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Abstract

This work aims to minimize a continuously differentiable convex function with Lipschitz
continuous gradient under linear equality constraints. The proposed inertial algorithm re-
sults from the discretization of the second-order primal-dual dynamical system with asymp-
totically vanishing damping term addressed by Bot and Nguyen in [§], and it is formulated
in terms of the Augmented Lagrangian associated with the minimization problem. The
general setting we consider for the inertial parameters covers the three classical rules by
Nesterov, Chambolle-Dossal and Attouch-Cabot used in the literature to formulate fast gra-
dient methods. For these rules, we obtain in the convex regime convergence rates of order
@ (1 / kz) for the primal-dual gap, the feasibility measure, and the objective function value.
In addition, we prove that the generated sequence of primal-dual iterates converges to a
primal-dual solution in a general setting that covers the two latter rules. This is the first
result which provides the convergence of the sequence of iterates generated by a fast algo-
rithm for linearly constrained convex optimization problems without additional assumptions
such as strong convexity. We also emphasize that all convergence results of this paper are
compatible with the ones obtained in [§] in the continuous setting.
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1 Introduction

1.1 Problem formulation and motivation

Consider the optimization problem

min £ (z),
subject to Az =b (L.1)

where H,G are real Hilbert spaces, f: H — R is a convex and Fréchet differentiable function
with L—Lipschitz continuous gradient, for L > 0, A: H — G is a continuous linear operator
and b € G. We assume that the set S of primal-dual optimal solutions of (|1.1)) (see Section

for a precise definition) is nonempty.
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Optimization problems of type arise in many applications in areas like image recovery
[13} 23] 26], 28], machine learning [9, [I7], and network optimization [30].

Other than in the unconstrained case, for which fast continuous and discrete time approaches
have been intensively investigated in the last years, the study of solution methods with fast
convergence rates for linearly constrained convex optimization problems of the form is in
an incipient stage.

Zeng, Lei, and Chen (in [30]) and He, Hu, and Fang (in [16]) have investigated a dynamical
system with asymptotic vanishing damping attached to , and have shown a convergence
rate of order O (1 /t2) for the primal-dual gap, while Attouch, Chbani, Fadili and Riahi have
considered in [2] a more general dynamical system with time rescaling. More recently, for a
primal-dual dynamical system formulated in the spirit of [2], [16, B0], Bot and Nguyen have
obtained in [8] fast convergence rates for the primal-dual gap, the feasibility measure and the
objective function value along the generated trajectory, and, additionally, have proved asymp-
totic convergence guarantees for the primal-dual trajectory to a primal-dual optimal solution.

Fast numerical methods for solving have been mainly considered in the literature
under additional assumptions such as strong convexity, and in several cases the convergence
rate results have been formulated in terms of ergodic sequences. In the merely convex regime
no convergence result for the iterates has been provided so far for fast convergence algorithms.
To the works addressing fast converging methods for linearly constrained convex optimization
problems belong [11], 12) 13| 15, 19, 20| 23], 24] 26, 27, 28, 29], at which we will take a closer
look in Section

The aim of this paper is to propose a numerical algorithm for solving , which results
from the discretization of the dynamical system in [8], exhibits fast convergence rates for the
primal-dual gap, the feasibility measure, and the objective function value as well as convergence
of the sequence of iterates without additional assumptions such as strong convexity. Although
there is an obvious interplay between continuous time dissipative dynamical systems and their
discrete counterparts, one cannot directly and straightforwardly transfer asymptotic results
from the continuous setting to numerical algorithms, thus, a separate analysis is needed for the
latter. In this paper we will also comment on the similarities and the differences between the
continuous and discrete time approaches.

1.2 Augmented Lagrangian formulation

Consider the saddle point problem associated to problem ([1.1))

minmax £ (z, A) ,
xeH NeG

where £: H x G — R denotes the Lagrangian function
L(x,\):=f(x)+\ Az —b).

Since f is a convex function, £ is convex with respect to x € H and affine with respect to A € G.
A pair (x4, \sx) € H x G is said to be a saddle point of the Lagrangian function £ if for every
(x,\)eH xG

L(Ts,A) < L(Ts, As) < L (2, M)

If (x4, A\s) € H x G is a saddle point of £, then x, € H is an optimal solution of and A\, € G
is an optimal solution of its Lagrange dual problem. If x, € H is an optimal solution of
and a suitable constraint qualification is fulfilled (see, for instance, [0} [7]), then there exists an
optimal solution A, € G of the Lagrange dual problem of such that (z4,A\s) e H x G is a
saddle point of L.

The set of saddle points of £, called also set of primal-dual optimal solutions of , will be
denoted by S and, as stated above, throughout this paper it will be assumed to be nonempty.



The set of feasible points of (1.1) will be denoted by F := {z € H: Az = b} and the optimal

objective value of (1.1)) by fx.
The system of primal-dual optimality conditions for (|1.1)) reads

(1.2)

(4, 0) € S = {Vﬂ”ﬁ (@A) =0 {Vf (22) + A"y =0

VAL (24, Xs) =0 Azy — b =0’

where A* : G — H denotes the adjoint operator of A. This optimality system can be equivalently
written as

72('7;*’>‘*) :0’
where L A
VoL (2, A \Y A
Te:HxG—oHxG, T(r)) = <—VA£(?$ A))> - < flggc—)zfc >

is the maximally monotone operator associated to the convex-concave function £. Indeed, it is
immediate to verify that 7, is monotone. Since it is also continuous, it is maximally monotone
(see, for instance, [5, Corollary 20.28]). Therefore S can be interpreted as the set of zeros of
the maximally monotone operator 7,, which means that it is a closed convex subset of H x G
(see, for instance, [0, Proposition 23.39]).

For 8 > 0, we also consider the augmented Lagrangian Lg: H x G — R associated with

Lg(x,A) = L(z,)) + g |Az = b|* = f (z) + (N, Az — by + g |4z — b]*.
For every (z,)) € F x G it holds
f(@)=Lg () =L(x,)). (1.3)
If (x4, \s) € S, then for every (x,\) € H x G we have
L(24,A) = L3 (@s, \) = L (24, M) = L5 (T4, M) < L (2, M) < L (2, i) - (1.4)
In addition,

_ N
(x*,)\*)e‘g@{vzﬁﬁ(l‘*,)\*) —0®{Vf(:v*)-|—A o=0

1.3 Related works

In this section we will recall the most significant fast primal-dual numerical approaches for lin-
early constrained convex optimization problems and for convex optimization problems involving
compositions with continuous linear operators.

In [11I], Chambolle and Pock have studied in a finite-dimensional setting the convergence
rates of their celebrated primal-dual algorithm for solving the minimax problem

I;g[l max Lz, ) = f(x) +{Az,\) — g* (N), (1.5)

which is naturally attached to the convex optimization problem
min f(z) + g(Ax), (1.6)
zeH

with f: H - R u {+w} and g: G — R u {40} proper, convex and lower semicontinuous
functions and g*: G — R U {+o0} the Fenchel conjugate of g. The problem (|1.6)) becomes (1.1



for g the indicator function of the set {b}. For the primal-dual sequence of iterates {(zx, Ak)};>0
the corresponding ergodic sequence {(Ek, )\k)} k>0 18 defined for every k = 0 as

~ 1 - 1 &
T = % Z g;%; and )\k = <t 2 Ui)\i;
Zi:O 0i =0 Zz‘:o 04 j=0

where {0} k>0 18 a sequence of properly chosen positive step sizes. The Chambolle-Pock primal-
dual algorithm exhibits for the restricted primal-dual gap an ergodic convergence rate of

sup (E (T, \) — L (x,j\k)) =0 <1> as k — +00,
(N)eX XY k

where X € H and Y < G are bounded sets. If f is strongly convex, then the accelerated
variant of this primal-dual algorithm exhibits for the same restricted primal-dual gap an ergodic
convergence rate of

sup (E (T, \) — L (:E,Xk)) =0 (12> as k — +
(TN)EXXY k

whereas, if both f and ¢* are strongly convex, then even linear convergence can be achieved.
In [12], Chen, Lan and Ouyang have considered the same minimax problem (L.f]), but for
f: H — R aconvex and Fréchet differentiable function with L-Lipschitz continuous gradient, for
L > 0, and have proposed a primal-dual algorithm that exhibits for the restricted primal-dual
gap an ergodic convergence rate of
L 4]

sup (E (T, \) — L (:B,Xk)) =0 (2 + > as k — +0o0. (1.7)
(TN)EX XY k k

A stochastic counterpart of the primal-dual algorithm along with corresponding convergence
rate results and, for both the deterministic and the stochastic setting, convergence rates when
either X or ) is unbounded have been also provided.

Later on, Ouyang, Chen, Lan and Pasiliao Jr. have developed in [23] an accelerated ADMM
algorithm for the optimization problem with f assumed to be Fréchet differentiable with
L-Lipschitz continuous gradient, for L > 0, on its effective domain. In the case when f and g*
have bounded domains this method has been proved to exhibit an ergodic convergence rate for
the objective function value of type , with the coefficient of 1/k? depending on L and the
diameter of domf and the coefficient of 1/k depends on ||A| and of the diameter of domg*. On
the other hand, without assuming boundedness for the domains of f and g*, the accelerated
ADMM algorithms has been proved to exhibit ergodic convergence rates for the feasibility
measure and the objective function value of O (1/k) as k — +o0.

By using a smoothing approach, Tran-Dinh, Fercoq and Cevher have designed in [26] a
primal-dual algorithm for solving and its particular formulation that exhibits last
iterates convergence rates for the objective function value and the feasibility measure in the
convex regime of O (1/k), and in the strongly convex regime of O (1/k?) as k — +c0.

Goldstein, O’Donoghue, Setzer and Baraniuk have studied in [13] the two-block separable
optimization problem with linear constraints

min  f (z) +h(y),

subject to Ax + By =1b (1.8)

where K is another real Hilbert space, f: H — R u {+o0} and h: K — R U {+0o0} are proper,
convex and lower semicontinuous functions, A: H — G and B: K — G are continuous linear
operators and b € G. It is obvious that (1.1)) can be reformulated as (|1.8)) and vice versa. In



[13] a numerical algorithm for solving has been proposed that exhibits, when f and h
are strongly convex, convergence rates for the dual objective function of O (1 / l{:2) and for the
feasibility measure of O (1/k) as k — +oo. For a fast version of the Alternating Minimization
Algorithm (see [27]) a convergence rate for the dual objective function of O (1/k?) as k — 40
has been also proved.

Xu has proposed in [2§] a linearized Augmented Lagrangian Method for the optimization
problem for which he has shown that it exhibits for constant step sizes ergodic convergence
rates of O (1/k) as k — 4o for the feasibility measure and the objective function value, whereas
the sequence of primal-dual iterates has been shown to converge to a primal-dual solution. He
has also proved that for appropriately chosen variable step sizes, in particular when allowing
the dual step sizes to be unbounded, the convergence rates of the feasibility measure and the
objective function value can be improved to O (1 /k:2) as k — 400, without saying anything
about the convergence of the primal-dual iterates in this setting. In addition, a linearized
Alternating Direction Method of Multipliers for has been proposed in [28], for which similar
statements as for the linearized Augmented Lagrangian Method have been proved, whereby
the fast convergence rates have been obtained by assuming that one of the summands in the
objective function is strongly convex.

In [14], He and Yuan have enhanced the Augmented Lagrangian Method for the linearly
constrained convex optimization problem (|1.1)) with a Nesterov’s momentum update rule for
the sequence of dual iterates. They have proved that the expression L(xx, A\x) — L (2, Ax) has
an upper bound of order 1/k?, where (2, A\x) k>0 denotes the generated sequence of primal-dual
iterates and (x4, \s) is an arbitrary optimal solution of the Wolfe dual problem of .

In [29], Yan and He have proposed for optimization problems of type , with a proper,
convex and lower semicontinuous objective function, a numerical algorithm which combines the
Augmented Lagrangian Method with a Bregman proximal evaluation of the objective. When
choosing the sequence of proximal parameter to fulfil n, := 7 (k + 1)? for every k > 0, where
n > 0 and p = 0, ergodic convergence rates of

- 1
LGN —L(2,0)) =0 —— k — +o0,
et 213 -0 {5k

47— = 0 (5L} and 17 @)~ 1 = 0 (B} ws s oo

have been obtained.

In [24], Sabach and Teboulle have considered a unified algorithmic framework for proving
faster convergence rates for various Lagrangian-based methods designed to solve optimization
problems of type ([1.1)) with a proper, convex and lower semicontinuous objective function. In the
convex regime these methods exhibit a non-ergodic rate of convergence of O (1/k) as k — +0o0
for the feasibility measure and the objective function value, namely,

1 1
f (zx) — f« has an upper bound of order O <k> and ||Az, —b|| = O <k> as k — +o0.

In the strongly convex regime the convergence rates can be improved to O (1 / kz) as k — +o0.

For the same class of optimization problems, He, Hu, and Fang have proposed in [I5] an
accelerated primal-dual Lagrangian-based method, with inertial parameters following the choice
of Chambolle-Dossal, that achieves a convergence rate of O (1 / k2) as k — +oo for the feasibility
measure and the objective function value without any strong convexity assumption.

Recently, in [19], Lou have introduced in the same context an unifying algorithmic scheme
which covers both the convex and the strongly convex setting. In the convex regime a conver-
gence rate of O (1/k) as k — 400 is obtained for the primal-dual gap, the feasibility measure,
and the objective function value, while in the strongly convex regime these rates are improved



to O (1/k:2) as k — +00. These results have been extended to optimization problems of type
in [20], where it has been shown that, in order to achieve a convergence rate of O (1 / k:2)
as k — 400, it is enough to assume that only one of the functions in the objective is strongly
convex.

Noticeably none of theses works has addressed to convergence of the sequences of primal-dual
iterates, with very few exceptions in the strongly convex regime. This phenomenon could be
noticed for unconstrained convex optimization problems, too. The convergence of the sequences
of iterates generated by fast numerical methods has been proved much later (by Chambolle and
Dossal in [I0] and by Attouch and Peypouquet in [3]) after the derivation of the convergence
rates for Nesterov’s accelerated gradient method ([21]) and FISTA (]6]). One explanation for
this is that the analysis of the first is much more involved.

1.4 Our contributions

We consider as starting point a second-order dynamical system with asymptotic vanishing damp-
ing term associated with the optimization problem . This dynamical system is formulated
in terms of the augmented Lagrangian and it has been studied in [8]. By an appropriate time
discretization this system gives rise to an inertial primal-dual numerical algorithm, which al-
lows a flexible choice of the inertial parameters. This choice covers the three classical inertial
parameters rules by Nesterov ([6l, 2I]), Chambolle-Dossal ([I0]) and Attouch-Cabot ([I]) used
in the literature to formulate fast gradient methods. We show that for these rules the resulting
algorithm exhibits in the convex regime convergence rates of order O (1 / k:z) for the primal-dual
gap, the feasibility measure, and the objective function value. In addition, we prove that the
generated sequence of primal-dual iterates converges weakly to a primal-dual solution of the
underlying problem, which is nothing else than a saddle-point of the Lagrangian. The conver-
gence of the iterates is stated in a general setting that covers the inertial parameters rules by
Chambolle-Dossal and Attouch-Cabot. This is the first result which provides the convergence
of the sequence of iterates generated by a fast algorithm for linearly constrained convex opti-
mization problems without additional assumptions such as strong convexity. All convergence
and convergence rate results of this paper are compatible with the ones obtained in [8] in the
continuous setting.

The proposed Fast Augmented Lagrangian Method and all convergence results can be easily
extended by using the product space approach to two-block separable linearly constrained op-
timization problems of the form with f and h convex and Fréchet differentiable functions
with Lipschitz continuous gradients.

1.5 Notations and preliminaries

We denote by B (x;¢) := {y € H: || —y|| < e} the closed ball centered at x € H with radius
e>0.
Let z,y € H. We have

2 2 2
e +yll™ = llzlI” + lylI” + 2 <z, v)- (1.9)
For every s,t € R such that s +¢ =1 it holds ([5, Corollary 2.15])
sz + tyl|* = s lll|* + ¢ lyl* — st [l —y]*. (1.10)

From here one can easily deduce that for s,¢ € R such that s + ¢ # 0 it holds

2 2 2 st 2
= - — . 1.11
eyl = s ol + P L ) (1)



We denote by Sy (H) the family of self-adjoint and positive semidefinite continuous linear
operators W: H — H. Every W e S, (H) induces on H a semi-norm defined by

2|3y = (z, 2)yy = Wa,z)  VreH.
The Loewner partial ordering on Sy (H) is defined for W, W' € S, (H) as
WEW s |zl = 2]},  Vzeh.

Thus W € S, (H) is nothing else than W > 0. If there exists a > 0 such that VW > «alId then
the semi-norm ||-||,,, becomes a norm.

In the spirit of (1.9) and (1.11]), respectively, for every x,y € H it holds
2 2 2
lz +yllyw = lzlw + vl + 24z, v, (1.12)

and for every real numbers s, ¢ such that s +¢ # 0

st
s+t

2 2 2 2
Isz +tylly = szl + tlylw = 1z =yl - (1.13)

+t

Let f: H — R be a continuously differentiable and convex function such that Vf is
L—Lipschitz continuous, for L > 0. For every x,y € H it holds (see [22, Theorem 2.1.5] or
[5, Theorem 18.15])

0 52 IVF (@) = VS WP < (@)~ F )~ Vi @)oo —y < e —yl>.  (L14)

The second inequality is also known as the Descent Lemma.
The following result is a particular instance of [5, Lemma 5.31] and will be used several
times in this paper.

Lemma 1.1. Let {ag};>q, {bkfp>1 and {di};~, be sequences of real numbers. Assume that
{ar} s is bounded from below, and {by},~, and {di},~, are nonnegative such that ;- dj <
+00. Suppose further that for every k = 1 it holds

ap+1 < ag — by + dj. (1.15)
Then the following statements are true
(i) the sequence {by},~, is summable, namely >~ by < +00;
(ii) the sequence {ax},, is convergent.

In order to establish the weak convergence of the iterates, we will use Opial’s Lemma in
discrete form (see, for instance, [5, Theorem 5.5]), which we recall as follows.

Lemma 1.2. Let C be a nonempty subset of H and {x1},~, a sequence in H. Assume that

(i) for every x, € C, lim |lxp — x| exists;
k—+00

(ii) every weak sequential cluster point of {xr};~, belongs to C.

Then the sequence {r},~, converges weakly to an element in C as k — +c0.

2 Continuous time approaches and their discrete counterparts

In this section we want to derive by time discretization a primal-dual numerical algorithm from
the second-order dynamical system investigated in [§]. The employed discretization technique
replicates the one used when relating fast gradient algorithms with the second-order dynamical
system proposed by Su, Boyd and Candes in [25] in the unconstrained case.



2.1 The primal-dual dynamical approach with vanishing damping

The second-order primal-dual dynamical system with asymptotically vanishing damping term
associated in [8] with the augmented Lagrangian formulation of (1.1 reads

F(t) + %x () + VaLs (g; (), A (t) + OtA (t)) —0
X(t) + %A (t) — VaLs (x (t) + 0t (t) , A (t)) ~0, (PD-AVD)

((to) A (t0)) = (0, 20) and (i (t0) , A (t0)) = (0, ho)

where tg > 0, = 3,8 > 0,0 > 0 and (:Bo,)\o),(:to,}\o) eH xG.

Plugging the expressions of the partial gradients of Lz into the system leads to the following
formulation for (PD-AVD)

F (1) + %x () + Vf(z (1) + A* ()\ (t) + Ot) (t)) + BA* (A:c (t) — b) —0
At + %A (1) — (A(x (t) + 0t (1)) — b) ~0. (2.1)
(x (tg),/\(to)> - (:co,)\0> and (m (to) ,A(to)) - (¢0,A0)

In [8] it has been shown that, supposing that

a=z3, =20 and =-=60>=

for a solution (x,\) : [to, +90) — H x G of (PD-AVD)|) and (z, Ax) € S it holds for every t > tg

c
0< L(w (1), M) = £ (@, A1) + Az (1) = bll < 555
and

(14 [|x]) C

M| C
E < iy - o< TR

62t2

where C > 0.

1 1
If, in addition, V f is L—Lipschitz continuous, o > 3 and 3 >0 > P then it holds

\\A*(A(t)—x*m:o(%) and \Vf(x(t))—vf(w*)\|=0<\}i> ast ot (22)

and, consequently,

HVJ;E(:U (t), A (t))H =||Vf(z )+ A*X@®)|| =0 (\2) as t — +0o0,

whereas

IVAL(e (), A (0)]] = 42 (1) b = O (;2) as t - +o0.

By additionally requiring that 5 > 0, it has been also proved in [8] that the trajectory
(J: (), A (t)) converges weakly to a primal-dual optimal solution of (1.1)) as t — +o0.



2.2 Fast gradient scheme: from continuous to discrete time

We recall in this section for reader’s convenience the connection between the second-order
dynamical system by Su, Boyd and Candes ([25]) and the fast gradient numerical methods
formulated in [I0) [I] in the spirit of Nesterov’s accelerated gradient algorithm ([2I]). To this
end we consider the unconstrained optimization problem

min f (x), (2.3)
zeH
where f : H — R is a convex and Fréchet differentiable function with L-Lipschitz continuous
gradient, for L > 0.
The continuous time approach proposed in [25] in connection with this optimization problem
reads

(1) + %x () + VI (z (1) =0, (AVD)

where tg > 0 and o > 3. One can easily notice that for A = 0 and b = 0 the optimization

problem (|1.1]) becomes ([2.3)), while (PD-AVD)) reduces to (AVD).

For every t > ty, we define

This leads to

B+ —— () = — )+

é(t):dc“)—’—a—l a—1 a—1

() =w()+ —

Let 0 > 0. For every k > 1 we take as time step
-1
Uk:=0’<1—|—ak> > 0,

and set 73, := (Jopk = \Jok(k+a—1) ~ \Jo(k+1), v (1) ~ 241 and 2z (1) & 2p41. We
“approximate” 7 with 4/o (k 4+ 1) since it is closer to this value than to 1/ok. This also explains
why we consider x (%) ~ z11 and z (1) ~ 241 instead of the seemingly more natural choices
x (1%) ~ x and z (1) ~ zp, respectively.

The implicit finite-difference scheme for at time t := 75, gives

Zerl — 2k AJOkk
= = v/

A/ Ok B
ﬂ/O'kk' Tk+1 — Tk
Z =T +

k+1 k+1 a—1 \/Uik

or, equivalently,

a—1 k
— = —ogl1 .
Zk+1 2k g ( + A > o — 1vf (yk)

Zk+1 = Tky1 + (Tpt1 — xk)

a—1



where the gradient Vf is evaluated at the point yi, which is to be determined as a suitable
convex combination of x; and z such that xx, 1 — yr — 0 as k — +00. Notice that, since V f
is L—Lipschitz continuous, this implies that Vf (zg4+1) — Vf (yx) — 0 as k — +o0.

The second equation in is equivalent with

a—1 N k
Tl = ——% —— 1
Pt a— 1" T ka1
and consequently suggests the following choice for yy
a—1 k
= ) 2.6
Yk I~::—i—a—1zk+l~c—i—a—1wC (2:6)
From the second equation in (2.5)) we further obtain
a—1 N k a—1 +k—1( 1) + k
= z T = x Tk — Th— —x
Yk k+ta—-1""kta-1" k+ta-1\" a-1""* ol kta—1F
N k—1 ( )
=xp+—— (T — Tp_1) -
Pk ra—1""F kol

In addition,

($k+1 - yk)

k+a-—1 <
2l — R =

a—1

Consequently, (2.5) can be equivalently written as

&( )
k+a—1 kTt (2.7)

Try1 = Yp — oV (yk) .

Yk =T+

This is nothing else than the algorithm considered by Chambolle and Dossal in [I0] (see also

[31)-

Furthermore, if we write for every k > 1

k—1 _k+a—2

tp =1+ , 2.8
k a—1 a—1 (2:8)
so that . ; . £ 1
o — _
thr1— 1= d =
kol a—1 an tha1 E+a—1’
then (2.7) becomes
Yk = ap + —— (2 — T
(Vk=1) tht1 ( ) (2.9)

Tey1 =Yk — oV S (k).
Modifications of the sequence {t} k=1 Which preserve its asymptotic behaviour lead to various
acceleration schemes from the literature.

For instance, the classical Nesterov’s accelerated gradient method ([21]) is precisely (2.9)),
where the sequence {3}, satisfies the recurrence rule

14 4/1+ 483
—— Vk>=1 (2.10)

t1:=1 and tht1 = 5 >

Another example is the algorithm proposed by Attouch and Cabot in [I] that corresponds
to (2.9) with the choice

Vk > 1. (2.11)



It can also be interpreted as a discretization of (2.4) with time step

ok
= — k=1,
Tk k—a+1 v

and by setting 7, = Jop(k—a+1) = \Jok(k—a+1) ~ \Jo(k+1),z(1%) ~ xxs1 and

2 (Th) ~ Zks1-

2.3 The time discretization of (PD-AVD))

In order to provide a useful time discretization of the dynamical system (PD-AVD)|) we follow
the approach of the previous section and define for every t > tg

2 (t) = x (t) + i (t) and v(t):=X(t) + A(t). (2.12)

a—1 a—1

Further, we set

. 9(@1_ 5 e Lﬁl’l]' (2.13)

The parameter v will play an essential role in our analysis. For every t > ty we define

27 (t) = (z(t) + 0t (1)) =~z (t) + zt)=z(@0)+(y—1)x(t), (2.14a)

a—1
VY (t) = (A (t) + Ot (t)) = YA (1) + ﬁx ) =v(t)+(y—1)A(t). (2.14D)

Using these notations, the system (PD-AVD) (see also its equivalent formulation (2.1])) can be
written as

F() + S (0) + V(1) + ,lyA*w (t) + pA" (Ax (1) 1) =0

NORSSYOR i(sz (t) — b) —0. (2.15)

(a: (to) ,)\(to)) _ (xg,/\o) and (:c (to) ,}\(to)) - (zo,xo)

Using that for every t = tg

B() = at_l (3 (@) + 2 (1)) and o (1) = ail (@) +2am).
the first two lines in can be equivalently written as
() = —ﬁw’ (z () — ailiA*,ﬂ (1) %ﬁA* (A (1) —0)
. 1t
v(0) =y (sz (1) —fyb)
() =z (t)+ — 1:t(t)
X « . (2.16)
2V (t) = e (t) + — ()
v(t) = X(t) + ail)\(t)
VY () — A (1) + at_l)\(t).

Let o,p > 0. For every k > 1 we take for z and A\ two different time steps
-1 -1
ak::a<1+ak>>0 and pk::p<1+ak)>0,
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respectively, and set 73, := \/opk ~ /o (k+ 1), 2 (k) ~ Tpy1, 2 (Th) & 2p41, 27 (k) ~ 24, and

7= NPk & \p(k+ 1), X (1) & A1, v (1) ~ v and 7 (17) 2 1) .

The implicit finite-difference scheme for (2.16) at time ¢ := 7, for z and time ¢ := 7], for A

gives
*’%H\/;f - _flfvf (i) — ﬂA*}yﬁkH - fllfﬂfl* (Ayy, — b)
e~ Ve LK )
Pk ya—1

< Zk+1 = Tk+1 + flf ﬂfk??—kfk
z/Z+1 = YTg4+1 + flf xkvakak
Vk+1 = Ap+1 + f;ﬁ )\ki}% A
V]Z+1 et + fllf )\k-i;% Ak

(2.17)

where y, and D,,q1 will be chosen appropriately to obtain an easily implementable iterative

scheme. Notice that Py 1 must be an approximation of v} 41
Once again we take as in the previous section (see (2.6))

a—1 k k—1

= - =T+ ———— (T — Tp—1),
k:—i—oz—lzk k:+0z—1mk Tk k‘—i—a—l(mk Th-1)

Yk

which, by using the third equation in (2.17)), gives

k+a—1 k
——— (@1 — k) = (1+a_1> (Th+1 — Yk) -

Zhtl T 2T T

Following (2.6 we set also for the sequence of dual variables

a—1 k k—1
k+a—1yk+ k R

k+a-—1 k+a—1(/\k_)\k71)’

1225

which, by using the fifth equation in (2.17)), gives

E+a—-1

— (Aka1 = Hk) = thrr (Mpg1 — pg) -

V41 — Vg =

(2.18)

For these choices, and by taking into consideration the definition of {tx},~, in (2.8), (2.17)

becomes

( tr, —1
Yk =z}, + (g, — 2—1)
k1 ”
Tpr1 =Yk — V[ (yr) — —A*Vpy1 — 0BA* (Ayr — D)
tp— 1
J 1k = A + ; (A — Ak—1)
k+1
20 =Tk + (e — 1) (21 — 2)
Ak+1 = Mg+ % (Az,, —b)
(Vi1 = Ykt (B — 1) (A — M)

12
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where D1 is still to be chosen such that Dg, 1 — V,ZH — 0 as k — +00. We will not opt for
Uk+1 = v, in order to avoid an implicit iterative scheme, but choose instead (see also (2.18)))

Dey1 =g + (1 =79) kg1 — M) = YAka1 + (tee1r — ) kg1 — Ak) = YAk + eyt g1 — )

tr—1
=Y+ (L — 1) (A — Ap—1) + tegr <>\k+1 . ];k ; (A — Ak—1)>
+

p
= v} + i1 (Nog1 — k) = V) + Vg1 — v = 1) + ;tk+1 (AZ,ZJrl — vb)

p
=Vt e ((trr — 1+ ) Azpyr — (tra — 1) Az — )

1

e ((tgar — 1) Az D) ),
e (= ) A+ 0)

=y + gtkﬂ (tkrr —14+7) <A$k+1 -

Such a choice is reasonable as long as A\p4+1 — Ay — 0 as k& — +00, which will then imply that
Vks1 — V41 — 0as k — +oo. By setting

P
Sk+1 = ;tkﬂ (tk1 —1+7) and ng = ((tk+1 — 1) Azg +7b)

tky1 — 1+
the second line in (2.19) becomes
o
Tpi1 =Y — 0V f (yk) — ;A* (I/',;y + Sk+1 (Aack+1 — T]k)) — U,BA* (Ayk — b)

or, equivalently,

Th1 + %5k+1A*A37k+1 = <Id + :3k+1A*A> Thit
g g
=y, —oVf (yk) - ;A*VIZ + ;5k+1A*7]k — O',BA* (Ayk — b) .

After rearranging the order in which the sequences are updated, (2.19)) leads to the fast Aug-
mented Lagrangian Method which we propose in this paper, and also investigate from the point
of view of its convergence properties.

3 Fast Augmented Lagrangian Method

In this section we will give a precise formulation of the Augmented Lagrangian Method for
solving ([1.1)) and prove that it exhibits convergence rates of order O (1 / k:2) for the primal-dual
gap, the feasibility measure, and the objective function value.

3.1 The algorithm

Algorithm 1. Let 8 = 0 and m,~y, p,o > 0 be such that
O<m<y<l and O<o<— . (3.1)
L+~B|Al
Let {t},>, be a nondecreasing sequence such that
ty:=1 and i —mtp <tp Vk>= 1. (3.2)

13



Given xg = x1 € H and \g = \1 € G, for every k = 1 we set

Yk = T + (T — Tr—1), (3.3a)
k+1
tp— 1
Wi = A+ ()\k — )\k—l) , (33b)
k+1
Y
=A —(b—A .
Nk T + -1+ ’Y( xk), (3 3C)
V]Z = YA + (tk — 1) ()\k — )\kfl) , (33d)
Sk+1 = gtk+1 (tk+1 -1 + ’)/) y (336)

. 1
P = argmin {<Vf () + B4° (A=) 2 = ) + 5 (], Ax = )

1 1
LTS LER N Ly R of SR CEY
21 = Vet + (b1 — 1) (Thg1 — ap) (3.3g)
A1 i= ik + g (Az],., —b). (3.3h)

One can notice that Algorithm [I] can be written in a concise way only in terms of the
sequences of primal-dual iterates {(xg, \x)} k>0, however, this elaborated formulation using aux-
iliary sequences is more convenient for its analysis.

Even though the choice v = 1 would give a simplified version of Algorithm [l without
affecting its fast convergence properties, we will see that in order to guarantee the convergence
of {(xk, \k)}>o to a primal-dual optimal solution it will be crucial to choose v € (0,1). A
similar phenomenon is known from the continuous and discrete schemes in the unconstrained
case, where fast convergence rates have been obtained for v > 3, while the convergence of the
sequence of iterates/trajectory could be shown only for o > 3. In view of , in order to be
allowed to choose 7 € (0, 1), one must have a > 3.

Example 3.1. (The case A = 0 and b = 0) If A = 0 and b = 0, then (l.1) becomes
the unconstrained optimization problems (2.3) and Algorithm [1| reduces to the well-known

accelerated gradient scheme which, given 0 < o < I {tr}x>1 a nondecreasing sequence fulfilling
(3.2) and xo = x1 € H, reads for every k > 1
t—1
Yk 1= Tk + (T — Tp—1)
trt1

Tp1 =Yk — oV [ (y)
as the dual sequence {\x},-, can be neglected.

Remark 3.2. By denoting for every k > 1

2L = T + (tk — 1) (xk — :ck_l) (3.4&)
=Tk + ter1 (Yp — Tk) (3.4b)
= thk — (tk — 1) Thk—1, (3.4C)

it yields

w= (1= ot - (1o ot o @ G- D). (69)

Tkt tet1 Tkt k+1

14



On the other hand, (3.4c) with index k + 1 reads

Zhtr1 = tpy1Tpg1 — (ter1 — 1) 2y, (3.6)
which is equivalent to
1 1
Tpe1 = |1 —— | ap + Zk+1- (37)
tky1 th+1

Subtracting (3.5)) from (3.7]), we obtain

Thyl — Yk = (Zhs1 — 2k) - (3.8)

1
lr+1

Furthermore, by the definition of z; and z; in (3.3g) and (3.4al]), it holds

zz =zr+ (v — 1)z,
which leads to
2 — 2 = zke1 — 2k + (Y = 1) (@1 — 2%) (3.9a)
= g1 (Tg+1 — Yk) + (7 — 1) (Tp1 — zp) - (3.9b)
By a similar argument, denoting for every k > 1
Uk o= M+ (G — 1) (A — Ap—1) (3.10)

we can derive that
1
Vi1 — V8 = trrr g1 — i) + (7 = 1) (A1 — M) and Mgy — g = . (Vkg1 —w) - (3.11)
+

Example 3.3. (The choice v = 1) In case v = 1 we denote zj, := z; and v, := v} for every

k > 1, which is consistent with the notations in the remark above. Given 0 < o < WHAHT

{tr}r>1 a nondecreasing sequence fulfilling (3.2) zg = x; € H and \g = A\ € G, Algorithm
simplifies for every k > 1 to

tr—1

k
Yk 1= T) + (T — Tp—1) ,
U1
tr— 1
P = A + (M — Ak—1)
k+1
1 1
N 1= (1 - > Az + —0b,
ki1 th+1

v = A, + (tk — 1) ()\k — )\k—l) ,

Tpyl i= arg gé%l { (Vf(yk) + BA* (Ayr, — b) , 2 — ygy + (v, Az — b)
L 9 2, 1 2
ryotta 4z =P + o e = P},
Mev1 = g+ p (Azpgr — b+ (b1 — 1) A(zpe1 — 7)) -
The fact that this iterative scheme exhibits fast convergence rates for the primal-dual gap, the
feasibility measure, and the objective function value will follow from the analysis we will do for

Algorithm [1} However, nothing can be said about the convergence of the primal-dual iterates.
To this end we will have to assume that v € (0,1), which will be a crucial assumption.
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Remark 3.4. He, Hu and Fang have considered in [I5] for a > 3, 0,0’ > 0 and

k—2
tr =1+ —— Vk=1
a—1

the following iterative scheme which reads for every k > 1

tp—1
Yk 1= T + (e — Tp—1)
lie+1
te — 1
B = A+ ()\k_Ak—l)7
k+1
1 1
N := <1 — ) Az + —0,
le+1 tk+1

vk = A+ (B — 1) (A — Ar—1)

LTh+1 =
o'ty 2}
=z =l >
o tk 2 — 1
Akg1 = fig + (tzl) (Azpyr — b+ (tey1 — 1) A (T — 71)) -
+

. o(t —-1)t
angy {<VF () 2 = ) + e = by T2 g

This algorithm differs from Algorithm 1| for the choice v = 1 (as formulated in the above
example) in the way the primal-dual iterates {(zx, Ax)};~q are defined. The formulation of the
first allows a more direct derivation of the fast convergence rates for the feasibility measure and
the objective function value. The convergence of {(wx, A)},~ has been not addressed in [15],

and it is by far not clear whether this sequence converges.

The following lemma collects some properties of the sequence {tx}x>1 fulfilling (3.2).

Lemma 3.5. Let 0 <m <1 and {tx};~, a nondecreasing sequence fulfilling
t1:=1 and t%ﬂ —mtpy < ti Vk = 1.
Then for every k = 1 it holds

m—2+\/m2+4<\/5—1 -

lh1 — U < o 1= 5 5 L,
terr < (14 om) tg and ter1 < 14+ kom < (1+om) k.
Proof. Let k > 1. From the assumption we have that
m+ y/m? + 42
1< tk-i—l < 2 )
which further gives
e ft a2
le+1 — i < > — k.
Vm2 + 452
We define the function ¢ : [1,+00) > R as s — m¥ 7721 T Since
2s
/
§)=-——""  _1<0,
Vi) vVm? + 452
1) is nonincreasing, consequently
m+vm? + 4 V5 —1
b —te <o) = DEVIEEE g < .

2

(3.13)
(3.14)

2
The statements in (3.14)) follow from the fact that tx > 1 for every k£ > 1 and ¢,, = 0 and by

telescoping arguments, respectively.
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3.2 Some important estimates and an energy function

In this section we will provide some important estimates which will be useful when proving that
the sequence of values of a discrete energy function, which we will associate with Algorithm

takes at a saddle point is nonincreasing.

Lemma 3.6. Let {(xx, \i)},= be the sequence generated by Algorithm . Then for every x € H

and every k = 1 the following inequality holds
1 1
f(@re) < f(x) - S Wy, Ay — Az + 5 (1 =) Ok — Akg1, Avgqy — Az

1
+ p Wk — Thy1, Thg1 — x) — B{Ayr — b, Az — Ax)

L 1
4 ke — el = 57 IV F ) = VF @)
Proof. Let x € H and k > 1 be fixed. According to (3.3f)) we have that
1, 1 . 1 .
Vf(yr) + ;A vy + ;5k+1A (Azpq —mi) + g($k+1 —yx) + BA" (Ayx, — b) = 0.
On the other hand, from ({3.3c]), (3.3¢) and (3.3h]) we have
1
Sk (Azppr — i) = %tk—l-l ((tee1 — 1+ 7) Azgyr — (tgp1 — 1) Azy — D)
L ey (AST =) = Sty Opr —
= 32 k+1( Rp+1 — 7 ) = ~ k1 (Ak+1 — fk)
1
= 5 (i — v+ (=79 kg1 — M) 5
where the last equation follows from (3.11)). Hence, replacing (3.17)) in (3.16) we have
1 1 1
Vi) = —gA*VZH s (L= 7) A" (e = Ar) + — (g = @ree1) — BA" (Ayy, — ).
The Descent Lemma inequality (1.14]) provides
L
F(@re1) < f () + VT () s @ = 9 + 5 1@ — yell?
and )
F ) < F (@) +<VF () o — 2 = 57 [V () = VF (@)
By summing up these relations it yields
L 2 1 2
Flawe) < f (@) +<VF () s i — 20+ 5 2k = well™ = 57 IV () = VI (@)l
1 1
= f(x)— S <1/,Z+1, Axpyiq — Aa:> + S (1 —=~) Mg — Ags1, Az — Az)
1
+ = Yk = Thr1, et — 2) = BCAYg — b, Azgyy — Az)
L 1
5 ke =l = 57 195 () = VS @,
which is nothing else than (3.15]).
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In the following we denote
1
Q:= ~1d — BA*A. (3.19)
o
Assumption (3.1)) guarantees that vQ — LId € S; (H), as
~Q — L1d = (1 - L) Id — yBA*A > (1 —L—p \|A||2) Id. (3.20)
o o

Lemma 3.7. Let {(zk, \i)},>o be the sequence generated by Algorithm . Then for every
(x,\) € F x G and every k =1 the following two inequalities hold

Eﬁ (l“k+17 )\) - £B (% )\k+1)

1 1
< 5 (I =) % = Mer1, A1 — b) + Yk — Ty 1, Thr1 — T)g + ;<,U«k — Xt 1> Akl — A)
L 1
DA b7 + L s — el — 5 19 () — Y F (@)
1 1
— ; (tk+1 — 1) <)\k+1 — A, A$k+1 — b> + ; (tk+1 — 1) <)\k+1 — )\,Al‘kJrl — A.Z‘k>, (3.21)
and

ﬁ,B (xk+17 )\> - £ﬁ (IL', )\kJrl)

1
< L (wp, A) — Lg (2, M) + 5 (1= 7) % = M1, Apy1 — Azp) + Yr — Thot1, Tht1 — Th)g
1 L
+ ;Quc = Nt 1 Akt 1 — Ag) — g |Azyiy — Axg* + 3 lzken = uil?

1
- ﬁ HVf (yk) - Vf (xk)H2 + <)\ — )\k+17 Aa:kﬂ — Axk> + <)\k+1 — )\k, A$k+1 — b> . (3.22)

Proof. Let x € F, which means that Ax = b, A € G, and k > 1 be fixed. We deduce from
Lemma [3.6] that

f ($k+1) + <>\7 Axpyr — b>

1
< Fl)+ Ouon Az =0+ 5 4 = bl + (A= 2o, Ao - 0)

+ i (1 =) Ok = Meg1, Avgyr — b) + §<yk — L1, Thyl — T)
— B{Ayk — b, Az 41 — Az) + g lzxs1 — yil® - % IV f () = V£ (2)]?
= f(z) + Qgs1, Az — by + g | Az — b|)* + <>\ — iz/,ZH,Aka — b>
+ i (1 =7k = Akt15 A1 — b) + Yk — Tkt 1, Thi1 — g
— Bl Azpir — b]* + g et — ynll> — i IV (x) =V f (@), (3.23)

where, by using the definition of 9, the last identity follows from

1
- Y — g1, T — ) — B{Ayg — b, Azpyq — Az)

1
p (Y — Thop 1, i1 — ) — B{AYE — Azpi1, Az — Az) — B || Azgyr — bl

1
p (Y — Thos 15 i1 — ) — LYk — Tpor1, A¥ A1 — 2)) — B | Azgeyr — b))

= Yk — Thi1, Thy1 — $>Q — Bl Az — b||2-
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Recall that from we have
0= ju — Mgt + g (A2),, —b),
which yields further
0= ;<Hk — Mot 1 Aol — A) + r1y<)\k;+1 — A AZ}ZJ,_]_ - ’Yb>- (3.24)
Moreover, from and we have
</\ - ’1YVIZ+1’ Az — b> + i <)\k+1 — A, AZZJrl - 'yb>
- <A = Nt = (= D0kt = M), A = b>
+ </\k+1 — A\ Az + ’1Y (ter1 — 1) A(pq1 — o) — b>
= (A= Nep1, ATy — b) — i (ter1 — 1) k1 — Ak, ATg g1 — b)
+ Qg1 — AN Az — b) + ,1y (th1 — 1) Q1 — A, Ay — Axy)

1 1
- (the1 — 1) g1 — Ak, Azpgr — b) + 5 (th41 — 1) g1 — A, Az — Axy),

therefore, by summing up (3.23)) and (3.24]) and after rearranging the terms, the estimate (3.21)
follows.

Next we will prove the second estimate. By take x := zj in inequality (3.15) we get
[ @k41) + <N Azpr = b)
1 1
< f (JZk) + <)\, Azxy, — b> + <)\ — ;VIZ+1’ Axpi1 — A$k> + ; (1 — ’y) <Ak — A1, Az — A$k>
1
+ — Yk = Lot Ther — 2k) = BCAYE — b, Azgyr — Az)
L 1
+ 5 ke = ukll® — op IV () =V f (zx)|”

1 1
= f(xg) + O\, Az — b) + <)\ - ;V]Z_H, Axpiq — Aazk> + 5 (1 —7) Mg — Ags1, Az — Az
+ Yk = Thy1, Thr1 — Th)g — BLATE 41 — by AT g1 — Az

L
5 o — el = 57 5 ) = VF (@) (3.25)

2L

where, by using again the definition of O, the last identity follows from

1
p Y — Tt1, i1 — ) — B(Ayp — b, Ay — Axy)

1
- Yk — Tyt Thop1 — Ty — BLAYL — Az, Az — Axy) — B(AT41 — b, Axgqy — Axy)

1
= Yk — Thr1s Thrr — Tr) — Bk — g1, A¥A(Tpy1 — 2x)) — B{Axpq1 — b, Axpyy — Axy)

= Yk — Tha1, Thy1 — $k>g — B{Axpy1 — b, Axpyq — Azy) .

The identity (1.9)) gives us

At — b, Avir — Avg) = 5 Az W2 — D | Amicy — Awgl? + | Ay~ b]P
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hence, by recalling relation ((1.3)), (3.25) can be equivalently written as
['ﬂ ($k+17 )\) - Lﬂ (937 )\k+1)

1 1
< L (wg, A) — Lg (2, M) + <)\ - ;V;ZH,A%H - A$k> + 5 (v = 1) Qg1 — A, Azpqr — Ay,
g 2 L 2
+ Yk = Tt Thr1 — Th)g — 5 |Azgy1 — Azg” + 3 lzr+1 — Yl
1
— 57 IVF () = VF (@) (3.26)
In addition, by taking A := A in (3.24) gives
1 1
0= ;</Lk — Aty Arl — )\k> + 5 <)\k+1 — Ak, Azzﬂ — 'yb> . (3.27)
Moreover, we have from (3.3d]) and ([3.3g))
1 1 )
A — ;Vk+1,A.’L'k+1 — Axp )+ ; <)\k+1 — Ak, Az — fyb>
1
= A= A1, Azpeyr — Ay — 5 (tes1 — 1) Qg1 — Aky Azppn — Ay

1
+ kg1 — My Azggr — by + 5 (teer — 1) g1 — A, Az — Azy)
= A= Meg1, Azpy1 — Axg) + Qg1 — My Az — by,

therefore, by summing up (3.26) and (3.27) and after rearranging terms, the estimate (3.22))
follows. O

For (z,\) € F x G and k > 1 we introduce the following energy function associated with
Algorithm

1 1
Ep (X, N) =t (tg — 1 +7) (Lg (g, A) — Lg (2, \g)) + 3 B ’nyZ + 2 v — »y)\H2

1 2 1 2 1—7 2
—v(1— — —~ (1 — A — A — (tp — 1) || A — A .
+ 57 (=) llok = 2l + 5o (=) = M+ (0= 1) P = A

According to ([1.4)), for every (x4, Asx) € S and every k > 1 it holds
Er (33*, )\*) > 0.
The following estimate for the energy function will play a fundamental role in our analysis.

Proposition 3.8. Let {(zx, \x)};>o be the sequence generated by Algorithm . Then for every
(x,\) € F x G and every k = 1 it holds

Eks1 (2, 0) < Ep (2, A) + (g —thsr — 5+ (L — ) te) (Ls (21 A) — L (2, M)

B

Dt A — 2 = Dt (a = 1) Az — Aa P

Yy 1
— 5t IV (ye) =V f E o et e = DIV (yr) =V f (zx)|I?

1 _

= (1= ) (s = D) owen = oy = 57 (s = D ks = Ml

1t2 I 2 Y 12 A 2 3.98
=tk llzre = wrllho-r1a — 9tk [ A1 — pel|” - (3.28)
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Proof. Let (z,\) € F x G and k > 1 be fixed. Multiplying (3.22)) by tx+1 (txk+1 —1) = 0 and
(3.21) by vtr+1, and adding the resulting inequalities, yields

ther (teer — 1 +9) (Ls (2r11,A) — L (2, Ary1))
<ty (tryn — 1) (Lg (2, A) — L (2, Mr))
1
2 (L= 7) trrr Ok = A1, Y (Agir = b) + (L1 — 1) (Azggn — Axg))
+ 1 Wk — T 157 (Tpe1 — ) + (G — 1) (@41 — 1)) g

1
+ ;tk-i-l e = Mer 1,7 Mkr1 = A) + (Begr — 1) (Ag1 — M)

Db Ay P = Dt (b — 1) [ Argr — A
1
— Tt IV () = VI @I = gt (e = D IVS () = 96 (@)
L
5tk (thar = 1+ 7) lzrer — il (3.29)

According to (3.3b]), (3.3g) and (3.3h)) we have

1
S (L =) tr1 O — A1, 7 (A — 0) + (Eee1 — 1) (Azgin — Azy))
1 1
= (L= 7) trr Ok — Akr1, Azl — by = p (1 =) trp1 O — No15 A1 — Lk
1 — _ —
= = ottt ks = Al = Tt D — el + e e — dell
p 2p 2p
1-— 11—~ (t —1)°
R el Y VOIS VU o e WV
2p 2p  teta
1—n 2 1—v 2
< - trot [ Mest — A e — 1) I — Mea ]2 3.30
2y Bt [ Akg1 — All” + 5 (te — ) [ A% — A | (3.30)

where in the last inequality we use that {tx}r>1 is nondecreasing and that ¢, > 1 for every
k>1.
On the other hand, (3.3g)), (3.9a) and (1.12)) give

et 1 Yk — Thor1, Y (@1 — @) + (Chr1 — 1) (Te41 — 2k))g
=5 = 2 2 — 2o + (v = 1) {@prt — 2y (@1 — @) + (terr — 1) (21 — 2k))g

1 1 1 1
=5 et = g = 5 lleler —v2llg + 5 12 = vallg + 57 (= 1) ok — el

1 1
+ 57 (7 = 1) ek = zlg - 37 (v =) llzx — g+ (v = 1) (ter1 = 1) ogsn — 23 -
(3.31)

From ([1.13]), (3.9b)) and (3.8)) we have
1 2 1 2
D) [ ZZHQ Y [2k+1 — 2 + (v = 1) (k41 — 21) [l g
1 1
== 37 Ik = 2l — 37 (v = D |z — vl
1

+ 5 (=D llzern =2 = (21 = ze)|5

1 2 1 2
<= gt lon = wello = 57 (O = Dllwess — 2o
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which we combine with (3.31)) to obtain
1 Yk — Tht1, Y (@1 — ) + (Lo — 1) (Tp1 — 28))g
1, s 1 2 1 2 1 2
S = 5k k41 — yrllg — B (B ’Y?UHQ t3 27 = vzlg — 57(1 =N lze+1 —zllg
1
+ o7 (=) llzs = 2l[g + (v = 1) (ther = 1) [lznsn — 2] (3.32)

2
By using the same technique, we can derive that

1
;thrl (ke = Mot Y M1 = A) + (B — 1) (Mg — Ae))

Y 0 9 1 2 1 2 2
< - ?pthrl [ A1 — ™ — % |8 = Al + > |8 = A" = % (L =) [ A1 = All
1
+ 2lp (=) I = AP 2 6= 1) s = 1) s = Ml (3.33)

Plugging (3.30)), (3.32) and (3.33]) into (3.29), and taking into consideration the fact that ~ €
(0, 1], gives the desired statement. O

Next we record some direct consequences of the above estimate.

Proposition 3.9. Let {(zr, \i)}>q be the sequence generated by Algom'thm and (x4, \s) € S.
Then the sequence {Ey (T4, A\s)},=; 15 nonincreasing and the following statements are true

<1 — :}) 2 tr (Eg (s M) — L (x4, )\k)) < 400

k=1

3 tenr (8o =017 + L 197 () = TF @) < 420

k=1

3 et (er = 1) (81480 — AaulP 4 1197 () = VF @I ) < 4
k=1

(1 =) 25 (beer = 1) lr — 2|l < +0

k>1
(1—1) Z (2trs1 — 1) Ao — Mell® < +00
k=1
2 2 Y \ 2
Z w1 | Mg — yk”ny—LId + = [ Akr — g™ ) < +o0.
k>1 P

Proof. Since {1}~ is an nondecreasing sequence that satisfies (3.2) and 0 <m < vy < 1, we
have for every k > 1

tir =t — e+ A=)t < (m =D tgpq + (1= y) ti < (m — ) g, <O.

Moreover, as (24, A\x) € S, we must have z, € F and L3 (zk, Ax) — Lg (T, Ax) = 0 for every
k =1 due to (1.4). Combining these observations, we deduce from the inequality (3.28)) applied
to (z,\) = (x4, Ay) that for every k > 1

Ert (Ta, M) < Ep (@, M) — (v = m) g (L Tk, M) — L (T4, \i))

B

- %tkﬂ HAl’kH - b“2 - itkﬂ (tha1 — 1) HACCkH - Aka2

¥ 1
— 5t IV (k) = VF (@) |” = 5rter (e = DIV (or) = VS (@)l

1—

— (T =) (thg1 — 1) |21 — kaQQ - ny (2tre1 — 1) A1 — Al

L, 2 Y 2 2
~ 5tk lzk+1 — Ukll5o—r1a — ?ptkﬂ [ A1 — pnll” - (3.35)
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By applying Lemma [T.I] we obtain all conclusions. O
Remark 3.10. Since the sequence {& (74, A\+)},>, is nonincreasing and for every k > 1
VE <t (e —1+7) =t =1, (3.36)

we deduce that

By

7% | Azy, — b]|* < 417 (L5 (zr, As) — L (24, A1)

Sty (e = 1+7) (L5 (@, Ae) — Lp (24, 1))
S Ep (Ta, M) <o <& (T4, M) -

Consequently, for every k > 1 we have

E1 (e, A
(£ o he) = £ (e ) ) < (Lo orh) = La ) ) € T2
2 A
and, when 5 >0, ty ||Azr —b| < m (3.37)
By
Remark 3.11. Recall that from Proposition [3.9] we have
1
3 tr1 = 1) (oo =y + o s = M) < 420, (338)

k=1
whenever v < 1. Taking into account the way ~ has arisen in the context of the dynamical
system (PD-AVD) (see (2.13])), this corresponds to

1
- <1
T - T a1

< 0.

In the continuous case it has been proved (see [8, Theorem 3.2]) that, if

foot (¢ ,A(t))”z < 4o0,

which can be seen as the continuous counterpart of (3.38)). Both statements play a crucial role
in the proof of the convergence of the sequence of iterates generated by Algorithm [I] and of the

trajectory generated by (PD-AVD)), respectively.

The following result, which complements the statements of Proposition will also play a
crucial role in the proof of the convergence of the sequence of iterates.

1
< 6, then
a—1

Proposition 3.12. Let {(wk, A\k)}y( be the sequence generated by Algom'thm with

i
I<o< ——7r5,
L +~B|AJ?
and (x4, \x) € S. Then the following statements are true
m * 2
(1 - ) Z tr | A% (A — As)||” < 400, (3.39a)
RS
thet (teer — 12 D A% (Apar = M)|” < +o0. (3.39b)
k=1

In addition, there exists Cy > 0 such that for every k > 1
C
4% (= M) <

k
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Proof. From (3.18)), after rearranging some terms, we have for every k > 1

1 1 1
A (3 = M) = =) A" = M) + VS (00) = 97 () + 5 = )
+ BA*A (:Bk+1 — yk) — BA* (Aka — b) .
It follows from Proposition by using (3.20)) and the fact that t; > 1, that for every k > 1

2
Z le+1 <'Yyk+1 >\*>

k=1

5
< S5 (=2 NAP DY ther ksr = Mell® +5 D tera IV F () — VF (@)l

v k>1 k=1

= Z tert lwen — il® + 582 |A* AP Y thon lawrn — uil
k=1 k=1
+ 582 |AII? >t | Azggr — blJ® < +o0.
k>1

According to (3.3d]) we have for every k > 1
1 1 1
A* <’}/Vg+1 - )\*> = (1 + ; (tk+1 - 1)) A* ()\]c+1 - A*) - ; (tk+1 - 1) A* (Ak - )\*) 5

hence, by applying the identity ((1.10), we get

1
HA* <7U’““ A"‘)

On the other hand, it follows from condition (3.2) and the fact that {tz},-, is nondecreasing
that for every k > 1

1 1 1
;tk-i-l (tge1 — 1) — tg (1 + ; (tx, — 1)) = ; (ti—&-l —tht1 — tz + tk) — 1

2
1 1
= (1 5 (e — 1)) 1A* Aer = M)l — S (s =) 14% (A = Aol

+ i (tpe1 — 1) (1 + i (tpsr — 1)) 1A* (st — M2 (3.40)

N

1
—((m = 1) tggr + tg) — ti
Y
m —

1 m
= (ths1 —t) + (7 - 1) 178

( 1) (3.41)

4\3 )

Combining (3.40) and (3.41)), it yields for every k >

1
o (142 (r = D)) 147 O = M)
1 " 9 1 1 « 9
=tp (1+ S (te = 1) ) [[A* (A = A7 + ;tk-&-l (the1—1) —te {1+ S (tk = 1) | ) 14" (A = A

1
A* (,YVIZH - )‘*>

1
<1 (1 1 1>) 14 O — A — (1 - ’j) A% O — AP

1
A* <,YVIZ+1 - )‘*>

2

1 1
~ Lt (1 = 1) (1 # 2 (- 1)) 14 Ot = AW+t

2

1
= gtk (teen - D2 A* (Aps1 — M)l + tesa

24



We are in the setting of inequality (1.15]) with
1
ar =t (1 o (ty — 1)) |A* (A — A)|? =0,
- m * 2 1 2 * 2
b= (1= 2 ) A" O = AP+ Syt (s = 12147 (s = A 0,

2
A* <1y7 - A )
v k+1 *

for every k > 1. According to Lemma (3.39a)) and (3.39b|) are fulfilled and the sequence

1

{tk (1 + — (t — 1)) IA* (A — A2 is convergent, therefore it is bounded. Consequently,
v k=1

there exists Cy > 0 such that for every k > 1

\%

di := tg41 0,

1
@14 = Al < (142 (0= ) 147 = AP < o
which provides the conclusion. ]

3.3 On the boundedness of the sequences

In this section we will discuss the boundedness of the sequence of primal-dual iterates {(wx, At)} 1
and also of other related sequences which play a role in the convergence analysis.
To this end we define on H x G the inner product

<u,u'>w = <(a:,)\) , (x’,)\/)>w = <x,x/>g + ;<)\,/\'> Vu = (z,\),u = (w',)\/) eH xG,

where Q is the operator defined in (3.19) which we proved to be positive definite under assump-
tion (3.1)). The norm induced by this scalar product is

1
lullyy = G Nllyy = o/ ll2l15 + p NP V= (2,0).

The condition on the sequence {tz},-; which we will assume in the next proposition in order
to guarantee boundedness for the sequences generated by Algorithm [I{has been proposed in [4].
Later we will see that it is satisfied by the three classical inertial parameters rules by Nesterov,
Chambolle-Dossal and Attouch-Cabot.

Proposition 3.13. Let {(wx, At)},>o be the sequence generated by Algorithm . Suppose that

t
k= inf = > 0. (3.42)
k=1

Then the sequences {(xr, M) e=os 1(20570) Fosq @nd {(tka1 (@pe1 = 28) s teer Ve — M) bso
are bounded. If, in addition 3 > 0, then the sequence {tgi1 (tip1 — 1) (Axpy1 — Azp)}y=q 48
also bounded.

Proof. Let (x4, Ax) € S be fixed. For brevity we will write
Ug 1= (T4, Ax) €S and uy := (xp, \p) e H X G Yk = 0.
By applying , we have from that for every k > 1
157 = a2y = N — 14+ 7) (g = 22) = (b — 1) (21 — )l

=tk — L+ 7) llze — 2l — 7 (b — 1) k-1 — 2|3
+ (e —1+7) (e — 1) o — 2|3 -
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By applying ([1.11]), we have from (3.3d) that for every k > 1

7 = A])? = 1tk = 1+9) = Ae) = (B — 1) (et — A2
= (tk — 1+ 79) Xk = Aell® = 7 (b — 1) [ Mt — AP
ot —14+7) (b — 1) M — M

This means the energy function at (x4, Ax) can be written for every k > 1 as

Ep (T, M) =t (L — 1+ ) (L (Th, As) — L (T4, i)

+ ot e = sy = 3 (= 1) fug—t = sy
1 1—
+ 5 = 1+7) (tk = 1) [lux — w1 [y + 7’7 (s = 1) M = M |?. (343)

According to Proposition the sequence {& (T4, Ax)};>; is nonincreasing, therefore for every
E>1
g

1
Stk = wellBy = 5 (6= 1) fueot = wellfy + 5 (= 1+ 7) (= 1) llus = [y

1 1
< 3 sz — 'y:U*HZQ + 27) HI/IZ — 'y)\*H2 S Ep (T, Ai) < oo <& (g, A\s) < 0.

From here we conclude that the sequence {(2],7}) is bounded. In addition, for every k > 1

it holds

.

2

%tk lue = uellyy < = (b — 1) Jlup—1 — w3y + €1 (24, As) < %tkz—l lwe—1 — s}y + E1 (4, As)

\V)

where the last inequality is due to (3.13)), with the convention ¢y := 0. After telescoping, we get

Ty

5t lluk — us|lyy < kE1 (T4, M) VE > 1.

Then thanks to (3.42) we obtain

2k 2
Huk - u*le/v < %51 (x*,)\*) < %51 (37*7)\*) < +00,

which means that {ug := (7x, M)}, is bounded. That {(tg1 (Trs1 — Tr) s ter1 (M1 — Ae)) brso
is bounded follows from the fact that for all £ > 1

te (2 — xp—1) = 2] — (v — Dy, — zp1,
te (A — Mem1) = v — (v = DA — A1

Finally, recall that from (3.11]), (3.3h]) and (3.3g)), we have for every k£ > 1
Vpor =V + (1 =7) Q1 — ) =t Vg1 — ) = gthrl (Az) ; —b)
= £ Oftker (A =)+ i (s = 1) (A — Az)).

The last statement of the proposition follows from here and (3.37]). O]

In the following, we will see that the two most prominent choices for the sequence {tx}r>1
from the literature, namely, the ones following the rules by Nesterov and by Chambolle-Dossal

satisfy not only (3.2)), but also (3.42]).
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Example 3.14. (Nesterov rule) The classical construction proposed Nesterov in [2I] for

{tr};>, satisfies the following rule
14 4/1+ 482
— " Vk>1 (3.44)

t1 =1 and tht1 1= 5

The sequence {t;},~, is strictly increasing and verifies relation (3.2) for m := 1 with equality.

In addition (see, for instance, [6, Lemma 4.3]), it holds ¢ > for every k > 1, which means

1
that (3.42) is satisfied for k > 7

Example 3.15. (Chambolle-Dossal rule) The construction proposed by Chambolle and
Dossal in [10] (see also [3]) for {¢;},-, satisfies for a > 3 the following rule

k—1 _k+a—2

k
a—1 a—1 v

tp =1+

\Y

1. (3.45)

2
First we show that this sequence fulfills (3.2) with m := P < 1. Indeed, for every k = 1 we
o —

have

1 2k—1 2 k+a-1
2 2
tk+1_mtk+1_tk:(tk+1_tk)(tk+1+tk)_mtk+l:a_l <2+ a—1>_a—1 p—
1

= “a1? <0. (3.46)

Furthermore, one can see that for every k£ > 1 it holds

e 1 n a—2
E a—1 k(a—1)
1
which proves that (3.42)) is verified for k = T
o —

Finally, we observe that, by taking into consideration the choice of v in (2.13)) in the context
of the dynamical system (PD-AVD|) and assumption (3.1]) in Algorithm |1} it holds

2 1 1
RV S 4
P T e TP I (3.47)

This connects the choice of the parameter m in Algorithm [I] with the one of the parameter 6 in

(PD-AVD).

3.4 Fast convergence rates for the primal-dual gap, the feasibility measure
and the objective function value

We have seen in Remark that, for the general choice of the sequence {ty}r>1 in ,
the convergence rate of the primal-dual gap is of order O (l/t%) as k — +oo. In addition, if
B > 0, then the convergence rate of the feasibility measure is of order O (1/t;) as k — +0c0. In
this section we will prove that convergence rates of the feasibility measure and of the objective
function value are O (l/ti) as k — 400 when the sequence {t;}r>1 is chosen by following the
rules by Nesterov, Chambolle-Dossal and also Attouch-Cabot.

In view of (3.42), this will lead for the primal-dual sequence {(xy, Ax)}r=0 generated by
Algorithm [If and a given primal-dual solution (z,, ) to the following fast convergence rates

L(xp, i) — L (x4, Ap) = O (kl2> as k — +0,
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== 0 () and I£ (o) = £11 = 0 (4

We start with the following lemma which holds in the very general setting of Algorithm

) as k — +o0.

Lemma 3.16. Let {(wk, A\x)},> be the sequence generated by Algorithm |1 and (74, \s) € S.
Then the quantity

Ci:= sup & (x4, p) < +00.
HEB(As;1)

Proof. Let (x4, ) € S and p € B (\y4;1). The Cauchy-Schwarz inequality gives
L5 (21,10) = L5 (@0, X) = F (1) = 7 (22) + G Ay = )+ 5 [ Ay — 0]
< F @)~ 7 )+l 1Az — b+ 5 4wy b
< Cpi= f(21) = f(e) + (L4 [[AelD) [ A2y — 0l + g [EEE

On the other hand, as v{ = y\; and p € B (\4; 1), it holds

1 ¥ 2 Y 2
il _ 1= A —
3 1 =l + 5 (=) [ = gl
1 g
< (7 =l 22 = Al) 5 =) (I = Al = Al
2
e ey S W S AC Y PV WL Sy (PR WIEF S
p P PP

Combining these estimates, as 2] = yz1, we have

1 2 1 2
1 (@a ) = 11 (tr = 14 9) (Lp (21, 1) = L (24, M) + 5 2] = yasllg + o7 [ —yul

1 2 Y 2 1—7v 2
—~v(1— — —(1— Al — —— (1 =DM = A
+27( ¥) ||z $*|\Q+2p( ) [[A1 — pl|” + 5 (t1 = 1) [[A1 = Ao
< 4Ch+ Cs+ % |21 — a]% < +o0,
which proves the statement. O

3.4.1 The Nesterov ([21]) rule

We have seen that by choosing {tx},-, as in (3.44)), (3.2) is fulfilled as equality for m = 1, which
also yields v = 1 due to (3.1). Consequently, from Proposition it follows that for every
(x,\) € F x G and every k > 1 it holds

€k+1 ($, )‘) < & (337 )\) ’ (348)

which means that the sequence {€; (z,\)}, >, is nonincreasing. This statement is stronger than
the one in Proposition [3.9] where we have proved that the sequence of function values of the
energy function taken at a primal-dual optimal solution is nonincreasing, and will play an
important role in the following.

Theorem 3.17. Let {(xr, M\i)};= be the sequence generated by Algom'thm with the sequence
{tr}i>1 chosen to satisfy Nesterov rule (3.44), and (x4, \s) € S. Then for every k = 1 it holds

C
0 < L (z, As) — £ (2, A) + || Azy, — b]| < 721 (3.49)
k
i dC (1 + e
+
- 221<fww—f@g<4——?i—i. (3.50)
k k
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Proof. As mentioned earlier in (3.48)), for every (x,\) € F x G and every k > 1 we have (take
into account that v = 1)

th (f () = f (@) + O Az — b)) < & (1,0) < -+ < &1 (2,M). (3.51)
We fix n > 1 and define

A, if Az, —b=0
Tp 1= Az, —b

i + 2 if Az, —b#0
CAw e P

Then z, € F and 7, € B (A4;1). Hence, (x4,7,) € F x B (As; 1), therefore, according to (3.51])
and Lemma |3.16

2 (f (@n) = f (@4) + (rny A — b)) < E1 (@4,7n) < sup & (w4, 1) = C1. (3.52)
HEB(Ax;1)

If Az, — b # 0, then

[ (@) = f (@4) + (rpy Az — by = f (@n) = f (24) + O, Azyy — by + || Az — |
=L (zn, As) — L (x4, A\n) + || Azy, — 1] .

On the other hand, if Az,, —b = 0, we have

f(@n) = f (@e) + (rny Az = b) = f (20) = f (22) + Oy A2y = b) = L (@0, As) = L (5, An)
= L (Tn, As) — L (24, \n) + || Az, — b,

thus, in both scenarios, (3.52)) becomes
0 < £ (£ (2, Ae) = L (22, M) + | Az = b)) < Ci.

Since n = 1 has been arbitrarily chosen, we obtain ([3.49)).
As L (zg, As) — L (x4, A\x) = 0, a direct consequent of (3.49)) is that for every k > 1

C1

0 < ||Az — b < =3
k

From (3.49)) and the Cauchy-Schwarz inequality, we deduce from here that for every k > 1

C C
Flaw) = f (20) < g = Oy Azg = 1) < —5 + [ As || Ay — B
k k
1
< M (3.53)

2
tk:
On the other hand, the convexity of f together with (1.2)) guarantee that for every k > 1

£ @) = f (@e) 2 (TF (@) on = 20 = = A"y — )
eI

==, Az = 0) > = Ml [[ Az — bl > =73 (3.54)
k
By combining (3.53|) and (3.54)), we obtain (3.50]). O
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3.4.2 The Chambolle-Dossal ([10]) rule

In this section we prove fast convergence rates for the primal-dual gap, the feasibility measure
and the objective function value for the sequence of inertial parameters {t},-, following for
a = 3 the Chambole—Dossal rule (3.45)). We have seen in Example that in this case {tx};>,

fulfills (3.2)) for m := —=5 and - for & :

a— 1
For the beginning we observe that for % =m < v < 1 and every k > 1 it holds (see
(13.46))
te (b = 14 ) = trpr (ber — 1) = 85 = 841 + (1= ) (ber — t) + i
- fopr 4 Y
s (a_l)Q a—1 Ylk+1
(@ =1) = 2tir + (1= 7@ = 1) + —
= a—1)— —v(a —
a—1" Pt (a—1)2 7 a—1
1
- —— (=D =2k +(la-1) -1 (@-2))
(a—1)
1
- ——((a-D-2)(k+a-2)+a-2). (3.55)
(a—1)
Next we are going to consider two separate cases depending on the relation between m := %

and «. First we will assume that they are equal, which will then also cover the case a = 3.

Theorem 3.18. Let {(wx, A\k)},o be the sequence generated by Algom'thm with the sequence
{tk}p>1 chosen to satisfy Chambolle-Dossal rule (3.45), m := % =<1, 8 >0, and
(x4, A\s) €S. Then for every k = 2 it holds

C
0 < L (2, As) — £ (2, Ap) + || Azy, — b]| < 724 (3.56)

k

an Al C A+ nde

+
SRR < ) £ () < EERADES (357)
k k
where

Cy 2(a — 2) oa—2 2&1 ( x*,/\*
Coyi=—+— "L |C1+ .
TS W(a—lf(l cla—17\ )Z/ -

Proof. We fix n > 2 and define

A it Az, —b=0
Tn = Aﬂ:’n—b

As + ———— if Az, —b#0
T || Az, — b

Then z, € F and 7, € B (As;1). Since y(a — 1) = 2, according to (3.55]), we have for every
E>1

(ths1 — tesr — th + (L= tw) (Ls (@, mn) — L (4, Ai))

- _ (O(j__f)Q (ﬁﬁ (ks As) — Lg (x4, Ap) + {rny — A, Az — b>)

Tn — A, Az — D).
(a_ ) —< k—b)
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By taking (z,\) := (z4,75) € F x B (As; 1) in (3.28]), we obtain for every k > 1

Ek+1 (1"*77%) < & (.’L‘*,Tn) + (ti-i-l —tgt1 — t% + (1 - ’7) tk) ([’B (:Uk’rn) - ‘Cﬁ ($*a )‘k))

-2
< & (T4 7n) =~ (i — Ay Ay, — b)
(a—1)
oa—2
< &k (Taymn) + ———5 Irn — Al [ Azg — 0| (3.58a)
(a—1)
a—2 281 (T4, As) 1
S Ep(Ty,mpn) + — 3.58b
b (@ssTa) (—1)2 By th ( )
<& (Ty,mp) + -, 3.58¢
b (@ 7n) /i(oz—l)2 By k ( )

where (3.58b)) follows from (3.37)) and(3.58¢]) is due to (3.42). By a telescoping sum argument
and Lemma [3.16| we conclude that for every k > 1

| =

gk-‘rl (.’13*, TTL) < 51 (x*arn) +

~

k(o —1)? By i

oa— 2 251 (.T}*,)\*)
k(o —1)>2 By

<Ci+ (log(kz)+1) <C4<log(k)+1),

where

Cy:=C1+
! ! k(o —1)? By

> 0.

By choosing k :=n — 1, it yields
tn (tn — 1+ 7) (f (@n) — f (@4) + Py Az — b)) < En (T4, 1) < C4<10g(n 1)+ 1).
We have seen in the proof of Theorem [3.17] that
f(xn) = f () + rny Az — by = L (Tp, As) — L (24, \p) + ||Azp, — 0|, (3.59)
thus, by taking into account , we obtain
vE2n? || Azy — bl| < A2 || Ay — D) < tn (o — 14+ 7) (£ (20, \s) — L (@4, An) + || Az, — b]|)
< Ep (xy,rn) < C’4(log(n - 1)+ 1),

therefore, since 2 + log(n — 1) < 2(n — 1)Y/2,

C’4<log(n -1+ 1) 20,

| Az, —b|| < R < pReTE

Taking into account also Lemma, and the definition of Cy4, we have that for every k& > 1

2Cy
— < _—

Az = bl < —ts

Using this estimate in ([3.58a]), we obtain for every k > 1

o — 2 204
(o —1)? yr2K3/2

Ert1 (l'*arn) <& (x*arn) +
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By using once again a the telescoping sum argument, we conclude that for every k£ > 1

QC —2)
Eka1 (»T*,Tn) <& (ﬁ*’rn) + 4 2 Z Z3/2

VK
2C -2 1

< C 24(a )2 % <+
A (a=1)7 50

From here, (3.56) follows by choosing k := n — 1, and by using that v¢2 < t,(t, — 1 + ) and
(3.59). Statement (3.57) follows from (3.56|) by repeating the arguments at the end of the proof

of Theorem O
Now we come to the second case, namely, when m := —*= <~ < 1, which implicitly requires

that a > 3. For the proof of the fast convergence rates we Wlll make use of the following result
which can be found in [I8, Lemma 2] (see, also, [I7, Lemma 3.18]).

Lemma 3.19. Let {(t};~; € G be a sequence such that there exist 6 > 1 and M > 0 with the
property that for every K > 1

K
H<<5—1>K+6><K+1+2<k

k=1

Then for every K =1 it holds

K
DG
h—1

Theorem 3.20. Let {(wg, A\)}yso be the sequence generated by Algom'thm with the sequence
{tx}y>1 chosen to satisfy Chambolle-Dossal rule (3.45)), m := % <~v<1,8>0, and
(s, A\x) € S. Then for every k =1 it holds

0.< £ (kM) — £ (a Ap) < LA (3.60)
’Ytk
C
< Az — bl < 76 (3.61)
k
e e 1 (& (20, 0)
x )
AN ) = fan) < 2 ( W 06> , (3.62)
g y Y
where

1 281 (T4, A
Co=2(1+ on)’ (2 (= 1) Lsup ] + (o = 1y [z =]+ (Jool + o] 1<)> ,
>

By

with
T
' Ya=-1)—2" "7
wp:=0(a—2)—2(ae—1) and w;:=0—-1)(a—2)—1.
Proof. Relation (3.60) follows from (3.37). We fix K > 1. For every 1 < k < K, according to
(3.3g]), we have

tht1 (Azlz-i-l — ’yb) =tp1 (tgr1 — 1+ ) (Azgq — b) — tgq (tke1 — 1) (Azg — )
= thy1 (tey1 — 1 +79) (Azpyr —b) =ty (tp — 1 +y) (Azg — D)
+ (b (b = 1+ ) = trgr (teg1 — 1)) (Azy, — b).
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Taking into consideration (3.11)), (3.3h]) and (3.55)), by a telescoping argument it yields

K K
(o — 1)2 % (Vi1 —v1) = (o — 1 27 Z (Vg1 — k) = (o — 1)2 Z tht1 (AZZJr1 — ’yb)

b \

k=1
=(a=1)*tx (tK+1 — 1 +7) (Azg 1 —b) — (@ —1)*y (Az1 — b)
K
+(a=1)" ) (b (ke — 1 +7) = trsr (s — 1)) (Azg — b)
h=1

—(K+a—-1)(K+~(a—1)(Azgs1 —b) — (@ —1)*~ (Az; — b)

+Z( (a—1) )(k:+oz—2)—|—a—2)(Axk—b). (3.63)
We define )
5::1+W>1,
wp:=0(a—2)—2(ae—1) and wi:=(0—-1)(a—2)—1,
and
Ck::((fy(a—l)—2)(/€+a—2)+a—2>(Axk—b) fork=1,...,K.
It holds

(K +a—1) (K +v(a—1)) (Azgs1 — b)
:(5-1)}(((7(@_1) —2) (K +a—1) +a—2) (A1 —b)
+5((’y(a 1) -2 (K+a—1)+a— 2) (Azgei1 —b) — (w1 K + wo) (Azgs1 — b)
— (6= 1)K +0) Cxar — (1K +wo) (Azgsr —b). (3.64)
Furthermore, it follows from and (3.37)) that

l@iK +wo) (Axgesr — ) < (jwol + lwi]) (K + 1) [ Az — b

1
< = (Jwol + fwi]) tresr | Azcs1 = b
1 281 (T4, M)
— (Jwo| + |w —_—. 3.65
(el + ) |21 (3.69)
Combining the relations (3.63)), (3.64) and (3.65)), we get via the triangle inequality
K
H 6= 1)K +68)Crir+ ), G
k=1
= (e —1)? Z (vip1 —v1) + (= 1)y (Azy — b) + (w1 K + wo) (Azgy1 — b)H
< (a—1)° % lrcer = vill + (@ = 1)%y [[ Az = ]| + [[(w1 K + wo) (Azgc41 = b)|
1 281 (T4, A
< Cri=2(a—1)>? 7 sup ||ve|| + (o — 1)%y || Azy — b]| + = (Jwo| + |w1]) 261 (@, M) < 40,
P k=1 K By
(3.66)

where we also recall that, due to Proposition [3.13] it holds sup ||vg|| < +o0.
k=1
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Inequality (3.66)) holds for every K > 1 (notice that C7 is independent of K'), consequently,

K
e
k=1
triangle inequality and (3.66]), we obtain for every K > 1 that

Ne)

we can apply Lemma [3.19|to conclude that < C% for every K > 1. By using again the

(0 =1 K [[Cr1ll < I((6 —1) K +6) Cral < 2C7. (3.67)
Using the inequality (3.14) in Lemma we see that for every K > 1 it holds
42
ﬁ |Azg 1 — bl < K? |[Azg 11— b] < (6 — 1) K [|[¢x 11| - (3.68)
Pm

By combining (3.67) and (3.68)), we obtain (3.61]).
Statement (3.62]) follows from (3.60) and (3.61]) by repeating the arguments at the end of

the proof of Theorem O

3.4.3 The Attouch-Cabot ([1]) rule

Another inertial parameter rule used in the literature in the context of fast numerical algorithms
is the one proposed by Attouch and Cabot in [1], which reads for o = 3
k—1

ty = Yk > 1.
a—1

2
This sequence is monotonically increasing and it fulfills (3.2)) with m := o_1 < 1 as, for every
o —
k = 1, it holds

1 2k—-1 2 k
a—1a-—1 a—la-—1

i1 — Mtpr — th = (tpe1 — tr) (tea1 + ) — Mitpi1 =

= —# < 0.
(a—1)7

This shows that the sequence {tx},-,; has very much in common with the Chambolle-Dossal
parameter rule. The only significant difference is that is starts at 0 and that ¢, > 1 holds
only for k > k; := |a| + 1. Consequently, the fast convergence rate results for the primal-dual
gap, the feasibility measure and the objective function value are valid also for the Attouch-
Cabot rule. This can be easily seen by slightly adapting the proofs made in the setting of the
Chambolle-Dossal rule by taking into consideration that some of the estimates hold only for
k > ky. This exercise is left to the reader.

4 Convergence of the iterates

In this section we will turn our attention to the convergence of the sequence of primal-dual
iterates generated by Algorithm (1| to a primal-dual solution of . First, we will prove that
the first assumption in the Opial Lemma is verified and to this end we will need the following
technical lemma.

Lemma 4.1. Let {0k}, {ar}i>1 > {te}psy e real sequences such that {ay},~, is bounded from
below and {ty},~, is nondecreasing and bounded from below by 1, and {dy},~, be a nonnegative
sequence such that for every k > 1

ag + Opi1, (4.1a)
(tk — 1) Ok + dp. (4.1b)

ap41 S
<

L+ 10k+1

If =1 di, < +00, then the sequence {a};~, s convergent.
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Proof. 1t follows from (4.1b)) that for every k > 1
tea10ki1 < (tk — 1) O + dj, < (tk — 1) [ek]Jr + dy, (4.2)

where [-]+ denotes the positive part. Since the right-hand side of this inequality is nonnegative,
it yields that for every k > 1

[0k], <t Okl — terr [Oka]y + d-

which, by telescoping cancellation, gives >~ [0k], < +o0.
According to (4.1al), we have that for every k > 1 it holds

a1 < ag + Op1 < ag + [Ok1a] -
By using Lemma we obtain from here that the sequence {ay},-, is convergent. O

Proposition 4.2. Let {(wk, A\x)},>o be the sequence generated by Algorithm 1| with 0 < m <
v < 1. Then for every (x4, A\sx) €S the limit klim |(2rs Ak) — (@4, As) ||y exists.
—+0

Proof. Let (x4, Ax) € S be fixed. For brevity we will write
Uy := (4, Ax) € S and uy 1= (zg, \g) e H X G Yk = 0.
It follows from (3.35)) that i1 (Tx, Ax) < Ek (T4, Ax) for every k = 1. In view of (3.43)), after
rearranging some terms, we get for every k > 1
1
tiet (tor1 — 1 47) <Cﬁ (@hr1, Ae) = L (@4 A1) + 5 [[unsr = Uk”12/\i>
1—

+ Tt (o — el — o — ) + 3 et Ve = el

2

1
< (tk — 1) (tk -1+ ’}/) <£5 (:L‘k;,)\*) — ﬁﬁ (l'*, )\k) + 5 Huk — uk_1|$/v>

1—
gy = 1) (g = el = llanor = welly) + =5 (6 = D 1 = Mo
1
+(te = 14+ 7) (Lo (2 Ae) = La (2, M) + 5 (e = 1+ 7) s — uk 3y
-~ 2
Ak+1 — g7 4.3
5 e = Al (4.3)

Set ag := % ||lug — u*||12/\; > 0 and for every k > 1
i
g = s = sl >0,

1
0y := (tk -1+ ’}/) <E5 (l‘k,)\*) — ,Cg (.73*, )\k) + 5 Huk — Uk—lhz/\/)

1—7

A — Ap1l?
2 Ak — A1l

+ (ak — ak,l) +

1
di, = (t = 1 +7) (Lg (1, M) = L (20, M) + 5 (trer = 1+7) [urer — urlly

1 _
DAkt — Aill? = 0.

2p

We notice that for every k > 1 the estimate (4.3]) becomes (4.1bf), while (4.1a)) obviously holds.
As 0 <m <y <1, it follows from Proposition that >, dp < +o0.

Hence, we can apply Lemmato conclude that {[|(zx, Ak) — (T, As)llyy} =y i convergent.
O

+
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The following result is the discrete counterpart of [8, Theorem 4.7] (see (2.2)). Its proof is
a direct consequence of Proposition [3.9 and Proposition [3.12

Theorem 4.3. Let {(zk, \i)}yo be the sequence generated by Algorithm |1 with the sequence
{tp}k=1 chosen to satisfy (3.42), 0 <m <~y <1,0<0< W’ B >0, and (x4, A\s) € S.
8
Then it holds

\Vf(zr) = Vf(ze)|| =0 < ) and  ||[A* N\, — A* X =0 <1> as k — +oo.

1
NG vk

consequently,

HVﬂXmAwW4Wf@w+AﬂM=O< as k- +o,

)
and

1
VAL (zk, A\e)|| = || Az — 0] = 0 <\/E> as k — +o0.

As seen in Section if, in addition, {ty}r=1 is chosen to satisfy Chambolle-Dossal or Attouch-
Cabot rule and m := then

a—1"’
1

HV)\[, (l’k, /\k)H = HAmk — b” =0 ﬁ as k — +00.

Now we can prove the main theorem of this section establishing the convergence of the

sequence of iterates generated by Algorithm

Theorem 4.4. Let {(zk, \i)},o be the sequence generated by Algorithm |1 with the sequence

{tp}k=1 chosen to satisfy (3.42), 0 <m <~y <1,0<0 < ESEIPE and 8 > 0. Then the
i

sequence {(Tg, M)}y converges weakly to a primal-dual optimal solution of (L.1).

Proof. From Proposition 4.2|it follows that the limit kErfw (g, Ak) — (24, As)|| exists for every
(4, Ax) € S. This proves the first condition of Lemma

In order to prove condition (ii), let (%, X) € H x G be an arbitrary weak sequential cluster
point of {(zg, Ak)}po- This means that there exists a subsequence {(x4,,, Ak, )}, ¢ Which con-

verges weakly to <:E, X) as n — +00. According to Theorem we have Vf (z) + A* Ay — 0
and Azp — b — 0 as k — 400, hence,

Vf(zg,)+ AN, =0 and Axp, —b—0 as n — 400.

Since the graph of the operator 7 is sequentially closed in (# x G)"* x (H x G)*™°"¢ (cf. [5)
Proposition 20.38]), it follows from here that

V(@) +A*X =0
AT b =0
In other words, (:f, X) € S and the proof is complete. O

Remark 4.5. If the sequence {t;}x>1 is chosen to satisfy the Chambolle-Dossal or the Attouch-
Cabot rule with

1
a>3, m:= <yv<l1l O<o<

.
— d 0
o2 Lraplap P20
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then Theorem (4.4 guarantees that the sequence {(xx, Ar)};>q converges weakly to a primal-dual
optimal solution of . This statement is in addition to the fast convergence rates of order
@) (1 / k2) for the primal-dual gap, the feasibility measure, and the objective function value.

If the sequence {t;}xr>1 is chosen to satisfy the Nesterov rule, then, as we have seen, the fast
convergence rate results also hold, however, since in this setting m = v = 1, one cannot apply
Theorem [4.4] to obtain the convergence of the iterates. This is consistent with the unconstrained
case for which it is also not known if the sequence of iterates generated by the fast gradient
method with inertial parameters following the Nesterov rule converges.

Acknowledgements. The authors are thankful to the two anonymous reviewers for their
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