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ABSTRACT. In our pursuit of finding a zero for a monotone and Lipschitz con-
tinuous operator M : R™ — R™ amidst noisy evaluations, we explore an as-
sociated differential equation within a stochastic framework, incorporating a
correction term. We present a result establishing the existence and unique-
ness of solutions for the stochastic differential equations under examination.
Additionally, assuming that the diffusion term is square-integrable, we demon-
strate the almost sure convergence of the trajectory process X (t) to a zero of
M and of ||[M(X(t))| to 0 as ¢ — +oo. Furthermore, we provide ergodic up-
per bounds and ergodic convergence rates in expectation for ||M (X (¢))||? and
(M(X(t), X(t) — z*), where z* is an arbitrary zero of the monotone operator.
Subsequently, we apply these findings to a minimax problem. Finally, we an-
alyze two temporal discretizations of the continuous-time models, resulting in
stochastic variants of the Optimistic Gradient Descent Ascent and Extragra-
dient methods, respectively, and assess their convergence properties.

1. Introduction. For a monotone and L-Lipschitz continuous operator M : R™ —
R™, we examine the equation

—_

M(x) = 0. (

We assume that the set of solutions of (1), denoted by zerM := {x € R"™ : M(x)
0}, is nonempty. The operator M : R™ — R" is said to be monotone if (M (x) —
M(y),x —y) >0 for all z,y € R™.

For M := Vf, where f : R® — R is a convex and differentiable function with
a Lipschitz continuous gradient, solving equation (1) is equivalent to finding the
global solutions of the optimization problem

min f(z). (2)

rER™

)

On the other hand, if we define
M(z,y) = (Vo 2(z,y), -V, ®(x,v)),
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where @ : R? x R? — R is a convex-concave function with Lipschitz continuous gra-
dient, solving equation (1) is equivalent to finding the saddle points of the minimax
problem
i ) . 3
Inin max (z,9) (3)
Inspired by the Newton and the Levenberg-Marquardt methods, Attouch and
Svaiter introduced in [3] the following continuous time equation associated to (1)
in the setting of a real Hilbert space

{sb(t) ()4 M (@(t)) + p(OM(x(t) =0Vt >0,

z(0) = o, @)

where p : [0,4+00) — (0,400) was assumed to be bounded, continuous and abso-
lutely continuous on bounded intervals. Besides proving the existence and unique-
ness of strong global solutions, they showed, under suitable assumptions on the pa-
rameter function, that z(t) converges weakly to a zero of M as well as M (x(t)) — 0
as t — +o00.

In many instances, the evaluation of the operator is subject to noise, which
motivates us to transfer (4) to a stochastic setting. To achieve this, we consider the
formal expression of a continuous time system

{dX(t) (O dM (X (1) = —y () M(X (£))dt + o(t, X(£))dW (t) Vit > 0,

X(0) = Xo, (5)

which can consistently with It6’s chain rule be understood as

d(X () + pt)M(X (1)) = =(v(8) = (1)) M (X (1))dt + o (t, X(£))dW (¢)
Vvt > 0,
X(0) = Xo,

(SDE-M)
defined over a filtered probability space (Q, F, {Fi}i1>0,P) with the diffusion term
o : Ry x R" — R being matrix-valued and measurable, W a m-dimensional
Brownian motion, and X (-) as well as M (X (+)) are stochastic It processes with the
same m-dimensional Brownian motion W. The parameter functions 4 : [0, +00) —

(0,400) and v : [0,400) — (0,+00) are assumed to be continuous differentiable
and, respectively, integrable. For the diffusion term we assume

(6)

dey > 0 such that ||o(t,2') — o(t, 2)||F < colla’ — x| Vit >0,
Ooo(t) = SUPgcRrn ||0-(t7x)||F <o, Vt> Oa

where || - || denotes the Frobenius norm on R™*™,
Then, (SDE-M) can be rewritten as the system

dM(X(t)) =Y (t)dt + o (t)dW (1),
AX () = (—pu(D)Y (1) = W(OM(X (1))t + ox ()W (t) Vit >0,
X(0) = Xo,

where

o(t, X(t)) = ox(t) + p(t)onu(t) vt >0

Rnxm

and ox,on Ry — are measurable.
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Our goal is to explore the existence and uniqueness of trajectory solutions for
(SDE-M), along with their long-term behavior in terms of both almost sure conver-
gence and convergence rates. Furthermore, we demonstrate how these properties
transfer to convergence rates for stochastic numerical methods obtained through
temporal discretizations of the stochastic differential equation.

1.1. Related works. The simplest continuous time approach associated to the
optimization problem (2), for a convex and differentiable function f : R™ — R with
Ly ¢-Lipschitz continuous gradient, is the gradient flow

z(t) = =V f(z(t)) V>0,
2(0) = zo.

Its trajectory solution x(t) converges to a global minimizer of f, while f(x(t))
converges to the minimal function value min f of f with a convergence rate of 0(%)
as t — +oo.

Its discrete time counterpart, the gradient method,

oF =2k AV f(2F) VE >0,

where z° € R” and v € (O, %W}, shares the same convergence properties. Specifi-

cally, the sequence ()0 converges to a minimizer of f, and f(zx)—min f = o(3)
as k — 4o0.

In [24], to accommodate instances where the gradient input is subject to noise,
Maulen-Soto, Fadili and Attouch proposed the following stochastic differential equa-
tion

{dX(t) = —Vf(X(1)dt + o(t, X())dW(t) ¥t >0, @

X(O) = XOa

defined over a filtered probability space (Q, F,{F;}i>0,P) with ¢ : Ry x R® —
R™*™ being a matrix-valued measurable diffusion term fulfilling (6), and W a

m-dimensional Brownian motion. They derived for f ( fot X (s)ds) — min f and

%fot f(X(s))ds — min f upper bounds in expectation of O(1) 4+ O(c?). Addition-
ally, assuming that 0., is square-integrable, they demonstrated the almost sure
convergence of the trajectory process to a minimizer of f and of f(X(¢)) to min f
as t — 400, and that the two above quantities exhibit convergence rates of O(%)
as t — +o00.

There is a strong link between this stochastic differential equation and the sto-
chastic gradient descent algorithm with constant stepsize [9,18,21,22, 28, 31]

oh =2k — 4V f(2F, %) VE >0,

where (Fj)r>0 is an increasing family of o-fields, 20 € R™ is Fp-measurable, (&)r>0
is such that Vf(z,£&*) corresponds to a noisy observation of Vf(x), with the
properties that E(V f(z, 8 1)|F) = Vf(z) for all x € R® and all k > 0, and
E(||[Vf(z*, 1|12 Fx) < o2, for a global minimizer #* of f and all k > 0. Then
(see, for instance, [4]) the upper bound in expectation of f (% Zf;ol x’) — min f is
of (’)(%) + O(a2,).

Recently, in [25], (7) has been enhanced with a Tikhonov regularization term,

resulting in a stochastic differential equation which, under the same upper bounds
and convergence rates in expectation, in the case when o, is square-integrable,
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exhibits strong convergence of the trajectory process to the global minimizer of f
of minimum norm.

Furthermore, in [26], the properties of first order stochastic differential equations
have been transferred to second order ones using the time scaling and averaging
methodology developed in [2]. The latter generalize the second order Langevin
process, and and demonstrate rapid convergence in expectation of the function
values along the trajectory process to the minimal function value.

As for the monotone equation (1), one could replicate the gradient flow approach
and associate with it the following continuous dynamics

{g'c(t) = —M(z(t)) Vt>0,

However, only the ergodic trajectory + fg x(s)ds converges to a zero of M as t —
+oo [5], while the trajectory x(t) does not converge in general, as can be easily seen
for the case of the counterclockwise rotation operator by % radians in R? [11].

If the operator M is p-cocoercive with constant p > 0, meaning that

(M(z) = M(y),x —y) > p|M(z) = M(y)||* Y,y € R",
which obviously implies that M is monotone and i-Lipschitz continuous, then the
asymptotic behaviour of the trajectory of (8) improves substantially, even in the
presence of small perturbations. Precisely, according to [2, Theorem 11], in this
case, the trajectory solution of

{ab(t) = —M(z(t)) + g(t) Vit >0,

x(0) = xo, ©)

where g : [0, +00) — R™ is such that

+00 +oo
/ lg()]ldt < +oo and / Hlg()[2dt < +oo, (10)

to t()

converges to a zero of M, and it holds | M (z(t))|| = 0(%) as t — 4o0.
In the case when M is a p-cocoercive operator with constant p > 0, the following

stochastic counterpart to (8) has been proposed in [24]

{dX(t) = —M(X(t))dt + o(t, X(£))dW(t) Vt >0,

X(0) = Xo, (11)

defined over a filtered probability space (2, F,{F;}+>0,P), where 0 : Ry x R® —
R™™ fulfills (6), and W a m-dimensional Brownian motion. Alongside the existence
and uniqueness of the trajectory process for (11), upper bounds in expectation of
O(7) + O(c2) for ||%f0t M (X (s))ds||? and %fot | X (s)||?ds have been derived. In
case M is k-strongly monotone with constant x > 0, upper bounds in expectation of
O(e=2%)+0O(0?) for || X (t) —x*||?, where z* is the unique zero of M, have been also
provided. Additionally, assuming that o, is square-integrable, it has been proved
that there is almost sure convergence of X (t) towards a zero of M and of || M (X (¢))||
towards 0 as ¢ — +oo. Moreover, || [T M(X(s))ds||* and 1 [7]|X(s)]|?ds exhibit
convergence rates of O(1) as ¢t — +o0.

If M is only monotone and Lipschitz continuous, [3] suggests that incorporating
a correction term into the formulation of the differential equation, such as the time
derivative of ¢ — M (z(t)) in (4), is crucial to improve the convergence properties
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of the dynamical system associated with (1). We have extended this idea to the
stochastic domain, resulting in the formulation of (SDE-M), and assuming that
M (X (-)) is an stochastic It process.

The significance of the correction term in solving equations governed by monotone
and L-Lipschitz continuous operators is well-reflected in the realm of numerical
algorithms. On one hand, the forward method,

a* =gk —yM(2*) VE >0,

does not generally converge, as observed, for instance, with the counterclockwise
rotation operator by 7 radians in R2.
On the other hand, for the Optimistic Gradient Descent Ascent method [6,30]

af = g — oy M (%) + y M (2P
= 2P — Y M (") — y(M(2F) — M(aF7Y)) Yk > 1,

which can be regarded as a natural discretization of (4), if 0 < v < i, then the
generated sequence of iterates converges to a zero of M. Additionally, if 0 < v <

16%, then the method exhibits a best-iterate convergence rate for the norm of the

operator evaluated along the iterates of O (ﬁ) as k — 4o0 [10,14,15].
Furthermore, for the Extragradient method [1,20]

yhi=at -y Mt ¥k >0
k1. ok _ A N (uF =Y
L=t =y M(y”)

which also involves a correction term, if 0 < v < %7 then the generated sequence of
iterates converges to a zero of M and || M (z*)|| converges to 0 with a convergence

rate of O (ﬁ) as k — 4o0 [17].

For completeness, we would like to mention that recently, in [7], a second-order
dynamical system with momentum term and correction term associated with a
monotone equation has been introduced. Alongside the convergence of the generated
trajectory to a zero of the operator, the system exhibits convergence rates of o (%)
for the norm of the operator and the gap function along the trajectory as t — +oc0.
Furthermore, an explicit numerical algorithm replicating the convergence properties
of the continuous time dynamics has been obtained. These are the best-known
convergence rate results for continuous time and explicit discrete time approaches
for monotone equations.

1.2. Our contributions. In Section 2, we discuss the existence and uniqueness of
a trajectory solution for the continuous time system (SDE-M). The presence of the
corrector term requires quite involved analysis. Under the assumption that o is
square-integrable, we also prove the almost sure convergence of X (t) to a zero of
M and of | M(X(t))]| to 0 as t — +o0.

In Section 3, in the framework of assumption (6) for the diffusion term, we
establish upper bounds in expectation for %fg | M(X(s))||?ds and %fg(X(s) -

x*, M(X(s)))ds, where x* is a zero of M. These bounds are of the form O(ﬁ) +

O(02) and O(1) + O(0?), respectively. Additionally, assuming that oo is square-
integrable, we show that the squared norm of the operator || M (X (¢))* and the gap
function (X (t) — z*, M(X(t))) exhibit ergodic convergence rates in expectation of

O(ﬁ) and O(1), respectively, as t — +oc0. In case M is -strongly monotone with
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constant x > 0, we also derive upper bounds in expectation of O(e™2*) + O(c?)
for || X (t) — x*||?, where 2* is the unique zero of M.

In Section 4, we demonstrate how these results transfer from continuous time
to discrete time settings within the context of the stochastic Optimistic Gradient
Descent Ascent (OGDA) method and of the stochastic Extragradient (EG) method,
designed to solve (1), in the circumstances that the evaluation of M is subject to
noise.

2. Continuous time system: Existence, uniqueness and almost sure con-
vergence. This section is dedicated to the study of (SDE-M) in the setting

A(X(8) + p) MX () = —(1(t) — A(E) M (X ()t + o(t, X (£)dW (£) Vit > 0,
X(0) = Xo.

Throughout this section, we will assume that the parameter functions satisfy the
following conditions:

0 < piiow < pu(t) < prup = p(0) and 0 < yiow < (1) < yup V£ >0,
and p is nonincreasing on [0, +00).

Throughout the paper, (Q, F,{Fi}i>0,P) is a filtered probability space. The
expectation of a random variable £ : 2 — R" is denoted by E({) := [, £(w)dP(w).
An event F € F happens almost surely (a.s.) if P(E) = 1.

An R™-valued stochastic process is a function X : Q x R, — R™. It is said to be
continuous if X (w, ) is continuous on Ry for almost all w € Q. For simplicity, we
will denote X (¢) := X (-,¢). Two stochastic processes X,Y : [0,7] — R", for T > 0,
are said to be equivalent if X (¢) = Y (¢) almost surely for all ¢ € [0,T]. This allows
the definition of the equivalence relation R which associates equivalent stochastic
processes to the same class.

Next, we will introduce some notions that will characterize the space where the
trajectory solution of (SDE-M) lies.

(12)

Definition 2.1. (i) A stochastic process X : Q x Ry — R™ is called progressively
measurable if for every ¢ > 0, the mapping

Qx[0,t] = R, (w,s)+— X(w,s)

is F: ® B([0,t])-measurable, where ® denotes the product o-algebra and B is the
Borel o-algebra. Further, X is called F-adapted if X (-,t) is Fy-measurable for
every t > 0.
For T' > 0, we define the quotient space as

g0 . { X :Qx[0,T] = R™: X is a progressively measurable }

010, 7] == . . / R,
continuous stochastic process

and set S9 := Ny~ 59[0, 7.

(ii) For v > 0 and T > 0, we define S%[0, 7] as the following subset of stochastic
processes in S9[0, 7]

Sr0,T) := {X € 8Y0,7] : E( sup ||X(t)|”> < —|—oo}.
t€[0,T]
Finally, we set S}/ := (5, 5,[0,77.

The following result establishes the existence and uniqueness of a solution
of (SDE-M).
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Theorem 2.2. Let the diffusion term o : Ry X R™ — R™*™ satisfy assumption (6).
Then (SDE-M) has a unique solution X € S¥, where v > 2.

Proof. Let v > 2. First, we establish the result on [0,7], for T > 0 fixed. We
rewrite the stochastic differential equations as

X(t) = (Id+p(t)M)™H(X (t) + u(t) M (X (1) = Jumu(Z(t) Yt € [0,T],

=:Z(t)

where Jy,yar := (Id+p(t)M)~! : R® — R™ denotes the resolvent of M with pa-
rameter pu(t) and Id denotes the identity operator on R™. Denoting the Yosida
approximation of M with parameter pu(t) by

1
M = —
w(t) i t)

a simple calculation yields that M (X (t)) = M, (Z(t)) for all t € [0,T]. Hence,
4Z(t) = d(X (1) + p(t) M(X (1))
= (=v(®) + A()) My (Z () dt + o (8, Jpuym (Z(2)))dW (t) - VE € [0,T].

Now setting
F(t,z) == (pu(t) — () My (2), G(t,z) :=o0(t,Jupym(z)) VzeR"Vtel0,T],
yields for all z,y € R™ and all ¢t € [0, 7]

[F(t,x) = F(t, )| + |Gt 2) = G(t, )|l

= |v(#) = O My (2) = My @) + ot Juynr () = ot Juwym ()l p

. 1
< (VUD - Mlow,T)wa - yH + CGHJu(t)M(CE) - Ju(t)M(y)”

(Id =Juynm),

(13)

+%)m—ym

where fuow,r = inf{i(t) : t € [0,T7]} € R, since the continuous mapping g is
bounded on the compact interval [0, T7].

This allows us to use Theorem 5.1 to obtain the existence of a unique sto-
chastic process Zp € SE[0,T] solving (13). Therefore, a reasonable candidate to
solve (SDE-M), given by

Xp(t) == Jywym(Zr(t)) Vtel[0,T],

1
S (’Yu - ,ul W,T)
( R

low

is uniquely defined. It remains to show that it does indeed solve (SDE-M) and lies
in SZ[0,T].
We define

Zp(t) == Xp(t) + p(t)M(Xr(t)) Vte[0,T].
Since now M (X7 (t)) = M) (Zr(t)) and Zr is a solution of (13), it follows
d(Xr(t) + () M(Xr (1)) =(=(t) + 1(t)) M) (Zr(1))dt
+o(t, Juwym (Zr(t)))dW (t)
=(=() + a(t)) M (X1 (t))dt
+o(t, Xp(t)dW(t) Vtel0,T],
and thus, Xr is indeed a solution of (SDE-M) on [0, 7.
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Now, recall that J,(;)as is 1-Lipschitz continuous and observe that for all z € R™
and all g, A > 0 it holds

1 ar (@) = Tune @ = || s (5o + (1= 5) Tane(@)) = Ty @)
<[(1-5) - suto]
< A= ul| M.

This will allow us to establish the continuity of Xr. Indeed, for all ¢,s € [0,7] it
holds

[ X7 (t) = Xr(s)|| < (| Sueynr (Z1(t) = Ty (Z (1))
+ 1 u(o)ne (20 (1)) = Juisym (Zr(s))|
< plt) = () My (Zr @) | + |22 () = Zr(s)]],
and, since Zp is continuous by Theorem 5.1 and p is continuous by assumption, the

continuity of Xr follows.
Next, consider

E( sup || Xr(t ||”> IE( sup | uyne (Z (1)) —0||y>
te[0,T]
=E ( sup || Jy@ym(Zr(t)) — J;L(t)M(M<t)M<O))||V>
te(0,T]
IE( sup | Z7(t) M(t)M(O)V>
te[0,T]
v Hup Y
E <2 tes[%g"] <2||ZT(t)|| + 2M(0)||) >

<2v! (E ( sup IIZT(t)I”> +uEpIIM(0)II”>
t€[0,T]

< +00.

Finally, in order to prove the progressive measurability of X, we first notice that
the mapping

Qx[0,7] = [0,T] xR", (w,s) (s, Zr(w,$s)), (14)

is measurable. Indeed, the preimage of an element of the generating set I x O,
where I C [0,7] is an interval and O C R™ an element of the generator of the
Borel-o-algebra on R", is given by

ZrH0)N (@ x I),

which is measurable, due to the measurability of Z; and the fact that a finite
intersection of measurable sets is again measurable. On the other hand, from the
above estimate for the resolvent operator and its Lipschitz continuity, we see that
the mapping

[OvT] X R™ — Rna (S,Z) — J[_L(S)M(Z))



SDE GOVERNED BY A MONOTONE AND LIPSCHITZ CONTINUOUS OPERATOR 471

is continuous and therefore measurable. This means that its composition with the
mapping in (14) is also measurable. However, this composition is given by

Qx[0,T] = R", (w,8) = Jysm(Zr(w,s)) = Xr(w,s),

which proves that X7 is measurable, as claimed.
Since X is uniquely defined on any [0, T], where T' > 0, for 0 < T1 < T», we have
X1,0j0,7,) = X1, Thus, there exists a unique solution X € Sy, of (SDE-M). O

The following result establishes the almost sure convergence of X (t) to a zerM-
valued random variable as ¢ — +oo. The notion of a martingale will play an
important role in its proof.

Definition 2.3. Let X be a real-valued stochastic process such that E(| X (¢)|) <
+o00 for all £ > 0.
(i) The o-algebra generated by the random variables X (s) for 0 < s <'t,

o(t) == a(X ()]0 < s <#),
is called the history of the stochastic process X until (and including) time ¢.
(ii) If
X(s) =E(X(t)|o(s)) as. Vt>s>0,
then X is called a martingale.

Theorem 2.4. Let zerM # 0, the diffusion term o : Ry x R™ — R™ ™ satisfy
assumption (6), and X be the unique trajectory process of (SDE-M). If, in addition

to (12), fOJrOO 00o(8)%ds < +00, then the following statements are true:
(i) sup;o B(| X (#)]%) < +oo;
(i) it holds sup,>q [ X ()] < +o0 a.s.
If, in addition, —00 < fiyup < f1(t) for allt >0 and fu,, < %, then:
(#ii) almost surely lims—, o0 || M (X (2))|| = 0 and lims—, 1o || X () — 2*|| exists and
is finite for all x* € zerM;
(iv) there exists a zerM -valued random variable x* such that lim;_, o X (t) = =
a.s.

*

Proof. In order to perform the proof, we rewrite (SDE-M) as

AM(X (1)) = Y (£)dt + oar (H)dW (2),
dX(t) = (—p)Y (t) —y(O)M(X(1)))dt + ox (t)dW (t) Vt >0,
X(0) = Xo,

where o(t, X (t)) = ox(t) + p(t)op (t) for all t > 0 and Y (¢) is a stochastic process
whose existence is guaranteed by M (X (t)) being an It6 process. This alternative
form will be essential in the upcoming arguments, since we will be using Itd’s
chain rule on an anchor function which takes an additional argument to be filled
by M(X(t)). Here, Itd’s formula requires the process Y (¢) as an analogue to the
derivative of M (X (t)) in the deterministic setting. Let z* € zerM, and define the
anchor function ¢ : Ry x R® x R — R,
p(t)®

¢t @, 2) == u(t){z,x —2") + Sz —2 1 + TIIZII2 = 5llz+pt)z —= [
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The proposed anchor function takes an additional argument — this will be taken
equal to M (X (¢)) over the course of the proof. For all (¢,z,z) € Ry x R” x R™ it
holds

%Qﬁ(tﬁfaz) = i(t)(z,x — 2*) + p(t) (1) 2|
Vot x, 2) = pt)z +x — z*

Vet @, 2) = p(t)(w — 27) + p(t)*
V2p(t,z,z2) =1

ViVt x,2) =V, Vid(t,x, z) = p(t)
V2(t,x,z) = p(t)’I.

Observe that the remaining second partial derivatives of ¢ are identically 0. Hence,
the It6 formula yields for all £ > 0

o(t, X (1), M(X(1)))
= ¢(0,X(0), M(X(0)))
+/0 ((s)(M(X (5)), X (5) — ™) + pu(s)ia(s) | M(X ())]?) ds

((u(s)M(X(5)) + X (5) — 2"), (—p(s)Y (s) = v(s)M(X(5))) )ds

(30(8) () (X (5) = 2*) + u(s)*M(X (5))), AW (s))

+2 / (0 (s)ox () + 20(s)tr(051 (8)x (5)) + pa(s)2tr(0Fy (5)oar () ds.
‘We observe for all s >0

o (8)ox (s) +2u(s)o s (s)ox () + u(s)* (o (s)onr(s)) = o' (s, X (s))a (s, X (s)),

and denote this term by (s, X (s)) for improved readability. Further, it holds for
all s >0

(ox (s)(p(s)M(X (5)X (s) — z*)
+ 05y (5)(u(s)” M(X (s)) + pu(s)(X(s) — %)), dW (s))
= ((ox(s) + p(s)onr(s) T (u(s)M(X(5)) + X (s) — z*),dW (s))
= (0" (s, X () ((s)M(X(5)) + X (5) — z*),dW (s)).
Then, performing some elementary computations, we get for all t > 0
o(t, X (1), M(X (1))
2

= (0) (M(X0). Xo — =) + 21X — | + 05 s 2

=
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- /0 (v(s) = fu(s)) (M (X (5)), X (5) — &™) + u(s) [ M (X (5))|*) ds
=:U(t)
+/O (0" (5, X (5)) ((s) M (X (5)) + X (5) — 2*),dW (s))

=:N(t)

in other words
Ot X (1), M(X(8)) = € U(t) + N(t) + A(t) ¥t > 0.
(i) As X € S2, it holds for all T' > 0 that

n?

E ( | o7 X)) - + M(S)M(X(S)))||2d8>
0
< E( | 2007 X @)X — )P

+pnpllo " (s, X () (M(X (5)) — M(w*))ll2)d8>

T
<E(2 sup [X() " [ ok(s)ds
te[0,T] 0

T
+ Hgp SUD IIM(X(t))—M(x*)HQ/ Ui(S)d8>
te[0,T] 0

T
g2<1+uipL2>E< sup ||X<t>—x*|2> / 0% (s)ds
0

t€[0,T]
< +00.

By Proposition 5.2, this means that NN is a square-integrable continuous martingale,
and E(N(t)) = 0 for all ¢ > 0. Taking the expectation of (15) and using that

0 < tr(X(s, X (5)) < 05(s), (M(X(s)), X(s) —a*) >0,
and [M(X(s))|I>>0 Vs>0,
yields for all ¢ > 0

E (51X - 1)
< E(o(t X (1)

- %”Xo — &2 + pup (M (Xo), Xo — z*) +
—E(U#)) +EN()) +E(A(t))
——— N —

>0 =0

12
104 (Xo) |2
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1£(0)?

1
< §||X0 —2*|1* + p(0)(M(Xo), Xo — z*) + 2

1 t
+ f/ o2 (s)ds
2Jo

< +00.

1M (Xo) |

Finally, by taking the supremum over ¢t > 0, we establish the validity of the first
claim.

(ii) A and U are continuous adapted increasing processes with A(0) = U(0) =
0 a.s., while lim;, . A(f) < +oo holds due to the integrability condition for
the diffusion term. Thus, we can use Theorem 5.3 to obtain almost surely that
limy s 100 @(t, X (t), M(X (t))) exists and is finite, and

+o00
/0 (v(s) = i1(s)) ((M(X(s)), X (5) = &") + () [ M (X (5))||*) ds < +00.  (16)

In other words, for all x* € zerM there exists Q;« € F such that P(2,+) = 1 and
for all w € Q.+ it holds that

2
i () (M(X(,)). X (oo, 1) — %) + LX) — 22 + 0 a1

exists and is finite.
(17)
This implies that for all z* € zerM there exists ,- € F such that P(Q,+) = 1 and
| X (w,-) — 2*| remains bounded for all w € {,«. This proves that sup, || X (¢)] <
+00 a.s. -

(iii) Using the monotonicity of M and the fact that 4 and +y are bounded from be-
low by a positive constant, by (16), it follows f;oo | M (X (w,s))||?ds < +oc a.s. We
denote by € the set of probability one for which it holds 0+°° | M (X (w,s))||?ds <
+o00 for all w € Q.

Let R(t) = f(f o(s, X (s))dW (s). This is a continuous martingale with respect to
Fi, which, according to the It6 isometry property, satisfies

B~ ([ t o, X(lds ) < ([~ oohas) < o0 =0,

By Theorem 5.5, there exists a R™-valued random variable R, with respect to F,
the o-algebra generated by U;>oF%, which satisfies E(|| Rso||?) < 400, and

t_l)lgloo R(w,t) = Roo(w) for every w € Qp,

where Qp € F is such that P(Qr) = 1.

Then P(Q; N Qgr) = 1 and, as we will see below, lim;_, o | M (X (w,t))]] = 0
for all w € Q7 N Qg. Indeed, for all w € Q7 N Qg, since f;w | M (X (w,s))||?ds <
+00, it holds liminf; , o [|M(X(w,t))|| = 0. In addition, for all w € Q; N Qp,
limsup;_, oo [M(X(w,))[| = 0.

Suppose that there exists wy € Q7 N such that limsup,_,, o [|M (X (wo,t))]| >
0. Then, by Lemma 5.4, there exist § > 0 satisfying

0 = liminf || M (X (wo,t))|| < 6 < limsup || M (X (w0, )],
t—+o0 t—+o0o

and a sequence (t;)r>0 C R4 such that
klim tp =400, ||M(X(w,tr))| >0, and tp41—tx>1 VE>O0.
— 00
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Let a > 0 such that 1 — (14 a)L?u2, > 0 and € > 0 such that

£ 3 eL? 52
—————— <1 and 3+ ) < —.
2(|fnow|? +72,) ( 1—(1+a)l%2, = 2

Then |tg,tr + W} are disjoint intervals for any two distinct & > 0.
ow up

Also, by the convergence property of R(wyp, -) and f | M (X (wo, $))|lds < +o0,
there exists ky > 0 such that for every k > ko,

€ +oo
sup ||R(wo,t) — R(wo, tr)||* < 3 and / | M (X (wo, 8))||?ds < 1.
tr

For all k > ko and all £ € | ¢y, t, + W} it holds
1 X (wo, ) — X (wo, t)|?
= [[ X (wo,t) + p(t) M (X (wo,t)) — X (t) — p(te) M (X (wo, tx))
+ (i) M (X (wo, tr)) — p(t) M (X (wo, t))||?
< (14 o)l plte) (M (X (wo, tr)) — M (X (wo, t)))]?

( ) M $))M (X (wo, 5))ds

+/ (s, X(wo, 8))dW (s) + (u(tr) — p(t)) M (X (wo, 1))

ty

2

< 1+ @), |M(X (wo, te)) — M(X (wo, t))]?
w(3+2) (1

/ o(s, X(wo, s))dW (s)

123

2

/ () — 4(3))M(X (wp. 5))ds

tr

2
"

+ |p(tr) = ﬂ(t)IQIIM(X(wo,t))Hz)

< (14 a)ugp [ M(X (wos tr) — M (X (wo, 1)) |12
# (34 2) (200 + PPt = 10) [ 101X sl

+ 1RG0 = Rl I + 4y IM (X, )P
< (1+ @2, I M(X (o, ) — M(X (i )2

¥ (3 + z> (20 = 1) linow |2 +2,) + 5 + 4, M (X (wo, 1)]?)
< (1 + @), 1M (X (w0, 1)) — M(X (w0, 1)

; (3 ; i) ( + 42, I M(X (o, )]I?)

where the first inequality is the one between the geometric and the arithmetic
mean, the second inequality follows from the Cauchy-Schwarz inequality and the
third inequality follows from the Holder inequality for integrals.

By making use of the Lipschitz continuity of M, it yields

M (X (wo, ti)) — M (X (wo, 1))
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< (14 a) L2y, M (X (wo, t)) — M (X (wo, 1))

+ (34 2) 2 e a IMCX G DIP).

consequently,
1M (X (wo, th)) — M (X (wo, t))|I?
<(3+2 L7 (e + 4pd, | M (X (wo, 1))
>~ o 1— (1 + OZ)L2/LEP up 05 .

Therefore, for all k > kg and all ¢ € [tk, tr + 57

s |, I
_ rom
|u10w|2+73p)] )

1
| M (X (wo, t))||” > §||M(X(wo,tk))H2 — | M (X (wo, t) = M(X (wo, t))[1?,
we get
3 4,U,2 L2

1+ (3+= P M (X (wo,t))]?

( (3+3) T e ) MGG )

> > (3+3) eL”

-2 a) 11— +a)L?ud,’
Finally,

14 (343 Ay L7 " nex 2
S ) Freerrrng AR AL CIRE

tk“r%w
. Z / 2(lA1ow = +7ip) HM(X(LUQ,S))‘FC[S

k>ko Ve
Z € 52 3 eL?
— y 2 2 _ 2,,2
k>ko 2(|M10W| + Wup) 2 a)l (1 + a)L Hap
= —"—OO’

which contradicts O+DO | M (X (wo,s))||?ds < +oo. This means that for all w €
QrNQg

0 = timnf (X ()] = Timsup [ M (X (. )] = Tim [V (X, )] = 0.
Then, for all z* € zerM and all w € Q.+« NQ; NQg, the Cauchy-Schwarz inequality
gives

0< Tim (M(X(w,), X(w,1) —2%) < lim_[M(X(w,0)] |X(w,) = "] = 0.

t——+o0

—0 is bounded

Using (17) and that p(t) > piow > 0 for all £ > 0, it follows that lim;—, 4o || X (w, ) —
x*|| exists and is finite.

Next, we will employ an argument from [24] to demonstrate the existence of a sub-
set of Q of probability one, which is independent of a previously chosen z* € zer M,
such that for all w in this subset and all * € zerM the limit lim;_, 4 o || X (w, ) —2*|
exists and is finite.
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Taking into account that zer M is closed, by the separability of R™ there exists a
countable set S C R™ which is dense in zerM. Because S is countable,

P<ﬂ95> :1—]P’<UQ§> >1-) P(Q) =1

ses ses ses

Then P (ﬂses QNN QR) =1. Let w € (,c5 Qs N Q7 N QR be fixed and choose
r* € zerM. Then there exists a sequence (s*);>9 C S such that s¥ — 2* as
k — +oo. For every k > 0, since w € Qg,

lim || X (w,t) — s"|| exists and is finite.
t——+o0

Applying the triangle inequality, it follows
1 (@, ) — ¥l = X (w, ) — 2"l < 15" — 2" Wk >0Vt >0,
This gives for all £k > 0
—|IsF —2*|| + lim || X(w,t) — s*|| < liminf || X (w,t) — z*|
t—+4o00 t—+o00
< limsup || X (w,t) — z*||
t—+o00

< 1 _ ok k _ x )
Jim X, 0) = 55+ 1% — 27

Letting & — +o00, we get
lim || X(w,t)—2%]|= lim lim || X(w,t)—s"|| €R.

t—-+oo k—+o00 t—=+00
Finally, we recall that there exists Qcont € F such that P(Qeons) = 1 and X (w, -)
is continuous for every w € Qcont. Let w € Qeonverge := ﬂses QN NQAr N Qeont-
It holds P(Qconverge) = 1. For * € zerM, there exists C'(w) € R and T'(w) < 0 such
that || X (w,t) —2*|| < C(w) for all t > T(w). Because X (w, +) is continuous, it holds

sup || X (w,t)[| < +oo.
t€[0,T(w)]

Thus,

sup || X (w, )| < max< sup || X (w,?)],C(w) + Ix*ll> < +oo0.
t>0 te[0,T(w)]

(iv) We will use Opial’s Lemma to prove the convergence of the trajectory process.
We fix w € Qconverge and recall that above we proved that for every x* € zerM the
limit limy—, 4 oo || X (w, t) — 2*|| exists. In addition, X (w, -) is bounded, therefore, its
set of limit points is not empty. Let Z(w) be such a limit point, which means that
there exists a sequence (t;)r>0 € R4 such that

lim X (w,tx) = T(w).
k— o0

From lim; 40 [[M(X(w,t))|| = 0 and the continuity of M, we see that T(w) €
zerM. Since both conditions in Opial’s Lemma are satisfied, there exists z*(w) €
zer M such that lim;, 1o X (w,t) = 2% (w).

Since w € Qeonverge Was arbitrarily chosen, there exists a zerM-valued random
variable z* such that lim;_, 1, X () = * almost surely. O
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3. Continuous time system: Convergence rates in expectation. In this
section we will provide upper bounds and convergence rates in expectation for the
ergodic squared norm of the operator and the ergodic gap function. In addition,
in case M is k-strongly monotone with constant x > 0, we derive upper bounds in
expectation for the squared distance of the trajectory process to the unique zero of
M.

We recall that M : R™ — R"™ is called x-strongly monotone with constant « > 0
if (Mz — My, 2z —y) > kllz — y||? for all z,y € R™.

Regarding the parameter functions, throughout this section, we will assume that:

0 < p(t) < pup == p(0) Vt >0 and p is nonincreasing on [0, +00). (18)

Theorem 3.1. Let X be a trajectory process of (SDE-M) and xz* € zerM. Then
the following statements are true:

(i) Assume that ~ is nonincreasing on [0,400). For all t > 0 it holds

B (3 [ 0o o arx(oas)

1 pa, L? 1 o2
< — L—|— dist(Xg,zerM)* + —>——
ar < 2 (o.zex)* 4 o
and
1 t
B (7 [ Iroxeias)
1 pa, L? o2
< + Ly L+ dist(Xg, zerM —_
O ( 3 T (o.zerd)*+ 5 o

If, in addition, f+oo 2 (s)ds < 400, then

E(i%lﬂg—ﬁJﬂX@»@>:O<%&> as t — +o0.

and
( /HM' |“>:O<%JMﬁ> as t = 4o

(ii) Assume that 0 < i < Y(t) for allt > 0. For all t > 0 it holds

B (3 [ - x*,M<X(s>>>ds)

1 2 L2 2
< Hup L + dist (X, zerM)? + T
’Ylowt 2 2’7low,u/(t)
( / M) s
2 2 2
MupL O
< + L + dist(Xg, zerM —_— .
’Ylow.u( ) < 2 o > ( 0 ) 27low.u(t)
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If, in addition, f+oo 2 (s)ds < +o0, then
1

E <t /Ot(X(s) - x*,M(X(s))>ds) —0 (1) as £ = +oc.

</||M ||ds>(9<u(1t)t> as £ — 400

(iii) Assume that 0 < Vi < ¥(t) for all t > 0. If M is k-strongly monotone with
constant Kk > # and Xg # x*, then for all t > 0 it holds

E (51X -+

]- % N’u — Jow ¢ Ufliu
< <2||Xox I+ (M (X0), Xo — 2°) + 22 |1 ( 0)||2>6 g S

and

If, in addition, oo is decreasing and vanishes at +oo, then for all A € (0,1)
and all t > 0 it holds

1 *
E (51X - 1)
_ Dowy

1 N 7
= <2||X0—$ 12 + pup(M (Xo), Xo — 2*) + p||M 0)|2> e Zhw

N Oitup - BNt M 2
Yiow 'Ylow
Proof. (i) For all ¢ > 0 we set (see (15))

o(t, X (), M(X(1)))
* 1 * (12 :LL(O)Q 2
= p(0)(M(Xo), Xo — = >+§HX0*=T | JFTHM(XO)H

- /0 (—u(s) + 7 ()DUM(X(s)), X () — 27) + p(s) | M (X ())]]*)ds
+/0 (07 (5, X () (u(s)M (X (5)) + X (s) — 2*), dW (s))

+%/0 tr(X(s, X(s)))ds

and G(t) := E(¢(t, X (t), M(X(t)))). Then, using that the expectation of the sto-
chastic integral is equal to zero and that p(t) < 0, for all ¢ > 0 it yields

G(t) = G(0)

= ([ () + 2D, X9 =) + (KD
+ %E (/O tr(E(s,X(s)))ds) (19)

< (08 /0t<M<X<s>>7X<s>—x*>ds) ute)e ( / M) P

n o2t
2
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Rearranging and using that G(t) > 0, we obtain for all ¢ > 0

0 (1 [ @100, X(6) — s ) 20 ([ 1rcx |ds)

(moxM(Xo),Xo o)+ 1% =2+ 2 parx >|2) £

2
1 p(0)°L? 2, O
(N(O)L+2+M(§ )||X0—a: 12+ 5

Taking the 1nﬁmum over all z* € zerM yields the result.
If f+°o 2 (s)ds < +oo, then we have for all t > 0

G(t) — G(0)
< —A(E ( / M(X(5)), X(s) — >ds>

wioge ([ irexenias) + e ([ o).

which, after rearrangement, gives

0 (3 [ 100X ()~ s ) a0 (3 [ Insceniias)

<! (moxM(Xo),Xo a4 5%~ %HM( o>|2)

+ Qt]E (/;Oo ago(s)ds) ,

thus proving

E C /Ot<X(s) _— M(X(s)))ds> ~0 <7(1t)t> as t — +00

5 (5 / MO ) = 0 (i) st 4o

(ii) The proof follows in the same lines as that of statement (i).
(iii) By using the strong monotonicity of the operator, for all to > ¢; > 0 it holds

E ( [ = A0, x(6) — ) + u(S)IM(X(S))II2)d8>

1
t
1
t

~

and

< ([ (Cuon IO ()X ()~ o, M) )

< ouE (/ SIMX ()P - <X<s>x*,M<X<s>>>>ds)
< Jovg (/ () | M (X <>>||2—zuup<x<s>—a:*,M<X<s>>>>ds)

752

710w / 2

< —2u(s)? | M (X (s))]|
2/’(‘1113 < t1

= M)~ MK = gl X(6) = )
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2o [7 (- AL pprcxionr

- M)~ M) = 31X -1 s

2
:—,YIOW/ G(s)ds.
2Mup t1

Hence, according to (15), for all 5 > ¢; > 0 it holds

IN

ta 1 ta
G(t2) < G(t1) — Tlow G(s)ds + 7/ o2 (s)ds
Hup 2 t1

ow 1 [
< Gty) — ;L / G(s)ds + 2/ o2ds.
up ty1

The solution of the ordinary differential equation

2
{ Pt) = —emp(t) + 5 VE>0

¢(0) = G(0)
is
Jlow Ufuup — ow ¢
o(t) = G(0)e 2w’ 4 —XTUP (1 7 2um ") Vit >0,
Yow
hence, invoking Lemma 5.6, it holds
1 ey 02y
E(2||X(t)—$*|2> <G( ) <G(O)e 2ﬁltupt+% thO,
Yow

and the claim follows.
For o, decreasing and vanishing at +o0o, we consider the ordinary differential
equations

©(0) = G(0).

Employing a technique used in [24], we choose A € (0,1) and derive for its solution
the following estimates, that hold for all ¢ > 0

{ () = — P p(t) + 250 v >0

t 2
o(t) = G(0)e nt 4 o 2t / %-#(8)6 Sds
0
At 2 t o
<GBy o ([T O By [T g,
0 2 Y 2

t

2 At 2 t

Yow Yow o Tow 4 o= (At Yow 4

< G(O)@ 2uupt 4 ¢ 2“upt x e2hup dS + L e 2Hup ds
- 2 Jo 2

< G(0)e 2w’ e 2hwp 4 Zfue hinp
Yow Yiow 2

Hence, invoking again Lemma 5.6, it holds

2
Yow 4 Vow ¢ (a’ 'uup “rlow At 2,uup Uoo(/\t) Jlow t)

Ylow 2 _ Jlow _
G(t) § G( )6 2Il‘up —+ *,uupe 2}1mup (1 A)f H’up 2 ()\t) Vit 2 O,
Yow 'ylow

proving the desired result. O
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Remark 3.2. While the boundedness of v from above is essential in the proof of
Theorem 2.4, the convergence rates in Theorem 3.1 hold also for v not bounded
from above.

Remark 3.3. Finding the saddle points of the minimax problem (3)

o
1ip max 2(2, y),

where @ : RP x R? — R is a convex-concave function with L-Lipschitz continuous
gradient, is equivalent to solving equation (1) for

M :RP xR? =R, M(z,y):=(V,2(z,y), -V, ®(z,y)).
The corresponding stochastic differential equation (SDE-M) reads

d(X(t) + p() V(X (), Y ()

= —(v(t) = (1)) V2 2(X (), Y (-))dt + o1 (t, X (2), Y (2))dW (2),
d(Y(t) — p(t)Vy@(X(-),Y ("))
= (y(t) — () Vy@(X (), Y (")

X(0) = Xo,Y (0 )—Yo,

)dt + oo (t, X (£), Y (£))dW () V> 0,

(SDE-minimax)

and is defined over a filtered probability space (Q, F,{Fi}it>0,P) with o1 : Ry x

RP x R? — RP*™ and oy : Ry X RP x R? — R?*™ measurable such that (Zl) :
2

R, xRP x R? — RPTO)*™ gatisfies (6), W a m-dimensional Brownian motion, X (),
Y(+), Vo®(X(-),Y (")), and V,®(X(-),Y(-)) are stochastic It6 processes with the
same m-dimensional Brownian motion W, and parameter functions p : [0, +00) —
(0,+00) and v : [0,400) — (0,+00) assumed to be continuous differentiable and,
respectively, integrable and to fulfill (12).

The system (SDE-minimax) has a unique trajectory solution (X,Y) € Sy, f
all v > 2. The trajectory (X,Y) satisfies all the statements of Theorem 2.4 under
the corresponding hypotheses. Furthermore, for the gap function it holds almost
surely limy, o0 ®(X(¢),y*) — ®(z*,Y(t)) = 0 for any saddle point (x*,y*) of (3).
This is a straightforward consequence of the fact that for all ¢ > 0

(V2 @(X(2), Y (1)), =V, @(X (@), Y () [[(X(#), Y (#)) = (=", 47|
> (Vo ®(X (), Y (1), =V (X (), Y (1)), (X (1), Y (1)) — (2", y"))
= (Vo ®(X(1), Y (1)), X(8) = 27) + (=V, (X (1), Y (1)), Y (t) = y")
> (X(t), Y (1) — (27, V(1) — (X (1), Y () + 2(X(2), ")

= O(X(1),y7) — @27, V(1))

> 0.

(20)

The trajectory (X,Y) satisfies also all the statements of Theorem 3.1 under the
corresponding hypotheses. Furthermore, for any saddle point (z*,y*) of (3) it holds

(ot o) oot o)

1 [ L? ol
< S0 ( ; + pupL + > dist((Xo, Yo), zer M )? + (D vt > 0,




SDE GOVERNED BY A MONOTONE AND LIPSCHITZ CONTINUOUS OPERATOR 483

if v is nonincreasing on [0, +00), and

(o (L [ xonsar) o (s} [ vi0u2))

1 MlQIPL 2 O
< + piupL + dist((Xo, Yo),zerM)* + ——=—— Vit >0,

YNowt 2 2710Wu(t)
if 0 < Yiow < y(¢) for all £ > 0. If, in addition, fo (s)ds < +00, then
]E(<I><1/X()d ) @(*1/Y()d)) 0( ! ) P
- s)ds,y* | =@ [ x*, - s)ds | | = — as 00
t Jo tJo Y(t)t
and
E (<I> <1 /tX(s)ds y*) - <x* 1/tY(s)ds>> =0 (1> as t = 400
t Jo , "t o v(t)t ’
respectively.

Indeed, invoking Jensen’s inequality and (20), we have for all ¢ > 0

osa(oft [xomr) o(et [ rom)

2 (4 [ @) - o vioas)

0

IN

IN

1/ .
B (5 [ (TaB(X(6). Y (), -V, XY (D) (K.Y () - 07y s )

4. Discrete time considerations. The aim of this section is to show how the
ergodic upper bound results in expectation for the squared norm of the operator and
for the gap function transfer to the stochastic variants of the Optimistic Gradient
Descent Ascent (OGDA) method and the Extragradient (EG) method with constant
step sizes, which can be interpreted as temporal discretizations of (SDE-M).

We will consider only equations governed by operators which are monotone,
but not necessarily strongly monotone. For a stochastic variant of the Optimistic
Gradient Descent Ascent (OGDA) method designed to solve variational inequalities,
ergodic upper bound results for the gap function in expectation have also been
derived in [6]. For the stochastic Extragradient (EG) method, ergodic upper bound
results in expectation for the squared norm of the operator have also been derived
n [16] (see also [8,19]), and for the gap function [6]. As seen in Remark 3.3, the
upper bound results for the gap function can be straightforwardly transferred via
Jensen’s inequality and the gradient inequality for convex functions to the ergodic
primal-dual gap when solving convex-concave minimax problems.

Throughout this section, we will assume that only a stochastic estimator M (-, &)
is accessible instead of M itself. The stochastic estimator is assumed to be unbiased,
meaning that E¢(M(x,€)) = M(x) for all z € R". Further, it is required to have
bounded variance, i.e., E¢(|[M (z,&) — M (x)||?) < o2 for all x € R™.

4.1. Stochastic Optimistic Gradient Descent Ascent (OGDA) method.
Recalling the stochastic differential equation (SDE-M)

d(X(t) + p)M(X (1) = =(v(t) = () M(X(t))dt + o (t, X ())dW (t),
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and fixing the parameter functions u(t) = v(¢) := v > 0 to be constant for all ¢ > 0,
we consider the temporal discretization

aF T —aF M (@, &) —yM (2 Gy) = M (aF, &) VE > 1
Equivalently,
P = ab — 2y M (2%, &) + M (2% €—1) Yk >1,  (Stochastic OGDA)

where 20, 2! € R™ are given vectors and &, encodes the stochasticity appearing at
iteration k.
We consider the approximation errors

Wy = M(2", &) — M(z%) VE >0,
and the sub-sigma algebras
Fri=o(2% 2", 60,&, . &o1) VE =2,
Lemma 4.1. Let x* € zerM and v < ﬁ For all k > 2 it holds
lz*+ + M (2, &) — 2|
<la® + M (@ ) — 2

2 272
— (Mt )0 —27) + G L M P

129414 k-1
140202 ("=~
72(1672L2% + 5)

2(1 — 442L2)
Proof. Let k > 2 be fixed. We observe that
|2y M (aF, &) — 272
= [|lz* —yM (¥, &) + yM (2" Gr) — ¥
= [la* =y M (2", &) + 2yM (&1, 6 1) — 27| = M (@ &) |1

= 29(a" — yM (2", &) + M (2" &y) — 2, M2 &)
= [la® + M (@ Ger) — 2P+ Iy M (2 o) — M (2R, &) )12

— VM (2 G|

+29(x® F M (2F Y 1) — 2F, M (2P &) — M(2F, &)

— 2y(a® — yM(2*, &) + Y M (21 &mr) — 2F, M (2T €n))
= [lz* + yM (2 Gr) — 2P

+ (M (2 ) — M(a®, &) 17 = M (2", &) 1)

—2(yM (2", &), 2" — 2*)
< lz* + M (2* 7 o) — 2|2 = 29(M (2F, &), ¥ — =)

— VM (", )P
V(IWioy + M2 = M(2%)) + Wi [|?)
<la® M@ o) — 2P = 29(M (2, &), 2 — 27)
— M (= &) |?

xk72”2 k _xk71||2)

— |

124412

+ 3P IWe + IWemrl? + 7=zl Weall
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+ 372 (IWaoa || + [ M (27 = M (@P)||? + [Wil).
<l M (@ T Ger) — 2P - 29 (M (2F, &), 2" — 27
=PI M@ )|
+ 377 (Wit 12+ L2[|2" 1 = 2% + Wi ]|?). (21)
On the other hand,
[z

k _ xk—1||2

= Pl —2M (a7 o) + M (272, & o)
— 2 = M ) + Wt + M(F2) = M(a5) + Wio|?
< (M@ G| + Wi 2 + L2 2R — 2822 4 [ Wia),

therefore,

(1= 492L2)Ja* — 2" H|* < 4y (M (@0, &) P + (Wi |2 + [[Wi—2|%)

444212 (”xkA B R xk*1|\2) . (22)

Plugging (22) into (21), we obtain
[+ v M (2, &) — 2*||?

< la® + M (@ Gemr) = 2t )P = 29 (M (2, &), 2 — ) — A2 M (T G|

129412
g M 6P 57 W
12+* L2 12+* L2
+ (374 1o ) 1M P 4 ol Wil
1274L4 B _ B
+ . _472[/2 (”J)k 1 —l‘k 2”2 _ ||33‘k —.ka 1”2)
= [la® + M (@ Gor) — 2P - 2y(M(2*, &), 2" — o)
16’)/4[/2 _,.YQ

M k—1 _ 2 2 2
124412 124412
2 2 2
+ (37 + 1—472132> [We—1lI” + 72132HW1€ 2|
1294 L% k-1

gz -

< la® + M (@* 7t gpoy) — 22 — 29(M (25, &), 2% — 2%)
MH ( k— 1)”2

2(1 — 442L2)

Ik72”2 _ ||$k _ mk71||2)

1672L% +5) 129412
32 |[W, || (—W, 2y I Wesl?
4397 Wal? + G W |+ T Wi
1294L* k=1 k=22 ko k=12
s (7 = 72 = ),
as claimed.

O

The following theorem provides ergodic upper bounds in expectation for the
squared norm of the operator and the gap function for (Stochastic OGDA).
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Theorem 4.2. Let x* € zerM and v < ﬁ. For all K > 0 it holds

min E (|| M(2")]?)

k=1,... . K+1

(e S

1 2(1-49°L?) <4| L 42 L2 (1 — 4°L?)
~ K+14%2(1—16v%2L3?) 1—4~2L2
167212 + 11
1— 1672L2

ot ol + 5702

and

| K2
k k *
E (KH kz_2<M(w ),a" —w >>
1 2|zt —2*||?  2yL3(1 —42L?)
- K+1 5y 1—4~2L2
Y(169°L2 +11)
41 — 442L2)
Proof. Let K > 0. According to Lemma 4.1, we have for all k£ > 2
72(1 - 169°L?)

ot — 20| + 4703)

1M (@7 + 29 (M (2", &), a* — 2%)

2(1 — 442L2)
< la® + M (2 gy) — 2|2 = |2 + M (2R, &) — 2P
129414 _ B
W (”xk 1 _xk 2”2 _ ||{L‘k —(Ek 1H2)
124412 v2(164%L? +5)
+ e Wil + WIIWHIIMWHWMI?
Summing the above inequality for k from 2 to K 4 2 and multiplying by —Ki_l yields
1—-16 2L2 1 K+1 2 K+2
T >GR3 (MG 6 0
2(1—4’y2L2 K+1 K+1

<

o1 Ue® +yMh &) — | - €+ +7M($K+2,§K+2) —a*?)

1 124 L4
+ 272 (H"El
K+11-442L

K+2 472 2 272
1 12+*L ~v?(16y°L* + 5)
W 2 P S _ 2 2 2
+K—|—1 1;2 (1 2L2H k-2l + 2(1_4721—12) [Wi—1[” + 377 [ W

. 129414
a*|1? + m“ﬂfl —2?

_ !L‘OH2 _ H.TK+2 _ (EK+1H2)

< 1 (I + oMt ) -

K+2 479 9 279

1 129L 2, 72(1642L2 + 5) ) , ,
W 5 | Wi 34| W, .
+K+1 é( 2” k-2l + 2(1_472112) [Wr—1]" + 377[|[Wi]]

For all £ =2, ..., K 4+ 2 we have that
(< (2", &), 2" — %)) = B(E((M (", &), 2" — 27) | Fr))
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= E((E(M (2", &)|Fr), a* — 27))
= (M(a"),2" —27)

and

E(|Wil*) = E(E(|Wl*|Fx)) < 0
This yields

2 272 K41
Y (1_167L) 1 Z”M H2
2(1—472L2) \ K +1

1 K+2 ) . §
+ 27K <K+1 > (M(ab), 2k — 2 >>

k=2

1 9 1 112 129*L 1_ 02
< ey (B0 et g0 - o) + 222t — )
K+2 2 272
1 12941 2, 1167’17 +5) .
— SN E(—L 2w T2 = 0w, 3~2||W,
I e e e LS U
1 1 *()2 2721 0112 252 4 274L4 1_ 02
< g (e =P+ 42221t = 0P 87702 4 (et - a0
2(1642L2 + 11
+ v°(16v°L° + )Uf
2(1 — 472L2)
1 1 * (12 472L2(1*72L2) 1 012 2 2
g (e = TS a0 520
V?(169°L2 +11)
2(1 — 442L2) %
and concludes the proof. O

4.2. Stochastic Extragradient (EG) method. The stochastic Extragradient
method (EG) reads

{ yh = ah — M (2, &)

2= ok M (yE ) VEk > 0, (Stochastic EG)

where 20 € R" is a given vector and &, and 7, encode the stochasticity appearing
at iteration k£ when evaluating M at 2* and y*, respectively.
We consider the approximation errors

Wi == M(z* &) — M(2*) and  Z, := My",m) — M(y*) Vk >0,
and the sub-sigma algebras
Fo:=o(x%) and Fy:=o0(x &, &0 Eb1,M05 0 h—1) VE>1
and
For=0(2%&) and Fp =0 (20, &0, &1, s Eumt Eus N0y s o) Vh > 1.

First, we establish an inequality that will be essential to the proof of the conver-
gence rate.
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Lemma 4.3. Let x* € zerM. For all k > 0 it holds

[+ — |2 < ok — 22 — 29 (M (5, m), y* — 27) + 23L2% — 1)| M (zF) 2

+ BN 2k + (L + 6L Wi ]1?).
Proof. Let k> 0. We have
2%+t — 2|2

= [la® = yM(y", ) — 2*|?
= [la* =[P = 2y(a® — 2, My, ne) — M (%)) + 22| M(y* me) — M ()|
= [la* = 2*|? = 29(y* + yM (2", &) — yM(2") — &, M(y*, i) — M ("))

+ M (" m) — M (2|
= fla® = 2*|? = 29(y* — 2*, M(y*, ) — M(2%))

=V (2AM (2, &) — M ("), M(y*, i) — M ("))

— 1M (y*,m) — M(z*)|%)
= fla* —2*|? = 29(y* —2*, M

(" me) — M (%)) —7*| M (2", &)1
+ Y (IM (k) — M(2*, &)
(
2

%)
< la® — a2 = 2y (v — 2, M(y*, ) — M(2%)) = 2?|| M (¥, &)
+ 2 GIM (" ) — M(y")|1? + 3(IM(y*) — M (")
+ 3| M(a*) = M(2*,&)|7)
<l = 2P = 29(y" — " My ) — M(2")) +7*(3L% — 1)[| M (2", &) |
+ 2Bl Zell* + 3 Wil?)
<l —a|? = 29(y" — 2, M(y*, ) — M(2*)) +2(3L%* — 1)|| M (2)|?
F BN Zull? + (1 + 6L [Wie]|?),
as claimed.

O

The following theorem provides ergodic upper bounds in expectation for the
squared norm of the operator in terms of the sequence (z*) x>0 and the gap function
in terms of the sequence (y*)i>o.

Theorem 4.4. Let x* € zertM and v < fL For all K > 0 it holds

(min E(|M@")) <E <K+ ; Z 101 ll2>

1 1 2(2 4+ 31242
S ||£L'O _ *HQ Y ( + v )0_3
K +12(1—3L%y2) 1 — 3L22

and
1 < ky ok * 1 20 112 2,2\ 2
E<K_|_1kZ_O<M(iU ),y —3?)) K+127” — a7 + 72+ 3L%y%)o;
Proof. Let K > 0. According to Lemma 4.3, we have for all £ > 0
2(1 = 3L [|M (z")” + 29 (M (5", i), y* — )
< la® = 2|2 = [l2" = 2|+ A2 B) Zkll + (1 + 6L Wi |1?).
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Summing the above inequality for k from 0 to K and multiplying by ﬁ it yields

2(1 - 31%7?) .y '
2N 7S Mz _z*
T o eI + K+1Z 4" m), o o)
1
< g (2 = 27| = o<+ — 7))
2

<Z3||Zk2 + (14 6L%y%) || W, ||2>

1
< 0 _ . 2 7 2 1 L2 2 W, 2 .
< e | K+1<Z3 I (14 6L293) 173

For all £ =0, ..., K we have that

E((M(y*,m),y" — 2%)) = EE(M (", m), " — 2)|Fr))
= E((E(M (4", m) | Fr), 4 — 2*))

and
E(|Wi|?) = EE(|Wil|Fk)) < 07 and  E(|Ze]”) = BE(| Zs|*|Fx)) < &
This yields

K
2(1-3L**)E (KHZIIM ||2> +2’7E< Z ),y —x*>>

=0

< il Hmo — :1c*||2 + 272(2 + 3L272)Jf

and concludes the proof. O

4.3. Numerical experiments. In order to illustrate the convergence behaviour
of the two stochastic algorithms, we consider the monotone equation associated to
the following minimax problem (see also [7,29])

min max ®(z,y),

TER™ yeR™
where
1
(I)(Z,y) = §<.’£,H$> - <$,h> - <yan - b>a
with
-1 1
1 nxn T
A::Z -1 1 eR s H:=2A A7
-1 1
1
1 0
1 ! 1 0
b::z : ER”andh::Z D eR™
1 0
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For n = 10, we performed the stochastic OGDA and EG methods with 50000
iterations for a total of 100 times. In Figure (1) we plot the averaged squared norm
of the operator
M(z,y) = (V,®(x, ), ~V,(z,1))

for the stochastic OGDA and EG methods in loglog scale. The shaded areas repre-
sent the range between the best and worst-case instances, while the strongly colored
lines depict the average over all 100 runs of the algorithms. The error term in the
k-th iteration was chosen as -%=(1,..., 1)T, where @ is normally distributed with
mean 0 and standard deviation 10. While there does not seem to be much differ-
ence in performance between the stochastic OGDA and EG methods, at least in the
example considered for the numerical experiments, the latter supports the O (%)
convergence rates as being the fastest one can expect from these methods.

104 4 —— 1k
] SOGDA

1 == SEG
107 4

102 4

107 4

mean over squared norms

107 4

1071 3

1072 4y T T T
10° 10? 102 103 104
number of iterations k

FIGURE 1. The convergence behaviour of the averaged squared
norm of the operator for the stochastic OGDA and EG methods

5. Appendix. In the appendix, we present several auxiliary results utilized in the
analysis conducted in this paper. The following theorem will play a crucial role in
establishing the existence and uniqueness of a solution to (SDE-M).

Theorem 5.1. ( [24, Theorem A.7], [27, Theorem 5.2.1]) Let F' : R x R" — R"
and G : Ry x R™ — R™ ™ be measurable functions satisfying, for every T > 0

IE(t,z) — F(t,y)ll + |G, x) - Gt y)lr < Crllz —yll, Va,y € R" Vi€ [0,T],
for some constant C1 > 0. Then the stochastic differential equation

{ dX(t) = F(t, X(t))dt + G(t, X (¢))dW (t) vVt € [0,T], (SDE-gen)
X(0) = Xo,

where W is an Fi-adapted m-dimensional Brownian motion, has a unique solution
X € 5%[0,T], for every v > 2.
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Next, we introduce Itd’s formula (see [13]).
Proposition 5.2. Let X € S be the solution of (SDE-gen)

dX (1) = F(t, X(£))dt + G(t, X(£))dW () vt >0,
X(0) = Xo,

where W is an Fi-adapted m-dimensional Brownian motion, and, for all T > 0,

F=(F,..,F,) : Ry xR" — R" satisfies

E (/0 Fl-(t,X(t))|dt> < +o0,

and G = (Gij)i={1,...n}.j={1,...n} : Ry X R" — R™¥™ satisfies

E (/T Gij(t,X(t))zdt> < foo.

Further, let ¢ : Ry x R® — R be such that ¢(-,z) € C*(Ry) for all z € R™ and
o(t,-) € C*(R™) for allt > 0. Then the process

X(t) = o(t, X(1)

is an It6 process such that

dX(t) :jt ))dt + Z B(t, X (1))dX(t)
ao(t, X (t t, X (t)dt Vt>0.
T3 Z dxldx] ;G‘f )G (t)) vt >0

Further, if, for all T > 0,
T
E (/0 o (s, (X(s),Y(s)))VIqS(&X(s))Hst) < +oo,

then fot (07 (s,(X(5),Y(s))Vad(s, (X(5),Y(s))),dW(s)) is for all t > 0 a square-

integrable continuous martingale with expected value 0.
The proof of the convergence results in Theorem 2.4 relies on the following result.

Theorem 5.3. ( [23, Theorem 3.9], Theorem 3.9) Let {A(t)}t>0 and {U(t)}i>o0
be two continuous adapted increasing processes with A(0) = U(0) = 0 a.s. Let
{N(t)}1>0 be a real-valued continuous local martingale with N(0) =0 a.s. Let § be
a nonnegative Fo-measurable random variable. Define

X(t) =€+ A(t) —U(t) + N(t) for Vt>0.

If X (t) is nonnegative and lim;_, 4o A(t) < +00 a.s., then a.s. limy_, o X (¢t) exists
and is finite, as well as limy_, o U(t) < 400.

In order to show that lim; o [|[M (X (t))|| = 0 a.s., we make use of the following
lemma as well as of Doob’s martingale convergence theorem presented below.

Lemma 5.4. ( [24, Lemma A.4]) Let f: Ry — R be such that liminf, o f(t) #
limsup;_,, o, f(t). Then, there exists a constant o such that iminf,_, . f(t) <
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a < limsup,_, o, f(t), and for every > 0 we can define a sequence (t;)ren € R
with the properties that

fltr) > o and tper >t + 8, VkeN.

Theorem 5.5. [12] Let {M(t)}1>0 : @ — R be a continuous martingale such that
sup;>o E(|M (t)[P) < +oo for some p > 1. Then there exists a random variable M,
such that E(|[Mx|P) < 400 and lims— 400 M(t) = My a.s.

The derivation of convergence rate in the strongly monotone case necessitates
the following lemma.

Lemma 5.6. ( [24, Lemma A.2]) Let to > 0 and T > tg. Assume that h :
[to, +00) — Ry is measurable with h € L*([to, T)), that 1 : Ry — R, is continuous
and nondecreasing, and the Cauchy problem

O'(t) = —(p(t)) + h(t) for almost all t € [to, T
e(to) = ¢o >0

has an absolutely continuous solution ¢ : [to, T] — Ry. If a bounded lower semi-
continuous function w : [to, T] — Ry satisfies w(ty) = o and

ta
(tg) <w tl / ’l/) dS +/ h(S)dS Vip <t1 <ty < T,
t

1

then
w(t) < (t) Vte [t, T).
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