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Abstract

Recently, there has been a great interest in analysing dynamical flows, where the stationary limit
is the minimiser of a convex energy. Particular flows of great interest have been continuous limits of
Nesterov’s algorithm and the Fast Iterative Shrinkage-Thresholding Algorithm (FISTA), respectively.

In this paper we approach the solutions of linear ill-posed problems by dynamical flows. Because
the squared norm of the residual of a linear operator equation is a convex functional, the theoretical
results from convex analysis for energy minimising flows are applicable. However, in the restricted
situation of this paper they can often be significantly improved. Moreover, since we show that the
proposed flows for minimising the norm of the residual of a linear operator equation are optimal
regularisation methods and that they provide optimal convergence rates for the regularised solutions,
the given rates can be considered the benchmarks for further studies in convex analysis.
Keywords: Linear ill-posed problems, regularisation theory, dynamical regularisation,
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1. INTRODUCTION

We consider the problem of solving a linear operator equation
Lz =y, (1.1)

where L : X — ) is a bounded linear operator between (infinite dimensional) real Hilbert spaces X and ).
If the range of L is not closed, Equation 1.1 is ill-posed, see [13], in the sense that small perturbations in the
data y can cause non-solvability of the Equation 1.1 or large perturbations of the corresponding solution
of Equation 1.1 by perturbed right hand side. These undesirable effects are prevented by regularisation.

In this particular paper we consider dynamical regularisation methods for solving Equation 1.1. That is,
we approximate the minimum norm solution 2! of Equation 1.1 by the solution & of a dynamical system
of the form

N—-1
EM® + Y ap®)E®(t) = —L*LE() + LG for all ¢ € (0,00),
k=1 (1.2)
c®)=0 forallk=0,...,N—1,
at an appropriate time, where N € IN, a;, : (0,00) = R, k=1,..., N — 1, are continuous functions, and §

is a perturbation of y. The stopping time is in practice often chosen via a standard discrepancy principle,
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see [13, Chapter 3.3]. We are now interested under which conditions the regularised solution £(¢) can be
guaranteed to converge to the solution z' as ¢t — oo and how fast this convergence happens.

Studying first the case of exact data § = y, it turns out that the convergence rate, that is, the decay
of ||€(t) — zT||? in the limit ¢ — oo, can be uniquely characterised by the spectral decomposition of the
minimum norm solution 2! with respect to the operator L*L, which allows us to get optimal convergence
rates as a function of the “regularity” of the source zf. This regularity is usually described by so-called
source conditions, the most common ones being of the form zf € R((L*L)%) for some y > 0; we refer
to [13, Chapter 2.2] and [9, Chapter 3.2] for an introduction to the use of those source conditions for
obtaining convergence rates. Moreover, these convergence rates for exact data are seen to be in a one-to-one

correspondence to certain convergence rates for perturbed data as the perturbation ||§ — y||? goes to zero.

Outside the regularisation community source conditions might appear technical because they involve the
operator L. However, it was demonstrated that for differential and integral operators L, these conditions
very well coincide with smoothness conditions in Sobolev spaces. See for instance [141], where the analogy
of smoothness and source conditions has been explained for the problem of numerical differentiation. For
this analogy these conditions are also often termed smoothness conditions.

In particular, we will apply the general theory of this equivalent characterisation of convergence rates to
the following three, well-studied examples:

(i) Showalter’s method (also known as the gradient flow method), see [27, 28], which corresponds to
the case N =1 in Equation 1.2:

&(t)y=—L"LE(L) + L for all t € (0,00),

(1.3)
£(0) =0,
see Table 1 for an overview of the available convergence rates results;
(i) the heavy ball method, introduced in [22], corresponding to N = 2 with a constant function
a1(t) = b > 0 in Equation 1.2:
Ou(t:7) + 00,8 (t;§) = —L"LE(: ) + L™ for all £ € (0,00),
9:£(0;9) = 0, (1.4)
£(0;9) =0,
where known convergence rates results are collected in Table 2;
(iii) the vanishing viscosity method, see [29], which is the case of N = 2 with a;(t) = ¢ for some b > 0 in
Equation 1.2:
b
0ut(t;9) + 10(t:9) = —L"LE(t:9) + L7y for all £ € (0, 00),
9:£(0;7) =0, (1.5)
£(0;7) = 0.
Some convergence rates from the literature are listed in Table 3.
Especially the vanishing viscosity method has recently been heavily investigated, see [29, 8, 5, (], for
example, as it shows a faster convergence compared to the other two methods, and it was demonstrated to
be a time continuous formulation of Nesterov’s algorithm, see [20], providing an explanation of the rapid

convergence of this algorithm. Consequently, it was not only studied in the form of Equation 1.5, but more

generally with the right hand side (which in Equation 1.5 is the negative gradient of Jo(z) = %||Lz — y||?)
replaced by the negative gradient of an arbitrary convex and differentiable functional . But, since our

theory relies on spectral analysis, we limit our discussion to the quadratic functional Jp.

In terms of convergence rates, however, the discussions for general functionals J are often limited to the
estimation of the convergence of J(£(t)) — mingex J(z), which for J = Jy is given by 1| LE(t) — y||?. In
the well-posed case where the operator L has a bounded pseudoinverse LT, this convergence of the squared
norm of the residual is equivalent to the convergence of the error ||£(¢) — 2T||?, but this is no longer true
in the ill-posed case where the pseudoinverse is unbounded. In contrast to this, our approach directly
gives convergence rates for ||¢(t) — z7||?, which then imply a convergence (typically of higher order) of the
squared norm of the residual.

We will proceed as follows:
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| Source Condition | [|e(t) — a1 | ze@) — ol
LT < o0 O~ IETI7*t) 27, Theorem 1] D)
ot e R(LFL)E) | O@H) [28, Theorem 1] (1 = 1), | O@¢—r=1) Corollary 4.5
Corollary 4.5
= e N(L)* o(1) [28, Theorem 1], ot [28, Theorem 1]
P%"oposition 4.3 o(t™1) Proposition 4.3
with Corollary 2.7 with Corollary 2.27

TABLE 1. Convergence rates for Showalter’s method. (To compare the results from [28], we

remark that the condition y € R(LL*) given therein is equivalent to = € 'R((L*L)%), which
can be directly seen, for example, from the characterisation of the range of a dual operator
given in [26, Lemma 8.31].)

We also remark that in the well-posed case ||LT| < oo, the rates for ||£(t) — zT||? and for
ILE(t)—yl|* are always the same, since ||LT||=2[|¢(t) —T||> < |LE) —ylI* < [ILIPJIEE®) —= >

Source Condition ‘ H{(t) —af H2 lLE®) — yl|?
L] < oo O(est=AULTDE ) [22, Theorem 9.(5)] | O(est—AULTIDS)
zf e R((L*L)%) Ot—H) [33, Theorem 5.1], o(t—r—1 Corollary 5.9
Corollary 5.9
=t e N(D)* o(1) Proposition 5.7 o(t™1h) [33, Lemma 3.2] (b > ||L]]),
with Lemma 5.8 Proposition 5.7
and Corollary 2.7 with Lemma 5.8
and Corollary 2.27

TABLE 2. Convergence rates for the heavy ball method. Here, ¢ > 0 denotes an arbitrarily
1
small parameter and we have set B(||LT|) = 1—(1— mw for ||Lt|| > % and B(||LT|) = 1

for || LT|| < %.

e In Section 2 we revisit convergence rates results of regularisation methods from [3], which, in
particular, allow to analyse first and higher order dynamics.

e In the following sections we apply the general results of Section 2 to regularising flow equations. In
Section 4 we derive well-known convergence rates results of Showalter’s method and prove optimality
of this method. In Section 5 we prove regularising properties, optimality and convergence rates of
the heavy ball dynamical flow. In the context of inverse problems this method has already been
analysed by [33], however not in terms of optimality, as it is done here.

e In Section 6 we consider the vanishing viscosity flow. We apply the general theory of Section 2 and
prove optimality of this method. In particular we prove under source conditions (see for instance
[13, 9]) optimal convergence rates (in the sense of regularisation theory) for ||¢(¢) — zf||2. These
rates (and the resulting ones for the squared norm of the residual) are seen to interpolate nicely
between the known rates in the well-posed (finite-dimensional) and those in the ill-posed setting
when varying the regularity of the solution z' (via changing the parameter y in Table 3).

We want to emphasise that the terminologies optimal from [7] (a representative reference for this field) and
[3] differ by the class of problems and the amount of a priori information taken into account. In [7] best
worst case error rates in the class of convex energies are derived, while we focus on squared functionals 7.
Moreover, we take into account prior knowledge on the solution. In view of this, it is not surprising that
we get different “optimal” rates.

2. GENERALISATIONS OF CONVERGENCE RATES RESULTS

In the following we slightly generalise convergence rates and saturation results from [3] so that they
can be applied to prove convergence of the second order regularising flows in Section 5 and Section 6.
Thereby one needs to be aware that in classical regularisation theory, the regularisation parameter o > 0
is considered a small parameter, meaning that we consider small perturbations of Equation 1.1. For
dynamic regularisation methods of the form of Equation 1.2 we take large times to approximate the
stationary state. To link these two theories, we will apply an inverse polynomial identification of optimal
regularisation time and regularisation parameter.
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Source Condition Parameters ‘ Hf(t) —zt ||2 [|LE(E) — y||2 ‘
ILT|| < oo b>3 o(t™2) o(t2) [4, Theorem 4.16]
O(t_%b) [5, Theorem 3.4] O(t_%b) [5, Theorem 3.4]
ILT|| < oo b>2 O(t=2) o@t=2) [29, Theorem 7]
O(t™b) ot~ [7, Theorem 4.2]
L] < oo 0<b<3 o) o %) [4, Theorem 4.19)]
zt e R((L*L)%) O<p< g O(t=21) Corollary 6.8
zt e R((L*L)%) 0<p< % -1 O(t—212) Corollary 6.8
zF e ML)+ b>3 O(t™2) [5, Theorem 2.7]
=t e ML) b>0 o(1) Proposition 6.6 O@t~b*t¢)+0(t~2) Proposition 6.6
with Lemma 6.7 with Lemma 6.7
and Corollary 2.7 and Corollary 2.25
and Corollary 2.27

TABLE 3. Convergence rates for the vanishing viscosity flow. As before, € > 0 denotes an
arbitrarily small parameter.

Let L : X — Y be a bounded linear operator between two real Hilbert spaces X and ) with operator
norm ||L||, y € R(L), and let ' € X be the minimum norm solution of Lz = y defined by

Lat =y and [lo] = inf{Jl2]| | Le = y)}.

Definition 2.1 We call a family (r4)a>0 of continuous functions r, : [0,00) — [0, 00) the generator of a
regularisation method if

(i) there exists a constant o € (0,1) such that

2 o
To(A) < min {4 —, ——= > for every A > 0, a > 0; 2.1
W {A Var } ' 2y
(ii) the error function 7, : (0,00) — [—1,1], defined by
Fa(A) =1=Ara(A), A >0, (2.2)

is non-negative and monotonically decreasing on the interval (0, );

(iii) there exists for every a > 0 a monotonically decreasing, continuous function R, : (0,00) — [0, 1]
such that

Re > |Fo| and o+ R4(\) is continuous and monotonically increasing for every fixed A > 0;

(tv) there exists for every & > 0 a constant & € (0,1) such that
R () < 6 for all a € (0, @).

Remark: The definition of the generator of a regularisation method differs from the one in [3] by allowing
the regularisation method to overshoot, meaning that r,(\) > % is possible at some points A > 0 (the
choice 74 () = %7 which is not a regularisation method in the sense of Definition 2.1, would correspond to
taking the inverse without regularisation, see Equation 2.3). Consequently, we also relaxed the assumption
that the error function 7, is monotonically decreasing to the existence of a monotonically decreasing

(3]

upper bound R, for 7,. We also want to remark that in the definition of the error function in [3], 74",

there is an additional square included, that is, f[a] =72,

Definition 2.2 Let (74)a>0 be the generator of a regularisation method.

(i) The regularised solutions according to a generator (r,)a>0 and data § are defined by

To: Y —= X, 24(7) =ro(L*L)L*g, (2.3)

where we use the bounded Borel functional calculus to identify the function r, : [0, 00) — [0, 00) with
a function acting on the space of positive semi-definite self-adjoint operators, see [32, Chapter XI.12],
for example.
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(ii) Let (Ra)a>0 be as in Definition 2.1 (7). Then we define for all a > 0 the envelopes

1 ~
R, : (0,00) = [0,00), Ro(A) = X (1 — Ra()\)) , (2.4)
and the corresponding regularised solutions
Xo: Y= X, Xo(§) = Ro(L*L)L"§. (2.5)

Remark: The family (R, )a>0 is also a generator of a regularisation method, since we have

_1-Ra(Y) _ 1-7a(Y)
)

2 o
=ro(A) <minq —, —
o= {A Vax }
which verifies Definition 2.1 (7); and the other three conditions of Definition 2.1 are tautologically fulfilled:
Definition 2.1 () by the definition of R, via Definition 2.1 (7i), and Definition 2.1 (%) and (iv) by
choosing R,, itself as upper bound for |R,|.

R, () for every A > 0, a > 0, (2.6)

The idea of these regularised solutions is to replace the unbounded inverse of L : N (L)t — R(L) by the
bounded approximation ., where the parameter a > 0 quantifies the regularisation. It should disappear
in the limit o — 0, where we typically expect 74 (A) — 5 corresponding to zq(y) — (L*L)"L*y = 2T (this
is, however, not enforced by Definition 2.1, but we will add in Definition 2.9 a compatibility condition to
ensure this).

Example 2.3 The most prominent regularisation method is probably Tikhonov regularisation, where
the regularised solution z,,(g) is defined as the minimisation point of the Tikhonov functional

Tag: X = R, Tag(2) = [ La = glI* + afz]*.
Solving the optimality condition, gives us for z, () the expression
2a(§) = (L*L + o)~ L*g,

where I : X — X denotes the identity map on X, which has with r,()) := /\_%a the form of Equation 2.3
and r,, satisfies all the conditions of Definition 2.1, see [3, Example 2.4].

We will show later in Section 4, Section 5, and Section 6 that also some common dynamical regularisation
methods fall into this regularisation scheme so that all the convergence rates results from this section can
be applied to these methods.

Definition 2.4 We denote by A — E 4 and A — F 4 the spectral measures of the operators L*L and LL*,
respectively, on all Borel sets A C [0, 00); and we define the right-continuous and monotonically increasing
function

e:(0,00) = [0,00), e(A) = |[Epnz'|? (2.7)

We remark that the minimum norm solution z' is in the orthogonal complement of the null space N'(L)
of L and we therefore have E[OA]xT = E(07)\]xT.

Moreover, if f: (0,00) = R is a right-continuous, monotonically increasing, and bounded function, we
write

b
/ gV dF) = / g (V) dpp ()
a (a,b]

for the Lebesgue—Stieltjes integral of f, where s denotes the unique non-negative Borel measure defined
by pp((Ar, A2]) = f(A2) — f(A1) and g € L' (uy).

We introduce the following quantities, whose behaviour we want to relate to each other:

e the spectral tail of the minimum norm solution = with respect to the operator L*L, that is, the
asymptotic behaviour of e(A) as A tends to zero, see [21];

e the error between the minimum norm solution ' and the regularised solution z,(y) or X, (y) for
the exact data y called the noise free regularisation error, that is,

d(a) = ||zaly) — xTHQ and D(a) = || Xa(y) — xTHQ, (2.8)

respectively, as « tends to zero;
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e the best worst case error between the minimum norm solution z' and the regularised solution z (%)
or X, () for some data § with distance less than or equal to § > 0 to the exact data y under optimal
choice of the regularisation parameter «, that is,

d(6) = sup inf ||:L'a(§/) — xTHQ and D(0) = sup inf HXa(gj) — zTHQ, (2.9)
§€Bs(y) >0 §EBs(y) *~

respectively, as ¢ tends to zero;

e the noise free residual error, which is the error between the image of the regularised solution ., (y)
or X, (y) and the exact data y, that is,

q(@) = |[Lza(y) — yl* and Q(a) = | LXa(y) -yl (2.10)

respectively, as a tends to zero.

To describe the behaviour of these quantities, we consider, for example, convergence rates of the form
d(a) = ||lza(y) — z']|? < Cye(a) for all a > 0,

with some constant Cy; > 0 for the noise free regularisation error d, characterised by the decay of
a monotonically increasing function ¢ : (0,00) — (0,00) for « — 0, and look for a corresponding
(equivalent) characterisation of the convergence rates of the other quantities, such as e(\) = ||Ejg yjz |2

or g(a) = || Lza(y) — yl*.

Example 2.5 Common families of functions ¢ used to describe the convergence rates are Holder functions

cpllj :(0,00) = R, w}f(a) = o for all u >0, (2.11)
see [13], for example; and logarithmic

1 —K -1
[logal =, o <e™, for all u > 0, (2.12)

L L
:(0,00) > R =
¢+ (0,00) , () {1’ I

or even double logarithmic functions, see for instance [17, 25]. See Figure 1 for a sketch of the graphs of
these functions.

F1aURE 1. Graphs of some common functions used to characterise convergence rates. See
Example 2.5 for the definitions of these functions.

The main results are collected in Theorem 2.21 and Corollary 2.24. We proceed in the following way to
derive them:

e In Lemma 2.6 and Corollary 2.7, we write the different regularisation errors in spectral form.

e In Lemma 2.8 and Lemma 2.10, we show the relations between the convergence rates of the noise free
quantities e, d, and D. For this, we require the function ¢, which describes the rate of convergence
and is the same for all three quantities, to be compatible with the regularisation method, see
Definition 2.9.
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Abbreviation Description Reference
To Generator Definition 2.1
R, Envelope generator Equation 2.4
To Error function Equation 2.2
R, Envelope error function Definition 2.1 (i)
2o(J) = Ta (L* VL*j Regularised solution according to r, | Equation 2.3
Xo(9) = Ro(L*L)L*y | Regularised solution according to R, | Equation 2.5
d(a ) |2a(y) — a:TH Noise free regularisation error for r, | Equation 2.8
D(a) = ||Xa —af || Noise free regularisation error for R, | Equation 2.8
J(é) Best worst case error for 7, Equation 2.9
D(6) Best worst case error for R, Equation 2.9

g(c) = |[Lzaly) — ylI”

Noise free residual error for r,

Equation 2.10

Qa) = |LXa(y) —y|I°

Noise free residual error for R,

Equation 2.10

E s Fy

Spectral measures of L*L, LL*

Definition 2.4

e(A) = [Epyzf|?

Spectral tail of

Equation 2.7

Definition 2.13
Definition 2.13
Definition 2.13

¢(a) = Vap(a)
Generalised inverse of a function ¢

(SRS YR

Noise-free to noisy transform

TABLE 4. Used variables and references to their definitions.

e In Lemma 2.19 and Lemma 2.20, we derive the relations of the best worst case errors d and D to
the quantities e and D. The corresponding rate of convergence is hereby of the form ®[y], where
the mapping @ is introduced in Definition 2.13 and some of its elementary properties are shown in
Lemma 2.15, Lemma 2.16, Lemma 2.17, and Lemma 2.18.

e The statements for the residual errors ¢ and @) are then concluded from Theorem 2.21 by using the
identification of ¢ and @ for the minimum norm solution z! with the noise free errors d and D for
the minimum norm solution z! = (L*L)%gcT of the problem Lz = ¢ with § = Lz', and they are
summarised in Corollary 2.24, Corollary 2.25, and Corollary 2.27.

In the remaining of this section, we will always consider (r4)a>0 to be the generator of a regularisation
method with an envelope (R )a>0 and corresponding regularised solutions (4 )a>0 and (X4 )a>0, respec-
tively. Moreover, we use the functions e, d, D, d, D, q, and Q as defined in Definition 2.4, see Table 4 for
a summary of the notation.

2.1. Spectral Representations of the Regularisation Errors. To do the analysis, we will expand

the quantities of interest with respect to the measure A +— HE AQTTH which describes the spectral
decomposition of =t with respect to the operator L*L. With the functlon e defined in Equation 2.7, we
can write the resulting integrals in the form of Lebesgue—Stieltjes integrals.

Lemma 2.6 We have the representations

IZ)® (7
d(a) = / #2(\) de(A) and D(a) = / R2(0) de(N) (2.13)
0 0
for the regularisation errors d and D, respectively, and
)2 (P2
¢(a) = / A2 (A) de(A) and Q(a) = / A2 (V) de(\) (2.14)
0 0

for the residuals q and Q, respectively.
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Proof: We can write the differences between one of the regularised solutions z,(y) or X, (y) and the
minimum norm solution z' in the form

zo(y) — 2t = ro(L*L)L*y — ' = (ro (L*L)L*L — Iz and
Xaly) —a' = (Ra(L*L)L*L — I)af,

respectively, where I : X — & denotes the identity map on &X'. According to spectral theory, we can
formulate this with the definition of the error functions 7, and R,, see Equation 2.2 and Equation 2.4, as

9 I ) Iy
|zaly) — | :/0 #2(A)de(A) and || Xa(y) — o :/0 R2(\) de()).

For the differences between the image of the regularised solution z,(y) or X, (y) and the exact data, we
find similarly

|Lza(y) — ylI> = |Lra(L*L)L* Lo’ — Lat||* = (27, L*L(ro(L*L)L*L — I)?2") and
|LXa(y) — y||* = (2, L*L(Ro(L*L)L*L — I)?z1).

Thus, we have

Iz

) .
Lol =9l = [ AN e and LX) <9l = [ ARBON) de(). -

From this representation, we immediately get that the regularised solutions (Za)a>0 and (X, )as0 converge
to the minimum norm solution z! if the error functions (Ta)a>0 and (Ry)a>o tend to zero as o — 0.

Corollary 2.7 The regularisation errors D, @Q, d, and D (but not necessarily d and q) are monotonically
increasing functions and the functions D and @ are also continuous.

Moreover, if lima_o 7o (X) = 0 (or lima_,o Ra(\) = 0, respectively) for every X > 0, then the reqularised
solutions x4 (y) (or Xu(y), respectively) converge for a — 0 in the norm topology to the minimum norm
solution xt.

Proof: By assumption, see Definition 2.1 (i), o — Ra()\) is monotonically increasing, and so are the

functions
o

[P
a— D(a) = /0 R2(\)de(\) and a +— Q(a) = /0 ARZ()\) de(N).

The monotonicity of d and D follows directly from their definition in Equation 2.9 as suprema over the
increasing sets B;(y), 0 > 0.

Since R, (\) € [0,1] for every a > 0 and every A > 0 and o — R, () is for every A > 0 continuous, see
Definition 2.1 (7i), Lebesgue’s dominated convergence theorem implies for every ag > 0:

1Ll _ (P2 _
lim D(a) = /0 lim R%(\)de(\) = D(ap) and lim Q(a) = /o lim ARZ(A\)de(N\) = Q(ap),

a—raqQ a—raqQ a—raqQ a—raQ

which proves the continuity of D and Q.

Similarly, we get with |7 (\)] < Ra()) < 1 for every a > 0 and every A > 0 from Lebesgue’s dominated
convergence theorem that

ILi?
lim [[a(y) — o[> = lim d(a) = / lim 72 (3) de(A) = 0'if lim 74(}) = 0 and
0 o—

a—0 a—0 a—0

L) 5 .
lim || Xo(y) — xTHQ = lim D(a) = / lim R2(\)de()\) = 0 if lim Rq(A) = 0. O
0 a—

a—0 a—0 a—0
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2.2. Bounds for the Noise Free Regularisation Errors. The representations of the noise free
regularisation errors as integrals over the spectral tail e allow us to characterise the convergence of the
regularisation errors d(«) and D(«) in the limit o« — 0 in terms of the behaviour of the spectral tail e(\)
for A — 0.

Lemma 2.8 With the constant o € (0,1) from Definition 2.1 (i), we have for every o > 0 the relation
(1—0)?%e(a) < d(a) < D(a). (2.15)

That is, (1 — o)? times the spectral tail is a lower bound for the noise free reqularisation error of the
regularisation method, which in turn is a lower bound for the error of the regularisation method of the
envelope generator.

Proof: Let a > 0 be fixed. With Equation 2.13 and R, > ||, according to Definition 2.1 (i), we find
for the errors d and D that

hy? Iz)?
D(a) = /O R2(\) de()) > /0 72 (V) de()) = d(a).

Furthermore, since #2 is monotonically decreasing on [0, o], according to Definition 2.1 (i), and e(\) =

e(||L||?) for all A > ||L||*, we can estimate

min{a,HLHz} o
d(a) > / 72 (\) de()) = / 2(A) de(A) > 72 (a)e(a).

Inserting the expression of Equation 2.2 for 7, and using the upper bound from Definition 2.1 (%), we thus
have

d(a) > (1 — arqe(@))?e(q) > (1 — o)?e(a). O

Since we did not require so far that the error functions 7, and R, vanish as a — 0, we cannot assure
that the regularised solutions z,(y) and X, (y) converge as o — 0 to the minimum norm solution or even
get an upper bound on the regularisation errors d and D. We therefore impose the following additional
constraint for a function ¢ to serve as an upper bound for the regularisation error.

Definition 2.9 We call a monotonically increasing function ¢ : (0,00) — (0,00) compatible with
the regularisation method (r4)a>o with correspondingly chosen error functions (Rg)a>o according to
Definition 2.1 (%) if there exists for arbitrary A > 0 a monotonically decreasing, integrable function
F:[1,00) — R such that

RZ(\)<F (‘M) for 0 <a <A <A. (2.16)

p(a)

In particular, a monotonically increasing function ¢ : (0,00) — (0, 00) with lim,_0 ¢(c) = 0 can only be
compatible with (r4)aso if

RO
a—0 p(a)

= 0 for every A > 0, (2.17)

since the integrability of the monotonically decreasing function F' in Equation 2.16 implies the asymptotic
behaviour lim,_, ., 2F(z) = 0.

Remark: With F(z) = (Az)fﬁ, A € (0,00), pt € (0,1), Equation 2.16 is exactly the condition from [3,
Equation 7] for the error function R, (there we assume that 7, satisfies Definition 2.1 (7i) and (iv) such
that we can take R, = 7).

These sort of conditions for ensuring convergence rates of the method have a long history. For the special
choice F(z) = Az~2, it was introduced as qualification of the regularisation method in [19, Definition 1
and 2], which is now commonly used for characterising convergence rates, see [16, 12], for example. Even
before that, the condition was used for the convergence rates @E, see, for example, the textbooks [30,
Theorem 4.3], [31, Theorem 1.1 in Chapter 3|, and [9, Theorem 4.3, Corollary 4.4].
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Lemma 2.10 Let ¢ : (0,00) — (0,00) be a monotonically increasing function which is compatible with
(ra)a>0 in the sense of Definition 2.9 and dominates the spectral tail, that is,

e(A) < @(A) for all X > 0. (2.18)

Then, with a monotonically decreasing and integrable function F : [1,00) — R fulfilling Equation 2.16 for
A= LI, we get
D(a) < (max{1, F(1)} + | F||z1)e(a) for all « > 0.

That is, the order of the noise free regularisation error D of the envelope generator (Ra)a>o0 @S given by
the function .

Proof: We first extend the function F' to F :]0,00) — R via F(z) :== max{1, F(1)} for z € [0,1] and
F(z) == F(2) for z € (1,00) so that we have (because of R2()\) <1 for all @ > 0 and X > 0)

RZ\) < F (@(}\)> forall a >0 and 0 < A < || L]°.
p(a)

Taking for D the representation from Equation 2.13 and using that F is monotonically decreasing, we get

D(a) = /OIMZR(Z()\) de()) < /OIWF (ZEQ;) de()) < /0|L||2F (;8) de(N).

Then, the substitution z = Z((’;)) gives us

D(@) < (@) [ F(2)ds = (max(1, F(D) + [F])e(o) -

Remark: The result of Lemma 2.10 is analogous to [3, Proposition 2.3] where the noise free regularisation
error produced by a generator (r4)a>0 is estimated.

The compatibility condition in Equation 2.16 is essentially a way to measure if the regularisation method
converges at each spectral value faster than a given convergence rate ¢, see Equation 2.17. It is therefore
not surprising that if some convergence rate is compatible with (r,)a>0, then all slower convergence rates
are also compatible with it.

Lemma 2.11 Let @1, 92 : (0,00) = (0,00) be two monotonically increasing, continuous functions such
that the ratio ¢ == % is monotonically increasing on (0, ] for some ag > 0.

Then @2 is compatible with the regularisation method (rq)as0 in the sense of Definition 2.9 if oy is
compatible with (r4)a>0-

Proof: Let A > 0 be arbitrary. Since 1 is continuous and everywhere positive, we have the positive bounds
m = MiNge[ay,a] ¥(a) > 0 and M = max,e[ay,a] ¥ () > m. Then, the monotonicity of 1) on the interval
(0, avg] implies for every a € (0, A] that

(N min{y(a),mp m ; my_m
iy Gy = M = {1 2 {15} = 5
By definition of v, this means that

m ()

>

forall 0 < o < A <A.
p1(a) — M po(a -7

Thus, if F is a monotonically decreasing, integrable function F' : [1,00) — R such that Equation 2.16
holds for ¢ = 4, then

RO\ <F (:‘28) <F (J\”} ijgig) for all 0 < o < A < A.

Since the function F : [1,00) — R given by F(z) = F (f77) is also monotonically decreasing and integrable,

this proves that ¢y is compatible with (rq)a>0, too. O
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In particular, if one of the Hoélder rates from Example 2.5 is compatible with (r4)q>0, then all the
logarithmic rates are compatible.

Corollary 2.12 Let @E and 90{1, w > 0, be the rates defined in Example 2.5.

Then @b is for every u > 0 compatible with the regularisation method (r4)aso in the sense of Definition 2.9
if there exists a parameter v > 0 such that ¢ is compatible with (r4)a>0-

Proof: Let ¢! be compatible with (r,)a>0 for some v > 0 and consider for arbitrary x4 > 0 the function

H
Y = 2v. Since
ok

Y'(a) =a” logal* ' (v|loga| — p) >0 for 0 < o <minf{e ', e™ ¥} = ay,

the function % is monotonically increasing on (0, ). Thus, Lemma 2.11 implies the compatibility of the
function gob. |

2.3. Relation between Convergence Rates for Noise Free and for Noisy Data. We will see that
when applying the regularisation to noisy data, the convergence rates D give rise to convergence rates of
the form D(8) < C®[D]() for some constant C'5 > 0 and the transform ®[D] of the function D which
satisfies the equation system

for some suitable function § — ag.

Definition 2.13 Let ¢ : (0,00) — [0,00) be a monotonically increasing function which is not everywhere
zero. We define the noise-free to noisy transform @[] : (0,00) — (0,00) of ¢ by

Plel0) = Zogy

where we introduce the function
¢:(0,00) = (0,00), ¢(a) = Vup(a)
and write ! for the generalised inverse
¢71(8) = inf{a > 0| ¢(a) > §}.

Remark: We emphasise that the considered functions need to be neither continuous nor surjective to
be able to define a generalised inverse. In particular the function é : A — y/Ae()), with e defined in
Equation 2.7, is only right-continuous and not surjective in general. Nevertheless, a generalised inverse
exists.

We also note that if ¢ : (0,00) — [0, 00) is a monotonically increasing function which is not everywhere
zero and ag = inf {a > 0 | p(a) > 0}, then ¢ : a — y/ap(a) is a strictly increasing function on (ayg, 00)
so that we have a = ¢~(4(a)) for every a € (ag, 00).

Later on, we will apply this transform to the functions describing the convergence rates. We therefore
calculate (at least in leading order) the noise-free to noisy transforms for the families of convergence rates
introduced in Example 2.5.

Lemma 2.14 Let goff and cph be the functions introduced in Example 2.5.

Then, we have for every p > 0 that
(i) @lpy] = @'y and
p+1

RAEIO) _ o 9lpl0)

77) 0 < liminf —
(i) O <linipf =Cr Gy < Hmsne = L)
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Proof:
(i) We find directly from Definition 2.13 that

D[] (5) = ———— with ¢(a) = a 2", which gives ®[p"](§) = —— = JHiT.
(#7) This is shown in [3, Example 3.4 (ii)]. O

Let us collect some elementary properties of the transform ® before estimating the quantities d and D.

Lemma 2.15 Let ¢ : (0,00) — [0,00) be a monotonically increasing function which is not everywhere
zero and @(a) = \/ap(a).

Then, we have

(i) for every § € $((0,00)) \ {0} that

(ii) if ¢ is additionally right-continuous, that
B[] (8) < (¢ 1(8)) for every & > 0.

Proof:

(i) Since ¢ is strictly increasing on {a > 0 | ¢(ar) > 0} and 6 € ¢((0,00)) \ {0}, there exists exactly
one point a > 0 with $(«) = §, which then is by definition a = ¢~1(§). Thus, we have that
¢(¢71(8)) = &, which means that

(i) Since ¢ is right-continuous and monotonically increasing, it is upper semi-continuous and so is @.
Thus, the set {a > 0 | $(a) > §} is closed and therefore ¢~1(§) = min{a > 0 | $(a) > 6}. In
particular, we have that the inequality

P(¢71(8)) = 6, that is, p(¢7(8)) = 2 = Pp)(9), (2.19)

holds. O

Lemma 2.16 Let ¢, : (0,00) — [0,00) be monotonically increasing functions which are not everywhere
zero.

Then,
(i) ¥ < ¢ implies that D[] < Dlg] and,
(i) if ¢ is additionally right-continuous, then ®[] < ®[p] also implies P < p.
Proof: We set ¢(a) := /ap(a) and ¥ () == y/ap(a).
(i) Let ¢» < . Then, we have
$7H0) = inf{a >0 | ag(a) > 6*} > inf{a > 0 | ap(a) > §°} = ¢71(6)

and thus
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(ii) Conversely, if ®[1)] < ®[¢], then we get immediately that ¢~ < L.

Now, let @ > 0 be arbitrary. If ﬁ(a) = 0, there is nothing to show; so we assume zﬁ(oz) > 0 and
define 6 := (). Then, a = ¥p=1(d) > ¢~1(4), so that we find with Equation 2.19 (using the
right-continuity of ¢) that

ap(a) > ¢(@71(9)) 2 6 = Va(a).

So, p(@) = P(). U

Lemma 2.17 Let C >0, ¢ > 0, and ¢ : (0,00) — [0,00) be a monotonically increasing function which is
not everywhere zero. We set

() = C*p(c*a).

Then,
DY](6) = C*@[p](&9).

Proof: We define again ¢() := \/ap(a) and () == y/av(a). Then, we have for every § > 0 that

$76) = inf{a > 0| arp(r) > 6%} = inf{ar > 0 | C%ap(Par) > 62}

1 1
which gives us
52 (cd)? 5
o) = = = <4
o) = s = Fige = CRIED .

Lemma 2.18 Let ¢ : (0,00) — (0,00) be a monotonically increasing function and assume there exists a
continuous, monotonically increasing function G : (0,00) — (0,00) such that

o(ya) < G()e(a) for ally >0, a > 0.

Then

7

D[p](70) < [G]()®[¢](0) for all § >0, & > 0.

Proof: We get from (&) < G(’y)gp(%d) with Lemma 2.16 and Lemma 2.17 that

Thus, switching to the variable 7 := (A}'('y) = /7G(7) (which means that v = (A?*l(’y) and thus, by
Lemma 2.15, ®[G](¥) = G(7v)), we find with ¢ == %(5:
P[p](76) < P[G](7)P[¢](9) O

2.4. Bounds for the Best Worst Case Errors. Let us finally come back to the functions d and D,
the best worst case errors of the regularisation methods defined by the generators (r4)a>0 and (Ry)a>o0,
respectively. Here we derive an estimate between the best worst case errors and the noise free regularisation
€rTors.

Lemma 2.19 Let 2' # 0. Then, we have with the constant o € (0,1) from Definition 2.1 (i) that

d(6) < (14 0)?®[D](8) and D(6) < (1 + )?®[D](8) for all § > 0.
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Proof: To estimate the distance between the regularised solutions for exact data y and inexact data
g € Bs(y), we define the Borel measure

w(A) = [Fa(g—y)l?,

where F denotes the spectral measure of the operator LL*. Then, we get with Equation 2.6 the relation
~ 2 ~ * * [~
1Xa(9) = Xa@)|® = (5 — y, RA(LL*)LL* (5 — y))

- / AR2(N) dpu(A) < / A2 (V) dp(X) = 20 (§) — za(w)]?-
(0,11L11%] (0,]1L]1%]

Thus, we have with Equation 2.1 the upper bound
~ _ 62
(@ - Xa )l < Joa@) = 2a@’ = [ AZN AU <8 sup AEW) 07
0, 1L11%] AE(0,]IL]1%) «

The triangular inequality gives us then

2
- & - i — 2t < i ot 0
D(9) —ﬂebg})(y) éI;fOHXO‘(y) af||” < g;fo (HX(X(y) all —|—a\/a> . (2.20)

We estimate the infimum therein from above by the value at a := D~1(§), where we set D(a) = y/aD(a).
Since the function D is according to Corollary 2.7 monotonically increasing and continuous, we get from

Lemma 2.15 and Definition 2.13 the identity D(D~1(8)) = f)_&f(&) = ®[D](), so that both terms in the

infimum are for this choice of a of the same order. This gives us

2
D(s) < (x/D(ﬁ—l(a))Jra,/lA)‘i@) = (1+0)?®[D](9). (2.21)

Because of Equation 2.15, we get in the same way

2
= i 7 —ot|® < i 4ol
d(5)—gesgﬁy)£fol|xa(y) o||” < inf <||:va(y) z H+G\/a)

) (2.22)
)
< — gt ) < 2
< inf (1%t~ o'l + 02 ) < @+ e(Dl0)
where we used Equation 2.21 in the last inequality. O

The following lemma provides relations between the best worst case errors d and D of the regularisation
methods generated by (r4)as>0 and (Ra)a>0, respectively, and the spectral tail e.

Lemma 2.20 Let 2t # 0. Then, there exist constants ¢ > 0 and C > 0 such that we have the inequalities
d(6) > c®[e](8) and D(6) > C®e](8) for all § > 0.
Proof: To obtain a lower bound on d, we write
lea(@) = o'[|” = lea(®) = 2t|” + l2a@ - 2a@® +2(2a(®) ~ zaly). aly) - ')
= [eay) = a'|[* + (5~ y.rA(LLILL (G~ v)) (2:23)
+2(ra(LL")(§ = y),ra(LLY)LL Yy —y) .

We set é(a) = \/ae(a) and choose an arbitrary & > 0 with the property that ¢ :== é(&) > 0. Then, we
find according to Definition 2.1 (iv) a parameter & € (0, 1) with

Ra() < 6 for all a € (0,a). (2.24)

We now consider for § € (0,9) the two cases é~1(0) € o(L*L) \ {0} and é71(8) ¢ a(L*L) \ {0}, where
o (L*L) denotes the spectrum of the operator L*L.
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e Assume that & € (0,0) is such that a; == é~1() € o(L*L) \ {0}. From the continuity of R,, and
Equation 2.24, we find that there exists a parameter as € (0, as) such that

R, (as) < 5. (2.25)

Then, the assumption as € o(L*L) \ {0} implies that the spectral projection F of the operator LL*
fulfils F4; 24, # 0. To estimate Equation 2.23 further, we will choose for given values of o > 0 and

0 € (0,9) a particular point §. For this choice, we differ again between two cases.

— If
Za,d = F[a5,2a5](7aa(LL*)LL*y - y) 7é Oa

we pick
5 Zo,§

y=y+
1061

in Equation 2.23 and obtain

2

2
va (y+ 572 2| = foate) - o!|

lza,sll

62 w77
HZAAT§<zaﬁ,ri(LL JLL*20.5)
a,d

20 .
+ T (ra(LL") 20,51 20,6) -
2ol

Here, we may drop the last term as it is non-negative, which gives us the lower bound

|

z 2 2 :
To (y—|-5‘|zz:§”) —xTH > Ha:a(y) —xTH + 62 min Ar2 (N).
A€las,2a5]

— Otherwise, if
Flas205)(ra(LL")LL Yy — y) =0,

we choose 24,5 € R(F4;,2q,)) \ {0} arbitrarily. Then, with § = y + 5%, the last term in

llza

Equation 2.23 vanishes and we find again

|

Therefore, we end up with

Za, 2 2, 52 . 2
2o v+ 0p2sy) = ol 2 Jloat) = o[ 407 _min ArZOV.

_ . 12 . T 2 . 2
d(9) gesggy) O1lr;f |lza(@) — || > ér;fo (Hxa(y) af||"+6 /\e[rilgas])\ra()\o.

Using Equation 2.6 and that R, is by Definition 2.1 (iii) monotonically decreasing, we get the

inequality
1 ~ 1 -
W= - Ra(V)’ > 5 (1- Ra(as))? for all X € [as, 205),
5

and since we already proved in Lemma 2.8 that d > (1 — o)

A2

[e%

2e, we can estimate further

a5)>inf(u.—afeuw+-éiU-—Raum»2>.

a>0 20&5
Now, the first term is monotonically increasing in « and, since a — Ra()\) is for every A > 0
monotonically increasing, see Definition 2.1 (iii), the second term is monotonically decreasing in «.

Thus, we can estimate the expression for a < a5 from below by the second term at o = a5, and for
«a > ag by the first term at a = ag:

d(6) > min {(1 —0)%e(as), %a;

2
(1= Ruy (as) }
Recalling that as = é71(9) and that the function e is right-continuous, we get from Lemma 2.15 that
e(as) > ®le](4) and have by Definition 2.13 that i—z = ®[e](4). Thus, we obtain with Equation 2.25
that
d(8) > co®[e](8) with co = min {(1 — 0)%, (1 —5)?}. (2.26)
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e It remains the case where o :== é71(6) ¢ o(L*L) \ {0}. We define
ap = 1inf{a > 0] e(a) > e(as)} € (0, as].

Since e is right-continuous and monotonically increasing, the infimum is achieved and we have that
e(ap) = e(as). Moreover, oy € o(L*L), since e is constant on every interval in (0, 00) \ o(L*L) and
so ag ¢ o(L*L) would imply that e(A) = e(ays) for all A € (g — €, a0 + €) for some € > 0 which
would contradict the minimality of «p.

Setting dp == é(ag) (so é71(dp) = ap and, according to Lemma 2.15, e(ag) = ®[€](dy)), we have
that dp = é(ag) < é(as) = 0 and we therefore find with the monotonicity of d, see Corollary 2.7,
Equation 2.26, and Lemma 2.15 that

d(6) > d(89) > co®[e](d0) = coe(an) = coe(as) > co®[e] ().

Thus, we have shown for every § € (0,4) that

0(6) > codle)(6), (2.27)
where ¢ is given by Equation 2.26.

Now, we know from Lemma 2.15 that ®[e](9) < e(é7'(5)) < e(||L]|?) for every § > 0. Thus, setting
¢ := min{co, %}, it follows with Equation 2.27 that the inequality d(5) > ¢®[e](d) holds for every
d>0.

Following exactly the same lines, we also get that there exists a constant C' > 0 with

D(8) > C®[e](6) for every & > 0. O

2.5. Optimal Convergence Rates. Putting together all these results, we can characterise the conver-
gence of the regularisation errors for noise free data and the best worst case errors equivalently in terms
of the regularity of the minimum norm solution, concretely, in the behaviour of the spectral tail. And we
have shown in [3] that this can also be written in the form of variational source conditions.

Theorem 2.21 Let n € (0,1) be an arbitrary parameter and ¢ : (0,00) = (0,00) be a monotonically
increasing function which is compatible with (rq)a>0 in the sense of Definition 2.9. (The function ¢
represents the expected convergence rate of the regularisation method.)

Then, the following statements are equivalent:

(i) There exists a constant C. > 0 such that e(X) < Cep(N) for every A > 0, meaning that the ratio of
the spectral tail and the expected convergence rate is bounded.

(i) There exists a constant Cq > 0 such that d(o) < Cqp(a) for every a > 0, meaning that the ratio of
the noise free rate of the regularisation method and the expected convergence rate is bounded.

(iii) There exists a constant Cp > 0 such that D(a) < Cpp(a) for every a > 0, meaning that the ratio
of the noise free rate of the envelope generated regularisation method and the expected convergence
rate is bounded.

(iv) The expected convergence rate satisfies the variational source condition that there exists a constant
Cy > 0 with

(xt,2) < Cyllp? (L*L)z||"||x|| =" for all z € X. (2.28)

If the function o is additionally right-continuous and G-subhomogeneous in the sense that there exists a
continuous and monotonically increasing function G : (0,00) — (0,00) such that

p(va) < G(y)p(a) for ally >0, a >0, (2:29)

then every one of these statements is also equivalent to each of the following two:
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(v) There exists a constant Cy > 0 such that d(8) < C;®[¢](8) for every § > 0, meaning that the
best worst case error of the regularisation method and the noise-free to noisy transformed expected
convergence rate is bounded (in fact this justifies the name of the noise-free to noisy transform).

(vi) There exists a constant Cp, > 0 such that D(§) < Cp®[p](8) for every § > 0, meaning that the
best worst case error of the envelope reqularisation method and the noise-free to noisy transformed
expected convergence rate is bounded.

Proof: We first note that there is nothing to show if 2f = 0, since then e = d = D = d=D =0, see
Equation 2.13, Equation 2.20, and Equation 2.22. So, we assume that 2t # 0.

We also remark that if ¢ is compatible with a regularisation method in the sense of Definition 2.9 and
C > 0, then Cyp is compatible with the regularisation method.

(i) = (iii): This follows directly from Lemma 2.10.

(iii) = (ii): This follows directly from Lemma 2.8.

(ii) = (%): This follows again directly from Lemma 2.8.

(i) <= (iv): This equivalence was proved in [3, Proposition 4.1].

(i) = (v): Since D < Cpyp, we get from Lemma 2.16 and Lemma 2.17 that

®[D](8) < B[Cpy](8) = Cp®[](C 2 8) for every 6 > 0.
Now, using the assumption from Equation 2.29, we find with Lemma 2.18 that
®[D](0) < CD<I>[G](CB%)<I>[30}(5) for every ¢ > 0.
We therefore get from Lemma 2.19 that
d(6) < (14 0)?®[D](6) < (1 + U)QCD(I)[G](CB%)(I)[QO]((S) for every § > 0,

where o € (0, 1) is the constant from Definition 2.1 (7).

(i) = (vi): As before, Lemma 2.19 implies

D(8) < (1+0)*®[D](8) < (1 + U)ch(I)[G](CB%)CI)[Lp]((S) for every § > 0.

(v) = (i): The estimate d < C;®[¢] together with the constant ¢ > 0 found in Lemma 2.20 yields that

€] () < %J(a) < C;ff B[](8) for every & > 0.

Since we know from Lemma 2.17 that the function v : (0, 00) — (0, 00), defined by

Ci, (C;da) , fulfils ®[y](0)

c

Cy

C

P(a) = [¢](d) for every 6 > 0,

it follows that ®[e] < ®[¢)] and we get with Lemma 2.16 and Equation 2.29 that

e(a) <9Pla) = %<P (CJOZ) < %G (Cd) p(a) for every a > 0.

C Cc c

(vi) = (i): The estimate D < Cp®[y] yields with the constant C' > 0 found in Lemma 2.20 the
inequality

1 -~ Cp

Ple](0) < 5D(6) < ?DCI)[@](é) for every § > 0

Ql

and thus with Equation 2.29 as above:

e(a) < %gp <CD a) < ODG (OD> o(a) for every a > 0.
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Remark: We note that the conditions in Theorem 2.21 (4), (i), (v), and (vi) are convergence rates for
the regularised solutions, which are equivalent to the spectral tail condition in Theorem 2.21 (7) and to
the variational source conditions in Theorem 2.21 (iv). We also want to stress, and this is a new result in
comparison to [3], that this holds for regularisation methods (r4)a>0 whose error functions 7, are not
necessarily non-negative and monotonically decreasing and that this also enforces optimal convergence
rates for the regularisation methods generated by the envelopes (Rq)a>0-

The first work on equivalence of optimality of regularisation methods is [21], which has served as a basis
for the results in [3]. The equivalence of the optimal rate in Theorem 2.21 (i) and the variational source
condition in Theorem 2.21 (iv) has been analysed in a more general setting in [15, 11, 12, 10]

In particular, all the equivalent statements of Theorem 2.21 follow (under the assumptions of Theorem 2.21)
from the standard source condition, see [13, e.g. Corollary 3.1.1]. However, the standard source condition
is not equivalent to these statements, see, for example, [3, Corollary 4.2].

Proposition 2.22 Let ¢ : (0,00) — (0,00) be a monotonically increasing, continuous function such that
the standard source condition
ot e R(p3(L*L))

1s fulfilled.
Then, there exists for every n € (0,1] a constant Cy, > 0 such that
(x1,2) < Oyl (L*L)z||"||=]* =" for all z € X.

Proof: This statement is shown in [3, Corollary 4.2]. O

Let us finally take a look at the additional condition of G-subhomogeneity introduced in Equation 2.29
in Theorem 2.21 to prove optimal convergence rates for the best worst case errors and check that the
convergence rates from Example 2.5 satisfy this condition.

Lemma 2.23 Let gof} and gob denote the families of convergence rates defined in Example 2.5.

Then we have for every parameter > 0 that

(i) the function 905 is G-subhomogeneous for G(vy) == " in the sense of Equation 2.29 and

(i) there exists a monotonically increasing, continuous function G : (0,00) — (0,00) such that function
<pﬁ is G-subhomogeneous in the sense of Equation 2.29.

Proof:
(i) We clearly have @)} (ya) = y#@}l(«) for all 4 > 0 and o > 0.

ARG
PACK

(i) We consider the function g(«;7y) = Since ¢ : (0,00) x (0,00) — (0,00) is continuous,

g(a;y) <1 for a>e™ !, and

: ) [log « .
1 iy) =1 — | =1
Jim, g 7) = Jim, <|loga| —logy ’

the function G : (0,00) — (0,00), G(7) = SUPqe(0,00) 9(; ) 18 well-defined, monotonically increasing

and satisfies by construction @b(ya) < é(fy)gpb(a) for all ¥ > 0 and a > 0. Thus, ¢" is G-
subhomogeneous for every monotonically increasing, continuous function G with G > G. |

2.6. Optimal Convergence Rates for the Residual Error. By applying Theorem 2.21 to the source
(L*L)%IT, we can directly establish a relation to the convergence rates for the noise free residual errors
q and @ of the regularisation method and the envelope generated regularisation method as defined in
Equation 2.10.
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Corollary 2.24 We introduce the squared norm of the spectral projection of 't = (L*L)%:EJr as

2 A ~
e(\) = ||Epnz'|| :/O Ade(N). (2.30)

Let ¢ : (0,00) — (0,00) be a monotonically increasing function which is compatible with (r4)a>0 0 the
sense of Definition 2.9. Then, the following statements are equivalent:

(i) There exists a constant Cz > 0 such that e(\) < Cz@(X) for every A > 0.
(ii) There exists a constant Cq > 0 such that q(o) < Cyp(a) for every a > 0.

(iii) There exists a constant Cqg > 0 such that Q(a) < Co@(a) for every a > 0.

Proof: We first remark that since 2 € N(L)Lt = N(L*L)*, also 2 € N(L) and is therefore the
minimum norm solution of the equation Lz = § with § = Lzt = L(L*L)%:ﬂ. The claim now follows from
Theorem 2.21 for the minimum norm solution Z! by identifying the function e with € and the distances d
and D because of

Iz Iz NZi®
q(a) = / M2 (N) de(N) = / 72 (\) de(\) and Q(a) = / R%(\)de()), (2.31)
0 0 0
see Lemma 2.6, with ¢ and @, respectively. O

From Corollary 2.24, we can obtain a non-optimal characterisation for the convergence rates of the noise

free residual errors ¢ and @ in terms of the spectral tail e of the minimum norm solution z! instead of
1

having to rely on the spectral tail € of the point (L*L)zzf.

Corollary 2.25 Let ¢ : (0,00) — (0,00) be a monotonically increasing function which is compatible with
(ra)a>o0 in the sense of Definition 2.9 and fulfils

Ae(N) < @(A) for all X > 0, (2.32)

meaning that the ratio of the spectral tail and ¢ is bounded by the spectral representation of the inverse
of L*L.

Then, there exists a constant C' > 0 such that we have
g(o) < Q(a) < Co(a) for all o > 0. (2.33)

Proof: The first inequality follows with Definition 2.1 (i) directly from the representation in Equation 2.14
for ¢ and Q:

LI (P2
a(a) = / A2 () de(A) < / AR2(M) de(A) = O(a). (2.34)
0 0
For the second inequality, we use that the function e defined in Equation 2.30 fulfils

PO A
e(\) = /0 Ade(N) < )\/O de(X) = Ae(A) < @(A) for every A > 0. (2.35)

Thus, Corollary 2.24 implies that there exists a constant C' > 0 with Q(a) < Cg(a) for all a > 0. O

Remark: In particular, Corollary 2.24 implies that Equation 2.33 holds for all monotonically increasing
functions ¢ with ¢(a) > ca for some ¢ > 0 which are compatible with (rq)a>o0-

The condition in Equation 2.32 is, however, not equivalent to those in Corollary 2.24.

Example 2.26 Let 2 be such that its spectral tail e has the form

1

for some Ag € (0,1).
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Then, we claim that e, defined by Equation 2.30, converges faster to zero than A — Ae()\), that is,

lim ey
=0 Ae(A)

=0, (2.37)

proving that the condition in Equation 2.32 is stronger than those in Corollary 2.24.

To verify Equation 2.37, we plug in Equation 2.30 and perform an integration by parts in the numerator
to obtain

A e
(Y L Jo eV dA
1 =1- =
A0 e(\) A50 . Ae(N)
Now, L'Hospital’s rule implies that
o e\ . o e(N) _q1_ 1
A—0 Ae(\) x—0 e(A) + Ae/(\) 14 limy o 29

e(X)
Inserting our expression for e from Equation 2.36, we find that

Xe'(A) . 1
1im = l1m =
=0 e(A)  a—=o0 |log |

herein, which shows Equation 2.37.

Since € tends by definition faster to zero than the identity ¢ : (0,00) — (0,00), ¢(a) = «, the noise free
residual errors ¢ and ) also convergence (without imposing an additional source condition) faster than
the identity provided that ¢ is compatible with (r4)a>0.

Corollary 2.27 If the convergence rate ¢ : (0,00) — (0,00), ¢(a) = a is compatible with (ro)a>o0 0 the
sense of Definition 2.9, then we have that

lim M = lim %

a—0 a—0

=0.

Proof: Since q < @, see Equation 2.34, it is enough to prove it for the function ). We define e as in
Equation 2.30 and differ between two cases.

e If e(\) =0 for all A € [0, Ag] for some Mg > 0, then we estimate, using the integral representation
for @ from Equation 2.31,

ILy® i .
Q(a):/A R3(\) de(A) < RA(No)lI(L*L)zaT|%.

0

Since @ is compatible to (74 )a>0, we known from Equation 2.17 that

lim %

a—0 o

RZ (o)
(07

= || Lz"||? lim =0.
a—0

e If ¢(\) > 0 for all A\ > 0, then we first construct using the compatibility of ¢, as in the proof of
Lemma 2.10, a monotonically decreasing and integrable function F : [0,00) — R with

RZ(\) < F(2)foralla>0and 0 <A< |L]?.

Next, we pick a monotonically increasing function f : (0, 00) — (0, ]|L||*) with

lim f(a) =0 and 01t1—>r1}) elf(@) =00 (2.38)

a—0 (6%
and split the integral in Equation 2.31 for @ at the point f(«) into two giving us
NZi® fla) nei?
Qa) = / RZ(\)de(\) < / F(2)de()) +/ F(2)de(N). (2.39)
0 0 f(a)

We check that both terms decay faster than a.
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— Since e fulfils by its definition in Equation 2.30 that

e
fim == =0,

we find for every € > 0 a value o > 0 such that

e(N) <eAdforall 0 < A< f(ao). (2.40)

Therefore, we get for the first term in Equation 2.39 with the substitution z = % that

fla) fley -
/ F(5)de(\) < / F(E)de(\) < o F||,r for all a < ag.
0 0

EQ

And since this holds for arbitrary ¢ > 0, we see that

1 [fe@
lim — F(2)de()) = 0.

a—0 v 0

— For the second term in Equation 2.39, we remark that Equation 2.40 also implies that there
exists a constant C' > 0 with
e(A) < CXforall A > 0.

Thus, we find with the substitution z = % that

e (B2 oo _
[ R s [ R <ca [ FEdsorala> o
f f

((1) (a) o e(f ()

Ca
According to our choice of f, see Equation 2.38, the integral converges to zero for « — 0 and

we therefore obtain iz
1 I
lim — F(2)de(\) = 0.
a—0 « f(a) O

The results of this section explain the interplay of the convergence rates of the spectral tail of the minimum
norm solution, the noise free regularisation error, and the best worst case error. For these different
concepts equivalent rates can be derived. Moreover, these rates also infer rates for the noise free residual
error. In addition to standard regularisation theory, we proved rates on the associated regularisation
method defined in Equation 2.4.

3. SPECTRAL DECOMPOSITION ANALYSIS OF REGULARISING FLOWS

We now turn to the applications of these results to the method in Equation 1.2 with some continuous
functions ap € C((0,00);R), k = 0,...,N — 1. We hereby consider the solution as a function of the
possibly not exact data § € Y. Thus, we look for a solution & : [0,00) X Y — X of

N-1

et D) + ) an(t)dre(t;§) = — L LE( §) + LG for all t € (0,00), (3.1a)
k=1

oke(0;9) =0 for all k € {0,..., N — 1}, (3.1Db)

such that £(+;7) is N times continuously differentiable for every g.

The following proposition provides an existence and uniqueness of the solution of flows of higher order. In
case that the coefficients ay are in C°*°([0,00); R) the result can also be derived simpler from an abstract
Picard-Lindel6f theorem, see, for example, [18, Section I1.2.1]. However, in our case aj, might also have a
singularity at the origin, such as in Equation 1.5, and the proof gets more involved.

Proposition 3.1 Let N € N and § € Y be arbitrary, and let A — E4 denote the spectral measure of the
operator L*L.
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Assume that the initial value problem

N-1
oY p(t; \) + ar()OFp(t; ) = —=\p(t; \) for all X € [0,00), t € (0,00), (3.2a)
k=1
oFp(0;0) =0 for all X € [0,00), k€ {1,...,N -1}, (3.2b)
p(0;A) =1 for all X € [0,00), (3.2¢)

has a unique solution p: [0,00) x [0,00) = R which is N times partially differentiable with respect to t.
Moreover, we assume that OFp € C*(]0,00) x [0,00); R) for every k € {0,...,N}.

We define the function p: [0,00) x (0,00) = R by

1—p(t; A
p(t; A) = # (3.3)
Then, the function &(+;7), given by
i) = [ pltN) ABAL'G for every t € 0.00), (3.4)
(0,11L11%]

is the unique solution of Equation 3.1 in the class of N times strongly continuously differentiable functions.

Proof: We split the proof in multiple parts. First, we will show that p and £, defined by Equation 3.3 and
Equation 3.4, are sufficiently regular. Then, we conclude from this that £ satisfies the Equation 3.1. And
finally, we show that every other solution of Equation 3.1 coincides with &.

e We start by showing that the function p defined by Equation 3.3 can be extended to a function
p:]0,00) x [0,00) — R which is N times continuously differentiable with respect to ¢ by setting

p(t;0) = —0xp(t; 0). (3.5)

For this, we only have to check the continuity of all the derivatives at the points (¢,0), ¢ € [0, co).
We observe that the solution of Equation 3.2 for A = 0 is given by

p(t;0) =1 for every t € [0, 00).

For the derivatives dfp, k € {0,..., N}, we therefore find with the mean value theorem (recall
that 0,0Fp = 0FOxp according to Schwarz’s theorem, see, e.g., [23, Theorem 9.1], since 9;p €
C1([0,00) x [0,00); R) for every £ € {0,...,k}) and Equation 3.5 that

3 £3(8,0) - 0E3(E. 3
lim  (9Fp(£,N) — Ofp(t,0)) =  lim <at p(t,0) - OFp(t, N
(£,2)—=(t,0) S t.0) 5

= dim (R0np(1:0) - D8R A)) = 0.
(£,2)—(t,0)

+OFoNp(t; 0))

which proves that 9Fp is for every k € {0,..., N} continuous in [0, 00) x [0, c0).

e Next, we are going to show that the function £ is N times continuously differentiable with respect
to t and that its partial derivatives are for every k € {0,..., N} given by

ohe(tig) = [ obp(t\) dBAL'G, (3.6)
0,1L1%]

To see this, we assume by induction that Equation 3.6 holds for k = ¢ for some ¢ € {0,..., N — 1}.
Then, we get with the Borel measure yiz-5 on [0,00) defined by pz-5(A) = |[E4L*g||? that

Ot + hig) — et g) /
h

(0,[1Z11%]

2

lim O p(t; \) AELAL* g

h—0

2

= lim
h—0

0 . _ oL .
[ (N AN ) aery
(0, L|I1?] h

Fp(t +hi\) — 9 p(t; )

2
= lim ( — ot p(t; A)) dpr5(N).
n=0 Jo, L)) h ' !
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Now, since 87 p is continuous, it is in particular bounded on every compact set [0, 7] x [0, ||L||*],
T > 0. And since the measure pp«y is finite, Lebesgue’s dominated convergence theorem implies

that
2

OLE(t+ h; ) — OLE(t; )
}llllr%) té-( + 7yi)l tf( ay) _/ atl+1p(t; )\) dE)\L*g
- 0,[1L|1?]
. O p(t+ h; \) — O p(t; A 2
- /(0 lIL11%] fllli% ( . li ) B 8f+1p(t;>\)> dpz-g(N) =0,

which proves Equation 3.6 for k = ¢+ 1. Since Equation 3.6 holds by definition of & for k£ = 0, this
implies by induction that Equation 3.6 holds for all k € {0,..., N}.

Finally, the continuity of the Nth derivative 9}¥¢ follows in the same way directly from Lebesgue’s
dominated convergence theorem:

. ~ . T . ~ 2
lim [|0)YE (5 ) — 0 ¢(t:9)||” = lim (O p(EA) = 0 p(t; N)) ™ dppg = 0.
it i—tJ (0,1

To prove that & solves Equation 3.1, we plug the definition of p from Equation 3.3 into Equation 3.6
and find

N-1 N—-1
ONEt D) + Y an(t)OfE(t; ) = /( Y (5% (52) + > ar(t)OF At A) ) dEAL"Y.
OllE k=1

k=1
Making use of Equation 3.2, we get that ¢ fulfils Equation 3.1a:
-1

ONE(t;g) + Z ar(t —/ p(t; \) dEL L™
k=1 1212

= / (=Xp(t; \) + 1) dE\L*g = —L*LE(t; g) + L*g.
(0,11Z1%]

(We remark that R(L*) C ./\/'(L)L = ./\/'(L*L)l which implies that E(O,\|L\|2]L*g =L*g.)

And for the initial conditions, we get, in agreement with Equation 3.1b, from Equation 3.6 that

oke(0;9) = — /0 - ]8fﬁ(0;A) dE\L*j =0, ke {1,...,N -1}, and

= /<o,|L||21

It remains to show that Equation 3.4 defines the only solution of Equation 3.1.

L= PO 4, 15— 0,

So assume that we have two different solutions of Equation 3.1 and call & the difference between the
two solutions. We choose an arbitrary to > 0 and write 9F&o (to; §) = £€*) for every k € {0,. —1}.
Then, &y is a solution of the initial value problem

-1

ONE(t; ) + Z ar(t)0FE (8 §) = —L* Léo(t; §) for all t € (0, 00) (3.7a)
k=1
AFeo(to; ) = €W for all k € {0,...,N —1}. (3.7b)
We know, for example, from [18, Section II.2.1], that Equation 3.7 has a unique solution on every

interval [t1,t2], 0 < t; < tg < t2. Thus, we can write & in the form

o(t;9) = Z/OOO) (t: A) dELED

with the functions p, solving for every A € [0, 00) the initial value problems
N—1
N pe(t; \) + ar(t)0F pe(t; N) = —Xpe(t; N) for all t € (0,00),
k=1
Ok pu(to; N) = O for all k,¢ € {0,...,N —1}.
(Since ay, is continuous on (0, 00), Lebesgue’s dominated convergence theorem is applicable to every
compact set [t1, 5] x [0, | L||], 0 < t1 < to < t.)
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Now, we have for every measurable subset A C [0,00) and every k € {0,..., N — 1} that

IEA0F &0 (t:9)]1* = Z / OF pe(t; N)OF pm (£ X) dpteor ¢om (A,
£,m=0

where the signed measures fi,, n,, 71,72 € X, are defined by p,, n,(A) = (M, Eang).

The measures Hee) g(m) with ¢ # m are absolutely continuous with respect to He) g0 and with
respect to pe(m) ¢(m). Moreover, we can use Lebesgue’s decomposition theorem, see, e.g., [24,
Theorem 6.10], to split the measures jige) ¢0), £ € {0,..., N — 1}, into measures p;, j € {0,...,J},
J < N — 1, which are mutually singular to each other, so, explicitly, we write

J
He) gom) = Z fiems;
=0

for some measurable functions fj¢, with fjem = fjme. Since then

N-—1
> [ a3 By Z / S o (8 () ity ()
£=0

£,m=0
has to hold for all functions g, € C([0,00);R), ¢ € {0,...,N — 1}, and all measurable sets
A C [0,00), the matrices F;(A) = (fjem (A ))é\fml0 are (after p0551bly redefining fjsm on sets Ajem
with p;(Ajem) = 0) positive semi-definite. Thus, we have for every measurable set A C [0, 00) that

0<

IEA0E& (6 7)1 = Z / S i (V0N ot 0 s ().

£,m=0

where the integrand is a positive semi-definite quadratic form of 9f p, namely (97 p)T F;(0F p), where
p = (p)}=5!. We can therefore find for every j € {0,...,J} and every \ a change of coordinates
0;(A\) € SOn(R) such that the matrix OT(A) ()\)O (/\) = diag(dje(\))0 " is diagonal with
non-negative diagonal entries d;¢(\). Settmg p]g(t A) = (0;(Np(t; N)e and fijp = djep, we get

J N-1

Bkl =3 3 [ (@p(tin)” (). (3.8)

j=0 ¢=0

Since & : [0,00) — X is N times continuously differentiable, it follows from Equation 3.8 that

to
/ / OFpju(t ))2 ditje(X) dt < oo for every k € {0,..., N},
0,00)
and therefore, there exists a set Ajp C [0, 00) with f1,(]0,00) \ Aj¢) = 0 such that
to
/ (0 pje(t; /\))2 dt < oo for every A € Ajp and every k € {0,...,N}.
0

So, pje(+; A) is for every A € Aj, in the Sobolev space HY ([0,to], fij¢). By the Sobolev embedding
theorem, see, e.g., [2, Theorem 5.4], we thus have that 9Fp;.(-; \) extends for every A € A;, and
every k € {0,..., N — 1} continuously to a function on [0, t].

Since & is the difference of two solutions of Equation 3.1, we have in particular that
%irr(l) 0FEo(t;9)|? = 0 for every k € {0,..., N —1}.
e
Thus, Equation 3.8 implies that 0fp,(t;-) — 0 in L%([0,00), fij¢) with respect to the norm topology

as t — 0. Because of the continuity of 9Fpjs(-; ), this means that there exists a set A;, with
fie([0,00) \ Ajg) = 0 such that we have for every k € {0,...,N —1}:

. k — . _ It
}51% 0¢ pje(t; ) = 0 for every X € Ajy.

But since Equation 3.2 has a unique solution, this implies that pj,(¢; \) = 0 for all ¢ € [0, 00),
X € Aj, and therefore, because of Equation 3.8, that & (¢;§) = 0 for every ¢ € [0, 00), which proves
the uniqueness of the solution of Equation 3.1. (]
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In the following sections, we want to show for various choices of coefficients a; that there exists a mapping
T :(0,00) = (0,00) between the regularisation parameter « and the time ¢ such that the solution £
corresponds to a regularised solution z,, as defined in Definition 2.2, via

§(T(); §) = za(P)

for some appropriate generator (r,)a>0 of a regularisation method as introduced in Definition 2.1. Since
we have by Definition 2.2 of the regularised solution that

2o(J) =ro(L*L)L*g = / To(A) dENL* g
(0,]1L]%]

and the solution ¢ is according to Proposition 3.1 of the form of Equation 3.4, this boils down to finding a
mapping T such that if we define the functions r, by

ra(A) = p(T(@); A),

they generate a regularisation method in the sense of Definition 2.1.

4. SHOWALTER’S METHOD

Showalter’s method, given by Equation 1.3, is the gradient flow method for the functional 7. According
to Proposition 3.1, we rewrite it as a system of first order ordinary differential equations for the error
function p of the spectral values A of L*L, which in this particular case reads

Op(t; A) + Ap(t; A) = 0 for all A € (0,00), t € (0,00),

4.1
p(0; X)) =1 for all A € (0,00). (4-1)

Lemma 4.1 The solution p of Equation 4.1 is given by
p(t; \) = e for all (t,\) € [0,00) x (0,00) . (4.2)

In particular, the solution of Showalter’s method, that is, the solution of Equation 3.1 with N =1, is given
by
1—e M
)= [ T dBL, (43)
(0,111
where A — E 4 denotes the spectral measure of L* L.

Proof: Clearly, the smooth function p defined in Equation 4.2 is the unique solution of Equation 4.1 and
the function p defined in Equation 3.3 is p(¢; \) = 1_‘f\7M, t >0, A > 0. So, Proposition 3.1 gives us the
solution Equation 4.3. (]

Next, we want to show that, by identifying o = % as regularisation parameter, the solution & (é, J) is
a regularised solution of the equation Lz = y in the sense of Definition 2.2. For the verification of the
property in Definition 2.1 (i) of the regularisation method, it is convenient to be able to estimate the

function 1 — e™* by /.
Lemma 4.2 There exists a constant oo € (0,1) such that

1—e % < ogv/z for every z > 0. (4.4)

Proof: We consider the function f : (0,00) — (0,00), f(z) = 1’\;’;. Since lim,_,o f(z) = 0 and

lim, o f(2) =0, f attains its maximum at the only critical point zg > 0 given as the unique solution of
the equation
e ? 1—e77* e~
0=f'(2)= — === (2z4+1—-¢€%), 2> 0,
&)= - = )
where the uniqueness follows from the convexity of the exponential function. Since 2z +1 >e* at z =1,
we know additionally that zg > 1. Therefore, we have in particular

f(z) < f(z0) <1—e"% <1 for every z > 0,

which gives Equation 4.4 upon setting og := 1 — e™%°. (]
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In order to show that Showalter’s method is a regularisation method we verify now all the assumptions in
Definition 2.1.

Proposition 4.3 Let p be the solution of Equation 4.1 given in Equation 4.2. Then, the functions (74)a>0
defined by

ol

rah) = 3 (L= pEiN) = T (45)

generate a reqularisation method in the sense of Definition 2.1.

Proof: We verify that (r4)a>0 satisfies the four conditions from Definition 2.1.

(i) We clearly have r,(\)
use Lemma 4.2 and fin

< % < % To prove the second part of the inequality Definition 2.1 (7), we
d

where o¢ € (0,1) denotes the constant found in Lemma 4.2.

(i) Moreover, the function 7, given by 74 (\) = ﬁ(é; A) = efg, is non-negative and monotonically
decreasing.

(iii) Since 7, is monotonically decreasing and a + 7, () is monotonically increasing, we can choose
R, = T to fulfil Definition 2.1 (7).

(iv) We have R, (a) = Fo(a) = e~! < 1 for every a > 0. O

Finally, we check that the common convergence rate functions are compatible with this regularisation
method.

Lemma 4.4 The functions (pg and Lpb defined in Example 2.5 are for all p > 0 compatible with the
reqularisation method (ro)a>0, defined by Equation 4.5, in the sense of Definition 2.9.

Proof: According to Corollary 2.12, it is enough to prove that @H is for arbitrary p > 0 compatible with
(ra)a>0- To see this, we remark that

RN
ei(a)

RZ(\) = e 20 = F, ( ) with F,(z) = exp(—QZi).

Since floo eXp(—QZi) dz = ufloo e 2wkl tdw < oo for every p > 0, F,, is integrable and thus, @,If is
compatible with (74 )a>0- O

We have thus shown that we can apply Theorem 2.21 to the regularisation method which is induced by
Equation 1.3, that is, the regularisation method generated by the functions (r4)a>0 defined in Equation 4.5,
and the convergence rate functions <pf} or @b for arbitrary p > 0. This gives us optimal convergence rates
under variational source conditions as defined in Equation 2.28, for example.

However, to compare with the literature, see [9, Example 4.7], we formulate the result under the slightly
stronger standard source condition, see Proposition 2.22.

Corollary 4.5 Let y € R(L) be given such that the corresponding minimum norm solution x' € X,
fulfilling Lx™ = y and ||=T|| = inf{||z|| | Lz = y}, satisfies for some p > 0 the source condition

af e R((L*L)%). (4.6)
Then, if £ is the solution of the initial value problem in Equation 1.3,
(i) there exists a constant Cy > 0 such that

Hﬁ(t;y) — £ET||2 < C1t™" for all t > 0
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(i) there exists a constant Cy > 0 such that
inf [l6(t:9) —2'|* < Callg -yl for all j € ¥:
and
(iii) there exists a constant Cs > 0 such that
| LE(t; y) — yH2 < Ot for all t > 0.

Proof: We consider the regularisation method defined by the functions (r4)q>0 from Equation 4.5. We
have already seen in Lemma 2.23 and Lemma 4.4 that the function cpg(a) = a* is G-subhomogeneous
in the sense of Equation 2.29 with G(v) = v* and compatible with the regularisation method given by

(Toz)a>0~

(i) According to Proposition 2.22 and Theorem 2.21 with the convergence rate function ¢ = WE, the
source condition in Equation 4.6 implies the existence of a constant Cy such that

d(a) < C’dgo/}}(oz) = Cyat,

where d is given by Equation 2.8 with the regularised solution z, defined in Equation 2.3 fulfilling
according to Equation 4.5 and Equation 4.3 that

~ * * ~ 1 _67% * ~ ~
wali) =ralLDL = [ AT ARG = ek (@7)
(0,1IL11%]

Thus, by definition of d, we have that

2
&t y) — xTH2 = Hx%(y) - QCTH =d(1) < % for every t > 0.

(i1) According to Theorem 2.21, we also find a constant Cj; such that
~ H 24
d(8) < Cj®lp,](0) = Cgor=T,

where ® denotes the noise-free to noisy transform defined in Definition 2.13 and d is given by
Equation 2.9 with the regularised solution x,, given by Equation 4.7. Therefore, we have that

; N L Loy — P < d(lla N — ol .
inf [|€(t:9) — '] = inf [|€(5:9) — =[] < d([l§ —yl) < Cqllg —y[[**" for every g€ V.

(iii) Furthermore, Theorem 2.21 implies that there is a constant C, > 0 such that e(\) < Cegollf(/\).
In particular, we then have Ae(\) < @}l (A). And since @)}, is by Lemma 4.4 compatible with
(ra)a>0, we can apply Corollary 2.25 and find a constant C' > 0 such that the function ¢, defined in
Equation 2.10 with the regularised solution x, as in Equation 4.7, fulfils

q(a) < Cgpg+1(a) for all a > 0.

Thus, by definition of ¢, we have

128(t53) — ul® = |y ) ]| =) <

RS, for all ¢ > 0. 0

We emphasise that for Showalter’s method we did not make use of the extended theory involving envelopes
of regularisation methods (cf. Definition 2.2), and this theory could have been developed also with the
regularisation results from [3].
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5. HEAvy BALL DYNAMICS

The heavy ball method consists of the Equation 1.2 for N = 2 and ay(t) = b for some b > 0, that is,
Equation 1.4.

According to Proposition 3.1, this corresponds to the initial value problems for every A > 0
Oup(t; N) + b0 p(t; ) + Ap(t; A) = 0 for all ¢ € (0,00),
p(0; ) =

Lemma 5.1 The solution of Equation 5.1 is given by

o
B4

e
ﬁ(tE )\) =43e

ol

cosh (B (A) %) + ﬁ ()\) sinh (- ()\)%)) if A e
cos (B4 ( )\)bt) 5 sin (B+(A % ) if X € bz,oo), (5.2)
(1+%) A =",

4/\ 4\
=4/1—— and BL(A =i (5.3)

see Figure 2. In particular, the solution of Equatzon 1.4 is given by

w|g

m‘f{

where

A 1- ﬁ(ta )\) * ~
() = /0 o 5 dE,L*y, (5.4)

where A — E 4 denotes the spectral measure of L*L
Proof: The characteristic equation of Equation 5.1 is

22\ +bz(A\) +A=0

b /b2 b b2

Thus, for A < %, we have the solution

Pt A) = e % (Cl()\) cosh (t % - A) + C5(A) sinh (t\/ % - /\>> ;

for A > %, we get the oscillating solution

Pt A) = e % (Cl()\) cos (t\/)\ - T) + C2(X) sin (t A — T)) ;

2
and for A = bZ, we have

and has the solutions

Bt N) =" F(C1(\) + Co (M),

Plugging in the initial condition 5(0; A) = 1, we find that Cy(A) = 1 for all A > 0, and the initial condition
Otp(0; A) = 0 then implies

Ca(A v A bf A i
2\ —A=glr A<
Ca(AN)4/ A v bf A i d
(A —g =gforA>—,an
2
b

Moreover, since p is smooth and the unique solution of Equation 5.1, the function £ defined in Equation 5.4
is by Proposition 3.1 the unique solution of Equation 1.4. O
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1 1
! —— A 5(0.5; 1) —— ¢+ 5(t;0.5)
} - A (L) ---te=pt; 1)
0.5 1 A A(L5;A) 0.5 | t— p(t;5)
AY
l‘ N
. = F
1
5 10
—0.5 | —0.5 +

FIGURE 2. Graphs for the function p for the value b = 2. The non-monotonicity of the

functions t — p(t; \) and X — p(t; X) requires to compare the rates with the regularisation
methods derived from the envelope.

To see that this solution gives rise to a regularisation method as introduced in Definition 2.1, we first verify
that the function A — p(¢; A), which corresponds to the error function 7, in Definition 2.1, is non-negative
and monotonically decreasing for sufficiently small values of A as required for 7, in Definition 2.1 (%i).

Lemma 5.2 The function A — p(t; \) defined by Equation 5.2 is for every t € (0,00) non-negative and

monotonically decreasing on the interval (0, % —+

2
i)

2

Proof: We proof this separately for A € (0, %) and for \ € (%, % + 1= )

e We remark that the function

g5 0,0) > B, gr(3) = cosh(8r) + LT,
is non-negative and fulfils for arbitrary 7 > 0 that
g (8) = rsinh(gr) + ZORBT) _ snh(BT) ey + BB 5 ann(sr) > o,

B p? p?

since tanh(z) < z for all z > 0. Thus, writing the function p for A € (0, %) with the function 5_
given by Equation 5.3 in the form

At ) = e % g (B_(N),
we find that o
Ot A) = e 2 g (B-(A)BL(N) <0,

since 8 (\) = —% < 0. Therefore, the function A — p(¢; \) is non-negative and monotonically
decreasing on (0, %).

e Similarly, we consider for A € ( b4—2, 00) the function

Gy : (0,00) = R, G,(3) = cos(f7) + sin(57)

/8 b
for arbitrary 7 > 0. Since limg_,o G-(8) = 1 + 7 > 0 and since the smallest zero 8, of G, is the
smallest non-negative solution of the equation tan(47) = —f, implying that 3,7 € (3, m), we have

that G-(8) > 0 for all 3 € (0, 5-) C (0, ;).

Moreover, the derivative of G, satisfies for every 8 € (0, 5-) that

, _ o sin(Br 7 cos(BT) B sin(B7) _ 7COS(BT)
Gy (8) = —7sin(Br) + — i g

since tan(z) > z for every z > 0. Therefore, we find for the function p on the domain (0, 00) x (%, 00),
where it has the form

(B°r + 1) tan(B7) — A7) <0,

plt;\) = ef%G% (B+(N)
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with 54 given by Equation 5.3, that

2 2

¢ b
p(t; A) > 0 and Oxp(t; \) = e_%Gl%t (B(A)BL(N) <0 for B(N) < %, that is, for A < T + 2?7

since (8, (\) = #Jr(/\) > 0.

Because p is continuous, this implies that A — p(¢; A) is for every ¢ € (0, 0c0) non-negative and monotonically
decreasing on (0, % + %) O

In a next step, we introduce the function P(t; -) as a correspondence to the upper bound Rq and show
that it fulfils the properties necessary for Definition 2.1 (iii).
Lemma 5.3 We define the function

P(t;\) = {e

e~

o
B4

(cosh (8-(N%) + 5y sinh (B-(N%)) A€ (0,5)

’ 5.5
1+%) ifA e[, 00), >

t

[N

where the function B_ shall be given by FEquation 5.3.
Then, P is an upper bound for the absolute value of the function p defined by Equation 5.2: P > |5l

Proof: Since p(t; \) = P(t; \) for A < % for every ¢ > 0, we only need to consider the case A > %. Using

that |cos(z)| < 1 and [sin(z)| < |z] for all z € R, we find with S as in Equation 5.3 for every A > % and
every t > 0 that

(N =e %

cos (m(A)b;) + ﬁ sin (m(x)l’;) ‘ <e (1 + b;) = P(t; \). .

Lemma 5.4 Let P be given by Equation 5.5. Then, A — P(t; A) is monotonically decreasing and
t— P(t; \) 4s strictly decreasing.

Proof: For the derivative of P with respect to ¢, we get

atp@;A):{Se‘? (520 = 5y ) sinh (B-(N%) i A€ (0.5),

—%e_% if e

with 8_ defined in Equation 5.3; and since S_(X) € (0,1) for every A € (0, %), we thus have 9, P(t; \) < 0
for every t > 0 and every A > 0.

Since P(t;\) = p(t; ) for \ € (0, %], where p denotes the solution of Equation 5.1, given by Equation 5.2,
b2
)4

X P(t; \) is constant on [%, 00), it is monotonically decreasing on (0, c0). O

we already know from Lemma 5.2 that A — P(t;\) is monotonically decreasing on (0, %-]. And since

To verify later the compatibility of the convergence rate functions gpﬁ and cpb introduced in Equation 2.11
and Equation 2.12, we derive here an appropriate upper bound for P.

Lemma 5.5 We have for every A > 0 that the function P defined in Equation 5.5 can be bounded from
above by

P(t;\) < WA(M) for all t >0, A € (0,A],

where

|
g

W (2) maX{Qei,e A (1+§i>} (5.6)

Proof: We consider the two cases A € (0, %) and A € [%, A] separately.
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e For A\ € (0 ,%) we use the two inequalities cosh(z) < e* and % < e® for all z > 0, where

the latter follows from the fact that f(z) = 2ze*(e* — binh(z)) (22 — 1)e?* + 1 is because of
f'(2) = 4ze?* > 0 monotonically increasing on [0,00) and thus fulfils f(z) > f(0) = 0 for every
z > 0. With this, we find from Equation 5.5 that

- 4\ bt
P(t; \) §2exp<< 1—b2—1> 2).

Since /1 — 2z <1 — 3 for all z € (0,1), we then obtain

P(t;\) < 2™ for every t >0, A€ (0,%).

e For \ € [%, A], we use that t — P(t; \) is according to Lemma 5.4 for every A € (0, c0) monotonically
decreasing and obtain from Equation 5.5 that

- N bt
P(t;\) <P <; )\) = BN (1 + ) for every t > 0.

2A (]

Next, we give an upper bound for the function p, p(t; A) := (1 — j(t; A)), which allows us to verify the
property in Definition 2.1 (7) for the corresponding generator (r,)a>0 of the regularisation method.

Lemma 5.6 Let p be given by Equation 5.2. Then, there exists a constant o1 € (0,1) such that

1 2t
(1= p(tN) < o1y = .
)\( At A) <oy b)\ forallt >0, A>0

Proof: We consider the two cases for A € (0, & ) and A € ( oo) separately. The estimate for A = % then
follows directly from the fact that the functlon A= p(t; )\) is continuous for every t € [0, c0).

e For A € (0, ) we use that cosh(z) = e* — sinh(z) for every z € R and obtain with the function S_
from Equatlon 5.3 that

S a0 = (1= = (o) e E (s () )

Since B_(A) € (0,1), we can therefore estimate this with the help of Lemma 4.2 by

Ta—aN) < 5 (10 < \/17\/7

where og € (0, 1) is the constant found in Lemma 4.2. Since A = %(1 — B2(\)), this means

Ly e o [@__ [
X(I—P(t,k))ﬁ ﬁ+ﬁ_(/\)\/b7< 0\/;~

e For \ € (%7 00), we remark that

where B, is given by Equation 5.3. Since the function [0,00) — R, z + (e *sin(az))?, a > 0,
attains its maximal value at its smallest non-negative critical point z = %arctan(a), we have that

arctan(8 (X))
() < (mu) n 6+1(A)> e FO fsin(arctan(By (V))].

tan(z)

Using that sin(z) = e

for all z € (=7, 5), this reads

arctan(B4 (\))

0N < oy /1+ B e (5.7)

| o
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1 __ arctan(z)

We further realise that the function f : (0,00) — R, f(z) = T =, is monotonically
decreasing because of
1 arctan(z) z 1 arctan(z
fll2) = ———=e" = 7+ 3y 2( )
NiE T2 218 =

1 _ arctan(z)
—F—€
221+ 22

Thus, f(z) <lim, o f(2) = e~! and Equation 5.7 therefore implies that

n

(z —arctan(z)) < 0.

0:p(t; \)| < 2—1(1 + 8L (V).

With A = (1+ 2())), the mean value theorem therefore gives us
L1 A N) = ~ (30 ) = ptN) < 2 forall £ > 0
5 (1= p(X) = $(p(0:0) = (65 X)) < — for a :

Since we know from Lemma 5.3 and Lemma 5.4 that we can estimate p with the function P from
Equation 5.5 by R R
AN < P(5Y) < PO;A) =1, (5.8)

we find by using the estimate min{a, b} < min{/a, vb} max{y/a, vVb} = Vab for all a,b > 0 that

1 2 2t 2 |2t
—(1—p(t; <min< —, — ¢ <4/ —4/ — for all .
)\( p(t; A)) _mm{/\,eb} _\/?”b)\ orallt>0 O

Finally, we can put together all the estimates to obtain a regularisation method corresponding to the
solution & of the heavy ball equation, Equation 1.4.

Proposition 5.7 Let p be the solution of Equation 5.1. Then, the functions (r4)a>0,

ral) = 5 (1 a5 V), (59)

define a regularisation method in the sense of Definition 2.1.
Proof: We verify the four conditions in Definition 2.1.

(i) We have already seen in Equation 5.8 that |5(¢; A)| < 1 and thus 74()) < 2 for every A > 0.

Moreover, Lemma 5.6 implies that there exists a parameter o7 € (0,1) such that

1 b .

Ta(A) = X(l —p(a5;A) <

01

)

g)

which is Equation 2.1.
(#i) The corresponding error function

Fa : (0,00) — [_171]7 fa(/\) = ﬁ(i)‘)v

is according to Lemma 5.2 non-negative and monotonically decreasing on (0, % + %) Using that
a’® + b2 > 2ab for all a,b € R, we find that

§+7r2o¢2>2 772042g_ S
# T s T g T

which implies that 7, is for every o > 0 non-negative and monotonically decreasing on (0, «).

(#ii) Choosing . .
Ra(\) = P(£; \) (5.10)
with the function P from Equation 5.5, we know from Lemma 5.3 that Ra(X) > |Fo(N)] holds for all
A >0 and a > 0. Moreover, Lemma 5.4 tells us that R, is for every a > 0 monotonically decreasing
and that a+— R, (a; A) is for every A > 0 monotonically increasing.
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(iv) To estimate the values R, () for a in a neighbourhood of zero, we calculate the limit

- 2 b? 1 b?

lim R (@) = lim P(5550)) = lim o™ (h (W%a) 5@ b (/”a)a) !
where §_ is given by Equation 5.3. Setting & = %—3 and using that then S_(a) = /1 — % =+/1-—a,
we get that

~ 1 V1-— 1 VvV1—a
lim R, (o) = lime™ 3 (cosh ( - + — sinh ( - a)
a—0 a—0 a Vv1-—a «
= lim — 1 1+ ! e e —e2<1
- a—0 2 V1—a o '

Thus, there exists for an arbitrarily chosen &y € (e~ 2,1) a parameter ag > 0 such that Re () < &

for every a € (0, ap).
Using further that ¢ — ]5(1?; A) is strictly decreasing, see Lemma 5.4, we have for every a > 0 that
Ra(a) = P(35:0) < P(0;0) =

Thus, since o — Ry () is by definition of P in Equation 5.5 continuous on (0, c0), we have for every
a > 0 that

sup Ra(a)—max{ sup  Ro(a), sup Ra(a)}gmax{&o, max éa(a)}<1,

ae(0,a) ae(0,a0) a€lag,a a€lao,d]

which shows Definition 2.1 (v). O

To be able to apply Theorem 2.21 for the regularisation method generated by (74)a>0 from Equation 5.9
to the common convergence rates <pE and @ﬁ, it remains to show that they are compatible with (r4)a>0-

Lemma 5.8 The functions QDE and 90/1; defined in Example 2.5 are for all p > 0 compatible with the
reqularisation method (ro)a>0 defined by Equation 5.9 in the sense of Definition 2.9.

Proof: We know from Corollary 2.12 that we only need to prove the statement for ng for every p > 0.
The function R, defined in Equation 5.10 fulfils according to Lemma 5.5 for arbitrary A > 0 that

1
. N HEAN
R2(\) = P? (;;;A) <3 (ZQ)Z:) <3 g (iﬁé(g) for every a > 0, A € (0,A],
“w

where U, is given by Equation 5.6. Since z — \II?\(%Z%) is for every p > 0 integrable, <p/1} is compatible
with (T'a)a>0. O

We can therefore apply Theorem 2.21 to the regularisation method induced by Equation 1.4, which is the
regularisation method generated by the functions (r4)a>0 defined in Equation 5.9, and the convergence
rate functions @E or cpb for arbitrary p > 0. Thus, although the functions t — p(t; \) and A — p(¢; \) are
not monotonic, we obtain optimal convergence rates of the regularisation method under variational source
conditions such as in Equation 2.28.

If we formulate it with the stronger standard source condition, see Proposition 2.22, we can reproduce a
result similar to [33, Theorem 5.1].

Corollary 5.9 Let y € R(L) be given such that the corresponding minimum norm solution x¥ € X,
fulfilling Let = y and ||2|| = inf{||z|| | Lz = y}, satisfies for some p > 0 the source condition

ot e R((L*L)*).
Then, if € is the solution of the initial value problem in Equation 1.4,
(i) there exists a constant Cy > 0 such that

Hﬁ(t;y) — £ET||2 < C1t™" for all t > 0
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(i) there exists a constant Ca > 0 such that
. - 1 2 ~ 2p -
inf &t 9) — 2t|” < Collg — yll ™ for all § € Y;
and

(#ii) there exists a constant C3 > 0 such that
ILE(ty) —yl|” < Cat™ 1 for all t > 0.

Proof: The proof follows exactly the lines of the proof of Corollary 4.5, where the compatibility of goE is
shown in Lemma 5.8 and we have here the slightly different scaling

_ ey Ten 1—p(550) L i
2a(§) = ro(L*L)L y:/ %dEAL Y Zf(%éy)
0,1L11%]

between the regularised solution z,, defined in Equation 2.3 with the regularisation method (74 )as>0 from
Equation 5.9, and the solutions £ of Equation 1.4 and p of Equation 5.1; which however does not cause a
change in the order of the convergence rates. ([l

6. THE VANISHING VIscosITY FLow

We consider now the dynamical method Equation 1.2 for N = 2 with the variable coefficient a;(t) = % for
some parameter b > 0, that is, Equation 1.5. According to Proposition 3.1, the solution of Equation 1.5 is
defined via the spectral integral in Equation 3.4 of p(t; \) = lfpfm, where p solves for every A € (0, 00)

the initial value problem

b
Oup(t; ) + g@tﬁ(t; A) +Ap(t;A) =0 for all ¢ € (0,00),

0up(0: ) = 0, (6.1)
p0; ) = 1.
As already noted in [29, Section 3.2], we obtain a closed form in terms of Bessel functions for the solution
of Equation 6.1.
Lemma 6.1 Let by\ > 0. Then FEquation 6.1 has the unique solution
9 2(b—1)
At N) = u(tVX) with u(t) = (7_) r(io+ D)1 p-1)(7), (6.2)

where T' is the gamma function and J, denotes the Bessel function of first kind of order v € R. See
Figure 8 for a sketch of the graph of the function u.

Proof: We rescale Equation 6.1 by switching to the function
0110,00) x (0, |IL]2] = R, v(r5 A) = 7 3(037: A (6.3)
with some parameters oy € (0,00) and x € R. The function v thus has the derivatives
0rv(T3 X)) = oxT"0:p(oaT; N) + KT p(oaTs N) (6.4)

and
Orrv(T;\) = J?\T”@ttﬁ(cryr; A) 4 200k 10 ploaT; N) + k(K — 1)7“72/3(0A'r; A).

We use Equation 6.1 to replace the second derivative of g and obtain
Drrv(T3 ) = 0x (26 = D)T" 20 p(0aT; N) + (K(Kk — 1) = AasT2) T2 p(oaT; N),

which, after writing d;p and p via Equation 6.4 and Equation 6.3 in terms of the function v, becomes the
differential equation

720,0(T; A) + (b — 26)70,0(T; A) + (Ao372 — k(K — 1) — k(b — 26))v(T; 1) =0
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for the function v. Choosing now k = %(b —1),s0that b—2k =1, and o) = %, we end up with Bessel’s

differential equation
720,,0(T; A) + 70,0(T; N) + (72 — K2)v(T;\) = 0,

for which every solution can be written as

W(riA) = Crnd|n)(T) + CoxYiu (1), KEZ,
7 Cred)u|(T) + Co e J_1)(T), K ER\Z,

for some constants C ., Cs . € R, where J, and Y, denote the Bessel functions of first and second kind
of order v € R, respectively; see, for example, [, Chapter 9.1].

We can therefore write the solution p as

ﬁ(t, /\) _ {Cl,r@(t\/x)_ﬁ‘]hﬂ(t\/x) + C2,K(t\/x)_ﬁ |n\(t\/X)7 K € Z, (65)

Cl,n(t\/x)il{JInl(t\/X) + CQ,n(t\/X)iﬁ‘]—lﬂ(t\/X)? K€ ]R\ Z.

To determine the constants C ,; and Cs,, from the initial conditions, we remark that the Bessel functions
have for all K € R\ (—IN) and all n € IN asymptotically for 7 — 0 the behaviour

s B 1 N e m _ 2"(n—1)! . Y(r) 2
TR = gy O I = m e and o = 60
see, for example, [, Formulae 9.1.10 and 9.1.11].

We consider the cases k > 0 and & € (—1,0) separately.

e In particular, the relations in Equation 6.6 imply that, for the last terms in Equation 6.5, we have
with 7 = tv/A asymptotically for 7 — 0

— for k = 0: 9
CQ,OYO(T) = ;CQ,OO(log(T))

because of the third relation in Equation 6.6;

— for k € IN:
2%(k — 1)!
CowT Y (7) = Co T 2 (77Y (1)) = Ca e (—(KJ) + 0(1)) T2
T
because of the second relation in Equation 6.6; and

— for k € (0,00) \ IN:

Co T "I (1) = Co T 2 (17 _o(7)) = Ca e 2 +0(r?) | 772
’ ’ TAT(L - k)

because of the first relation in Equation 6.6.

Thus, the last terms in Equation 6.5 diverge for every £ > 0 as t — 0.

Since the first terms in Equation 6.5 converge according to the first relation in Equation 6.6 for
t — 0, the initial condition p(0; A) =1 can only be fulfilled if the coefficients Cs ., k > 0, in front of
the singular terms are all zero so that we have

p(t; \) = O (tVN) " J.(tVX) for all & > 0.

Furthermore, the initial condition 5(0; A) = 1 implies according to the first relation in Equation 6.6
that

C1=2"T(k+1) for all kK > 0,
which gives the representation of Equation 6.2 for the solution p.

It remains to check that also the initial condition 9;5(0; A) = 0 is for all x > 0 fulfilled, which again
follows directly from the first relation in Equation 6.6:

1
0up(0; N) = lim (2@(5 1) (EVA) I (V) — 1) =0 for all £ > 0.
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0.5 +

V' 10 20 30

FicUuRE 3. Graph of the function u, defined in Equation 6.2, which gives the solution p
of Equation 6.1 via jp(t;\) = u(tv/X). As in the heavy ball method, the function j is not
monotonic (in either component) so that we used the envelope of the regularisation method
to obtain the optimal convergence rates.

e For r € (—3,0), we have that the first term in j(¢; A) converges for ¢ — 0 to 0 because of

1

O (VD) (V) = Cr e (VN2 <2IF<||+1>

+ O(t2)> ,

which follows from the first relation of Equation 6.6. Therefore, the initial condition 5(0; A) = 1
requires that
1=p(0;A) = Cap }%(tﬁ)ln‘J_‘K‘(t\FA) for all k € (—1,0),

from which we get with the first property in Equation 6.6 that
Cgﬁ = QRF(H + 1).

To determine the coefficient C ,, we remark that the first identity in Equation 6.6 then gives us for
t — 0 the asymptotic behaviour

2|k|
plt;A) =1+ Cl,nm +0(t%).

Therefore, we have for the first derivative at ¢ = 0 the expression

2| k| Al 1
NRIT (|r| + 1) t1-2Il"

Oip(05 ) = lim C1

To satisfy the initial condition ;5(0; A) = 0, we thus have to choose Cy ,, = 0 for x € (—1,0), which
leaves us again with Equation 6.2. (]

Corollary 6.2 The unique solution & : [0,00) x ¥ — R of the vanishing viscosity flow, Equation 1.5,
which is twice continuously differentiable with respect to t is given by

. 1 — u(tv/A) .-
() = — T JE,L
£(t:9) /(O,ILIQ] y ALy

where the function u is defined by Equation 6.2.

Proof: We have already seen in Lemma 6.1 that Equation 6.1 has the unique solution p given by
p(t; ) = u(tv/X). To apply Proposition 3.1, it is thus enough to show that 5 is smooth.

Since the function u has the representation

u(r) = v(r?) with v(F) = T(3(b+ 1)) FIT

see, for example, [, Formula 9.1.10], the solution p : [0,00) x [0,00) — R given by Equation 6.2 is of the
form p(t; \) = u(tv/A) = v(\t?) and is therefore seen to be smooth. Therefore, Proposition 3.1 yields the
claim. ]
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Again, we want to determine a corresponding regularisation method. We start by showing that the function
A — p(t; A), which corresponds to the error function 7, of the regularisation method, is non-negative and
monotonically decreasing for sufficiently small values A as required for 7, in Definition 2.1 (ii).

Lemma 6.3 Let j.1 € (0,00) denote the first positive zero of the Bessel function J.. Then, the solution p
gven in Equation 6.2 fulfils

o for every A > 0 that the function t — p(t; \) is strictly decreasing on the interval (0, %j%(b—l),l)
and

o for every t > 0 that the function A — p(t; X) is strictly decreasing on the interval (0, t%ji(b_l) 1).
2 )

Proof: Since we can write j in the form 5(t; \) = u(tv/)), see Equation 6.2, it is enough to show that
/(1) <0 for 7 € (0,71 (5-1)1)-

This property of u follows directly from the representation of the Bessel functions J,, k € (—%, 00), as an

infinite product, see, for example, [1, Formula 9.5.10]:
Tk 0 72
Jo(T) = ————— 1-——1,
(7) 2"“F(f€+1)£_1—[1< jij)

where j, ¢ denotes the ¢th positive zero (sorted in increasing order) of J,; since this gives

oo 7_2
u(r) = H l——1,
=1 J1b-1).0

which is for 7 € (0, j 1 (b_1)71) a product of only positive factors. Therefore, we have

— | ._ 2 ,
(1) = —272 J%fb—l),e H (1 - ) <0 for all 7 € (0,71 (-1)1)-
=1

73 ;
TeN\{¢} 3(b-1),0

]

Furthermore, we can construct an upper bound P(t; \) = U(tv/)) of |5(t; \)|, which corresponds to the
envelope value R, (\), such that P(t;-) is monotonically decreasing. This will give us the condition of
Definition 2.1 (744) for the function R,,. The additionally derived explicit upper bound for U helps us to
show the compatibility of the convergence rate functions <,0/I;I and <pb.

Lemma 6.4 Let p be the solution of Equation 6.1 given by Equation 6.2. Then, there exist a constant
C > 0 and a continuous, monotonically decreasing function U : [0,00) — [0,1] so that

o [5(t; N)| S UVN) for every t >0, A >0,
o U(r) <1 forallT™>0, and
o U(T) < Cr™% forall T > 0.

Proof: We use again the function u defined in Equation 6.2 which satisfies 5(t; A) = u(tv/X). Then, we
remark that the energy

B(r) = u(7) + (7). 720,
fulfils (using Equation 6.1 with A =1, t = 7 and u(7) = p(7;1))

E'(1) =2u/ (1) (W (1) + u(r)) = —21/2(7-) <0.

Since we know from Lemma 6.3 that u'(7) = 9;p(7;1) <0 for 7 € (0, j1(,_1),1), We have that E is strictly
decreasing on (0, j1 ;1)) so that E(j1_1)1) < E(0). For 7 > ji 1,1, we can therefore estimate u by

w?(r) < B(1) < E(jip-1)1) < B(0) = 1.
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Thus, u is monotonically decreasing on (Oaj%(b71),1) and uniformly bounded by E(j%(bfl),l) <1 on

[/1(b—1),1,00). Therefore, we can find a monotonically decreasing function U :[0,00) — [0,1] with
u(r) < U(7) < 1 for every 7 > 0.
Since it follows from [1, Formula 9.2.1] that there exists a constant ¢ > 0 such that
|-y (T)] < er™% for all 7> 0,
which implies according to Equation 6.2 with C = 2%(b_1)F(%(b + 1))c the upper bound
lu(T)] < Cr~% forall 7 > 0,

the function U defined by U(r) = min{U(7), C7—%} satisfies all the properties. O

To verify the condition in Definition 2.1 (i) for r,, we establish here the corresponding lower bound for
the function p.

Lemma 6.5 Let p be the solution of Equation 6.1 given by Equation 6.2. Then, there exists a constant
T € (0,J1(p-1),1] such that

VA
ptA) >1— Q\—f for allt >0, A\ > 0. (6.7)
Tb

Proof: We define u again by Equation 6.2 and choose some arbitrary ¢ > 0. Then, the initial conditions
u(0) = 1 and u'(0) = 0 imply that we find a 7 > 0 such that u(r) > 1 — e7 for all 7 € [0, 7]. Setting now
7y = min{5;, T, 71(,—1),1}, We have by construction

uw(r)>1l—cr>1- L forall 7€ [0, 7].
27y
Moreover, the uniform bound |u(7)| < 1 for all 7 > 0, shown in Lemma 6.4, implies that

2
u(T)>—121—j7'21—if0rallTe[7_',00).
T 27

Thus, p(t; ) = u(tv/A) yields the claim. O

These estimates for p suffice now to show that the functions r, defined by Equation 6.8 generate the
regularisation method corresponding to the solution £ of Equation 1.5.

Proposition 6.6 Let p be the solution of Equation 6.1 given by Equation 6.2, T, be the constant defined

in Lemma 6.5, and set
1 - Th
a(AN) == [1-— — A . .
=5 (17 () (6.9

Then, (ro)as0 generates a regularisation method in the sense of Definition 2.1.

Proof: We verify the four conditions in Definition 2.1.

(i) We know from Lemma 6.4 that |p] < 1, and thus it follows that

ro(A) <

> o

Moreover, it follows from Equation 6.7 that

=35 <
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(i) The error function 7, corresponding to the generator r,, is given by

. ~( Tb
which is a monotonically decreasing function on (0, 7—12 ﬁ(bq) ,@) according to Lemma 6.3. Since
b 2 ?

we have chosen 7, € (0, j 1 (671),1], see Lemma 6.5, this in particular shows that 7, is monotonically
decreasing on (0, «).

(#ii) Let U be the function constructed in Lemma 6.4. We define

Ro(\) =U (n A) . (6.9)

(67

Then, we have by Lemma 6.4 that A — R () is monotonically decreasing, a +— Ry ()) is continuous
and monotonically increasing and R,, fulfils

Fa(A) =1 (&ba*) <U (Tb\/D = Ra().

(iv) We have again by Lemma 6.4 that

Ro(a) = U(m) < 1 for all @ > 0. O

As before, we also verify that the classical convergence rate functions @E and cpllj are compatible with
the regularisation method (74)a>0. In contrast to Showalter’s method and the heavy ball method, the
compatibility for gollf only holds up to a certain saturation value for the parameter pu.

Lemma 6.7 The functions @E for all p € (0,%) and the functions golI; for all p > 0, as defined in

Ezample 2.5, are compatible with the regularisation method (14)a>0 defined by Equation 6.8 in the sense
of Definition 2.9.

Proof: As before, it is because of Corollary 2.12 enough to check this for the functions cpf}, w € (0, %)
The function R, defined in Equation 6.9 fulfils according to Lemma 6.4 that there exists a constant C' > 0

with ,
i 5 LA F NG
2 _ 772 A 2o (A < (2~b p
RN =U (Tb a> < C*m, (a) < C*r, <‘PE(04) ,

which is Equation 2.16 with the compatibility function F,(z) = C?7, b.~ 2. It remains to check that
F, :[1,00) — R is integrable, which is the case for p < g. |

We can therefore apply Theorem 2.21 to the regularisation method generated by the functions (r4)a>0
defined in Equation 6.8 and the convergence rates @E, w € (0, g), and <pﬁ, © > 0. By using that we have
by construction z,(g) = & (%, 7), see Equation 6.10 below, this gives us equivalent characterisations
for convergence rates of the flow ¢ of Equation 1.5. As before for Showalter’s method and the heavy
ball method, we formulate the resulting convergence rates under the stronger, but more commonly used
standard source condition, see Proposition 2.22.

Corollary 6.8 Let y € R(L) be given such that the corresponding minimum norm solution x' € X,
fulfilling Lzt = y and ||27|| = inf{||z|| | Lz = y}, satisfies for some p € (0,%) the source condition

ot e R((L*L)*).
Then, if € is the solution of the initial value problem in Equation 1.5,

(1) there exists a constant Ch > 0 such that

H{(t;y) - foH2 < % for all t > 0;
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(i) there exists a constant Ca > 0 such that
. - 2 - 2p -
inf [|&(t:9) — 2 [|” < Co |l — wll ™7 for all § € ;
and

(i) if p < g — 1, there exists a constant Cs > 0 such that

C
L&t y) —y||? < ﬁ(uiil) for allt > 0.

Proof: The proof follows exactly the lines of the proof of Corollary 4.5, where the compatibility of gofj is
shown in Lemma 6.7 and we have the different scaling

2a(§) = ra(L* L)L = /(O)m 3 (1 — (&%A)) N =5(\;”a;g) (6.10)

between the regularised solution z,, defined in Equation 2.3 with the regularisation method (74)a>0 from
Equation 6.8, and the solutions £ of Equation 1.5 and p of Equation 6.1. Following Corollary 4.5 and
using the notation d from Equation 2.8 and d from Equation 2.9 we get

(i) in the case of exact data the convergence rates

2 72
Tr2p-2(y) — xTH =d (tg) and ‘

2
H2 Cyry)"
< o

le(tsy) - af|* = |

xT{ft*2 (y) - xT
(i) For perturbed data we get the convergence rate

()

(iii) Moreover, using that for < & —1 also @i, is compatible with (r4)as0, we get from Corollary 2.25
the convergence rate

2
<d(lg—yl) <Cillg—y

2u
P

f

in
a>0

inf [Je(t;7) — T |* =

2

2 T, _
IL(ty) =yl = ||Laz-a () — o :q(tg) < O3t

for the noise free residual error, where ¢ is defined in Equation 2.10. (]

We end this section by a few remarks.

Remark (Comparison of Flows): Comparing the results in Corollary 4.5, Corollary 5.9, and Corollary 6.8,
we see that the three methods we have analysed, namely Showalter’s method, the heavy ball dynamics,
and the vanishing viscosity flow, all give the same rate of convergence for noisy data with optimal stopping
time. However, one should notice that their optimal stopping times are different. This is due to the
acceleration property of the vanishing viscosity flow in comparison with the other two, which has been
analysed in the literature.

Remark (Saturation of Viscosity Flow): The vanishing viscosity flow suffers from a saturation effect for
the convergence rate functions @E allowing only convergence rates up to certain values of p, which is not
the case in the other two methods (because of their exponential decay of the error function at every fixed
spectral value).

Remark (Comparison with literature): Equation 6.1 has been investigated quite heavily in a more general
context of non-smooth, convex functionals J and abstract ordinary differential equations of the form

&(t) + %5’(1?) +0J(&(t)) 20 for all t € (0,00),

£(0) = 0, (6.11)
£(0) =0,
see for instance [29, 5, 6, 7, 4]. Equation 6.11 corresponds to Equation 1.2 with N = 2 and a;(t) = %,
b > 0, for the particular energy functional J(z) = 1 || Lz — yll*.

The authors prove optimality of Equation 6.11, which, however, is a different term than in our paper:
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(i) In the above referenced paper optimality is considered with respect to all possible smooth and convex
functionals J, while in our work optimality is considered with respect to all possible variations of y
only. The papers [29, 7, 4] consider a finite dimensional setting where J maps a subset of a finite
dimensional space R? into the extended reals.

(7i) The second difference in the optimality results is that we consider primarily optimal convergence
rate of £(t) — xf for t — oo and not of J(£(t)) — mingex J (), that is, we are considering rates
in the domain of L, while in the referenced papers convergence in the image domain is considered.
Consequently, we get rates for the residual squared (which is the rate of J(£(¢)) in the referenced
papers), which are based on optimal rates (in the sense of this paper) for £(¢) — 2 — 0. The
presented rates in the image domain are, however, not necessarily optimal.

Nevertheless, it is very interesting to note that the two cases b > 3 and 0 < b < 3, referred to as heavy
and low friction cases, do not result in a different analysis in our paper, compared to, for instance, [4].
This is of course not a contradiction, because we consider a different optimality terminology.

CONCLUSIONS

The paper shows that the dynamical flows provide optimal regularisation methods (in the sense explained
in Section 2). We proved optimal convergence rates of the solutions of the flows to the minimum norm
solution for ¢ — oo and we also provide convergence rates of the residuals of the regularised solutions.

We observed that the vanishing viscosity method, heavy ball dynamics, and Showalter’s method provide
optimal reconstructions for different times. In fact, eventually, for a fair numerical comparison of the
results of all three methods one should compare the results of Showalter’s method and the heavy ball
dynamics, respectively, at time t2 with the vanishing viscosity flow at time to.
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