Chapter 1

Variable metric ADMM for solving variational
inequalities with monotone operators over affine
sets

Radu Ioan Bot, Ern6 Robert Csetnek and Dennis Meier

Abstract We propose an iterative scheme for solving variational inequalities with
monotone operators over affine sets in an infinite dimensional Hilbert space setting.
We show that several primal-dual algorithms in the literature as well as the classical
ADMM algorithm for convex optimization problems, together with some of its vari-
ants, are encompassed by the proposed numerical scheme. Furthermore, we carry
out a convergence analysis of the generated iterates and provide convergence rates
by using suitable dynamical step sizes together with variable metric techniques.
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1.1 Introduction

Many problems in fields like signal and image processing, portfolio optimization,
cluster analysis, location theory, network communication and machine learning as
well as inverse problems can be formulated as a convex optimization problem of the
form
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inf {f(x)+h(x)+g(2)}, (L.D)

xeH €9

st. Lix+1Lyz=d

where ;% and Z are real Hilbert spaces, f: # — R:=RU{+}andg: ¥ —R
are proper, convex and lower semicontinuous functions, /4 : 5 — R is a convex
and Fréchet differentiable function with Lipschitz continuous gradient, L; : 57 —
Z,Ly : 9 — 7 are linear continuous operators and d € Z.

One of the most prominent numerical algorithms one can find in the literature for
solving optimization problems of the form (1.1) is the alternating direction method
of multipliers (ADMM). In the case h = 0, which represents the standard setting
in the literature addressing ADMM methods, the augmented Lagrangian associated
with problem (1.1) is given for a fixed real number ¢ > 0 as

Lo: H#x9Gx%F R,
C
Le(x,2,y) =f(X)+g(Z)+<y,L1x+Lzz—d>+§||L1x+Lzz—d||2-

The ADMM algorithm generates a sequence (x*,z%,y¥)1>0 € S x 4 x Z by iter-
ating for every k > 0

A € argmin L. (x, 25, y%) = argmin {f(x) +5 |Lyx+ Loz — d+c*1yk\|2}
xeH xeHl 2

. . c _
1 € argmin L. (x**!,z,y*) = argmin {g(z) + EHlek“ +Lyz—d+c lyk||2}

€9 xe¥

yk+l :yk+C(L1xk+l +L2Zk+l _d)

Since the function f and the operator L; are not evaluated independently in the
first line of the algorithm, the minimization with respect to the variable x does not
lead to a proximal step (the same is true for the second minimization). This results
in less attractiveness for implementations than for primal-dual splitting algorithms,
which represent the second class of prominent iterative methods for solving (1.1).
This drawback has been overcome in the literature by introducing a suitable regu-
larizer equipped with a (semi-)metric, see for example [15] for a finite dimensional
approach (in case ¥ = &, L, = —1Id and d = 0 see also [20], and also [3] for
an extension of the ADMM algorithm by involving also smooth parts in the ob-
jective, by employing variable metrics and by working in an infinite dimensional
Hilbert setting). This so-called alternating direction proximal method of multipliers
(AD-PMM) reveals a bridge which connects the classical ADMM algorithm with
primal-dual methods. This observation served as the starting point for the investiga-
tions made in [6], where a generalization of the AD-PMM algorithm to monotone
inclusions was proposed and investigated from the point of view of its convergence
properties.

In this paper we propose an iterative algorithm for solving variational inequalities
with monotone operators of the type
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find (x,z) € 5 x ¢ such that 0 € (Ax+ Cx) x Bz + Ng(x,2),

where A : /7 = ¢ and B : ¢ = ¢ are maximally monotone operators, C : 7€ —
is an n-cocoercive operator, forn >0, S:={(x,2) € # x 9 : Lix+ Lz =d}, and
Nj denotes the normal cone operator to the set S. This delivers a unifying framework
for solving monotone inclusions in Hilbert spaces which encompasses in particular
the ADMM algorithm in [6], several primal-dual iterative methods [7, 10, 14, 21] as
well as the classical ADMM algorithm designed to solve problems of type 1.1 (and
its variants from [15, 20], see also [16, 17]). After giving the necessary preliminar-
ies, we formulate the ADMM iterative scheme for variational inequalities and carry
out a convergence analysis. Furthermore, under additional strong monotonicity as-
sumptions, we derive convergence rates for the primal iterates by using a dynamic
step size strategy combined with variable metric techniques.

1.2 Notation and preliminaries

Throughout, 77, 4 and 2 denote real Hilbert spaces with scalar products (-,-) and
associated norms || - || (since there is no risk of confusion, they are denoted in the
same way). Let M : 7 = JZ be an arbitrary set-valued operator. We denote by
graM = {(x,u) € S x A :u € Mx} its graph, by domM := {x € 7 : Mx # 0}
its domain and by M~! : # = J# its inverse operator, defined by (u,x) € graM~!
if and only if (x,u) € graM. M is said to be monotone, if (x —y,u —v) > 0 for all
(x,u),(y,v) € graM. A monotone operator M is said to be maximally monotone, if
there exists no proper monotone extension of the graph of M on 7 x 7. For an
arbitrary y > 0, the operator M is called y-strongly monotone, if (x —y,u —v) >
Yllx— ] for all (x,u), (1.v) € graM.

The resolvent of M is the mapping Jys : # = ', Jy := (1d+M)~!, where Id de-
notes the identity operator on 7. If M is maximally monotone, then Jy; : 7 —
is single-valued and maximally monotone (see [4, Proposition 23.7 and Corol-
lary 23.10]). Furthermore, for an arbitrary y > 0 we have (see [4, Proposition 23.18])

Tpi+ ¥l 1y-10y” ' Id=1d. (1.2)

For a linear continuous operator L : 7 — ¥, its adjoint operator L* : 4 — 7
is defined by (L*y,x) = (y,Lx) for all (x,y) € # x 4. The norm of L is defined by
IL|| := sup{||Lx|| : x € 52, ||x|| < 1}. The linear operator L is said to be skew, if
{x,Lx) = 0 for all x € SZ. A single-valued operator M : 5 —  is said to be f3-
cocoercive, for § > 0, if B (x —y,Mx — My) > ||Mx— My||* for all (x,y) € H# x .
Moreover, M is B-Lipschitz continuous, if |Mx —My| < B|jx—y]|| for all (x,y) €
T X .

We write

S (H) :={L: A — H : Lis linear, bounded, positive semidefinite and L =L"*}.
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The Loewner partial ordering on .%, () is defined by
(VU € 4 (0)(VWV € L(H)) UrV s (Vxed) (x,Ux) > (x,Vx).

Further, for every U € ., (J¢), we define a semi-scalar product and a semi-norm
by

(vxe)(Wye ) (xyu:=xUy) and |x|v:=/(xUx),
respectively. For a > 0 we set
Po(H):={U e S ()| U»r ald}.

Since we will also address convex optimization problems, we recall some elements
of convex analysis. For a function f : % — R we denote by dom f := {x € J# :
F(x) < 4oo} its effective domain and say that f is proper, if dom f # 0 and f(x) #
—oo for all x € 7. The (convex) conjugate function f* : /% — R of f is defined
by f*(u) 1= sup,c o {(u,x) — f(x)} for all u € 5. The (convex) subdifferential
df : A = I of fis given by

of(x):={pe A :f(y)—f(x) = (p,y—x) Vy e A},

for x € 5 with f(x) € R and d f(x) = 0, otherwise. In case f is a proper, convex and
lower semi-continuous function, d f : 5 = ¢ is a maximally monotone operator
[19].

For f,g : ¢ — R two proper functions, the infimal convolution fCg : J# — R
is defined by (fOg)(x) = inf,c{f(u) + g(x —u)} for all x € .

For a proper, convex and lower semi-continuous function f : %% — R and y > 0,
for every x € #” we denote by prox,, (x) the proximal point of parameter 7y of f at
x, which is defined by

. 1
prox, (+) = argmin, {f<y> + ol —x|2} .

Since Jy5¢ = (Id+yd )= prox, (see [4, Example 23.3]), this gives a single-
valued operator prox, : 7 — 7 fulfilling the extended Moreau’s decomposition
formula '

ProX, +Yprox, i p« oy 'Id=1d.
Last, for a nonempty convex subset S of .7 and for x € JZ, the normal cone to S at

X 18

Ns(x) = {ue | sup{s—x,u) <0Vse S} ifxeS
SH=1 o, ifxgs”
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1.3 A variable metric ADMM for monotone operators

In this section we present the variational inequality problem to solve, formulate the
iterative numerical scheme and prove convergence for the sequence of generated
iterates.

1.3.1 Problem formulation and algorithm

We start by describing the problem under investigation.

Problem 1. Let 57, & and 2 be real Hilbert spaces, A: ¢ = # and B: ¥ =¥
be maximally monotone operators and C : 5 — ¢ an n-cocoercive operator, for
n > 0. Further, let L) : 57 — % and L, : ¢ — % be linear continuous operators and
S:={(x,z) € # x ¥ : Lix+Lyz=d}. The aim is to solve the variational inequality
with monotone operators over the set S

find (x,z) € 4 x ¢ such that 0 € (Ax+ Cx) x Bz + Ns(x,2), (1.3)
which can be reformulated as

find (x,z) € S such that 3(p,q) € —(Ax+Cx) x (—Bz) with the property
<(p7Q)7 (M,V) - (X,Z)> S 0 V(M,V) es.

We will propose an algorithm for determining the KKT points associated to the
variational inequality (1.3), namely, those (x,z,y) € 7 x ¢ x 2 which fulfill

—Liy € Ax+Cx, —Lyy€ Bzand Lix+ Lz =d. (1.4)
Remark 1. If (x,z,y) € 7 x ¥4 x % is a KKT point of (1.3), then, obviously,
(—L}y,—L3y) € (Ax+Cx) x Bz+ Ns(x,z),

which means that (x,z) is a solution of (1.3).
On the other hand, if (x,z) € 4 x ¥ is a solution of (1.3), then there exists
(p,q) € —(Ax+Cx) x (—Bz) such that

Lix+Lyz=d and (x,z) € argmin{(—p, —q), (u,v)).
(u,v)es

Using duality theory, we obtain under suitable constraint qualifications the existence
of y € % such that

(—p=a),(52) = inf {((~p.—a), (,v)) + (0 Liuc+ Loy —d)}
(u,v)et' x4
(u,—p+Liy) + inf(z,~q +Ly) — (v,d).

inf
ueH
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Since the term on the left-hand side is finite, this holds only when p = L]y and
g = L}y. In other words, (x,z,y) is a KKT point of (1.3).

Next, we relate Problem 1 to a particular convex optimization problem with affine
constraints.

Problem 2. Let /#, & and 2 be real Hilbert spaces, f: # — R, g: ¥4 — R be
proper, convex and lower semicontinuous functions, & : 2 — R a convex and
Fréchet differentiable function with n-Lipschitz continuous gradient, for n > 0,
Ly : 0 — %, L, : 9 — Z linear continuous operators and d € 2. We consider the
convex optimization problem

inf {f(x)+h(x)+g(z)}. (1.5)

xeH €9

st. Lix+1Lyz=d

The system of KKT optimality conditions associated to this optimization problem
is given by

—Liy € df(x)+Vh(x), — L3y € dg(z) and Lix+ Lz =d. (1.6)

If (x,z,y) is a solution of (1.6), then (x,z) is an optimal solution of (1.5) and y is an
optimal solution of its dual problem

sup {—(f*0R")(=L1y) — & (=Lay) = {d, )}, (1.7

ye¥
For
A:=df,B:=dgand C:=Vh, (1.8)

the system of KKT optimality conditions (1.6) is nothing else than (1.4). Notice
that df and dg are maximally monotone operators, while, by the Baillon-Haddad
Theorem (see [4, Corollary 18.16]), the gradient of & is n-cocoercive.

Remark 2. Consider the optimization problem

inf {£(L1y)+g(Lay)}, (1.9
yeZF

where f:.%# — R and g: ¥ — R are proper, convex and lower semicontinuous
functions, and L : & — 57 and L, : & — ¥ are linear continuous operators. The
associated dual problem can be written as

<p,e)ié§fzﬂxg{f “(P)+¢7 (@)} (1.10)

st. Lip+L5g=0

while (1.9) is on its turn the dual problem of (1.10). Finding a solution (p,q,y) of
the system of KKT optimality conditions associated to (1.10)
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—Liy€df*(p), —Lay € dg"(y) and Lip+Lyq =0

provides an optimal solution y of problem (1.9) and an optimal solution (p,q) of
problem (1.10).

We propose the following iterative scheme for determining the KKT points of
the variational inequality (1.3).

Algorithm 1 Let Mt € .7, (), Mk € #(9) and ¢ > 0 be such that cLiL; +
MY € Py (H) and cL3Ly + M € P (4), with oy, B > 0, for all k > 0. Choose
(x0,290%) € # x G x Z. For all k > 0 generate the sequence (x*,7*,y")1>0 as
follows:

= (LTl + ME+ A) [cL’;(—Lzz" d—c )+ Mkt - ch] (1.11)
= (eLsLy + ME 4+ B) 7! [CL;(—L]x"“ +d—cy +M§zk} (1.12)
Y= Y (L + L —a). (1.13)

Remark 3. For the choice 4 := %, L, := —1d and d := 0, the variational inequality
to solve simplifies to the following monotone inclusion problem

find x € 7 such that 0 € Ax+Cx+ (LjoBoL;)(x),

while Algorithm 1 becomes the iterative scheme proposed in [6] for solving it.

We show in the following that the numerical scheme above encompasses several
other algorithms from the literature. For all k > 0, the equations (1.11) and (1.12)
are equivalent to

—cLi(Lid* + Ly —d + W)+ MEGE — ) —o e AT (1.14)
and, respectively,
—cLy (LT + L —d ey ME (- e BT (1.15)

In the variational setting of Problem 2, i.e., considering the particular choice (1.8),
the inclusion (1.14) becomes

0€ df(MHY) + el (Lix* ! + Ly —d + 7y + ME (M — 3K + VR(xY),
which is equivalent to

X1 = argmin {f(x) + (x—xk, VR(x*)) + %Hle—i—ngk —d+c WP
xeH

1 k2
5 =12 |-

On the other hand, (1.15) becomes
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—CL;(L]XI(JFI _|_L2Zk+l —d+C71yk) _|_M12c(zk _Zk+1) e ag(ZkJrl)7
which is equivalent to

. c _ 1
! = argmin {g(z) + LT Lz —d 4+ YR+ 2 HZ*Zk”i,[k}-

e 2 2 2
In conclusion, the iterative scheme (1.11) - (1.13) applied to the variational setting
of problem 2 reads

. C _
4 = argmin { () + (x =, VA() + S 1Liv+ Lot —d+ 72
xeH

1 2
+§\|x—%uM{,} (1.16)

. c _ 1
2+ — argmin {g(z) +SIE !+ Lz —d + TP+ EHzfzkleuk} (1.17)
2

xX€9

Y = yf (DX + LK =), (1.18)

The situation when # = 0 and the sequences (M’f)kzo,(Mf)kzo are constant has
been considered for example in [15]. The case ¥ = 2, L, = —Id and d = 0 delivers
the algorithm formulated and investigated by Banert, Bot and Csetnek in [3]. The
latter is a generalization of the iterative scheme proposed by Shefi and Teboulle
[20], which addresses the case when & = 0 and the sequences (M¥);>0, (M5);>¢ are
constant in the setting of finite dimensional Hilbert spaces. Finally, when 2 = 0 and
M¥ = MK =0 for all k > 0, the iterative scheme (1.16) - (1.18) collapses into the
classical version of the ADMM algorithm (see for example [16, 17]).

We refer the reader to [6, Remark 5], where it is shown that several primal-dual-
type algorithms from the literature [7, 10, 14, 21] can be embedded in the algorithm
designed for the situation where 4 = 2, L, = —1d and d = 0 and, consequently, in
the general algorithm considered above.

1.3.2 Convergence analysis

An important ingredient for our convergence analysis will be the following version
of the Opial Lemma (see [13, Theorem 3.3]).

Lemma 1. Let C be a nonempty subset of 7€ and (xk)kzo be a sequence in €. Let
a >0 and Wk € Py () be such that W* = WK for all k > 0. Assume that:

(i) for all z € C and for all k > 0: [|F1 — 2| et < ||x* — 2]y

(ii) every weak sequential cluster point of (xk)kzo belongs to C.
Then (xk)kzo converges weakly to an element in C.

The following theorem is the main result of this section.
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Theorem 1. In the context of Problem I, assume that the set of KKT points of the
variational inequality with monotone operators (1.3) is nonempty and that M{‘ —

1de S (), ME = M M € 7(9), M5 = M5!, and M + cL3L, € 7, (9)
forall k> 0. Let (x*, 2%, yk)kzo be the sequence generated by Algorithm 1. Suppose
that one of the following assumptions is fulfilled:

(I) there exist oy, Bi > 0 such that M¥ — 1 1d € P, () and Ms +cL3L, € P, (9)
forall k > 0;

(I) there exist @z, > 0 such that LiLy € Py, (H’) and M5 € Pp,(94) for all
k>0;

(I1I) there exist o, B3 > 0 such that M — 2 1d+cLiLy € P, (), LiLr € P, (9)
and 2M5 " = ME = MAT! for all k> .

Then (xk,zk, yk)kzo converges weakly to a KKT point of the variational inequality
(1.3).

Proof. Let (x*,z*,y*) be a KKT point of the variational inequality with monotone
operators (1.3). Then

—Liy" —Cx* € Ax*, —Lyy* € Bz and Lix" +17" =d.

Let k > 0 be fixed. By (1.14), (1.15) and the monotonicity of A and B, we obtain the
inequalities

(—cL’{(LUckJrl +L2Zk—d+c*lyk) +M{‘(xk _ka) —_Cxk 4 oy o i —x)
>0

and
(—eL5 (Lo 4 L —d o) 4 ME(E — 24 4 Loyt 24 — %) > 0.
Since C is n-cocoercive, we have
n(Cx* — Cx* x* —xF) > ||Cox* — b2

We consider first the case when 17 > 0. Summing up the three inequalities from
above we get

(=L — Lydf 4 d Lix¥ Y — L) + (yF =y Lt — Lx)
(O = O T 2 e (M (o = ) T )
oL (=Lt — Lo d), 2 2y (L 4 Lyt 2 — )
M =), =) e e =) —n e - ez 0.

By taking into account (1.13) we also obtain
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(" = Lt = Lyx) + (— Ly + Lyy*, 24— 2)
=" ,yk,lekH — LX) + O 7yk7L2(Zk+1 — 7))
= <y* 7yk’L1xk+1 +L2Zk+1 o (le* +L2Z*)>

——
=d

< k k41 yk>.

=c Y =y

Hence the above inequality reads as

c((d — Lpzb) — Lix¥ ™! Lid T — Lix) 7y — ) yf T -k

¥)
<Cx —C/\J( xk+1 > <Mk()gc k+1) xk+1 *>

te((d — Lid ) — Ly Lod* T — Lyz) 4 (ME(ZF — 51 A — )

—n7cxt — b2 > 0.

By expressing the inner products through norms the above inequality becomes
5 (@ =102 = Lx' 2 = [[(d = o) = Lt P = LT — L)
(1 = L) = Loz |~ [[(d = Lit*) = L2 P |2 — L7
b (I =P+ A = = A 7))

g (It =2l - ||’<—x"+'|\§4f— F 2

3 (1 =2 — 12— A= 1 212

+(Cx* — CxF X — Ky — 7 hjext — e > 0.

+<
2

By using again that y**! = yk 4 ¢(Ljx*+! 4+ L,z5*! — d) and by taking into account
that

(Cx* — Cxk XM — by — Yot — edb))? =

2o
IR

1
-1 Hnl(Cx* —ka)—l- E(xk—xkﬂ)

we obtain
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1 1
EHXHI—X*HZFFEHZH] z ||Mk+ HLsz+l Loz ||c1d+2 I =y P <
1 1
Ql\xk*x*ll ﬁ*l\z -z IIMk+2H(d*Lzz) le*\\cl(j+*Ily**ykll2
¢ 2 k k412
—Ell(d—LzZ)—lek“ll —*H xk“IIMk_,Id *HZ — 2,

2
-n Hn‘(Cx* — )+ E(xk — X

Since (d — Ly7*) — L1x = —L,7" + Lyz* and by using the monotonicity assumptions
on (M¥)>0 and (M%) it yields

|y 2 Lok k 2
i”x +1_X*H k+1+*||Z 2z ”M”'-s-cL*Lz Z”y H_y*” <

1
Hx —x*||Mk+sz —z IIMkHL%Lz flly*—y"llz

¢ k
_EHLI'XI(JH +LZZ _d||2_ EH k le”1;4/(,,1(1 7HZ k+]||M

2

e ed g

In the case when 11 = 0, by repeating the above calculations, we obtain

1 1 |

E”xkﬂ _X*HIQWI«H +§||Zk+l Z ||Mk+1+CL*IJZ+ 2 Iy ! y*HZ <
1 k k2
5l —x HMk+*||Z =g yergn, + %Ily*—y I

Lk

sl —z

Cc
SOt Lo — P — Lk -2, —
S 1L 4 Lozt —d|” = Sl —x IIMlk 5

k1 ||]2W§. (1.20)

By using arguments involving telescoping sums, each of the inequalities (1.19) and
(1.20) yield

Y L+ L —d|P < 4o, ¥ [ xk+1\\Mk p1g < e,

k>0 k>0

Yol =2 < o, (1.21)
k>0 2

Assume that condition (I) holds. By neglecting the negative terms (notice that M{‘ —
gld € 4 (H) for all k > 0), from each of the inequalities (1.19) and (1.20) it fol-
lows that assumption (i) the Opial Lernma holds, when applied in the product space
A x G x %, for the sequence (X, 2%, %) >0, for WK := (MY MA + cL3L,,c~11d) for
k >0, and for C C 77 x 9 x Z the set of KKT points of the variational inequality
(1.3).

Since Mi‘ — gld € P, (H) for all k > 0 with o > 0, we get from (1.21)
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XK= 50 (k= +o0) (1.22)
and
Lix* 4 Lotk —d — 0 (k— +oo). (1.23)
Therefore
[Fas —ZkHL;Lz =|| L = Ld|
L2+ Ly —d|| 4+ | L+ L —d|

4 || L — L2

which means that

|5 —zk||L§l,2 — 0 (k— +).

Using the third condition in (1.21) and the fact that M% + cL3L, € g, (4) we con-
clude

K=K 50 (k— +oo). (1.24)
From (1.13) we derive
Iy =y = e L + LT —d|
<c (||L1xk+] + Lotk —d|| + || Ly 2! —LzzkH) ,

hence, by (1.23) and (1.24)
Y=y 50 (k= +o0). (1.25)

Now we are able to verify the second assumption in the Opial Lemma for C taken as
the set of KKT points of (1.3). Let (¥,Z,¥) € 5 x 4 x % be such that there exists
(kn)n>0, ky — 400 (as n — +-o0), and (x*», 7 ykn) converges weakly to (,Z,7) (as
n — +o0). From (1.22) and the linearity of L; we obtain that (Ljx**1 4+ L,7),~¢
converges weakly to Lix + LrZ (as n — +o0), which combined with (1.23) yields
Lix+ Lyz =d. For n > 0, we use now the following notations
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ay = cLj (—Lix ™ — Lydn 4 d) + Lj (yF ! — yo)
+ My (o — bty ot b

ay = xknt!

by = Mlz{” (zk" —zk"H)

bn = an+1

C:i = —Ll)d(”Jrl —L22kn+1 +d
Cp =yt

From (1.14) we have
a, € (A+C)a,+Licy (1.26)
and by combining (1.15) with (1.13) we obtain
b) € Bb, + Lcy, (1.27)
for all n > 0. From (1.22), (1.24) and (1.25) we have that
(an,by,cy) converges weakly to (%,Z,¥) (asn— +oo). (1.28)
Moreover, by (1.22) - (1.25) and the Lipschitz continuity of C we obtain
(a;,b;,cy) converges strongly to (0,0,0) (asn — +o0). (1.29)
Next we define the maximally monotone operator
T HXGXYL3H XYL, T(xz,y) :=(A+C)x,Bz,0),
and the linear continuous operator
K:HXGX Y —HxGx L K(x,z,y):=(Liy,Lyy,—Lix— Lyz).
For all (x,z,y) € 5 x ¥ x % we have

(K(x,2,5), (x,2,y)) = (Liy,x) 4+ (L3y,2) + (=Lix — Lyz,y)
= <y,L1.X> + <yaL2Z> - <L1_X,y> - <L215y> = 07

hence K is maximally monotone and therefore the shifted operator
K:HXGXY —H%xGxZ Kxyz)=K(xyz)+(0,0,d),
is maximally monotone, as well. Since K has full domain we obtain that

T + K is a maximally monotone operator. (1.30)
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On the other hand, from (1.26) and (1.27) we have that
((an,bpn,cn), (@, by.cy)) € gra(T +K) Yn > 0. (1.31)

Since the graph of a maximally monotone operator is sequentially closed with re-
spect to the weak x strong topology (see [4, Proposition 20.33]), from (1.28), (1.29),
(1.30) and (1.31) we derive that

(()E,Z,)_’)7 (070,0)) S gra(T+K),
which is equivalent to
(0,0,0) € ((A+C)x+L;¥,Bz+ L}y, —L 1% — Lz +d).

The latter means nothing else than saying that (x,z,¥) is a KKT point of (1.3), thus
assumption (ii) in the Opial Lemma is verified, too. In conclusion, (xk,zk , yk)kzo
converges weakly to a KKT point of (1.3).

Consider now the situation in assumption (II). From (1.19) and (1.20) it follows
that (1.23) and (1.24) hold. From (1.13), (1.23) and (1.24) we obtain (1.25). Finally,
by using that LiL| € P, () for op > 0, relation (1.22) holds, too.

On the other hand, (1.19) and (1.20) yield that

: 1 *(12 1 k *(12 1 k * (12
3 im (31 gt 512 2 g, 5 YF) (32
hence (y*);>0 and (z*);>0 are bounded. Combining this with

0| —x*|* < |[Lix* — Lix"|?

1 1 1
< §||L1x’<+L2z" —d|*+ §||L1x* +Lo7 —d|* + §||L2z* — LyZ"||?,

which holds for all k£ > 0, and using (1.13), we derive that (xk)kzo is bounded, too.
Hence there exists a weakly convergent subsequence of (xk L2599 r>0- By using the
same arguments as in the second part of the proof of (I) it follows that every weak
sequential cluster point of (x*, 7%, %)z~ is a KKT point of (1.3).

Now we show that the set of weak sequential cluster points of (xk ,25, yk)kzo is
a singleton. Let (x1,z1,y1), (x2,22,y2) be two such weak sequential cluster points.
Then there exist (kp) p>0, (kg)g>0, kp = 400 (as p — +-o0), kg — +o0 (as g — +o0), a
subsequence (x7,zkr, ykr) ,~ which converges weakly to (x1,z1,y1) (as p — +oo),
and a subsequence (xkq,qu,ykq)qzo which converges weakly to (x2,22,y2) (as g —
+o0). As seen above, (x1,z1,y1) and (x2,22,y2) are KKT points of (1.3). , thus Lix; +
Lyz; =d fori € {1,2}. From (1.32), which is true for every KKT point of (1.3), we
derive

Elkhlil}—l (E(xkazkvyk;xlazlayl)_E(xk7zk7yk;x27Z2ay2)>7 (133)
4o
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where

1 1 1
k k. R 12 Sk 12 k112
E(xkaz Y ,x,z,y) L 2||xk x||M]f+2HZ ZHM}ZC_FCL;IJZ_’_ZCH)} y” .

We have for all k > 0

1 1 1
§||xk—x1||12w{€ - §||xk—x2||jzwf = §||x2—x1||12w,1( + (F —x0, M (x2 — x1)),

1
Sz

Lk 2
5”2 —4 HM§+cL;L2 )

k 2
— HM§+cL;L2

1 2 k k
§||Zz -z ||M§+CL3L2 + (" =22, (M5 +cL5L5) (22 — 21))

and
L & RN | 2 1y
ZCHY il ZCHY y2] —ZC||Y2 il +C<y Y2,¥2 = Y1)-

According to [18, Théoreme 104.1] there exists M € ., () such that (M]f)kzo
converges pointwise to M| in the strong topology (as kK — +oo). Similarly, the mono-
tonicity condition imposed on (M%) implies that sup,~ ||[M5 + cL3Ls|| < +oo.
Thus, according to [13, Lemma 2.3], there exists o’ > 0 and M, € Py (9) such that
(M§ +cL;L) >0 converges pointwise to M, in the strong topology (as k — o).
Taking the limit in (1.33) along the subsequences (k) ,>0 and (k,)4>0 and using the
last three identities above, we obtain

1 1
7l —x2l3y, + (x1 —x,Mi (v —x1)) + 5 [lz1 — 2|3, + (21 — 22,Ma (22 — 21))
oyt =yl ¢ )
2% Yi—»n p yi—y2,Y2—V1
1 2 1 2
:§||x1*X2HM1+§||11*Zz||M2+2*C||y1*y2|| ,
hence
2 2 1 2
bt =2e2lag, = llz1 = 22llas, = Zlyi =2l =0,
thus z; = zp and y; = y». Further, since Lix; + Lyz; = d fori € {1,2},
0||x1 —xo||* < [|Lix1 — Lixa|?

1 1 1
< §||L1X1 + Loz —d|*+ §||L1xz + Loz —d|* + gHLzzl — Lo ||?

thus x; = x5. In conclusion, (x¥, zX, )~ converges weakly to a KKT point of (1.3).
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Finally, we consider the situation when the hypotheses in assumption (III) hold.
Let k > 1 be fixed. Combining (1.15) with (1.13) gives

Considering this monotone inclusion for consecutive iterates and by taking into ac-
count the monotonicity of B, we obtain

<zk+1 —zk, _Lé(yk+1 _yk) +M12<(Zk _Zk+1) _M12<—1(Z1<—1 —zk)> >0,
hence

(= —L (T =)

> HZkJrl _Zk||121412< + <Zk+1 _Zk7M§71(Zk71 —Zk)>

1 1
k1 k2 gkl k2 Ak k=12
2 27 =2l = 5118 = 2l = 511 =2 e

Using that Y1 — y& = c(Lix**! + LyZ5*! — d), the last inequality yields

1
k+1 k2 L
17 =2l — 5 112

< (Lo — Lhdk, — LA — Lt a)
c
_ E (Hlek—H +L21k—d||2 o ||L2Zk+1 —L22k||2 _ ”lek—H +L2Zk+1 _d||2) ,

2

k+1 _Zk||2 Mgﬁ]

Lok ke
M§—1—§||Z -z

which, after adding it with (1.19) and using (1.13), leads to

1 k+1 * (12 1 k+1 * (12 1 k+1 * (12
EH.X —X ||M{(+| +§HZ —Z ||M§+]+L‘L§L2+27c||y _y || +
1 k+1 k12
—1|< —Z _
Ry
< B = Py + ol =P I = R —
=2 i T T I erzn, T o Y T YT S IIE TR e
Lok k+1)2 ¢ k+1 k2 Lo k2
T T

Ml — ) 45 (A 2

Taking into account that according to (III) we have 3M% — Ms~! = M, we can
conclude that for all £ > 1 it holds
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Lok a2 Lk k+1 24 A2
Ellx =X e+ 5187 2 IIMHIMQ2 2 = H — 2 Il
k2 k _ et
Ellx —x"[; k+*||Z ~ g yergn, + %lly*—y I —*Hx g1
Lkt [ 2 Lk A1
L N L
1
(" —Cd) + S (=, (1.34)
while, by using when 17 = 0 (1.20) instead of (1.19), it yields
Lok k k 2 Lk k|2
5 Il X b +*||z g ||Mk+l+CL* *Hy oy 12+ H | ;
Lok a2 k%2 [ T L
< It b 21— 2 W g 5 AP S A
Vo vz Ly Ukt g2
S = = S = g, — 5 I =5 (1.35)
Using telescoping sum arguments, we obtain that [|xf — x*+1|? — 0, yk —

mi-T1d
Y — 0and ZF -+ — 0 as k — +oo. Using (1.13), it follows that L, (x" Ky
0 as k — +o0, which, combined with the hypotheses imposed on M{‘ — gld +cLiLy,
implies that x* — x¥*1 — 0 as k — +oo. Consequently, Lx**! 4+ Ly7¥ —d — 0 as
k — +o0. Hence the relations (1.22) - (1.25) are fulfilled. On the other hand, from
(1.34) and (1.35) if follows that the limit

1 1 1
2 k 2 k 2 k k 1
i (I = b 512 = g g+ o0 =3 P 512 =2 )

exists. By using that

k k 1H

k_ k=12 011k _ K112
12" = <l =2 e < IMHI" =217 V=1,

Mk]

it follows that limy_, ;. [|z* — 2! ”121/1"*1 = 0, which further implies that (1.32) holds.
2

From here the conclusion follows by arguing as in the second part of the proof
provided in the setting of assumption (II). O

1.4 Convergence rates in the case when A + C is strongly
monotone

In this section we adress the following modification of the Problem 1.

Problem 3. In the context of Problem 1, we replace the cocoercivity of C by the
assumptions that C is monotone and pt-Lipschitz continuous, for y > 0. Further, we
assume that the sum A + C is y-strongly monotone for y > 0, and that d = 0.
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We have the following characterization for a KKT point of (1.3):

—Lly €Ax+Cx
Ix,zy) €HXG XX ¢ —Lyy €Bz
le = —Lzz

—Liy €Ax+Cx
< J(x,z,y) €A XYGXZ: z € B lo(-L3)y
Lix =—Irz

—-Lyy €Ax+C
& Jxy) el XL 1 rhCx i

Lix €(=Lp)oB 'o(—L})y.
The latter means that (x,y) is a so-called primal-dual solution associated to the
monotone inclusion problem

find x € 5 such that 0 € Ax+Cx+ (Lj o BoLy)(x),

and its Attouch-Thera dual inclusion problem, where B := [(—Lp)o B 'o(—L3)] .
Algorithm 14 in [6] which is designed to determine these primal-dual solutions in a
setting which is similar to the one in Problem 3, gives rise to the following iterative
scheme.

Algorithm 2 Forallk > 0, let M’z‘ 1 & — Z be alinear, continuous and self-adjoint
operator such that Tl L} + M5 € P4 (Z), for g > 0. Choose (x°,2°,y°) € # x
G x Z. For all k > 0 generate the sequence (xk,zk,yk)kzo as follows:

-1
= (RliLi + ME+ (~La)oB™ 0 (13)) [~ (2 — 5 44) + MY

(1.36)
Ok * Ok
Zk+1 — (l _ 1) Llyk+1 + ICvxk
0
—I-Tk(ld+lr,;:1A")’l(—LTyk+l +at =) (1.37)
xk+l :xk+ Thet-1 (—LTylH_l —Zk+l), (1.38)

Ok
where A, Ty, 6 > 0.

In case ¥ = 2 and the linear continuous operator L, : ¢ — ¢ is invertible, we
obtain the following full splitting formulation for Algorithm 2.

Algorithm 3 For all k > 0, let Mlz‘ 1Y — 9 be a linear, continuous and self-
adjoint operator such that Ty 'Ly (Ly 'Ly)* + Ly "M (L3) ™' € P () for oy > 0.
Choose (x°,7°,)°) € S x4 x 4. For all k > 0 generate the sequence (x*,7*,y*)1>0
as follows:
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-1
= (<15 o (L Ly L) + Ly ML) + B 7)o

(—Lo) M= Ly (2 — 7' 5F) + MEYA] (1.39)

) 0
k+1 k * k41 k ~ k

=(Z-1)L e

Z (l ) 1y "f‘l X+

0

Tk(ld FAT AT T Ly A - o) (1.40)

T

A= SR (L A, (1.41)

where A, T, 6 > 0.

Concerning the parameters involved in Algorithm 2, we assume that
Ut <2y, A>u+1, (1.42)

that there exists o > 0 such that

oot ||L1||> < 1, (1.43)
and that for all £k > 0
1
O = (1.44)
VI ATy — ut)
T2 = 9ka+| (145)
o1 =6, o} (1.46)
L L +M5 -0, '1d (1.47)
1 1
g —Mh = M (1.48)
Th+1 Th+1 Th+2 Tk+2

The following convergence rate result follows from [6, Theorem 19].

Theorem 2. Consider the setting of Problem 3 in the hypothesis (—Ly) o B! o
(—L%) is maximally monotone. Let (x,z,y) be a KKT point of the variational in-
equality (1.3). Let (x*,z¢ 7yk)kzo be the sequence generated by Algorithm 2 and as-
sume that the relations (1.42) - (1.48) are fulfilled. Then we have for alln > 2

Allx*=x[>  1—oot||L]?
||.X .XH 4 0 1” 1” ||yn_y||2§

2
Tn+1 G071

L2
At =2 I _yllflLlLT+le [x' =22 2 10y

+ + + (L =0,y ).

7’-22 . le Tl< 1( )y y>

Moreover, liT nt, = &y hence one obtains for (x"),>0 an order of convergence of
n—r o0 -

o(3)

nl
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Remark 4. Conditions guaranteeing the maximal monotonicity of compositions of
a maximally monotone operator with a linear continuous operator have been inten-
sively studied in the Hilbert space setting; for more insights we refer the reader to
[4] and [5] and to the references therein.
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