Improved convergence rates and trajectory convergence for
primal-dual dynamical systems with vanishing damping

Radu Ioan Bot* Dang-Khoa Nguyen!

September 15, 2021

Abstract

In this work, we approach the minimization of a continuously differentiable convex func-
tion under linear equality constraints by a second-order dynamical system with asymptot-
ically vanishing damping term. The system is formulated in terms of the augmented La-
grangian associated to the minimization problem. We show fast convergence of the primal-
dual gap, the feasibility measure, and the objective function value along the generated
trajectories. In case the objective function has Lipschitz continuous gradient, we show that
the primal-dual trajectory asymptotically weakly converges to a primal-dual optimal solu-
tion of the underlying minimization problem. To the best of our knowledge, this is the first
result which guarantees the convergence of the trajectory generated by a primal-dual dy-
namical system with asymptotic vanishing damping. Moreover, we will rediscover in case of
the unconstrained minimization of a convex differentiable function with Lipschitz continu-
ous gradient all convergence statements obtained in the literature for Nesterov’s accelerated
gradient method.
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1 Introduction

1.1 Problem statement and motivation

In this paper we will deal with the optimization problem

min £ (2),
subject to Ax =b (1.1)

where

X, Y are real Hilbert spaces;
f: X = R is a continuously differentiable convex function; (12)

A: X — )Y is a continuous linear operator and b € Y;

the set S of primal-dual optimal solutions of (1.1)) is assumed to be nonempty.
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Problems of type (1.1)) underlie many important applications in various areas, such as image
recovery [36], machine learning [32] [39], the energy dispatch of power grids [54} [55], distributed
optimization [40, 57] and network optimization [51} [56].

The object of our investigations will be a second-order dynamical system with asymptotic
vanishing damping term associated with the optimization problem and formulated in
terms of its augmented Lagrangian. Our main aim is to study the asymptotic behaviour of
the generated trajectories to a primal-dual optimal solution as well as to derive fast rates of
convergence for the primal-dual gap, the feasibility measure, and the objective function value
along these.

The interplay between continuous-time dissipative dynamical systems and numerical algo-
rithms for solving optimization problems has been subject of an intense research activity. It
is well-known for unconstrained optimization problems that damped inertial dynamics are a
natural way to accelerate these systems. In line with the seminal work of Polyak on the heavy
ball method with friction [47, [46], the first studies by Alvarez and Attouch focused on inertial
dynamics with fixed viscous damping coefficient [2, 3, [17]. A decisive step was taken by Su,
Boyd and Candeés in [53], where, for the minimization of a continuously differentiable convex
function f : X — R, the following inertial dynamics with an asymptotically vanishing damping
coefficient has been considered

F(t) + %x (t) + VI (z(t) = 0. (AVD)

The terminology asymptotic vanishing damping (AVD) refers to the specific characteristic of the
@
damping coefficient — to vanish in a controlled manner, neither too fast nor too slowly, as t goes

to infinity. In particular, in the case o = 3, this dynamical system can be seen as the continuous
limit of Nesterov’s accelerated gradient algorithm [42, 43, 24]. In the last years, the community
paid a lot of attention to the topic of inertial dynamics [7], 9, 12 [13], 20l 26, 29, [30] 38|, 41], as
well as of their discrete counterparts [4, [8, 10} 18, 22| 34], to name only a few.

The augmented Lagrangian Method (ALM) [49] (for linearly constrained problems), the
Alternating Direction Method of Multipliers (ADMM) [35, 32] (for problems with separable
objectives and block variables linearly coupled in the constraints) and some of their variants
have proved to be very suitable when solving large-scale structured convex optimization prob-
lems. Since the primal-dual systems of optimality conditions to be solved can be equivalently
formulated as monotone inclusion problems, see [48| [49] 50], the above-mentioned methods are
intimately linked with numerical algorithms designed to find a zero of a maximally monotone
operator. This close connection has been used in recent works addressing the acceleration of
ADMM/ALM methods via inertial dynamics. In [27], for instance, an inertial ADMM numer-
ical algorithm has been proposed originating in the inertial version of the Douglas-Rachford
splitting method for monotone inclusion problems introduced in [28]. Recently, Attouch has
proposed in [5] an inertial proximal ADMM algorithm, relying on the general scheme from [19]
designed to solve general monotone inclusions and in lines with [2I], and investigated its fast
convergence properties for certain combinations of the viscosity and the proximal parameters.
However, the inertial proximal ADMM algorithm fails to be a full splitting method.

Continuous-time approaches for structured convex minimization problems formulated in the
spirit of the full splitting paradigm have been recently addressed in [31] and, closely connected
to our approach, in [56l 37, [IT], to which we will have a closer look in Subsection

1.2 Owur contributions

For a primal-dual dynamical system with asymptotically vanishing damping term associated to
the augmented Lagrangian formulation of we will show fast convergence for the primal-dual
gap, the feasibility measure, and the objective function value along the generated trajectories,
and, consequently, improve existing results in the literature. We will prove the existence and



uniqueness of the trajectories as global twice continuously differentiable solutions of the dynam-
ical system provided the gradient of the objective function is Lipschitz continuous. In the same
setting, we will also prove that the primal-dual trajectory asymptotically weakly converges to
a primal-dual optimal solution of , which is the first result of this type in the literature
addressing such dynamical systems.

Last but not least, we will show how the asymptotic analysis and the obtained results can
be straightforwardly transferred to continuous-time methods with vanishing damping terms ap-
proaching optimization problems with separable objectives and block variables linearly coupled
in the constraints. Moreover, we will rediscover in case of the unconstrained minimization of
a convex differentiable function with Lipschitz continuous gradient all convergence statements
obtained in the literature for Nesterov’s accelerated gradient method introduced in [53] [12].

1.3 Notations and a preliminary result

For both Hilbert spaces X and ), the Euclidean inner product and the associated norm will be
denoted by (-, -) and ||-||, respectively. The Cartesian product X x ) will be endowed with the
inner product and the associated norm defined for (z,\), (z,u) € X x Y as

(@A), (2, 0)) = (x,2) + Ay and G, M= A/ Nl + A1,

respectively. The closed ball centered at x € X with radius € > 0 will be denoted by B (z;¢) :=
{yeX: |z -yl <e}

Let f: X — R be a continuously differentiable convex function such that V f is /—Lipschitz
continuous. For every z,y € X' it holds (see [44, Theorem 2.1.5])

0< IV @)~ VIWIP< @)~ F) (V) —p) < sle—yl>.  (13)

2 The primal-dual dynamical approach with vanishing damping

2.1 Augmented Lagrangian formulation

Consider the saddle point problem

Ig}él/{/ll}\leajgiﬁ (x,\) (2.1)

associated to problem ([1.1)), where £: X x ) — R denotes the Lagrangian function
L(x,\) = f(x)+\ Az —b).

Under the assumptions , L is convex with respect to x € X and affine with respect to A € Y.
A pair (x4, A\x) € X x ) is said to be a saddle point of the Lagrangian function L if for every
(x,\)e X x )Y

L (e, \) < L (s, As) < L(x,\s) . (2.2)

If (x4, A\s) € X x ) is a saddle point of £ then z, € X is an optimal solution of , and A\, €)Y
is an optimal solution of its Lagrange dual problem. If x, € X is an optimal solution of
and a suitable constraint qualification is fulfilled, then there exists an optimal solution Ay € Y
of the Lagrange dual problem such that (z4, Ax) € X x ) is a saddle point of £. For details and
insights into the topic of constraint qualifications for convex duality we refer to [23], 25].

The set of saddle points of £, called also primal-dual optimal solutions of , will be
denoted by S and, as stated in the assumptions, it will be assumed to be nonempty. The set
of feasible points of will be denoted by F := {x € X': Ax = b} and the optimal objective

value of (1.1)) by fx.



The system of primal-dual optimality conditions for (1.1)) reads

(2.3)

(m*,/\*)eS@{VIE(J:*,)\*) =0©{Vf(x*)+A A =0

VoL (ze, Ax) =0 Az, —b =0’

where A* : Y — X denotes the adjoint operator of A.
For 8 > 0, we consider also the augmented Lagrangian Lg: X x Y — R associated with

(1.1)
Lg(z,A):=L(x, )+ g | Az — b||]*> = f (x) + N\, Az — b) + g | Az —b||?. (2.4)

For every (z,\) € F x Y it holds
f(z)=Ls(z, ) =L(x,\). (2.5)
If (24, As) €S, then we have for every (z,\) e X x Y
L(x,N) = L3 (T4, ) < L(Ts, M) = L3 (T4, M) < L (2, M) < L (2, Ns) .

In addition,

_ * _
2.2 Associated monotone inclusion problem
The optimality system (2.3 can be equivalently written as
,72 (:1;*, )\*) - 0, (2.7)
where (o) (@) .
) o Vi L(z, A _ (Vf(x)+ A*X
To: X x)Y—>Xx), Tﬁ(x’/\)_<—v)\ﬁ($,)\)>_< b Ax ), (2.8)

is the maximally monotone operator associated with the convex-concave function £. Indeed, it
is immediate to verify that 7 is monotone. Since it is also continuous, it is maximally monotone
(see, for instance, [23, Corollary 20.28]). Therefore S can be interpreted as the set of zeros of
the maximally monotone operator 7,, which means that it is a closed convex subset of X x )
(see, for instance, [23, Proposition 23.39)]).

Applying the fast continuous-time approaches recently proposed in [19] 5] to the solving of
would require the use of the Moreau-Yosida approximation of the operator 7., for which
in general no close formula is available. The resulting dynamical system would therefore not be
formulated in the spirit of the full splitting algorithm, which is undesirable from the point of
view of numerical computations.

2.3 The primal-dual dynamical system with vanishing damping

The dynamical system which we associate to (1.1)) and investigate in this paper reads

F(t) + %a: (t) + VoLy (a: (), A (1) + Ot) (t)) —0
X(t) + %A (1) — VaLs (m (t) + 0t (t) , A (t)) ~0, (PD-AVD)

(:c (to) ,)\(to)) - (:z:o,)\o) and (1: (to),x(to)) - (j;O,AO)




where tg >0, @ =3, 8= 0, 0 > 0 and (o, Xo), (0, Ag) € X x V.
Our system is a particular case of the Temporally Rescaled Inertial Augmented Lagrangian
System (TRIALS) proposed by Attouch, Chbani, Fadili and Riahi in [I1]

:i(t)+7(t):'n(t)+b(t)Vx£5<:r(t),/\(t) +e(t)x(t)) ~0

, (TRIALS)

SO +7 A = b VaLs((®) + 003 (1), A1) =0
where 7, 0,b: [ty,+00) — (0,+00) are continuously differentiable functions. The case when b is
identically 1 was also studied by He, Hu and Fang in [37]. In [11], 37] the authors have actually
investigated the minimization of the sum of two separable functions with the block variables
linked by linear constraints, however, we will see in the next subsection that our analysis can
be easily extended to this setting.

The viscous damping function ~(+) is vital in achieving fast convergence and its role has been
already well-understood in unconstrained minimization [7), [0} [38] (see also [12} 13| 41] for the
case when v (t) := %) The role of the extrapolation function (+) is to induce more flexibility
in the dynamical system and in the associated discrete schemes, as it has been recently noticed
in [11), 15 37, 56]. The time scaling function b(-) has the role to further improve the rates of
convergence of the objective function value along the trajectory, as it was noticed in the context
of uncostrained minimization problems in [I0, [I4], 16] and of linearly constrained minimization
problems in [6].

The dynamical system (PD-AVD)) is (TRIALS) for

o
t

(t) == —, 0(t) :== 6t and b(t) :=1 Vt = to,

where a > 3 and 6 > 0. A setting which is closely related to ours can be found in the work [56] of
Zeng, Lei and Chen. However, when compared to [11], 37, 56], we provide improved convergence
rates and also prove weak convergence of the trajectories to a primal-dual optimal solution. We
also expect that our analysis can be adapted to the more general system , though,
we prefer the particular setting of , in order to keep the presentation more simple
and easier to follow.

Since our system is a particular instance of , we could have relied on the results
showing the existence and uniqueness of a strong global solution from [I1I]. We will prove in-
stead the existence and uniqueness of the trajectories as global twice continuously differentiable
solutions of , provided V f is Lipschitz continuous.

Replacing the expressions of the partial gradients of L5 into the system leads to the following
formulation for (PD-AVD)

B(t) + S (t) + Vf (x () + A* </\ (1) + OLA (t)) + BA* (Ax (t) — b) —0

Q

A0+ TA@) - (A(x (t) + 0t (1)) — b) ~0. (2.9)
(az (tg),)\(to)> - (a:o,)\0> and (a: (to),}\(to)) - (:;;ijo)

2.4 Extension to multi-block optimization problems

For m > 2 a positive integer, we consider the minimization of a separable objective function
with respect to linearly coupled block variables

min f1 (.7}1) + - +fm (xm)v

subject to Ayxi; + -+ Apxy =0 (2.10)



where

X;,i=1,...,m, and Y are real Hilbert spaces;
fi: Xi > R,i=1,...,m, are continuously differentiable convex functions;

2.11
A;: X; — Y, i1 =1,...,m, are continuous linear operators and b € Y; ( )

the set of primal-dual optimal solutions of (2.10) is nonempty.

Let X := A&} x --- x X}, be the Cartesian product of the real Hilbert spaces Xj,i =
1,...,m, endowed with inner product and associated norm defined for x := (z1, - ,zy), 2 :
(21, ,2m) € X as

(w,2) =) (wi,z)  and ]| =
1=1

m

2
> il
i=1

The multi-block optimization problem ([2.10)) can be equivalently written as ((1.1)), for the sepa-

rable objective function

[ X >R, f(z)=f(z1,- ,zm) :=Zfi(xi),

1=

—_

and the continuous linear operator

A X Y, Ar=A(x1, - ,xm) = ZAzxz
i=1
Since
Vi (z1)
Vf(z)= : for z = (21,...,2m),
V fm (2m)
and
AT
A Y > X=X x - x X, A*\= o
A¥ N

@D leads to the following dynamical system associated to the multi-block optimization problem

2.10)

F1(t) + %;‘cl () + Vi (21 () + A (A (t) + Ot) (t)) + BAT (i Agy (t) — b) ~0
=1

G (1) + %mm (t) + Vo (2 (1)) + A%, ()\ (t) + Ot (t)) + 514;(% Aga; (£) — b) ~0

A =1 )
s a. m .
OSSO (; Ay (1) + 0t (1) — ) 0
xl(tO)v '7xm(t0)7A(t0) = xlOy"'axmm)‘O and
E1(t0), ooy Em(t0), Ato) ) = (2105 -o Zmo, Ao

where o > 3, 8 > 0, 0 > 0 and (l’lo,---,ﬂb‘mo,)\o),(ilo,---,imo,}\o) e X x...x X, x)Y. By
making use of the above construction, all results we will obtain in the paper for (1.1]) can be
transferred to the multi-block optimization problems ([2.10)).



3 Fast convergence rates

In this section we will derive fast convergence rates for the primal-dual gap, the feasibility
measure, and the objective function value along the trajectories generated by the dynamical
system . Throughout this section we will make the following assumption on the
parameters «, 8 and 6.

Assumption 1. Suppose that o, 5 and 0 in (PD-AVD)|) satisfy

3.1 The energy function
Let (x,\) : [to, +90) — X x Y be a solution of (PD-AVD)). For (z,u) € X x Y fixed, we define

Gy X x Y =R, Ga((w,M)](2:) = Ls (w,1) = L5 (2, ).

According to (2.4) and (2.5)), we have for every (z,u) € F x ) and every ¢ = tg

Go ((x (1) M (0)] () = F (@ (1) = F () + G A (1) = )+ 5 | Aw (1) — B

When (z, ) 1= (24, Ax) € S, it holds for every t > ¢

G (2 (1) A ()] (@as M) = £5 (2 (8) 1) = L5 (22, A (1)
=L(x (t),/\*)—[,($*,)\(t))+§HAx (t) — b||? (3.1)
= LG (1) M)~ Flwa) + 2 4w (1)~ bf?
= F @)~ f+ QuAr () B+ Az () ~bP 20, (32)

where f, denotes the optimal objective value of ((1.1)).
For (z,p) € X x Y fixed, we introduce the energy function &, ,: [tg, +00) — R defined as

£ (1) = 0225 (2 (1) A )] (220) + 5 lo=n O + 5 [0 A@) ~ )], (33)
where
Ve (1) = (2 (), A () = (zp0) + 02 (), A (1)) (3.4)
E:=0a—0—1>0. (3.5)
Notice that due to (3.2)), for (x4, Ax) € S we have
Erany 1) =0Vt >t (3.6)

Lemma 3.1. Let (z,\): [tg,+0) — X x Y be a solution of (PD-AVD)|) and (z,u) € F x Y.
For every t =ty it holds

d

2 () < (20 = 1) 0165 (2 () A (1) (2. 10)

_ o

() — bl — o [ (2 ). A )|



Proof. Let t = tg be fixed. Since z € ', we have
VG5 ((x (1), A®)] (2:1)) = (Vals (@ (1), 1), =VaLs (2, A (1)) = (VaLs (@ (1), 1), 0)
= (Vf(z (b)) + A*p+ BA* (Az (t) — b),0).
Differentiating £ with respect to t gives

e (1) = 20%Gs (0 A 0)|(zo)) + 072 (365((e 0. A @) 20). (5 0. A ) )

e (1) 02 () + € (@ (A D) = (5m), (#(8), A1) ). (3.7)
The system can be equivalently written as
(i (0, 3(0) = = 5 (&0, 4(1) = Vs (@ (1), A )] (2, )
— (A (A0 =+ A (), — (Al (&) + 020 (1) b))

N———

which leads to
oo (0) = (14 0) (), A1) + 0t (i (), A1)
—— (20, A®) =065 (2 (1), A ®)| (2 ))
ot (A* (/\ () — o+ OtA (t)) : —(A (z (t) + 0t (1) — b)) :
We get from the distributive property of inner product

<Uz,u (t) s Uz (t))

- = le 020~ 0. (5050) - 50, 30)

— 0t (VG5 ((x (1), ())’(ZM))(()J(t)) (2.11))

=622 {VGs (2 (1), A®)| (2 m), (51, A1) ) = 66N (1) — o+ 08 (1), Aw (1) — Az )
02t2<)\ BN (D), A (t >+6t<A( (t) + 0t (1)) — b, A () — 1)

+02t2<A t) + 0ti (1)) — b>\()>.

Since z € FF, the last four terms in the above identity vanish. Indeed,

—<)\ () — i+ OtA () > 0t</\ [+ OEA (1), A (t)>
(A (z (t) + 0ti (1) — b A (8) — ,u>+9t<A £) + Oti () — bA()>
- —<)\(t)—u+9t)\ (t) b> 9t<)\ NG A:b(t)>

(AT (8) — DA () — ) + Ot (AT (8) A (E) — ,u>+0t<Ax b,A(t)> + 022 <Aa’: (t),/'\(t)>
= 0.
Therefore, becomes

%gz,u (t) = 26%tG5 ((x (1), A (t))‘ (2, u)) — cot H (g; (1), A (t))

— 0t <vg5 ((x (t), A (t))| (z,,u)) , (:E (t), A (t)) — (z,,u)>. (3.8)

2

8



Furthermore, the convexity of f and the fact that z € [F guarantee

= (V65 0 A @) o). (2 ). A ®) = )
(VF (2 ()2 =2 () + (A*p,2 =2 () + BA* (Az (1) = b) 2 — 2 (1)

< = (f(@(1) = £(2)) = {p, Az (1) — by — B [| Az (t) — b||? (3.9)
= —G5((e ) A @) (z)) — 5 12 (1)~ bJP.
Combining this inequality with yields the desired statement. O

An important consequence of Lemma is the following theorem.

Theorem 3.2. Let (xz,\) : [tg, +00) — X x Y be a solution of (PD-AVD)) and (x«, ) € S.
The following statements are true:

(i) 4t holds

6] t]|Az (t) — b||*dt < 8*’2*(0) < +00, (3.10)
to
oo &, t
(1- 29)j t(c (z (£), \s) — E(x*,)\(t)))dt < **;(0) < +oo, (3.11)
to
+00 . 2 t
¢ tH (x (1) ,)\(t))H g < Eoere ) (3.12)
to 9
(ii) if, in addition o > 3 and 3 > 0 > L=, then the trajectory (z (t),\ (t))tzto is bounded and

the convergence rate of its veloczty 18

(@A) :o@) as s oo,

Proof. (i) Assumption [I] implies that 26 — 1 < 0 and £ > 0 (see (3.5)). Moreover, (z, Ax) € S
yields z, € F. Therefore, we can apply Lemma [3.1] to obtain for every ¢ > t,

%gxm (t) < (20 — 1) 6t (55 (@ (£) Ae) = L (€, A (t)))
=P ) ol — g0t | (2 A )|
< (20 - 1)0t(£ (@ (8), Ae) — E(mM)))

- S laa 0 bl —or | (2 0.5 )

< 0. (3.13)
This means that &, ), is nonincreasing on [tg, +0), thus, for every ¢ > t; it holds
0 (L5 (2 (1), M) — L5 (a (1)) + 3 [0 r I + 5 (20, A1) = (2 )]
< &y (t0) - (3.14)

For every t > to, by integrating (3.13)) from tg to ¢, we obtain

(1- 29)9f s(£ (). 0) — £ (e A () )ds

] shas e - as e [ 5|0 Aw) [ as

< gx*,)\* (to) - 596*,/\* (t) < 5x*7)\* (to) )



where the last inequality follows from (3.6)). Since all quantities inside the integrals are
nonnegative, we obtain (3.10]) - (3.12)) by passing ¢ — +o0.

(ii) Assuming that o > 3 and =0 > ﬁ, one can immediately see that £ > 0. From (3.14))
we obtain for all ¢ > tg
t
M Yt > to, (3.15)

[ @A @) = @ A" < =222

which implies the boundedness of the trajectory. On the other hand, the same inequality
gives for all ¢ = £y

lrne O = (@ (A @) = @A) + 0 (20,5 D) | < /26000, ) (3:16)

Using the triangle inequality and ([3.15]) we obtain for all ¢ > ¢

#0300 < 5 U@ 02 @) — @e ]| + ey, O1)

)
1 2E0, Ns L/1
9( ), zex*,x*uo)):é)( #1) 25, ).

(3.17)

2€

which gives the desired convergence rate. O

3.2 Fast convergence rates for the primal-dual gap, the feasibility measure
and the objective function value

The following result quantifies the values of the energy function when defined with respect to a
primal-dual element which slightly deviates from an element in S.

Lemma 3.3. Let (z,\) : [tg, +0) > X x Y be a solution of (PD-AVD)) and (x4, A\x) €S. The
following statements are true:

(i) the following quantity is finite

Co:= sup &, pul(to) < +00; (3.18)
HEB(A431)

(i1) for every p e B (Ag; 1) and every t =ty it holds
Eve (1) <285, 2, (t0) + 0 (a — 1) + 02> {u — A, Az () — b). (3.19)

Proof. (i) Let u € B (\y;1). For every ¢ >ty we have

Euens (1) = 0 (Lo (0 (1) 1) — L5 (o A () + 3 ey (V1P + 5 | (2 (1) A 0)) = 0]
= %2 (f (w () = f (w2) + (p, Aa >—b>+—qu<>—bH)

3 |@@ A ®) ~ o w0 (20 A0) |+ 51602 0) ~ @]

(3.20)

By the Cauchy-Schwarz inequality we get
(1)) = f () + ot A (1) = b) + 5 || Aw (1) — b
< S (to)) = f (@) + [lpll - | Az (t0) — 0l + g 1Az (to) — b]”

< Cri=|f (2 (b)) = f (@) + (L + [[Acl]) - | Az (t0) — b]| + g 1Az (to) = blI*.  (3.21)

10



We also have

3 1@ t0) X (t0)) = (es) + 60 (3 (10) A 1)) |
<]kﬂmLA@w%—m%Ao+9mﬂﬂmhkﬁwﬂ\+Hu—AM2

. 2
< Cyim H(:r (o), A (t0)) — (4, As) + Ot (m (to) , A (to)) H 41 (3.22)

and

% (2 (t) s A (t0)) = (e, ) > < II(2 (t0) s A (t0)) = (s M) |12 + [l1e = Al
< Oy = |[(2 (t) s A (F0)) — (e, As)|% + 1. (3.23)

Combining (3.21f) - (3.23), it yields

Co= sup &, pl(to) <OHICL + Os + EC3 < +oo,
HEB(Ax;1)

which proves (3.18]).
(ii) Let ¢t = to. By recalling (3.4]) and (3.14]) we easily see that

1
3 M O + £ H( (®) = @)
< Ve (¢ ” +§H( t))_(l’*v/\*)H +(1+¢) ||N—)\*H2
< 2 omrs (P +5H( ) = @ )P+ Ears (0) + 1+ € (3.24)

Furthermore, by the definition of Gg and relation (3.1) we have that

Go (& (1) A (0)| (e 1)) = £ (2 (0)) = F(2a) + s A (1) — B + 5 [ 2 (1) — P
+ = Au A () = b)
= G5(( (), A®) | (@as A)) + Gu = Ay Ax (t) =1y (3.25)
> (it — Ao, Az (1) = b)) (3.26)
Relations and ( - ) lead to

oy (t) = thQgﬁ((x (1), A (t))‘ (s, )\*)> O (= A, Az (1) — B

1 §
+ 5 o O + 5 (1 (& 0.2 (0) = (@ )|
gib*v/\* (t) + 92t2 <:u’ - )‘*’ Ax( ) - b> + gﬂﬂ*)\* (t()) +1 +§
2y (to) + 0 (= 1) + 022 {u — Ay, Az () — b,

where the last inequality is due to (3.5 and (3.14)). This is nothing else than (3.19). O

<
<

We can now formulate and prove the main convergence rate results of the paper

Theorem 3.4. Let (xz,\) : [to, +0) — X x Y be a solution of (PD-AVD)) and (x«,As) € S.
The following statements are true:
(i) for everyt = to it holds

Cy

0< L(w (1), M) = £ (@, A1) + [ Az (1) = bll < 555,

(3.27)

where
Cy = Coy + 284, 2, (to) +0 (v — 1) > 0; (3.28)
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(ii) for everyt = to it holds

Al C 1 A:l|) C
L < Fe) - < TR (3.29)

Proof. (i) We fix s > t¢ and define

Az (s) —b
Aw +

p(s) = Az (s) = b]
Ay if Az(s)—b=0.

if Az (s)—b#0,
if Az (s) (3.30)

It is clear that p(s) € B (Ag; 1). For brevity, we set

1-—26
= 0.
0
Since (x4, Ax) € S, we have (24, 1 (s)) € F x B (A4;1). Lemma[3.1] combined with the relation
(13.26)) ensure that for every t > tg it holds

g =

Oyt (1) < ~001G5 (( (1), A (1) (a1 (5)))

< =002t (s) — As, Az () — b). (3.31)

We will prove that for every t > tq it holds

0% (f (0 (8) = (@) + (), A2 () = ) < Egy (o) (1)
<Cy=0Cy+ 2535*7)\* (to) +0(a—1). (3.32)

The first inequality follows from the definition of &, ,(5). To show the later one, we multiply
both sides of (3.31]) by ¢t > 0 and use integration by parts, for o > 0, or just integrate (3.32]),
for ¢ = 0, to deduce that for every t = tg

t
togx*,#(s) (t) — 75851*,“(5) (to) — O'J; Toilgx*“u(s) (7’) dr

0

_ot? J T (s) — A Az (1) — bydr. (333)

0

By using (3.18) and (3.19) we further obtain for every ¢ > ¢

t
tggx*#(s) (t) < tg o) (to) + UJ 7‘0_181,*7“(5) (7‘) dr

to

— ob? Jt 77T (s) — Ay, Az (1) — bydr

0
4

< 15C0 + 0 (260, 1, (t0) + 0 (0 — 1) f o1y

=tgco+<2€x*, (to) + 6 (a — 1)) (t” — t3)
(Co+25x*,)\*(o)+9 a—l)),

—~

which is equivalent to (3.32)).
Now, since (3.32)) is true for every ¢ > to, it is fulfilled also for ¢ := s > t, which means that

9252(f (2 (5)) — f (24) + (u(s), Az (s) — b>) < Cy

12



By the definition of p (s) in (3.30)), if Az (s) — b # 0, we have
[ () = f () + < (s), Az (s) — b)

= f(2(s) = [ (@) + s, Az (5) — b) + [| Az () — ]|

= L(x(s), M) = L (e, A(s)) + [[Az (s) = ],
while, if Az (s) —b =0, we can also write

f(x(s) = f(@a) +<pu(s), Az (s) = b) = f(x(s)) = f(24) + s, Az (s) = b)
= L(x(s), ) = L (24, A (5)) = L (2 (5), As) = L (w4, A (5)) + [|[Az (s) — b .
For both scenarios, the estimate (3.32)) becomes
0252 (£ (2 (), As) = £ (2, A (3) + |42 (5) = b]|) < Cu.

Since s > to has been arbitrarily chosen, this gives proves (3.27)).

(ii) Since L (z(t), ) — L (24, A(t)) = 0, a direct consequent of (3.27) is that for every ¢ = ¢
Cy
6212
From (3.27)) and the Cauchy-Schwarz inequality we can also deduce for every t > to that

C4 C4

Fla®) = f(2:) < gaz = Oy Az (t) = b) < gz + [ Al [ A2 (£) — bl

_ (4G

h 6212 '
On the other hand, the convexity of f together with the fact that (z4, \s) € S guarantee for
every t = tg

| Az (t) — b]| < (3.34)

(3.35)

f@(t) = flza) 2V (24) 2 (1) —24) = = (AN, 2 (8) — @)
= — O\, Az (t) — b)

Ai|| Ca
>~ Il Az 1) — b > 122 (3.36)
By combining ([3.35)) and (3.36)) we obtain the desired statement. O

Remark 3.5. A few remarks comparing our convergence rate results with the ones reported in
[11l 37, 6] are in order.

e Primal-dual gap: Relation (3.27)) guarantees a convergence rate for the primal-dual gap of

1
L(z(t), ) — L (T, A(t)) = O <t2> as t— 400,
which can be equivalently written as
1
L(x(t), ) = L(Ts,As) =0 <t2> as t— +o0.

The primal-dual gap convergence rate stated in this form has been reported in [11], B7, [56].

o [Feasibility measure: Relation (3.34]) guarantees a convergence rate for the feasibility measure

of .
|Az (t) — b|| = O <t2> as t— 400,

In [111 37, 56], the feasibility measure || Az (t) — b|| is reported to have a convergence rate of
O(1/t) as t > +o0.
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o Objective function value: The upper bound we report for the objective function value in
matches the one from [11], while our lower bound, which is of order t%, outperforms
the one reported in [11], which is of order }. In [37,56] no convergence rates for the objective
function value are provided.

4 Weak convergence of the trajectory to a primal-dual optimal
solution

The study of the convergence of the trajectory will be made in the following setting, which will
be assumed to be fulfilled throughout the whole section.

Assumption 2. Suppose that V f is {— Lipschitz continuous and o, 5 and 0 in (PD-AVD))

satisfy

1 1
a>3, =0 and =>60>
2 a—1

For the beginning we will prove that in the setting of Assumption [2| the dynamical system
(PD-AVD)) has a unique global twice continuously differentiable solution.

Theorem 4.1. For every initial condition
(x (t()) s A (to)) = (.CUQ, /\0) eX x) and (x (to) ,).\ (to)) = (jj(), )\0) eX x)Y

the dynamical system (PD-AVD)|) has a unique global twice continously differentiable solution
(x,A) : [to, +0) > X x V.

Proof. We observe that (x,\): [tp,+0) — X x ) is a solution of (PD-AVD) if and only if
(x, N\, y,v) : [to,+0) > X x Y x X x ) is a solution of the first-order dynamical system

i) =y 0
At) =v(t)

Ji®) = =Sy - Vi @ @) - 4 @) + o0 (1) - 84% (A () —8) )
pu):—%y@)+(A@4w+emmw)—@
(= (t0) A (t0) 1 (t0) ,» (t0) ) = (0, Ao, 0, o)

For F: [to,+0) x X x Y x X xY > X x Y x X x Y by
F(t,z,¢u,p) =
(UM%—%U-Vf(@-A*@u%mpy—ﬂA*(Az—b),—%p+-QA@-%mu)—b)),

can be equivalently written as

((8), A1), 5 (), () =F (tat), @), y),v )
( (t0) A (t0) .y (t0) v (t0) ) = (0, hos 0, ho)

Next we will show that F' is Lipschitz continuous on bounded sets and chose to this end
arbitrary tg < t; <ty < 400 and 6 > 0. For

(tazvgvuap)a (ag7577j7ﬁ) e[tlatQ] XE(O,(S) XB(076> XB(075) XB<Oa5)
C [to,+0) x X x Y x X x Y,
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we have

F(t)27<7u’p) _F<t~az7gaaaﬁ>H
<fu—all + [lp— 2l +

%u—%ﬂ+Vf(z)—Vf(5)+A* (g-&w(tp_%,a)) +BAA (2 —2)|| +
[0 o ~ I
P ?p— (A(z—z-l—@(tu—tu)))H
<llu—al +llp =2l + (81417 + 4] +£) ll2 = 2] + ) |[¢ - & +
1 1. ~ 1 1. ~
o||ju- 1 ‘ #0114 o 7] + | 9~ 2+ 0141 1w — ]
(0% ~ « ~ 2 ~
<(1+3+0t0Al) lu—ll+ (1+ 5 +0t1Al) o= 71+ (BIAI® + 4] +£) ll= = 2] +
~ - |11 N N
il |[¢ = | + il + 12 \t — <[+ oAl + 1) ¢ ]

(0% ~ ~ ~
< (13 oA ) =l + o =) + (BIAI + 141 + ) = =31 +

jan e~ + 28 (5 + o141 ) 1o~ 7.
Consequently,

|F @z coum = F (22805)|| < Le |26 w0 - (£2.8.5)]

)

where

2 2 2
Lp \/2 (145 +oralan) + (S1AI +141+ )+ alF + 462 (5 + 0141 )
1

Since F' is Lipschitz continuous on bounded sets and continuously differentiable, the local
existence and uniqueness theorem (see, for instance, [52, Theorems 46.2 and 46.3]) allows us to
conclude that there exists a unique solution (z, A,y,v) € X x Y x X x Y of (4.1) defined on a
maximally interval [¢g, Tinax) Where tg < Tax < +00. Furthermore, either

Tmax =+ or L (@ (@), A () .y (8) v (1) = +oo.

We will prove that Ti,,x = +00.
Let (24, M) € S. According to Lemma we have for every tg <t < Tinax

e (< 28 1)01Gs ( (& (6, A1) (e 00)) = 5 1z (1) — 0l — 0t | (2.0, 3 0)

2
< 0.

From here it follows, as in Theorem (see (3.15) and (3.17))), that for every tg < t < Tiax it
holds

1 @) AN < [ (1) A (0) — (w An)]| + [ Al < 252““) M)l
. : 1 1 1 1
[ O3] = 1w O @0l < g (T +1) 426 (0 < g (T +1) 1260 1)

Consequently, ¢ — (x (t) , A (t),y (t),v (t)) is bounded on [tg, Tmax), Which means that the limit
. li:%n (x(t),A(t),y(t),v(t))| cannot be +oo. In conclusion, Tinax = +00, which completes

max

the proof. O
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We start the convergence analysis of the trajectory with the proof of two important inte-
grability results, whereby we notice that statement (3.10) only implies (4.3)) if 5 > 0.

Proposition 4.2. Let (z,\) : [tg, +0) — X x Y be a solution of (PD-AVD)|) and (x., \s) € S.
Then it holds

£+oot||Vf (z(t)) = Vf (z4)||* dt < +0 (4.2)

0
and

+0o0
f £ Az (8) — b dt < +o. (4.3)
to

Proof. The determinant role in the proof is the fact that, for every t > tg, as V f is £— Lipschitz
continuous, relation (3.9) in the proof of Lemma can be sharpened thanks to (1.3) to

= (9G5((z 0 AD)| (e M), (2 (1) A D) = (@2 0) )

V(@ (), e — o (1)) + (A" A 2 — 2 (1)) + BLA™ (Ax (1) = b) 2 — 2 (1))

— (f (@ (1) = [ (z+)) = % IVf (ﬂf (1)) = Vf (@)[|* = Qs Az (1) = b) — B A (t) — b]|?
= = Gs((z (), AO)] (25, M0)) — 5 HVf( (1) = Vf (@)]* — g 1Az (t) — b

Consequently, by combining this inequahty with ( E, it yields for every t = tg

A

d 2
e (0 20— 1) 01G5 (2 (1, A (1)| (2 0)) = €0t (2 (0. A ®)) |
ot 05t
— 5 IV () = Vf (@)]? = == | Az (£) — b
ot
<= o IVF (@) = VF (@)
This leads by integration to (4.2]).
On the other hand, it follows from (3.34]) that
+00 C4
t||Az (t) —b||” dt < — < 400,
J, iAo —bra< G
and the proof is complete. ]

Now we define, for a given primal-dual optimal solution (z4,Ax) € S, the following two
mappings on [tg, +0)

W (1) = L (2 (1), Aw) — L (22 A (1)) + % |(#0).50) H2 >0

= @0 A D) ~ @ r)|* =0

Lemma 4.3. Let (z, ) : [tg,+0) > X x Y be a solution of (PD-AVD)|) and (x4, A\s) €S. The
following inequality holds for every t = ty:

. a . . 1 B
pt)+ o) +0W(t) + o, IVf(2(t) =V (@)l” + 5 1Az (t) - b||* <. (4.4)
Proof. Let t = tg be fixed. The time derivative of W reads

W (1) = (L (@ (1), M) o (8)) + <& (0,8 (1) + (3 (0, A ()
=<vx£5(x() A(E) + 0th (¢ ) >+<a¢ >—<A(t)—A*+9t}\(t),A:t(t)>
- <vAcﬁ x (t) + 0t (¢ > <)\ )> + <Aa: () — b+ 0tAz (£), (t)>

—— Sl -5 |Ac H — () = Aw A (1) + (Az (£) = b, A0 ). (4.5)
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On the one hand, by the chain rule, we have
B (1) = @ (1) = 2y (1) + (A8 = M A L)),
B#) = (o (1)~ wer i () + [E O + (A0 - 230 + A0
By combining these relations and using that Az, = b, we get
B+ 20 () = (1)~ w0 i 0+ S5 1))+ (A1) = A 5 (0) + SAD ) + 1 O + [A )]
:—<x —x*,Vmﬁg(a}(),)\()+9tA()>>
F ) = M Vals (1) + 0t (), A (1) + [ )] + [A )]
= —(x(t) — 24, VoL (x (1), As)) — <A3: )= b A (1) — A*+0t}\(t)>
)~ hw, A () b+ 0148 () + & (0] + |3 0| (4.6)

By exploiting the Lipschitz continuity of V f (see (1.3])) and using again that Az, = b, we obtain
the following estimate

— (@ () =2, Vi Lg (2 (1), As))
= e (t) —2s, VS (2 (1)) = & (t) = 2a, A*AN) — B[ Az (8) — ]|

< = (fx@) = fe) - % IV (2 (8) = Vf (22)|* = O, Az (£) — b) — B | Az () — b])?
= (L) A) ~ L5 (ra A1) — 55 195 (2 (1) = F ()P = 5 1A 1) b,
which, in combination with (4.6]), leads to
B (1) + To () = = @ () = 2, VaL (2 (8), M) — 0 (Aa (1) = b, A (1))
(1) — A A (0) + 6 (D) + [0
- (,cﬁ (z(t), M) — L (x*,)\(t))) - 9t<Aa: (t) — b,A(t)>
FOEON(E) — A, A3 () + |13 (D)2 + Hx(t)Hz
IV @) = VF (@) P~ Az (1) — bl (47)
Multiplying by 6t > 0 then summing the result to yields
BU1) + L (1) + 007 (1) + o 97 (2 (1)) ~ V1 )l + 5 1Az (1) — bl

= (£ @) 20 = L (@ 2 () + (1 - 6) [ (50, 50|

<0,

A

1 1
since > —— > —. O
a—1 «
The following result provides one of the two statements of the Opial Lemma (see Lemma
IA.3]) which we will use to prove weak convergence of the trajectory.

Lemma 4.4. Let (z,\) : [to, +0) — X x Y be a solution of (PD-AVD)) and (x«, Ax) €S. Then
the positive part ], of ¢ belongs to L* ([to, +o0)) and the limit tligl ¢ (t) e R exists.
—+00
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Proof. Multiplying inequality (4.4) by ¢ and adding 6(« + 1)tW (¢) to its both sides, we obtain
for every t = tg

£ (1) + ag (t) + <t2W (t) + (o + 1) tW (t)) <O+ 1) tW (1), (4.8)
Multiplying further (4.8) by t*~1, it yields for every t > tq
d d
p (% (1)) + 0 (W (1) < O(a+ 1)t"W (2). (4.9)

As1—-20>0and £ = 0a—60—1 > 0, it follows from and ( in Theorem 3.2 - 2| that
t — tW(t) belongs to L' ([tg, +00)).
After integration we obtain from (4.9) that for every ¢t > t¢

tG (t) — 5 (to) + 0 (1MW (1) — t§T'W (t0)) < O(a + 1) f s“W (s) ds

to
which yields

Ola+1)

b (1) < oo (15 16 (10) | + B1 W (10)) + 1

t
J sYW (s) ds.
te to

We set
Cs = t§ | (to)] + O3 W (t) = 0
and obtain further that for every ¢t = tg

C5 + 9(0& + 1)
ta te

t
f s*W (s)ds
to

and after integration

J, s [ o [ g ([ owew) @

0 0 to 0

+00 1 1
[T
o t (a—l)t

and, by applying Lemma with A (t) := ) and r := +00,

400 1 t JFOO
f ( >dt— W (¢) dt.
¢

te a—l

0

We have

Combining these relations we conclude that

J-HD . Cs 0(a + 1)
t

[& ()], dt < tW (t) dt < +o0.

< +
0 (—1) tgil a—1 to
Finally, let ¢: [tg, +00) — R be the function defined by

t

O =)= [ ),

0

This function is nonincreasing and bounded from below, thus it has a finite limit as ¢ — +oo0.
From here it yields that the limit

i ()= lim 00+ [ [p(s)), dsR

t—+00 t—+00 o

exists. OJ
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Next we will prove a number of results which will finally guarantee that the second assump-
tion of the Opial Lemma is fulfilled, namely that every weak sequential cluster point of the
trajectory (x, ) is an element of S.

Lemma 4.5. Let (z, ) : [tg,+0) = X x Y be a solution of (PD-AVD)|) and (x4, ) €S. The
following inequality holds for every t = ty:

N0 AO)[ + 0L (114" 1) = AI) + (- 0) 14" (1) - A

+2< t'(t),A*()\(t)—)\*)>

< 2|VS (@ (1) = VF (@) + (262 1AI% + 1) 1Az (£) — b]1>.

Proof. Let t = tg be fixed. We have

IV (2 (6) = Vf () + BA* (Ax (1) = )2 = || <>+t:c<>+A (A() ol

- e+ i H2 +]lar (V@) - ot )H +2(i (1) “A =\

+20t< ARA(t >+2a9< A)\()> (4.10)
and

|4z (&) = bl = |3 (5 + SA (1) - 0r4i (t)”2
:HX () + Tt H2~|—02t2||A:b(t)H2—20t<5\(t),A:b(t)>—2a9<5\(t),A;ic(t)>. (4.11)
Summing (4.10) and , we get
195 (2 (1)) = V£ () + BA* (Az (1) = B)I + |4 (1) — b
H( ) + 2 ( \ )H2+ HA ()\(t)—A*+0t}\(t)>"2+92t2 1A (1)
+20t< AR > 29t<)\ t)>+2<9’é (t)+%¢ (1), A* (A (t)—)\*)>. (4.12)

We have

0242 || Az (1)||2 +20t< (t), A"\ (¢ > 29t<)\ >
92t2H<A At )H2 022 || A* ) H +29t<( t), ) ( (t), —A:i:(t))>
-| (z )H +H(< ) + ot (40, a5 ) | - 022 [k o
>—H(&5 : )H N LeX( H (4.13)
and
|(z05w) + (0 Ao =] o 5m)|
-5 H(x (t),A(t))Hz + 2%<<j5(t),)\(t)> (0.5 0)) = %% H(x (t),A(t))H2. (4.14)
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In addition,
* 2

| Ul

= AT A®) = A)I” + 206 (AL (A (8) = 2 A ()

= (1= 0) 4" (A (0) = AP+ 014" (1) = AP+ 00 14" (1) — Ao P

d
= (1= 0) 4" A @) = AP + 0 (¢14* A () = M) (4.15)
Hence, using (4.13)), (4.14]) and (4.15) in (4.12)) we obtain

IVf (2 (1) = Vf (2) + BA* (Az (1) = b)||* + [| Az (¢) — b]?

4 [COROEXCER) I [CORO]|

A* ()\ e+ OEA (¢ )H 92752‘

+‘A*< )—A*+9t§\())" 92t2)A* H +2< AR = M)
> 2L (o )H F0 (1147 (0 = AP + (1 )HA*( ()—A*)HQ
+2< ? , ()\(t)—)\*)>.
Since
IVf (x () = Vf (z:) + BA* (Az (t) — D)
< 2||Vf (@ (t) — Vf (2e)1> + 28 | A|* || Az () — ]|,
the conclusion follows. ]

The following proposition provides a further important integrability result.

Proposition 4.6. Let (z,\) : [tg, +0) — X x Y be a solution of (PD-AVD)) and (x4, \s) € S.
Then it holds:

foot | A* (A (8) — A ||* dt < +c0.
Proof. From Lemma [£.3] and Lemma [4.5] we have for every ¢ > ty that
B0)+ 5 0)+ 00 () + 5 2 (0 t)HQ
+e% (£114* (2 D7) +2 (i (0 A (1) = M) )
<014 (@) - I+ (2 ) 195 (@ (1) - VF @)l
(20214 1= 5 ) e () - ol
< (O— 1) IA" O — I+ Co IVF (2 () = VF @)l +Crll Az () — b2, (4.16)

where

1
06 =|2—- = 20 and 07 = 2ﬁ2HA||2+1—é 20.
20|, 2],

Multiplying (4.16]) by ¢* and integrating, we obtain for every t > t
Il(t) + 0]2(75)4—04[3(75) + 9[4(t) + 2[5(t)

<(0-1) f S A% (A (s) — M) 2 ds + Cg f SV F (2 (5)) = VI () |2 ds

t
+07f s || Az (s) — b||* ds, (4.17)
to
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where

L(t) := J; (5% (s) + as® o (s)) ds,

0

t .
Ir(t) := J SO (s) ds,
to

L) = L: s21 <i (:c (s), A (s)) H2> ds,

1= [ 5 (3 (514 0 - 2IF) ) s

0

I5(t) := t (s%F (s) + as® i (s), A* (A (s) — M)y ds.

We will compute these five integrals separately. Let ¢t > tg fixed.
e The integral I;(t). By the chain rule we have for all s € [to, t]

1 d

s7¢(s) +as® @ (s) = - (579 (s)),

which leads to
0=1I1(t) —tp (t) + tgp (to) < I1(t) — t%p (t) + L5 (to) |. (4.18)

o The integrals I5(t), I3(t) and I4(t). Integration by parts gives

t
Do) = 7N (8) — £ (f0) — (0 + 1)J W (s) ds,
to
which yields

0 <tTW (t) = Ip(t) + t§ W (to) + (@ + 1) Jt SYW (s) ds. (4.19)

to

Similarly, we have
b0 - e (0,3 0) P~ 0 A o)
—(a—1) f; §02 H (g; (s), A (s)) Hst,

which yields
¢

0<I3(t) +t5t H (x (to) , A (t0)> H2 + (o — 1)J §92 H (x (s), A (s)) H2 ds

to

< Iy(t) + 157 (& (1) A 1) H2 Lot f: <[ (2. 4) H2ds. (4.20)

2
tO

Using again integration by parts, we have

Ly(t) = t*THIA® (A () = AI* = t67 A% (A (t0) = M)l = ozf s A (A (s) = M) ds

to

and from here

AT (A () = MI* = La(t) + £67 A" (A (t0) = M)l + af ST A* (A (s) = )| ds.

K (4.21)
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o The integral I5(t). Integration by parts gives

_ f <js (% (5)) , A* (A (s) A*)> ds
= (), A V) = A — 15 10) A" (i) = A — [ 57 (i), 4°3 ) .

and, since

[ e anipas "B [ icof)

we obtain
0< Is(t) —t* (@ (t) , A" (A (8) — M)y + 151 <2 (to) , A™ (A (o) — Ax)) |

. max{l 14] }f (e 3))H2ds' (4.22)

Combining (4.18), (4.19), (4.20), (4.21) and (4.22)), we obtain

O] A* (A () — M)
< Il(t) + 9[2(t) + OéIg(t) + (9[4(t) + 2.[5(t) — tagb (t)

+ f 0 (9 (a+1) W (s) + (a(oztg— 1 +max{1, HAH2}> H(:U (s),x(s))HZ) ds

+0o f s LA* (A (s) = M) ||P ds—2t% (i (£) , A* (A () — As)) + Ch

< % (1) +£ sV (s)ds + (0 (a+ 1) — 1)£ sl A* (A () — M) ds
—2t% (& (t), A* (A () — M) + Cs, (4.23)

where the last inequality follows from (4.17]),

V(s)i=0(a+1)W(s)+ (a(o‘ D +max{1 A }) H(az (s),A(s))H2

t2
+Os ||V f (2 (5) = VI (z:)||> + Cr [[Az (s) = B> =0 Vs = tg

and
ol a+1 a—1 . \ 2
G i= 1 I (to)] + 081 W (o) +atg ™" | (i (t0) A (t0) ) |
HOL5 AT (A (o) = M) I” + 265 1€ (o) . A* (A (t0) = Au))| > 0.

Dividing (4.23) by t“ we obtain from here

ou4° 0 = AP <= 60+ i [ 507 (0 as+ TV [ a9 - aas
S92 (8), A% (A (1) — AW % (4.24)
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which holds for every t > ty. We choose r > to and integrate (4.24]) from to to r. This yields

0 tTtHA* (/\(t)—)\*)|2dt<go(to)—ap(r)+LT; <L SQV(S)ds) dt

+(0(a+1)—1) Jtla <f s | A* (A (s) —A*)|!2d3> dt

to 0
T T

1
2| (Ad () A0 = Aodt+Cs | (4.25)
to

Recall that

< — . 4.26
to t° (a—1)t5~" (426)

Moreover, by applying Lemma with h (t) :== tV (t), it yields
T q t 1 T
— sV (s)ds | dt < tV (t) dt. (4.27)
t e t a—1 to

0 0

Similarly, applying the same result with & (t) := ¢ |[A* (A (t) — As) || gives
"1 ! a * 2 1 " * 2
— SYYNA* (A (s) = A7 ds | dt < —— | t]|A* (A () — A\y)||” dt. (4.28)
to te to a—1 to
Using again integration by parts we obtain
— | Az (t),\(t) — Ay dt
to

= Az (r) = b,A(r) — A + (Az (to) — b, A (to) — A + L <A:c (t) — b,)\(t)>dt

< 4z () = Bl IA () = A + 1142 (ko) = Bl A (t0) = A | + j (Ar (@) - b A0 de
< sup (114 (6) = BILIA () = Ml + 14 (r0) = Bl I (10) = A

+ % L <||Aa: () = bl* + || A (t)H2> dt. (4.29)

0

Due to the boundedness of the trajectory we have

sup {[|Az () = b]l [|A (£) = Aell} < +c0.

t=t

Combining (4.26)), (4.27)), (4.28) and (4.29) with (4.25) and using the nonnegativity of ¢, we
obtain

104__219 LO EIA* (A () = M) dt = <9 + W) LO EA* (A (1) = M| dt

<! thV(t)dt—i—frt<HAx(t)—bH2+”}\(t)"Q)dt+Cg

a—1 0 to
1
T a-1

+0o0 +00 9 X 2

f 1V (1) dt+f t <||Ax (t) — b2 + H)\(t)H >dt+ Co, (4.30)

to to

where

C

Cy := ¢ (to) + 2sup {[|Az (£) — ][ [|A (£) — Aull} + 2[| Az (t0) — b A (f0) — Aull + ————.
t=to (a — 1) t(]
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According to (3.11]) and (3.12) in Theorem [3.2| as well as (4.2)) and (4.3)) in Proposition we
: 2
conclude that both ¢ — ¢tV (¢) and t — ¢ ( ||Az (t) — b||* + H)\(t)H belong to L ([tg, +0)),

therefore the right-hand side of (4.30)) is finite.
Hence, by passing r — +00 in (4.30)) and by taking into account the choice of the parameters
f and «, we obtain the desired statement. ]

The following result will be used to show the weak convergence of the trajectory, but it also
has its own interest, since it provides the convergence rate for the KKT system associated to

problem (|1.1)).

Theorem 4.7. Let (z,\): [tg,+0) > X x YV be a solution of (PD-AVD)) and (x4, \s) € S.
Then it holds:

HA*(A(t)—A*)n:o(jg) and HVf(x(t))—Vf(m*)ll=0<\2> ast > +oo. (431)
Consequently,

|VaL(z (), A@)]| = IVf (@ () + A*X(t)]| = 0 (\2) as t — 40,

while, as seen in Section [3,
1
[VAL(z (), A(@®)| = [[Az (t) = b]| = O (ﬁ) ast — +0.

Proof. The continously differentiable functions
F(t) =t A* (A (1) = )| = 0
) . 9 . 2
G (1) = (L+tA17) 14" (A (&) = M)IP + [ A @)

defined on [tg, +0) belong, according to Proposition and Theorem to L! ([tg, +0)).
For every t > ty we have

% (14* (1) = A7) = 4% (1) = AP + 26 {AA" (A () = Ae) A ()

< A* () = M) + ¢ <HAA* (M) = AP+ Hk(t)‘r)

2

)

< (T e1A1P) 145 @) = AP + ¢ [A )

thus, from Lemma [A.2] we get

1A* (A () = Al = o <\2> as t— +oo. (4.32)

The functions

F(t):=t|Vf(x(®) = Vf(@)|* >0
G(t):= L+ ) |Vf (@ () =V (wo)lI* + €2 || (2|
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defined on [tg, +00) are locally absolutely continuous and belong, according to Proposition
and Theorem to L' ([tg, +0)). For almost every t > to we have

4 (19F @)~ V5 @)

= 195 (@) = VS @)l + 20 (T @ (0) = T (), 591 @ 0))

2

< (0 IVF (0 0) = VE )l + o 5VF e 0)

< (L) |IVF (@ () =V (@)l* + 0| (1)

where the last inequality follows from the fact that V f is /—Lipschitz continuous. From Lemma
A2 we get
1
IVf(xz(@) = V()| =0 () as t— +oo.

\/E
According to we have
Vel () AD)]| = IV F (& (1) + A*A (D)
<IVF (@ (1) = V7 @)l + 4% (A () = A = o (é) N

while Theorem [3.4] gives

VAL (1), A ()] = Az (&) — b = O (;2) as t— oo,

We are now in the position to prove the main result of this section.

Theorem 4.8. Let (z,\) : [tg, +0) > X x YV be a solution of (PD-AVD)) and (x4, \s) € S.
Then (:z: (t), A (t)) converges weakly to a primal-dual optimal solution of (1.1 as t — +o0.

Proof. We have seen in Lemma [4.4{that the limit tlil}rl H (z (), A (1)) = (z4, As)|| exists for every
— 400
(24, Ax) € S, which proves condition (i) of Opial’s Lemma (see Lemma [A.3)).
In order to prove condition (ii), we consider (Z, X) an arbitrary weak sequential cluster

point of (z (t),A(t)) as t — +00, which means that there exists a sequence {( (tn), A (tn))},50
such that

(& (tn) A (tn)) — (z X) as n — +o.
Theorem 4.7 and Theorem [3.4] allow us to deduce that
Vi(x(tn)) + A*X(tn) = Vf(xs) + A¥Ae =0 as n — +oo.

and
Az (t,) —b—0 as n— 4o,

respectively. Since the graph of the operator 7, introduced in ({2.8]) is sequentially closed in
(X x V)V x (X x Y)*To"8 (cf. [23, Proposition 20.38]), we have that

Vf(E) + AN = Vf(zy)+A* A, =0
AT~ = Az, —b=0 '

In other words, (%, X) belongs to S and the proof is complete. ]
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Remark 4.9. In case A := 0 and b := 0, the optimization problem (1.1)) reduces to the
unconstrained optimization problem

I{]‘clél}vlf (x). (4.33)

We will prove that inwe obtain as particular case all convergence results stated in the literature
for Nesterov’s accelerated gradient system (AVD)).

Indeed, the system of optimality conditions ([2.3) read in this case

in particular, z, € X is an optimal solution of (4.33)) if and only if Vf (z4) = 0. The system
(PD-AVD)|) becomes

i (1) + S (1) + Vf (2 (1) =0
() %A(t) ~0.

((t0) A (t0)) = (0, 20) and (i (t0) , A (t0)) = (0, ho)

The dynamical system in x is reads

B (1) + T (1) + V(@) =0

x(to) = X0 and x.(to) = $.0

for a > 3, and is nothing else than Nesterov’s accelerated gradient system. The trajectory

generated by the system in A is A(¢) = /1\0_—t§t1_°‘ + Mo — i\ﬂ—tg for every t > ty. The parameters
and 6 play no role in the system.
If @ > 3, then Theorem [3.4] (ii) gives that f(z(t)) converges to f, with a rate of convergence

1
of O (t2> as t — +o0, which is the rate reported in [12, 53] for (AVD).

If a > 3, then Theorem gives that the trajectory x(t) converges weakly to an optimal
solution of , as t — 400, which agrees with what it has been reported in [12] for .

Finally, we mention that the convergence of the trajectory in the critical case o = 3 ([12,53])
is still an open question, as it is the convergence of the iterates of the original Nesterov’s
acceleration algorithm ([ 24, 42]).

A Appendix

We collect here some results which are used in the proof of the convergence of the trajectory of

the dynamical system (PD-AVD]|.

Lemma A.1. Let 0 < § < r < 40 and h: [, +0) — [0,+00) be a continuous function. For

every a > 1 it holds
T 1 t a1 1 g
o s h(s)ds | dt < h(t)dt.
6

S a—1
If r = 400, then equality holds.

t Tt
f s Lh (s) d5> dt = J J lso‘_lh (s)dsdt = Jf iso“_lh (s)dA,
5 s Js t* ); ¢
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where
A:={(s,t): 6 <t<rd<s<t}={(t,s):d<s<rs<t<r}.

Thus, by applying Fubini’s theorem,

T 1 t | T T 1
f — <J 59 h(s) ds) dt = j J — s (s) dtds = j s h (s) (f dt) ds,
s 19 \Js 5 Js ¢ 5 s ¢

from which we get the desired estimate, as

frldt— AR U T
st a—1\s>1 gpa-l )T (g —1)se-1"

If r := 400, then the above inequality is an equality. O

The following result can be found in [I, Lemma 5.2].

Lemma A.2. Let § >0, 1 < p < o0 and 1 < ¢ < 00. Suppose that F € LP ([0, +0)) is a locally
absolutely continuous nonnegative function, G € L4 ([6,400)) and

%F (t) < G(t) for almost every t=0.

Then lim F(t) =0.

t—-+00

Opial’s Lemma [45] in continuous form is used in the proof of the weak convergence of the
trajectory of (PD-AVD) to a primal-dual solution of (1.1)). This argument was first used in [33]
to establish the convergence of nonlinear contraction semigroups.

Lemma A.3. Let S be a nonempty subset of X and z: [tg, +0) — X. Assume that

(i) for every z4 € S, tEToo |z (t) — z«|| exists;

(i) every weak sequential cluster point of the trajectory z (t) as t — +o0 belongs to S.
Then z converges weakly to a point in S ast — 400.

Statement (4.31)) in Theorem suggests that the mapping (z, ) — (Vf(z), A*\) is con-
stant along the set S of primal-dual optimal solutions of ([L.1]). This is confirmed by the following
result.

Proposition A.4. Consider the optimization problem (L1.1|). If V f is {— Lipschitz continuous,
then for every (T4, Ax), (Tax, Asx) € S it holds

Vi(ze) = V[ () and A*X = A"
Proof. Let (zx, \s), (Tax, Asx) €S. We have Ay = Awyy = b. According to the Baillon-Haddad
theorem [23, Corollary 18.17], V f is £~ !-cocoercive, which means
1
7 IVf (zsx) =V f (55*)”2 SV (T4s) = VI (04) , Tase — T4
= _<A* (A** - )\*) s Lo — l‘*> = </\* — A AT ys — A$*> =0,

where the first equation comes from ([2.3)). This yields Vf (z4) = Vf (z4), which, again via
(12.3), gives A* Ny = A* Ay O
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