - 9C2||?\4{c = 5\\902 - 1‘1||?\4{c + (2" — w2, My (x2 — 1)),
1 k

1 k k
- Zl”?MZ’UrcId_ 5“2 - 22||?\4§+cld: 5”22 - ZlH?\/[é“rcId—i_ <Z — 22 (MQ + CId)(ZQ - Z1)>7

Sl =l = ol = el = ol — P S — g — ).

Applying [27, Théoréme 104.1], there exists M; € Sy (H) such that (MF)g>o converges to M;
in the strong operator topology, i.e., ||[Mfz — Myx| — 0 for all 2 € H (as k — 4o0). Similarly,
the monotonicity condition imposed on (M4 )x>o implies that supy~ || M5 + cId || < +oo. Thus,
according to [15, Lemma 2.3], there exists o/ > 0 and My € Py (G) such that (MF + cId)p>o
converges to M in the strong operator topology (as k — +00).

Taking the limit in (53) along the subsequences (kp),>0 and (kq)q>0 and using the last three
relations above we obtain

1 1
§Hﬂ«“1 — @o|3y, + (@1 — @2, My(22 — 21)) + 5”«21 — 2|3, + (21 — 22, Ma(22 — 21))

1 , 1 1 , 1 , 1 ,
+?C!\y1—y2|| +E<y1—y27y2—y1>:§H961—$2||M1+§HZ1—22\|M2+§c||y1—y2|\ ;
hence

1
—|lz1 — 22|y, — llz1 — 223, — EHyl —1p|* =0.

From here we get ||x1 — z2||a =0, 21 = 22 and y; = y2. Since
L
(a5 ) I = 22l? < o — 22l + 142 = Azal?,

we obtain that x1 = x5. In conclusion, (mk, 2k, yk) k>0 converges weakly to a saddle point of the
Lagrangian [.

The case when Assumption (III) is valid.

Under Assumption (III) we can further refine the inequalities in (39) and (40). Let & > 1 be
fixed. By considering the relation (37) for consecutive iterates and by taking into account the
monotonicity of dg we derive

(M4 2k gL gh g M (R = A - MET R - k) >,
hence
T Bl CAEll I Es N V) o CL )

1 1
k k k k k_ k-
> || - 2 ||?\4§ - iHZ 2 ”i@c—l - §HZ — < 1||?\4§—1- (54)
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Using that y*+1 — % = c(Az**1 — 2F*1) the last inequality yields

1 1
k k k k k k
4+ — Mg — 22— IR s — 2l — A <
g (sz - Al‘k+1H2 - sz’-i—l o zk:H2 o HAl'k—H o Zk+1H2> ) (55)

In case L > 0, adding (55) and (39) leads to

Lok Lok k Lok K
§||~T +1 —fU*H?w{m + §HZ - A ||Mk+1+cld 2*C||?J oyt + §||Z - ||3Mk Mt S

Lo Lok Lok k-
§||CU —93*||?\4{c+§||2 —A»’U*||M§+Cld+2*c\|y —y*|\2+§||z 1HMk 1
Lokt k(2 Ch k+1 k2 L ket 2
*§||9U - ||Mk,%ld*§||z -zl *Z*CH?J -y ”

1 2
—L HLI (Vh(a:*) - Vh(xk)) + 3 (ﬂ?k - ka) ’ .
Taking into account that, according to Assumption (IIT), 3M¥ — Mé“_l = MX. we can conclude
that for all £ > 1 it holds

1 k+1 * 12 1 k+1 *12 k+1 *112 1 k+1 k2
§||$ -z HM{erl +§HZ — Az ||M§+1+c1d+?c|’y -yl +§”Z =2 <
Lok 2 Lok 2 Lok 2 1y k=1
5”»’5 —a:*HM{mLin —A.’E*"M5+61d+%|’y -y +§HZ ||Mk 1
Lok ok k k Lok
—§H$ o HMk L~ *”Z 2z ||2 - %Hy i -y ||2- (56)

Similarly, in case L = 0 we obtain

Lok . Lok k Lok K
§H$ g H?wfﬂ + *HZ 1 Az HMk+1+c1d %H?J 2+ H o H?\@S
1 1
. koo ke
§Hx —x H?M *||z — Az* HMk+CId+2 ly" —y |]2+§Hz 1HMk |
Lokl ok k1 ky2 Loy k1 9
—§||37 —x ||Mf —§HZ — 2" —Q*CHZ/ —yMI (57)

k+1

Using telescoping sum arguments, we obtain that ||z"*" — $k||Mk7£Id — 0, y* —yFt1 - 0 and
1773

K- 5 0as k — +oo. Using (25), it follows that A(z* — 2%*1) — 0 as k — 400, which,
combined with the fact that M} — fId +A*A € Po(H), for all k > 0, yields zF — zFF1 — 0
as k — +oo. Consequently, z¥ — AajkJrl — 0 as k — +oo. Hence, the relations (42)-(45) are
fulfilled. On the other hand, from both (56) and (57) we derive

_ Loon wio 1 Lok 2 4 Lk ke
3 Jim (Gl =g 1 = AT g el = 0P 5 - R ).

By using that

k_ k-
12" — 213

Ao S = TR <M1 — 2717 vk > 1,

it follows that limg_, o ||z — 2¥~ 1||2 K1 = = 0, which further implies that (52) holds. From here

the conclusion follows by arguing as 1n the proof provided in the setting of Assumption (II). B
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Remark 16 Choosing as in Remark 9, M{“ = % Id —cA*A, with 7, > 0 and such that 7 :=
supy>o 7k € R, and M¥ =0 for all k > 0, we have

L 1 L
<a@ﬁ—2m)§z(%—de—2)mP
L

which means that under the assumption 1 — ¢||A||?> > & (which recovers the one in Algorithm
3.2 and Theorem 3.1 in [16]), the operators M — £1d belong for all k > 0 to the class Py, (H),
with aq =1 — ¢[|A|* — L>o.

v

1 L
(5 - el = ) hal? va e
-

Remark 17 By taking h = 0 and L = 0, and in each iteration constant operators M{“ =M; >0
and MQk = M = 0 for all k > 0, Theorem 15 in the context of Assumption (I) covers the first
situation investigated in [28, Theorem 5.6], where in finite dimensional spaces the matrix M;
was assumed to be positive definite and the matrix Ms to be positive semidefinite.

The arguments used in [28, Theorem 5.6] for proving convergence in the case when M; = 0
and A has full column rank contain flaws and rely on incorrect statements. Theorem 15 provides
in the context of Assumption (III) (for h = 0, L = 0, MF = 0 and MY = M 3= 0 for all k > 0)
the correct proof of this result.

Finally, we notice that the convergence theorem for the iterates of the classical ADMM
algorithm (which corresponds to the situation when h =0, L =0, M; = My = 0 and A has full
column rank, see for example [19]) is covered by Theorem 15 in the context of Assumption (IIT).
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