No Arbitrage: On the Work of David Kreps

Walter Schachermayer^∗ Vienna University of Technology

Abstract

Since the seminal papers by Black, Scholes and Merton on the pricing of options (Nobel Prize for Economics, 1997), the theory of No Arbitrage plays a central role in Mathematical Finance. Pioneering work on the relation between no arbitrage arguments and martingale theory has been done in the late seventies by M. Harrison, D. Kreps and S. Pliska.

In the present note we give a brief survey on the relation of the theory of No- Arbitrage to coherent pricing of derivative securities. We focus on a seminal paper published by D. Kreps in 1981, and give a solution to an open problem posed in this paper.

Key words: No Arbitrage, No Free Lunch, Coherent Pricing of Derivative Securities. JEL classification: G11, G12, C61 AMS 1991 subject classifications: Primary 90A09, 90A12; secondary 90A14.

∗Support by the Austrian Science Foundation (FWF) under the Wittgenstein-Preis program Z36-MAT and grant SFB#010 and by the Austrian National Bank under grant ’Jubiläumsfondprojekt Number 8699’ is gratefully acknowledged.

1 Introduction: “No arbitrage” and “No Free Lunch”

The principle of no arbitrage formalizes a very convincing economic argument: in a financial market it should not be possible to make a profit with zero net investment and without bearing any risk. It is surprising, how much can be deduced from this primitive principle. For example, in the celebrated model used by Black, Scholes [BS 73], and Merton [M 73], which is based on geometric Brownian motion, the price of any derivative security (e.g., a European call option) is already determined by this principle.

In addition, the fundamental theorem of asset pricing, as isolated in the work of Harrison, Kreps and Pliska ([HK 79], [HP 81], [K 81]) allows to relate the no arbitrage arguments with martingale theory.

Here is the mathematical formulation of the concept of no arbitrage as formalized in [K 81]: we start with an ordered topological vector space X, equipped with a locally convex topology τ, and its positive cone K (with the origin deleted). A typical situation is X = L^p(Ω, F, P), equipped with its natural order structure and topology, where 1 ≤ p ≤ ∞, and (Ω, F, P) is a probability space modeling the “possible states of the world” ω at some fixed time horizon T . In this setting the elements x = x(ω) ∈ X are random variables modeling contingent claims at time T (denoted in terms of the single consumption good under consideration, which we choose as numéraire). The arch-example of a contigent claim x is a European call option on a stock modeled by a stochastic process (S_t)_{0≤t≤T} . In this case x = (S_T − k)_+, where k is a positive real number (the striking price of the option).

Returning to the general framework of [K 81]: in addition to the ordered locally convex space (X, τ, K), we are given a subspace M ⊆ X and a linear functional π : M → R. The interpretation is that M consists of those contingent claims, which are traded on the market at a price given by π. The notion of “traded claims” typically is understood in a broad sense: in the setting of the pricing theory of contigent claims on a stock modeled by the stochastic process S = (S_t)_{0≤t≤T} , one usually defines M as the set spanned by the constants and all random variables which are the outcome (H · S)_T = ∫_T 0 H_tdS_t of a predictable trading strategy H, where, in general, some additional care is needed, to rule out, e.g., “doubling strategies” (see [HP 81]). One therefore has to restrict to a convenietly chosen sub-class of the predictable trading strategies. We don’t elaborate on the details here (see, e.g., [HP 81] or [DS 94]), and simply note that one is naturally led to a subspace (or, more generally, subcone) M of X, consisting of “marketed claims”, and a linear pricing functional π : M → R.

What does it mean that a market modeled by (X, τ, K, M, π) does not allow arbitrage? Letting M_0 = {x ∈ M : π(x) = 0} and C the convex cone M_0 − K = {y ∈ X : ∃ x ∈ M_0 s.t. y ≤ x}, we now may formally define this concept:

Definition 1.1 The market model (X, τ, K, M, π) satisfies the condition (NA) of No Arbitrage, if M_0 ∩ K = ∅ or, equivalently, C ∩ K = ∅.

The interpretation of this definition is rather obvious: an arbitrage opportunity is a positive element x ∈ K, which is marketed at price π(x) = 0. The model (X, τ, K, M, π) is free of arbitrage, if no such opportunity exists.

The basic question consists in the possibility of extending π from M to the entire space X to obtain a coherent pricing system, i.e. a strictly positive, continuous linear functional ψ : X → R extending π. We then say that (X, τ, K, M, π) has the extension property [K 81]. Again, the interpretation of a coherent pricing system ψ is rather straight-forward: this pricing rule assigns to each contingent claim x ∈ X — whether marketed or not — a price ψ(x) in a continuous and linear way, and such that x ∈ K implies ψ(x) > 0. Of course, ψ and π should agree on M, the space of marketed contingent claims. We then say [K 81] that (X, τ, K, M, π) is viable.

It is obvious, that the condition of no arbitrage is necessary for viability; the interesting issue is, whether it is also sufficient. This is the theme of the so-called “Fundamental Theorem of Asset Pricing”. Before passing to the mathematical theorems in this direction, we discuss the economic meaning of such an implication: the theorems below give precise statements for the following intuitive idea: if the pricing system π, defined on M, is not obviously incoherent (in the sense, that it does not allow for arbitrage), then one may extend it to a coherent price system ψ, defined on all of X.

The most basic version of the fundamental theorem of asset pricing is due to Harrison and Pliska [HP 81] (compare also [HK 79], and [K 81], p. 16 and 17). Suppose that (Ω, F, (F_t)^T_{t=0}, P) is a finite filtered probability space and that (X, τ, K) equals L^∞(Ω, F, P) equipped with its natural topology and order structure. Note that there is no ambiquity in the notion of natural topology, as X now is finite-dimensional.

Let S = (S_t)^T_{t=0} be a (say) real-valued stochastic process, defined on and adapted to (Ω, F, (F_t)^T_{t=0}, P), and define M_0 as the subspace of L^∞(Ω, F, P) formed by the random variables

f = (H · S)_T = T∑ t=1 H_t(S_t − S_{t−1}), (1)

where H = (H_t)^T_{t=1} runs throught the predictable real-valued processes defined on (Ω, F, (F_t)^T_{t=0}, P). Supposing that the constant function 1 is not in M_0 (otherwise the no arbitrage condition is violated in an obvious way), define M as the linear space spanned by of M_0 and 1, and π by π_{|M0} = 0 and π(1) = 1.

We now have assembled all the ingredients (X, τ, K, M, π) of the setting of [K 81] and may formulate the basic theorem.

Theorem 1.2 ([HP 81]) Let (X, τ, K, M, π) be defined over the finite filtered probability space (Ω, F, (F_t)^T_{t=0}, P) as indicated above.

Then (X, τ, K, M, π) is arbitrage-free iff it has the extension property.

Proof By the definition no arbitrage we have the equality M_0 ∩ K = ∅. In the present case of a finite-dimensional space X = L^∞(Ω, F, P) it is rather straight-forward (but not trivial!) to deduce from Hahn-Banach that we may find a hyperplane H, containing M_0, and such that we still have H ∩ K = ∅. We refer, e.g., to the survey paper [S 01] for a thorough discussion of this argument.

Once we have found the hyperpane H, it suffices to define the linear functional ψ by ψ|_H = 0 and ψ(1) = 1.

This takes care of the “only if” implication, while the “if” implication is trivial.

In the context of the above theorem the positive, normalized, linear functional ψ ∈ L^1(Ω, F, P) may be identified with a probability measure Q on F via^{dQ}_{dP} = ψ. One easily verifies that the linear functional ψ is strictly positive iff the probability measure Q is equivalent to P. In addition, ψ vanishes on M_0 iff S is a martingale under Q. Therefore the above theorem of Harrison-Pliska may be rephrased in the following way: the market model (X, τ, K, M, π) is arbitrage-free iff there is an equivalent martingale measure for S.

The central topic of Kreps’ paper [K 81] is the issue, how the above theorem extends to the infinite-dimensional case. His fundamental insight was, that the — purely algebraic — notion of no arbitrage has to be strengthened by a topological notion. We restate the basic concept of [K 81] in a slightly different (but equivalent) wording.

Definition 1.3 The model (X, τ, K, M, π) satisfies the condition of no free lunch, if the τ-closure C of C = M_0 − K satisfies C ∩ K = ∅.

There are two issues worth noting in the above definition: the passage to the τ-closure is rather natural when we try to strengthen the no arbitrage condition, in order to extend the above theorem to the infinite-dimensional setting. What is less obvious is the passage from M_0 to C = M_0 − K. Economically speaking, this is the passage from the contingent claims, marketed at price 0, which constitute M_0, to those contingent claims, where the agents also are allowed to pass from boundles x ∈ M_0 to boundles of the form y = x − h, where h is in the positive cone K. In many applications this may be interpreted as the possibility of the agents to “throw away money”. It turns out, that this — at first glance somewhat ackward — possibility of “free disposal” is in fact the key feature to make the extension of the above theorem work. For a counterexample, showing that the condition, that the τ-closure M_0 of M_0 satisfies M_0 ∩ K = ∅, does not allow, in general, for an extension of the above theorem, we refer to [S 94].

The central result ([K 81], Theorem 3) states that, under some mild separability assumption, the condition of “no free lunch” is equivalent to the extension property of (X, τ, K, M, π). We now formulate Theorem 3 of [K 81] in a version specializing to the case of L^p(Ω, F, P), where it turns out that we need not to bother about any seperability assumption.

Theorem 1.4 Let (X, τ, K) equal L^p(Ω, F, P), where 1 ≤ p ≤ ∞, K its positive orthant (with the origin deleted) and, for 1 ≤ p < ∞, τ equals the norm-topology of L^p, while, for p = ∞, τ equals the weak-star topology σ(L^∞, L^1).

Let C denote a τ-closed, convex cone, containing −K, and such that C ∩ K = ∅. Letting^1_q +^1_p = 1, there is g ∈ L^q(Ω, F, P), g > 0 almost surely, such that g_{|C} ≤ 0.

The above theorem implies that Theorem 1.2 above extends to the case where (X, τ, K) equals L^p(Ω, F, P) for an arbitrary probability space (Ω, F, P), if the notion of “no arbitrage” is replaced by the notion of “no free lunch”.

Let us give a brief review on the development following Kreps’ paper: Duffie and Huang [DH 86] applied Kreps’ theorem in its original form to formulate and prove the above theorem, assuming the separability of the underlying probability space (Ω, F, P); it was noticed by Stricker [St 90] that, using a theorem of Yan [Y 80], this assumption is superfluous (see, e.g., [S 94] for an exposition of the proof and additional references): loosely speaking, the countability argument, needed in the proof of theorem 3 of [K 81], can be replaced by an exhaustion argument using the finiteness of the underlying measure space (Ω, F, P). Hence we do not need the separability of the Banach space L^p(Ω, F, P). It was noted in [C 93], that one may use the classical Halmos-Savage theorem [HS 49] to formalize this exhaustion argument (For extensions of the Halmos-Savage theorem and its relations to asymptotic arbitrage we also refer to [KS 96].)

We again refer, e.g., to [S 01] for a more extensive account on the sharpenings of Theorem 1.4 above, which have been obtained after [K 81].

2 Some remarks on Kreps’ paper

In this section we shall focus on some of the technical issues of Kreps’ paper: firstly we give a counterexample to the “enticing conjecture” raised in ([K 81], p. 29). Briefly, the conclusion of our example is that we only can expect “nice results” in the context of Theorem 1.4 above, where (X, τ, K) now is arbitrary, if we allow the commodity space (X, τ, K) not to be too pathological: the Counterexample 2.1 below considers a very peculiar topology τ on X = l^∞.

Secondly, we address the question treated in [K 81, p. 30] in the context of Theorem 4 of [K 81], where, for a bundle x ∈ X, prices π(x) and π(x) are defined, which are the lower and upper bound of the arbitrage-free prices for x. If π(x) = π(x) then the situation is clear, as in this case this is the unique arbitrage-free price for x. But if π(x) < π(x) the situation is more delicate. Let us quote from ([K 81], p. 30):

“This leaves the question: If π(x) < π(x), are π(x) and π(x) prices for x that are consistent with (M, π)? In economies with finite dimensional commodity spaces the answer is always no. But in general, the answer may be yes or no in either or both cases. (Examples are easy to construct.)”

Some remarks seem in order in view of the work which has been done since Kreps’ paper: firstly, for the convenience of the reader we provide an easy example below substantiating Kreps’ claim. Secondly, and more importantly, we want to point out that since Kreps’ paper several theorems have been proved which allow — under additional assumptions — more precise information on this question than the general “anything goes” statement quoted above. For example, take the important case of a semi-martingale S = (S_t)_{0≤t≤T} with continuous paths (taking values in a finite or infinite dimensional space) satisfying the condition of “no free lunch”. To relate this setting to the abstract framework of [K 81] we again let (X, τ, K) be the space L^∞(Ω, F, P) equipped with the weak-star topology τ induced by L^1, and K the positive cone of L^∞. For M we choose the subspace of elements x = c + ∫_T 0 H_tdS_t in L^∞(Ω, F, P), where c ∈ R and (H_t)_{0≤t≤T} ranges through the predictable trading strategies, such that the stochastic intergral ( ∫_t 0 H_udS_u)_{0≤t≤T} is uniformly bounded; for π we take the linear functional on M defined by π(c + ∫_T 0 H_tdS_t) = c. In this setting it was shown by F. Delbaen [D 92] that, for x ∈ L^∞ verifying π(x) < π(x), the set of prices for x consistent with (M, π) equals the open interval ]π(x), π(x)[.

On the other hand, Ph. Artzner and D. Heath [AH 95] gave an example of a process S (taking values in an infinite dimensional space and failing to have continuous paths) such that the set of equivalent martingale measures for S forms a compact set which is not reduced to a singleton. This implies that, for every x ∈ X, the set of consistent prices for x forms a compact interval; in addition, there are x ∈ X, for which this interval is not reduced to a singleton.

We refer to [D 92], [J 92], [S 93], [AS 94], [DS 94], [KQ 95], [AH 95] and [DS 95] for further results on this issue, as well as to [S 01] for a more detailed survey.

For further examples in the context of Kreps’ paper we also refer to [C 00].

We now present the two examples announced above. We assume that the reader is familiar with Kreps’ paper [K 81] and use its terminology without further reference.

Example 2.1 (answering negatively the conjecture raised in [K 81, 4. Remark (6)]):

There is an economy (X, τ, K, M, π) such that

1. Ψ is non-empty;

2. (M, π) fails to be (X, τ, K)-viable;

3. there are no free lunches.

Proof The construction will be a modification of [K 81, Example 4.3].

Let X = l^∞. To define the dual space Y , we consider two elements y_1, y_2 in l^1: denoting by (e_n)^∞_{n=1} the n’th unit vector of l^1 let

y_1 = ∞∑ n=1 2^{−n}e_n, y_2 = ∞∑ n=1 2^{−n}e_{2n−1}. Let Y_0 be the linear subspace of l^1 spanned (algebraically) by the unit vectors (e_n)^∞_{n=1} and define Y to be the linear space generated by Y_0, y_1 and y_2. We shall consider the dual pair ⟨X, Y ⟩ equipped with its natural scalar product ⟨·, ·⟩ and we define on X the weak topology τ = σ(X, Y ) generated by the space Y (for a definition of the weak topology defined for a dual pair of vector spaces see, e.g., [Sch 66]).

Observe that this topology is — just slightly — finer than the product topology on l^∞ which was used by D. Kreps in [K 81, Example 4.3]: indeed, the product topology on l^∞ equals the weak topology σ(X, Y_0); also note that Y_0 is a subspace of codimension 2 of Y .

The cone K will be the positive orthant of l^∞ with the origin deleted, i.e. K = {x = (x^n)^∞_{n=1}, x^n ≥ 0, x ≢ 0}. Note that we have constructed (X, τ, K) in such a way that Ψ is non-empty: for example, y_1 defines an element of Ψ, as it is a τ-continuous linear functional on X, which is strictly positive on K. This proves assertion (i).

We now turn to the definition of M and π. Let

M = {x = (x^n)^∞_{n=1} : x^{2i−1} = x^{2i}, for i ∈ N}

and let π be the linear functional defined on M by restricting y_2 to M, i.e., π(x) = ∞∑ n=1 2^{−n} · x^{2n−1}, for x = (x^1, x^2, . . . ) ∈ M.

To show (ii), we have to prove that there is no ψ ∈ Ψ, which extends π from M to X. Supposing that such a ψ exists we shall work towards a contradiction.

We may write ψ as ψ = y_0 + λ_1y_1 + λ_2y_2

where y_0 ∈ Y_0. As we assumed ψ to be strictly positive on K we necessarily have λ_1 > 0.

Let n be sufficiently large such that y_0 vanishes on the two elements z_n, z_{n+1} of M, where z_n = e_{2n−1} + e_{2n} and z_{n+1} = e_{2n+1} + e_{2n+2}.

As we assumed that ψ extends π we must have that ψ(z_n) = π(z_n) and ψ(z_{n+1}) = π(z_{n+1}), i.e., ⟨z_n, λ_1y_1 + λ_2y_2⟩ = ⟨z_n, y_2⟩ and ⟨z_{n+1}, λ_1y_1 + λ_2y_2⟩ = ⟨z_{n+1}, y_2⟩.

This yields the two linear equations

(2^{−(2n−1)} + 2^{−2n}) λ_1 + 2^{−n} λ_2 = 2^{−n}, (2^{−(2n+1)} + 2^{−(2n+2)}) λ_1 + 2^{−(n+1)} λ_2 = 2^{−(n+1)}

with the unique solution λ_1 = 0, λ_2 = 1, a contradiction to the assumption λ_1 > 0 finishing the proof of (ii).

(iii): Let us now assume that there is a free lunch and again work towards a contradiction: let {(m_α, x_α); α ∈ A} ⊆ M × X be a net such that m_α − x_α ∈ K ∪ {0}, and let k ∈ K such that x_α^τ→ k and lim_α π(m_α) ≤ 0.

If k = (k^n)^∞_{n=1}, has a strictly positive entry for an odd coordinate n we are finished, as then ⟨k, y_2⟩ > 0 while lim sup_α⟨x_α, y_2⟩ ≤ lim_α π(m_α) ≤ 0, in contradiction to x_α^τ→ k.

If all the odd coordinates of k are zero, we need a little extra argument: in this case there is an even number 2i such that k^{2i} > 0. Define ~x_α to equal x_α for all coordinates n ≠ 2i and ~x^{2i}_α = x^{2i−1}_α . As m^{2i}_α = m^{2i−1}_α we still have m_α − ~x_α ∈ K ∪ {0} and a moment’s reflection reveals that (~x_α)_{α∈a} still is τ-convergent, the limit now being ~k, which is obtained from k by leaving all coordinates n ≠ 2i unchanged and setting ~k^{2i} = k^{2i−1}. Hence we have reduced the situation to the one considered in the above paragraph and thus have arrived at the desired contradiction.

The proof of properties (i), (ii) and (iii) now is complete.

Example 2.2 There is an economy (X, τ, K, M, π) verifying the assumptions of [K 81, Theorem 4] and bundles x_1, x_2, x_3, x_4 in X such that π(x_i) < π(x_i), for i = 1, . . . , 4, and the consistent prices for these bundles equal [π(x_1), π(x_1)], ]π(x_2), π(x_2)], [π(x_3), π(x_3)[ and ]π(x_4), π(x_4)[ respectively.

In other words, all possibilities of closed, half-open or open intervals of consistent prices may occur.

Proof Let (Ω, F, P) equal ([0, 1], Borel([0, 1]), λ), with λ denoting Lebesgue-measure and (X, τ, K) = (L^2[0, 1], τ_{‖.‖2} , L^2_+\{0}) and choose three elements g_1, g_2, g_3 in L^∞[0, 1] with disjoint support and expectation equal to zero, such that g_1 does not attain its supremum and its infimum at a set of positive measure, g_2 attains its supremum on a set of positive measure but not its infimum, while g_3 attains the supremum as well as the infimum on a set of positive measure.

For example, we may take, with ω ranging in [0, 1],

g_1(ω) = ( ω − 1 6 ) χ_{[0,} 1_{3 ]} (2)

g_2(ω) = ( ω − 1 2 ) χ_[ 1_{3 ,} 1_{2 ]} + 1 12 χ_[ 1_{2 ,} 2_{3 ]}

g_3(ω) = −χ_[ 2_{3 ,} 5_{6 ]} + χ_[ 5_{6 ,1]}.

Let M be the subspace of X of codimension 3 defined by

M = {x ∈ L^2[0, 1] : (x, g_1) = (x, g_2) = (x, g_3) = 0},

and let π be the linear functional on M defined by taking expectation π(x) = E[x] = (x, 1), for x ∈ M. In this case we can explicitly determine the set Ψ of linear extensions of π to M which are strictly positive on K;

Ψ = {g = 1 + μ_1g_1 + μ_2g_2 + μ_3g_3 : P[g > 0] = 1} (3) = {g = 1 + μ_1g_1 + μ_2g_2 + μ_3g_3 : μ_1 ∈ [−6, 6], μ_2 ∈] − 12, 6], μ_3 ∈] − 1, 1[}

To find a bundle x_1 ∈ L^2[0, 1] such that the set of consistent prices is a closed interval, it suffices to choose an element x_1 supported by [0,^1_3 ] such that (x_1, g_1) > 0; in this case the set of consistent prices for x_1 equals the non-degenerate closed interval [π(x_1), π(x_1)] = [(x_1, 1 − 6g_1), (x_1, 1 + 6g_1)].

To find x_2 (resp. x_3) we choose x_2 (resp. x_3) in L^2[0, 1] supported by [^1_3 ,^2_3 ] such that (x_2, g_2) > 0 (resp. (x_2, g_2) < 0), so that the set of consistent prices equals ](x_2, 1 − 12g_2), (x_2, 1 + 6g_2)] (resp. [(x_3, 1 + 6g_2), (x_3, 1 − 12g_2)[).

Finally, if we choose x_4 to be supported by [^2_3 , 1] and such that (x_4, g_3) ≠ 0, we obtain an open interval of consistent prices.

The proof of the assertions of Example 2.1 thus is finished.

References

[AS 94] J.P. Ansel, C. Stricker, (1994), Couverture des actifs contingents et prix maximum. Ann. Inst. Henri Poincaré, Vol. 30, pp. 303–315.

[AH 95] Ph. Artzner, D. Heath, (1995), Approximate Completeness with Multiple Martingale Measures. Math. Finance., Vol. 5, pp. 1–11.

[B 72] T. Bewley, (1972), Existence of equilibria in economics with infinitely many commodities. Journal of Economic Theory, Vol. 4, pp. 514–540.

[BS 73] F. Black, M. Scholes, (1973), The pricing of options and corporate liabilities.

Journal of Political Economy, Vol. 81, pp. 637–659.

[C 93] St.A. Clark, (1993), The valuation problem in arbitrage price theory. Journal of Mathematical Economics, Vol. 22, pp. 463–478.

[C 00] St.A. Clark, (2000), Arbitrage approximation theory. Journal of Mathematical Economics, Vol. 33, pp. 167–181.

[DMW 90] R.C. Dalang, A. Morton, W. Willinger, (1990), Equivalent Martingale measures and no-arbitrage in stochastic. Stochastics and Stochastics Reports, Vol. 29, pp. 185–201.

[D 92] F. Delbaen, (1992), Representing martingale measures when asset prices are continuous and bounded. Mathematical Finance, Vol. 2, pp. 107–130.

[DS 94] F. Delbaen, W. Schachermayer, (1994), A General Version of the Fundamental Theorem of Asset Pricing. Math. Annalen, Vol. 300, pp. 463–520.

[DS 95] F. Delbaen, W. Schachermayer, (1995), The No-Arbitrage Property under a change of numéraire. Stochastics and Stochastic Reports, Vol. 53, pp. 213–226.

[DS 98] F. Delbaen, W. Schachermayer, (1998), The Fundamental Theorem of Asset Pricing for Unbounded Stochastic Processes. Mathematische Annalen, Vol. 312, pp. 215–250.

[DH 86] D. Duffie, C.-F. Huang, (1986), Multiperiod security markets with differential information; martingales and resolution times. J. Math. Econom., Vol. 15, pp. 283– 303.

[DR 87] P. Dybvig, S. Ross, (1987), Arbitrage. The new Palgrave dictionary of economics, Vol. 1, pp. 100–106.

[KQ 95] N. El Karoui, M.-C. Quenez, (1995), Dynamic programming and pricing of contingent claims in an incomplete market. SIAM J. Control Optim., Vol. 33, pp. 29– 66. [HS 49] P.R. Halmos, L.J. Savage, (1949), Application of the Radon-Nikodym Theorem to the theory of sufficient statistics. Ann. Math. Statist., Vol. 20, pp. 225–241.

[HK 79] J.M Harrison, D.M. Kreps, (1979), Martingales and arbitrage in multiperiod securities markets. J. Econ. Theory, Vol. 20, pp. 381–408.

[HP 81] J.M Harrison, S.R. Pliska, (1981), Martingales and Stochastic intefrals in the theory of continuous trading. Stochastic Processes and Applications, Vol. 11, pp. 215–260.

[H 79] O. Hart, (1979), Monopolistic competition in a large economy with differentiated commodities. Review of Economic Studies, Vol. 46, pp. 1–30.

[J 92] S.D. Jacka, (1992), A martingale representation result and an application to incomplete financial markets. Mathematical Finance, Vol. 2, pp. 239–250.

[KS 96] I. Klein, W. Schachermayer, (1996), A Quantitative and a Dual Version of the Halmos-Savage Theorem with Applications to Mathematical Finance. The Annals of Probability, Vol. 24, No. 2, pp. 867–881.

[K 81] D.M. Kreps, (1981), Arbitrage and equilibrium in economies with infinitely many commodities. Journal of Mathematical Economics., Vol. 8, pp. 15–35.

[M 75] A. Mas-Colell, (1975), A model of equilibrium with differentiated commodities.

Journal of Mathematical Economics, Vol. 2, pp. 263–296.

[M 73] R.C. Merton, (1973), Theory of rational option pricing. Bell J. Econom. Manag.

Sci., Vol. 4, pp. 141–183.

[S 93] W. Schachermayer, (1993), A Counter-Example to several Problems in the Theory of Asset Pricing. Math. Finance, Vol. 3, pp. 217–229.

[S 94] W. Schachermayer, (1994), Martingale Measures for discrete time processes with infinite horizon. Math. Finance, Vol. 4, No. 1, pp. 25–55.

[S 01] W. Schachermayer, (2001), Introduction to the Mathematics of Financial Markets. Preprint, to appear in Springer Lecture Notes on the St. Flour summer school 2000.

[Sch 66] H.H. Schäfer, (1966), Topological Vector Spaces. Graduate Texts in Mathematics.

[St 90] C. Stricker, (1990), Arbitrage et lois de martingale. Ann.Inst.H.Poinca Probab.Statist., Vol. 26, pp. 451–460.

[Y 80] J.A. Yan, (1980), Caracterisation d’ une classe d’ensembles convexes de L^1 ou H^1. Lect. Notes Mathematics, Vol. 784, pp. 220–222.

Walter Schachermayer

Department of Financial and Actuarial Mathematics Vienna University of Technology Wiedner Hauptstrasse 8-10 / 105 A-1040 Vienna Austria

wschach@fam.tuwien.ac.at http://www.fam.tuwien.ac.at/~wschach/