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Abstract. In this paper, we consider a class of nonsmooth sum-of-ratios fractional optimization
problems with block structure. This model class is ubiquitous and encompasses several important
nonsmooth optimization problems in the literature. We first propose an inertial proximal block
coordinate method for solving this class of problems by exploiting the underlying structure. The
global convergence of our method is guaranteed under the Kurdyka-Lojasiewicz (KL) property and
some mild assumptions. We then identify the explicit exponents of the KL property for three impor-
tant structured fractional optimization problems. In particular, for the sparse generalized eigenvalue
problem with either cardinality regularization or sparsity constraint, we show that the KL exponents
are 1/2, and so, the proposed method exhibits linear convergence rate. Finally, we illustrate our
theoretical results with both analytic and simulated numerical examples.
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1. Introduction. We consider the following nonsmooth and nonconcave frac-
tional maximization problem

- fz(wz)
P ma F(x) =h(x1,...,2m) + )
( ) x=(x1,.4.,xm)€S):(=Sl><-~~><Sm ( ) ( ! ) ;gz(l‘z)
where, for each ¢ € {1,...,m}, H; is a finite-dimensional real Hilbert space, S; is a

nonempty closed subset of H;, h: Hi X -+ X H,y — [—00,+00] is a (possibly) non-
smooth and nonconcave function, and f;,g;: H; — R are locally Lipschitz functions
such that, for all z; € S;,

(1.1) fiz;) >0 and g;(x;) > 0.

The model problem (P) covers various important optimization problems arising in
diverse areas, such as the energy efficiency maximization problem and the sparse
generalized eigenvalue problem [30, 32]. On the other hand, it belongs to the class of
so-called sum-of-ratios optimization problems which are known as the most difficult
problems in the fractional programming literature. Obviously, there is an alternative
formulation for (P) which is obtained by replacing the maximum with minimum.
Although these two formulations are in general independent (due to the nonnegativity
assumption (1.1)), the corresponding algorithmic development can be easily modified
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to suit the other formulation. Therefore, in this paper, we will focus on the maximum
formulation. Below, we present a few explicit motivating examples for the model
problem (P).

Ezample 1.1 (penalization formulation for general sum-of-ratios optimization prob-
lem). Consider the classical sum-of-ratios optimization problem

i(2)

where C is a bounded polyhedron in R% and, for each i € {1,...,m}, f; and g; are
continuously differentiable functions on R? such that, for all z € C, f;(z) > 0 and
gi(z) > 0. This, for example, covers the energy efficiency maximization problem
discussed in [32], where C = {z € R% : Vi € {1,...,m}, 2" <z, <z and v’z <
r} with 0 < zPin < max g e R4, p > 0 and, for each i € {1,...,m}, fi(z) =
log(1 + u] z + ;) with u; € Ri ~ {0} and r; > 0, and g; is an affine function with
positive values on C. Note that (1.2) can be equivalently rewritten as

o~ filz:)

21t €C S gi(x;)

(1.2) maxz fiz)

st. T = =Ty
Therefore, a plausible alternative optimization formulation for (1.2) becomes

- — fil)
1.3 - -z ’
(1.9 max o2 el S

1

where v > 0 is a parameter. Direct verification shows that this is a particular case
of our model problem (P) with h(x1,...,2m) = =7 >y |21 — 24]|%, and S = S; x
e X S with §;=C,i=1,...,m.

Ezample 1.2 (sparse generalized eigenvalue problem). The generalized eigen-
value problem, which searches for the most dominant eigenvalues (or principal eigen-
values) and corresponding eigenvector, can be written as an optimization problem
maxxeRd{% : |x|| = 1}. In numerical analysis, one seeks an eigenvector with least
number of nonzero entries, so that the information can be easily stored, explained
and identified. This leads to a sparse generalized eigenvalue problem which can be
formulated as

x T Ax
max

max Ap(x) st x| =1.

Here, A, B are symmetric matrices with A positive semidefinite and B positive defi-
nite, and ¢ is a regularization function which induces sparsity of the solution. Typ-
ical choices of ¢ include the ¢y regularization (or cardinality) function given by
Ix|lo = {number of ¢ : x; # 0}, the ¢;-norm given by ||x||; = Z?Zl |z;|, and the
indicator function of the sparsity set C, = {x € R? : ||x||p < r} with » > 0. For
example, in a recent study [30], the authors examined the sparse generalized eigen-
value problem with ¢(x) = d¢, (x), where they proposed a truncated Rayleigh flow
method (TRFM) and demonstrated the efficiency of this model problem on classifi-
cation, correlation analysis and regression. Direct verification shows that the sparse
generalized eigenvalue problem is a particular case of our model problem (P) with
m =1, h(x) = —Ap(x), f1(x) =x"Ax, g1(x) =x' Bx, and S = {x € R¢: ||x| = 1}.
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Ezample 1.3 (maximizing the sum of a quadratic function and the Rayleigh quo-
tient over the unit sphere). We consider the problem of maximizing the sum of a
quadratic function and Rayleigh quotient over the unit sphere

T
x' Ax
maxx' Wx +

.t. =1
max T St Ixl=1,

where A, B are positive definite matrices and W is a symmetric matrix. This problem
arises in sparse Fisher discriminant analysis, in the context of which it is usually
solved iteratively [33]. In particular, x is the desired discriminating vector in cluster
analysis, the term z: gi is known as the Rayleigh quotient (or Fisher information in
information science), and the quadratic term x ' Wx serves as a local approximation
for the sparse penalty term. Direct verification shows that this is a particular case
of our model problem (P) for m = 1, h(x) = x' Wx, fi(x) = x" Ax, g1(x) = x Bx
and S = {x e R?: |x| = 1}.

In the case where m = 1 and h = 0, problem (P) is known as the single ratio
f1(x)
g1(x)”
latter problem is Dinkelbach’s method and its variants (see [10, 12]). In this approach,

one typically constructs an iterative scheme which requires finding an optimal solution
Xn+1 of the optimization problem

(1.4) max{f1 (%) — Ong1(x)}

fractional programming problem maxyxcg A classical approach for solving the

in each iteration n, while 6, is updated by 6,41 = % For details of this
approach, we refer the readers to [10, 12, 14, 27]. However, solving in each iteration
an optimization problem of type (1.4) may be as expensive and difficult as solving the
original problem in general. Recently, proximal type methods based on Dinkelbach’s
approach have been proposed to tackle single ratio fractional programs [8, 9, 21], where
each subproblem is much easier to solve and sometimes has closed form solutions.
Unfortunately, in the case of sum-of-ratios fractional programs, that is either
m > 1 or h # 0, Dinkelbach’s approach cannot be directly applied anymore. One
naive approach is to convert the sum-of-ratios into single ratio’s cases and to apply
Dinkelbach’s method. This approach increases the complexity of the function dramat-
ically and leads to numerical methods with poor performance. For example, through
this approach, a sum of three linear fractional functions becomes a fractional function
whose numerator and denominator are degree 3 nonconvex polynomials, and so, the
nice linearity structure is completely lost. Some important steps towards solving sum-
of-ratios fractional programs are mainly limited to sum-of-ratios of linear or quadratic
fractional programs, and rely on integer programming techniques such as branch and
bound and convex relaxation methods, see for example [6, 22, 33]. These approaches,
although highly appealing, are much less scalable than the proximal type methods,
and cannot directly deal with settings in which nonsmooth functions are involved.
Despite this important progress, it is still no clear whether one can develop proxi-
mal methods for solving nonsmooth and nonconcave sum-of-ratios fractional programs
(P) in the line of [8, 9] for single ratio cases. This forms the basic motivation of our
work. Specifically, the contributions of this paper are as follows:
(1) In Section 3, we propose an inertial proximal subgradient method for solving
the model problem (P). We then show that the iterative sequence gener-
ated by the proposed method is bounded and any of its limit points is a
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stationary point of problem (P) in a suitable sense. This new method can
be interpreted as a proximal block coordinate method of Gauss—Seidel type
applied to a related non-fractional reformulated problem. We also establish
the convergence of the full sequence under the assumption that a suitable
merit function satisfies the Kurdyka—Lojasiewicz (KL) property.

(2) In Section 4, we analyze several structured sum-of-ratios fractional programs
and obtain the explicit KL exponents of the corresponding desingularization
functions in the KL property: sum-of-ratios fractional quadratic programs
with spherical constraint, generalized eigenvalue problems with cardinality
regularization and generalized eigenvalue problems with sparsity constraints.
In particular, we establish that, for the last two classes of fractional programs,
the KL exponents are 1/2. As a consequence, we obtain that the proposed nu-
merical method exhibits linear convergence for these two classes of fractional
programs.

(3) Finally, we illustrate the proposed method via both analytical and simulated
numerical examples in Section 5.

2. Preliminaries. In this section, we recall some basic notations and prelimi-
nary results which will be used in this paper. We assume throughout that H, H4, ...,
H,, are finite-dimensional real Hilbert spaces with inner product (-,-) and induced
norm || - |. The product space Hq X --- X H,, is also a real Hilbert space endowed
with the inner product given by ((z1,...,Zm), (Y15 Ym)) = Dorey (i, yi). The set
of nonnegative integers is denoted by N, the set of real numbers by R, the set of
nonnegative real numbers by R, , and the set of the positive real numbers by R, ;.

The indicator function of a set C is defined by dc(x) := 0 if x € C, and
dc(x) := +oo otherwise. Given an extended-real-valued function f: H — [—o0, +00],
its domain is defined by dom f := {x € H : f(x) < +o0}. The function f is proper if
dom f # @ and it never equals —oco. We say that f is lower semicontinuous if, for all
x € H, f(x) < liminfy_,x f(y), and convez if its epigraph {(x,p) € H xR : f(x) < p}
is a convex subset of H x R. The function f is said to be weakly convez (on H ) if there
exists v > 0 such that f 4 | - ||? is a convex function. The smallest constant a such
that f+ 5| - ||* is convex is called the modulus of weak convexity. More generally,
f is said to be weakly convex on S C H with modulus o if f + dg is weakly convex
with modulus «. Weakly convex functions form a broad class of functions which
covers quadratic functions, convex functions, differentiable functions whose gradient
is Lipschitz continuous, and the composition of a convex and Lipschitz continuous
function with a C''-smooth mapping whose Jacobian is Lipschitz continuous (see [13,
Lemma 4.2]).

Let f: H — [—00,400] and x € H with | f(x)| < +00. The Fréchet subdifferential
of f at x is given by

5 e g 42— 00 — (w2 %)
Of (x) : { €M : liminf Iz = zo},

the limiting subdifferential of f at x is given by
AL f(x) := {u eH: Ix, L x, u, —u with u, € 5f(xn)},
and the horizon subdifferential of f at x is given by

0> f(x) == {ue?—l: Ix, i>x, A 40, Apu, > u with u, € gf(xn)}
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Here, the notation z 7, x means z — x with f(z) = f(x). It follows from the above
definition that the limiting subdifferential has the following robustness property

8Lf(x):{u€’H: Elxnﬁx, u, — u with uneaLf(xn)}.

The domain of 91, f is dom Jr f := {x € H : I f(x) # @}. If f is Lipschitz continuous
around x, then Jp, f(x) is bounded and 9% f(x) = {0} (see [24, Corollary 1.81]). If f
is strictly differentiable! at x, then ) f and Or, f reduce to the derivative of f, denoted
by Vf (see [24, Corollary 1.82]). If f is convex, then both Fréchet and limiting

subdifferentials at x reduce to the classical subdifferential in convex analysis (see [24,
Theorem 1.93])

Of(x) ={ueH: VzeH, (u,z—x) < f(z) - f(x)}.

We say that f is reqular?® at x € H if 5f(x) = 0pf(x), and that f is regular on C CH
if it is regular at any x € C. For a proper lower semicontinuous function f, it is
clear that if f is convex around x or strictly differentiable at x, then it is regular at
x. A nonempty set S in H is regular at x € S if dg is regular at x. We say that S
is regular if it is regular at all of its points. From the definition, it can be verified
that C' is regular if C is a closed and convex set or C' is a smooth manifold given by
C={xeH:g(x)=0,i=1,...,m}, where g; are smooth functions satisfying the
so-called linear independent constraint qualification (that is, {Vg;(x):i=1,...,m}
are linearly independent for all x € C).

Next, we collect some subdifferential rules and calculations which will be of use
in our analysis and whose proofs are given in Appendix A.

LEMMA 2.1 (calculus rules). Let f,g: H — (—o0,+00| be proper lower semicon-

tinuous functions and let x € dom f. Then the following statements hold:

(i) (Separable sum rule) If f(x) = Y.7°, fi(xi) with x = (@1,...,%y), then
OLf(x) = drfi(x1) X -+ X Opfm(zm) and f is regular at x when each f;
reqular at ;.

(ii) (Sum rule) If 0® f(x) N (—0°¢g(x)) = {0}, then Or(f + g)(x) C I f(x) +
OLg(x), where the equality holds when both f and g are reqular at x, in which
case f + g is also regular at x. Moreover, if g is strictly differentiable at x,
then OL(f + g)(x) = 0L f(x) + Vg(x). R

(iii) (Sign rule) If f is Lipschitz continuous around x and Jf is nonempty-valued
around x, then O (—f)(x) C —0L f(x).

(iv) (Quotient rule) Suppose that f and g are Lipschitz continuous around x, and
g(x) £0. If 5]” is nonempty-valued around x, then

—f —9(x)0Lf(x) + OL(f(x)g9) (%)
oL (g) (x) € .

g(x)?
If [ is strictly differentiable at x, then

f _ —9(x)Vf(x) + 9r(f(x)g)(x)
aL( g >(X) B g9(x)?

LA function f is strictly differentiable at x if there exists u € H such that
W = 0. Clearly, if f is continuously differentiable at x, then it is strictly
differentiable at x.

2This is also referred as lower regular in [24, 25].

lirny,z~>x
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and, consequently, —f/g is reqular at x if and only if f(x)g is reqular at x.

(v) (Chain rule and square root rule) If f is Lipschitz continuous around x and
0: R — R is continuously differentiable around f(x), then Or(0 o f)(x) =
L (0'(f(x))f)(x). In particular, if f is Lipschitz continuous around x and
f(x) >0, then

oy, (ﬁ) (x) = 28\]“/]% and 0y, (-ﬁ) (x) = 6;(—\/%(;()

LEMMA 2.2, Let A :={x € R4 : ||x]| = 1} and C, := {x € R?: ||x]|o < 7}. Given
x = (21,...,74) € R%, set supp(x) := {j : z; # 0}. Then the following statements
hold:
(i) vx € R (|| - [lo)(x) = O]l - o)) = 07>l - llo) () = {v : v; =0 if j €
Supp(X)}’-\
(i) Vx € A, 0p(x) = OL0A(x) = 0%°0A(x) = {tx : t € R}.
(iii) If ||x||o = 7, then 0°d¢, (x) = Ordc, (x) = {v : v; = 0 if j € supp(x)}. If
Ix|lo < r, then

9%°6¢, (x) = dpdc, (x) = {v: 3T C {1,...,d}~supp(x) with |J| = r—]|x||o,
v; =0 if j € (supp(x) U J)}.
(iv) vx € A, 9L - llo + 6a)(x) = OL(l[ - [lo)(x) + OLda(x).
(v) Vx € ANC,, dL(3¢, + 04)(x) C ddc, (X) + LA (X).

We also need the following two notions of stationary points for problem (P).

DEFINITION 2.3 (stationary points). We say that X = (T1,...,Tm) € S is a
stationary point for (P) if 0 € OL(—F+ds)(X), and a lifted coordinate-wise stationary
point for (P) if, for each i € {1,...,m},

—gi(T:)0 fi(Ti) + fi(Ti)OLgi(T:)

0€ 9/ (—h+6s)(X) + AL

)

where 07" denotes the subdifferential with respect to the x;-variable.

The following lemma whose proof is given in Appendix A provides the relationship
between a stationary point and a lifted coordinate-wise stationary point for (P).

LEMMA 2.4 (stationary vs. lifted coordinate-wise stationary points). Let X =
(T, Tm) € Hi X -+ X Hyy. Suppose that —h is proper lower semicontinuous, that
either m = 1 or h is strictly differentiable at X, and that, for each i € {1,...,m},
fi and g; are Lipschitz continuous around T;, f;(T;) > 0, and g;(T;) # 0. Then the
following statements hold: R

(i) If for eachi € {1,...,m}, Of; is nonempty-valued around T;, then X is a lifted
coordinate-wise stationary point for (P) whenever it is a stationary point for
(P).

(ii) If for each i € {1,...,m}, f; is strictly differentiable at T; and either (a) g;
is strictly differentiable at T; or (b) g; is reqular at T; and —h + dg is reqular
at X, then X is a lifted coordinate-wise stationary point for (P) if and only if
it is a stationary point for (P).

3. Inertial proximal subgradient method. In this section, we propose an
inertial proximal subgradient method for solving the sum-of-ratios optimization prob-
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lem (P) and establish the convergence analysis for the proposed method. From now
on, we will work under the following assumption.

Assumption 3.1. For problem (P), S is a (not necessarily convex) closed set, —h
is a proper lower semicontinuous function, and, for each ¢ € {1,...,m}, the functions
fi and g; are locally Lipschitz functions on an open set containing S;. Moreover,

(a)

(b)

For each i € {1,...,m}, f; is nonnegative on an open set containing S; and
there exists c; > 0 such that, for all z;, z; € S; and all u € 9y, fi(z;),

<2;;‘(x) - x> < V) = V@) + Gz - il

whenever f;(z;) > 0.
For each i € {1,...,m}, g; is positive on S; and there exists 3; > 0 such that,
for all x;,2; € S; and all v € dg;(x;),

/B,
(v, 2i — i) > gi(2i) — gi(ws) — é”zi —zi*.

Remark 3.2 (comments for the standing assumption). We note that standing As-
sumption 3.1 is quite general and, in particular, are satisfied for our motivating ex-

amples.

(i)

(i)

Assumption 3.1(a) is fulfilled if, for each i € {1,...,m}, f; takes nonnegative
values on an open set O; containing S; and +/f; is weakly convex on O; with
modulus «;. Clearly, this condition is true if f;(z;) = =] A;x; for a positive
semi-definite matrix A4; (as in the motivating Example 1.3 and Example 1.2)
because /fi(z;) = ||Ail/2:ci|| which is convex, where AZ?/? is a symmetric
matrix such that A;/2A3/2 = A;.

Assumption 3.1(a) also holds if, for each i € {1,...,m}, S; is compact, f;
takes positive values on an open set O; containing S5; and f; is a differ-
entiable function whose gradient is Lipschitz continuous on O; with mod-

ulus L;. Indeed, in this case, letting r; := ming,cs, fi(z;) > 0, a direct
verification shows that /f; is weakly convex with modulus a; = Q\L/F +

%riTg max,,es, |Vfi(z:)]|?>. This covers, in particular, the alternative op-
timization formulation for the energy maximization problem mentioned in
the motivating Example 1.1, where f;(z;) = log(1 + u, x; + r;) with u; €
R%Y ~ {0} and r; > 0 and, for i € {1,...,m}, S; = {z € RY : 2P < g, <
P and v’z < r} with 0 < 2" < 2%y € R and r > 0.

Similarly, Assumption 3.1(b) is satisfied if, for each i € {1,...,m}, g; is
positive on S; and it is a differentiable function whose gradient is Lipschitz
continuous with modulus ;. Thus, combining these observations, we see As-
sumption 3.1 are satisfied for the important motivating examples mentioned
in the introduction.

We also notice that the first condition in Assumption 3.1(a) ensures that, if
x; € S; and fl(arz) =0, then 0 € 8sz($z) for i € {1, . ,m}.

We now propose our inertial proximal subgradient method for (P). As we will see
later on, this method can be seen as a proximal block coordinate method of Gauss—
Seidel type applied to an equivalent non-fractional formulation. It is also worthwhile
noting that, even when applied to the single-ratio case (m = 1 and h = 0), our method
here is totally different from the proximal type methods in [8, 9] which are based on
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Dinkelbach’s approach.
Algorithm 3.3 (Inertial proximal subgradient method for problem (P)).

> Step 1. Choose x_1 = X¢ = (%1,0,---,Tm,0) € S and set n = 0. Let 6 € R, and
7 €10,0/2).

> Step 2. Set y, = (Y1,ny-- - Ymn) With ¥, = 7% Choose 7,, € R such that
Tn > 0 + maxlgigm{%@yi,nai + yfnﬂl)}, where «; and (; are defined in Assump-
tion 3.1. Let v, € [0,7/7,]. Foreachi € {1,...,m}, let z;,, = % n+Vn(Tin—Tin-1),
Uin € OLfi(Tin), Vin € OLgi(Tin), and set

LG 2 .
i 2 g f fi(zn) > 0,
Wi, = {yl,n \/m yz,n it f’b( z,n)

0 if fz(xz,n) =0.
Denote Ry pt1(%;) := M(@1 41, - - - s Tic1 nt15 Ti, Tik1ms - - - s Tm,n) and compute
2
1
Zi 1 = Argmax S R n11(2:) — 7 ||2s — Zin — =— Wiy, .
z;ES; 27—n

Update X,41 = (T1,n41, - - - » Tmont1)-
> Step 3. If a termination criterion is not met, set n = n + 1 and go to Step 2.

Remark 3.4 (discussion on the computational costs). The major computation cost
lies in the update of x,,11 in Step 2. The update, for each i € {1,...,m},

1 2
Ty — (Zi,n + wi,n) }
2Ty,

is equivalent to computing the proximal operator® of %(7}11"”4_1 +dg,) at the point

Tjn4+1 = argmax hz’7n+1 (Qf,) — Tn
T, €S;

Zin + iwln This can be done efficiently in many situations, for example, in the
following cases:

(i) if h = 0, then this reduces to the projection onto the set S; which, in many
cases, has closed forms. This is the case when S; is a box, S; is a sphere or
aball, S; ={x: ||z|o <r}forr>0,8 ={z: || =1and |z]o < r} (as
in the motivation Example 1.2 of the sparse generalized eigenvalue problem
with ¢(x) being the indicator function of the sparsity set) and S; = {X €
RP¥d . XTX = I}

(i) if m =1, h(x) = =Aljx]|p or h(x) = —A||x|1 with A >0, and S = {x: ||x|| =
1} (as in the motivating Example 1.2 of sparse generalized eigenvalue problem
with ¢(x) being the cardinality regularization or ¢;-regularization), then the
resulting proximal operator can be simplified to argmin,cpa{|/x+al/*—7h(x) :
x| = 1} for some a € R? and 7 > 0. This can be further rewritten as
argmin, cpa{(2a,x) — 7h(x) : ||x|| = 1}, which has a closed form solution (see
[29, Proposition 6] and [23]).

(iii) if b is a (possibly) nonconvex quadratic function and S; = {z : ||z|| = 1} (as
in the motivating Example 1.3), then the resulting problem is a nonconvex
quadratic programming problem with norm constraint which is known as the

3The prozimal operator of a function ¢ at « is defined by Prox, () =
argmin, {¢(y) + 5lly — =||*}.
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trust region problem. In this case, this problem can be solved efficiently, for
example, by solving a related single generalized eigenvalue problem (see [1]).
(iv) if h can be expressed as the maximum of finitely many concave quadratic
functions, that is, h(x) = maxi<,<,{3x' 4,;x + a, x + a,}, where each A,
is negative semi-definite (and so, h; ,+1 can also be expressed in this form)
and S5; is a polyhedral set, then this is equivalent to the solving of p many
quadratic programming problems with linear inequality constraints, and so,
it can be solved efficiently via quadratic programming solvers. This, in par-
ticular, covers the motivating Example 1.1.
Finally, we also remark that Step 2 also requires the availability of a subgradient of
fi at the current iterate. In general, this requires f;’s to have some specific structure.
On the other hand, in many important applications, f; can be expressed as the max-
imum/minimum of finitely many continuously differentiable functions, in which case,
a subgradient of f; is easily obtained.

3.1. Interpretation of Algorithm 3.3. Next, we see that Algorithm 3.3 can
be interpreted as a proximal block coordinate method of Gauss—Seidel type applied
to the problem

m

(P1) max h(x)+ H(x,y) with H(x,y) Z [Qyﬂ/fz x;) — y2gi (2 } )

X=(21,...,Zm )ES P
y=(y1,---,ym)ER™ =

We say that (X,y) € S x R™ is a lifted coordinate-wise stationary point for (Py) if
for each i € {1,...,m},

3

0€ 07 (—h+0g)(X)+ 07 (—H)(X,y) and 7, =/ fi(T:)/9:(T:),

where the latter is equivalent to 0 € 97 (—H)(X,¥).

The relationship between lifted coordinate-wise stationary points for (P) and (P;)
is examined in the next lemma with proof in Appendix A. In the case where h = 0,
the following property of global solutions of (P) and (P;) was mentioned in [6, The-
orem 2.2] for problem (1.2) with affine numerators and denominators, and given in
[28, Corollary 1] for problem (1.2) with non-affine numerators and denominators. It
is worth noting that [28] only provides the non-fractional reformulation for the non-
convex problem (1.2) in terms of global solutions, and the numerical algorithms were
given only for concave-convex cases (that is, all the numerators are concave and de-
nominators are convex, see [28, Algorithm 1]). Unfortunately, the methods suggested
therein are not of the form of splitting algorithms, and there is no convergence guar-
antee provided for the general setting in this paper covering the motivation examples
in the introduction.

LEMMA 3.5 (fractional vs. non-fractional formulations). LetX = (Zy,...,Tm) €
Hi X X Hpy andy = (Gy,-.-,7,,) € R™ with g, = gf(lg)l) Then the following

statements hold:
(i) X is a global solution for (P) if and only if (X,¥) is a global solution for (P1),
in which case, both problems have the same optimal value.
(ii) Suppose that —h is proper lower semicontinuous and finite at X and that, for
eachi € {1,...,m}, fi and g; are Lipschitz continuous around T;, f;(%T;) > 0,
and g;(%;) > 0. Then

(a) If for each i € {1,...,m}, 5f¢ is nonempty-valued around T;, then X
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is a lifted coordinate-wise stationary point for (P) whenever (X,y) is a
lifted coordinate-wise stationary point for (Pi).

(b) If for each i € {1,...,m}, f; is strictly differentiable at T;, then X is a
lifted coordinate-wise stationary point for (P) if and only if (X,¥) is a
lifted coordinate-wise stationary point for (Pi).

Remark 3.6 (interpretation of Algorithm 3.3 as a block coordinate inertial prox-
imal algorithm). Suppose that, for each ¢ € {1,...,m}, f; is nonnegative and g;
is continuously differentiable on an open set containing S;. We will show that Al-
gorithm 3.3 can be interpreted as a block coordinate inertial proximal subgradient
algorithm. To see this, we recall that, according to Lemma 3.5, problem (P) is equiv-
alent to (P1). As, for each i € {1,...,m}, y; = H;(z;,y;) = 2yir/ fi(x:) — y2g:(x;) is
a strongly concave one-variable quadratic function which admits a global maximizer

v fi(x:)

5 Ga) 0 one has

at

m

Ynt+1 = &rgfélaX{h(XnH) + Z Hi(xi,n-l-lv yl)}
yeR™ p

= argmax{h(xp+1) + HXn11,y)}
yeR™

Let i € {1,...,m}. We see that, if f;(x;,) > 0, then

Ui, YinOL fi(wi,
wi,n - yi,n$ - yizynvi,n € mil(ln) - yznv.gz(xz,n) = asz(xl,nvyl,n)
VSi(@in) filin)

If fi(zin) = 0, then y;,, = 0, w;,, = 0, and, since \/fi(z;) > 0 on an open set
containing S; and z; ,, € S;, one has 0 € 91,(v/fi) (), which implies that

wiy, =0¢€ ylnaL(\/?l)(xzn) - yinvgi(mi,n) =07 Hi(Tin, Yin)-

So, the update for x,,4+1 = (£1,n+1,-- -, Tm,nt1) involves, for i € {1,...,m},

+ 71 i
Ty — | Zin Wi n
£l 27_n E)

with w; n € 0L Hi(Tin, Yin)-

Tjn1 = argmax hi,n+1($i) — Tn
;€S

Combining the above observations, one sees that Algorithm 3.3 can be regarded as
a block coordinate inertial proximal subgradient algorithm applied to problem (P;),
where proximal subgradient steps are applied cyclically to the x-variable and a direct
maximization step is applied to the y-variable.

3.2. Convergence analysis. In this part, we discuss the convergence analysis
for Algorithm 3.3. Let us first start with the subsequential convergence. To do this,
we shall consider the following assumption.

Assumption 3.7. For problem (P), either one of the following holds:

(a) m =1, —h + dg and g¢; are regular on S, and f; is strictly differentiable on
an open set containing S

(b) h is strictly differentiable on an open set containing S, S is regular, and for
each ¢ € {1,...,m}, f; is strictly differentiable on an open set containing S;
and g; is regular on S;;
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(¢) h is strictly differentiable on an open set containing S and, for each i €
{1,...,m}, f; and g; are strictly differentiable on an open set containing S;.

It is worth noting that Assumption 3.7 is satisfied with all of our motivation
examples. We are now ready to state our first main result as below.

THEOREM 3.8 (subsequential convergence). Let (x,)nen be the sequence gener-
ated by Algorithm 3.3. Suppose that Assumption 5.1 holds, that F is bounded from
above on S, and that the set {x € S : F(x) > F(xq)} is bounded. Then the following
statements hold:

(i) For all n € N, F(xs) - Plxn — xn1 | < F(xns1) — (6 — 7)[%ns1 — %l

(ii) The sequence (F(Xn))nen 1S convergent, the sequence (Xp)nen is bounded,

and 3728 Ixn+1 — X2 < +oo.

(ili) Let X be a cluster point of (X,)nen and suppose that limsup, , 7, =

T < 400 and that either m = 1 or h is continuous on S N domh. Then
limy, 100 F(x,) = F(X) and X € S is a lifted coordinate-wise stationary
point for (P). If additional Assumption 3.7 holds, then X is a stationary
point for (P).

Proof. (i): Let any i € {1,...,m} and any n € N. From Step 2 of Algorithm 3.3,
we have that x; ,, € S;, ¥i., > 0, and, for all z; € 5;,

2 2

1
LTj — Zin — ?wz‘,n
n

hin1(zi)—Tn < i1 (Ting1) =T | Tins1 — Zin — 5—

which yields

Rimt1 (i) = hin1 (Tinr1) < —TullTinsr — Zzn||2 + Tl — Zm||2 + (Win, Ting1 — T4)
= —Tp||®int1 — $1n||2 + Tl — $zn||2 + (Wi n, Tint1 — Ti)
(31) + 27—nyn<xi,n+1 — Tiy, Tin — xi,n—1>,

where the last equality follows from the fact that z;,, = z; , + vp(zin — Tin—1). By
letting ; = @,

hi,n+1($i,n) - hi,n+1($i,n+1) < —Tn||$z‘,n+1 - $1n||2 + <wi,naxi,n+1 - xzn>

+ 27’nl/n<'77i,n+1 — Tin, Lin — xi,n—1>~

Since ¢ is arbitrary and 2(z; n41 — Tin, Tin — Tin—1) < |Tint1 — zin|? + lzim —
Tin-1]|?, we deduce that

I

Il
—

h(xp) — h(Xn41) = (hin+1(®in) — Rint+1(Tint1))

K2

< 7(7-77, - TnVn)”Xn—H - Xn”2 + TnVn”xn - Xn—1||2
m
(32) + Z <wi,n7 Tin4+1 — xi,n> s
=1

where the first equality follows from the definition of h; s1.
Next, we show that

fi@int1)  fi(@in)

gi(xi,n+1) gz(xzn

2.

(Win, Tint1 — Tim) < + (Tn — ) ||Zint1 — Tin
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Ui,n

To see this, let us first consider the case when f;(x;,,) > 0. Then w; ,, = 2yi,n2\/ﬁ—
i\Ti,n

Y2, Vin. Since u; , € O fi(xin), the assumption on /f; gives

U; o
. T4l — Tig ) < ((@int1) =\ fi@in) + = |Tinr1 — zinl*

Since v; , € 91.9i(%i,n), the assumption on g; gives

/3.
(3.4) (Vipns Tint1 — Tim) 2 9i(@int1) = Gi(Tin) — §Z||$i,n+1 -

Multiplying (3.3) by 2y;,, > 0 and (3.4) by —y7,, < 0 and then adding them we obtain
that

(3.5)  (Win, Tint1 — Timn) < Hi(@i g1, Yin) — Hi(Zins Yion)
1
+5(2Yinai + Y2 B)lzi g1 — inll,
where H;(z;,vi) := 2yi/fi(z:) — y?gi(z;). On the other hand, if f;(z;.,) = 0, then

Yin = 0 and w;,, = 0, hence (3.5) still holds. In turn, from (3.5) and the fact that
Yin+1 is the maximizer of H;(x;n41,-), we derive that

(Win, Tint1 — Tin) < Hi( i1, Yin+1) — Hi(@in, Yin)

1
+ 5(2%‘@0@ + ?J?nﬂl)nxznﬂ — ;2

< Ji@int) _ filzin)
T gi(@int1)  gi(Tin)

+ (70 = Olint1 — :

where the last inequality follows by our choice of 7,,. By combining this with (3.2),

(0 — Ttn) [ Xny1 — Xn||2 = Tnlnl[Xn — anle

< | hlensn) + Z e W)] ) [’“Xn) .S fi(xi’n)] .

91(-1'1 nt1) P gi(xi,n)

Since v,, < 7/, we get the claimed inequality.
(ii): For all n € N, set 0,, := F(x,) — V|xn, — xn_1||%. It follows from ¥ € [0,5/2)
that 6 — 27 > 0. According to (i), for all n € N,

(3.6) O < Opy1— (6 —20)||Xnt1 — Xnll

and hence (6,,)nen is nondecreasing. As F' is bounded from above on S, there exists
M > 0 such that sup, ¢y F(x,) < M. Then sup,cy6, < M, and so 0, — 6* as
n — +o00. Let k € N. Summing (3.6) from n = 0 to k, we have

k

(6—29) ) [xn41 = Xnll* < Oki1 — b,
n=0

Letting k& — 400, we see that Y " ||xnt1 — Xp||* < +oo. In particular, |[x,4+1 —
X,|| = 0 as n — 4o0. Thus, F(x,) = 0, + 7||x, — x,_1> = 0% as n — +o0.
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Next, to see the boundedness of (x,)nen, we observe from the nondecreasing
property of (8 )er that F(xy) > 6, > 6y = F(xo) — 7|x0 — x—1|]2 = F(zp), where
the last equality follows as x_1 = Xg. S0, (Xn)neny C {x € S : F(x) > F(x¢)}, and
hence (X, )nen is bounded.

(iii): Let X = (Z1,...,Tm) be any cluster point of (X, )nen and let (X, )nen be
a subsequence of (X, )nen such that xi, — X as n — +oo. Then X € S and, by the
asymptotic regularity, x;, +1 — X as n — 4o00. Fix any ¢ € {1,...,m}. By the local
Lipschitz continuity of f; and g;, we have that fi(z;r,) — fi(T:), gi(@ik,) = 6:(Ti) >
0, and, by [24, Corollary 1.81], (u;k, )nen and (v;k, Jnen are bounded. Noting also
that

(9:(@4,k0,))?
0 lf fi(xi,kn) = 0
9i (i k, )0 fi(@ik,) — fi(@ik,)Orgi(Tik,)
S 5 s
(9i(%ik,))

one sees (Wi, )nen is bounded. Passing to a subsequence if necessary, we can assume
that

Wj I

s

{gi(fﬂi,kn)“i,kn —fi(Tikn ik g filzin,) >0

9i(Ti)OL fi(Ti) — fi(%:)OL9:(T:)
9:(T;)?

Wik, — W; € as n — +oo.

Now, replacing n by k,, in (3.1), we have, for all z; € S; and all n € N| that

(3.7 hik,+1(xi) = hiky+1(Ti ke, +1)
< Ty 1T,k 11 = T I + 7o 123 — @i, |12+ (Wi, Ty 41 — )

+ 27k, Vi, (Ti k41 — Ty Ti ke, — Tk —1)-

We shall split the proof in two following cases.

Case 1: h is continuous on S N domh. Then lim, i h(xg,) = h(X), and so
limy, 400 F(Xp) = limy 400 Fi(xg,) = F(X). Letting n — +o0 in (3.7), we derive
that, for all z; € S;,

h(fl, ey L1, Ty Tt 1y v e - ,fm) — h(i) < 7||$1 — fiHQ + (m,@ - 1‘,’>,

which means

Z; € argrréin{—h(il, ey T 1y Ly L1y - e ,fm) —‘1-7”],‘,‘ — EIHQ - (m,xl>}
TLES;
= argmin{(—h + 53)(?1, N ,Ti,l,xi,le, . ,fm) +?||£L’Z — leQ — <@1,l’l>}
T, €H;

It follows that

(T:)OL fi(T3) + fi(Ti)O0Lg:(T:)
9:(T;)? '

0€ 05 (~h+05)(%) — Wi C O (—h + 65) (%) + 2

As this inclusion holds for any ¢ € {1,...,m}, X is a lifted coordinate-wise stationary
point for (P).
Case 2: m = 1. Then (3.7) reduces to, for all x € S and all n € N,

h(x) = h(Xp, 41) < =T, Xnp 41 — X, II” + T, [1X = X, I + (Wi, Xy 41 — X)
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+ 27k, Vi, (k41 — X, Xk, — Xk —1)5

91(X)0r f1(X)— f1 (X)9.91(X)

where wy,, — W € )2 as n — +o00o. Letting x = X and n — 400,
one has liminf,,_, 4 o A(xg, +1) > h(X), which yields lim,,, o h(xg,+1) = h(X) due to
the lower semicontinuity of —h. By arguing as in Case 1, X is a lifted coordinate-wise
stationary point of (P).

Finally, if Assumption 3.7 holds, then Lemma 2.4 implies that T is a stationary

point for (P). 0

We now comment on the assumptions imposed on the previous theorem. In
particular, we see that they are quite general, and are all satisfied by our motivating
examples.

Remark 3.9 (comments on the assumptions). In addition to Assumption 3.1, we
also assume in Theorem 3.8 that the objective function F' is bounded from above on
the feasible set S and that {x € S : F(x) > F(xg)} is bounded. These assumptions
are trivially satisfied in the case when S is a compact set (as in our three motivating
examples). More generally, they are also satisfied in the case when —F' is a coercive
function on the set S (noting that we are considering a maximization formulation),
which is a standard assumption in the optimization literature.

Finally, in order to obtain that every cluster point is a stationary point, we also
assume that limsup,, . 7, =7 < 400 and Assumption 3.7 holds. When S is com-
pact, the first assumption can be easily satisfied with 7, = 5+max1§i§m{%(2yi7nai +
yfnﬁz)} and T =6 + maxlgigm{mﬂfiai + QMTfﬁl}? where M, := max,,cgs, fi(z;) and
m; = mingeg, gi(x;). Also, it can be directly verified that Assumption 3.7 is satisfied
by our three motivation examples in the introduction.

Remark 3.10 (convergence to stronger stationary points). A close inspection of
the proof shows that one can obtain a stronger conclusion in Theorem 3.8 for the

cluster point X = (T1,...,Tm). Indeed, the cluster point X satisfies the following
stronger stationarity notion: for each i € {1,...,m},
(38) ZT; € argn;in{—h(fl, ey i1, Ty Ty - - - ,fm) + ?Hl‘l — fiHQ — <@i7 JJZ>}

T, ES;

(“U )aLf1($1) fl(l'.l)aLg1(£ )
9i(%:)?
coordinate-wise stationary point for (P). Moreover, in the case when m = 1, and

f1, 91 are continuously differentiable, (3.8) reduces to

— fl x
xc ProX%(—th) (X T QTV (91 (X) ’

which corresponds to the notion of a L-stationary point with L = 27 [5, Definition 4.8],
a stronger notion than the usual one of a stationary point.

for some w; € & This relation implies that X is a lifted

We now consider the global convergence of the full sequence generated by Algo-
rithm 3.3. Recall that a proper lower semicontinuous function f: H — (—o0, +o0] is
said to satisfy the KL property [16, 19] at X € dom 9y, f if there exist a neighborhood
U of X, n € (0,+c0], and a continuous concave function ¢: [0,7) — R4 such that
©(0) = 0, ¢ is continuously differentiable with ¢ > 0 on (0,7), and, for all x € U

with f(X) < f(x) < f(X) +n,
¢'(f(x) = f()) dist(0,0L.f(x)) > 1
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If f satisfies the KL property at any X € domdr f, then it is called a KL function.
We say that f has the KL property at X € dom Oy f with exponent « if it satisfies
the KL property at X € dom dp, f and the corresponding function ¢ (often referred
as desingularization function) can be chosen as ¢(s) = vs' =% for some v € R, , and
a €1[0,1). If fis a KL function and has the same exponent « at any X € dom dy, f,
then it is called a KL function with exponent a.

THEOREM 3.11 (global convergence). Let (X,)nen be the sequence generated by
Algorithm 3.3. Suppose that Assumption 3.1 holds, that F' is bounded from above on S,
that the set {x € S: F(x) > F(x0)} is bounded, that, for eachi € {1,...,m}, f; and
gi are continuously differentiable on an open set containing S;, and that G(x,u) :=
—F(x)+65(x)+7||x—ul]? satisfies the KL property at (X,X) for all X € dom dy(—F+
ds). Suppose further that limsup, , 7, = T < +o0, that either m = 1 or h
is a differentiable function on an open set containing S whose gradient is Lipschitz
continuous on S, and that there exist €, ¢ € Ry satisfying

foralli € {1,...,m}, for all z,z’ € S;,
(E)-e(t)e

+oo
Then Z IXnt1 — Xn|| < 400 and the sequence (Xp)nen converges to a stationary
n=0

|z —2'|| <e = <tz — 2]

point x* for (P).
Moreover, if G satisfies the KL property with exponent o € [0,1) at (X,X) for all
X € dom 9y, (—F + dg), then exactly one of the following alternatives holds:
(i) (Finite convergence) o = 0 and there exists ng € N such that, for all n > ny,
X, = X*.
(ii) (Linear convergence) a € (0, 3] and there exist v € Ry and p € (0,1) such
that, for alln € N, ||x, — x*|| < vp2 and |F(x,) — F(x*)| < vp".
(iif) (Sublinear convergence) a € (%,1) and there exists v € Ry such that, for
alln €N, ||x, —x*| < 'yn_ﬁ and |F(x,) — F(x*)| < ’yn_%.

Proof. Let z,, := (Xp41,%Xn) for n € N and Q be the set of cluster points of
(Zn)nen. We derive from Theorem 3.8 that the sequence (z,,)necn in S x S is bounded,
that, for all n € N,

(3.9) G(Zns1) + al|Xnio — Xn1||? < G(z,) with a:=6 — 27 >0,

and that, for all Z € Q, one has Z = (X,X) with X € S being a stationary point
for (P) and F(x,) — F(X) as n — +o0o. Therefore, X € domdr(—F + dg) and
G(zy) = G(Xny1,%Xn) = —F(Xpy1) + 7||Xpi1 — X0||2 = —F(X) as n — +o0.

Now, for all n € N, since 01 G(2,,) = (OnL(—F+0ds) (Xn+1)+20(Xpt1—Xn), 20(Xp —
Xn+1))—ra

(3.10) dist(0,0..G(zn))

st (0,01 (—F + 85) (k1) + 2700 11 — %a))? + (20)20xs1 — %02
< dist (0,00 (—F + 95) (Xn+1) + 20(Xpn4+1 — Xn)) + 20||Xn41 — Xn||
< dist(0, 9L (—F 4 05)(Xn+1)) + 47||Xn+1 — Xn |-
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We shall estimate dist(0,0r(—F + d5)(Xn+1)). From Step 2 of Algorithm 3.3 and
noting that f;, g; are continuously differentiable on an open set that contains S;, we
have, for all ¢ € {1,...,m} and all n € N, that

0 € 0r(—hint1 +9s,)(Tint+1) + 270 (Tin+1 — Zin) — Win

(3.11) =0 <_hi,n+l - g + 551) (@int1) + 270 (25 g1 — Zin) + (Wint1 — Win),

where w; , = gi(xiv")vfl(“élg"()m fl)()‘gl )V9i(@in) _ 7 (f’) (%i,n). Since limsup,,_, . T =
T < +4oo and, for each ¢ € {1,...,m}, lim, 40 ||Zint1 — @in] = 0 (by Theo-

rem 3.8(ii)), there exists ng > 0 such that, for all n > nyg,

Tn <27 and ||z 41 — Tinll <e.

Then, for all ¢ € {1,...,m} and all n > ng, we derive from v,, < 7/, that
1270 (@041 = 2i) || = 1270 (@in41 — Tin) — 2Tt (@i — Tin—1)||
(312) S 4?||xi,n+1 — l'z,n” + 2?”1&;’71 —

and from the assumption on V(!’;—) that

313) s = vl = [V (£) @ine) - 9 (£) 010

? K2

<L|wint1 = Tinl-

We split the discussion into the following cases.

Case 1: h is a differentiable function on an open set containing S whose gradient
is Lipschitz continuous on S with modulus £;. Then, it follows from (3.11) that, for
alli e {1,...,m} and all n € N,

fi

Gi

0€ —Vh nt1(@in+1)+0L ( +dg; ) (@in+1) F 270 (Ti 1 — Zin) + (Wi g1 — Win),

which yields

— Ve h(Xn+1) = Vi nt1(Tint1)] — 270 (@ing1 — Zin) — (Wint1 — Win)
€ 07 (~F + 85) (ko 11).

Combining with (3.12) and (3.13), we deduce that, for all n > ny,
diSt(O, 8L(—F + (55)(Xn+1))

< Zdist (0,07 (=F 4 ds)(Xn+1))

i=1
Z Ve h(xns1) = VAinir (@)l + (4T +0) Y 23041 — i
] i—1

+ 292 [€in = Zin—1ll
=1

< mlp||Xny1 — Xp|| + (47 + E)\/Enwil — X + 2§\/771||Xn —Xp-1
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where the last inequality holds due to the assumption that Vh is Lipschitz continuous
with modulus ¢;, on S. By using (3.10), there exists K € Ry such that, for all
n 2 o,

dist(0,9rG(zn)) < K ([I%n41 = Xnll + [0 = Xn-1])-

The first conclusion then follows by applying [9, Theorem 5.1] (with I = {1,2},
A=A =1/2, Ay = 2K|[[Xp42 — Xn41l, an = 132 >0, B =1, and e, = 0).
Case 2: m = 1. In this case, we derive from (3.11) that, for all n € N,

=275 (Xn41 — Zn) — (Wnt1 — Wy) € OL(—F + 05) (Xn+1)-
Thus, (3.12) and (3.13) imply that, for all n > ng,
dist (0, D (—F + 05) (%n11)) < 127 (Kt — 20| + [Was1 — Wl
< (47 4+ 0) %041 — Xal| + 20130 — X1
Proceeding as in Case 1, we also obtain the first conclusion.

As the remaining conclusions are rather standard, we omit the proof here and
refer the readers to [2, 9, 17, 20]. |

As stated in the preceding theorem, the KL exponent of the merit function for
the model problem completely determines the convergence rate of the proposed algo-
rithm. On the other hand, finding or estimating the KL exponent of a nonsmooth
and nonconvex function is, in general, highly challenging. Some recent progresses in
identifying KL exponents for non-fractional problems can be found in [20, 31]. In the
next section, we will derive KL exponents of the corresponding merit functions for
various classes of structured fractional programming problems.

4. KL exponents for structured fractional programs. In this section, we
derive the KL exponent of the associated merit functions of three classes of struc-
tured fractional programs: sum-of-ratios fractional quadratic programs with spherical
constraints, generalized eigenvalue problems with cardinality regularization and gen-
eralized eigenvalue problems with sparsity constraints. In particular, we establish
that, for the last two classes of fractional programs, the KL exponent is 1/2. As a
consequence, the proposed Algorithm 3.3 exhibits linear convergence for these two
classes of fractional programs.

We first see that the KL exponent for the merit function associated with (P) can
be computed by a merit function associated with the equivalent problem (P;). To do
this, we need the following result from [20].

LEMMA 4.1 (cf. [20, Theorem 3.6]). Let f be a proper lower semicontinuous
function. Suppose that f satisfies the KL property at X € domdr f with erxponent
o € [3,1). Then, for all p >0, f(x,u) = f(x) + p||x — ul|* satisfies the KL property
with exponent a at (X,X).

PROPOSITION 4.2. Suppose that Assumption 3.1 holds and that, for each i €
{1,...,m}, fi and g; are continuously differentiable on S;. Let P(x,y) = —h(x) —
H(x,y)+05(x), where H(x,y) = 7% 207/ Fi(e0) — y20:(w0)|. LetX = (@1, Tm) €
7.) € R™ with 57 = YT

9:(Zi) -
tinuous around X and that P satisfies the KL property with exponent o € [0,1) at

S and 'y = (gq,..- Suppose further that h is con-
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(X,y) € S xR™. Then
TR

satisfies the KL property with exponent a at X. In particular, for all p > 0,
G(x,u) i

satisfies the KL property with exponent o/ = max{«, %} at (X, X
[

)
1)a
)|

u|? + ds(x)

Proof. As P satisfies the KL property with exponent a € [0, 1) at (X,¥) € HxR™,
there exist d,7, ¢ > 0 such that, for all (x,y) with ||(x,y) — (X, ¥)|| < ¢ and Px,y) <
P(x,y) < P(X,¥) + 7, one has dist(0,0. P(x,y)) > c¢[P(x,y) — P(X,¥)]". It follows
that, for all (x,y) with ||(x,y) — (X,¥)|| < ¢ and P(x,y) < P(X,¥) + 7,

1

(4.1) [dist(0, 0. P(x,y))]* = c= [P(x,y) = P(X,¥)]-
Here, we drop the condition P(X,y) < P(x,y) because (4.1) trivially holds otherwise.

For each x, let yx = (Y1.x;---,Ymx) With y;x = ng(lx = fori € {1,...,m}. Then

yx =Y. Moreover, by the continuity of H and h, there exists §; € (0, 5) Such that for
all x € S with ||x—X|| < 61 one has ||(x,yx) — (X,¥)|| < § and P(x,yx) < P(X,¥)+7.
Therefore, from (4.1) we derive that, for all x € S with ||x — X|| < é1,

Q=

1

dist(0, 0. P(x, y))JF > ¢ [~h(x) — H(x,y) + h(E) + H(%¥)]
A i S @) o S fi@)
B hlx) ;gz(%) i )+Z (xz)] '
Now, we notice that 9y, P(x,yx) = (Or(—h + 6s)(x) + OF(—H) (%, yx), O3 (—H) (X, yx))
and that, for each i € {1,...,m},

(N (s ) — —gi(x:)V fi(x;) + fi(xi)Vgi(z;) _ AW
aL( HZ)( ’L?y’b,x) [91(531)]2 V( ) ( Z)

and 07" (—H;)(xi,yix) = 0.

Therefore, Jr P(x,yx) = (0,®(x),0), and from here we deduce that, for all x € S
with ||x — X|| < 41,

[dist(0, 9, B(x))]* > ¢ [B(x) — B()] .

So, @ satisfies the KL property with exponent « at X, and hence, also with expo-
nent max{a, 2} By using Lemma 4.1, G satisfies the KL property with exponent
max{a, 1} at (X,X). O
4.1. Sum-of-ratios fractional quadratic programs with spherical con-
straint. We now consider the following sum-of-ratios fractional quadratic program

xTA i Xi
z] Biz;

(FQP) max dXTAOX—i—a(—)'—x—&—Z st. =il =1,i€e{l,...,m},

x=(T1,...,Tm )ER P
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where Ay is a symmetric matrix and, for each i € {1,...,m}, A; and B; are positive
definite matrices. In the special cases of m = 1 and ag = 0, this reduces to the problem
of maximizing the sum of a quadratic function and the Rayleigh quotient over the
unit sphere (motivating Example 1.3). For this sum-of-ratios fractional quadratic
program, the corresponding merit function for the proposed Algorithm 3.3 takes the
form

-

x; Az,
T

z; Biz;

Trop(x,u) = — [x dox+ajx] — Oy xx A (%) + pllx — w2,
=1

where A; = {z; € R% : ||z;|| = 1}, i € {1,...,m}, and p > 0. We shall investigate
the KL exponent of this merit function. To this end, we use a fundamental result
which provides an exponent estimate in the classical Lojasiewicz gradient inequality
for polynomials.

LEMMA 4.3 (Lojasiewicz gradient inequality [11, Theorem 4.2]). Let f be a
polynomial on R? with degree p € N. Suppose that f(X) = 0. Then there erist
constants €,¢ > 0 such that, for all x € R? with ||x — X|| < e, we have
(4.2)

- - 1 f = 17
IVl = el fx)'77, where 7=R(d,p)™" and R(d,p) = {P(3p3)d1 Zf zz 2.

THEOREM 4.4. Let A = Ay X --- X A, where A; = {z; € R% : ||z;]| = 1},
ie{l,....,m}, with 3.I" | d; = d. Consider

B(x) = — [x Aox + a] x| §mjxiTAm+5()
X)=—|x X+ ag x| — X),
0 0 =1 .’I?ZTBZLBl A
where Ag is a symmetric matriz and, for each i € {1,...,m}, A; and B; are positive

definite matrices. Then ® satisfies the KL property with exponent 1 — T, where T =
[R(d + 3m + md, 4)]_1. In particular, for all p > 0,

mo_T
~ x'A;x
CI)FQP(X, u) = — [XTAOX—i—aJX] — Z < Bx

; i

1=

+0a(x) + pllx — ul®

satisfies the KL property with exponent 1 — 7 at (X,X) for all X € dom 01, P.

Proof. From Proposition 4.2 with S = A, h(x) = x' Aox+ag X, fi(z;) = x] Az,
and g;(z;) = x] Biz;, i € {1,...,m}, it suffices to show that

m

P(x,y) = — [x"Apx +aj x| — Z {yi\/ x] Ajw; — yfszBzxz] +0a(x)

i=1

satisfies the KL property with exponent 1 — 7 at (X,¥) € A x R™. To do this, let
(X,¥) € A x R™ and let §,1 > 0 be such that, for all ||(x,y) — (X,¥)| < J, one has
P(X,y) < P(x,y) < P(X,y) + 7. Let L; = A;/Q for i € {1,...,m}. We can write P
as

m

P(x,y) = — [x"Aox+ag x| = Y [yillLizil| — v}z Biai] + > oa, (2:).
=1 =1
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As A; is positive definite, we have L;x; # 0 for all z; € A; and all ¢ € {1,...,m}. Let
fo(x) =x" Apx + aj x. Then, for all i € {1,...,m},
Aimi

afiP(XA’) = {—Vzifo(x) - yzﬁ

(Using Lemma 2.2(ii))
and 0¥ P(x,y) = — || Lizi|| + 2y;x] Bz,

which imply that

2
i A;x;
dist(0, 9, P(x, —Va, fo( Vi — e + 2y Byx; + iz
(0.00P(6.y)* =3 H R
+ > (=l Liwil| + 2gia] Biws)*.
i=1
For all (x,y) € A x R™ and all ¢ € {1,...,m}, one has ||z;|| = 1, and so,
n 2
iTi
=V, fo(x) — yi ——t 297 Biwi + tix;
VZ; Azxz
A 2
i
- ||info(><) gt oy?B,
T, ATy
Ajx;
+ Qti:ciT( — Vg, fo(x) — \/L +2y2B ) + 2,
from which we have
2

m

(4.3) dist(0,0LP(x,y)) Z

Yi——— A

+ Z(*IILmII + 2y;w] Bi;)?,

=1

where t,, ,, ==z, (Va, fo(x)) + vive, Aix; — 2y2x] Bix;.
Now, let us consider f: R* x R™ x R™4 x R™ x R™ — R defined by

fo(x) — + 2yzB T + tay g, T

Fey, WA p) = —fox) = Y [wi(Liw:) Twi — yix] Bis]
=1

+Z |UZ||2 +ZN2 ‘fz”
i=1

and let f: f —r, where r = f(X,y,0, A\, ;1) with uw; = u%,n’ A= M and

Rd+3m+md

7 = tiif* for all i € {1,...,m}. Clearly, fis a polynomial on of degree
4. By Lemma 4.3, there exist dp > 0 and ¢ > 0 such that, for all (x,y,u, A, u) with
H(X,y, u, >‘7 M) - (ia ya ﬁa )‘aﬁ)H S 507

IVF(xy, w, A w)| = VI, y, w A )] > el f(x,y, u, A, p) |7
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= fxy, A p) - fEYTADT,
where 7 = [R(d + 3m + md, 4)]71. Let ux = (U1,x: -+ > Umx)s Axy = (Aixys - s Amxy),
and pty y = (x5 - - -5 Hmx,y) With, for all i € {1,...,m},

L;x; _ Yill Lz
Loz 7Y~ 2

t
Uj x = and p; x,y = —2—

Shrinking 6 > 0 if necessary, we can assume that, for all (x,y) € A x R™ with
H(va) - (i7y)” < 57

||(XaY7UXa)\X,y7lfl’x,y) - (iv ya ﬁa X)ﬁ)H S 507

sehich implics [[V (¢, Y.t Ay iy ) 2 021F(56, ¥t Ay )~ F (& 7. X 7020
Note that, for all ¢ € {1,...,m},

Sy, A p) —Vai fo(x) = (yiL u; — 2y? Biw;) + 2p2,
Vylf(x Y, A, ) —(Liz;) "u; + 2y;2] By,
Vi f(xy,w, A p) = —yiLiw; + 2\ u;,
VA fEy, wApm) = [Jul? =1,
Vi fxy,u, A p) = |l — 1.

Direct verification shows that, for all (x,y) € A x R™ with ||(x,y) — (X,¥)]| < ¢ and
all i € {1,...,m}, one has

VLCL.f(x Y7UXa 7ywu’x,y) = _vﬂfff(x) - <y1\/;¥% - 2y7,281Xl> + txi,yiz’ia
Vi f (%Y 0 Ay B y) = —||Lizil| + 2y Biws,
vulf(x Y7u)(a 7yuu'x,y) =Y,
qu f(X Yy, UXa X y7u/x,y) =0,
\% 1f(X Yy, Ux, xyv/J’x,y) =
and also

f(XaYa Ux, Ax,y7/'l'x7y) = P(X7 Y) and f(i7?a ﬁv Xa ﬁ) = P(ia y)
These together with (4.3) imply that, for all (x,y) € AxR™ with ||(x,y)— (X, ¥)|| < ¢
and P(X,y) < P(x,y) < P(X,¥) + 1,
dist(0,0.P(x,y)) > ¢|P(x,y) = P(X,¥)|' " = ¢[P(x,y) - P& ¥)] .

Thus, P satisfies the KL property with exponent 1 — 7, and the conclusion follows. O

4.2. Generalized eigenvalue problem with cardinality regularization.
Consider the generalized eigenvalue problem with cardinality regularization
xT A1x

(GEP) S XTBux

= Axllo st x| =1,

where A;, By are symmetric matrices such that A; is positive semidefinite and By is
positive definite, and A > 0. For this generalized eigenvalue problem with cardinality
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regularization the corresponding merit function for the proposed Algorithm 3.3 takes
the form

xT Ax

£ _ 2

Pepp(x,u) = < Bx Allx[fo + 0a(x) + pllx —ull*,
with A = —A; a symmetric matrix, B = By is a positive definite matrix, A = {x €
R? : ||x|| = 1}, and p > 0. Below, we derive the KL exponent of the merit function

®epp. To this end, we will use the following lemma from [20]. Here we provide an
alternative short proof for it.

LEMMA 4.5. Let Q be a symmetric d x d matrixz. Then there exists ¢ > 0 such
that, for all x € R?, ||Qx||? > ¢ (x T Qx).

Proof. Let Q = U XU where U is an orthonormal matrix and ¥ = diag(A1,..., A
is a diagonal matrix whose diagonal elements are the eigenvalues of QQ with A1 < A,
o+ < Ap. Let x e R4, y :=Ux, and I = {j : A\; # 0}. Then x' Qx = Zjvzl \jy?

j
Zjelo /\jy]z and

)

S

[ IA

N
lex[> =xT(QTQ)x = (Ux)TS*(Ux) = > Ny? = > Ny,
j=1

Jj€lo

Setting ¢ := min{|\;| : j € Iy}, we see that

c(x"Qx) =Y eNyr < Y eNly; < Y IRy = lexP,
j€Io j€lo j€lo
which completes the proof. ]

Next we prove that the KL exponent of the merit function @G Ep i % To do

this, for an index set J = {j1,...,5k} C {1,...,d} with k¥ < d, we denote x; :=
(xj,,...,xj, ). Moreover, for two index sets I, J, we denote Ay = (Aij)icr,jeJ-

THEOREM 4.6. Consider the function ®(x) = ;;gf{ + Allx]lo + da(x), where A =

{x:||x|| =1}, A, B are symmetric matrices with B positive definite, and A > 0. Then
® is a KL function with exponent % In particular, for all p > 0,

x T Ax
x T Bx

Dopp(x,u) = + AJx[o + da(x) + pl|x — ul|?

satisfies the KL property with exponent % at (X,X) for all X € dom 9, P .

Proof. Take any X € domd;,®. Then X € A. Let J = supp(X) and use |J| to
denote the cardinality of J. Choose 7 € (0,1) such that, for all |x —X|| <,

X' Ax B x " Ax < A and 1 < A
X Bx x'Bx| 4"y
Let x with ||x — X|| < n and ®(X) < ®(x) < ®(X) + 7. We first see that, by shrinking
7 if necessary, one can assume that
J = supp(X) = supp(x).

Indeed, by continuity and by shrinking 7 if necessary, one has supp(X) C supp(x).
Suppose that supp(X) € supp(x). Then [|x||o > [X[lo, and so, [[x[o > [X]lo + 1. From
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our choice of x, one has x € A and

fﬁ+ww<ﬂm+w”<fﬁ
X X —_—
O™ xTBx ™ XTBx

+ AIX|lo + 7.

TBx

This shows that [|x[o < 3 + [[X[lo, which is impossible.
Using Lemma 2.2 and noting that J = supp(x), we derive that

2Ax(x " Bx) — 2Bx(x" A
OLB(x) C { x(x <§)TBX>2X(X ) L Aviix:iteR,

v; =0if 5 € J, andvjeRifj¢J}.

Denoting [a]; = (a;);jes € RIYI, this implies that

: S
dist(0, 0, P (x)) > tuéﬂf{

2Ax(x " Bx) — 2Bx(x " Ax)
[ (T Bx)?

:| +tXJ
J

A direct verification shows that

n (QAX(XTBX) — QBX(XTAX)) o,

(xT Bx)?
which, together with J = supp(x), implies that

)T ({QAX(XTBX) - 2Bx(xTAx)} J> o

(xT Bx)?
Therefore,
. 2Ax(x " Bx) — 2Bx(x " Ax) 2 x| Ax
d > = —— - B
dist(0, 0P (x)) > H [ < Bx)? . T Bx [Ax] 5 XTBX[ x|y

Using J = supp(x) again, we have that

[AX]J = AJJXJ, XTAX = (XJ)TAJJXJ, [BX]J = BJJXJ, and XTBX = (XJ)TBJJXJ,

and hence dist(0, 0, ®(x)) > xT2Bx Ajyxy — :IgiBJJXJH.
Now, let q(z) =z Ajjz — ?;gz z' Byyz for z € RI’I. Then
2 x T Ax
i B(x)) > —o _ X A
dlSt(O,aL (X)) = XTBX HAJJXJ XTBXBJJXJ
2 X AX x'Ax X'AX
> = (|[Ayx; — B S22 X X B
~ x"Bx (H TR g T x T Bx xTBx’ | JJXJI)
1 2 _
= Va6~ 809 — @) 1By

where the second inequality follows from the triangle inequality and the last equality
holds as x,X € A and J = supp(x) = supp(X) (and so, ||x|lo = ||X]|0)-
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From Lemma 4.5, there exists ¢ > 0 such that, for all z, || Vq(z )||2 > cq(z). Indeed,

: % AX
one can set ¢ := min; <</ {4|)\j(AJJ - iTgiBJJ)| s A (Agg — ,TBXBJJ) * O} where

A;(Q) are the eigenvalues of a matrix Q. Noting that

x| AX
%' Bx

abe) [(XJ)TAJJ(XJ) -

1
T —
x ! Bx () BJJ(XJ)] x| Bx

—T A—
A 1
= [XTAX - X.l_ XxTBx

X' BX x T Bx
xTAx X' AxX
 x'Bx X'BX

one has

dist(0, 0, P (x)) > \fq(xJ) . — 2B (x) — B(X )lllBJJXJH

Bx x T Bx
— 260) — 0(x)2 (L~ 200 - apo 21222 ).

Let ¢; := min{Vx"Bx : x € A} and ¢s := max{Vx"Bx : x € A}. By shrinking 7 if
necessary, we can assume that n € (0,1) and

1/2||BUXJ|| 1/2||BI]XJ|| \[

2[®(x) — ¢(x)] o

xT Bx c1

l\.’J

where the first inequality follows by the fact ®(X) < ®(x) < ®(X) + 7. Then, we see
that

Y0 — e - a2

C2 202 282

dist(0, 0 (x)) > [®(x) — B(x)] /2 (

Thus, ¢ satisfies the KL property with exponent % This shows that, according

to Lemma 4.1, ff’GEp satisfies the KL property with exponent % at X for all X €
dom 01, ®. O

4.3. Generalized eigenvalue problem with sparsity constraint. Consider
the generalized eigenvalue problem with sparsity constraint
xT A1x

GEPS
( ) :gé?&)g xT Bix

st x| =1, ||x]lo <,

where A;, By are symmetric matrices such that A; is positive semidefinite and B is
positive definite, and r > 0. For this generalized eigenvalue problem with sparsity
constraint, the corresponding merit function for the proposed Algorithm 3.3 takes the
form

-
~ x ' Ax
P X,u) = ——+96 x) + pllx — ul|?,
ceps(X,1) T Bx Anc,. (%) + pl| [
where A = —A; is a symmetric matrix, B = Bj is a positive definite matrix, A =

{xeRe:|x|| =1}, Cr = {x € R?: ||x]|p < r} with r > 0, and p > 0. Below, we
investigate the KL exponent for this merit function.
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THEOREM 4.7. Consider the function ®(x) = }’::gi +anc, (x), where A = {x €
Re: x| = 1}, Cr = {x € R? : ||x||[p < 7} and A, B are symmetric matrices with
B positive definite. Then ® is a KL function with exponent % In particular, for all

p=0,

-
~ x' Ax

Pepps(x,u) = e Sanc, (%) + pllx — ul?
satisfies the KL property with exponent % at (X,X) for all X € dom 91, P.

Proof. Take any X € AN C,.. We split the proof into two cases: ||X||p = r and
%o <.

Case 1: ||X|lo = r. Let § > 0 and take any x € AN C, with ||x —X|| < J. By
shrinking § if necessary, we have supp(X) C supp(x). So, %[0 > [[X|[jo = r. As
x € Cy, we see that ||x]|o = ||X||o = r and so, supp(X) = supp(x). Then, a similar line
of argument as in Theorem 4.6 gives the desired conclusion.

Case 2: |[X|lo < 7. Let Z={I C{1,...,n} :supp(X) C I}. Clearly, |Z|] < +oc.
Let 6 > 0 and take any x € AN C, with ||x — X|| < §. By shrinking ¢ if necessary,
we have supp(X) C supp(x), and so, Jx := supp(x) € Z. Let x with [|x —X|| <7
and ®(X) < ®(x) < ®(X) + 7. From our choice of x, one has x € A. Moreover, using
Lemma 2.2, a direct computation gives us that

2Ax(x"Bx) — 2Bx(x" A -
an)(X)Q{ x(x (i)TBX)ZX(X X)+)\v+tx:t€R,Jg{l,...,n}\Jx,

T =7 —|Jg|, v; =0ifi € Jy UJ, and v, GRifigésupp(x)Uf}.

It follows from x ' (QAX(XTBXFQBX(XTAX)) =0 that

(xT Bx)?
R |:2AX(XTBX)—2BX(XTAX):| o
JeUJ (x1 Bx)2 oF
Thus,
2Ax(x"Bx) —2Bx(xT A
dist(0,0,9(2)) > inf [ X By —2Dx X)—th]
tER,TC{1,....n}~Jsx, | T|=r—Jx (xT Bx) Lud

T _ T
nf |:2AX(X Bx) — 2Bx(x Ax)}
JUT

Ag{l,.A.,n}\Jx, \.ﬂ:r—]x (XTBX)2
2Ax(x" Bx) — 2Bx(x " Ax)
(xT Bx)? ;

in
T2, |T|=r
Using a similar line of argument as in Theorem 4.6, one has

1 2
XTBXHVQJ(XJ)H - XTBX

dist (0,0, ®(z)) > i)(r}lfj_r{ B (x) — B(%)] |BJJXJ} ,

~ JDJ.

where q;(z) =2z Ajjz — iTA?ZTBJJZ for z € RII. By Lemma 4.5, for each J D Jy

x ' Bx

with |J| = r, there exists ¢; > 0 such that |Vq,(z)||> > c;qs(z). Note that {J :
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J D Jx with |J| =7} CZ:={J:J 2 Jg with |J]| = r} (as supp(X) C supp(x)) and
|Z| < 400. So, ¢ := minjez ¢y > 0. Noting from ®(x) — &(X) > 0, for each J D Jx
with |J| = r, one has

)q((TXé))( = [(XJ)TAJJ(XJ) _ ;:'Trgj((xtl)TBu(xj)] S
:))?gz—j?gz:@(x)—@(x)>0
Therefore,
dist(0,0,8(2)) > _ inf {w — o) - oo L2222 }
— 260 - o) _int L 20 - a2 12200

Following a similar line or arguments as in Theorem 4.6, we get the desired conclu-
sion. 0

Remark 4.8 (linear convergence of Algorithm 3.3). In view of Theorem 3.11,
Theorem 4.6, and Theorem 4.7, we see that Algorithm 3.3 exhibits linear convergence
when applied to generalized eigenvalue problems with cardinality regularization and
generalized eigenvalue problems with sparsity constraints.

5. Numerical examples. In the section, we illustrate our proposed method via
numerical examples. We first start with an explicit analytic example and use it to
demonstrate the behavior of Algorithm 3.3 as well as the effect of the inertial param-
eters. Then, we examine the performance of the algorithm for the sparse eigenvalue
optimization model. All the numerical tests are conducted on a computer with a 2.8
GHz Intel Core i7 and 8 GB RAM, equipped with MATLAB R2015a.

5.1. Analytic examples. Consider the problem

z;+1
(EP) £a§<m+12xl>nxl+yzx T s.t. 0<x<10,

where v > 0. We first note that, for alli € {1,...,m}, 2? +2x;+5 = (z; +1)*+2%2 >
4(x; + 1) and that if m+1— 3" 2 <0, then (m+1—Y 1" a;)[[1m, z; < 0;
otherwise, applying the Arithmetic Mean Geometric Mean (AM-GM) inequality to
(m+1) numbers (m+1—>"1" x;), T1, ..., Tp, yields (m+1-=Y1" @) [T0, z; < 1.
Direct verification shows that X = (1,...,1) is the global solution of this problem.
This example satisfies Assumption 3.1 with f;(z;) = v(z; + 1), gi(z;) = 2?2 + 22, + 5,
o; = ,andﬂZ—Qforallze{l .,m}. Let v =10, xg = x_1, 6 = 1, and, for all

neN, v, =0,7, =0+ max1<z<m{yl 0l + 2y7 2 Bi} <7 :=0+maxi<;<m{a; Vm

Qﬂlm = maxo<g,; <10 fi(z;) = 110 and m; = ming<g, <10 gi(x;) = 5,

i€ {1 ..,m}. Then7 for all n € N and all ¢ € {1,...,m}, zin = Tin + Vn(zipn —

2
v(=z7 , =22 n+3)
Tin-1) = Tign and w; n = 5 —ms,

and

2
1
Tint+1 = argmax s x; (m+1—x; — Sin) Pin — Tn (ml — Zip — =— Wi

0<w; <10 27,
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27y, (zm + #wm> +(m+1—5,,)Din
27—n + 2pi,n ’

= Pjo,10]

i—1 m
where $in = 351 Tjnt1 + D i1 Tins Pin 1=
denotes the Euclidean projection onto C.

27

i—1 m
Hj:l Lj,n+1 Hj:i+1 Ljn, and P¢

We randomly generate initial points in [0, 10]™ and perform Algorithm 3.3. For
all the initial points, the algorithm produces a sequence (x,)n,en converging to the

global maximizer.

Figure 1 depicts the convergence behavior for the case m = 2

and v = 10, with initial points (0,0), (0,1), (1,0), and (10,10) by plotting out the

Euclidean distance to the solution (1,1) per iteration.

Initial point = (0,0) Initial point = (0,1) Initial point = (1,0)

Initial point = (10,10)

i
1
102: i
1
1

\ ,

1

1

_ i

. . i

i
\ % 1
10 : . " : 10 e
0 10 20 o 10 20

10
30 o
Iterations lterations

\ N R
30 0 10 20

. il
100 200
Iterations

Iterations

Fic. 1. Euclidean distance between the solution and the sequence generated by Algorithm 3.3
for (EP)

Effect of the inertial parameters. We now illustrate the behavior of Algo-
rithm 3.3 by varying the inertial parameters. To do this, we fix m = 2 and v = 10 and
an « € (0,1). We set v, = a% < %. Starting with the initialization xo = (10, 10),
we then run Algorithm 3.3 with different values for o € [0,1). Figure 2 depicts the
distance, in the log scale, between the sequence of iterates (x,)nen and the solution
X —

= (1,1), for @ € {0,0.3,0.6,0.9}. As one can see from the figure, as « increases and
approaches 1, the algorithm tends to converge faster.

Initial point = (10, 10)

0 20 40 60 80

120
Iterations

F1G. 2. Illustration for different inertial parameters in solving (EP) via Algorithm 3.3

5.2. Sparse generalized eigenvalue problems. As another illustration of our
algorithm, following [30], we consider a sparse generalized eigenvalue problem that
arises from binary classification using sparse Fisher discriminant analysis. Consider

p observations z1,...,z, with z; € R%, i € {1,...,p}, each of which belongs to one
of two distinct classes. Let I, C {1,...,p} contain the indices of the observations in



28 R. L. BOT, M. N. DAO, AND G. LI

class k, with p, = |I.|, k = 1,2, and p; + ps = p. Let i), = pik Yier, Zis for k=1,2.
The so-called within-class and between-class covariance matrices are given by

2 2
1 ~ . 1 T
Vi = - Z Z(Zz — 1)(z; — N}c)T and Vp = — Pl -
PiDicn, =
The classification problem using sparse Fisher discriminant analysis (SFDA) then

seeks a low dimensional projection of the observations such that the between-class
variance is large relative to the within-class variance. Mathematically, it solves

(SFDA) max —Ao(x) st x| =1,

where ¢ is a regularization function inducing sparsity, and A > 0. This is a sparse
generalized eigenvalue problems with A =V}, and B = V,,. Here, we consider two
specific sparse regularization functions: ¢(x) = ||x||o, and ¢(x) = d¢, (x) with C, =
{x eR?: ||x]lo <7} and r > 0.

In the case where ¢(x) = d¢,.(x), [30] proposed a truncated Rayleigh flow method
(TRFM) for solving the above sparse generalized eigenvalue problem and showed the
linear convergence of this method when the initial point xg is close enough to a global
solution. We note that, in general, it is hard to theoretically guarantee whether an
initial point x( is chosen to be close enough to a global solution, in order to ensure
the convergence of the algorithm. On the other hand, Algorithm 3.3 can be applied
to (SFDA) with both ¢(x) = ||x|lo and ¢(x) = ¢, (x), and Remark 4.8 shows that
Algorithm 3.3 converges linearly regardless of the choice of the initial points.

5.2.1. Sparsity constrained case. In this subsection, we consider the general-
ized eigenvalue problem with sparsity constraints, that is, (SFDA) with ¢(x) = d¢, (X).
In this setting, Algorithm 3.3 reads as

1 x!'Vix, X VX,
n S P n o L = Vi n Vw n
Xn+1 ANC, (Z + 27 (X0 Vg3 )2 { bX X

with 2, = X, + Vn(Xn — Xp—1)-

It is known that, for all a = (ay,...,aq) € R% (Pc.(a)); = a; for the r largest
components in absolute value of a, and (P¢,(a)); otherwise. Then

=0
{H%Il :vGPcr(a)} if a0,

Panc,(a) = .
ANC,. ifa=0.

This can be seen, for example, by noting that Panc, (a) = argmin{i|x —al®> : x €
ANC,} =argmin{(a,x) : x € AN C,}, and applying [23, Proposition 13].

In our simulation, we adopt the same setting as in [30]: we set u; = 0, py =
(2,1, p2.a) | with s = 0.5 for j € {2,4,...,40} and pa; = 0 otherwise. Let %
be a block diagonal covariance matrix with five blocks, each of dimension (d/5 x d/5).
The (4, j')-th element of each block takes the value 0.8l7=7'l. As explained in [30], this
covariance structure is intended to mimic the covariance structure of gene expression
data. The observation data are simulated as z; ~ N(u, %) for i € I, k=1,2.

We use our proposed inertial proximal subgradient method (Algorithm 3.3) and
the truncated Rayleigh flow method (TRFM) for solving (SFDA) with ¢(x) = d¢, (%),
where we set r = 50, p; = pa = 500, p = p; + p2 = 1000, and d = 2000.
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e For Algorithm 3.3, we use the initial point xo = (1/+/r,...,1/3/7,0,...,0) €
—_—

R?. Direct verification shows that Assumption 3.1 is satisfied with a3 = 0
and 81 = 2Anax(Vw). So, by Remark 3.9, we can set 6 = 1, 7, = 1 +

%Amax(%}), 7 = 0.4999 < g and v, = TE,L We stop the algorithm
when either the iterations reach the maximum iteration number 6000 or the
quantity ||x,4+1 — X, is less than 107°.

e For (TRFM), we use the same initial point xo as in Algorithm 3.3. We also
use the same termination criteria as in Algorithm 3.3.
We run TRFM and Algorithm 3.3 for 50 trials. Table 1 summarizes the output
of the two methods by listing the average value for
(i) the objective value of the computed solution;
(ii) the CPU time measured in seconds;
(iii) the number of iterations used (round to the nearest integer).

TABLE 1
Computation results for (SFDA) with sparsity constraint

Objective value of Number of

computed solution CPU time iterations
TRFM 12.2932 6.9976 1083
Algorithm 3.3 12.5461 4.8148 5b5

From Table 1, one can see that Algorithm 3.3 is competitive with the TRFM
method and produces a solution with better quality in terms of the final objective
value (note that (SFDA) is a maximization problem). Moreover, Algorithm 3.3 also
uses less CPU time and number of iterations. As an illustration, we also plot ||x, —x*||
against the number of iterations n, in logarithmic scale, where x* is the approximated
solution produced by the corresponding algorithm. Figure 3 supports the theoretical
finding that Algorithm 3.3 exhibits linear convergence in this case.

TREM
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Fic. 3. Euclidean distance between x, and X* in every iteration

5.2.2. Sparse generalized eigenvalue problem with cardinality regular-
ization. In this subsection, we consider the generalized eigenvalue problem with
cardinality regularization, that is, (SFDA) with ¢(x) = ||x|lo. In this setting, Al-
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gorithm 3.3 reads as

X — Zp —

2
Xp41 = argmax {—/\||X||0 —Tn }

Ix[|=1 27,

= argmax {—\||x||o + (27nZn + Wp,X)}
lIx]|=1

with A > O, Zn, = Xp + Vn(xn - xn—1)7 and

x,) Vix, [xZwan
W, =

(xTTLwan)2 Vbxn — wan:| .

x,) Vix,

We note that, for each a € R?, the optimization problem argmax ., —; {—Alx[lo +
(a,x)} has a closed form solution [29, Proposition 6]. In our numerical experiment,
we set A = 0.035. We also generate the data as in the previous subsection, using
the same initial point, parameters 7,,, v, and §, and employing the same termination
criteria.

We run Algorithm 3.3 for 50 trials. Table 2 summarizes the output of the method
where the meanings of the items are the same as in the previous subsection.

TABLE 2
Computation results for (SFDA) with cardinality regularization

Objective value of Number of
computed solution CPU time iterations
13.7196 3.1013 1074

We also plot out Euclidean distance between x,, and x* per iteration in log scale
(Figure 4), which supports the theoretical finding that Algorithm 3.3 exhibits linear
convergence for this problem.

& - Algorithm 3.3 for cardinality regularization problem

0 200 400 600 800 1000 1200

FiG. 4. Euclidean distance between x, and X* in every iteration

Appendix A. Proof of Lemmas 2.1, 2.2, 2.4, and 3.5.

Proof of Lemma 2.1. (i): This is given in [26, Proposition 10.5].
(ii): This follows from [26, Corollary 10.9].
(iii): This is an application of [25, Corollary 3.4] with ¢ =0 and @y = f.
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(iv): We first have from [24, Proposition 1.111(ii)] and (ii) that

=f () = Q9+ F(x)9)(x) - Or(=g(x)f)(x) + I (f(x)g)(x)
(A1) aL( g )( ) 9(x)? - 9(x)? '

Assume that Of is nonempty-valued around x. Then, if g(x) >0, O(—g(x)f)(x) =
g(x)0L(—f)(x) € —g(x)0rf(x) due to (iii). If g(x) < 0, then —g(x) > 0 an
Or(—g(x)f)(x) = —g(x)0L f(x). Thus, we obtain the desired inclusion.

Now, assume that f is strictly differentiable at x. Then, by combining (A.1) with

the last assertion in (11)7 ar, (%f) (X) = _Q(X)Vf()()-‘raL(f(x)g)(x) On the other hand,

9(x)?

o,

we have from [15, Corollaries 1.12.2 and 1.14.2] that 0 (7) (x) = _g(x)vf(’;gi)d(f(x)g)(x)

The remaining conclusion follows from these two equalities.
(v): The chain rule is given in [24, Theorem 1.110(ii)]. The two square root rules
follow by letting 6(t) = v/t and 6(t) = —/, respectively. d

Proof of Lemma 2.2. (i): The formula for Fréchet and limiting subdifferentials of
I - lo can be found in [18, Section 3]. The formula for the horizon subdifferential can
be verified directly.

(ii): This follows by a direct verification.

(iii): The limiting subdifferential formula for d¢. can be found in [4, Theorem 3.9].
The formula for the horizon subdifferential can be verified directly.

(iv)&(v): We deduce from (i), (ii), and (iii) that, for all x € A, || - ||o and d, are
regular at x and (—9%°(]| - [Jo)(x)) N 9°da(x) = {0}, and that, for all x € ANC,,
(—0%°0¢,.(x)) N0 (x) = {0}. The conclusions then follow from Lemma 2.1(ii). O

Proof of Lemma 2.4. Let us first consider the case when h is strictly differentiable

at X. By Lemma 2.1(ii), O (—h+9s)(T) = —VAh(X)+0Lds(X). Since dg(x) = dg, (x1)+

--+0sg,, (zm), we learn from Lemma 2.1(i) that 0r.65(X) = 07'65(T) x - - - x 0705 (%),
and so

IL(—h+0s)(T) = 07 (—h + 65)(T) x --- x O™ (—=h + 05)(T).

This equality is obvious in the case when m = 1. Next, since F(x) = h(x)+Y ;- 5‘(?)

with each % Lipschitz continuous around Z;, again using Lemma 2.1(i)&(ii), we have
that '

(A.2)

I (—F +65)(X) C dr(—h +65)(X +3L< Zf1> X

=07 (—=h+0g)(X) x --- x 7™ (—h + dg)(X) + 01 <g{1> (T1) x -+ x 0L (fm) (T1).

9m
(i): Assume that, for each i € {1,...,m}, 5f1 is nonempty-valued around T;.
Then, by Lemma 2.1(iv), for each ¢ € {1,...,m},
(A.3) o, ( fz) (@) C —gi(xi)aLfi(%)j {i(fﬂi)aLgi(xi)_

In view of (A.2) and (A.3), if X is a stationary point for (P), then it is a lifted
coordinate-wise stationary point for (P).

(ii): By Lemma 2.1(i),(ii)&(iv), the inclusions in (A.2) and (A.3) can be replaced
by equalities. The conclusion then follows. 0
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Proof of Lemma 3.5. For each i € {1,...,m}, set Hi(x;,y;) := 2yi\/fi(zi) —
20 (1.
Yi gz(xz)~

(i): This follows from the observation that

max H(x,y) = ZmaXH i, Yi) in xu@ Zfl

€Rm
Y -1

(ii): Assume that, for each i € {1,...,m}, ) fi is nonempty-valued around T;.
Then, since f;(Z;) > 0 and F; > 0, we have from Lemma 2.1(ii), Lemma 2.1(v), and
then Lemma 2.1(iii) that

Y; 0L (= i) (T:)

or' (—H)(xX,y) =07 (—H:)(@:,7;) € ) + 73 00.9:(T:)
—7,; Or fi(%;) —y _ —9i(@) 0L fi(@:) + fi(%i)Or9:(Ti)
(A4) - 7f1(@) +77 0.9:(T:) 9:(T:)? :

As a result, if (X,¥) is a lifted coordinate-wise stationary point for (P;), then X is a
lifted coordinate-wise stationary point for (P).

Now, assume that, for each i € {1,...,m}, f; is strictly differentiable at Z;. Then
the inclusions in (A.4) become equalities, and the conclusion follows. d
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