Fast second-order dynamics with slow vanishing damping
approaching the zeros of a monotone and continuous operator
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Abstract

In this work, we approach the problem of finding the zeros of a continuous and monotone
operator through a second-order dynamical system with a damping term of the form 1/t",
where r € [0,1]. The system features the time derivative of the operator evaluated along the
trajectory, which is a Hessian-driven type damping term when the governing operator comes
from a potential. Also entering the system is a time rescaling parameter 3(¢) which satisfies a

certain growth condition. We derive o (W) convergence rates for the norm of the operator

evaluated along the generated trajectories as well as for a gap function which serves as a measure
of optimality for the associated variational inequality. The parameter r enters the growth
condition for B(t): when r < 1, the damping 1/¢t" approaches zero at a slower speed than
Nesterov’s 1/t damping; in this case, we are allowed to choose 3(t) to be an exponential function,
thus having linear convergence rates for the involved quantities. We also show weak convergence
of the trajectories towards zeros of the governing operator. Through a particular choice for
the operator, we establish a connection with the problem of minimizing a smooth and convex
function with linear constraints. The convergence rates we derived in the operator case are
inherited by the objective function evaluated at the trajectories and for the feasibility gap. We
also prove weak convergence of the trajectories towards primal-dual solutions of the problem.

A discretization of the dynamical system yields an implicit algorithm that exhibits analogous
convergence properties to its continuous counterpart.

We complement our theoretical findings with two numerical experiments.
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1 Introduction

We dedicate this work to the memory of Hedy Attouch, a remarkable mathematician and a kind,
generous soul whose absence is deeply felt.

1.1 Problem statement and motivation

In the setting of a real Hilbert space H and a monotone and continuous operator V : H — H, we
study the following problem:

find z, € H such that V(z,) = 0. (1)

It is simple to see that the continuity and monotonicity of V' ensure that z, satisfies (1) if and only
if

(z — 2, V(2)) >0 VzeH. (2)
One of the principal motivations to study the monotone inclusion (1) comes from minimax problems.

Indeed, consider

i o 3
min max &(z, y), (3)

where X', ) are real Hilbert spaces and ®: X x ) — R is continuously differentiable, convex in the
first variable and concave in the second one. Solutions to (3) are saddle points of ®: that is, a pair
(z4,y«) € X x Y such that

This is equivalent to
Vi ®(zy, ys) =0,
-V ®(zs,y«) =0,



and this is nothing else than a monotone inclusion problem involving the monotone and continuous
operator V : X x Y — X x ) given by

V(w,y) = (Vo®(@,y), ~V, D).

Formulations (1) and (3) underlie numerous problems in different fields, such as optimization,
economics, game theory, and partial differential equations, and are of particular interest to the
machine learning community: for example, they play a fundamental role in areas such as multi-agent
reinforcement learning [17], robust adversarial learning [16] and generative adversarial networks
(GANs) [9, 13]. An interesting example of (3), upon which we will elaborate further later, is
linearly constrained convex minimization. Precisely, let us consider

subject to Az =0,

where f : X — R is convex and continuously differentiable, b € J and A : X — ) is a bounded
linear operator. Associated to (4) is the Lagrangian £ : X x ) — R given by

L(x,\) = f(x)+ (N, Az — b).
Primal-dual solutions to (4), that is, pairs (z., A\x) € X x Y which satisfy

Vf(zs) + AN =0,
b— Ax, =0

are precisely the saddle points of L, i.e., the zeros of the monotone and continuous operator
V(z,\) = (Vxﬁ(x, A), —VaL(z, )\)) = (Vf(x) + AN D — A:):). (5)

Attached to (1), we will investigate the asymptotic properties of the trajectories generated by a
certain second-order dynamical system. The system features a vanishing damping of the form ;,
where r € [0, 1], which approaches zero more slowly than Nesterov’s classical ¢ when r < 1. This
is combined with the time derivative of the operator evaluated along the trajectory, which is also
known as a Hessian-driven damping term when V is the gradient of a continuously differentiable
function. The convergence behaviour of the solutions is greatly affected by the presence of a time
rescaling parameter 3(t) which is positive, nondecreasing, and continuously differentiable, and
needs to satisfy a certain growth condition. For the generated trajectory z(t), we will derive rates
of convergence of o (%) for ||V (z(t))|| and for the restricted gap function associated to (2) as
t — +00. When r < 1, we are allowed to choose ((t) such that 5(¢) grows exponentially with time;
such a choice is not possible when r = 1, i.e., when we take Nesterov’s damping. We will also show
weak convergence of z(t) towards a zero of V' as t — +oc0.

When V is chosen to be (5), we recover a primal-dual system formulated in the spirit of He
et al. [15]. However, it differs in the sense that our primal-dual system includes a Hessian-driven
damping term. For the generated primal-dual trajectory (z(t), A(¢)), we will show convergence rates
of o (%) for the functional values along the primal trajectory, the primal-dual gap formulated
in terms of the Lagrangian £, and for the feasibility gap which gauges how far the generated primal
trajectory is from the constraints. Additionally, we will furnish the weak convergence of (z(t), A(t))
towards a primal-dual solution of the minimization problem as ¢t — 4oc0.

A temporal discretization of our system will produce an implicit algorithm that mimics the
convergence properties of the continuous time system. If (8;)r>1 is a positive, nondecreasing



sequence which satisfies an analogous growth condition to the continuous one, and (z*) k>1 are the
iterates generated by the algorithm, we will produce convergence rates of o (ﬁ) for HV(zk ) H and
for the discrete gap function associated to (2) as k — +oo. Similar to the continuous case, r < 1

allows us to choose Si such that 5, grows exponentially as k — +o00. Furthermore, we will show
that the iterates converge weakly to a zero of V.

1.2 Previous and related continuous time systems

In the last years, there have been many advances in the study of continuous time systems attached
to monotone inclusion problems. We briefly visit them in the following paragraphs.

Extending the Heavy ball with friction dynamics introduced by Alvarez in [1] for unconstrained
minimization, Alvarez and Attouch [2] and Attouch and Maingé [5] studied the dynamics

() + pa(t) + A(z(t) = 0, (6)

where A: H — H is a A-cocoercive operator and p > 0. The authors showed that under the
assumption A\u? > 1, a solution to (6) weakly converges to a zero of A. Recall that for a maximally
monotone (but not necessarily single-valued) operator A: H — 2%, its Yosida approximation of
index A > 0 is given by

1
A)\ = X(Id —J)\A),

where Jy4 = (Id +)\A)_1 is the resolvent of AA. The operator A) is single-valued, A-cocoercive,
and shares the same set of zeros of A. Therefore, if Au? > 1, then any solution to

5(t) + pa(t) + Ax(2(£) = 0

weakly converges to a zero of A.
Related to (6), Bot and Csetnek [10] studied the system

() +v()2(t) +v(H)A(2(1) =0, (7)

where A: H — H is again A-cocoercive. Under the assumption that v and v are locally absolutely
continuous, ¥(t) < 0 < (t) for almost every ¢t € [0,400) and inf;> % > %, the solutions to this
system converge weakly to zeros of A.

Linked with the Newton and Levenberg-Marquardt methods, in [8] Attouch and Svaiter studied

the following first-order differential inclusion:

{v(t) € A(z(t)), ®
(1) + B)o(t) + B(t)v(t) = 0,

where A : H — 2™ is maximally monotone and 3 is positive and locally absolutely continuous.

Under the assumption sup;> % < 1, the authors proved that the solutions to this system converge
weakly to zeros of A.

Ever since the landmark work by Su et al. in [19], where the authors provided a continuous time
counterpart of Nesterov’s accelerated gradient algorithm, including a damping term ¢ attached to
the velocity has been widely successful in having an accelerating behaviour for convex minimization
problems in the unconstrained (see, for example, Attouch et al. [7]) and linearly constrained settings
(see He et al. [14, 15], Zeng et al. [20], Attouch et al. [3], Bot and Nguyen [12]). Interestingly, the



effects of this vanishing damping go beyond the optimization setting: for A : H — 27 maximally
monotone and ¢ > tg > 0, in [6] Attouch and Peypouquet addressed the Nesterov-like system

£(0) + T + Ay () = 0,

where o > 1 and A\(t) = O(?) as t — +00. Solutions to this system converge weakly to zeros of A.
Furthermore, a solution ¢ — z(t) to this system is shown to satisfy the convergence rates

=0 (7). lwi=0(5) ad |ageo)]=o(3) )

as t — +o00.
Later, Attouch and Laszl6 [4] introduced a Hessian-driven damping term to the previous system

A1)+ S2(0) + €5 (A (=(0) + Ay (=(0) =0, (10)

where £ > 0. Through a more involved Lyapunov analysis, they proved that the rates (9) are
preserved. Moreover, they showed that for £ > 0

sl =o(3). and | % (oGo)|=0(x)

as t — +o00. Numerical experiments ran in [4] also show that for £ = 0 the trajectories z(t) show
an oscillatory behaviour, while for £ > 0 these oscillations are attenuated.

For a continuous and monotone operator V : H — #H and t > to > 0, Bot et al. [11] considered
the second order dynamics

£(6) + $2(0)+ BOZVEO) + 5 (80 + $50)) VE0) = (1)

where « > 0 and S is positive, nondecreasing and continuously differentiable. Assuming o > 2 and
the growth condition

supw <a-—2, (12)

i>ty B(t)
for z, a zero of V and t — z(t) a solution to the authors produce the convergence rates
0l =0 (7). IVEON =0 (55) and () =2 V) = o 7505)
z =ol-], z =o0(-——=] an 2(t) — 2z, V(2 =05+
t th(t) tp(t)

as t — +o0o. Furthermore, the trajectories converge weakly to zeros of V.

1.3 Our work

In the context of linearly constrained convex minimization, for a primal-dual system like that in
a r
Zeng et al. [20], Attouch et al. [3] considered a vanishing damping term of the form - + T while

He et al. [15] measured the effects of a term %. In both cases, the choice r < 1 allowed the

authors to derive exponential rates of convergence for the primal-dual gap. We wanted to see if this
influence carries over to a more general setting of a continuous and monotone operator V: H — H.
In the following, we state the system and the hypotheses on its parameters, which will be assumed
throughout Section 2.



Continuous time scheme: for ¢t > ty > 0, we will study the asymptotic properties of the
solutions to

Z(t) + %2(25) I 9trﬂ(t)%V(z(t)) + B8(t)V(2(t)) = 0. (13)
Here, r € [0,1], and a, 6 > 0 are taken as follows:
o If r€0,1), then % < 0,
« Ifr=1, then 25 <6 < 3.

B : [to,+00) — (0,+00) is a continuously differentiable and nondecreasing function which
satisfies the following growth condition:

ts;tlth (ggg + 2[) < % (14)

For z, an arbitrary zero of V and t — 2(t) a solution to (13), we will show that

V(=) = o (M) () — 2, VD) = o (W;(t)) and  [2(0)]| = 0 (;p)

as t — 400, where p =0 or p=1if r = 0 or r = 1 respectively, and p € (0,r) when r € (0,1). This
allows us to get as close to the state-of-the-art rates as possible: if we assume that z(¢) is bounded
when r € (0, 1), we are able to plug p = r. The weak convergence of z(t) towards a zero of V' can
be guaranteed in the cases r = 0 and » = 1, and in the case r € (0,1) provided z(t) is assumed
bounded.

Remark 1.1. When r < 1, the growth condition (14) holds if for some 0 < § < % the following
differential equation is fulfilled by 5:

S (B 2r) 1
t </6’(t)+t>_9_5 Vit > 1.

A solution to this equation is

B0) = 7 - exp ((; -3) f_)

thus convergence rates of o (exp (— (% — 5) %)) are attained for ||V (z(t))| and (z(t) —z«, V(2(¢)))
as t — +oo. To our knowledge, this is the first time such fast rates are achieved in the general
context of equations governed by monotone and continuous operators.

A discretization of (13) yields an implicit algorithm, which has analogous convergence properties
to its continuous counterpart. We will only consider r € (0, 1].



Discrete time scheme: let 2°, z! be initial points in H. We iteratively define for all £ > 1

k—1 9k2r/8k—1 k+1 k
)_ a_Tkr—1+(k+1)r |:V(Z + )_V(Z )}

k’!’
k+1 . _k k _
& = +oz—rkr_1+(k+1)7"(z

9{ [(k‘ + 1)2r _ k:27’:| _ 2,r.k2r—1} + kT
B a—rkr—1+ (k+1)r

,Bkv(zk+1).

(15)
Here, r € (0,1], a, 0 > 0 are taken as follows:
« If r €(0,1), then 2 < 6;
o Ifr=1, then—<9<4
The sequence (0% )k>0 is positive, nondecreasing, and it satisfies
:;1}52 k" (Bk 5fk L + 2];) < ?10 (16)

for some positive integer k.

For 2, an arbitrary zero of V and (2*)x>¢ given by (15), we will prove that

IV (H)] = (kpjrﬁ) <zk_z*,V(zk)>:o(k2pll8k> md 4= 21 = (1)

as k — 400, where p = 1if r = 1, and p € (0,r) when r € (0,1). Like in the continuous case,
this allows us to get as close to the state-of-the-art rates as possible: if we assume that (2¥);>¢
is bounded when r € (0, 1), we are able to plug p = 7. The weak convergence of (z¥);>¢ towards
a zero of V' can be guaranteed in the cases r = 0 and r = 1, and in the case r € (0, 1) provided
(2%)k>0 is assumed bounded.

Remark 1.2. Similar to the continuous case, when r € (0,1), we will later show that for some

0 < d < g4 the sequence

1 1 1 s

/Bkzﬁ.e(@—hr Vk > ko

1—r
fulfills the discrete growth condition (16). Hence, a convergence rate of o <e_(21€_5)klr> is exhib-

ited by ||V (2*)| and (2* — 2.,V (2¥)) as k — +00. To our knowledge, this is the first time such fast
rates have been achieved in the general context of implicit algorithms governed by monotone and
continuous operators.

2 Continuous time system

2.1 Convergence rates and weak convergence of trajectories

Energy function: to analyze the asymptotic properties of the solutions to (13), we will make use
of the following energy function:

Ex(t) = %HzAtP*T(z(t) — 2) + 2PE(E) + 0T BV (2(2)] H2 (17)

7



+ 202 (a — (20 — )t = N)||2(t) — 22 (18)

+ 200t B(1)(2(t) — 24, V(2(1))) (19)
+ L4200 ) | (a(0) (20)

Here, p and X are taken as follows:
e Ifr=0,then0<A<aand p=r=0;
o If r€(0,1),then0< A< aand 0 < p<r;
e Ifr=1then0<A<a—-landp=r=1.

Theorem 2.1. Suppose that «,0 > 0, r € [0,1] and that B : [tg,+00) — (0,+00) satisfy the
assumptions laid down in subsection (1.3). Let t — z(t) be a solution to (13) and let z. be a zero
of V.. Consider the following convergence rates ast — +00:

1
tPtr(t)

The following statements are true:

) CO-5 Ve =0 (g ). lH0l=o(5). @

VG0 =0 0

(i) If r € (0,1), the above rates hold for p € (0,7). Furthermore, if t — z(t) is bounded, then
these rates hold for p =r.

(ii) If r =0 orr = 1, then t — z(t) is bounded; moreover, the above rates hold for p = 0 (if
r=0)and forp=1 (ifr=1).

(iii) If r=0o0rr=1 or (r € (0,1) and t — z(t) is bounded ), then z(t) converges weakly to a
zero of V' as t — 4o00.

Proof. Let us first briefly describe the idea of our proof to help the readers follow it more easily.

Sketch of the proof. We start with the energy function £)(t). By carefully examining its
derivative, we can show that for some situations £y (t) is eventually nonincreasing and thus bounded.
Notice that the energy function can be decomposed into four smaller parts (lines (17)-(20)) which
will be respectively denoted by Eﬁ\, with ¢« = 1,2,3,4. We will compute their time derivatives
separately, and after some preliminary estimates, we see that %5,\(75) is bounded from above by
either nonpositive terms or terms that can be combined to become nonpositive after completing
the square.

From here, we can deduce the convergence rates as in (21) by considering different scenarios.
For the critical cases r = 0 and r = 1, we can further show that the trajectories are bounded.

Finally, by utilizing the Opial’s lemma A.5, we can show that the trajectories z(t) converge
weakly to a zero of V' as t — +o00, provided that it is bounded. In order to do that, we need to
produce in addition some integrability results and show that £)(t) converges for more than one
value of A.



Deriving the convergence rates (21). First of all, notice that £,(t) is eventually nonnegative.
Indeed, go back to line (18). If 7 € [0,1), then 0 < A < « together with the fact that "~! — 0 as
t — 400 gives a — (2p — r)t" "1 — X\ > 0 for large enough ¢. If r = 1, then a — (2p — 7)t" 1 — X\ =
a—1— X > 0 by assumption. To carry out the proof, we compute the time derivative of £, at a
t > to.

d

dtgk( )= <2)\tp_r(z(t) — za) + 2tPE(2) + 0T BV (2(2)),

2A(p — PP (2(1) — ) + (AP 4 2ptP 7 — 2P Q) £(2)
+ [(e(p + )Pt 2P B(t) + 0tf’+’",6’(t)] V(z(t) — 9tp+rﬁ(t)iV(z(t))>
= 4N (p = )PP |2() — 2
+ [2X T (20877 4 20071 = 2407 0) + AN (p — )T (2(8) — 2., 2(1))
+ {2/\tp—’" [(9(p+r)tp+7”—1 — 2tF) 5(t)+0tp+rﬁ'(t)} +2)\9(p—r)t2p_lﬁ(t)} (2(t) — 24, V(2(1)))

— 2\Ot*PB(1) <z(t) — Za, jtV(z(t))> 2P (2AP7T 4 2ptP 7 — 267" a) || 3(1)|

+ {2#’ [(O(p+ )=t = 207) () + 0177 3(1)|

L 0T () (M 4 210 — 2t“a)}<é(t)= V(=(1))

= 2080475(0) (2(0), 5V ((0) ) - P28 (Va0 7V (:(0) )

OB (600 + T 20)5(0) + 0B IV )P,
9 e300 =20 [20(p — 07— (29~ 1)(2p — 1~ VP = 2(p — MO (D) — 2]
+ 4\2(P=7) (a—(2p—r)t"" L A){(z(t) — 24, 2(1)),

%53@) = O[ANpE 1 B(E) + 20 B(1) | (2(1) — 2, V (2(8))) + 20027 B(8) (2(8), V (2(1)))
+ 20012 B (1) <z(t) . jtV(z(t))> ,
2
De8(1) = T 200+ P 82(0) 1 22200 80 B0 IV )
4 20 (V((0), SV E0)).

Putting everything together yields

%g)\( ) {4)\2(p - r)tQ(P—T’)_l + 2)\ |:20é(,0 _ r)tQ(p—T)—l

—(2p—7)(2p — 7 — )T = 2(p — )N l]}n (t) - = (22)

9



+ [2XP 7T (20T + 2ptP T — 2P ) + AN (p — )PP

+ AN (o — (20 — )t = M) [ (2(t) — 2, 2(1)) (23)

+ {mﬂ [(Blp+ )7t = 207) B(t) + 0177 (1) | +2260(p — )¢~ B(1)

+ 0[ANpt? 1B (1) + 2% B (1) | }(z(t) — 2, V(2(1)) (24)
267 (2P 4 2ptP 1 — 2677 || 2(8) (25)

+ {2# (00 + )=t = 207)B(2) + 0177 3(1)|
O B(1) (M + 207 — 2P a) + 2Aet2pﬁ(t)}<2(t), V(1)) (26)

— 20271 3(t) <2(t), ZV(z(t))> (27)

i {Htp-f—rﬁ(t) [(e(p + T)tp-l—r—l _ Qtp)ﬂ(t) + Htp‘f'?”ﬁ'(t)}

+ 62 [(p+ )L g2 () + 20 B(1) A1) }HV(z(t>)||2- (28)

We will check that lines (22), (24), (25), (27) and (28) are nonpositive for large enough ¢, and that
line (23) vanishes.
(22): we have

AN (p — r)t2lem)=1 2>\[20z(p — )2 2p — ) (2p — 1 — DT — 22 (p — r)tg(p_r)_l}
=4X%(p — r)tﬂp*r)*l%- 2\ {Za(p — r)tQ(p*’”)*l —2p—7)2p—1— 1)t2p*“2} —4X*(p — 7")t2('°*’ﬂ)*1
=o)L {20{(,0 —r)—2p—r)2p—1r— 1)tr_1} .

If r = 0, then p = 0 and the line vanishes. If » € (0,1), then p < r, which gives 2a(p — r) < 0.
Since t"~! — 0 as t — +o0, for large enough ¢ it holds 2a(p —7) — (2p —7)(2p —r — )" L < 0. If
r =1, then p =1 and this line again vanishes.

(23): we have

NPT (AP 4+ 2ptP 7Y — 2ptP ") 4+ AN (p — PP T 4 AN (o — (2p — )t = N
= a2P7) A+ (2p— - a) + AN2(P=T) (a—(2p— Vi A,

which means that this line is identically zero.
(24): the monotonicity of V' ensures (z(t) — 24, V(2(t))) > 0 for all t > t;. We have

20T (B(p + )t = 20) B(2) + 0 A1) ] + 2M(p — )07 B(1)

+0[ANpr 1 B(1) + 202 B (1) |

10



=222 {[0(p+ 7 +20) "1 = 24 (p — )0 V| B(1) + 2007 B(1) |
— A\ {(2p9t“1 —1)B(t) + etrﬁ’(t)}
<A [(2008 1 = 1)A(E) + 0 B(1)]

<0,

where the last equality comes from p+1r+42p+ p — 1 = 4p, and the last inequality is a consequence
of the growth condition on .

(25): arguing as we did at the beginning of the proof, we have
2P (2MPT 4 2ptP7 — 2P 7)) = 4T (A + pt" —a) <0

for large enough ¢.

(27): since the monotonicity of V ensures <é’(t), %V(z(t))> > 0 for every t > to, this line is
evidently nonpositive.

(28): we have

04T B[ (0 + 1)1 = 2)B(E) + 08 A1) | + 0L B(1) [0(p + )¢ T B(E) + 0B (1)
= 2002047 B(t) [ (0(p + )¢t = 1)B(t) + 0B ()|
< 2082047 (1) [ (20061 — 1) B(2) + 01 B(2)]

<0,

where we used p + r < 2r, and the growth condition on f.
Additionally, we need the term accompanying (Z(t), V(z(t))), which according to (26) reads

242 [(0(p + )17t = 20) B(t) + O A1) | + 07T B() (2007 + 2pt° 71 — 2007 a) + 20012 B(1)
=22{ [(0(p+ )t = 2) + O\ + pt" " — @) + M| B(t) + 0FB(t) }

=21 { {20 <>\ + pTMtH — a> + (O + Gpt™ ! — 2)} B(t) + et’“ﬁ'(t)} .

According to the computations we have now made for (22)-(28), and taking into account that
p < %, for large enough ¢ we have

%8,\(75) < 22—l [2a(p ) = (2p—7)(2p— 71 — 1)t’”*1} 12() = 2|7 (29)
+ AT (2006 = 1) B(2) + 08B ()] (2(8) — 2, V(1) (30)
warer (n Lot - o) o) 1
v {[o0 (34 25T —a) 4 o+ 00 - 9)] 50 + 0050} 0,V )
(32)
+ 206204 A1) [ (206 = 1) B(2) + 01 B(®)] |V (=) | (33)

11



We will work with lines (31)-(33). Define

e(t) i=a— %t“l — X\, ct) :=0a+Optt 2.

Using our assumptions on «, 6 and A, we have that £(¢) > 0 and ¢(¢) > 0 for large enough t. We
will show that for certain A, for ¢ sufficiently large it holds

03 — 3[40 + 262 [(~202(1) + (1) B(6) + 6 B(B)] (2(0), V(1))
S0P B(0) (2007 — 1)) + 00 BO] IV (=(0)) (34)
We will use Lemma A.2 with X = 2(¢) and Y = V(2(t)), and A, B, C chosen as follows:

B =1 (=20=(t) + (1)) B(t) + 0" B(1)], A= —3=(t)t> ",

C = %91&2/’”5@) (20— = 1)B(t) + 017 B(2)] .

According to this lemma, it is sufficient to show that B? — AC' < 0. We write

— AC =t :(—205 () B(t)+6t" 3 )}2+3-%e(t)et%—"-#f’”ﬂ(t) [(zretr—l—1)ﬁ(t)+0trﬁ'(t)}
= %[ (~20=(t) t))zﬁ ) + 20t (—20(t) + c(t) B)B(E) + 0 (B(2))*]
+ 40(2r9t” 1_ )5(t)t4P52( ) + 462 ()t B() 4(t)
=t ( 20(t) + c(t))” B2(t) +20t"c(t) B(£) B(¢) + 627 (B(¢))” +46(2r6t" 1 — 1)5(15)/32@)]

Now, according to the growth condition (14), there exists 6 > 0 such that

trat) 1
FON

—2rt" L =5Vt >t (35)
This entails
o B(HA(E) < ((1— 200 ) = 60)82(t) and 02" (3(1))” < ((1— 200" ") — 56)2ﬁ2(t). (36)
Since ¢(t) > 0, we now arrive at
— AC <t B(1)[ (~20e(t) + (1) + 2¢(t) (1 — 2r01") = 66)
2
+ (1= 2000=1) = 50)" + 40(2r00 ™ — 1)e(1)]

{a0222(0) — 40 (1= 20007 ) 20+ [ete) + (1 - 200 1) = 50)

=t 5%(t)

=52 (t)m (1), (37)
where 7(t) is the term between curly brackets. We will analyze 7(t) separating the cases r € [0, 1)
and r = 1.

‘Case re0,1): ‘ define

Gri=0a0—2, gi=a—X\ pu(t)=40%% —40 (c, + 1)t + (¢, +1—560)>.

12



Notice that ¢(t) = ¢, €(t) = &, and, therefore, w(¢) — p(e,) as t — +oo. The discriminant of the
quadratic equation p(t) = 0 reads

A =166%[(c, +1)° = (e, + 1 - 00)*] .

Since 0 < 1 — 66, we have ¢, +1 > ¢, +1—460 > 0 and thus A > 0. This means that x has two
distinct roots: by setting A := &%\/Z, these are given by

Cr + 1 ~ _ Cr + 1 ~
= — A = A.
SR/ BTy

The midpoint between the two roots is given by €1 := C7'2‘gl, which fulfills

cT—i—l_Ha—l_g i<
20 20 2 20°%

0 <é&p1 =

Choose €,2 > 0 such that .1 — A < Er2 < 1. Set A= o —&p4, 1 = 1,2. As we remarked
previously, we have 7(t) — p(e,;) as t — +oo. Therefore, for large enough ¢, we have
pleri) _ plor—Arg)

m(t) < 5 = 5 — <0 fori=1,2.

Going back to (37), this means that

BZ —AC < t4p/82(t)/j“(a — )‘T,i)

2
here, we have

et)=e:=a—-1—-X, and c(t)=c:=0a+6-2.

< 0 for large enough ¢t and i =1, 2.

In this case, we define
p(t) =40 —40 (1 — 20+ )t + (c+1 — 20 — 60)>.

Notice that with this definition we have 7w(t) = u(e). The discriminant of the quadratic equation
p(t) = 0 reads

A =160 |(c+1-20))? — (c+1—20 - 60))%].

Since 0 < 1 —260 — 060, we have c+1—20 > c+1—260 — 660 > 0 and thus A > 0. Again, define A
as before. The roots of p are given by

c+1-20 - c+1—-20 -
= A, T:=—— +A.
£ 20 »© 2%
The midpoint between the roots is €11 := #, which satisfies
0< c+1-20 fOa—-60—-1 a«a-—1 1< 1
€11 = = = —— <a-1
b 20 20 2 20

Similar as before, choose €12 > 0 such that €11 — A< c12<err. Set A i=a—1—¢e1,;,i=1,2.
Since p(a —1— A1) = p(e1,) <0 for i = 1,2, going back to (37) gives

B? — AC < t*B%(t)u(a — 1 — A\1;) <0 for large enough ¢ and i = 1,2.

13



Summarizing, for the choices A = A, ;, 7 € [0,1], ¢ = 1,2 it holds, recalling lines (29)-(33),
together with inequality (34),

%&m (8) = 22,87 2a(p = 1) = (20 = 1)(2p — 7 = D []2(t) — 2|
+ At (200871 = 1)B(E) + 08 Bt )]< (t) — 2, V(2(1)))

)
+ 2~ ,,<)\M+p+r a> ||z

+ §0t2p”[3(t) |(2ror =t — 1)) + et’“ﬁ(w} IV (2(£)]2
<0, (38)

where ¢ is taken large enough, say ¢ > T" > tp. This means that &), , monotonically decreases on
[T, 4+00), and thus

0<En(t) <&, (T) for t > T, re[0,1] and i = 1,2. (39)

Deducing convergence rates from the estimates. We will now proceed by distinguishing
between the cases r € (0,1), 7 =0 and r = 1.

Case r € (0,1): ‘ according to the definition of the energy function (17)-(20) and (39), for ¢t > T'
we have

Ex (T) 1 26,,(T) 1

(2(t) — 2z, V(2(1))) < A 10 2030 and ||V (z(2))| < 7 RTEETON

(40)

Furthemore, say that for ¢ > T we have (2p—7)t" "1 < ¢ < a— \,.1. Going back to (18), this means
that for ¢ > T it holds

2018207 (0 — € = A1) ||2(8) — 2l|? < 2018207 (0 — (2p — )t H) = M) [|2(t) — 2P < En, (T)

and thus
25>\'r,1 (T)
(Oé - g - )\r,l) ‘

Combining this together with (17), (39) and (40) yields

2018777 [2(8) = 2| <

20°[|2() || < 2 1tP T [|2(F) — 2l + OB |V (2()) |
+ H2AT,1tﬂ—r(z(t) — 2) + 2P5(E) + 9tp+”"6(t)V(z(t))H

2E
(a_)\gl S 1 +21/28)\r1

The previous inequality, together with (40) and the fact that p € (0,7) was arbitrary, tells us that
so far we have, as t — +o00,

VGO =0 (g ) GO ==V EO) =0 (g5 ) . lOl=o(5) D
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|Case r = 0 or r = 1:] going back to (18), we have, for ¢t > T,

5)\0 1 (T) \/ 5/\1 1 (T)
2(t)—z|| < | —"F7——— henr =0) or ||z(t) —z«|| < . henr = 1),
[[2(8) — 2| \/2%71((1 o) (w ) or [|z(t) — 2 (a1 A1) (w )

which gives the boundedness of ¢ — z(t). Using the boundedness of £,,, (when r = 0) and that of
&y, (when 7 = 1) and arguing exactly as in the case r € (0,1), we obtain

VO =0 (a5 ) . CO-=VEO) =0 (F55) . lkol=0(5). @)

ast — +oo for r =0 and r = 1.

Weak convergence of the trajectories. In the following steps, we will assume that ¢ — z(t)
is bounded when r € (0,1). This will allow us to set p = r in (41) and to show weak convergence
of the trajectories towards a zero of V. Additionally, we will improve O to o in (42) and we will
again show weak convergence of the trajectories towards a zero of V.

Taking p € (0,7) when r € (0, 1) is done only in order to obtain that the coefficient accompanying
|2(t) — 2.]|* eventually becomes nonpositive, therefore producing 4&,(t) < 0 (recall line (22)).
Setting p = r creates no other issues otherwise, but changes the bound for %5,\ (t): indeed, going
back to (38) and plugging p = r gives, for t > T and i = 1, 2,

d

L0, (1) = 20 (1= )2 |2(0) — 2.

+ At | (200871 = 1)B() + 08 BB (2(8) — 2, V(2(1)))
+7 (A 1t = a) |20
+ %01&3”6@) (2o = 1)B(t) + 0" B(®) ||V (=(2)|1
<2Apar(L— )22 (t) - 2 (43)

We have already established the boundedness of ¢ — z(t) when r = 0 or r = 1, and we will assume
it when 7 € (0,1). Say that ||z(t) — 2||> < M for all t > T for some M > 0. According to (43), for
t > T we now have

d
%5)%,1' (t) <2\ (1 — 'r)Mtr_2

and therefore

d d

7 [&m (t) + 2A7~,2-7“Mt“1} = 20 (8) + 2ir(r = M2 <0,

As a consequence of this, t +— & (t) + 2A.;r M t"~1 is nonnegative and monotonically decreasing
on [T, 400), which means it has a limit as t — +oo. Since 2),;7(1 — r)Mt¢"~! also has a limit as

t — 400, we come to the following: for p = r, we have

0< &, (t) <ENL(T)+2XNr(1—r)MT" ' for t > T, r € [0,1] and i = 1,2; (44)
lim &, ,(t) exists for r € [0,1] and ¢ = 1, 2. (45)
t—+o0 ’

By going back to lines (17)-(20), setting p = r and reasoning exactly as we did before, we arrive at
1 1 1
= _ — Zx, = _ s 5 = —_ . 4
WVEO =0 (g ) @0 -2V =0 (m5g). ol=0(F). o)
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as t — +00, where these rates now hold for all r € [0, 1].
For r € [0, 1], we proceed to show three integrability results that we will need later. Recall (35):
for t > T, we have

t"B(t)
B(t)

<z =2l =8 = 0tmB(t) < (1200t 1) B(t) — 60B(t)

=

= 60B(t) < (1 —2r0t" " H)B(t) — 6t"B(1).

Going back to (43), we choose i = 1 and integrate the inequality from 7" to ¢t > T"

/t s" (@ —rs"t — )\r,l)||,é(s)||2ds + 4,160 /lt s"B(8)(z(s) — 2z, V(2(5)))ds
T T

t
+ 380 [ BV (a()) s

t
< [t = Al P
T

t

+ 41 . s" [(1 —2r0s" 1) B(s) — 9STB(S)] (2(8) — 24, V(2(5)))ds
+ 20 [1 57800 [(1 20857 )B(0) — 057 B IV (o000 P
< = [ e ds + 20000 =) [ 2a(s) - s

ts

t
<&y (T) +2An0r(1 — r)/ 2||2(s) — 2|2 ds,
T

where in the last inequality we drop the nonpositive term —&y, , (t). The second summand in the
last line vanishes in the cases r = 0 and r = 1, and in the case r € (0,1) we are assuming the
boundedness of the trajectory in order for this integral to be finite as ¢t — +oco. This produces the
following statements for r € [0, 1]:

OO e 2
/T #71|3(8) | dt < +oo, (47)
/;OO 17 B(t) (2(t) — 22, V(2(1)))dt < +o0, (48)
/} TR ||V ()Pt < +oc. (49)

Now, we proceed to show the o rates. According to the formula for the energy function, for
p=r,r€[0,1] and t > T we have

1 2
Ena(t) = Ex, (6) = 5 [||2Ana((0) = 22) + ¢ [26(0) + 00 BV (2(1)] |

A a0) = =) + 7 [260) + 6BV (=(0))] !ﬂ

+2 [/\T,g (=7t = Noa) = Na(a—rt" ! — )\,«71)] |2() — 22
+2(Nr2 — A 1)OE B(E)(2(1) — 24, V(2(1)))
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1

=3 l4(A%’2 — D)) = 2?4+ 42 — Ap1)(2(t) — 24, 25(8) + 9t’”,6(t)v(z(t))>1

+ 2002 = Ara) (@ = 18771 = 2(A25 = A2)]12(0) - =2
+2(Ar2 — A 1)OE B(E)(2(1) — 24, V(2(1)))

=402 = M) 5@ = 1) [3(0) = 2 + 7 (5(0) = 220 200) + O BOV ()]
(50

Define, for t > T,
p(t) = o (a—rt" |2(t) — 2] + 17 (2(8) — 2, 2(8) + 0BV (2(2))). (51)

Since we already established that lim;, o0 €y, ; exists for i = 1,2, and A2 — A1 # 0, we obtain
the existence of lim;_, ;o p(t). We may express €y, ,(t) as

En,a (1) = [2Aa (a10) — 22) + 17 [22(0) + 0 BV (0] |
20 (=t = A 12(E) — 2 ?

2
+ 200087 B(1) (2(t) — 21, V(2(1)) + %t4rﬁ2(t)|!V(Z(t))ll2

[‘W L2() = 2l + 2Xn1t" (2(t) = 20, 22(28) + 087 B(H)V (2(1))

+ t??"

25(t) + 0" BV (=(1)))| ]

2(1) = 2]|? + 201062 B(1) (2(1) — 2., V(2(1)))

20 (0= Y 2(0) - P - 22,

02 4r 2 2

+ 5tV @)
t2'r

- 4)\r,1p(t) + 7

2:(t) + 0BV ()| + t”""ﬂz IV =)

=4\ 1p(t) + 7

2(t)+0trﬁ(t)V(z(t))H +t2"uz@)u .

Define A(t) := t7||2(t) + 0t"B()V (2(1) || + 27| 2(£)||*. Since both lim o &y, , (¢) and
lim s 1 o0 p(t) exists, so does limy_, ;o h(t). Observe that

[ hteds <3 [ )]s + 267 [ 56V 60 P,

and, according to (47) and (49), the integrals on the right-hand side become finite as ¢t — +oo.
Therefore, [;°° Lh(t)dt < +oco, which gives

lim h(t) =

t—+00

which in particular yields

lim t27"Hz"(t)H2 =0, equivalently ||Z(¢)|| = o (1> as t — +o0.

t——+o00 tr
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and plugging this into limy_, o t27]|2(¢) + 9257’ﬁ(15)V(z(7f))H2 = 0 produces

1
t£+moo t4 62|V (2(1)||* = 0, equivalently ||V (2())]| = o (752’"5(25)> as t — 400.
Using the previous result together with the boundedness of ||z(t) — z«|| and the Cauchy-Schwarz

inequality yields
1
() = 2, V(2(8)) = 0 <t2ﬁ(t)) as £ = 400,

as t — +00. We have now shown statements (i) and (ii) of the theorem.

We now focus on the weak convergence of the trajectories. For this end, we will make use of
Opial’s lemma (see Lemma A.5). Define, for ¢t > T,

0(0) = 2200) = 2l + 0 [ ST B(6)a(6) — 20,V (2(5)) s,

We distinguish between the cases r € [0,1) and r = 1.
‘Case r€[0,1): ‘ recalling formula (51), notice that

aq(t) +t"4(t)
= %Hz(t) — 2| P (2(t) — 2, 2() + OBV (2(1))) + Hoz/T s"B(8)(z(s) — 2z, V(2(s)))ds

QtHHZ(t) — 2 +p(t) + 906/; s"B(s)(2(s) — 2, V(2(s)))ds.

Because of (48), the integral in the previous sum converges as t — +o0o. We have already established
the existence of lim; ;o p(t), and using that 71 — 0 as t - 400 and the boundedness of
|z(t) — z«|| allows us to deduce the existence of lim; 1o aq(t) + t"¢(t). Using Lemma A.3, we
obtain the existence of limy_, o q(t), and again using that [ s"3(s)(z(s) — 24, V(2(s)))ds has a
limit as t — 400, we come to the existence of

lim [|z(t) — z]|-

t——+00

we repeat the reasoning of the previous case. We obtain the existence of

limy s oo(av — 1)q(t) + t4(t), and once again we use Lemma A.3 to produce the existence of
limyy 4 oo [|2(t) — 24|

In both cases, we have verified the first condition of Opial’s Lemma. For the second condition,
let Z be a sequential cluster point of the trajectory z(t) as t — 400, which means there exists a
sequence (tp)nen C [to, +00) such that ¢, — +00 as n — 400 and

z(ty) = Z as n— +oo,

where — denotes weak convergence in . The convergence rate attained for ||V (z(¢))| ensures
V(2(t,)) — 0 as n — 4oo. Since the graph of V is sequentially closed in HWeak x H5tons  thig
finally allows us to conclude that

V(z) =0,

thereby fulfilling the second condition of Opial’s Lemma. We have thus concluded the proof of this
theorem. O
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2.2 Linearly constrained convex minimization as a particular case

Recall the problem stated in the introduction

min f(z),
subject to Az = b, (52)

where X and ) are real Hilbert spaces, b € )V, A : X — )Y is a bounded linear operator and
f:X = Ris a convex and continuously differentiable function. Formulating (13) in terms of the
operator V' given by

V(z,\) = (Vf(z) + A"),b - Az) (53)

yields the primal-dual system

B(E) + (1) + 00 B(0) SV F( (1) + BOA* (D) + 07 N(D) + BOVI((0) =0,
@) + t7A( ) — B(t) [A(x( )+ 0170 () — b] = 0.

Let (x4, Ax) € X x Y be a primal-dual solution to (52). Equivalently, (z., As) is zero of V, or a
saddle point of the Lagrangian L(x,\) = f(x) + (A, Az — b). Let t — (x(t), A(t)) be a solution to
(54). Using the gradient inequality for convex functions, we have, for every ¢ > ¢,

0< E(x(t) «) — L(x4, (1))
f(@(t)) = fa) + (As, Az(t) = b)
< () — ., V[ (2(1)) + (A, Az(t) = )
= (2(t) = 2, VI (2(t))) + (2(t) = e, ATAE)) + (A(E) = As, b — Az(t))

= ((@(£), A1) = (@e, M), V(@(8), A1) ). (55)

By exploiting the results in Theorem 2.1, and by taking into consideration additional potential
information in this particular case, we come to obtain the following result.

Theorem 2.2. Suppose that a,6 > 0, r € [0,1] and that B : [to,+00) — (0,+00) satisfy the
same assumptions as in Theorem 2.1. Let (x4, \s) € X X Y be a primal-dual solution to (52) and
t— (z(t), A(t)) a solution to (54). Consider the following convergence rates ast — +o00:

£(ef0) 0) = 2o M) =0 55 ) . 1760 = 1@l = (755
1

1

45 ~bl =0 (g ) N0l =o(5) . 15l =o(5)-

Additionally, if V[ is L-Lipschitz continuous for some L > 0, consider the following rates as
t — +oo:

IVf(x(t)) — V(x| =0 <tl’ 1[3(t)) ;AT = M) =o (tp\/lm) ’

The following statements are true:

(i) If r € (0,1), the above rates hold for p € (0,r). Furthermore, if t — (x(t), A(t)) is bounded,
then these rates hold for p =r.
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(ii) ifr =0 orr =1, then t — (x(t), \(t)) is bounded; moreover, the above rates hold for p =0
(if r=0) and for p=1 (if r =1).

(iii) Ifr=0o0rr=1 or (r € (0,1) and t — (z(t), A(t)) is bounded ), then (z(t), \(t)) converges
weakly to a primal-dual solution to (52) as t — +oo.

Proof. Parts (i) and (ii) are a direct consequence of Theorem 2.1 applied to the operator V' defined
in (53). Indeed, endow X x ) with the norm |[(z, A)|| := ||z| + ||A||. First, from (21) we obtain

0]+ 1A0] = G0 AO)| =0 (5) a5t +oc.

From (55) and (21) we get

0 < L(x(t), M) — L(zas A®) < ((@(8), A®) — (20, M), V(£ A1) = 0 (ﬂP;(t)) as ¢ — +00.

(56)
Again using (21), we produce
IV Ga(0) + AN + [ Aa(t) = b] = V(0. M) = 0 (3757705 ) 57
and thus .
| Az(t) — b|| = o (Wﬁ(t)> as £ — 400, (58)
Combining (56) and (58) we come to
[f(@(8) = [zl < [f(2(t) = F2a) + (A, Az(t) = b)| + [(As, Az(t) — b))
< L(x(t), As) = L(@w, AE)) + [ Al Az(t) — 0]
=0 (21) as t — +o00, (59)
t2PB(t)

since we always have 2p < p + r. Assume now that V f is L-Lipschitz continuous. We have now a
stronger gradient inequality

0< illvf(fr(t)) = VH@)lIP < (2(t) = 2, V(1) = (F2(t) = f(2))- (60)

We will show that (z(t) — z., Vf(x(t))) =0 (%) as t — +00. Indeed, we have

(t) — x4, Vf(x(t))) + (A, Az(t) — b)

(£) — 0, VH(2(0) + (5() — 20y AND) + (AE) = Aoy b— As()

((@®,A0) = (0, M), V() A(H))

=0 (tQPﬁ(t)) as t — +o0,

so using this together with (58) yields (x(t) — z., Vf(z(t))) = o (W) as t — +oo (again, recall
that 2p < p 4 r). Plugging this rate into (60) yields

(x

(x

IV () — V()| = o (W) as t — +oo. (61)

20



Now,

[A*A@) = M) < NIV (2(t) = V() + AAE) = AN + IV F(2(8) = VI ()l
= [IVf(z(@) + A + [V f(x(t) = V()]

According to (57), the left summand is of order o (W) as t — +o0; according to (61), the

. . 1 . . .
right summand is of order o <tP \/5(T)> as t — +00. Since § is nondecreasing on [tg, +00), we have

B(t) = Bl ~ _B®

. Since t? < tPT7 for large t, this allows us to write the inequality

B(t) — /B(to)
B(to) 1
0] < NEIO] for large enough ¢,
from which we deduce that
1
HA*()‘(t) - A*)H =0 () as t — +oo0.
tP\/B(t)

We have thus shown parts (i) and (ii) of this theorem. Part (iii), i.e., the weak convergence of the
trajectories to a primal-dual solution to (52), is again a direct corollary of part (iii) of Theorem
2.1. O

Remark 2.3. The system (54) resembles the one studied by He et al. in [15], for the case where
r = s. There, the authors consider an extrapolation parameter of the form 6¢*, where s € [r,1]. The
only difference between our system and theirs lies in the inclusion of the Hessian-driven damping
term attached to the velocity of the primal trajectory x(t). The rates we obtained are identical to
those in [15], but our system further allows us to show the weak convergence of the trajectories
towards primal-dual solutions of the minimization problem.

Remark 2.4. When r = 1 and () = 1, we obtain a system similar to the one addressed by Bot,
and Nguyen in [12]. Again, our system features an extra Hessian-driven damping term, which does
not appear in [12]. Our rates coincide with those in this work, but, as an interesting point, our
system does not require to assume that V f is L-Lipschitz continuous to show the weak convergence
of the generated trajectories.

2.3 Some numerical experiments

In this subsection, we will complement the theoretical results with two numerical examples. The
first one is the minimization of a strongly convex function under linear constraints, and the second
one is finding the saddle points of a certain convex-concave function.

Example 2.5. Consider the minimization problem

min f(x1,$2,$3,134) = ($1f1)2+(l‘2*1>2+$§+l‘i
subject to x1 — x93 —x3 =0
To — x4 = 0.

The optimality conditions can be calculated and lead to the primal-dual solution pair

0.8

0.6 0.4
Tx =102 and A, = [1.2] :

0.6
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For t > tg = 1, we plot the functional values as well as the feasibility gap along the trajectories
generated by (54). In Figure 1 we have parameters a = 8, § = % and S(t) = 1. The predicted
convergence rates in this case are of o (t%) ast — 400, so as expected, we can see faster convergence
behaviour as r goes from 0.2 to 1.

10° 10°
=
|
~—
=
=)
i 102 r=02
r=0.4
r=0.6
r=10.8
r=1
107
10° 10
t t

Figure 1: Influence of  on the functional values and feasibility gap along the trajectories, 5(t) = 1

In Figure 2 we plot the same quantities, but this time, we choose o = 8, § = %, 6 =2 and
B(t) = 3 exp K% - 5) tl_T}. Here, the predicted convergence rates are of o (exp [— (% - 5) tl_TD

1—r 1—r
as t — +0o. As expected, since t'~" grows to infinity slower as r approaches 1, the convergence
behaviour speeds up as r goes from near 1 to 0.

104 F 0

10'6 L
10—10 L
10'8 L

f(z@) = £
[ Ax(t) — 0]

—= 4100
10 10715

r=0.7
r=0.9

10—12 b

10—20 L
10° 10'

t t

10714
10°

Figure 2: Influence of r on the functional values and feasibility gap along the trajectories, 3(t) =
1 1 tl-r
oo [(3-9) ]

Example 2.6. We address the saddle point problem

, 1
min max (z, y) = 5z, Ha) — (2, h) = {y, Az — b),

22



where

-1 1 1 0
L 1 0
1 ' ’ nxn * 1. n L. n
A::f -1 1 ER y HZQAA, b:Z : €R7 h‘:Z . ER
-1 1 1 0
1 1 1

The corresponding continuous and monotone operator whose zeros we wish to find is given by

| Va®(z,y) | |Hz—h— A"
Viz,y) = l—qu)(x,yy)] - l Az —b y] ’

In Figure 3, for ¢ > tg = 1 we plot the norm of the operator V' along the trajectories generated by
(13). We choose o = 8, 0 = % and B(t) =1 and B(t) =t for the first and second plots respectively,

and § = 3 and () = t% exp [(% — 5) tll%” for the third plot. The predicted rates for the first
two plots are o (t%) and o (ﬁ) as t — +oo respectively, so as expected we see an overall faster

convergence behaviour in the second plot, and in both plots the quantities approach zero faster
r moves from near 0 to 1. As we argued in the first example, in the third plot we have rates of

0 (exp {— (% — 6) tll::D as t — +00, so we see a trend of faster convergence the smaller r is.

0.7
065

055

- 045

V@)
V@)

—r =038

—r=1

Figure 3: Influence of r on the norm of the operator along the trajectories, with parameter 5 chosen
respectively as 3(t) =1, B(t) =t and S(t) = t% exp K% - 5) tll:”

3 An implicit discretization of the continuous system

3.1 Discretization of an equivalent first-order reformulation

Given the second order system

)+ e 2(1) + 007 B(0) SV (=(0) + SOV (=(1) = 0, (62

we readily see it is equivalent to the following first-order reformulation:

{u(t) = 21" [(2r08" "1 = 1)B(t) + 06 B) |V ((2)) + 2r (1 — r)t"22(2) )

u(t) =2(a—rt" 1) z(t) + 2t"2(t) + 206 B(t)V (2(1)).
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A seemingly useful observation to obtain a discretization which works is to write

2r(1 — )" 22(t) = 2r jt( " 2(1). (64)

Taking (64) into account, we consider the following discretization of (63):

{ukJrl —uk =2k [(21"07@”_1 — 1) By + 0k" (B — ﬁk_l)} V() + 2r {k‘r—l — (k+ 1)7“_1}21”1
u

k+1 =2[a —r(k+ 1) M 42k + )" (2F = 2F) 4 20(k 4+ )P BV (2T,
(65)
Now, from the second line of (65) we deduce

T — b =2[a — r(k + )" 20k + D) (2R = 2F) £ 20(k 4 1)F BV (MY
—2[a — rk"T) 2R = 2k (P = 2R — 20k By V (2)
= 2a(F = 2F) = 2r (1) AT — L] 2k 4 1) (R - 2R
— 2k" (2 — 2R 20k + 1) BV (F) — kB V()]
=2a (5 = 2F) —ar[((k+ 1)t - kr_l)zkﬂ + kTR = )]
20k + 1) (5 = 2F) = 2k (28— ) 420 (B + 1) BV () — KB V()]
=or[k =t = (k1) A 2[a =k ()] (5 - ) 2k (R - A
+20[(k + 1)% B — K B | V(51 + 2087 B [V (51 = V(2H)]

— k" [(zrek“l — 1) By + Ok (B, — ﬁk_l)} V() 4 2r [kH — (k+ 1)7"*1]2’““,

where the last equality comes from the first line of (65). Cancelling the second summand in the
last line, we come to

2 {04 —rk" 4+ (k+ 1)7"} (2P — 2Py — 2k (2P — ) 4 29[( +1)%" By — kZT,Bk,l} V(ZF
+ 20k By [V (251 = V(2h)]

= 2k"[(2r0K" ™1 = 1) B + OK" (B — Bi1) |V (). (66)

Rearranging the terms of the previous equality leads to the formulation (15) presented in the
introduction:

k?"
k+1 _ _k k
=77 +a—rkz’”*1+(k+1)7"(z
o[k +1)% — k2] — 20k =1} g7
- a—rk 1+ (k+ 1)

e 0k*" Br—1 k k
1) Ca—rk14 (k+1)r [V(z +1) — Vi )}

—Z

BeV (2F).

3.2 Convergence rates and weak convergence of iterates

Before we start with the analysis, we need to remark some inequalities involving the sequence

(Br)k>1-
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Remark 3.1. In (16), the growth conditions reads supy>, k" (% + 2%) < 95 < 3. Through-

out the majority of the proofs, we will use a couple of inequalities involving the sequence (,Bk)k>0

which are entailed by assuming the supremum is strictly less than %. More precisely, there exists
0 > 0 such that § < % and

;;1}5)0/@7" P Bfk1+k}<;—5. (67)
It follows that % +2rkm ! < % — ¢ and therefore
(2r0k"™ " — 1) By, + 0k™ (Bx — Br_1) < =008, <0 Vk > ko. (68)
The previous inequality also produces
Ok" (B — Br_1) < (1 — 2r0k"™' — 356) By, Vk > ko. (69)

Regrouping the terms with 5, and (Si_1 separately yields <2rk“1 — % + 4+ kr) Br < k"Br_1 and

thus
k?"

<
P 2k — L5k
where Mg > 1 but may be taken arbitrarily close to 1 for k large enough.

Br—1 < MaP-1, (70)

Remark 3.2. As we stated in the introduction, when r € (0,1) then it is possible to choose S
such that k%" 3j, grows exponentially. We claim that if 0 < § < 2—19, then

1 L_é pl=r
Bk:ﬁ.e(29 ) 1—7r

satisfies growth condition (16). Indeed, first we notice that 8y = [(k), where 5(t) is defined in
continuous-time as

1 1 1=
ﬁ(t) = ﬁ . 6(29 5) 1—-r |
By the mean value theorem, there exists £ € (k — 1, k) such that

1 1=r 2 1 1
B — Br—1 = B(k) = B(k—1) = ﬁ(fk) = exp [(29 5) fk_ r] [_€2r:1 + (29 B 5) 5}:?] :
k

Therefore, for every k we have
B — Br— 2r> ( 1 ) & — ki < 1 ) k3"
r i e - no 1
g ( o )T\ ) e [\ ) e (71)
1 & — K] 2rktT 2
— exp [(29 - (5) 1 — §£T+1 + kl—?" . (72)

First, we look at line (71). Again by the mean value theorem, we have k'~"—& " = (1—r)7, " (k—&k)
for some 75, € (&, k) C (k —1,k). It follows that = < L < ﬁ and thus " — k'™ — 0 as

— 1 as k — 400. All in all, line (71) approaches

” 3r
k — +o00. Since 1 < % < (Tﬁl) , we have & 537"

— 0 as k — 4o0. Regarding line (72), as we just saw, the exponential term approaches 1 and

3r 3r . .
kl - — 0 as k — +o00. Since kl - < £§r+1 < k’;“, we have % — 0 as k — 400. Summarizing,

we have k" (% + 2%) — 55 — 6 as k — oo, which means that for large enough ko the

supremum condition (67) is fulfilled.
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Energy function: For analizing the convergence properties of the implicit algorithm (66), we
make use of the following discrete energy function:

2
g = % Hkp_’?)\(zk —z) + 2k (F = A+ Hk:”“ﬁk_lV(zk)H (73)
+2)\]€2(p—r)(a_(2p_r)k,r—1 _)\)sz_z*HZ (74)
+ 22Xk By_1 (2% — 2, V(2F)) (75)
02
+ E(k: + DK% B Br—1 |V (25 2. (76)

Here, p and X are taken as follows:
o Ifre(0,1),then0 <A< aand 0 < p<r;
e Ifr=1,then0<A<a—-land p=r=1.

The following theorem shows that the O convergence rates, obtained as an intermediate step for
the continuous dynamical system, carry over to the discrete setting.

Theorem 3.3. Suppose that o, > 0, r € (0,1] and (Bk)r>1 C (0, +00) satisfy the assumptions laid
down in subsection (1.3). Let 2°, 2! be initial points in H, let (zk)k>2 be the sequence generated by

the implicit algorithm (66), equivalently, by (15), and let z, be a zero of V. Consider the following
convergence rates as k — +00:

V()| =0 (k:ﬂjrﬁk> (M — 2 V() =0 (%) = =0 (;p) '

The following statements are true:

(i) If r € (0,1), the above rates hold for p € (0,7). Furthermore, if (2*) is bounded, then

k>2
these rates hold for p =r.

(ii) If r =1, then (zk)k>2 is bounded; moreover, the above rates hold for p = 1.
To produce the proof for this theorem, we first exhibit two intermediate results.
Lemma 3.4. Under the same hypotheses of Theorem 3.3, for large enough k it holds

k+1 k

< {2)\2 [(k -+ 1)207m) — k26=0)] o 2x(2p — r) [ = (ke + 1) 20
+ 2 = (2p = ) (k+ 1) = A) (k4 1)207) — 2] }szﬂ — z)?

+ {8)\(7“ . p)kz(P*T) + 4)\[(k + 1)2(,077‘) _ k2(ﬂ*r)} (k + 1)r}<zk+1 . Z*,ZkJrl _ zk>

T ANERPT [(mek?"—l — 1) By + Ok (B — 5k,1)} (P o, V()
+ 4T A+ kT = a)||2F T - zkH2
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+ {k2<f”"> (200 + 1) + 2000+ 7" = @) (k + 1) B — 2(\+ 7! — e

+ 26 [(kz + 1)) k%H)] (k+1)% 8, + mek?ml}wﬂ — 2F V()

2
+ {/8(/”“) [a(k + 1) B — ;ni} + %[(k: +1)2) — k%H“)} (k+ 1) 37

2
+ % [(k +2)¥ (k + 1)*Bri1Be — (k + 1)2’“k2ﬂﬁkﬁk,1} }]]V(zk+1)||2

+ 0k B (V (2P, V(M) — v (2F))

-7 92 T T T
— RO R B (ke DR B[V - VER)

where
M = 2K (20K = 1) B+ 0K (B — Br1)| — 0] (k + 1) B — K7 Bea.

Proof. First of all, just as in the continuous case, notice that £ /’\“ is eventually nonnegative. Indeed,
go back to line (74). If r € (0, 1), then 0 < A < « together with the fact that k"~ — 0 as k — +oo
gives a— (2p—7r)k" "1 — X > 0 for large enough k. If r = 1, then a — (2p—71)k" ' = A=a—-1-X >0
by assumption. We will compute the difference 5§+1 — Sf line by line.

Line (73): Define, for each k,

uk = 20(2F — 2) 4 2k7 (2 — 2PN 1 0k B V (2).

Notice that (73) can be written as
1 _ k 2
LA

We have
N R T

1 1 —r —r
_k2p r)[ || k+1H2_2Hul)€\H2] _1_7[(]{:_‘_1)2(9 )_k,Q(P )}Hu’;JrlHQ

1
= 1200 (= ) = S = P 5 G 12 - e, )
k
so we first compute uy +_ u'ﬁ:

ukTh —uf =20 — )+ 2(k + 1) (25T = 2F) + 0(k + 1P BV (2
—2A(2F = 2) — 2K7 (2 — 2PN — 0k BV (2F)
= (T = 2R) 2 (ke 1) (R = 2Ry = k(R - )]
+0[(k + D)Z BV (FH) = BBV (2H)]
=2\ 7k = ) (R = 2R) 2] — R (e 1) (R = 2R) - 2k (2 - A

+0 {( )2r6k kQTﬂk—l} V(Zk—i—l) + ek%ﬂk—l [V(Zk—l—l) o V(zk)}
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use (66) =2(\+rk" 1 — ) (M — 2Ky 4 ok” [(QTri_l — 1) By + 0k" (B — 5;6,1)} V()
. 9|:(:1€ + 1)27‘ﬁk . kzrﬁk—l} V(zk+l) . 0k27’/8k_1 |:V(Zk+1) o V(Zk):|
=2\ k" —a) (M = 2R — 0k By {V(zkﬂ) - V(zk)}

+ {2 [ (2r0K "1 = 1)y + 0K (B — Br1)| — 0|k + 1) — K|V (),

=1k
With this at hand, we compute (u’iﬂ, uﬁ“ - u’§\>

(uy ™ uh ™ = uh)
= <2)\(zk+1 —z) +2(k + D)7 (M = 2F) 1 0(k + )P BV (2P,
2\ + 7kt = a) (K = F) V() — 0k g [V (R - V(R

= AN+ k" — ) (P — 2 2P R 2 (T — 2 V(R

— 2NOK% B (2P — 2 V(R — V() AN+ kT = a) (B )7 2R - 2|

(20 + 1)+ 2000+ 7k T = @) (b 1) B (F = 2, V(EH)

—20(k 4+ 1)"E* B _1 (28 — 2K VR — V(R 4 0k 4+ 1)2 B |V (2P |2

_ 92(k3 + 1)2rk,2rﬁkﬁk_1<v(zk+1)’ V(Zk—f—l) _ V(Zk)>.

2

Now, [[uf™ — «f|12:

2
bt = b2 = 20+ rk" Tt = @) (R = 2B) oV (R = 0k B [V (R - VR |
=4+ kT — @) [ =P |V I
+ 92k4rﬁ£_1”V(zk+1) — V(Zk)H2 +4(X+ rk™1 — a)nk<zk+1 — 2k V(zk"'l)}
— 40N+ kT — Q)T By (P = 2R V(R — v (2F))
— 20mk? B, (V ("), V(25T =V (29)).

Now, recalling (77), we put everything together:
1 . 2 1y k2
Gk + 1y R = 2
_ kz(pr){4)\()\ NI R a)<2k+1 - Z*jszrl o zk> + 2)\nk<zk+1 ~ ., V(zk+1)>

— AR By (2P — 2, V(M) — V(2F))
+ _4()\ +rk" Tt —a)(k+1)" =2\ +rk ! — a)Q] |25 — zkH2

+ _an(k’ +1)"+20(\+ rk" "t — a)(k+ D% B — 2N+ rk™ 1t — oz)nk} <zk+1 —zk, V(zkH))

+ {—29(/<: + 1)k By + 20N+ rk" 1 — a)kzrﬁk,l} (AT 2R V(M) — v (2R))

[ T 1 02 T
+10(k + 1)* By — 5771% |V ()12 - 5k4 Be [V (M = V(M)

2
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+ [—92(k + 1)Z k¥ Byt + GkQTnk,Bk,l] (V (M), V() — V(zk)>}

1
+3 (k4 1)) — 2] {4A2sz“— 2|24k + 17| = 2R P10 (k1) B2V ()2
+ 8Nk 4 1) (M — 2, 2P Ry L ANO (K 4 1) P B (2P — 2, V(PT)

+ 46(k + 1)3rﬁk<zk+1 — 2k, V(zk+1)>}.

Line (74): we have

AGh+1)20 ) (a—(2p—r) (k4 1) = A4 = 22— 20207 (a— (20— 1)k = A)[12F = 2.2

= 2= {2/\(2p —r) {k‘r_l —r(k+ l)T_l] |25 — 2|2 — 22X (a — (2p — r)k"E = ) || 2F T — zkH2

+4M(a = (20 — )K" = N (ZRTE -, PR R zk>}

+ 2)\[(k + 1)2(”*7") — /{:2(’377)} (a —2p—r)E+1)"t = )\) szﬂ — z*Hz

Line (75): we can write
2MO(k + 1)2° By (2F T — 2, V(M) — 200k By (2F — 2, V (2F))
=2)\0 [(k—|—1)2pﬁk—k2p6k_1}<zk+l — Z, V(zk+1)>+29k‘2"ﬁk_1{<zk+1— 2, V(2P = (2F - 2, V(zk)ﬂ
= 200((k + 128, — k2 Br | (M — 2, V() + 20082 By (2P — 2, V(R = V(R))
+ 200K By (ML — 2KV (2F))
= 200[(k + )% By — BB | (5 = 20, V) 4 20082 By (P — 2, V() = V(ER))
— 2NOKZP By (P — R V(M) — V(2F)) 4 200k By (M — 2RV (2R,
Line (76): we obtain
2
[+ 20 (k4 12 Brca BllV G2 = (17K 8 |V ()]
2
= 0 27 (k4 1% 8ha B — (5 + 2R B[V ()
2
+ ‘iu« + 12 R BB ||V (2 = [V ()2
2
_Y [(k: +2)¥ (k + 1)*Brs1Bk — (k + 1)* k> By B 1] |V (27112

+ (k+ 1) k> BB [<V<z’““>, V(R - V(M) - §HV<z’““> 4ol

02
— 5[(1{—}-2)%(]{;4- 1)2p5k+15k _ (k+ 2rk2p6k6k 1]HV( k+1 H2
+ O (k1) "R BB (V (241, V(M) M) - %k+1 220 By B ||V (ZF ) — V()P
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Now, we combine everything:
gt -&

= {2>\2 [k 12077 — B26=0] 22 (2p — )k~ (K771 — (k4 1)
+ 2>\[(k +1)2er) kQ(”‘T)] (@—(2p—r)(k+1)""1 =) } |25 — 2,12 (78)
+ {4Ak2<f’—” A+ k"t —a) + 420 (o — (2p — 1)KL = )
+ 4A[(k + 1)) — k2<p—r>] (k + 1)T}<zk+1 — Zy, 2L = 2F) (79)
+ {2Ak2<p”nk +200[(k + 1)% B — k¥ By 1

+ 200 (k + 1)2077) — 2] (k + 1)2%} (M — 2, V(EMTY) (80)
n {k2(p—v") (—2X\0k% B_1) + 2/\9k2'°ﬂk,1} (L — 2 V(ZFTY) —V(2F)) (81)

+ {kQ(p_’“) [0+ 7k = @) (k4 1) = 200+ 78" = )] + 2| (k 4 1)207) — 2]

— 22T (0 — (2p — )R = \) } |25 — 22 (82)
- {k2(p_’") [znk(k + 1) 20N+ k" —a)(k+ 1) B — 2N+ rk" T — a)nk}

+ 29[(1<; + 1)) — k%—ﬂ] (k+1)% B + 2)\9k:296k_1}<zk+1 — 2P V() (83)
- {k2<P—r> [_20(k + 1)K By 4+ 20\ + k" — a)k%,ﬁk_l}

— 2>\9kz2pﬁk_1}<zk+1 — 2R V(T —V(2h)) (84)

2
+ {W—” 006+ 1727 — 2| + 5 [0+ 1200 — 200 1)1

2
+ %[(k +2)27(k + 1)% e B — (k + 1)k BBy 1 | }IIV(z’““)HQ (85)
+ {kz(p_r) [—ez(k + 1)K BrBr—1 + 91{?2?%519—1]

+60%(k + 1)2Tk2ﬂﬁkﬁk_1}<V(zk+1), V() — V(M) (86)
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2 2
+ | k27) < b —kirpE_ 1) — %(lﬁ— 1)2rk2pﬁkﬁk—1] VR = v (87)

We analyze each line separately. Line (79): evidently, we have
ANAFTE =) +4X(a— (2p—r)E" "= N) +4) [(k+ 1)) — kZ(P—”] (k+1)" = 8A(r—p)k**~"1,

Line (80): recalling the definition for 7, and the fact that (k + 1)2(°—") — k2(e=") < 0 (since
2(p —r) < 0), the coefficient attached to (z*+1 — z,, V(2#*1)) is less or equal than

INE2(PT)py 4 2A9[(k +1)%8, — kzpﬁk,l]

= 2020+ 220K [(k + 1) B — k" By
+ 200 [(k + 1% By — K Bra| — K20 [k + 1) B, — K2 34 }

- 2)\k:2(”‘7“){2k” [(zrekr—l — 1) By + Ok (B, — 5k_1)} - 9[( + 1) By, — k%/)’k_l}}
+ 200K [(k + 1) B — k¥ B 1| +200[(k + 12077 — k2070 (k + 1)¥' 3,

< AN [(200K" 1 = 1) By + 0K (B — Br)],

again using that (k 4 1)2(P=7) — p2(p=7) <.

Line (81): we have
k2T (—2X0K2T) + 200K% = —2\0k> + 2)\0k> = 0.
Line (82): the coefficient accompanying ||2*** k||2

—z is less than or equal to

k2(p*’"){4()\ +rk" Tt —a)(k+1)" =2\ +rk Tt — 04)2 —2\a—(2p—r)k" ! — )\)}
20D (N 7kt — o) [k +1)7 = 20 = 27k 4 2004 2)]
= Ak = a) [k + 1)+ 2(a - rk )]
<ARPTT A+ kT = a),

where we used the fact that eventually A+ k"' —a < 0 (argue like at the beginning of the proof),
together with 4(k 4 1)" > 4k" and a — rk"~! > 0 for large enough k.

Line (84): we notice that

f2(p=1) [—29(k F R 420N+ 1k — )k By — 2/\9kzrﬁk,1] AR B,

is the sum of nonpositive terms for large enough k. Since V' is monotone, <zk+1 — 2P V(R —
V(2%)) > 0 for every k.

Line (86): it holds

KO |02+ 1)K BBt + O B | + 02(k + )P k¥ BBy = Ok B 1.

This proves the lemma. O
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In the following lemma, we work with the coefficients attached to |25 71— z,[|2, (K1 —z,, 2F+ —
2By, (ZRHL — 2RV (2P)) and ||[V(2FF1)[12, which require further analysis. The proof is quite
technical and lengthy; for the sake of readability, we have moved it to the Appendix.

Lemma 3.5. Consider the upper bound for 5’/]\”1 — Eﬁf provided by Lemma 3.4. The following hold
for large enough k:

(i) The coefficient attached to ||2*+1 — 2,||? is bounded above by
AN(p— )P 4 Oy,
where O, = O(K2P~7+7=2) g5 k — 400.

(ii) The coefficient attached to (2FT1 — 2z, 2F+1 —2K) can be written as 2P, with P, = O(k?’~"=2)
as k — +00.

(iii) The coefficient attached to (z**1 — 2K V (2**1)) can be written as

E2(p—7) {21327”{ [29(A+rk”"_1 —a)+(fa+ork™ - 2)} Bi+0k" (Br— Br—1) } +2(Q1r+Q2k) B },

where |Q1 x| = O(k") and |Qa x| = O(K¥ 1) as k — +oc.
(iv) The coefficient attached to ||V (z5T1)||? is bounded above by
(=) [—2602/%37"62 + Rkﬁg] :
where Ry, = o(k®") as k — +oo0.
With these two intermediate lemmas, we can prove the first theorem.
Proof of Theorem 3.3. According to Lemma 3.4 and Lemma 3.5, for large enough k& we may write
gkl _ gk
< [Mp = R4 O[] FH - 22
F3N(p — )k R 2
b 2P (R o ARy éijp—'r()\ okl a)[|F = R (88)
+ AR [ (200K = 1) B + OK" (B, — B1) [ (M — 2, V(FHD)
+ gk%*r(A kT — @) |25 — )P ke {_;59%37" + Rk} BRIV (2
+ 3k g A+ 7kt — )| - zkﬂz

+ 2k2(=) {k?{ 20\ + 7k — @) + (9o + 0rk™! = 2)| B + OK" (B — Bi1) | (89)

4
+ (Ql,k + Q2,k)5k}<zk+l - Zka V(2k+1)> - §592k2(p4)k37ﬂ51§”V(ZkH)HQ
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1 —7)1.3r —7) .21
- 5592/42(” BNV EYIP + 02K By (V (M), V(M) = V(M)

2 (90)
_ k2(P—T)% |:k4rﬁg_1 + (k + 1)2rk2rﬁk5k_1] ||V(Zk+1) o V(Zk)H2

We will use Lemma A.2 to show that
 (88) is nonpositive;

o There exist A such that 0 < A < o (when r € (0,1)) or 0 < A < @ — 1 (when r = 1) and such
that (89) is nonpositive;

e (90) is nonpositive.

To show that (88) is nonpositive, first assume that r € (0,1). Take

1
Bim P A= 3\p—nkI O (k)

According to Lemma 3.5, we have P2 = O(k*%~2"=%) as k — +oo. It follows that for large enough
k we have

B%? — AC = P? — \r —p)(a —rk™ 1 = =31 <0,

since 4p — 2r — 4 < 4p — 3r — 1. If r = 1, the only term of (88) which remains is 1k(A + 1 —
)|+ — 4 <.
Before addressing (89), we deal with (90), since it is simpler. We factor out k2(°~") and take

0 1 0*
Bi= ok B, A= —00°K B, Ci= = KB 4 (k+ 1) RY B .

Therefore,
2 9247“2 21437‘247'2 2r1.2r
B? — AC = k¥ B} _ynf, — £00'k BR[K" By + (k + 1)K B Br 1

02 1
< ZMEIC‘”qEB?i_l - 559416”6;3_1
2

0 1
T MERY gy — 359%%] Bty

where we used the bound (117) we had on ||, as well as (70). We had established that ¢, = O(k")
as k — +oo, which gives k% ¢? = O(k®") as k — +oo. Thus, the term between square brackets
becomes negative for large k, which gives B2 — AC < 0.

Now, we focus on (89). Again, factor out k%*~") and define

eri=a—rk" =\, ¢ i=0a+0rkmt — 2.

According to our assumptions, for large enough k we have €, > 0 and ¢; > 0. With this notation,
we set

4
B =K% [(—29% + k) B + 0k” (Br —qu)} +(Qi g+ Q2k)Br, A:=-3k"ep, C:= —§592k3r51%-
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First of all, notice that

2
B =k [(*2961@ + cx) B + 0K (B — 5k—1)] + (Qui + Qo) b7
+ 2k {(—295;C + cx) Br + OK" (Br, — 51«71)} (Qu + Q2,6) Bk
= kY {(—29% + k) Br + OK" (Br, — ﬂk—l)r

Pr = 'B’“} (Qui + Qo) + (Qui + Qz,m?} 82

B ;
=K' {(—29% + k) B + 0k" (B — qu)} + SkBE,

+ {Qk% |:(—29€k + Ck) + 0k"

where Sj, is the term between curly brackets. In Lemma 3.5 we had shown that Q1 = O (k")
and Qap = O(K* 1) as k — 400, which gives Sy = QK™ =1 a5 k — +o0o. With these
observations, we proceed:

B? — AC — Spf3}
! 2 27,4 2

<E* [(—205k + ck) Br. + Ok (Br. — /Bk—l)} — 460%K7 e, B2
=k {(—20&:1C + c)" B + 20(=202 + &) Bik” (B — Br1) + 07k (B — 51471)2] — 4507k ey, 57
= k4T [(4925% - 400k5k + C%)ﬁz + 2Ck(1 — 27.9]{:7“—1 — 59)513 + (1 _ QT.Hkr—l . 50)2[3]%}

— 406°k" e, 8}

2

— k2 {49262 —40(30 + cp ey, + [Ck (1= 2k — 59)] }
= kY57, i, o)

where py is the term inside curly brackets. We will distinguish between the cases r € (0,1) and
r=1.
‘Case r e (0,1): ‘ define

ci=0a—2, e:=a—\ p(t):=40*> —40(c+00)t + (c+ 1 — 50)°.

Notice that ¢, — ¢, e, — € and pp — p(e) as k — +oo. The discriminant of the quadratic equation
p(t) = 0 reads

A = 160[(c + 60)* — (c+1 - 660)%].

Notice that § was chosen such that § < %. The growth assumption (16) tells us it can also be

chosen such that % < 20, thus giving 660 > 1 — 66 and ¢+ d0 > c+ 1 — 66 > 0. Therefore, A > 0
and p has two distinct roots: setting A := #\/E, these two roots are

c+ 00

c+00 -
5 A.

26

é:

—A, =

The midpoint between the two roots is given by €, 1 := nge, which fulfills

c+00 c+1 Oa-1 « 1
< = =———<a.

O<en=—5 =7 %9 2 29

34



Choose €,2 > 0 such that .1 — A < erp < Er1. Set A = a —¢&p4, ¢ = 1,2. As we pointed out
previously, we have py — p(e,;) as k — +o00. Therefore, for large enough k, we arrive at
p(eri) _ pla—Ar)

Pr < 5 = 2 <0 fori=1,2.

Going back to (91), this gives

(v — Ari)

B2 - AC < k432D S+ SiBE < 0 for large enough k and i = 1,2,

since Sy, = O(k™357=1}) as k — 400 and 4r > 5r — 1 when r < 1.

Case r = 1: | here, we have

ep=e=a—1—-X, and ¢, =c:=0a+6-—2.
In this case, we define
p(t) := 40%> — 46(c + 60)t + (c + 1 — 20 — 66)°.

With this definition, py is nothing else than p(e) for every k. The discriminant of the quadratic
equation p(t) = 0 the reads

A = 166%[(c +80)* — (c+1 - 20 - 50)?],

and again, it is positive provided § < % — 2 is chosen such that % — 2 < 20, which can be done
thanks to the growth condition (16). Define A and the midpoint ; ; as before. Now,

c+d00 c+1—-20 6Oa—0-—-1 oa-—1 1
< = = - — < a-—1.

O<en=—"="9 20 2 20

Choose €12 > 0 such that €11 — A< €12 < €11 and define A\ ; = a —1—¢€1,4, 7 = 1,2. Going back
to (91), this gives

B? - AC < k'8 p(a—1-— i) + SiB2 <0 for large enough k and i = 1,2,

since p(a — 1 — A1) = p(e1,;) < 0 and Q2 = 0 when r = 1, giving S, = O(k?) as k — +o0.
To summarize, we have shown that (88), (89), and (90) are nonpositive. Going back to these
lines, we have now

E - gf < [hilp — R0 O] 24 —
+ AN kT (200K = 1) B+ OF (B — Br) [ (K — 2, VM)
2 1
R k= ) [ — P R0 [ 280+ R BRIV
If r € (0,1), then 2(p — ) —1 > 2(p — r) + 7 — 2. Recall that O} = E2P~"+"=2 as k' — o0,
thus the term with ||z**! — 2,]|? eventually becomes nonpositive. If 7 = 1, the ||zFT! — 2,||? term
vanishes. In both cases the ||V (2#+1)||? eventually becomes nonpositive since we had Ry = o(k®")

as k — +oo. The (2**! — 2, V(2*1)) term is nonpositive according to (68), and the ||zF — zk"H2
term is evidently nonpositive. All in all, we have
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for k large enough, say k > K > ko. This means that (€ fT )

) p> g 1s monotonically decreasing, and
thus -

0<&f <&F fork>K,re(0,1]andi=1,2. (92)
In order to conclude, we separate again the cases r € (0,1) and r = 1.

‘Case r € (0,1): ‘ according to the definition of the discrete energy function (73)-(76), (92), the
fact that (Bj)r>1 is nondecreasing and (70), for £ > K we have

6 5 B w2~ 022 B w2 o 0 2.2 k|12 K
Ek (p“)mHV(z )< gk (pM)MBHV('Z )< ?(]H_ DT R BeBe-1 |V ()" < &, (93)
and
2)\T719k2p]\i<zk“ — 2, V(")) <2010k B (2 — 2., V(2F) < € |, (94)
from which we deduce
MgEE 1 \/2M65K 1
(2 — 2, V(F)) < 2 and |[V(2H)| < A (95)

= oMaf | k2B, 0 kTR

Furthemore, say that for k > K we have (2p — r)k"™} < £ < a — \,,;. Going back to (74), this
means that for £ > K it holds

21 K207 (00— £ = A1) |27 — 2| < 200 K20 (a0 — (20 — )R = M) |28 — 2P < X

and thus

285 )

(a - 5 - )\7’,1) '
Combining this together with (73), (92), (93) and (95) yields

21”77 || 28 — 2 <

25 — 1| < 2k — 2] + 0K B |V ()]
+ HQ)\nlk”_T(z — 2,) 4 2kP (28 — ) ¢ Hk”'”ﬁk_lV(zk)} H

288
< 7,1
- (a - 5 - )\T,l)

All in all, we have obtained that, as k — +o0,

VN =0 (g ) =aVEN =0 (g ) I =#=0 (). @)

going back to (74) we have, for k > K,

+/2MpEX  + /26K .

EK
2% — 2| < s ,
2)\1,1 (a —1- )\171)

which gives the boundedness of (zk)k>2. Using the boundedness of (£§ )

1 and arguing exactly

as in the case r € (0,1) we obtain

VEN=0(gg): C-aVEn=0(g5 ). I#-#=0(F) @

as k — +oo. ]
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Similar to the continuous case, in the following theorem we will assume that (zk) >o 1s bounded
when 7 € (0,1). This will allow us to set p = r and improve the rate of convergence results from O
to o in (96), as well as to show weak convergence of the iterates towards a zero of V. Additionally,
when r = 1, we will can also lift O to o and again show weak convergence of the iterates towards

a zero of V.

Theorem 3.6. Under the same hypotheses of Theorem 3.3, consider the following convergence
rates as k — 400:

HV(zk)H:o(kQTBk), <zk—z*,V(zk)>:0<k23Bk> and \\zk—zkl|y:o<;>.

Ifr=1 or (7’ € (0,1) and (2*)k>o is bounded ), then the above rates hold and (2F)y>o converges

weakly to a zero of V as k — +00.

Proof. Going back to Lemma 3.4 and 3.5, choosing p € (0,r) when r € (0,1) is done just so we can
guarantee that term attached to ||2**! — 2,||? eventually becomes nonpositive. We can plug p = r
in our calculations; the term with (z¥+1 — 2, 2#*1 — 2%} will vanish, and the nonnegativity of (89)
and (90) will not be affected since it doesn’t depend on p. We now have

R I S W | e () (e | EARE A

+ A" (200K = 1) B+ 0K (B — Brr) [ (P — 2, VD) (98)

+ k" (Ari + rkTt — @) szH - zkH2 (99)

1
+ =300+ By BV (100)
<2 r [ = (k1) - 2, (101)

since for large enough k lines (98) - (100) become nonpositive (recall that Ry = o(k3") as k — +o0,
so Ry — 6602k eventually becomes negative). If r € (0,1), recall we assume that (||zF — z||)x>0
is bounded, say ||2* — 2z.||?> < M for all k. According to (101), for large k (say k > K > 2 suffices),

we have
el gh  <onr [ = (b )M - s <2 MR = (R 1Y (102)
Rearranging the previous terms gives

EVPLp 20 rM(k+ 1)1 <& 4200 ME™" VE > K.

Therefore, the sequence (Efm + 2N\ v M l{:’"‘l)k2 , 1s nonnegative and nonincreasing, meaning it

has a limit as k — +o00. Since 2),;r(1 — r)MEk" "1 also has a limit as k — +oo, we come to the
following: for p = r, we have

0< &, <& +20r(L—r)MK"™ ' for k> K, r € (0,1] and i =1,2; (103)
lim &f  exists for r € (0,1] and i = 1,2. (104)

k—+oco0 7T°

By going back to (73)-(76), setting p = r and reasoning exactly as we did before, we arrive at
1

V=0 (g ). & -aVEN=0(mr). H-#7=0(5)  aom)

k2r6k
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as k — 400, where these rates now hold for all r € (0, 1].
For r € (0, 1], we proceed to show three summability results that we will need later. Going back
o (101), choosing 7 = 1 and using (68), for k¥ > K we have

1
A1 00K Bl — 2 V() o (@ =k = AR | 00PRBV ()

<&l - e ana [F = (k)R - ), (106)

where we used the fact that —%592k3r + Ry eventually becomes negative. Notice that the last line
is summable. We have
(I) Using (A1) and the Cauchy-Schwarz inequality, and using that ||V (z*)|| = O (ﬁ) as
k — +o00, we obtain

- 1
(b 17 = BB = 20 V) < ok 5 = V) = O ()

as k — +oo. This implies that the left-hand side is summable. Therefore,

+00
Z(k: + 1) B (2L — 2, V(ZF )
k=1
< Z B (2! — 2, VM) + Z[ (k4 1) = 7| B(e" ! = 2, V(H4) < oo, (107)
k=1
<400 by (106) <+oo

(II) Arguing like in the previous item and using ||zF — 2*71|| = O (%) as k — 400, (106) implies

“+o00

S (k4 17| = 2R < e (108)
k=

(III) Using (A2) and reasoning as before, (106) entails

+o0o
> (k+ 1P BRIV (ZMH? < +oo. (109)
k=1

Consider the \A,.; defined in the proof of the previous theorem. Recalling the definition (73) - (76)
of our energy function, now with p = r, we can write

Ei“ — &\

_5"2)\r,1(zk—2*)+2kr(zk 1) 4 0 5 V) |

2
r2(2F = 2) 4+ 2K (28 — 2PN+ 0K B V(2 )H

+ [2)\,"72 (a0 — rk™t — Ar2) = 22X 1 (@ — rk™ ! — /\m)] |2% — 2|2
+ 22 — A1) 0K By (2% — 2, V(25))
= <2)\T72(zl’C — 24) + QkT(zk — zk_l) + GkQTBk,lV(zk), 2(Ar2 — )\T,l)(zk — z*)>
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- %H?(/\rz = A1) (ZF = 2P 2002 = Any) (@ = 7R 2F — 2

=2\ = A IZ" = 2P+ 202 = A1) (27 = 2), 0K BL 1V (2F))
= (2002 = A1) (2F = 22), 287 (28 = 2571) 4 2087 B V()

+2(Ar2 = A (@ — 1K ) 28 — 22

+ [4/\r,2(/\r,2 = A1) = 202 = An1)® = 2(A25 = A2))] 128 — a2

=0

krfl
r 2% — 2|2 + k‘r<zk — 2z, 28— 4 Hkrﬁk_lV(zk)ﬂ .

=4\ — A1) [0‘_2

Call pg the term between square brackets. We showed that limy_, 4 5’/]\“”, exists for ¢ = 1,2, and
)‘712 - )‘7“71 = 0, thus
lim pg exists. (110)

k—+o0
With this at hand, we can rewrite £ fr L as

&

r,1

:%HQ)\T71(zk_z*)+2k;r( ) 4 0RT B 1V (2 H + 21 (o — kT = A ) ||2F = 22

62

+ 22107 Br_1 (2" — 2, V(2F)) + 5(7@‘ + 1)k B Br—1 |V (7)) 2

1
= l@iluzk = P+ 22k (2 = 2, 228 = 25 4 0K B V()

k?'f‘

(z — 2k )—|—9k Br_1V(z )HZ]

+ [2Ana (@ = TR = 222 (128 = |2 4 22,0087 (2R - 2, V(ER))

2
o (e PR B [V ()11
k2r
= e+ Sl - ) rorp v |+ Sea v e

2
+%UM4WWmm4—wﬁ4Mw%W

:4)‘T,1pk+k2T k: 1 +9krﬁk‘ 1V H +k2r||z —1H2
92
+ 5 [+ DR By — KB | V() (111)

Let us analyze (111). We have
(k‘ + 1)2Tk2rﬁkﬁk—1 _ k4rﬁg_1
= K By |(k + 1) B — k¥ B
= K B { [ (b + 102 = K] B+ B (B — By-1) |
<R By (20K kT2 B B (1 - 200K — 50) 3y
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< (2rkY T kT T Mg By + (1 — 80)k3T M BE_y,

where we used (A3), (69) and (70). According to Theorem 3.3 and the previous inequality, we
obtain that line (111) converges to zero as k — +o0o. Since we know that limy_, 1o pi exists, we
obtain the existence of limy_, 4 hg, Where

2
hy = K2 |28 — 2P 4 QkTBk—lv(Zk)H + B 2P — Zk_IHQ‘

Furthermore, we have

= h, R ri| Jk k—112 = 3r 92 ky2
D<) K| =T 20 ) KB IV(EN)|? < oo,
kzzlk k=1 k=1

according to (108) and (80). Since 31> & = +o0, it must be the case that

lim h; =0.

k—4o00

In particular, this implies

1
lim k%sz — zk*1H2 = 0, equivalently sz — zk*1H =o0 <) as k — +oo.
k—4o0 kT

Using again that limg_, o by = 0 together with the previous statement, (70) and the triangle
inequality, gives

lim K782 ||V (5|2 = 0, equivalently |V (z¥)] = o ( ) as k = +o0.
k——+oc0

1
k2r6k
This last statement, together with the boundedness of the trajectories and the Cauchy-Schwarz

inequality, gives
1

k kyy
<Z - Z*,V(Z )) =0 (k‘27‘lﬁk
This produces the stated o rates.
We now deal with the weak convergence of the iterates. Just like in the continuous case, we use

Opial’s lemma (see Lemma A.5). Define, for k > K,

> as k — +o0.

1 S : '
Gk = Sll12" = 2l 035 = 2, V().
=1

It follows that for k > K we have
1 _
G = g = 5 (175 = 2l = 1257 = 2]+ 0K B (24— 2, V(H)
1
= (2P — 2, 2 = ML 0K BV (2F)) — §||zk - zk_1||2.

We distinguish between the cases r € (0,1) and r = 1.
‘Case r € (0,1): ‘ we have

(0] _
agqr + E (qk — qr—1) = §sz — 2P (2 =z 2 T 0K BV (2Y))
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k
+00Y 5By (e — 2 V(D) — gl - A
7=1
"1k 2 k . , A 1 . i
7=1

Since limy_, o k"1 = 0, and according to (107), (110) and Theorem 3.3, the last line has a limit as
k — +00. We use Lemma A.4 to ensure the existence of limg_, 1 qx. Going back to the definition
of g and again using (107), we finally obtain that

lim ||2F — 2| exists.
k——+o0

we similarly obtain

k
S 1 )
(0= Dae + K (g — qr—1) = pr+ 0 = 1) > _jBi—1(z7 — 2, V(7)) — gllzk — 213
j=1

and with the same reasoning as before come to the existence of limy_, o ||2* — z||. This verifies
the first condition of Opial’s Lemma.

For the second condition, assume that Z is a sequential cluster point of (zk) Therefore, we

k>2°
have zF» — %z as n — 400 for some subsequence (zk")n>0. According to Theorem 3.3, we have
V(2F") — 0 as n — 4o00. Since the graph of V is sequentially closed in H™*K x 518 we conclude
that

V(z) =0,
therefore checking the second condition of Opial’s Lemma and thus ending the proof for this theo-
rem. O

A Auxiliary results

Lemma A.1. For k> 1, r€0,1] and o <0, the following hold:

(k+ 1) — k" <rk™ L (A1)

(,IC 4 1)37" _ kSr < 37”]{:37'71 4 37‘]637"72 4 rk37'73; (A2)

(/{) 4 1)27" o k2r < 27,]{:27"71 + Tk,?er; (A3)

(k+1)7 — k% <ok ' +o(0 — 1)k 2 (A4)

|k +1)7 = k7| < [olk; (A5)

‘2%27"—1 = |+ 1) = k]| < 2rf2r - 1R 2 (A6)

Proof. We first show (A3). According to the mean value theorem, for some £ € <k2, (k + 1)2) we
have . .

(b4 )7 =k = ((k+1)?) = (B) =& (b +1)? = k] =rg" 2k +1).
Notice that

1 1 1 N 1 < 1 < 1
(k?—|—1)2 13 k2 (k+1)2(1—7’) - é'lfr - k2(1-r)

BP<é<(k+1)? =



and so
r(2k + 1)

_ 2r—1 2r—2
20— 2rk +rk

ré" 12k +1) <

The inequalities (A1) and (A2) are shown in the same way. For (A6), there exists u € (k,k + 1)
such that (k+1)?" — k% = 2rp? 1. Again applying the mean value theorem, there exists & € [k, p]
such that

|2kt — [(k + 1) — k]

= [2rk* = 2rp® Y = 2020 — 1Y€ 2 (u — k) < 2r)2r — 1]K* 2,
since p—k < (k+1)—k =1 and 2r —2 < 0. For showing (A4), again write, for some ¢ € (k, k+1),
(E+1)7 =k =o¢° 1. (112)
Arguing similarly as before, we have (k+1)°~! < ¢7=t < k=1 thus
ok° <ot <ok +1)0 1t = 0{(1@ +1)77 = k(’_l} + 0kt <okl +o(oc - 1)k72,

where the o(o — 1)k?~2 is obtained following the same reasoning. Inequality (A5) is obtained by
taking the absolute value of both sides of (112). O

The following elementary result is used several times in the paper.

Lemma A.2. Let A,B,C € R be such that A # 0 and B> — AC < 0. The following statements
are true:

(i) if A > 0, then it holds

AIXIP+2B(X,Y)+C|Y|? >0 VYX,Y € H;

(ii) if A <0, then it holds
A|X|P+2B(X,Y)+C|Y|*<0 VX,Y €.
Regarding the following lemma, the case where » = 1 has already appeared in the literature,

but we haven’t found a proof when r € [0,1). For the sake of completeness, we provide a proof for
r € [0,1].

Lemma A.3. Let a > 0,7 € [0,1] and q: [to, +o0) — R be a continuously differentiable function
such that

. . -
Jim <q(t) + aq(t)) _ (R
Then it holds limy_, 4o q(t) = £.

Proof. By considering ¢(-) — ¢ if necessary, we may assume that ¢ = 0, i.e., we need to show that
limy—, 40 q(t) = 0. Define, for ¢t > to,

1 a 1_>
—ex t~") relo,1
F(t):={a p<1—r 0,1)

t® r=1.
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Therefore, for every t > tg we have

1 a 1—
. — " 1
) = t’“eXp(l—r ) ref0,1)

at®1 r=1.
In any case, F'(t) > 0 for all t > g, and it holds

R =S F)

which means that
F) (o) + Sdl0) ) = FOa(0) + L FOd(0) = Fe)al) + FOI0) = 5FOa0).  (13)

By assumption we have ¢(t) + %cj(t) — 0 as t — +oo. Take € > 0. Then, there exists T > t; such
that

Using (113), for ¢ > T' it holds
d
S (F ()

so integration from T to ¢t > T yields

It follows that
[F(t)a(t)] < [F(t)q(t) — F(T)g(T)| + |[F(T)q(T)| < e(F(t) — F(T)) + |F(T)q(T)],

from which we deduce

lg(t)] < e+

Now, we use the fact that F(t) — 400 as t — 400 to finally obtain

limsup|q(t)| < e.

t——+o0

Since £ > 0 was arbitrary, the desired result is shown. O

The following result is the discrete counterpart of the previous lemma. Again, the case r = 1 has
already been previously addressed, but we found no proof when r € [0,1). We provide a complete
proof.

Lemma A.4. Let a >0, r € [0,1] and let (qx)r>1 be a sequence of real numbers such that

k;’l‘
li — — =/ eR.
kjf()@ Qk+1 + a (qr+1 — ar) €

Then it holds limy_ 400 qx = £.

43



Proof. By taking g — ¢ instead of qi, we may assume w.l.o.g. that ¢ = 0. First of all, we recall a
small auxiliary result. For any sequence (ay)n>1 of nonnegative numbers, it holds

ﬁ(1+ak) > 1+§n:ak. (114)

k=1 k=1
Now, define F1 = 1, and inductively,
a
We readily see that for every n > 1, the previous definition together with (114) entail
“ a 1 "1
Fh+1::II <1+_kr> Z:l+il§:2;'2 1+‘a§z:%)
k=1 k=1 k=1

and since the right-hand side grows to +00 as n — 400, we have lim,_, 1 Fj, = +00. Furthermore,
notice that (Fj)r>1 is increasing, since Fyy1 = Fy + & Fy > F). Additionally, we have

k?”
Fy = E(Fk-&-l — Fy),

which gives
k" k"
(Fit1 — Fr) |@rs1 + ;(QkJrl - Qk)} = (Fit1 — Fi) g1 + Z(Fk+1 — Fy) (qr+1 — an)

= (Frr1 — Fr)qe+1 + Fr(qr1 — qr)
= Frr1qk+1 — Frgr- (115)
Let € > 0. Then, there exists kg > 1 such that for k > kg it holds

T

Qk+1 + E(QkJrl —q)| <e.

Multiplying both sides by Fjy11 — Fy, > 0 and using (115) yields

Qk+1 + E(QkJrl — )| < e(Fygq1 — F).

| Frt1@h41 — Frar| = (Fet1 — Fr)

Summing the previous inequality from kg to n — 1 > kg leads to

n—1 n—1
\Fndn — Frory| = Z (Frt1qk+1 — Frar)| < Z | Frt1qr41 — Fral
k=ko k=ko
n—1
<e Y (Fpp — Fr) = e(Fn — Fy).
k—ko

It follows that for n > kg + 1 we have
| Fran| < |Fatn — Froro| + | Frorol < €(Fn — Fry) + | Fro o |

and therefore
Fk0(|Qk0| - 5)
F, '
Since we have already established that F,, — +o00 as n — 400, we come to

‘Qn’ <e+

limsup |g,| < e.
n——+o0

Since € > 0 was arbitrary, we conclude that lim,_, ., ¢, = 0. O
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The proof for the following lemma can be found in [18].

Lemma A.5 (Opial’s Lemma). Let H be a real Hilbert space, S C H a nonempty set, to > 0 and
z : [to, +00) — H a mapping that satisfies

(i) for every z, € S, limy_, 4o ||2(t) — 24| exists;
(ii) every weak sequential cluster point of the trajectory z(t) as t — +oo belongs to S.

Then, z(t) converges weakly to an element of S as t — 400.

B Proof of Lemma 3.5

For the sake of readability, we include the proof here.
Proof of Lemma 3.5. (i) The coefficient reads
=:0p

202[(k + 1)2077) = B27)] 22 (2p — 1)k (K771 — (4 1)

[k 12 = 12 (0 = (20 = 1)k + 1) = ),

After dropping the nonpositive term of the second line and using (A4) and (A5), the previous
quantity is less or equal to

9)2 [(k 1)) k2(p—r)] + |0l
< AN (p — )21 4 {4/\2(/) — ) (2(p —r) = DEHPI=2 L aN2p — r|(1 — r)kZ(p”")”’Q}.
(ii) Recall the term in question reads
2P, = 8\(r — p)k2P 1T 4 4A[(k + 1)) — k2<f’*7">} (k+1)
= k" {2(r — p)kAe =[R20 — (k1) 20D | a4 1)2070) — 200 [ (k1) = k7],
which means that
|PL| < 2ME" - 2(r — p) (1 + 2(r — p))K2P~172 Lo 2(r — p)k 271 gt

and the right-hand side is of order O(k*~"~2) as k — +o0.
(iii) We can rewrite the term as

M = 2K" [ (20K 71 = 1)Bi + 0K (B — Br1)] — 0[(k + 1)*" By — k¥ i1
= 2k" (270" — 1) By + 20k (By, — Br_1) — 9{ [(k + 1 kﬂﬁk + R (B — 5k_1)}

2K (20K 1 = 1) Bk + Ok (B — Br1) — O (k + 1) — k'] By (116)

According to our assumptions, for large enough k we have [2r0k"~! — 1| = 1 —2r0k"~! < 1. Using
this, together with (A3) and (69), yields

k] < 2K7 B + k" (1 — 2r0k" 1 — 60) By + (2r0k* L + rOK* ) By,
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Since 2r — 2 < 2r — 1 < r, the previous inequality tells us that

7] < qiBr,

where g, = O(k") as k — +00. We rewrite the term accompanying (251 — 2% V(25+1)) as

(117)

KX 2 (k + 1)+ 2000+ 7k — @) (k + 1) B — 20 + 7k — )+ 200K B} (118)

+20[(k + 1)2077) — K207 (k 4 1)¥ By
We first focus on (118), namely, the term inside curly brackets:
2nk(k+ 1) + 20N+ k"t —a)(k + 1)? B, — 2\ + rk"t — o)y, + 200k B4
= 2[(k + 1) =k — (A + rk™ — a)}nk + 2k g,
+20[(k + 1) = K| (A 77! = ) B + 20k (A + 7! — ) By

+ 200k (Br_1 — Br) + 200K*" 3,
= 2Ky, + 20k* (A + k"1 — @) By, + 200k By,

+2[(k+1)7 =K = (A 7k = a) |+ 20| (k + 1) = k| (A+ 7k — a) By
+ 200k (-1 — Br)

= 2k {2k (rOK™ 1 = 1) B+ 2r0k* 1 B+ 0K (B — 1) — 0| (k + 1) — k7| By }
+ 20K (A + 1k — @) By, + 200k By,
+2[(k+1)7 =K = (A 7k = a) |+ 20[(k + 1) = k| (A+ 7k — @) By
+ 200k%" (By—1 — Br)

= 2K" |2k (rOK™" = 1) B + Ok (B — Br—1)] + 2062 (A + 1k ™! — ) By + 270K B
+ 20k {20k — [ (k + 1) = K| } By
+2[(k+1)7 =K = (A 7k = a) |+ 20 (k + 1) = k| (A+ 7k — @) By
+ 200K*" (Br—1 — Br)

= 2% [2(r0K" ™ = 1) B + 0K (B — Brr) + O(A+ 7K — @) B + A0By
+ 20k {20k = [(k + 1) = k| } B+ 2[(k + 1) = K = (A + 7k~ a)| T . g,

B
Br—1 = Br
B

+20((k + 1)% = K [ (A+ 7K " = @) B, + 200k B
Line (120) reads
2K (270K ™1 — 2+ 70+ Ork" ™" — B+ A0) By + 0K (B — Br1)

=2k {[=20(a — 1k ™! = ) + (9o + Ork™ ! = 2)| B + OK" (B — Bi1) |-

(119)

(120)

(121)

(122)

For lines (121) and (122), we factor out 20) and write these lines as 2Q (. We use (A6), (Al),
the fact that [A\+rk" ' —a| = a—rk"! — X < « for large enough k, (117), (A3) and (69) to obtain

s

Q1| < OF" B

2rk? = (k4 1)7 — k]

+ [k +1)" =k = (A + 7k = )|
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Br—1— B

A+ 7kt = af + A0k
B

+ 9‘(]{ + 1)2r _ k2r

<2r2r — 1KY 2 4 [rk" o — vk — Ny,
+ (2r0K* 4 rOkT %) (o rkTTE = X) 4 MR (1— 200K — 50)
<2r|2r — 10K 2 + (o — N gy + a(2r0k* 1 + r0k* %) + A" (1 — 56).

The right-hand side is of order O(k") as k — +oo. Now, line (119): we write it as 2k2(°~")Qy, and
we have, according to (A5),

’Q2 k| = 20— o T20p—r) (k} + 1)2(P*r) _ k2(P*r) (k: + 1)3r < ‘29(?” o p)kQ(pfr)fl(k + 1)37’

< 20(r — p)k ' [k + 3k*" + 3k + 1]

1
el

and this last term is of order O (k1) as k — +oo.
(iv) First, notice that
(k+1)% = (k+1)% — K207 (k + 1)* + K20 (k + 1)
= (k + 1) [(k + 1)207) — g2e=0)] 4 g2 (4 1)
< B2 (s 4 1)

It follows that the coefficient attached to ||V (2#+1)||? is less or equal than

1 62
L2(p—r) [9(1{: + 1)2T77k/8k _ 277,%] + > [(k =+ 2)2rk2(97r)(k + 1)2T,3k+113k — (k+ 1)2Tk2p/3k/3k—1}
2
+ %[(k + )27 — 200 (ks 4 1)1 87

2
< k2= {e(k +1)* B — 177k + = b [(k: +2)% (k4 1)* Bry1B8e — (k + 1)2rk2Tﬁkﬁk_1] }

< g { & B+ 5 U+ DB (K 4+ 2)% Begr — k¥ B } ’ 12

where we used the fact that for large enough k, 7 < 0 (a consequence of (68)) and we dropped the
nonpositive term —gnk We focus on the term inside curly brackets and address the cases r € (0, 1)
and r = 1 separately.

‘Case r € (0,1): ‘ since the inequality (67) is strict, there exists 0 such that 0 < § < § < % and
such that inequalities (68), (69) and (70) hold replacing & by 4. Taking into account (116), the first
of summand of (123) reads

0k By = 9k2rﬁk{2kr(2r9k“—1 — 1)k + Ok (By — Br1) — 9[(k F 1) kﬂ Bk}
< Ok B | 2K" (200K = 1) B + k" (1 — 2r0K™ " — 30) By
— Ok By, [H(Zrekr_l —1)8 — Sek"ﬁk]
=0(—1—00)k3 B2 + 2r6? kA1 B2 (124)
Moving on to the second summand of (123), we have

(k+2)* Bry1 — K Br—1
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= (k+2)* Bes1 — (k+1)* B + (k+1)*" Bp — k¥ Br_1
[(’f +2)% — (k+ 1)271 Bra1 + (k+1)%" (Brs1 — Br) + [(k +1)¥ - kzr}ﬂk + k¥ (B — Br-1)

< 2l + VP bl D) G + (b4 1) (5 = 2+ 177 = 8) B

1 .
+ (20K k) By AT (9 o1 5> B
< [Mg 2r(k+ D)7 ek +1)272) $2rk> 1 4 er’"—?}Bk

k1) <;—S>Mﬁﬁk+kr (1—S>5k

0
< {Mﬁ(ZT(k: + D) pr(k+1)772) 4 20k 4 kT2 My (; — 5) } B
+ (14 Mp) (; — 5’) k" By
=B + (1 + Mp) <; — S) k" B, (125)

where rj is the term between curly brackets. Notice that r, = O(k:max{?r_l’o}) as k — +o0o. Here,
we used (A3), (69), (70), we dropped the nonpositive terms —2r(k + 1)"~! and —2rk"~! and we
used the fact that (k+1)" < k" 4 1, since ¢t — t" is subadditive on [0, +00). With (124) and (125)
at hand, we can bound (123):

02
0K B + = (k + 1% B[k + 2% Bir — K" B
- 2 1 -
<O(—1—00)k B + 2r0*k* 132 + %(k + 1) {rk + (1 + Mpg) (0 — 5) k} 32
1+ M 1+ M\ -
< QK3T {—1 + % - (1 + +2ﬁ> 59} B2

1)%r 1+Mg (1 <
+ 62 {2rk:4r—1 + (k—;)rk L R2K 4+ 1)% <9 - 5) } 52

< 0k37“ |:MB2_ 1

- 250] B2 4 RyB2,

where Ry, is the term between curly brackets multiplied by #2. We used the fact that Mgz > 1 for
the bound — 1+2MB < —1, and again the subadditivity of ¢ — ¢" to obtain (k + 1)?" < (k" + 1)2 =
k?" 4+ 2k + 1. Since r < 1, we have 3r > 4r — 1, and from here we deduce that Ry = o(k®") as

k — 4o00. According to Remark 3.1, Mg can be taken as close to 1 as desired, provided £ is large
enough. In particular, it can be chosen such that M%_l < 29(5 —9), and thus

Mg —1
2

— 260 < 20(5 — ) — 260 = —246,

and this is what we wanted to show.

again, according to (116), we have

M = 2k(20 — 1)Bg + Ok (B — Be1) — 0[(k +1)* — 12| By
= 2k(20 — 1)Bk + 0k* (B — Br—1) — 0(2k + 1)
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= [200 — 1)k — 0] B + 0K (B — Br1).
so using (69) yields
Ok B, < Ok*B,{ [2(0 — 1)k — 0] B + k(1 — 20 — 605, }
= 0k*[2(0 — 1) + (1 - 20 — 60)| B} — 0*K?3}. (126)
For the second summand of (123), we write

(k+2)*Bep1 — K Bry
= (k+ 22 (Brr1 — Br) + K2 (B — Brr) + [(k+2)? — k%] By

(k+1)%+2k+ 3} (Brst — Br) + k2 (B — Be1) + (4k + 4)Bx
<<; =8 [(k+ )i + 8] + (26 + 3B = Be) + 40k + )5,
— (§-2-8) (k= D(Bros = B) + (2h+3)(Brs — 6) + | (5 -2 6) Gh+ 1) + 4k + 1) 5
< (; ) Bt + 2::13 (;—2—5) Brsr + [(;-2-5) (2k+1)+4(k+1)] B,
< [(;—2— Mj + 2:;3 <9—2 5>M5 ﬂk+[(;—2—5)(2k+1)+4(l€+1)]6k
2( >k6k+{<;—2—6>2M5+2]fj13(;—2—5>M5+;+2—5}5k
9 <9 _ 5> kB + 1B, (127)

where 7y is the term between curly brackets. We have r, = O (1) as k — +o00. To obtain the
bounds, we repeatedly used (69) and (70). Using (126) and (127), we have a bound for (123):

Ok B, + — - o (k+ 1% B [(k +2)" B — k Tﬂkq]
<0820 1)+ (120 - 50)] 7 24267 + %+ 1202 (3 0) w4 s

<OKP[2(0 — 1) + (1 - 20 — 50) + (1 - 30)| B + 922(% + )2

= — 200°k*B; + RifBi,
where Ry, = %(2/4: + 1)1, = o(k3) as k — +oc. This concludes the proof. O
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