Duality for the multiobjective location model
involving sets as existing facilities

Gert Wanka (gert.wanka@mathematik.tu-chemnitz.de)
Faculty of Mathematics, Chemnitz University of Technology, D-09107 Chemnitz,
Germany

Radu loan Bot, (radu.bot@mathematik.tu-chemnitz.de)
Faculty of Mathematics, Chemnitz University of Technology, D-09107 Chemnitz,
Germany

Emese Vargyas (emese.vargyas@mathematik.tu-chemnitz.de)
Faculty of Mathematics, Chemnitz University of Technology, D-09107 Chemnitz,
Germany

Abstract

In this paper we consider the optimization problem with a multiobjective com-
posed convex function as objective function, namely, being a composite of a
convex and componentwise increasing vector function with a convex vector
function. By the conjugacy approach, we obtain a dual problem for it. The
existence of weak and strong duality is proved.

Using this general result, we introduce the dual problem for the multiobjective
location problem in a general normed space, in which the existing facilities are
represented by sets of points.

The biobjective Weber-minimax problem, the multiobjective Weber problem
and the multiobjective minimax problem with demand sets are studied as par-
ticular cases of this problem.

Keywords: multiobjective duality, location problems, optimality conditions,
Weber problem, minimax problem

The goal of this paper is to construct, in a general normed space, a dual for a
primal multiobjective problem, each component of the multiobjective function being
a composite of a convex and componentwise increasing function with a convex vector
function. In the past, optimization problems with the objective function being a
composed convex function have been considered by different authors. We remind the



works [9] and [10] where some results with regard to duality have been given. Recently,
optimization problems of this type have found applications in goal programming
problems [4] and average distance problems [14].

This article is based on the work of Bot and Wanka [2], where the authors have ex-
amined the case of a single objective function, for which a geometrical characterization
of the set of optimal solutions was treated in [13] by Nickel, Puerto and Rodriguez-
Chia. Here we study the duality for a multiobjective problem (P). For our original
multiobjective problem Pareto-efficient and properly efficient solutions are consid-
ered. In order to do this, we consider first the linearly scalarized problem (Py) and
use a dual problem (D)) to derive strong duality and optimality conditions, which
later are used to obtain duality assertions for the original and dual multiobjective
problem. This dual problem (D)) results from a special perturbation of the primal
problem, by applying the Fenchel-Rockafellar duality concept based on conjugacy and
perturbation (cf. [5]). Therefore, we have the possibility to construct different dual
problems to a primal optimization problem, by perturbing it in different ways (see,
for instance [22] and [23]).

Among the large number of papers and books dealing with different approaches to
multiobjective duality we mention as a representative selection the books [6], [8], [16]
and the papers [3], [11], [12], [17], [20], [22], [24] and [25]. Beside presentations in the
sense of approaches for general formulated problems there are a lot of contributions
devoted to the duality for multiobjective programming problems of special type, as for
example linear problems [7], location and approximation problems [18], [20], portfolio
optimization problems [19], [21], etc. In this paper, applying the conjugacy approach
and using an appropiate perturbation as the authors in [2], we construct a dual for
(Py) and we prove the existence of strong duality between them. The dual problem is
given in terms of conjugate functions and has the advantage that its structure gives
an idea how to formulate the multiobjective dual problem to the original problem. By
means of strong duality for (Py) and its dual, we derive some optimality conditions for
the primal optimization problem and construct a dual for the multiobjective primal
problem (P).

Using the general result, we introduce the dual problem and study the weak and
strong duality for the multiobjective location problem in a general normed space in
which the existing facilities are represented by sets. Afterwards, as particular cases of
this problem, the multiobjective Weber and minimax location problems are studied.

1 The optimization problem with a multiobjective
composed convex function as objective function

Let (X, || - ||) be a normed space, g; : X — R, j = 1,...,m, convex and continuous
functions and f = (f1,..., fi)T, fi :R™ =R, i=1,...,1, convex and componentwise
increasing functions, i.e. for y = (y1,...,ym), 2= (#1,..., 2m) € R™, such that y; >

2



zj,j =1,...,m, holds fi(y) > fi(z) fori=1,... L
We consider the following multiobjective optimization problem

(P) v-min f(g(2))

with g(z) = (1 (2), .-, gm(2)).

The problem (P) is a multiobjective optimization problem in the form of a vector
minimum problem and for such kind of problems different notions of solutions are
known. We will use in our paper the so-called efficient and properly efficient solu-
tions. Let us recall the two solution concepts.

Definition 1. An element & € X s said to be efficient (or Pareto - efficient)
with respect to (P) if from

flg(x)) = f(g(z)) for x € X, follows f(g(x)) = f(g(2)).

l
R+

Remark 1. Here we consider the partial ordering in R’ given by the cone
]Rﬂr:{y: (y1,...,u)T €R : gy, >0,i=1,...,0} byyléRlerQ iff y? — y! GRZF.

Definition 2. An element T € X is said to be properly eficient with respect to
(P) if there exists A = (A1,..., )T € intRY (ie. N\, >0, i =1,...,1), such that

z Nfilg(@) < ; MA(g(a). Y € X,

2 Duality for the scalarized problem

In order to study the duality for the multiobjective problem (P), first we will study
the duality for the scalarized problem (cf. Definition 2).

(Py) ;g)f{ Z Aifi(g()),

where A = (Aq,...,A)" € intRY is a fixed vector. For (P,) we will derive a dual
(D,) by means of the conjugacy approach, which permits us to construct different
dual problems to an original primal problem depending on the kind of perturbation.
We introduce the following perturbation function ¥: X x...x X xR™ —R,
m+1

\Ij(xa%d) = Z Azfz((gl(x + Q1)7 s 7gm(x + qm)) + d)7
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with the perturbation variables ¢ = (q1,...,¢m) € X X...x X and d = (dy,...,d,) €
R™. A dual problem to (P)), obtained by using the perturbation function W, is then

(Dx) sup {=V7(0,q",d")},
=g )
GgeXtj=1..,m,
d* e R™

where U*: X* x ... x X* xR™ —R U {+o0} is the conjugate function of ¥, ¢ € X*,
—_—

m—+1
j=1,...m,and d* = (df,...,d:)T € R™ are the dual variables. X* denotes the
topological dual space to X. The conjugate function of ¥ is by definition

reX, dERm,‘(I=(Q1 77777 am), j
¢;€X,j=1,...m

<
I
—

U (z*, ¢, d*) = sup {@*,x>+i(q}ﬂqj>+<d*,d>—‘1’(x,q, d)}

¢€X, dER™, g=(q1,---,am), j
QJEij:l ..... m

<
Il

= sup {@*ax>+ 1<q;a9j>+<d*’d>

=1

_i/\zfz((gl(x_l_ql)a s 7gm(x+qm))+d)}a

where (-, -) denotes the bilinear pairing between X* and X (for (z*,x) and (g}, g;),
j = 1,...,m) and, respectively, the scalar product in R™ (for (d*,d)). To calculate
this expression we introduce first the new variables r; instead of ¢; and then ¢ instead
of d by

ri=r+qgeX, j=1,..m,

and

t=(g(x+q) ,gm(x +qn) +d €R™
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This implies
(2, ¢%d") = sup {<$*,w> + 2 {5, =) +(d* ) — (d7, (g1(m
zEX, tER™M j=1
TjGX,jZl ..... m
- a0 f = sw { (@0 + 3 (a7or) = o005 w) + (1)
z€X, tER™, j=1 j=1
ri€X,j=1,...m

l
<d* (91(7"1) 7gm(rm))> ZA fz( )}_tSI]ll{p {<d* > Zl/\zfz(t)}

eR™ 1=

2 9m{Tm))) o FsuD

}-I—sup <x*—2 qa, m>

+ sup

'rjEX,

{ é(@ga rj) - <d*v (91<T1)7 .-
(le Az-fi) (d") + éf}é};{ ({47, 75) =d;9;(r;)) + sup <fc—§l CJ}‘vl“>
= <i Aifz) (d") + é(djgg) (g5) + sup < é%x>

Setting 2* = 0, the dual problem of (P,) takes the form
sl j:l 7=1

(Dy) sup
ayexX*, j=1,.,
d*eRm
In the objective function of (D,), if )~ ¢; # 0, then it holds in}f{ <Z qj,x> =
j=1 TEX \ j=1
—oc. Thus, for the calculation of (Dy) only ) ¢j = 0 is relevant. On the other hand
j=1
(cf. [15]),
! ! !
(Y Nfi)' (@) = inf {ZMW ) 2= d*} -
i=1 i=1 i=1
Further, because A\; > 0, we get (\.f;)*(d") = )\,»fi*(cgi), for each i = 1,...,1. We
can make the substitutions a' = (a!,...,a%)) := %d"*, t=1,...,[, and then the dual
(D,) becomes
l m
(Dy) sup {— > Nifia) - Z(d;gn*(q;)}
i=1 j=1

_ 1 v
al€R™M, Y Ajai=d*,d*€R™,
[

q;eX™, in: q;=0
Jj=1
Let us point out that, by construction, between (Py) and (D)) weak duality holds
inf(Py) > sup(D,). But, we are interested in the existence of strong

(cf. [5]), ie. i
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duality, i.e. inf(Py)=sup(D,), or even inf(Py)=max(D,), meaning the existence of
the solution of the dual problem. This can be shown by proving that the problem
(Py) is stable (cf. [5]).

Proposition 1. The function ¥ : X x ... x X xR"™ — R,
————
m+1

¥(z,q,d) Z)‘fz g(@+aq), - gm(x + qn)) + d)

1S CONVEL.

The convexity of U follows from the convexity of the functions f;, « = 1,...,1,
and g;, j = 1,...m, and the fact that f;, i = 1,...,, are componentwise increasing
functions.

Proposition 2. If inf(P,) > —oo, then the dual problem has a solution and
strong duality holds, i.e.
inf(Py) = max(D,).

Proof. See Theorem 1 in [2]. O

To investigate later the multiobjective duality for (P) we need the optimality con-
ditions regarding to the scalar problem (Py) and its dual (D). These are formulated
in the following theorem.

Theorem 1.

(1) Let T € X be a solution to (Py). Then there exists a tupel (a,q*,d*), such that
the following optimality conditions are satisfied

(i) filg(®))+ fi(@) —(a',g(x)) =0, i=1,....1,
(ii) (d5g;)"(q5) + dg;(z) — (q},7) =0, j=1,....,m,

(iii) > 4 =0,
j=1
l . —
(iv) S \a = d.
=1

(2) Ifz € X and (a,q*,d*) satisfy (i)-(iv), then T is a solution to (Py), (a,q*, d*) is
a solution to (D) and strong duality holds, i.e.

D Aifilg(@) ==Y N (ah) = 3 (i) (1)



Remark 2. Obviously, the tupel (@, ¢*, d*) in the part (1) of Theorem 1 is a solu-
tion of (D)) (cf. the proof).

Proof.

(1)

By Proposition 2, it follows that there exist a = (a',...,a'), @’ e R™, i =1, ...,1,
T = (@), ¢ € X7, j=1,..,m, and d* € R™, such that (a,q",d") is a

m l
solution to (Dy) and inf(Py) = max(Dy). This means that Y g5 = 0, Y \a' =
B j=1 i=1
d*, i.e. (iii) and (iv) are true, and

l l m
ZAzfz<g<'f)) = _Z Z (d; 9]

i=1 j=1

This equality is equivalent to

Z AFG@) + D NF @) = SN 9() + D (@) (@)
+Zd*ga =3 B+ YoM 9(@) Y dig (@) =0,

From here follows

Z N{ff (@) + filg(x) - (@, g(x HZ{ (d3g)"(q)) + d;g;(T) — (T}, T)}

i=1
But <Z Nty g(z)) — (d*, g(z)) = 0, which implies that

m

Z A (@) + filg(@) — @ 9@} + ) _{(d59;) (@) +d;g;(2) — (@, 7)) = 0.

j=1

(2)
Because of the Young-Fenchel inequality which is expressing that for a function
f and its conjugate f*, f(x)+ f*(z*) = (z*, ) is fulfilled, obviously all terms
of the sum in (2) are non-negative and therefore they must be even equal to
zero. This gives the optimality conditions (z) and (i7).

All the calculations and transformations done within part (1) may be carried
out in the reverse direction starting from the conditions (¢), (i7), (i7i) and (iv).
Thus the equality (1) results, which is the strong duality, and shows that
solves (Py) and (a, q*, d*) solves (Dy). O



3 The multiobjective dual problem
A dual multiobjective optimization problem (D) to (P) is introduced by

(D)  v-max h(a,q,d,\t),

(a,q,d A\ ) EY
with
hi(a,q,d,\t)
hang. d A f) = ho(a, q,'d, A, 1) |
hi(a, q,.d, A, 1)
and -
hi(a,q,d, A\, t) = Z igi)" ni=1,...,L

The dual variables are
a=(a',...;d), d €eR" i=1,....1, g=(q1,---,qm), G EX*, j=1,....m,

d=(di,...,dn)" €R™, X=(\,....,. )T €R, t=(tq,....1))" € R,

and the set of constraints is

Y:{(a,q,d,)\t : A\ € intR. Z)\a =d, Zq]_o Zm _o}

Remark 3. For the sake of simplicity of the denotation of the dual variables we
write here and in the following ¢; and ¢ instead of ¢j and ¢* and d instead of d*.

Definition 3. An element (a,q,d,\,t) €Y is said to be efficient (or Pareto —
efficient) to (D) if from h(a,q,d,\,t) = h(a,q,d,\,t) for (a,q,d,\,t) €Y follows
R,

h(a,q,d,\t) = h(a,q,d, \,t).
The following theorem states the weak duality assertion.

Theorem 2. There is no x € X and no (a,q,d,\t) € Y fulfilling
ha,q,d, A1) 2 f(g(x)) and h(a, q,d, A1) # f(9(x)).
R+
Proof. Let us assume that there exist x € X and (a,q,d,\,t) €Y, such that
h(a,q,d, A1) il f(g(z)) and h(a,q,d, A, t) # f(g(x)), Le. hi(a,q,d, A1) = fi(g(x)),
R+



Vi =1,...,1, and hg(a,q,d, N\, t) > fr(g(x)) for at least one k € {1,...,l}. This

means that
> Nihi(a,q.d, A t) > }:Aﬂ (3)

On the other hand, we have

l l l m l

Z )\ihi(aa q, d? )‘7 t) = Z )‘zfz*(az) - Z /\z% Z(djg])*((b) + Z /\iti

i=1 i=1 i=1 v =1 i=1

By the Young-Fenchel inequality

—fi (@) < filg(x)) = {a" g(x)), i=1,....1

and

we obtain

iziljl)\ihi(a,q,d, A< Y Nfilgle) = 3 didal, g(2)) + 3 dig;(x) — fxqj’@

and, therefore,
! !
> Aihila, g, d, A ) < Nifi(g(x)
i=1 i=1
But this inequality contradicts relation (3). O

The following theorem expresses the so-called strong duality between the two mul-
tiobjective problems (P) and (D).

Theorem 3. Let T be a properly efficient element to (P). Then an efficient solu-
tion (a,q,d,\,T) €Y to (D) exists and strong duality f(g(z))=h(a,q,d, \,t) holds.



Proof. Assume 7 to be properly efficient to (P). From Definition 2 the existence
of a corresponding vector A = (Ar,...,A)" € intRY follows such that z solves the
scalar problem

;gffZA Ko

Because of inf(P5) > —oo, Proposition 2 ensures the existence of a solution (a, ¢, CZ)
of the dual (Dy) of (P5). The optimality conditions (i) — (iv) are satisfied because
of Theorem 1. Now we construct by means of Z and (d,§,d) the efficient solution
(@, q,d,\, 1) of (D). We consider A\ := \, @ :== a, ¢ := ¢, d := d. It remains to
introduce ¢ = (t,...,4)". Let fori=1,...,1,

Z i95)" (@', g(z)) € R.

By the optimality conditions (i) — (iv), for this tupel (a, q, d, A, ) it holds

and

N
?/I
I
M-~
N>/I
Sl
NgE
Y
&
S~—
*
=
+
N
>
=
S
&
~—

@
I
—
S
I
—

I
NE
—~
=~
&

S— [

*

—

& |

S—

+ .
T

@>/\

S

<

—~

=
\/

.
Il
R

I
NE
QQ.
2
\_/
+
NE
w&l
g
~—
B

.
I

Il
Ms -

> o

This means that the element (@, q, d, \, ) is feasible to (D). It remains to show
that the values of the objective functions are equal, i.e. f(g(z)) = h(a,q,d,\,1).
Therefore we will prove that fi(g(Z)) = hi(a,q,d, \,t) for each i = 1,...,1. For this
we use the relation () from Theorem 1 and obtain the following equalities

hi(a, q, J,X,f) = _fi*(di)_l}\ Z( Jg]) (%)‘H

T

=—fz - ,zi< digy)" @)+ S(di05)* (@) +(@, (@)

<
Il
=

Il
bﬁ
/-\
/‘\
D

In conclusion,
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4 The case of monotonic norms

In this section we particularize the multiobjective problem presented in the previous
section. Therefore, let be ®; : R™ — R, ¢ = 1,...,[, monotonic norms on R™, i.e.

(cf. [1])
Vu, veR™ |u| <lvl, j=1,...,m, it holds ®;(u) < ®;(v).
Let us introduce now the following multiobjective problem

P (g(x))

(Po)  v-min 5 ’
®; (g(x))

where ®f(t) = @;(t%), ¢ = 1,...,1, with t7 = (t],...,£}) and t] = max{0, t;},
7=1,...m

Proposition 3. The functions ®} : R™ — R, i =1,...,1, are convex and com-
ponentwise INCreasing.

Proof. See Proposition 2 in [2]. O

In order to study the duality for the problem (Pg) we will study, like in section 2,
the duality for the scalarized problem

l

(Pox)  inf Z Ai®f (g(x)),

where A = (\y,...,\)T € mtRﬂr is a fixed vector. By the approach described in
section 2, a dual problem to (Pg)) is

m

+

(D)) sup { E Ai(P; (d5g5)"( }
aterRm, i Ajat=d*, d* cR™M, Jj=1

i=1
m

;GEX*, > ;=0
! =

Proposition 4. The conjugate functions (®})* : R™ — RU{+o0}, i =1,...,1,
of ®F are

R

‘ 0, ifa" =0and ®(a’) <1,
(@) (a") = _
+00, otherwise,

where @Y is the dual norm of ®; in R™.
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Proof. See Proposition 3 in [2]. O

By Proposition 4, the dual of (Pg)) has the following form

(Da») sup {— > (dig)(q] )} :

aieRT,q>g(ai)g1,i:1 ..... 1, j=1

l m
> Niai=d*, d*€RT, gt €X*, Y qi=0
i=1 j=1

Let us consider now the set-valued variable I C {1,...,m}. In the objective
function of (Dgy) let us separate the terms for which d; > 0 (i.e. j € I) from the
terms for which df =0 (i.e. j ¢ I). Then it follows

(D) sup = (d39)(@) = D _(dig;)"(})
a'eR7T, ®9(a?)<1,i=1,....l, jeI jer
zl; Aiat=d*, IC{1,...,;m},ds>0, (jEI),

i=

m
di=0, (&), g} X", > q7=0
j=1

Let us notice that, in the case di > 0 (j € I) there must exist at least one
i €{1,...,1}, such that a} > 0.

0, if q; =0,
400, otherwise
to have supremum in (Dgy), we must take ¢f = 0 for all j ¢ I.

The problem (Dgy) can then be written as

(Dg) sup {— > (dig) (] )} -

a'€RT, ¥Y(a¥)<1,i=1,...l, jeI

Because of 0%(¢}) = sup{({q}, ) —0} = sup(q},z) = , in order
reX zeX

2 Niai=d*, IC{1,....m},d:>0, (j€I),
d*fO (§¢1), q;eX™, j€J, Z q;=0
For d} > 0, i.e. j € I, we apply again the formula (d;gj)*(q;‘) = d*g](d* q]) (cf.
[5]). Denoting ¢; := % for j € I we get

(Day) sup { Zd*gj(qn}

(I,a,d% q*)EYax el
with
Yy = {([,a,d*,q*) IC{1,...,m}a=(a',....al),al €RT, ®%(a}) < 1,i=1,...,1,
d* (di, ..., d*)Equ =(q1, Q) G €EXY j=1,...,m,
Z)\a —d, >0, el di=0,j¢ 1, Y diq o}.

jel
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l .
Now we can eliminate the variable d*, observing that > Aia; = di, for j=1,...,m.
i=1
Then the dual becomes (setting g := ¢*)

(Day) sup {— Z (Z )\ia;"> 9;(%')}

(I,a,9)€Yax jeI i=1
with
Yar = {(1, a,q):IC{l,....m}a=(al,....d),a € R™ &(ai) < 1,

l .
q:(qlaan)7QJ€X*a]:1a7maz<z)\la§)QJ:07

jeI \i=1

l
S hai > 0,5 €T, at =0, ¢1, z:1,...,z}.
=1

Because of the functions ®;, i = 1, ..., [, are convex and componentwise increasing,
!
it follows that > A\;®; is also convex and componentwise increasing. One can notice
i=1
that inf(Pg)) is finite, being greater than or equal to zero. This observation, together

with Proposition 2, permits us to formulate the following strong duality theorem for
the problems (Pg)) and (Dg)).

Theorem 4. The dual problem (Dgy) has a solution and strong duality holds, i.e.

iIlf(Pq;)\) = IIlaX(Dq;.)\).

Analogously to problem (Py) we can derive now the optimality conditions for
(Poy)-

Theorem 5.

(1) Letz € X be a solution to (Pyy). Then there exists (I,a,q) € Yoy, solution to
(Dgy), such that the following optimality conditions are satisfied

— . l . — . =
(i) IC{1,...,m},a €RT, Y Na,>0,j€l,a,=0,j¢l,i=1,...,1,
=1

l

(iii) @ (9(x)) = (a’,g(2)), i=1,...,1,
_|_

(iv) g;(x) + g;(q;) = (g, @), jel.
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(2) If e X, (I,a,q) is feasible to (Dey) and (i)-(iv) are fulfilled, then T is a solution
to (Pyy), (I,a,q) is a solution to (Dgy) and strong duality holds, i.e.

Z @7 (g(2)) = — Z (Z M?) 95(a)-
Proof.

(1) By Theorem 4, it follows that there exists (I,

a,q) € Ypy, a solution to (Dey),
such that () — (i) are fulfilled and

imﬂg(i)) -> (ZA )9;(@).

]e[ =1

This is equivalent to

inéj(g(a—;))+2&<¢j>*(a")—ZM@% 9(Z)H+

Hence,

Z N[@F (9()) + (@) (a') — (@', g(z))]+

> Adatg@)+ Y (Z Aia;i> 5() = 0.

je[_ =1

+Z (Z > 95 (@) — <Z (Zm})@,f> =3\ (Za ai( ))
+Z (Z )‘iCL;) (95(q5) — (g5, 7))



implying

> N[ (9(@))+ (@) (@) — (@', g(@)]+

i=1
l
> (Z m;-) (9;(2)+9;(q;)— (g5, 7)) = 0.
jel =1
In conclusion, using again the Young-Fenchel inequality, we obtain
O (g(x)) + (97)"(@) — (@', 9(7)) =0, i=1,...,1,

and )
9;(%) + g;(g;) — (g;,7) =0, j € 1,
and, so, the equalities in (#7¢) and (iv) must hold. O

Further, like in the general case, we can construct a multiobjective dual problem
to the primal problem (Ps)

h1<[7a7Q7)‘7t)
(Do) | vmax s ,
7a777t
PO\ (T, a0 0)

with

l
1 .
hk([7a7Q7>\7t) = _m Z (Z Aﬂ%) g;k(q]) + tk, k= 17 s 7l7

=1

the dual variables
a=(a',...;d), d eR™ i=1,....0,q=(q1,-- -, qm), G € X" j=1,...,m,

A= )TeR, t= (..., )T € R,

and the set of constraints

I
Yo = (La,q\t): I C{l,..,m},a’e R7, P} (a’) <1, (z )\ia;) q; =0,
i=1

JjeI

. !
<Z>\z’a§> >07jg],a;'.zo,jgZ],i:l,...,l,)\emtRﬂr, Zx\ktk—o}-
i=1 k=1

Let us present now the weak and strong duality theorems for these problems.
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Theorem 6. There is no x € X and no (I,a,q,\,t) € Ys, such that
O (g(x)) < hi(L,a,q,\t), i =1,...,1, and ®;(g9(z)) < hi(I,a,q,\t) for at least
one ke {1,...,1}.

Theorem 7. Let T be a properly efficient element to (Ps)). Then an efficient
solution (I,a,q,\,t) € Yp to (Dg) exists and strong duality holds, i.e.

=1

l
_ 1 < i\ . _
O (g9(7) = "I <Z Mtj> 95(@) + e, k=1,...,L
jel

5 The multiobjective location model involving sets
as existing facilities

Let A = {A,...,A,} be a family of convex sets in X such that (| 4; = 0. We
j=1

consider the same vector function d : X — R™ as in [2], i.e.
d(z) = (di(x, A1), ..., dn(z, Ap)),

where

dj(w, Aj) = inf{y;(x —y;) - y; € Aj}, j=1,...,m,
and v;, j = 1,...,m, are continuous norms on X. For j = 1,...,m, we consider the
functions g; : X — R, g;(z) = d;j(x, A;). This means that the functions g;, j =
1,...,m, are convex and continuous on X. The multiobjective location problem with
sets as existing facilities is

@ (d(x))
(Po(A)) vamin [0
@ (d(x)

with &, : R™ — R, ¢ =1, ...,], monotonic norms on R™.
Because of

O (d(z)) = ®;((d(x))") = ®,;(d(2)), Ve € X, i =1,...,1,
where (d(z))™ = ((di(2))", ..., (dn(x))") with (d;(z))t = max{0,d;(x)}, for i =

1...,m, we can write (Pp(A)) in the equivalent form
o (d(z))
(Pp(A))  v-min :

zeX

o7 (d(x))

16



This problem is a particular case of the problem studied in section 4. In order to
study the duality for this problem, we will study again, at first, the duality for the
scalarized problem

(Poxr(A)) ;g)f( Z i@ (d(x)),

with A = (Aq, ..., \)" € intRY, fixed.
Then the dual of (Ppy(.A)) is

(Dgx(A)) sup {— Z (Z /\z-a;') dj-(qj)} :

(I,a,q)€Yar(A) jeI \i=1

where d7(q;) is the conjugate function to d;(z, 4;),j = 1,...,m, and

Yor(A) = {(I,a,q): IC{1,....m},a=(a',... al),ai €R™ &(a’) <1,
! . ‘
q:<q17--'aqm)7Qj € X*7 (Z )\za;) > 07] S [>
=1

l
@ =0,j¢li=1,..,1% (2 )\iaé) ¢ :o}.

jeI \i=1

Using the Theorems 4 and 5, we can present for (Pg)(\A)) and (Dgy(A)) the strong
duality theorem and the optimality conditions.

Theorem 8. The dual problem (Dgx(A)) has a solution and strong duality holds,

1.6.

Hlf(P«p)\(.A)) = max(D@\(.A)).

Theorem 9.

(1) Let T € X be a solution to (Ppr(A)). Then there exists (I,a,q) € Yar(A),
solution to (Dex(A)), such that the following optimality conditions are satisfied

_ _ l . _ _
(i) Ig{l,...,m},l#@,(;)\iaz) >0 jela=0j¢li=1,..1

l
(Z’L) = RT’ (I)?<C_LZ> =1,:i:=1,...,1, Z (Z )\ZC_L;) q; = 0,

(iii) ®;(d(z)) = (@', d(z)), i=1,...,1,
(iv) T € dd;(q;), jel.

17



(2) If z € X, (I,a,q) is feasible to (Dgx(A)) and (i)-(iv) are fuffilled, then T is
a solution to (Per(A)), (I,a,q) is a solution to (Dgr(A)) and strong duality
holds, 1.e.

Proof.

(1) By Theorem 5 follows that there exists (I, a,q) € Yax(A), solution to (Dgy(A)),
such that

We will prove that (I,
then it would follow
(27i") it holds then ®;
d(z) = (d(7))" =0, 1.

a, q) verifies the relations (i) — (iv). If I would be empty,
by (i) that @ = 0,7 = 1,...,m,i = 1,...,l. From
J((d(x)T) = @*(d(j)) =0 Wthh actually means that

e.

mo_
But, this would imply that z € (| A;. This is a contradiction to the hypothesis
j=1

A; = (. By this, the relation (i) is proved.

[r

7=1

From (i7i'), we have that
f (d(z)) = ©;(d(z)) = (a’,d(2)), i =1,...,1,

and, so, (i44) is also proved. From (iv'), we have that q; € 9d;(z, A;) for j € I
(cf. [5]). On the other hand, d; being a convex and continuous function, verifies
(cf. [5]) B

q; € 0d;(7, Aj) < 7 € 9d;(q;), j €,
which proves (iv).
Now, it remains us to show that ®%(a’) = 1, i = 1,...,1. By the definition of
the dual norm, we have

®}(a’) = sup {|{a",v)[}, i=1,...L

@;(v)<1
veER™

18



Because of (] A; = 0, it holds ®;(d(z)) > 0, for i = 1,...,l. Let be v; =
j=1

qh_(;(j))d(f) € R™. We have ®;(v;) =1, i =1,...,1, and then, by (i),

S ad(@ A
051 = &, (7. )P%(G" G o) = k=L = {a', d(z)) =
®j(a") = @:(v:)®;(a") > (@', vy) o,(d(2)) ®,;(d(z)) .

In conclusion, by (i), ®¥(a') =1, i=1,...,1L. O

As a multiobjective dual problem of the primal problem (Pg(.A)) we can introduce

hil(I7 a? q? A? t)
D - :
(Dol L T, a

hl (Iaa7Q7)\7t)
with

hi(I,a,q,\t) = WZ(ZM) (qj) +tr, k=1,....,1,

jel =1
the dual variables

Ig{l,...,m},a:(al,...,al),aiERm, a=(q1,---,qm), g € X",
A= TeR, t=(t,...,6)T € R,
and the set of constraints
Yq;(A):{(I,a,q,)\,t):Ig{l ,m}, a'€RT, ®a') <1,i=1,...,1,
¢GEX,i=1,...,m, (Z)\ia;) >0,5€l, a;'-:(),j@’;‘],
!
:1,...,Z,Z(Z)\a)qj:(),)\eintRﬂr,Z)\ktk:O}.
k=1

jel

The following theorems state the weak and strong duality assertions applying The-
orem 6 and Theorem 7.

Theorem 10. There is no x € X and no (I,a,q,\,t) € Ys(A), such that
;(d(z)) < hd(I,a,q,\t), i = 1,...,1, and ®x(d(z)) < h{(I,a,q,\,t) for at least
one ke {1,...,1}.

Theorem 11. Let T be a properly efficient element to (Ps(A)). Then there exists
an efficient solution (I,a,q,\,t) € Yo(A) to (Ds(A)) and strong duality

Du(d(7) =~ (Z/\ d ) & (q;) + B k=1,

=1

holds.
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6 The biobjective Weber-minimax problem with
infimal distances

In this section, for the same data set A = {A;,..., A, } as in the previous one,
we consider a multiobjective minimization problem with a two-dimensional objective
function, its first component being given by the Weber location problem and the
second one by the minimax location problem with infimal distances. Thus, the primal
problem is

_lejdj(l‘w‘lj)
=

(Pwm(A))  v-min
max w;d;(z, A;)

zeX

F=1,rs

where d;(z, A;) = in£ vi(x—y;), j=1,....,m, and w; >0, j =1,...,m, are positive
Yj€A;

weights. Let be, for j = 1,...,m, the continuous norms v; : X — R, 7} = w;7; and

the corresponding distance functions d(-, 4;) : X — R, d(z, A;) = inf1 vi(x—y;) =
Yi €Ay

w;d;(z, A;). This means that the primal problem (Pw(A)), as a special case of
(Pp(A)) in section 5 with ®; = [; and ®5 = [y, becomes

o I(d(z))
(Pwa(A)) V;E“)}n( loo(d'(2)) > ’

with d'(z) = (d}(x, Ay),...,d,(z, Ay)) and the norms [1,l, : R™ — R, [1(z) =
o1zl leo(2) = max |z, for z € R™. We remark that {{(z) = lo(2) and % (2) =
j=1 G=1m
l1(2). Obviously, l; and [, are monotonic norms.

Taking into consideration the form of Dg(A) in section 5, observing d’(q;) =
(wid;)*(q;) = wjdj(iqj), and, denoting by ¢; := %qj, we construct the multiobjec-
tive dual to the primal problem (Py/(A)). This becomes

O, e, (il )

with )
hm(I,a,q, \t) = —5- _ (Z )\laz) w;di(q;) + t1,

jel \i=1
ho(I,a,q,\ t) = —ijel (Zil /\iaé») w;d;(q;) + ta,

the dual variables
IC{l,....,m},a=(a",a®),a', a®> €R™, g=(q1,---,qm), ¢; € X7,

A=A, AT €R? t = (t1,t,)" € R?,
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and the set of constraints
YWM(A)z{(I,a,q,/\,t) :1C{1,....,m},a*,a®€RY, ;e X% j=1,...,m,

m 2
max |a;| <1, ;!airg, (;Aiag‘-) >0,j€l,a5=0,5¢1,i=1,2,

j: 7777

2 2
> (Z Aia§-> w;q;=0,\ € mtRi,kZ )\ktk:O},
-1

jel \i=1

Let us give also for this problem the weak and strong duality theorems.

Theorem 12. There is no x € X and no (I,a,q,\,t) € Y (A) such that

max w;d;(z, A;) < ho(I,a,q, A1)

T i=1,...m

ijdj (ZE, A]) S h1(17 a, q, )‘7 t)

j=1
and
ijdj(x,Aj) < hi(I,a,q,\t) or max widi(z, A;) <hao(1,a,q, A t).
j= m

-----

j=1

Theorem 13. Let T be a properly efficient element to (Pwar(A)). Then there exists
an efficient solution (I,a,q,\,t) € Ywu(A) to (Dwam(A)) and the strong duality
holds, 1i.e.

m 2

1 - L
D wid;(E, Aj) = o (Z )\i&;) w;d(q;) + &
j=1

jel =1
and
= 1 - Y. At * (= ny
jmax w;d; (T, Aj) = T2, DAy | wid; () + T
""" jel \i=1

7 The multiobjective Weber problem with infimal
distances

We consider, as another application of the multiobjective duality results in section 5,
the multiobjective Weber problem with infimal distances for the data A

lejldj(I,AJ)

]:

(Rw(4) vamn| ,
leédj(x,AJ)
j=
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where d;(z, A;) = ingvj(x —y), j=1,...m,and w}, j =1,...,m,i=1,..,1, are
Yj€A;
positive weights. Again, the norms v;, j = 1

,...,m, are assumed to be continuous.
Considering the norms ®}" : R™ — R, i = 1, ..., 1, defined by

m
= wilayl,
j=1

we have

= Zw;d](x, AJ>
7=1

We notice that ®V.i = 1,...,I, are monotonic norms, with the dual norm
(DW max |9Cj|
@) =

77777

(Pw(A)) v-min

zeX

o (d(x))

Due to section 5, a multiobjective dual problem to (Py (A)) is

Y (I,a,q,\t)
(DPw(A)) V-Tax : ,
Ia,q A\ t)EYw (A
et RO N W (1,0, q,0,0)
with

the dual variables

IC{1,....m}, a=(a*

""7al)’ al 6 Rm’ q = (q17 "'7Qm)7 QJ 6 X*7
A=) ERD = (t,....t)T € R,

and the set of constraints
YW(A):{(I a, Mt TC{l,...m}, al €RT ;€ X*, j=1,...,

Y

’L l . .
)\GmtRﬂr, max %<1 (Z/\Z-az)>0,j€],a;:0,j§él,z':
7777 m g

5 (B)on o)

1.1
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Sl
S~—

which can be written equivalently as (setting aé- =

(I, a,q,\t)

(DPy(A)) v-max : ,
I,a,q,\t)eYy (A
e s AOSWE\ (1,a,q,0,1)

with

Y (I,a,q,\t) = Mk2<2)\w > (q) +ti, E=1,....1,

jel
the dual variables
IC{l,....m}, a=(a',...,d),a" €R™, q=(q1,.... qm), q; € X7,
A=, T eER, t=(ty,....t)T e R
and the set of constraints

Vil A{ (L a,q, A1) TS {1, om), @’ €RT, g€ X7, j = 1,...,m,

A € intRY, Jnax a’ (Z)\w )>O,j€[,a§=0,j§é[,i:1,...,l,
l . .

) (z )\iw;-a}) qj:o,zxktk:o}.

jer \i=1 k=1

Using the Theorems 10 and 11 we can formulate the following duality results.

Theorem 14. There is no x € X and no (I,a,q,\,t) in Yy (A) such that
Sowidi(x, A;) < hY (L a,q,\t), i =1,..,1, and Y whd;(xz, A;) < hY'(I,a,q,\1)
j=1 J=1

for at least one k € {1,...,1}.

Theorem 15. Let T be a properly efficient element to (Py (A)). Then there exists

an efficient solution (I,a,q, \,t) € Yy (A) to (DPw(A)) and strong duality, i.e.

E wfdj(f,Aj) = E )\w di(q) + e, k=1,...,1,
: l>\k
J=1 jeI \i=1

holds.
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8 The multiobjective minimax location problem
with infimal distances

The last optimization problem we are going to consider in this paper is the multiob-
jective minimax location problem with infimal distances for the data A

(Pu(A))  v-min : :
Jmax wid;(w, Ay)

where d;(z, A;) = ingfyj(x —y;), j=1,..,m,and w}, j =1,...,m,i=1,..,1, are
Yj €45

positive weights. Considering the norms ®M : R™ — R, i = 1,...,[, defined by

we have that

We notice that ®M i = 1,...,], are monotonic norms, with the dual norm
(@) = 32 5
j= J
Thus, the primal problem (Py;(.A)) becomes

o (d(x))
(Py(A))  v-min

zeX

&} (d(x))
Its multiobjective dual problem is (cf. section 5)

(I, a,q, )\ t)
(DPu(A) | vamas s ,
7a777t
(L s MO M (] a, g, A1)

with

I
1 )
(I, a,q,\t) = I 5 ( E )\ia;> di(q;) +tr, k=1,...,1,

i=1

the dual variables
IC{l,....m},a=(a",...;d"),a" €R™ q¢=(q1, ., qm), ¢ € X,

A= N ERD t=(t,...t)T € R,
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and the set of constraints
YM<A):{<Laq,At>-IC{1 m},a'€RT, EXY j=1

(Z)\a)>O,j€],aj»:(),j@é],izl,...,l,

!
\a)g; = 0, \ € intRY, zlxktkzo},

957
-MN g|w

<
Il
=

1

.
m
~
~
Il

which can be written equivalently as (setting aé- :

(DPu(A)  vmax : ,
7a777t
aa MO N M1 0,0 0)
with

Jel

WM(I a,q, M t) = — zAkZ<ZAw ) (q;) +tr, k=1,...,1,

the dual variables

IC{l,....m}, a=(a",..,d"),a" €R™ qg=(q1,....,qm), ¢; € X",

A= ()\1, e )\l)T, S Rl, t= (th ...,tl)T S Rl,
and the set of constraints

YM(A):{(I,a,q,)\,t):]g{l ,m},a'€RT, g;eX*, j=1,...,m,

;a; <1, (;Aiw}a§)>0,jel, al =0, j ¢l i=1,..1,
! o ‘ !

Z (Z A’w;a;) q; = 0, e ZntRl_F, Z Aty = O}.

Jjel \i=1 =1

Remark 4. We emphazise the interesting observation that both dual problems

(DPw(A)) and (DPy(A)) differ only in the constraints I max a’ <1 and Z al <1,

7777 =1
respectively.

The corresponding duality results for (D Py (.A)) are the following

Theorem 16. There is no x € X and no (I,a,q,\,t) € Yy (A) such that
max wj tdi(x, A))<hM(I,a,q, M), i=1,.

;a 1, and m’z.aicwd( x, A;) < (I, a,q,\t)
for at least one k € {1, ...,1}.
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Theorem 17. Let T be a properly efficient element to (Py(A)). Then there
exists an efficient solution (I,a,q,\,t) € Yy (A) to (DPy(A)) and strong duality,
(N

!

- 1 S isi | k(s T

‘max wfdj(x,Aj) = i ( E /\iwjaj) di(q;) +tr, k=1,...,1,
jeI \i=1

holds.

References

[1] Bauer, F.L., Stoer, J., Witzgall, C. (1961), “Absolute and monotonic norms,”
Numerische Mathematik, 3, 257-264.

[2] Bot, R.I., Wanka, G. (2002), “Duality for composed convex functions with ap-
plications in location theory,” (to appear).

[3] Breckner, W.W., Kolumbén, I. (1968), “Dualitdt bei Optimierungsaufgaben in
topologischen Vektorraumen,” Mathematica, 10, 229-244.

[4] Carrizosa, E., Fliege, J. (1999), “Generalized goal programming: Polynomial
methods and applications,” (submitted to Mathematical Programming).

[5] Ekeland, I., Temam, R. (1976), Convex analysis and variational problems, North-
Holland Publishing Company, Amsterdam.

[6] Gopfert, A., Nehse, R. (1990), Vektoroptimierung, Theorie, Verfahren und An-
wendungen, Teubner, Leipzig.

[7] Iserman, H. (1978), “On some relations between a dual pair of multiple objective
linear programs,” ZOR-Methods and Models of Operations Research, 22, 33-41.

[8] Jahn, J. (1986), Mathematical vector optimization in partially ordered linear
spaces, Verlag Peter Lang, Frankfurt am Main.

[9] Lemaire, B. (1984), “Subdifferential of a convex composite functional: Applica-
tion to optimal control in variational inequalities,” Nondifferentiable Optimiza-
tion, Sopron, Hungary.

[10] Levin, V.L. (1970), “Sur le sous-différentiels de fonctions composées,” Doklady
Akademia Nauk, Belorussian Academy of Sciences, 194, 28-29.

[11] Nakayama, H. (1984), “Geometric consideration of duality in vector optimiza-
tion,” Journal of Optimization Theory and Applications, 44(4), 625-655.

[12] Nakayama, H. (1996), “Some remarks on dualization in vector optimization,”
Journal of Multi-Criteria Decision Analysis, 5, 218-255.

26



[13]

[14]

[15]
[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

Nickel, S., Puerto, J., Rodriguez-Chia, M. (2001), “An approach to location
models involving sets as existing facilities,” (to appear).

Puerto, J. (2002), “Average distance problems with respect to infinite sets,” (to
appear).

Rockafellar, R.T. (1970), Convex Analysis, Princton University Press, Princeton.

Sawaragi, Y., Nakayama, H., Tanino, T. (1985), Theory of multiobjective opti-
mization, Academic Press, New York.

Tanino, T. (1992), “Conjugate duality in vector optimization,” Journal of Math-
ematical Analysis and Applications, 167, 84-97.

Wanka, G. (1991), “Duality in vectorial control approximation problems with
inequality restrictions,” Optimization, 22, 755-764.

Wanka, G. (1999), “Multiobjective duality for the Markowitz portfolio optimiza-
tion problem,” Control and Cybernetics, 28(4), 691-702.

Wanka, G. (2000), “Multiobjective control approximation problems: duality and
optimality,” Journal of Optimization Theory and Applications, 105, 457-475.

Wanka, G., Gohler, L. (2001), “Duality for portfolio optimization with short
sales,” Mathematical Methods of Operations Research, 53, 247-263.

Wanka, G., Bot, R.I. (2002), “A new duality approach for multiobjective convex
optimization problems,” Journal of Nonlinear and Convex Analysis, 3 (1), 41-57.

Wanka, G., Bot, R.I. (2002), “On the relations between different dual problems
in convex mathematical programming,” In Chamoni, P., Leisten, R., Martin,
A., Minnemann, J., Stadtler, H., (eds.), Operation Research Proceedings 2001,
Springer, Heidelberg, 255-262.

Weir, T. (1987), “Proper efficiency and duality for vector valued optimization
problems,” Journal of Australian Mathematical Society, 43, 21-34.

Weir, T., Mond, B. (1991), “Multiple objective programming duality without a
constraint qualification,” Utilitas Mathematica, 39, 41-55.

27



