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Abstract

The Krasnosel’skii-Mann (KM) algorithm is the most fundamental iterative scheme designed to
find a fixed point of an averaged operator in the framework of a real Hilbert space, since it lies at
the heart of various numerical algorithms for solving monotone inclusions and convex optimization
problems. We enhance the Krasnosel’skii-Mann algorithm with Nesterov’s momentum updates
and show that the resulting numerical method exhibits a convergence rate for the fixed point
residual of o (%) while preserving the weak convergence of the iterates to a fixed point of the
operator. Numerical experiments illustrate the superiority of the resulting so-called Fast KM
algorithm over various fixed point iterative schemes, and also its oscillatory behavior, which is a
specific of Nesterov’s momentum optimization algorithms.
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1 Introduction

Let H be a real Hilbert space with inner product (-,-) and induced norm ||-||. In this paper we are
interested in formulating a fast numerical method for solving the fixed point problem

Find 2 € H such that x = T (x), (1)

where T': H — H is a #-averaged operator with 6 € (0,1]. Recall that an operator R: H — H is
nonexpansive if it is 1-Lipschitz continuous, that is

IR (x) = R < [lz—yll  Vo,yeH.

Then T is said to be averaged with constant 6 or f-averaged if there exists a nonexpansive operator
R:H — H such that
T=(1-60)Id+6R,

where Id: H — H denotes the identity mapping on H. Obviously, an operator 1" is nonexpansive if it
is at least 1-averaged. We denote the set of all fized points of T' by FixT':={xeH |z =T (z)}.
The most naive approach when looking for a fixed point of T is the following process, also called
Banach-Picard iteration,
LTk+1 = T (l‘k) Vk = 0, (2)

where xg € H is a starting point.
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According to the Banach-Picard fixed point theorem, if T" is a contraction, namely, T' is Lipschitz
continuous with modulus § € [0, 1), then the sequence (xy)r>0 generated by converges strongly to
the unique fixed point of T" with linear convergence rate. If T" is just nonexpansive, then this statement
is no longer true. To illustrate this, it is enough to choose T' = —Id and zy # 0, in which case the
Banach-Picard iteration not only fails approach a fixed point of T', but also generates a sequence that
does not satisfy the asymptotic reqularity property. We say that the sequence (xj)r>o satisfies the
asymptotic regularity property if the difference x — T (x}) converges strongly to 0 as k tends to +o0.
This property is crucial for guaranteeing the convergence of the iterates, as we will see later.

In order to overcome the restrictive contraction assumption on 7', Krasnosel’skii proposed in [26]
to apply the Banach-Picard iteration to the operator %Id + %T instead of T'. Following on the
idea of using convex combinations the so-called Krasnosel’skii-Mann (KM) iteration

Tp1 = (1 — sg) zx + s T () VYVk =0, (3)

where (s1),>( is a sequence in (0, 1], emerged. It turned out that a fundamental step in proving the
convergence of the iterates of is to show that z — T (x) — 0 as k — 400, as it was done by
Browder and Petryshyn in [11] in the constant case sy = s € (0,1). The extension to nonconstant
sequences was achieved by Groetsch in [19] who proved that, if >}, sk (1 —sx) = +o0, then the
asymptotic regularity property is satisfied. The weak convergence of the iterates was then studied
in various settings in [19, 24, 37, 4, [3]. Tikhonov regularization based techniques to improve the
convergence of the iterates from weak to strong have been recently studied in [6l [§].
By considering convex combinations with a fixed so-called anchor point xg € H one obtains the
Halpern iteration [21]
Tg1 = (1 = sp) 2o + 53T (x1) Yk =0, (4)

a method that has recently attracted a lot of interest [29] 43| [36, B5]. The asymptotic regularity
property of this iterative scheme has been studied in [41] [42].

Despite having ubiquitous applications in various fields, the study of the computational complexity
of fixed point iteration schemes is still limited. One natural measure to quantify this is by means of
the rate of convergence of the fized point residual ||xy, — T (z1)||. Notice that the asymptotic regularity
property does not automatically provide an explicit convergence rate.

Sabach and Shtern proved in [38] for a general form of the Halpern iteration that the rate of
convergence of the fixed point residual is of O (%) Lieder tightened this results in [29] by a constant
factor, for the Halpern iteration with s; :=1— %—i—? for every k = 0, whereas Park and Ryu proved in
[35] that the convergence rate of O (%) is optimal for this iterative scheme, which means that it can
not be improved in general. On the other hand, the convergence of the Krasnosel’skii-Mann iteration

expressed in terms of the fixed point residual was in the nineties proved to be of o (ﬁ) in [2] in
the case of a constant sequence (si),,. Later on, in the case of a nonconstant sequence, it was

proved to be of O <ﬁ) in [12| 28], and of o (ﬁ) in [9 15 B2], whereas in [5] it was shown that

the asymptotic rate of convergence for the fixed point residual of the continuous time counterpart of

the Krasnosel’skii-Mann iteration is of o (%) Recently, Fierro, Maulén and Peypouquet proved in

[18] that the rate of convergence of the fixed point residual of a general inertial Krasnosel’skii-Mann

algorithm is also of o (ﬁ) Noticeably, Contreras and Cominetti showed in [I3] that in the Banach

space setting the lower bound of the Krasnosel’skii-Mann iteration is O (ﬁ), which does not say

anything about the lower bound in the Hilbert space setting.

For a family of general approaches aimed to “accelerate” the convergence of sequences relying on
Shanks transformation and including Anderson acceleration, which can be applied also to fixed point
problems, we refer to [10].

In this paper we introduce an iterative method for solving the fixed point problem which
exhibits a rate of convergence for the fixed point residual of o (%) and guarantees the weak convergence
of the iterates to a fixed point of T'. The method is obtained by enhancing the Krasnosel’skii-Mann
iteration with Nesterov’s momentum updates and follows via the temporal discretization of the second
order dynamical system with vanishing damping term proposed in [7] for solving monotone equations.



The iterative scheme exploits the coercivity of the operator Id — 7" and has consequently a much
more simple formulation than the Fast OGDA algorithm introduced in [7] for solving monotone
equations, which requires the construction of auxiliary sequences. Numerical experiments show that
the resulting so-called Fast KM algorithm outperforms various fixed point iterative schemes including
recently introduced ones using anchoring. The numerical experiments also illustrate the oscillatory
behavior of the method, which is a specific of algorithms with Nesterov’s momentum updates.

As a by-product of our proposed approach we obtain several fast splitting methods for solving
monotone inclusions. It is well-known that some of the most prominent splitting schemes result as
particular instances of the Krasnosel’skii-Mann iteration, since they can be reduced to the solving of
a fixed point problem governed by an average operator. This is the case for the Douglas-Rachford
splitting [17, B0], the forward-backward splitting [30], and the three operator splitting [16] [14]. For
a comprehensive study of operator splitting schemes we refer to [3]. Recent contributions to the
acceleration of the convergence of splitting methods have been made in [25] 43| 27, 40}, 35].

2 A fast Krasnosel’skii-Mann iteration

In our approach, we rely on the simple observation that
zx € FIXT' < (Id = T) (z4) =0,

which allows us to benefit from the recent development on a continuous fast method for solving
monotone equations in [7]. To be more specific, we have that T is #-averaged if and only if Id — T" is
%—Cocoercive [3, Proposition 4.39], that is

(@ —y,(Id=T)(z) - (1d = T) (y)>>2%II(Id—T)(ﬂf)—(Id—T)(y)II2>0 Ve,yeH.  (5)

From here one can immediately see that it follows immediately that Id — T is monotone. Furthermore,
from the Cauchy-Schwarz inequality we can see that Id — T is at most 26-Lipschitz continuous.
As a direct consequence of we have that for every x, € FixT it holds

1

— -T >

(@ ana—T@) > o

The dynamical system studied in [7], formulated for the monotone equation (Id —7") (z) = 0 and
for constant time scaling term f (t) = 1, reads

|z —T(z)|> >0 Ve

.. o, d e
a:(t)—i—;x(t)—i—a(Id—T)(:c(t))+%(Id—T)(x(t))=O

x (to) = o and # (tg) = o,

(6)

where a > 2, (xo,%0) € H x H. The Lipschitz continuity of Id — 7" guarantees the existence and
uniqueness of a strong global solution x : [ty, +o0] — H, which means that x and & are locally
absolutely continuous, z (ty) = zo, & (to) = %o and z fulfills the first equation in @ almost everywhere.

We set the time scaling term equal to one since our aim is to derive via temporal discretization
an explicit iterative fixed point scheme, whereas nonconstant time scaling terms are known to posi-
tively impact the convergence rates of implicit numerical algorithms; see [7, Remark 2| for a detailed
discussion on this issue.

Consider the first-order formulation of the first equation in @

{u ) =@2-a)d=T)(z (1))

u(t) =2(a—1Dax(t)+2tc(t)+2t(Id—-T) (x(t)). (7)

We fix a time step s > 0, set s; := s(k + 1) for every k > 1, and approximate z (s;) ~ z11, and
u (sk) ~ ugy1. The explicit finite-difference scheme for at time t := s gives for every k > 1

Eﬁ%ﬂﬁ =(2-0a)(ld-T) (x) (8)
Uk 41 =2(a—1)ap1 +2(k+ 1) (xpp1 — ) + 25 (k+ 1) (Id = T) (1),



with the initialization ug := xg — s and u; := xg. Different to [7], where for the discretization of the
argument of Id — 7" we used an auxiliary sequence, this time we can use (7x);~o. This is thanks to
the stronger property of cocoercivity the operator Id — T is enhanced with and which will be reflected
in the convergence analysis. We will see that this allows us not only to design a simpler algorithm,
but also to consider larger step sizes than for the one proposed in [7].

Next we will simplify the sequence (uy),~o. The second equation in gives for every k > 1

up =2 (a—1)xg + 2k (g — xp—1) + 25k (Id = T') (xg—1) -
Taking the difference we obtain for every k > 1

U1 — Uk = 2(k + ) (41 — xk) — 2k (xp — xp—1) + 25 (Id = T') ()
+2sk ((Id = T) () — (Id = T) (x—1))
= 2-a)s(Id—=T) (1), (9)
where the last relation comes from the first equation in . After rearranging @, we obtain for every

k>1
2(k+a)(xpy1 —xp) = 2k (x —xp—1) —as(Id = T) (xg) — 28k (Id = T) () — (Id = T') (xg—1)) -

(10)
From here, we deduce that for every k > 1
k S 5]{;
Bt = ot o (o ) = g (= 1) (o) = 10 (= 1) (w0) = (4= 1) (2-1)
s« (1 — S) k so sk
=\l=-570= — — Tp— —T (T —T(x1_1)).
< 2(k‘+a))$k+ W ra kT 1)+2(k+a) (k) + = (T (21) = T (@-1))

Summing up, the algorithm we propose in this paper for solving (/1)) has the following formulation.

Algorithm 1. (Fast KM algorithm) Let o > 2,209,271 € H and 0 < s < %. For every k > 1
we set

T ()4 (T (24) = T (1))

o so (1 —S)k s«
Tyl = (1— 2( a))$k+ (xk_xkfl)—i_z( k4«
(11)

kE+a k+ )

Remark 1. For the step size choice s := 1 which is allowed for every #-averaged operator 1" with
6 € (0, 1], our iterative scheme becomes

(%

Tpyq = (1 - 2(k+04)> xp + ﬁT(a%) + k:—i—ka (T (xg) — T (xp—1)) VE=1. (12)

Notice that for a nonexpansive operator T, which corresponds to the case 6§ = 1, the value s := 1 is
the largest step size that can be taken.

The numerical algorithm can be interpreted as a Krasnosel’skii-Mann iteration enhanced with
the extrapolation term mia (T (z) — T (x—1)) which proves to have an accelerating effect on the
convergence of the fixed point residual. We learn form here that, in order to improve the convergence
rate while preserving the convergence of the iterates, one must address iterative schemes that go
beyond the classical Mann iteration [31]. The latter allows in the update rule only nonnegative

coefficients for both the previous iterates and the operator evaluations at the previous iterates.
Remark 2. A direct application of the explicit Fast OGDA method in [7] to the solving of the

monotone equation (Id —7T') (z) = 0 leads for given a > 2,29, 21,90 € H, 0 < s < max{ﬁ, 12;90} to
the following iterative scheme: for every k > 1 set

h 1= o+ (1 - kja) (on = 260) = 5oy (4= T) () (132)
s ==y (14 g ) (=) () = (0= T) (). (13)



If T is f-averaged, then Id — T is L-Lipschitz with L := min {20, %} (here we make the convention

% := +00), thus the upper bound of the step size is i = max {ﬁ, %} Indeed, we already noticed

that, since Id — T is %—cocoercive, it is at most 26-Lipschitz continuous. On the other hand, T is
f-averaged if and only if (cf. [3, Proposition 4.35])

2 2 1-90 2

IT@) =TI < 2=yl - = |0 d=T) (&) - (W= T) )|* Va,yeH,

which implies that Id — T is Lipschitz continuous with modulus at most 1%00.

Noticeably, the step size upper bound for algorithm is more restrictive compared to the one in
the Fast KM iteration . In addition, has an obviously simpler formulation than . Even if
one rewrites in terms of a single sequence (Y ), it would require yg, yx—1 and yx_2 to compute
Yi+1. In comparison, requires x; and xp_1 to compute zyyq.

3 Convergence analysis

The fundamental tool of the convergence analysis is the following discrete energy function which, for
fixed x4 € FixT' and 0 < A < a — 1, is defined for every k > 1 as
2

1
S/\’]c = 5 HQ)\ (ack — 33*) + 2k (.%'k — xk,l) + (3@ — 2) sk (Id — T) (.%'k,l)

2(a—1)

1

+2X (0 = 1= X [l — |+ —
1

t o2

8(a—1)

The discrete energy function is defined in analogy with the Lyapunov energy functions used in the
study of continuous time dynamical systems associated with convex minimization problems and mono-
tone equations ([I, [7]). While in convex minimization, the distance from the objective function at the
current iterate to its minimal objective value plays the prominent role in the definition of the discrete
energy function, in the present setting, this role is taken by ||(Id — T') (z3_1)||>. The coefficient k2 in
front of this term suggests the rate at which we expect this term to converge, provided the energy
sequence converges as k — +00. The same reasoning applies to the third summand in the discrete
energy function, while the first two summands will play an important role in proving the convergence
of the iterates.

The properties of the discrete energy function are presented in the following lemma, with the proof
deferred to the Appendix.

1 (v = 2) Ask{xp — x4, Id = T') (xf—1))

(r—2) (3a — 2) 2k ||(I1d = T) (zp—1)||*-

Lemma 3. Let x, € FixT' and (x1),> be the sequence generated by Algorithm . Then the following
statements are true:

(i) for0 < A< a—1 and every k > 1 it holds
Exir1 —Enk <22 —a)As{x — x4, (Id = T) (x1)) + wik [|xg4+1 — kaZ
+ s (wok + w3) (w11 — xp, Id = T) (xp)) + wys’k |(Id — T (gr:k)H2

bt (s g ) RN @) - (=T @l (9

where
wii=4A+1—-a) <0, (15a)
w2:=ail(él(a—l)()\—l—l—a)—I—a(?—a))SO, (15b)
Wy = ail <2a(a—1)(A+1—a)+a—2(a—1)2+2(2—a)(a—1)), (15¢)
Wi 2(;_1) (2—a) (30— 2) <0 (154)



(ii) for 0 < A< 32 — 1 the sequence (Ezy),s, iS nonnegative.

In the following lemma, we demonstrate that there exist infinitely many choices for the parameter
A (depending on «) for which an essential quantity in the expression on the right-hand side of
becomes non-positive after a finite number of iterations. As we will see in Proposition 5] this behaviour
will lead to the convergence of the corresponding discrete energy function &)  as k — +00. The proof
of Lemma [4] can also be found in the Appendix.

Lemma 4. Let

1
Aa) = S@_D" +§(o<—1)—m(a—Q)\/(a—Z)(&x—Z)>0, (16a)
Xa) = min{ia—;,ég(al_l)a2+;(a—l)+8(@_l)(a—2)\/(a—2)(5a—2)}. (16D)

Then for every X satisfying A (o) < A < X («) one can find an integer k (\) = 1 with the property that
the following inequality holds for every k = k (\)

-2
Ry, = 2(5;1_2)%14: lzpss — 2ill? + 5 (wok + ws) Tpss — o, (1d — T) (@)
50( — 2 2 2
a2 d—T <0, (1
S k1= T) @ <0, (7

where w1, we, wy and wy are the constants defined in .

Proposition 5. Let 2, € FixI" and (x1),> be the sequence generated by Algorithm . Then it holds

D ok — @, (1d = T) () < 400, (18a)

a D kllzps —al® < +oo, (18b)

k;k:i(ld —T) (z)|* < +oo, (18c)

(; - 3) SR |(1d = T) (a) — (1d = T) (mp1) |2 < +0. (18d)

k=1

In addition, the sequence (Exk) s converges for every A (a) < A < X (), where the pair (A (o), A ()
1s defined in . Consequently, the sequence (Tt);sq is bounded.

Proof. Let (A (@), A () be the pair defined in and A (o) < A < A (a). By Lemma there exists
an integer k (\) = 1 such that for every k& > k() it holds

s (wok + ws3) <azk+1—xk, (Id = T) (xx))

l 5a —
wlkakH ka w432kH Id-T) (xk)|| .

By plugging this inequality into it follows that for every k > k(\) it holds

Sa — 2

Exgit1l —Exp <22 —a) Aslxy — xy, Id = T) (zg)) + (1 — m

) wik |21 — 2]

(1) el

1 1
t a2 (s ) RN =T) @)~ (4= T) @)



Taking into account that wi,ws < 0 (see ), and 2(531122) < 1, we can apply Lemma |13[ to obtain
the summability results in as well as the fact that the sequence (Ey ) k=1 is convergent. Since
0<A(a) <A< A(a) <a—1, the boundedness of (z}),-, will then follow from the definition of the

discrete energy function (€ )y, - O

Next we will show the convergence of the sequence of iterates. The proof relies on the Opial
Lemma (see Lemma and the demiclosedness principle for nonexpansive operators. According to
this principle, if (zx)k=0 S H is a sequence which converges weakly to z € H such that z; — T (z)
converges strongly to 0 as k — +o0, then z € FixT (see [3 Corollary 4.28]).

Theorem 6. Let (z1),~ be the sequence generated by Algorithm . Then (x1);=o converges weakly
to an element in FixT' as k — +o0.

Proof. Let z, € FixT, (A(w)

(@), A(a)) be the pair defined in and A(a) < A < A(a). By the
definition we have for every k > 1

Exe = 2X <xk — Ty, 2k (x) — xp—1) + (Ba—2)sk(Id—T) (mk1)>

1
2(a—1)

+ 2N (@ —1) ||z, — x| + - i 1 (a —2) Ask{xp — x4, Id = T) (xf_1))
2 2
+ % 2 (zp — xp—1) + m Ba—2)s(Id—=T) (xg—1)
1 2,.2 2
+ S(a_1)7 (—2) Ba—2)s°k” [|(Id = T) (we—1) ", (19)

which implies for every A () < A1 < A2 < A (a) and every k > 1

1
Exak —En k=4 (A2 — A1) (kz<xk — Ty, Tk — Th—1 + s (Id = T) (xp—1)) + 5 (a—1) ||z — x*\|2> .

(20)
For every k > 1 we set
1
Pri= g (= 1) ||leg — a:*H2 +klxp —x,xp —xp—1 +s(Id = T) (z1-1)), (21)
1 .
@ = 5 Il — ] + 5 (@i = @, (Id = T) (1)) (22)

=1

We notice that for every k > 2

1
Qk — Q-1 = T — Ty, Thy — Th—1) — 3 g — 21 |)® + s{xp — x4, (Id = T) (1)),

and thus

k

(@=1) g +k(qk — qr1) = pr+ (@ = 1) s Y {wi — 2, (1d = T) (wi-1)) — g (B [
=1

Since the discrete energy function converges for every A (a) < A\ < X2 < A(a), we obtain that
limy s 100 (Exg .k — Er k) € R exists. This implies in view of and that

lim pi € R exists. (23)

k—+400

Moreover, thanks to the triangle inequality and the statements ([18al) - (18c]) in Proposition |5, we have



for every k > 1

k
D i = @, (1d = T) (i)

=1
k k
< YK = @i, (Jd = T) (mia)) + D @iy — @, (Id = T) (23-1))
=1 =1

k k k
1 1
<3 Dl — zia|® + 5 DUIAd = T) (i) [P + D) @it — 2, (Id = T) (2i-1))
i=1 i=1 i=1

< % Z ||x: — fL‘ifl||2 + % Z II(Id — T) (xi71)||2 + Z (i1 — 24, Id =T) (w;_1)) < +00.

=1 1>1 =1

This means that the series Zle (i — T4, (Id — T') (x;—1)) is absolutely convergent. In addition, due

to (I50).

lim k|2 — zp_1]|* = 0,
—+00

which implies that

lim ((a—1)gx + k(g —qx—1)) € R exists.
k—+0

From Proposition [5 we have that (7)., is bounded, hence (gx);, is also bounded. This allows us

to apply Lemma [12| to conclude that limg_, o gr € R also exists. Once again, by the definition of

gk in and the fact that the sequence (Zle (i1 — x4, (Id = T) (xz_1)>)k | converges, it follows
>

that limy_, o ||zx — 74| € R exists. In other words, the hypothesis ()| in Opial Lemma (see Lemma
is fulfilled.

Now let ¥ be a weak sequential cluster point of (7)., meaning that there exists a subsequence
(Tk,, )= such that
xy, converges weakly to T as n — +o0.

On the other hand, according to (18c)),
(Id = T) (zg, ) converges strongly to 0 as n — +00.

Due to the demiclosedness principle we conclude from here that z € FixT. This shows that the
hypothesis in Opial Lemma is also fulfilled, and completes the proof. O

The following results proves the convergence rate of the Fast KM algorithm in terms of the discrete
velocity and fixed point residual.

Theorem 7. Let (xk)kzo be the sequence generated by Algorithm . Then it holds

1 1
|lxg — xp—1]| =0 (kz) and |lzg—1 — T (zk—1)|| = 0 (k) as k — +oo.

Proof. Let @, € FixT', (A(),A(c)) be the pair defined in and A (o) < A < A(a). According to

Proposition |5 the sequence (£ k), converges.
From (|19)) and we have that for every k > 1

k2 1 ,
Enk = 4\pr + 9 2(xp — xp_1) + a1 (Ba—2)s(Id = T) (zx_1)
1 21.2 2
+ m(a—m (Ba —2)s%k* |(Id = T) (zp—1) |-



We set for every k > 1

2 2

hy = % <”2 (v — 1) + 2(a1—1) (Ba—2)s(Id = T) (zg-1)

1

2
o @D G =210 - T) )| ) 7

so that &y = 4Apy + hi. Furthermore, since limy_, o Ex ; € R and limy_, ;o pi € R (see also ),
it holds

lim hj € R exists.
k—+00

On the other hand, in view of (18bf) and (18c| in Proposition |5 we have

1 1
> The <4 Dkl — x| + 5 17 (Ba—2) (Ta —6) s> > k|[|(Id = T) (zx—1)|* < +o0.

k=1 k=1 ( E>1
Consequently, limy_, 1 o, by = 0, which yields

lim & H2 (xp — xp—1) +
k—00

Ba—2)s(Id—T) (zx—1)

m = kh_{{.lok [(Id = T) (zx-1)|| = 0.

This immediately implies limg_, 1o k ||xx — 2x—1] = 0. O

Remark 8. In [35], Park and Ryu established a fixed point residual lower bound of O(%) for various
fixed point iterations designed to find a fixed point of a 1-Lipschitz continuous operator. In the fol-
lowing, we will explain that this statement is not in contradiction with the convergence rate statement
in Theorem [7.

According to [35, Theorem 4.6], for given K > 2, d > K and every initial point zg € RY, there
exists an 1-Lipschitz continuous operator T : R? — R? with x, € FixT such that the inequality

2| —x
o1~ Tar)) > 2022 (24)
holds for every iterates (z)r—o,.. K—1 satisfying
xy € xo + span{zg — T'(z9), ..., xp—1 — T(xk—-1)} (25)

for k = 1,..., K — 1. It is evident that the sequence generated by the Fast KM algorithm with
x1 1= xq fulfills . Consequently, there exists such an 1-Lipschitz continuous operator T : R? — R¢
that fulfills for the sequence of iterates generated by the Fast KM algorithm with x; := x.
In contrast, according to Theorem (7| for the same operator (as it is the case for every 1-Lipschitz
continuous operator), it holds k|zx—1 — T'(zx—1)| — 0 as k — +o0, which means that there exists
ko > K such that
2|xg —

fat ~ T(aer)] < 2202

for every k = ky.

Remark 9. In [13], Contreras and Cominetti presented an example of a 1-Lipschitz continuous
operator defined on a Banach space with the property that the fixed point residual of the Mann
iteration is bounded from below by O(%) For given initial points yg and xg, the Mann iterates are
defined for every k = 0 recursively as follows

k
. k+1 k+1
Tr+1 =Sy Yo+ Z Sit1 T(«Ti)a
=0

where sf“ > 0 for every i = 0,....,k + 1 and Zf:ol sf“ =1.

As observed in Remark [} the Fast KM algorithm is not a Mann iteration since not all the weights
are nonnegative, although they do sum up to 1. This observation suggests that in order to obtain
a fixed point residual rate of 0(%) in Banach spaces, one might have to go beyond general Mann

iterations and allow, for instance, negative weights in the iterative scheme.



4 Application to several splitting algorithms

In the light of the fact that fixed point methods lie at the heart of important splitting iterative
schemes for monotone inclusions, we will discuss in this section how the Fast KM algorithm impacts
the latter. In addition, we will review some recent acceleration approaches of splitting algorithms
from the literature.

Consider the following monotone inclusion problem

Find z € H such that 0 € A(x) + B (z) + C (), (26)

where A, B: H — 2™ are set-valued maximally monotone operators and C' : H — H is a 3-cocoercive
operator with 8 > 0.
Davis and Yin introduced in [16] the following operator

Tpy : H—-H, Tpy := JVAO(QJWB—Id—’yCOJvB) —I-Id—J,yB, (27)

where 0 < v < 28 and J,4 := (Id + 'yA)_l denotes the resolvent operator of yA with constant . The
set of zeros of A+ B + C, denoted by Zer (A + B + ('), can be characterized in terms of Tpy by (see
[16, Lemma 2.2])

Zer (A + B+ C) = J’yB (FiXTDy) .

The Krasnosel’skii-Mann iteration applied to Ty gives rise to the three-operator splitting method

Tht1 := (1 - Sk) xry + sk Ipy (xk) Yk =0,

where x¢p € H and (sk),@O c <0,2 — %] The operator Tpy is 4gé,y—averaged, here we use the
1

convention f := 400 whenever C' = 0, in which case the operator is 5-averaged. According to [23],

this constant is tight. It has been shown in [I4] that the convergence rate of three-operator splitting
method is, as expected, of O (ﬁ)

The theoretical statements of the previous section applied to this particular setting lead to the
following result.

Corollary 10. Let a > 2,20, 21 € H, 0 <y <28 and 0 < s < 2 — % For every k = 1 we set

s« (1—3s)k
=(1- 2 I g — wp
Tkl < 2 (k+ a)) Tkt k+ o (@f = T-1)

+ 3T o (@) + e (Tov (50) = Toy (1)),

Then the following statements are true:
(1) (zk)pso converges weakly to an element x4 in FixTpy such that Jyp (z4) is a solution of (26);
(ii) 4t holds

1

1
|z — zi—1]| = 0 (kz) and |xx—1 — Tpy (zk—1)|| = 0 (k) as k — +o0.

In the following we will revisit some of the particular formulations of and of the corresponding
underlying operator Ty also in order to emphasize the broad applicability of Corollary

Resolvent operator. For B = (C =0, the problem reduces to
Find 2 € H such that 0 € A (x),

and, for v > 0,
Tpy = Jya,

10



which is %—averaged.
The fixed point residual of the classical proximal point algorithm

Tpr1 = Jya () Yk =0,

is known to be in general of O (ﬁ), whereas Gu and Yang have shown in [20] that, for H := R", it

1
1

O ——— |, ifn=2.
(1+L)Fk

can be tightened to

|y () — 2]l =

In the same setting of finite-dimensional Hilbert spaces, Kim proposed in [25] (see also [35]) the
following accelerated proximal point method, which, given y; = g = 1 € H and v > 0, reads: for
every k = 1 set

Yer1 := Joya (1)
k k (28)
Th+1 = Yk+1 + F1o (Yr+1 — Yk) — ) (Yk — Th—1) -
Using the performance estimation approach, the the author proved that the method exhibits a con-
vergence rate of the fixed point residual of O (%)
By comparison, the algorithm in Corollary (10| for v > 0, 0 < s < 2 and Tpy = J,4 exhibits a
convergence rate of the fixed point residual of oﬂ).

Forward-backward operator. For B = 0, the problem (26) reduces to
Find z € H such that 0 € A (x) + C(z),

and, for 0 < v < 20,
TDY = TFB = J’yA @) (Id — 70),

1 gé -averaged.

The Krasnosel’skii-Mann iteration gives rise in this case to the classical forward-backward al-

which is

gorithm, which is known to exhibit a convergence rate of the fixed point residual of O (ﬁ) By

comparison, the algorithm in Corollary for Tpy = Trp exhibits a convergence rate of the fixed
point residual of o (%)

Douglas-Rachford operator. For C = 0, the problem reduces to
Find x € H such that 0 € A (z) + B(z),
and, for v > 0,
Tpy :=1Tppr = JA/A o (2JWB — Id) +1Id - nyBa

which is %—averaged.
The Krasnosel’skii-Mann iteration gives rise in this case to the classical Douglas-Rachford al-
gorithm (see [I7], [30]), which is known to exhibit a convergence rate of the fixed point residual of

O (ﬁ) (see [22]). By comparison, the algorithm in Corollaryfor v>0,0<s<2andTpy =Tpr

exhibits a convergence rate of the fixed point residual of o (%)

11



Recent contributions to acceleration approaches. The idea of the Halpern iteration of consid-
ering in the iterative schemes convex combinations with an anchor point has been recently extensively
exploited as it led to convergence rate improvements of numerical methods. This has been first done
for fixed point iterations ([38], [29]), then for algorithms for solving monotone equations and minimax
problems ([43], [27]), and later on for variants of splitting algorithms like the forward-backward, the
Douglas-Rachford and the three-operator splitting method ([36, [40] 39} [44]).

Our method, however, relies on the continuous time approach from [7] and uses the idea of Nes-
terov’s momentum updates ([33]).

5 Numerical experiments

5.1 Proximal point type methods

In order to illustrate the numerical performances of the Fast KM algorithm by comparison to other
iterative schemes we consider first, for n > 1, the fixed point problem

Find 2 € R*" such that J4(z) = z,

where J4 : R?™ — R?” is the resolvent of the maximally monotone operator given by the matrix

_ 1 O I 2nx2n
A= (—]1 @) R,

where M is a positive constant, I and O denote the identity and the all-zeros matrix in R™*"™,
respectively. This operator has been used in the literature to illustrate the worse-case performance of
the proximal point method and of the Banach-Picard iteration (see |20} [35]). Notice that x = 0 is the
unique fixed point of J4 and that J4 is %—averaged, therefore we take as step size s := 2.

D f=
A¢| =5 r ‘
= :
|_ »
1
AIel
X -10
=
o
Banach-Picard
— — - Krasnosel'skii-Mann
=15 r Halpern
APPM
— fKM:a =3
— 1/
5 6 8 9 10

7
log(k)

Figure 1: Comparison of the behaviour of the fixed point residual for different methods

We solve the fixed point problem with the Banach-Picard iteration, which corresponds to the
proximal point algorithm, the Krasnosel’skii-Mann iteration , which corresponds to the relaxed
proximal point algorithm, the Halpern iteration , the accelerated proximal point method (APPM)
, and the Fast KM algorithm with a = 3.

1
For all iterative methods we consider as starting <O"> e R?", where 1,, and 0,, denote then all
n
ones and all zeros vector in R”, respectively.
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—40 F
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log(k)

Figure 2: The parameter « influences the convergence behaviour of the Fast KM algorithm

In a first experiment, we run all these methods in case n := 5000. The values of the corresponding
fixed point residuals are plotted in Figure [1] in logarithmic scale. It is obvious that the Fast KM
algorithm outperforms all other numerical algorithms.

In a second experiment, we run the Fast KM algorithm for different values of « in {3, 5,10, 20}.
The values of the corresponding fixed point residuals are plotted in Figure [2] in logarithmic scale.
As there is almost no difference between the methods in the first 100 iterations, one can notice that
the speed of convergence of the fixed point residual increases with increasing o and it is consistently
faster than o(1/k). This phenomenon seems to be common for algorithms enhanced with Nesterov’s
momentum update (see also [7]). However, whereas in the case of Nesterov’s acceleration algorithms
for minimizing smooth and convex function the values of « are correlated with the speed of convergence
of the objective function values, here this applies to the fixed point residual.

In addition, the plots of the fixed point residual exhibit a strong oscillatory behaviour, very
similar to the behaviour of the objective function values of Nesterov’s acceleration algorithms for
convex minimization. This is another evidence that Nesterov’s momentum improves the convergence
behaviour of numerical algorithms beyond the optimization setting (see also [7]).

10

r ®  Krasnosel'skii-Mann
® Banach-Picard

05

-1.0
-1.0

Figure 4: The trajectory of the Kras-
nosel’skii-Mann iteration/relaxed proximal
point algorithm

Figure 3: The trajectory of the Banach-
Picard iteration/proximal point algorithm

In the figures 3| - [10] we plot the trajectories generated by all methods considered in the numerical
experiments in case n := 1. From the convergence analysis we know that they all converge to the
unique fixed point of the operator, however, as the plots show, after spiralling around it. It is also

13
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Figure 5: The trajectory of Halpern itera-
tion

10
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1.0 L L L ,
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x_1

Figure 6: The trajectory of the accelerated

proximal point method

obvious that the spiralling effect in case of the Fast KM algorithm is less pronounced than for the

other algorithms.

1.0

® fKM:a=3

05

-1.0

Figure 7: The trajectory of the Fast KM
algorithm for o = 3

1.0

® fkM:a=10

05 -

-1.0

Figure 9: The trajectory of the Fast KM
algorithm for o = 10

5.2 Douglas-Rachford type methods

10

® fKM:a=5
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-1.0
-1.0 -0.5 0.0 05 1.0

Figure 8: The trajectory of the Fast KM
algorithm for a =5

10

®  fKM:a =20

05 -

1.0 L . L ,
-1.0 -05 0.0 05 1.0

Figure 10: The trajectory of the Fast KM
algorithm for o = 20

For the second family of numerical experiments we consider the following feasibility problem

Find z € R?" such that 2 € R*" n H,,,

where Ri" is the set of vectors in R?" with nonnegative entries and, for a given vector u € R*® and

real number v € R,

Hyy:={z¢€ R?": (z,u) = v}.



If R2" N H,, # &, then (see, for instance, [3, Corollary 27.6])
R¥" A H,, = Zer (NRin + NHW> £,

where Np : R?® = R?" denotes the normal cone operator of a nonempty closed convex set D < R™.
The normal cone operator Np is a maximally monotone and its resolvent Jy,, is nothing else than
the projection Projp onto the set D.

The Douglas-Rachford (DR) algorithm is known as one of the most successful numerical method
for solving such feasibility problems. In this concrete case it reads

Tht1 = (1 — 8k>.%'k + skTDR(xk) Yk =0,

where x¢ € R?", (s1)k=0 < (0,2] and Tpp := ProjRin o (2Pr0jHu7V —1d) +Id — Projy, -

In the following we compare the performances of the DR algorithm for various choices for (s¢),o S
(0, 2] with the ones of the Halpern algorithm ([2I]) and of the Fast KM algorithm, which make also use
of the Douglas-Rachford operator Tpg. For the Fast KM algorithm we consider « € {5, 10, 30, 100, 500}
and as a step size s := 2.

In the numerical experiments we generate for different values for the dimension n > 1 a number of
Niest pairs (u,v) € Ri” x R, such that the intersection of Ri” and H,, , is nonempty, and a number of
Nini¢ normally distributed starting points xo € R?”, which we scale then by 100. For each generated
hyperplane H, , and starting point zy we run several variants of the DR algorithm, the Fast KM
method and the Halpern algorithm. The algorithms terminate either after k. iterations or once the
following condition is fulfilled

HProjHu’V (k) — Projgan (ProjHu’V (mk)) H < Tol, (29)

where Tol denotes the tolerance error. This condition is motivated by the fact that for the Douglas-
Rachford methods the so-called shadow sequence is the one that converges to a solution; in other
words, guarantees that Projy  (x) is close to the intersection R2" A Hy,,. A trial fulfilling
before kpay iterations will be counted as a successful attempt. In the tables [[] and [ we report the
ratio of successfully solved problems and the average number of iterations the algorithms need until
termination.

Tableshows the results for three settings determined by three choices for the triple (7, Nyest, Ninit)
with Tol := 10716 for the first two and Tol := 1072 for the third one, and kpyax := 100. For each
setting we write in boldface the best values for the ratios and the average number of iterates for
the DR algorithms. It is evident that the Fast KM algorithm outperforms in both criteria the best
performing variants of the Douglas-Rachford algorithm and the Halpern algorithm already for o« = 30,
and even more so for larger values of a.

Table [2 shows the results obtained for the Fast KM algorithm for larger values of n, Tol := 1078
and kpax := 200. It emphasizes once more that the numerical performances of our method become
better when « takes larger values. Different from the class of DR algorithms, the growing dimension
seems to less affect the number of iterations needed by Fast KM to provide a solution.

To further illustrate the behaviour of the considered numerical methods, we plot below some
generated trajectories in case n := 1, and for v = (1,5)7 and v := 6. The generated sequences by the
different methods may converge to different solutions for the same starting point which is plotted as
a black square in the figures. However, the way the iterates of the DR algorithms and the Halpern
algorithm, on the one hand, an the Fast KM algorithm, on the other hand, tend to their limits through
are totally different. While the iterates of the DR algorithms and the Halpern algorithm move along
a curve above the hyperplane H, ,, the ones generated by the Fast KM algorithm approach in a more
straight manner the solution.

In the figures|[17 and [18| we plot the trajectory generated by the Halpern algorithm for two different
starting points in order to emphasize their pronounced spiralling around the limit point. This also
explains why (see also Figure , even if the algorithm finds a solution in less than kp,x steps, it
requires more iterations than the DR algorithms and significantly more than the Fast KM algorithm.
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(1, Nest, Ninit) (1,102, 10%) (5,102, 10%) (50,10%,103%)
method ratio iterations ratio iterations ratio iterations
DR : s, =1— k%rQ 0.9939 7.6181 £6.26 | 0.9887 14.5431 £12.54 | 0.8456 42.823 +20.99
DR : s, =1 0.9940 | 4.8877 £6.00 | 0.9907 | 11.6671 +12.17 | 0.8700 39.1163 + 21.08
DR : s, =1+ ﬁz 0.9944 5.9398 +£6.23 | 0.9923 12.0513 £10.52 | 0.8949 36.6431 + 20.41
DR : s = % 0.9976 6.8541 £ 6.61 | 0.9952 13.291 + 7.85 0.9428 | 33.5245 +17.25
DR : s = % 0.9980 7.6111 +£6.54 | 0.9957 15.0055 £ 7.06 0.9514 34.1237 + 15.8
DR : sp = % 0.9992 12.1969 £ 7.59 | 0.9965 27.535 £ 5.69 0.9644 46.8346 £ 10.99
DR : s = % — %ﬂ 0.9992 9.3479 £ 6.96 | 0.9968 23.3639 *+ 6.36 0.9648 47.6916 = 11.91
DR : s = g 0.9994 14.5185 £ 8.64 | 0.9966 34.2205 + 6.08 0.9649 | 54.9974 + 10.09
DR : s = % + %—‘1—2 0.9996 | 23.1938 £ 11.67 | 0.9963 47.9954 £ 6.10 0.9598 64.4231 + 7.85
Halpern 0.2400 | 32.8750 £+ 22.87 | 0.0000 —//- 0.0000 —//-
Fast KM : a =5 0.9690 | 22.4536 + 18.26 | 0.4973 70.4548 +16.42 | 0.0000 —//-
Fast KM : o =10 | 1.0000 9.7566 £ 6.83 | 0.9996 27.5816 + 11.78 | 0.8753 65.5713 + 14.46
Fast KM : a =30 | 1.0000 4.9323 +2.23 | 1.0000 10.0186 £ 2.41 1.0000 17.6134 £ 3.3
Fast KM : a = 100 | 1.0000 3.5014 £ 1.35 | 1.0000 6.2383 £ 1.19 1.0000 9.5427 £ 1.43
Fast KM : a = 500 | 1.0000 2.6151 +1.00 | 1.0000 4.3118 £ 0.73 1.0000 6.2944 £+ 0.75

Table 1: The ratio of successfully solved problems and the average number of iterations for several

algorithms

(1, Neest, Ninit) (5005 100; 500) (5000, 50, 100)
method ratio iterations ratio iterations
Fast KM : a =10 | 0.6076 | 154.5383 + 24.31 | 0.0000 —//—
Fast KM : @ =30 | 1.0000 | 29.3096 +5.14 | 1.0000 | 40.7248 + 3.56
Fast KM : @ =100 | 1.0000 | 13.8564 +1.77 | 1.0000 | 17.4264 + 1.18
Fast KM : o = 500 | 1.0000 8.5773 + 0.94 1.0000 | 10.282 +0.70

Table 2: The ratio of successfully solved problems and the average number of iterations for the Fast

KM algorithm

A Appendix

In the appendix, we have compiled some auxiliary results and provided the proofs of the two technical
lemmas used in the convergence analysis of the Fast KM algorithm.

A.1 Auxiliary results

The Opial Lemma ([34]) is used in the proof of the convergence of the iterates.
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Figure 13: The trajectory of the Douglas-
Rachford algorithm for sj := %
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Figure 15: The trajectory of the Fast KM
algorithm for « = 5
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Figure 12: The trajectory of the Douglas-
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Figure 14: The trajectory of the Halpern

algorithm
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Figure 16: The trajectory of the Fast KM
algorithm for o = 30

Lemma 11. Let S be a nonempty subset of H and (vt),~, be a sequence in H. Assume that

(i) for every x, € S, lim |z — x| exists;
k—+00

(ii) every weak sequential cluster point of the sequence (xy),>, as k — 400 belongs to S.

Then (x1);=o converges weakly to a point in S as k — +c0.

For the proof of the following result, which is the discrete counterpart of [I, Lemma A.2], we refer

to [7, Lemma 21].

Lemma 12. Let a > 1 and (qx);,>q be a bounded sequence in H such that

k—+o0

. k
lim <Qk+1 + (k41 — %)) =leH.
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Figure 18: The spiral behavior of the
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Then it holds klim q = L.

—+m

The following result is a particular instance of [3| Lemma 5.31].

Lemma 13. Let (ag),s, (bx)ys, and (di),s, be sequences of real numbers. Assume that (ax),; is
bounded from below, and (by),~, and (di),s, are nonnegative sequences such that 3, dy, < +o0. If

ag+1 <ap—bp +dp YVk=1,
then the following statements are true:
(i) the sequence (bx),s, is summable, namely D~ by < +00;
(ii) the sequence (ay),, is convergent.
The following elementary result is used several times in the paper.

Lemma 14. Let a,b,c € R be such that a < 0 and b*> — ac < 0. Then it holds

allal* +20 ¢z, y) +ellyl* <O Va,yeH.

A.2 Proofs of the technical lemmas used in the analysis of the Fast KM algorithm
In this subsection we provide the proofs of Lemma [3| and Lemma

Proof of Lemma (3| . Let 0 < A < a— 1. First we will show that for every k£ > 1 the following
identity holds

(eml ; (0~ 2)as? (k+ 1) |(1d - T) <xk>||2)

1
4(a—1)
_<g b 2 — 2

Wt gy (@ - 2k 0= 1) o))

=2(2—a)Asxpr1 — T, M =T) ()Y + 2N+ 1 — @) (2k + @ + 1) |2y 1 — 23]
1

+ m@—a)s? (23 —2)k + 2% + a—2) |(Id — T) (zx)|?

! (4= DO+ 1-a) + a2 a))sh g~z (= T) (21

P
1
a_
1

a—1
1

t e @ $*k(2k + a) [|(Id = T) (2) — (Id = T) (21| - (30)

_|_

: <2a(a— DA+1l-a)+a—2(a— 1)2) s (st — zx, (Id — T) (22))

2—-a)s(k+a)k{@psr — ap, (Id = T) (z) — (Id = T) (z4-1))
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For brevity we denote for every k = 0

U\ ft1 = 2\ (:L’k+1 — IL’*) + 2 (k + 1) (karl — xk) + (304 — 2) S (k + 1) (Id — T) (.Iik) , (31)

2(a—1)
which means that for every k > 1 it holds

1
2(a—1)

Subtracting from and then using we obtain for every k > 1

U\ = 2 (l‘k — l‘*) + 2k (mk — :L‘k_l) + (30[ — 2) sk (Id — T) (xk_l) . (32)

UNk+1 — UNk
=2A+1—a)(xps1 —xk) +2(k+ @) (xpr1 — k) — 2k (2 — 2R—1)

+ 2(£-1) (Ba—2)s(Id—T) (z) + 2(0}_1) (3a —2) sk((ld —1T) () — (Id = T) (:ck_l))
=2\ +1-a) (@4 —xk)+2(al_1) (a—2(a—1)2)s(1d—T)(xk)
T 2(;_1) (2~ ) k({10 = 1) (25) — (10— T) (21)). (33)

In the following we want to use the identity
1
2
Thanks to the relations and , we derive for every k > 1 that

1
(HUAJHIHQ - HuA,kH2) = (UA k415 UN kb1 — Un k) — 3 lunksr — urgll® Yk =1, (34)

<UA,I<:+17 U\ k+1 — UA,k>

— NN+ 1—a) (Tt — Tas Thot — T + (a —2(a— 1)2) A8 (pr1 — ey (Id — T) ()

a—1
+ ﬁ (2 — a) Ask (zpsr — @4, (Id = T) () — (Id = T) (2-1))

+4N+1—a) (k+1) |zper — zl
1
a—1
+ ﬁ 2—-a)s(k+1)k{rger —xp, (Id =T) (x) — (Id = T') (1))
1
e e (0= 2(@=1)?) s (b + 1) (1d = T) ()|
¥ 4(;_1)2 (3a—2)(2—a)s? (b + 1) k{(1d = T) (z1) , (14 = T) () — (1d = T) (1)), (35)

_|_

(a —2(a—12+Ba—-2)(A+1— a))s(k: + 1) (epet — o, (Id — T) ()

and
1
2

= — 20+ 1 - @) [fges — ]

urgert — unl?

sl GREICEEtY I (R ATERTE

T e 12 (2= a)® $*K?||(Id = T) (2x) — (1d = T) (zp—1) ||

. (a —2(a— 1)2> A+ 1—a)s{rpsr —z, (Id =T) (xr))

. 2—a)AN+1—a)sk{rkr1 —xg,(Id=T) (zx) — Id = T) (xx—_1))
1

SPTrR: (a —2(a— 1)2> (2 — a) %k ((Id — T) (z) , 1d — T) (%) — (Id — T) (z5_1)).
(36)
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A direct computation shows that for every k = 0
<(3a—2)()\+1—a)+a—2(a—1)2) (k+1)—(/\+1—a)<a—2(a—1)2>
- ((3a—2)(A+1—a)+a—2(a—1)2)k+2a(a—1)(A+1—a)+a—2(a—1)2
- ((304—2)()\4—1—a)+a—2(a—1)2—(2—a))\>k+(2—a))\/~c
+2a(a—1)(A+1—a)+a—2(a—1)°
— (4@ +1-a)+a@=a))k+ (2= a) M+ 2 (a—1)(A+1-a)+a—2(a—1).

Therefore, by plugging and into , we get for every k > 1

(sl = funsl?)
9 A k+1

1
=4AAN(A+1—){Tp41 — Ts,Tp41 — Tp) + -

L (0= 200 = 17) As G — e, (1 = T) (20)
e (2 a) Ask (ot — 7o, (1d = T) (24) — (1d = T) (1)
+20+1—a)2k+a+1—\)||@zp —

L
8(a—1)?

ai1<4(a—1)()\+1—a)+a(2—a)+(2—a))\)sk<a}k+1—xk,(Id—T)(xk)>
1

a—1

+ (a —2(a— 1)2) (23 —2)k+20%+a—2) |(Id = T) (zx)]?

+

<2a (a—1)(A+1—-a)+a—2(a— 1)2> s{xps1 — g, (Id = T) (zx))

p— 2—a)sk+a—Nklxprr — a2k, Id=T) () — (Id = T') (z—1))

-
4(a—1)2

i O R ) () — (4= T) () )

+ (2—a)s® (3 —2)k +2(a—1)a) k{(1d = T) () , (1d = T) () — (1d = T) (1))

Notice that by the definition of the discrete energy function we have for every k > 1

Exk + (= 2) as®k ||(Id = T)) (x—1) )

1
4(a—1)

1 1
=3 |]u>\k\|2 F2A (a—1=N)||lop — a4 )* + p—] (0 = 2) Ask{xp — x4, Id = T') (2)—1))

+ m(a —9)s%k ((Ba — 2) k + 2(a — Da) ||(Id — T) (z5_1)|%. (38)

Later we will subtract the above identity at consecutive indices and to this end we will make use of
the following identities which hold for every k > 1

The1 — zl” = [lze — 2 ])® = 2@pr1 — a, Tpr1 — 2a) — |[Tpr1 — 2], (39)

2As (k + 1) {xpe1 — xo, (Id = T') (1)) — 2A8k{z) — T4, Id — T') (1))
= 2X\s{wy1 — x4, (Id = T) (zx)) + 2Ask (<a:k+1 Tw, Id = T) () — (@ — T4, (Id = T) (mk,1)>)
= 2As (g1 — s, (Id = T) (z1)) + 2Ask {xp11 — T4, Id = T') (xg) — (Id = T') (xg—1))
+ 2Ask{xs1 — xp, (Id = T') (z1-1))
= 228 (@ps1 — T, (Id = T) (@) + 2Ask (Tpy1 — @, (Id = T) () — (Id = T') (w-1))
—2Ask{xps1 —xp, (Id = T') (z) — (Id = T) (xp—1)) + 2 sk (xpy1 — x, (Id = T') (x)), (40)
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and

s2(k+1) (Ba—2)(k+1)+2(a—1)a)||(Id—T) (x|

4(a-1)
- 4(0411)8%((?0 —2)k+2(a—1)a)||(Id—T) (ze1)|?
- 4<a1—1>52(2 (Bor=2)k +20% + o= 2) | (1d = T) ()|
+ 4(041_1)821? (Ba=2)k+2(a—1)a) (II(Id = T) (&y)|* — | (1d = T) (5Uk—1)||2)
= 4(;_1)82(2 (3a —2)k +20° + a — 2) [|(1d - T) (z)|?
+ 2(0[1_1)5%((3@ —2)k+2(a—1) o) (Id=T) (), Id = T) (xx) — (Id = T) (z-1))
N 4(041_1)3%((3“ ~2)k+2(a~1)a) |(Id = T) (zx) — (1d = T) (z-1)|*. (41)

Therefore, by multiplying and by m (o — 2), relation gives for every k > 1

(&M " (o —2)as? (k + 1) [|(1d - T) (xm?)

4(a—1)

- (B + gy (o - D asthlaa - 1) o) P

= % (|’U/\,I<:+1H2 - HU,\,kHQ> + 2 a—1—=)) (ka“ — zaf? = ok — 95*H2>
b (0= 2) AsCopar — e, (1 = T) (70))
T 1 T (@ =2) Ask (opr — @y, (Id = T) () — (Id = T) (251))
. 1 T (@ =2) Ask {@pen — ap, (Id = T) () = (1d = T) (25-1))
R 1 7 (@ =2) Ask{@perr — g, (Id = T) (2))
1
o @D RBe -2k + 207 + o= 2) (14 - T) ()
n 4(a1—1)2 (a—2)sk((3a — 20k +2(a — 1) a) {(1d — T) (zx) , (Id — T) (2x) — (1d — T) (25_1))
_ 8(041—1)2 (a—2) 52k((3a —2)k+2(a—1)a)|[Id=T) (z) — (Id = T) (zr_1)|?

By multiplying by 2A(a — 1 — A) and by taking into consideration and that
a—2(a-1)4+a-2=2(a-1)2-0a) and — (@ —2)* = (a—2)Ba—2) = —4(a—2)(a—1),

we immediately obtain from here identity .
Next we will focus on the term {(zyi1 —xk, (Id —T) (xr) — (Id — T') (x—1)) for which we will
provide an upper bound by exploiting the cocoercivity of Id — T'. Precisely, the relations and

21



guarantee that for every k > 1

—2sk (k+ a){zps1 — oz, Id = T) () — (Id = T') (xf—1))

= — 25k (ay — 1, (Id = T) (2) — Id = T) (zp—1)) + 25%k2 ||(Id — T) (zx) — Ad — T) (zp_1)||?
+ sk (1~ T) (), (1~ T) (23) — (1 — ) ()

< (2= 5 ) SR 100 T) 20) (1= ) )P + s 1 - T) o)

+ 505k (14— T) (o) — (1 = T) (e 1)|2 — sk [(1d — T) Gy )

[\)

0 2
as? (k+1) [|(1d = T) (z1)]|* ~ %0@2/’6 1(1d = T) (1)

< ( 25 — 1) ok? + 1as2k> 1(ld = T) (24) — (Id — T) (z51)]°

DN | =

_|_

After multiplying this inequality by m (o —2) > 0, adding it to(30]), and using that
2(2—a)As{xpy1 — s, (Id = T) (z1))
=2(2—a)As{xgs1 —xk, (Id =T) (zx)) + 2(2 — @) As (g — x4, (Id = T) (z1)),

we deduce the desired inequality (14). In order to obtain the coefficients of ||zxi1 — z||* and
|(Id — T) (zx)||* as given in (15), one also has to take into consideration that A + 1 — a < 0 and
202 + o —2 >0, as a > 2. The assumptions we made on o and X immediately imply that wq, wo and
w4 are nonpositive numbers.

Since
ozil (a0 —2) Ask{x — g, (Id = T) (zx)) + 8(041—1)2(a_ 2) (3a — 2) 2k2 ||(Id — T) (2 ||?
_ 30117 (o= 2) <a11 (30— 2) Ask (g — aa, (Id — T) (25))
1 )2 212 Y ()12
s 2R 0= T) ()l
b [ Mor et a2y sk (10— T) ()| — 20 g —
3a — 2 2 PP T 9 (a—1) ke SRR

we deduce that for every k > 1

2

Exg = % HQ)\ (g — x4) + 2k (2 — 1) + (Ba—2) sk (Id —T) (wp_1)

2(a—1)

+2A (a—1—=X\) ||lzx — .%‘*||2 + (a —2) Ask{xp — x4, Id = T) (2f_1))

a—1
1
+ ———— (@ —2) (3a = 2) S°k* || (Id = T) (1) ||*
8(a—1)
1 2
1 2
—— (a—2) |2 — o A—— -2 Id-T _
+2(3a_2)(oz )H)\(mk x*)+2(a_1)(3oz ) sk (Id = T) (zg—1)
4\
+2\ (a—1) (1— 3a_2> |2 — x|
Using the identity
1
ol +ligll” = 5 (e +yl> + o = yl*)  Va,y e,
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we obtain for every k > 1

2

(0%
Exk =5 H2A (zr — @4) + 2k (2 — 2p-1) + ICES] (3o —2) sk (Id — T) (v5—_1)
1 1 2
T iBa—2) (o —2) H4A (2 = @) + 2k (2 — 1) + — (3o = 2) sk (1A = T) (241)
_ 2 . 2 B B 4\ B 9
T3 =2 @ D e ]+ 20 (@ = 1) (1 g ) o — el (42)

This shows that for 0 < A < %a —% all terms in the expression (42)) are nonnegative, thus the sequence
(Exk)k=1 is nonnegative, too. |

Proof of Lemma [4 . For the quadratic expression in Ry we calculate

? = ((A)Qk’ + (.Ug) - 30[7_2(,01&)4]6 = |Wwy — 3057_2001(.U4 k + 2002(.03k' + w3
5 2(5a—2) . . .
It suffices to guarantee that w3 — 372601604 < 0 in order to be sure that there exits some integer
a R

k(M) = 1 such that Ap < 0 for every k > k(\) and to obtain from here, due to Lemma that
Ry, < 0 for every k = k ()\).

We will show that there exists a nonempty open interval contained in [0, « — 1] with the property

2(5a — 2
o —

E:=A+1—a<0and get

wiwyg < 0 holds when A is chosen within this open interval. To this end we set

wgzai1<4(a—1)§—a(a—2)> and w1w4=—ail(a—2)(3a—2)§.
Written in terms of £, we have first to guarantee that
w%—Q(;j__;)wlwzl— (a—11)2 ((4(04—1)§—a(a—2))2+4(5a—2)(a—1)(a—2)§)
= (1601’ (o~ 1) (0~ 2) (3o —2)& +a® (0~ 2)°) <0
(a—1)

(43)
A direct computation shows that
Ae=16(a—1)2(2— o)’ ((3a _9)2 - 4a2> —16(a—1)%(a —2)% (5a — 2) > 0.

Hence, in order to get , we have to choose £ between the two roots of the quadratic function
arising in this formula, in other words
1
a)i=—S (—4(a—1)(a—2)(Ba—2) — /A
61 (@) = g (40— 1) (0 -2) G —2) — /)

:_23(;_1)(a_z)(sa—2+\/(a—2)(5a—2))

1
<f{=A+l-a<&(a)i=—5 (-4(a—1)(a—2) (B —2) + /A¢)
32(a—1)
N S — (3@—2—\/(04—2)(5@—2)).
8(a—1)
Obviously &; (o) < 0 and from Viete’s formula & (a) - 2 (o) = TZ((;“:?)); , it follows that we must have

& (a) < 0 as well.
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2(ba —2)

wiwyg < 0 this must be chosen
Ja—2

Therefore, going back to A, in order to be sure that w3 —

such that
a—1+& (a) <A<a—-1+&(a).

Next we will show that

O<04—1—8(al_1)(a—2)(3a—2)<:1a—; (44)

Indeed, the inequality on the left-hand side follows immediately, since

a—1—1(a—2)(3a—2)=1)(5a2—8a+4)=

Sa—1) S(a 1 (a* +4(a=1)?%) >0,

1
8(a—1)
Using this relation, one can notice that the inequality on the right-hand side of can be equivalently

written as
502 —8a+4<2(a—1)Ba—2)<0<a’—2a=a(a—2),

which is true as a > 2.
From we immediately deduce that

O<a—1+&(a) and a—1+£1(a)<%—%.
This allows us to choose
A @) —oz—1+§1(a)—8(a1_1)a2+2(a—1)—8(a1_1) (a@—2)+/(a—2) (a—2)
< A(a) zmin{:i? ;,a—l—kfg(a)}
—min{gf ;,8(a1_1)a2+1(a—1)+8(a1_1)(04—2)\/(04—2)(5a—2)},
EB(O}_UQ2+;(a—l)—8(0}_1)(@—2)\/@—2)(5@—2)>0.

Indeed, as (a — 1) vVa —1> (a —2)va —2 and 4y/a — 1 > /5o — 2 we can easily deduce that

A +a(a—1)7?>4(a—-1)%*> (a—2)(a—2) (5 —2)

and the claim follows.

— 2 -2
In conclusion, choosing A to satisfy A (a) < A < A(«), we have w3 — (350&2)0‘)1004 < 0 and
o —
therefore there exists some integer k (A) > 1 such that Ry <0 for every k > k ()). [
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