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Abstract

We consideranoption � which is contingenton anunderlying
��

that is not a tradedasset.This
situationtypically arisesin thecontext of realoptions.We investigatethesituationwhenthereis a
“surrogate“tradedasset

�
whoseprice processis highly correlatedwith that of

��
. An illustration

would be thecaseswhere
�

and
��

modeltwo differentbrandsof crudeoil. Themainresultof the
papershows that in this caseonecannotdraw any non-trivial conclusionson thepriceof theoption
by only usingnoarbitragearguments.

In a secondstepwe try to isolatehedgingstrategieson the tradedasset
�

which minimize the
varianceof thehedgingerror. We show in particular, that the naive strategy of simply replacing

��
by
�

fails to beoptimalandweareableto quantifyhow far it is from beingoptimal.

1 Introduction
Thesuccessof thecelebratedBlack-Scholesformulain thecontext of pricingandhedgingderivative
securitiesin financialmarketsis largelydueto animportantfeatureof thismodel:thepricesobtained
in theBlack-Scholesmodeldo notdependonpreferencesbut only on ano-arbitrageargument.This
pleasantfact correspondsto a basicfeatureof this model: any derivative security(e.g.,a European
call optionjust aswell asa morecomplicatedpath-dependentoption)canbeperfectlyreplicatedby
anappropriatetradingstrategy on theunderlyingasset.

Themethodologyof thetreatmentof optionsin financialmarketswasextendedto thecontext of
realoptions[2]; thevalueof arealoptionis typicallynotderivedfromatradedassetasin theclassical
case,but ratherfromarandomvariablewhichisnottradedin aliquid market. Nonethelessonetriesto
applysimilarargumentsasin thecaseof derivativescontingentontradedassets,sometimesreferring
to thepossibilityof hedgingwith surrogateassets; by thiswemeanatradedassetwhosepriceprocess
is closelyrelated(but not identical)to thepriceprocessof theunderlyingof therealoption,which
typically is notatradedasset.Theusualargumentin favor of theuseof “surrogatetradingstrategies”
is thata sufficiently good”surrogateasset”shoulddo just aswell, or maybealmostjust aswell, as
theunderlyingassetitself (if it werea tradedasset).

In thisnotewecritically analyzethiscommonbelief. In Section2 below weformalizethesetting
of a realoptionon anunderlying

��
, which is not a tradedasset,but suchthatthereis a tradedassets�

which is closeto
��
. We do this by modeling

�
and

��
asgeometricBrownianmotionswith drift,

correlatedby acorrelationcoefficient � which is closeto one(but notequalto one!).For anintuitive
illustration onemight think of the following situation: An option is written on the price of some
brandXYZ of crudeoil. We assumethat thereis no liquid market for this brandof crudeoil (or,
morerealistically, for futurescontractson this brand),but thereis someotherbrandUVW of crude
oil for whicha liquid futuresmarket is available,allowing for (almost)frictionlesstrading.Theidea
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is thatthepriceprocessof thesetwo brandsshouldbesufficiently similar to justify theuseof UVW
asa“surrogateasset”for XYZ.

Themain resultof this noteshows that for a EuropeanCall optionwritten on theunderlying
��

wecannotconcludeanythingonits priceby usingonly no-arbitragearguments:if only tradingin the
surrogateasset

�
is allowed, thenany numberin �����
	�� is a possibleprice for this option without

violating theno-arbitrageprinciple.
Fromaneconomicpointof view this resultis, of course,absurd.To fix ideasthink of aEuropean

at-the-money call option on
��
. Nobodywill be willing to sell the option at a price of, say, one

thousandthof thepriceof
��
, or — vice versa— to buy theoptionat a price of, say, ten timesthe

price of
��
. What the theoremstatesis that suchabsurdpricesare not ruled out by no-arbitrage

considerations(undertheassumptionthatwe arenot allowed to tradein theasset
��
). Themessage

of this theoremis notthatapplyingtheBlack-Scholesmethodologyto realoptionsis notcorrect,but:
wheneveroneappliestheBlack-Scholesmethodologyto realoptionswhoseunderlingis notatraded
assetonemustbevery carefulandonehasto beawarethatpreferences,subjective probabilitiesetc.
have to comeinto theplay. Relyingonpureno-arbitrageargumentsdoesnot leadanywhere.

Having seenthatprefectreplicationof anoptionwritten on theunderlying
��

is not possibleby
only tradingin

�
, it is naturalto askhow smallthehedgingerrorcanbemade.Oneway to quantify

thehedgingerroris by consideringthevarianceof this randomvariablewhich subsequentlyis to be
minimized. This leadsto thewell-known conceptof thevariance-optimalmartingalemeasure(see
[10] and[12, 13]) which is closelyrelatedto thenotionof theminimal martingalemeasure(see[4]
and[3]) andgivesriseto a hedgingstrategy usingtheGaltchouk-Kunita-Watanabeprojectionin an
appropriateHilbert space.Following [11, Example4.3] we explicitly calculatethis strategy andthe
varianceof the correspondinghedgingerror andanalyzeits asymptoticbehavior asthe correlation
coefficient � tendsto one.We alsocomparethis variance-optimalstrategy with other— morenaive
— strategies.Theselatterconsiderationsalsobearsomepracticalrelevanceasthey clearlyshow that
naive strategies,suchassimply replacing

�
by
��
, arenotoptimal.

2 The Main Results
Weconsideraprobabilityspace������������ thatsupportstwo independentstandardBrownianmotions�

and
���

. Our timehorizonis � sothatwemaywrite
�

as � ��� ����� � �! ,
���

as � ���� ����� � �! , and
thefiltration �"� � � ��� � �! is definedasthenatural(right-continuous, saturated)filtration generatedby�

and
� �

. We alsoassume
� �$# � �� #%� which impliesin particularthat �&� is trivial. Another

technicalassumptionwhichwemakewithout lossof generalityis that �'#(�) .
Fix aconstant�+*,��-�./�0.1� anddefinetheBrownianmotion

��
by�� #(� �3254 .)-6�87 � �:9 (1)��

againis a standardBrownianmotionwhosecorrelationto
�

equals� , whichweshouldthink of
asbeingcloseto one. We now fix real numbers; ,

�; , and < , andstrictly positive numbers= ,
�= to

definetheassetpriceprocesses> � #?; � > @ 2 = � > � � > �� # �; �� > @ 2 �= �� > �� (2)

wherethe initial values
� � and

�� � arepositive constants.Using Itô’s formula, it follows that the
randomvariables

�  and
��  modelingtheterminalvaluesof thecorrespondingassetsaregivenby

thefamiliarexpression �  �# � �BADC�EF�HGI J�
� ��  �# �� �KADC�EF� �GI L� (3)

with GI M#N�H;�-,= 7PO/Q �R� 2 = �  S� �GI M#N� �;�- �= 70O/Q �R� 2 �= ��  (4)
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two correlatedGaussianrandomvariables.Thebondpriceprocessis givenby T � #UT$�0V0W � .
Thefinancialmarket is givenby thetradedassets� � � ����� � �! and ��T � ����� � �! andweassume– as

usualin theBlack-Scholesworld — that frictionlesstradingin continuoustime is possiblein these
assets.In contrast,we assumethat theasset

��
cannotbetradedat all; but it is theunderlyingfor a

Europeancall option X . Thevalueof X at time � is givenby therandomvariableX  #Y� ��  -[Z6��\:� (5)

whereZ^]_� is thestrike price.
Our goal is to investigatewhat canbe saidaboutthe pricing andhedgingof X if we only can

tradein thebondandthe”surrogateasset”
�

.
The basicthemein the theoryof pricing andhedgingderivative securitiesis to determinethe

price X � of this option at time
@ #`� and— if possible— to justify this price by replicatingthe

optionusinganappropriatetradingstrategy ontheavailabletradedassets.In mathematicaltermsthis
amountstowriting therandomvariableXa asthesumof aconstant� � , astochasticintegral b  �[c � > � �
andan integral b  �ed � > T � , wherethepredictableprocesses� c � ����� � �! and � d ��� � �! J� representthe
investmentsat time

@
in stockandbondrespectively. If sucha replicationof anoption X is possible,

thentheusualno-arbitrageargumentallows to concludethat � � is theuniquearbitrage-freepriceat
time

@ #U� for theoption X .
As announcedin the introductionin thepresentsettingwe arefar away from this situationand

weonly obtaintrivial boundsfor thepossiblearbitrage-freeprices� � .
Theorem 1 Under the above assumptions,for any number � �f*Y�����
	�� the price Xg�h# � � of the
optionat timezero is compatiblewith theno-arbitrage principle.

More precisely, for every � �i*U�����
	�� , there is a probability measure j on � , equivalentto � ,
such that thediscountedtradedasset(

� � V/k W � ����� � �! is a j -martingaleandsuch that thepricing ruleXg�mln#5V k W  pomq)r � ��  s-[Z6� \ut (6)

yieldsthevalue Xg�&# � � .
Hencethefinancialmarketconsistingof thetradedassets� � � � ��� � �! , ��T � � ��� � �! and �vX � � ��� � �! ,

where theoptionpriceprocessX is definedbyX � #5V k W�w  k �yx omq)r � ��  s-[Z6� \{z � � t (7)

admitsanequivalentmartingalemeasure andis therfore freeof arbitrage.

Proof:Thesettingof thetheoremactuallyis aspecialcaseof aby now well-known topic,namelythe
themeof hedgingunderconvex constraints.Theassertionof the theoremcanbederived from [8],
Exercise4.5.6,p.86andExample4.1.2,p.75.

Sincethegeneralresultsof [8], Chapter4, requirea morecomplicatedmachineryandsincethe
subsequentdirectargumentalsoallows for someeconomicinterpretationandunderstandingwegive
aself-containedproofof thetheorem.

Thebasicissueis to determinetheset|`}~� � � of all probabilitymeasuresj on � , equivalentto �
underwhichthediscountedpriceprocess

� O TN#Y� � � V k W � ����� � �! of thetradedasset
�

is amartingale.
Thebasicinsightof theseminalpapers[5] and[6] wasthat– undersomeregularityconditions— the
measuresj�*f| } � � � arein one-to-onecorrespondenceto theconsistent,i.e.,arbitrage-free,pricing
rulesvia formula(6). We refer to [1] for a generalversionof thesesissueswhich aredealtwith in
full mathematicalrigor andwhere— amongothertechnicalities— onehasto passto theconceptof
localmartingales.But in thepresentcontext theserathersubtleconsiderationsarenotneeded.

What are the equivalentmartingalemeasuresj�*�|`}~� � � in the presentsituation? They are
preciselythoseprobabilitymeasuresj on � , suchthatthelogarithmicreturns�HG � ����� � �! asdefined
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in (2) have drift rate <�-e= 7 O/Q underthemeasurej . Indeed,for anequivalentprobabilitymeasurej , this latterassertionis equivalentto the j -martingalepropertyof thediscountedtradedasset
� O T .

Notethatthis requirementdoesnot imply any restrictionson thedrift of theprocess� ���� � ��� � �! 
under j , asthe two Brownianmotions

�
and

� �
areassumedto be independentunder � , hence

stronglyorthogonal.Thisallowsusto definefor arbitrary ��*�� aprobabilitymeasurej�� , suchthat
thedrift rateof �HG � ����� � �! is <�-[= 7 O/Q , but thedrift rateof � �G � ����� � �! is � .

Fix �h*�� . By elementaryalgebrawecanwriteG � # �!<�- = 7Qh� @ 2 =S� ��� -�� @ ��G � # � @ 2 �=[���B� ��� -�� @ � 2 4 .)-6�87�� � �� -�� � @ �R� (8)

with �+# <�-6;= - = Q � � � # .4 .)-6� 7�� �I- �;�= -6�h� <�-�;= - = QL��� 9 (9)

Wedefine j�� by

> j�� O > ��#5�J , where� � #?ADC�E � � ����2 � � � �� - .QM� � 7 2 �v� � � 7P� @ � � �I� @ �e�&� (10)

is a uniformly integrablemartingaleon r ����� t . Girsanov’s Theorem[9, Chapter3.5] tells us, that� ��� -�� @ ����� � �! and � � �� -�� �� ����� � �! aretwo independentstandardBrownianmotionsunder j�� .
In particular, therandomvariable� w � x #��K� ��� -�� @ � 2U4 .)-6� 7 � � �� -�� � @ � (11)

is Gaussianwith meanzeroandvariance� underj�� . Now we let � vary in � : from� ��  f-[Z6� \ #N� �� �0V)��J� -[Z6� \ #N� � �0V �� \ �� �p¡£¢�¤� -[Z6� \ (12)

we immediatelyseethat¥y¦¨§�P© k�ª � �� �0V �
 \ ����p¡«¢�¤� -[Z6� \ #U��� ¥¨¦¨§�P© \ ª � �� �0V �� \ ��/�p¡£¢�¤� -[Z6� \ #5	 (13)

almostsurely. As the expectations,involving lognormalrandomvariablesareall finite, one eas-
ily verifiesby the monotoneconvergencetheoremthat theselimiting resultsalsohold true for the
correspondingexpectationsunder j � , i.e.,¥y¦¨§�D© k�ª o q ¢ r � � � V �
 \ ����p¡£¢�¤� -[Z6��\ t #���� ¥¨¦y§�P© \ ª o q ¢ r � � � V �
 \ ����p¡«¢�¤� -[Z6��\ t #5	 9 (14)

Summingupin lessformaltermswhatwehavedonesofar: For arbitrary �h*�� , wehaveconstructed
a probabilitymeasurej�� , equivalentto theoriginal measure� , suchthatunder j�� theprocessof
logarithmicreturns �HG � ����� � �! of thetradedasset� � � ����� � �! hasthecorrectdrift, namely<�-[= 7 O/Q ,
to make

� O T a martingale.On theotherhand j�� wasfabricatedin sucha way that theprocessof
logarithmicreturns � �G � � ��� � �! on thenon-tradedasset

��
hasa drift coefficient equalto � . Speaking

economically, for a given value of � closeto
2 	 , the choiceof the probability distribution j��

correspondsto thepricing rule appliedby anagentbelieving thattheasset
��

will performvery well
in the average;on the otherhand,a given valueof � closeto -$	 correspondsto the pricing rule
appliedby an agentbelieving that

��
will performvery poorly. Not too surprisingly— from an

economicpointof view — theabove calculationsrevealthatin theformercaseanagentwill pricea
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call optionon
��

veryhighwhile in thelattercaseshewill only bewilling to payavery low pricefor
it.

Thisprovesthefirst andthesecondassertionof thetheorem;thethird assertionnow follows from
thegeneraltheoryasdevelopedin [5] and[6]. ¬
Remark:Wehavestatedandprovedtheabovetheoremundertheassumptionsof constantcoefficients���=B� �=®�¯;®� �; . But the proof easilycarriesover to the case,whenwe assumethesequantitiesto be
optionalprocesses.We do not carry this out in detail, but only statethe result in one important
specialcase:weassume=B� �=L�¯;®� �; still to beconstant,while �°#N�H� � ����� � �! now is assumedto bean
optionalprocesstakingvaluesin r -±./� 2 . t . Defining � ��M� ����� � �! via> ���� #?� � > ����25² .)-[� 7� > � �� (15)

wearein ananalogoussituationasin theabove theorem.
Theconclusion— generalizingtheabove theorem— now readsasfollows: either � attainsits

valuesalmosteverywhere(with respectto �5³?� , where � denotesLebesgue-measureon r ����� t ) in´ -±./� 2 . µ , in which casewe arein theclassicalsituationof a completemarket anda Europeancall
optionon theunderlying

��
canbeperfectlyreplicatedby tradingin theasset

�
andthereforehasa

uniquearbitrage-freeprice;or � attainsvaluesin ��-�./� 2 .1� with strictly positive ��³?� -measure,in
which caseagainall pricesin �����
	�� arepossiblearbitrage-freepricesfor a Europeancall optionon��

, if only tradingin
�

is permitted.Theargumentis thesameasin theaboveproofwith someminor
technicalmodifications.

3 Trading strategies related to minimizing the variance of
the hedging error
Wehave seenthatin thesettingof theprevioussectionit is impossibleto obtainaperfectreplication
of anoptionon

��
by tradingon theasset

�
. Hencewe have to lower thestakesandlook for trading

strategiesontheasset
�

suchthattheoutcomeis closeto therandomvariable � �� -IZ6� \ . Theconcept
of ”close” will beinterpretedin termsof thevarianceof thehedgingerror, whichweshallminimize.

For thesakeof simplicity andin ordernotto overloadthepresentationby toomany constants,(we
areafraid,thereaderhadalreadya sufficient dosein theabove proof), we shallassumethroughout
this sectionthat

� � # �� � #¶Z #·. , <�#¸;N# �;N#¶� , and =�# �=N#�. . We observe that the
assumptions

� ��# �� ��#'. , <i#%� , and =6# �=6#'. areessentiallyjust normalizingassumptionsand
do not really restrictthegenerality(asregardstheassumption<¹#�� onemayalwaystake thebond
asnumeraireto reduceto this case).On theotherhand,theassumptions;º# �;�#Y� indeedreduce
thegeneralityof presentationasthis impliesthat

�
and

��
arealreadymartingaleswith respectto the

original measure� . Themorerealisticcase;�»#�� and/or
�;?»#�� requiresmoreinvolvedarguments

andwill betreatedelsewhere.
TheclassicalBlack-Scholestheoryappliedto thefinancialmarket� �� � � ��� � �! #N�HADC¼EJ� �� � - @ O/Q �¯� ��� � �! � and T �F½ ./�

yieldstherepresentation � ��  -[Z6��\6# � 2�¾  �À¿ � � � � @ � > �� � (16)

where � # �� �DÁ�� >ÃÂ �J-[ZMÁº� > 7 �
� ¿ � � � � @ �S#�Áº� >!Â � (17)
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with
>!Â¯Ä 7 # ¥¨Å � � � O Z6�uÆ,� O/QÇ � 9

(18)

As discussedabove, this correspondsto thesettingwhere
��

is a tradedasset,in which caseperfect
replicationof theoption � ��  ¹-�Z�� \ by a tradingstrategy in theasset

��
is possible.But ourquestion

is: whatis thewisestthing to do, if weonly cantradein theasset
�

?
To formalizethisquestion,wecall apredictableprocess��È � ����� � �! anadmissibletradingstrategy

for theasset
�

if thestochasticintegral � b �� ÈÃÉ > � É8����� � �! is an Ê 7 -boundedmartingale.As in view
of ourassumptionson theconstants; and = wehave> � � # � � > ��� � (19)

wealsomaywrite theabove consideredstochasticintegral as¾ �� ÈÃÉ > � É�# ¾ �� È!É � É > � É� É # ¾ �� ÈÃÉ � É > � É 9 (20)

Frombasicfactsof stochasticintegrationwe infer thatapredictableprocessis anadmissibletrading
strategy iff

o+r b  � È 7� � 7� > @ tpË 	 .
Wenow canformalizeourproblemof minimizing thevarianceof thehedgingerror

Var � � ��  f-[Z6� \ -Ì�ÃÍ 2�¾  � È � > � � �)�¹Î §i¦¨ÅKÏ
(21)

with minimizationover all Í�*º� , andall admissibletradingstrategies È . The term Í 2 b  � È � > � �
denotestheresultof a tradingstrategy startingwith aninitial investmentÍ at time

@ #�� andsubse-
quentlyholding È � unitsof theasset

�
at time

@
. (As we assumedfor simplicity, that T � ½ . hereis

no termcorrespondingto tradingon thebond T .) Our aim is to determinethepair �1ÐÍF� ÐÈK� suchthatÐÍ 2 b  � ÐÈ � > � � minimizes � Q .1� .
Proposition 1 Theoptimalsolutionto theoptimizationproblem(21)isgivenbythefollowingpair �1ÐÍF� ÐÈB� :

1. ÐÍh# � # �� �DÁ�� >ÃÂ �F-[ZMÁ�� > 7 � , i.e., ÐÍ is just theBlack-Scholespriceof theoption � ��  s-[Z6� \
2. ÐÈ5#¸� ¿ � � � � @ � �Ñ1ÒÑ1Ò , i.e., the optimal strategy for trading on

�
simplyequalsthe � -fold of the

optimalstrategy for tradingon
��

(if thiswerepermitted)timesthefraction
�� � O � � .

3. Thevarianceof thehedgingerror definedin (21) is givenby��.)-6� 7 � Var
r � ��  �-[Z6� \pt .

Proof:Setting
�È � # ¿ � �� � � @ � wehave� ��  �-[Z6� \ # ÐÍ 2�¾  � �È � > �� � #ÓÐÍ 2�¾  � �È � �� � > ����# ÐÍ 2 � ¾  � �È � �� � > � � 2%4 .)-6� 7 ¾  � �È � �� � > � �� 9 (22)

Obviously
o+r � ��  s-[Z6� \ut #ÓÐÍ and

Varr � ��  -[Z6��\ t # oÕÔ � ¾  � �È � �� � > �� � � 7�Ö # o � ¾  � �È 7� �� 7� > @ � 9 (23)

Thehedgingerrorfor startingwith capital ÐÍ andtradingaccordingto thestrategy ÐÈ � #?� �È � �� � O � � isÊS �#N� ��  �-[Z6� \ - � ¾  � ÐÈ � > � � � # 4 .�-6� 7 ¾  � �È � �� � > � �� � (24)
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andso
o×r Ê® t #U� and

Varr Ê  t #Y��.)-6� 7 � o � ¾  � �È 7� �� 7� > @ � #N��.)-6� 7 � Varr � ��  -,Z���\ t 9 (25)

To prove that ÐÈ is in factoptimal,it sufficesto show, that thehedgingerror Ê® is orthogonalto the
resultof any admissibletradingon

�
. Letd  #?Í 2�¾  � È � > � � #?Í 2�¾  � È � � � > � � (26)

with arbitrary Ís*�� andarbitraryadmissibleÈ . Theno+r d  pÊS t # o � 4 .{-[� 7 �!Í 2 ¾  � È � � � > ��� �_Ø ¾  � �È � �� � > � �� � #���� (27)

since
�

and
���

areorthogonalmartingales. ¬
Remark:Thevarianceof thehedgingerrorasafunctionof thecorrelation� is aparabola;it is .F-h� 7
timestheconstantVar

r � ��  �-6Z6� \pt . As � Î . wecanwrite ��.{-�� 7 �®#Y��.)-����D��. 2 �!�SÙ Q ��.{-���� ,
thusthevarianceof thehedgingerrortendslinearly to zeroin .)-6� .

It is notdifficult to computeexplicitly anexpressionfor theconstantVarr � ��  -iZ6��\ t # o×r � ��  -Z6� 7\ t - o+r � ��  s-[Z6� \ut 7 , namely

Varr � ��  �-[Z6� \pt # V  � 7� Áº� > �1�J- Q � ��ZMÁº� >!Â � 2 Z 7 Áº� > 7 �- r � �PÁ�� >ÃÂ �F-[ZMÁ�� > 7 � t 7 (28)

with
> �&# ¥¨Å � � � O Z6� 2ºÚ � O/QÇ � (29)

and

>!Â
,

> 7 asabove.

4 Comparison with a naive strategy
We recalloncemorethat, if tradingin

��
wereallowed,we could replicatetheoption � ��  �-ºZ6� \

perfectly, � ��  -[Z6��\6# � � �� � ����� 2_¾  �À¿ � �� � � @ � > �� � (30)

with � theBlack-Scholespriceand ¿ thecorrespondingdelta-hedgingstrategy. Thereforewe could
try — somewhatnaively — to simply replace

��
by thetradedasset

�
. We will call this strategy the

imitationstrategy.
Whatis theresultof this ”naive” strategy: it simply replicatestheoptionon

�
, i.e.,� �  s-[Z6� \ # � � � �/����� 2 ¾  � ¿ � � � � @ � > � � 9 (31)

Thehedgingerror
�Ê® is givenby therandomvariable�Ê® �#Y� ��  �-[Z6� \ -(� �  f-[Z6� \ 9 (32)

Again for (mainlynotational)simplicity weonly discussthecase;s#�����=M#�./� �;�#?��� �=M#�./�¯<±#���� � �m#�./� �� �&#�./��Z¸#�./���U#�. 9
7



Then �Ê® �#Y��V �� -_.1� \ -(��V � -_.1� \ (33)

with � � � �� � denotinga bivariatenormalrandomvariablewith mean -�. O/Q , variance . , andcorre-
lation � . To statethe following resultwe needthe bivariatestandardnormaldistribution function,
see[7, Appendix11B].

Proposition 2 Thevarianceof theimitationstrategy is

Var
r �Ê® t # Q ��Û 7 -[Û Â¯Â �H�!�¯�K� (34)

where Û 7 #UV1Á��DÜ7 �L- Ú Á�� Â7 � 2 . (35)Û Â¯Â �H���a#UVPÝ1Þß�H� 2 Â7 �¯� 2 Â7 �¯�!�J- Q Þß� Â7 �¯�à- Â7 �¯��� 2 Þ'��- Â7 �P- Â7 �¯��� 9 (36)

Here Á denotestheunivariatestandard normaldistribution functionand Þ thebivariatestandard
normaldistribution function.

Asymptotically, as � Î . , wehave

Var
r �Ê® t Ù Q V0Áº�DÜ7 � Ø ��.)-[���
� (37)

with coefficient Q V0Áº� Ü7 �®áUâ 9 �äã Ú å .
The technicalproof of this result is given in the appendix. Let us comparethis with the optimal
solutionof theprevioussection:Theminimalvarianceof thehedgingerroris

Varr Ê® t #çævV0Áº�DÜ7 � 2 Áº� Â7 �J- å Áº� Â7 � 7Pè Ø ��.)-6� 7 �
� (38)

whichasymptoticallyyields

Varr Ê  t # Q æ V1Á�� Ü7 � 2 Á�� Â7 �F- å Á�� Â7 � 70è Ø ��.)-6�!� (39)

with coefficient Q æRV0Áº� Ü7 � 2 Áº� Â7 �F- å Áº� Â7 � 7 è á Q 9£é Ú . Ú .
Thisshows thatthevarianceof thehedgingerrorof theimitationstrategy tendsto zeroas � Î .

with the sameorderas the minimal variance,but the leadingcoefficient is almosttwice ashigh.
Hence,roughlyspeaking,thepriceof beingnaive is thatoneendsup with a varianceof thehedging
errorwhich is twiceashighasit canbeby actinga little wiser.
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A Appendix
Westartwith thefollowing elementaryformulas:

Varr �Ê  t # Q Varr ��V � -_.1��\ t - Q Cov r ��V �� -_.1��\g�1��V � -_.1��\ t (40)

Var
r ��V � -_.1� \Ft # o×r ��V � -�.1� 7\ t - o+r ��V � -_.1� \Ft 7 (41)

Cov
r ��V �� -_.1� \ �1��V � -(.1� \Ft #o+r ��V �� -_.1� \ ��V � -(.1� \Ft - o+r ��V � -_.1� \Ft 7 9 (42)
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Let ë5# ´ � ](��� �� ](�¼µ . Completingthesquaresin theexponent(or moresophisticated)by using
thebivariateEsschertransform,weobtaino+r ��V �� -_.1� \ ��V � -_.1� \Ft # o+r V �� \ �aì ë t - Q o×r V �:ì ë t 2 � r ë t (43)#UVPÝ~Þ'�H� 2 Â7 �¯� 2 Â7 �¯���J- Q Þß� Â7 �¯�à- Â7 �¯��� 2 Þ'��- Â7 �P- Â7 �¯��� (44)

whereÞ is thestandardbivariatenormaldistribution function,Þ'�HÍ Â �¯Í 7 �¯�!�S# ¾�í/îk�ª ¾�í1ïk�ª,ð ��ñ Â ��ñ 7 �¯��� > ñ Â
> ñ 7 � (45)

and ð ��ñ Â ��ñ 7 �¯���a# .Q/ò 4 .)-6�¼7 ADC¼E � - ñ 7Â - Q �8ñ Â ñ 7 2 ñ 77Q ��.&-�� 7 � � 9 (46)

the standardbivariatenormaldensity. We areinterestedin � Î . from below. Since ð ��ñ Â ��ñ 7 �¯���behaves ratherirregularly as ��ñ Â ��ñ 7 �¯��� Î ���������0.1� it is not clear that or how a simple trivariate
Taylor expansioncanbe applied,so we needthe following detour. Let Þ'�HÍF�¯����ln#óÞß�HÍp�¯ÍF�¯��� ,Þ Â �HÍF�¯ô��¯�!�gln#5õ�Þß�HÍp�¯ôK�¯��� O õÍ and Þ Â �HÍF�¯���{ln#UÞ Â �HÍF�¯Íp�¯��� .
Lemma 1 Usingtheabovenotationwehavethefollowingasymptoticrelations:Þß�H� 2 Â7 �¯� 2 Â7 �¯�!�S#�Þß� Ü7 � Ü7 �¯���L- Q Þ Â � Ü7 � Ü7 �¯���D��.�-[��� 2�ö ��.)-���� 7 (47)Þß� Â7 �¯�à- Â7 �¯���S#UÞ'� Â7 � Â7 �¯�!�J-[Þ Â � Â7 � Â7 �¯���D��.&-6��� 2_ö ��.)-6�!� Ü�÷ 7 (48)

Proof: A carefullook at thebivariateTaylor expansionof Þß�HÍp�¯ôK�¯��� with respectto Í and ô shows
thattheremaindertermis uniformly

ö ��.-��!� 7 . Thisis nottruefor Þ Â , but thereappears��.-��!� k Â ÷ 7 ,
which reducesthequadraticerrortermto

ö ��.)-6��� Ü�÷ 7 . ¬
Next we look at Þß�HÍp�¯��� as � Î . . By conditioningweobtainÞß�HÍ Â �¯Í 7 �¯�!�S# ¾ í îk�ª Á·ø Í 7 -6�¼ñ Â4 .{-6� 7!ù[ú ��ñ Â � > ñ Â (49)

in particular Þ'�HÍF�¯Íp�¯���:# ¾�ík�ª Á ø Í¹-6�¼ñ4 .)-[� 7�ù ú ��ñ8� > ñ 9 (50)

SinceÁfû û û��HÍB�S#N�HÍ 7 -_.1� ú �HÍB� is boundedwegetfrom Taylor’s Theoremfor fixed Ís*��Á ø Í¹-[�8ñ4 .{-[� 7 ù #UÁ ø Í¹-,ñ4 .{-6� 7 ù 2 Á û ø Í×-[ñ4 .)-6� 7 ù ñ�ü .)-[�. 2 � (51)2 .Q Á û û ø Í¹-,ñ4 .)-�� 7 ù ñ 7 .{-6�. 2 � 2�ö � ñ Ü ��.)-[��� Ü�÷ 7 � (52)

uniformly in ñ as � Î . . Pluggingthisexpressioninto (50)yieldsÞß�HÍp�¯���3# ýP���HÍp�¯�!� 2 ý Â �HÍp�¯�!�Pü .{-6�. 2 � (53)2 .Q ý 7 �HÍp�¯�!� .�-6�. 2 � 2�ö � ��.)-[��� Ü�÷ 7 � (54)

with ýPþ8�HÍF�¯���a# ¾ ík�ª ñ þ Á w þ x ø Í+-[ñ4 .)-6� 7 ù ú ��ñ8� > ñ 9 (55)
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With asimplesubstitutionandpartialintegrationwerewriteýP���HÍp�¯�!�a# .Q Áº�HÍB� 2 .4 Q/ò ��.)-6� 7 � ¾ ª� ú ø ÿ4 .)-[� 7 ù Áº�HÍ+- ÿ � > ÿ (56)

Watson’s Lemmatells usnowý � #�Áº�HÍB�J- ú �HÍ �Ç Q/ò 4 .{-6�¼7 2 ú û��HÍ �å ��.)-6� 7 � 2�ö ��.)-[��� Ü�÷ 7 9 (57)

Theintegrals ý Â and ý 7 canbecomputedexplicitly, andafterpainfulelementarycalculationsweseeý Â # Í ú �HÍB�Ç Q 4 .�-6� 2�ö ��.)-6�!� (58)

and ý 7 # ö � 4 .{-6� � 9 (59)

CombiningtheseresultsyieldsÞß�HÍp�¯���a#�Á��HÍ �J- ú �HÍ �Ç ò 4 .)-6� 2�ö ��.)-��!� Ü�÷ 7 (60)

Also Þ Â �HÍp�¯���:# ú �HÍB�Q 2 Í ú �HÍB�Ç å ò 4 .)-�� 2_ö ��.{-6�!� 9 (61)

Usingthisexpansionin (47)weobtain(37). ¬
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