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Abstract. We present a text classification method based upon maximum entropy opti-
mization. Having a set of documents which must be classified into some given classes,
a maximum entropy optimization problem is considered. In order to solve this problem,
we consider its Lagrange dual and we derive, by means of strong duality, the optimality
conditions.

After solving the dual problem, we obtain, as solution of the primal problem, a dis-
tribution of probabilities representing the chances of the documents to belong to each
class.
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1 Introduction

This paper is meant to present a rigorous way of applying the maximum entropy
optimization to text classification problems, correcting the errors encountered in
some other papers regarding the subject, whose authors make some compromises
in order to obtain some ”good-looking” results (see [3], [11]). We have a set of
documents which must be classified into some given classes. A small amount of
them have been a priori labelled by an expert and we have also some real-valued
functions linking all the documents and the classes, called feature functions. Our
goal is to obtain a distribution of probabilities of each document among the given
classes.

Therefore, we impose the condition that the expected value of each feature
function over the whole set of documents shall be equal with its expected value
over the training sample. Using this information as constraints, we formulate the
so-called maximum entropy optimization problem. Its solutions are consistent with
all the constraints, but otherwise are as uniform as possible (cf. [7], [8] and [10]).

The maximum entropy optimization problem has a concave objective function
and affine constraints. To solve it, we rely on the very strong results of the theory
of duality. This gives us the possibility to formulate for an optimization problem its
dual. Moreover, by means of strong duality the optimality conditions can be derived
(ct. [12]).

For our maximum entropy optimization problem we develop, here, the Lagrange
dual. As a consequence of the optimality conditions, we write the solutions of the
primal problem as functions of solutions of the dual problem. The last ones are
determined using the so-called iterative scaling algorithm developed from the one
introduced by Darroch and Ratcliff (cf. [4], [11]).

Finally, by the use of the solutions of the dual, we find the desired distribution
of probabilities.
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2 The formulation of the problem

Let us consider a set of documents D and the set of classes C where they must
be classified into. There is also a given subset of D, denoted D’, whose elements
have been labelled by an expert as to belong to a certain class from C. To have
information about all the classes, we need to consider that each class contains at
least an element from D’. One may notice that between the sets C and D’, it must
hold |C| < |D’|, where |C] is the cardinal of the set C and |D’| is the cardinal of the
set D’. The set of pairs (d',c(d)),d” € D’, obtained above, is called the training
data and ¢(d’) € C denotes the class which is assigned to d’ by the expert.

The labelled training data set is used to derive a set of constraints for the model
that characterize the class-specific expectations for the distribution. Constraints
are represented as expected values of so-called features functions, which may be
any positive real-valued functions defined over D x C. Let us denote by f;,7 € I, the
feature functions for the problem of text classification, which we treat here.

As an example, we will present the set of feature functions considered in [11] for
the same problem of text classification. Denoting by W the set of the words which
appear in the whole family of documents D, the set I is defined by

I=WxC.

For each word-class combination (w,c’) € W x C, one can consider the feature
function fy e : W xC — R,

0, c#d,
fw,c’ (d7 C) = { N(d,w)

N otherwise,

where N(d,w) is the number of times word w occurs in document d, N(d) is the
number of words in d, and ¢, ¢’ are classes in C.

Other ways to consider feature functions can be found in [1] and [9)].

Using the information given by this training data and the feature functions, we
want to obtain the distribution of probabilities of each document d € D among
the given classes. The way we are to use for this is quite heuristical (cf. [1], [9]),
consisting in generalizing some facts that hold for the training sample to the whole
set of documents. The expected value of each feature function over all documents
and classes will be forced to equal its expected value over the training sample

E(f;) = E(f:),Vi€ I. (1)

The expected value of each feature function f;,7 € I, regarding the training
sample comes from the following formula

E(f)= > > od,ofi(d,c),iel (2)

d’'eD’ ceC

where p(d’, ¢) denotes the joint probability of ¢ and d’. But this joint probability
can be decomposed as

p(d',c) = p(d)p(c|d),

with p(d’) being the probability of the document d’ to be chosen from the train-
ing data and p(c|d’) the conditional probability of the class ¢ with respect to the
document d'.

The probability of the document d’ to be chosen from the training data is

1
p(d/) = @, for d/ S D/.
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On the other hand, as we know that each document from the training data has
been a priori labelled, it is clear that

i) = {3t 6 7 el

for every c € C and d' € D'.
By (2), we have then

7, - /| Z fz z cl. (3)
d'eD’
The expected value of f; regarding the whole set D x C is
f) =3 pld,ofide)icl
deD ceC

As for the training set, we have

p(d, c) = p(d)p(c|d),

with p(d) = \DI being the probability to choose the document d from D and p(c|d)
the conditional probability of the class ¢ with respect to the document d. It follows

fi) = ZZpddfldc ),i € 1. (4)
dGDCEC

For each feature f;,i € I, we will constrain now the model to have the same
expected value for it over the whole set of documents as the one obtained from the
training set. From (1), (3) and (4), we obtain

|D/|ZfZ |Zch\dfldc ),i€ 1. (5)
d'eD! deD ceC

Moreover, from the basic properties of the probability distributions, it holds

p(c|d) > 0,Ye € C,¥d € D, (6)
and
> p(eld) =1,vd € D. (7)
ceC

The problem that we have to solve now is to find a probability distribution
which fulfills the constraints (5), (6) and (7). Therefore, we will use a technique
which bases on theory of maximum entropy (cf. [7], [8] and [10]). The over-riding
principle in maximum entropy is that when nothing is known, the distribution of
probabilities should be as uniform as possible.

But, that is exactly what results by solving the following so-called maximum
entropy optimization problem

(P) sup{H(p)},

subject to

|£,|| > filde(d) =D pleld)fid o), Vi€ T,

d'eD’ deD ceC

> p(eld) =1,vd € D,

ceC
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and
p(cld) > 0,Ye e C,Vd € D.

Here, H : RI€I'Pl — R is the so-called entropy function and it is defined, for
p = (p(c|d))cec.dep, by

= > > ple|d) Inp(c|d), if p(c|d) > 0,Ve € C,Vd € D,
H(p) = {

deD ceC
—00, otherwise.

It is obvious that H is a concave function.
3 Duality for the maximum entropy optimization problem

The goal of this chapter is to formulate a dual problem to the maximum entropy
optimization problem

(P) sup {— > pleld) lnp(cd)} :

deD ceC
subject to
D .
|D,|| S filde(d)) =Y pleld)fild,c), Vi€ 1,
d'eD’ deD ceC
> p(eld) =1,vd € D,
ceC

p(c|d) > 0,Ye € C,¥d € D,

and to derive, by means of strong duality, the optimality conditions for (P) and its
dual.
Therefore, we will consider the following general primal optimization problem

P inf x),
(P) inf f(a)
zeX
where X C R” is a non-empty convex set, f : R* — R is a convex function and
g:R" = R™ g(z) = (91(2), ..., gm(x))T, such that g; : R* — R, i = 1,...,m, are
affine functions.

The Lagrange dual problem to (P,) is given by

D sup inf z)+ Mg(x)}.
(D)) sup inf {fa) + \g(a)}

It is trivial to show that the weak duality between (P,) and (D,) always holds,
ie. inf(P;) > sup(Dy). For the strong duality, inf(P,) = sup(D,), we need to
consider the fulfillment of a constraint qualification. The functions g;,7 = 1,...,m,
being affine, we can consider in this case the following Slater constraint qualification
(cf. [6])

(SCQy) : there exists 2’ € rintX, such that g(z') =0,

where rintX is the relative interior of the set X.
Let us present now the strong duality theorem and formulate the optimality
conditions for (P,) and (D,) (cf. [6], [12]).

Theorem 1. Let us assume that inf(P,) > —oo and that the constraint qualification
(SCQy) is fulfilled. Then the dual problem has a solution and between (Py) and (Dgy)
strong duality holds,

inf(P,) = max(D,).



Maximum entropy optimization 5

Theorem 2. Let the constraint qualification (SCQ,) be fulfilled. Then Z is a solu-
tion to (Py) if and only if T is feasible to (Py) and there exists A\ € R™, such that
the following conditions are satisfied

In order to study the duality for the initial problem (P), we need to consider
another optimization problem

(P') inf { > wleld) lnp(CId)} ;

deD ceC

subject to

|£,|| > filded) =D pleld) fid, o), Vi€ T,

d’'eD’ deD ceC
> “pleld) =1,vd € D,
ceC
pE X,

with X = {p = (p(c|d))cec,aep : p(c|d) > 0,Vc € C,¥d € D}. The problem (P’) fits
in the scheme already presented and has the same solutions as (P), so that it holds

sup(P) = —inf(P’).
According to the general case, its dual problem is
) sw it | S sl mpleld) + X (S ol 1)

\;€R,iel, p(c|d)>0, deD ceC deD ceC
AgER,dED (d,c)EDXC

LA (BT Aeld) - T S plel)fi.0))]
el

d'eD’ deD ceC

Like above, we can find another problem, (D), which has the same solutions as
(D) so that sup(D’) = —inf(D"),

(D) \ 1HI§1f , sup [— S 3T ple|ld) Inp(e|ld) — 3 Aa <E p(cld) — 1)
)\;R ZE , (Z(C;é)ggc deD ceC deD ceC
C

- (B S A - £ 5 a0

i€l deD ceC
The problem (D’) can be rewritten as
(D) inf {%; M=ok SN Y filde(d)+

Ni€Ryiel, icl d'eD’
AyCR.AED e €

deD ceC p(c|d)>0 icl

sup [—p(CId) Inp(cld) — Aap(cld) + 3 Aip(cld) fi(d, C)] } :
To calculate the suprema which appear in the above formula, we shall consider
the function

u:Ry - Ru(z)=—2xlnz — )\dermZ)\ifi(d,c),x eRy,
iel
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for some fixed (d,c) € D x C.
Its derivative is

W(r)=—-Inz—1- )\dJrZ)\ifi(d,c),

iel
and it holds
—Xa—1+3 Aifi(d,c)
u'(x):Oélnx:f)\dflJrZ)\ifi(d,c)@x:e =
iel

—Xa—14+3 Xifi(d,c)
ier

The function u being concave, it follows that at x = e it attains

its maximal value. So

—Aa—1+3 Xifi(d,c)
maxu(z) =u|e i€l

x>0

X1 Aifi(de) ( “Aa—14+ % Aifi(die
— —¢ iel

Ine el : + g — Z Aifi(d, C))
icl

- i e <)\d -1+ Z Aifi(d,c) + Aa — Z Aifi(d, C))
il iel

—Aa—14+> Xifi(d,c)

—c icr .

Our dual problem becomes then

(D")  inf {%;Ad B E N Y filde(d))

Ni€Ryiel, el / ’
)\;ER,dED i€ d’'eD
> Xifi(dvc)—kd—l}

+ E Zeiel

deD ceC

In the next part of the section we will make some assertions concerning the
duality between (P) and (D”). For this, we will apply the results formulated in the
general case for the problems (Py) and (D). Let us write, first, the Slater constraint
qualification for the problems (P) and, respectively, (P’)

(SCQ): there exists p’ = (p'(c|d))cec.dep, such that

p'(c|d) > 0,Ve € C,Vd € D,

125 fide(d) = XX p(cd)fid o) vie,
d'eD’ deD ceC

> p'(cld) =1,¥d € D.

ceC

By this, we can state now the desired strong duality theorem and the optimality
conditions for (P), by applying Theorem 1 and Theorem 2, respectively.

Theorem 3. Consider the problem (P’) introduced above and let (SCQ) be fulfilled.
Its dual problem has then a solution and between (P') and (D’) strong duality holds,

sup(P) = —inf(P’") = — max(D’) = min(D").
Theorem 4. Let us assume that the constraint qualification (SCQ) is fulfilled.

Then p = ((p(c|d))cec,aep is a solution to (P) if and only if p is feasible to (P) and
there exist \; € Ryi € I, and A\g € R,d € D, such that the following conditions are
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satisfied

() [z S pleld) Inpleld) + 3 Aq (zp<cd>—1)
Z(ecl‘;l)cze% deD ceC deD cec

F A (BT Aca) - £ T plcafiao)]

i€l | d'eD’ deD ceC

= 2. 2 p(cld) Inp(c|d)

deD ceC

@ 0 =Sa(BE S Aeld) - T T pleldfid.o)

el d'eD’ deD ceC

+ 3 M (Zp(c|d)—1>.

deD ceC

Remark 1. Let us point out that all the functions involved in the formulation of the
primal problem are differentiable. This implies that the equality (¢) in Theorem 4
can be, equivalently, written as

Inp(eld) + 14 Xg— > _ Xifi(d,c) =0,¥d € D,Ve € C,
el

or

Getting now back to the problem (D”), one may observe that it can be decom-
posed into
2 Aifi(d,e)—Aa—1

@ it { £ e | e +d

MER, L gep MER |cec
il
D
*% PRI fi(d/70(d/))} :
iel  d'eD’
We can calculate the infima inside the parentheses, using another auxiliary func-

tion
v:R—=Ruw(z)=e*tat+z,2eR,a>0.

It is convex and derivable, its derivative

V(r)=1—ae "}

fulfilling

1
1= sor=lnae-1.

/ :0<:> —x
v' () e ,

So, v’s minimum is attained at Ina — 1, being

v(lna—1) =Ina.

. Z Aifi(d’c) .
Taking a = Y ei€’ > 0, the dual problem turns into
ceC
] 2 Aifildie) D] , ,
(D) )\HgR Z In) e D ZM Z fild', e(d))
ic] LdeD ceC iel d'eD’
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and, obviously, we have
inf(D") = inf(D).

In fact, we have proved the following assertion concerning the solutions of the
problems (D) and (D").

Theorem 5. The following equivalence holds

((M\i)ier) is a solution to (D) and

((Aa)dep, (No)ier) is a solution to (D) < B S Xifildie)
Ad=1n ) ei€l —1,vd e D.

ceC

Remark 2. By Remark 1 and Theorem 5 it follows that, in order to find a solution

of the problem (P), it is enough to solve the dual problem (D). Getting (\;):er,
solution to (D), we obtain, for each d € D,

— Z j\ifi(dxc)
Ag =1n eicl -1
ceC
and, by (8),
eiel eiel
p(c|d) = ej\d_l,_l = Z Xzfl(d,c) ,V(d, C) G D X C. (9)
ei€l
ceC

4 Solving the dual problem

In this section, we will outline the derivation of an algorithm for finding a solution of
the dual problem (D). The algorithm is called improved iterative scaling and other
variants of it have been described by different authors in connection with maximum
entropy optimization problems (cf. [3] and [11]).

First, let us introduce the function [ : R — R, defined by

=2 <|'£,| 2 ﬁ(d’,c(d’))) S Y

i€l d'eD’ deD ceC

for A = ()\z)zel
Considering the optimization problem

() max I(A),
AR

it is obvious that

min(D) = — max(P),

and that the sets of the solutions of the two problems coincide. So, in order to obtain
the desired results, it is enough to solve (P).
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Let us calculate now, for A = (\;)ier,d = (6;)icr € RI!| the expression Al :=
I\ + 8) — I(A). Tt holds

||£/Z S (6 fi(d S nY e 5 (Ai+60) fi(dyo)

i€l d'eD’ deD  ceC
ID\  Aifildic)

T2 2 Mfild @)+ ) o

el d'eD’ deD ceC

Z (Ai+6:) fi(d,c)

D) =
:ID’\ZZ”’ eld)) =3 == > (o)

i€l d'eD’ deD E ei€l

As it is known that
—In(z) >1—2,Vr e Ry,

we have
5 B
4 ceC
> ,| Z ST aifid @)+ > [1- e
i€l d'eD’ deD Z ei€l
ceC
D > 6ifi(d,c)
| | Z Yo ifild e(d) + ) (1—Zp(c|d)ei€1 ) ,
16[ d'eD’ JeD pomr
Denoting
=>_fildo),
iel
we get
- fi(dye)
|DD’|Z Z(Sfl c(d')) +Z<1ch|d )z‘%zlf#(dw))'

As the exponential function is convex, applying Jensen’s inequality

#(4 5, La(d:0)
;OB e

d,c)d;

7

there follows

2 3 adideld)) = 3 Spleld) Y S el 1.

i€l d'eD’ deD ceC 7,6[

Let be now B : R/l = R, the following function

||22>)/|| > D difid =2 D )Y s 5 d 2 G 1D,

el d'eD’ deD ceC zEI

for § = (51)161

We can guarantee an increase of the value of the function [ if we can find a ¢ such
that B(0) is positive. B is a concave function since its first term is a linear function,
the second contains a sum of concave functions and the third is a constant. Moreover,
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B is a differentiable function. So, to find the best §, we need to differentiate B(J)
with respect to the change in each parameter §;, i € I, and to set

oB )
6—& =0,Viel.
We get
D a0
Bl fctd) = 0 3wl epe " @0 vie 1

d'eD’ ceC deD

Solving these equations we obtain the values of §;,7 € I. In the next section we
shall present the complete algorithm to determine the maximum of the function .

Remark 3. We have to mention here that in [3] and [11] the function [ has been
identified with the so-called maximum likelihood, whose formula is considered

—n [ pled)d).
d'eD’

This is possible only if one considers the sets D and D’ identical. In this case,
we have

D S N fi(dye)
0= (o} 3 e ) Sy e
i€l d’GD/ deD ceC
S Afild e(d)
D O TRIE v
d'eD’ Liel ceC
[ S N e(d) S Afi(d e(d))
= Z Ineie! —In g€l
d’eD’ L ceC
Z Ai fi(d,e(d"))
= Z In “
- )\ d/ /
= Ze% (@ e(d))
L ceC

Finally, using the relations given in (9), the function ! turns out to be in this
case identical to the maximum likelihood function
X Aifi(de(d"))
eiEI

Z Aifi(d’ e(d”))
¥ e

= Y Inp(e(d)|d) =

d'eD’

n [] ple(@)ld).

d'eD’

We can conclude that the results obtained in [3] and [11] do not refer to the
unclassified documents using the information given by that expert regarding the
training sample, being just distributions of the same a priori labelled documents
among all the classes. We consider that this compromise is not useful in our problem,
as we have proved before that the algorithm works also without it.

5 An algorithm for solving the maximum entropy
optimization problem

In this section we will present, by the use of the results obtained in the previous
sections, an algorithm for solving the dual of the maximum entropy optimization
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problem. Assuming that the Slater constraint qualification (SCQ) is fulfilled the
solutions of the primal problem arise by calling (9). This is a generalization of the
algorithm introduced by Darroch and Ratcliff in [4].

Inputs: A collection D of documents, a subset of it D’ of labelled documents,
a set of classes C and a set of feature functions f;,7 € I, connecting the documents
and the classes. Let € > 0 be the admitted error of the iterative process.

Step 1: Set the constraints. For every feature f;,i € I, estimate its expected
value over the set of the documents and the set of classes.

Step 2: Set the initial values A; = 0,4 € I.

Step 3:

e Using the equalities in (9), calculate with the current parameters (A;);c; the
values for p(c|d), (d,c) € D x C.
e for each i € I:

- find §;, a solution of the equation

|119)’|| Z fild,e(d)) = Z ZP(CM)fi(d, c)ef#(d’c)‘;i.

d’'eD’ ceC deD

- set >\i = )\z + 51
Step 4: If there exists an 7 € I, such that |§;| > €, then go to Step 3.
Remark 4. (a) By setting A\; = 0,Vi € I, the initial values for the probability dis-

tributions are

1
p(c|d) = ﬂ,c €C,deD.

(b) In the original algorithm Darroch and Ratcliff assumed in [4] that f#(d,c) is
constant. Denoting its value by M, one gets then

> fild,e(d))

1 ID| e :
0; = —In ,i1 € 1.
M\ DX ) pleld) fi(d,c)
ceCdeD

(¢) A more detailed discussion regarding the iterative scaling algorithm, including
a proof of its convergence, can be found in [2], [4], [5] and [11].

Having obtained \;,i € I, returned by the algorithm, we can determine by
(9) the solutions of the primal problem, i.e. the probability distributions of each
document among the given classes.

To assign each document with a certain class, one can consider more criteria,
such as to choose the class whose probability is the highest, or to establish a mini-
mal value of probability and to label the documents as belonging to all the classes
that fit, and if neither does, to create a supplementer class for this document. But
these criteria debates surpass the purpose of the present paper.
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