AFFINE PROCESSES AND APPLICATIONS IN FINANCE
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ABSTRACT. We provide the definition and a complete characterization of reg-
ular affine processes. This type of process unifies the concepts of continuous-
state branching processes with immigration and Ornstein-Uhlenbeck type pro-
cesses. We show, and provide foundations for, a wide range of financial appli-
cations for regular affine processes.
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1. INTRODUCTION

This paper provides a definition and complete characterization of regular affine
processes, a class of time-homogeneous Markov processes that has arisen from a
large and growing range of useful applications in finance, although until now without
succinct mathematical foundations. Given a state space of the form D = R’ x R"
for integers m > 0 and n > 0, the key “affine” property, to be defined precisely
in what follows, is roughly that the logarithm of the characteristic function of the
transition distribution p:(x, -) of such a process is affine with respect to the initial
state x € D. The coefficients defining this affine relationship are the solutions
of a family of ordinary differential equations (ODEs) that are the essence of the
tractability of regular affine processes. We classify these ODEs, “generalized Riccati
equations,” by their parameters, and state the precise set of admissible parameters
for which there exists a unique associated regular affine process.

In the prior absence of a broad mathematical foundation for affine processes,
but in light of their computational tractability and flexibility in capturing many of
the empirical features of financial time series, it had become the norm in financial
modeling practice to specify the properties of some affine process that would be
exploited in a given problem setting, without assuredness that a uniquely well-
defined process with these properties actually exists.

Strictly speaking, an affine process X in our setup consists of an entire family of
laws (P.).ep, and is realized on the canonical space such that P,[X, = 2] = 1, for
all x € D. This is in contrast to the finance literature, where an “affine process”
usually is a single stochastic process defined (for instance as the strong solution
of a stochastic differential equation) on some filtered probability space. If there is
no ambiguity, we shall not distinguish between these two notions and simply say
“affine process” in both cases (see Theorem 2.12 below for the precise connection).

We show that a regular affine process is a Feller process whose generator is
affine, and vice versa. An affine generator is characterized by the affine dependence
of its coefficients on the state variable « € D. The parameters associated with the
generator are in a one-to-one relation with those of the corresponding ODEs.

Regular affine processes include continuous-state branching processes with im-
migration (CBI) (for example, [61]) and processes of the Ornstein-Uhlenbeck (OU)
type (for example, [77]). Roughly speaking, the regular affine processes with state
space R are CBI, and those with state space R" are of OU type. For any regular
affine process X = (Y, Z) in R x R™, we show that the first component Y is nec-
essarily a CBI process. Any CBI or OU type process is infinitely decomposable, as
was well known and apparent from the exponential-affine form of the characteristic
function of its transition distribution. We show that a regular (to be defined below)
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Markov process with state space D is infinitely decomposable if and only if it is a
regular affine process.

We also show that a regular affine process X is (up to its lifetime) a semimartin-
gale with respect to every P,, a crucial property in most financial applications
because the standard model ([53]) of the financial gain generated by trading a secu-
rity is a stochastic integral with respect to the underlying price process. We provide
a one-to-one relationship between the coefficients of the characteristic function of
a conservative regular affine process X and (up to a version) its semimartingale
characteristics ([56]) (B, C,v) (after fixing a truncation of jumps), of which B is
the predictable component of the canonical decomposition of X, C' is the “sharp-
brackets” process, and v is the compensator of the random jump measure. The
results justify, and clarify the precise limits of, the common practice in the finance
literature of specifying an affine process in terms of its semimartingale charac-
teristics. In particular, as we show, for any conservative regular affine process
X = (Y, Z) in R x R", the sharp-brackets and jump characteristics of X depend
only on the CBI component Y. We also provide conditions for the existence of
(partial) higher order and exponential moments of X;. An extension of the main
results for the time-inhomogeneous case is given in [47].

Some common financial applications of the properties of a regular affine process
X include:

o The term structure of interest rates. A typical model of the price pro-
cesses of bonds of various maturities begins with a discount-rate process
{L(X:) : t > 0} defined by an affine map z — L(z) on D into R. In
Section 11, we examine conditions under which the discount factor

E|le” fs-t L(Xy)du | XS:|

is well defined, and is of the anticipated exponential-affine form in X;. Some
financial applications and pointers to the large theoretical and empirical
literatures on affine interest-rate models are provided in Section 13.

e The pricing of options. A put option, for example, gives its owner the
right to sell a financial security at a pre-arranged exercise price at some
future time ¢. Without going into details that are discussed in Section 13,
the ability to calculate the market price of the option is roughly equivalent
to the ability to calculate the probability that the option is exercised. In
many applications, the underlying security price is affine with respect to the
state variable X;, possibly after a change of variables. Thus, the exercise
probability can be calculated by inverting the characteristic function of the
transition distribution p(x, -) of X. One can capture realistic empirical
features such as jumps in price and stochastic return volatility, possibly of a
high-dimensional type, by incorporating these features into the parameters
of the affine process.

o Credit risk. A recent spate of work, summarized in Section 13, on pricing
and measuring default risk exploits the properties of a doubly-stochastic
counting process N driven by an affine process X. The stochastic intensity
of N ([16]) is assumed to be of the form {A(X;_) : t > 0}, for some
affine  — A(z). The time of default of a financial counterparty, such
as a borrower or option writer, is modeled as the first jump time of N.
The probability of no default by ¢, conditional on X, and survival to s,
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is E [e* JiAXw) du | X|. This is of the same form as the discount factor

used in interest-rate modeling, and can be treated in the same manner. For
pricing defaultable bonds, one can combine the effects of default and of
discounting for interest rates.

The remainder of the paper is organized as follows. In Section 2 we provide the
definition of a regular affine process X (Definitions 2.1 and 2.5) and the main results
of this paper. In fact, we present three other equivalent characterizations of regular
affine processes: in terms of the generator (Theorem 2.7), the semimartingale char-
acteristics (Theorem 2.12), and by infinite decomposability (Theorem 2.15). We
also show how regular affine processes are related to CBI and OU type processes.
In Section 2.1 we discuss the existence of moments of X;.

The proof of Theorems 2.7, 2.12, and 2.15 is divided into Sections 3—10. Section 3
is preliminary and provides some immediate consequences of the definiton of a
regular affine process. At the end of this section, we sketch the strategy for the proof
of Theorem 2.7 (which in fact is the hardest of the three). In Section 4 we prove a
representation result for the weak generator of a Markov semigroup, which goes back
to Venttsel” [88]. This is used in Section 5 to find the form of the ODEs (generalized
Riccati equations) related to a regular affine process. In Section 6 we prove existence
and uniqueness of solutions to these ODEs and give some useful regularity results.
Section 7 is crucial for the existence result of regular affine processes. Here we
show that the solution to any generalized Riccati equation yields a regular affine
transtition function. In Section 8 we prove the Feller property of a regular affine
process and completely specify the generator. In Section 9 we investigate conditions
under which a regular affine process is conservative and give an example where these
conditions fail. Section 10 finishes the proof of the characterization results.

In Section 11 we investigate the behavior of a conservative regular affine pro-
cess with respect to discounting. Formally, we consider the semigroup Q:f(z) =
E.[exp(— fot L(X,)dt) f(X¢)], where L is an affine function on D. We use two
approaches, one by the Feynman-Kac formula (Section 11.1), the other by enlarge-
ment of the state space D (Section 11.2). These results are crucial for most financial
applications as was already mentioned above.

In Section 12 we address whether the state space D = R* x R™ that we choose
for affine processes is canonical. We provide examples of affine processes that are
well defined on different types of state spaces.

In Section 13 we show how our results provide a mathematical foundation for a
wide range of financial applications. We provide a survey of the literature in the
field. The common applications that we already have sketched above are discussed
in more detail.

Appendix A contains some useful results on the interplay between the existence
of moments of a bounded measure on RY and the regularity of its characteristic
function.

1.1. Basic Notation. For the stochastic background and notation we refer to [56]
and [74]. Let k € N. We write

RY = {z e R" | ; > 0, Vi}, RY, = {z € R* | 2; > 0, Vi},
C: ={zeC"|Rez e R}}, Ct, ={2€CF|Reze R},
and analogously R* , R* | C* and C* _.
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For a,3 € CF we write (o, 3) := o181 + -+ + aif (notice that this is not
the scalar product on C*). We let Sem” be the convex cone of symmetric positive
semi-definite k& x k matrices.

Let U be an open set or the closure of an open set in C*. We write U for the
closure, U° for the interior, OU = U \ U for the boundary and Ux = U U {A}
for the one-point compactification of U. Let us introduce the following function
spaces:

e C(U) is the space of complex-valued continuous functions f on U
bU is the Banach space of bounded complex-valued Borel-measurable func-
tions f on U
Cy(U) is the Banach space C(U) NbU
Cy(U) is the Banach space consisting of f € C(U) with lim,_,a f(z) =0
C.(U) is the Banach space consisting of f € C'(U) with compact support
Ck(U) is the space of k times differentiable functions f on U such that all
partial derivatives of f up to order k belong to C(U)
CH(U) = CH(U) N C.{U)

o C%(U) = Moy CH(U) and C(U) = ey CH(U)
By convention, all functions f on U are extended to Ua by setting f(A) = 0.
Further notation is introduced in the text.

2. DEFINITION AND CHARACTERIZATION OF REGULAR AFFINE PROCESSES

We consider a time-homogeneous Markov process with state space D := R x R"
and semigroup (P;) acting on bD,

Pf(x) = /D F() prlir, de).

According to the product structure of D we shall write = = (y, z) or £ = (1, () for
a point in D. We assume d := m + n € N. Hence m or n may be zero. We do not
demand that (P;) is conservative, that is, we have

pe(z, D) <1, pilz,Da) =1, p(A{A}) =1, V(t,z) eRy x D.

We let (X, (Py)zep) = (Y, Z), (P:)zep) denote the canonical realization of (P;)
defined on (Q, F, (F?)), where  is the set of mappings w : Ry — Da and X;(w) =
(Vy(w), Zi(w)) = w(t). The filtration (F}) is generated by X and FY = Vier, F.
For every z € D, P, is a probability measure on (2, F°) such that P,[Xy = 2] =1
and the Markov property holds,

E.[f(Xiys) | FP] = Pof(Xy) = Ex,[f(X,)], Ps-as. Vs,t€R,, VYfebD,

(2.1)
where E, denotes the expectation with respect to P,.
For u = (v,w) € C™ x C™ we define the function f, € C(D) by
fulz) = elw) = eloy)H(wz) 0 = (y,z) € D.
Notice that f,, € Cp(D) if and only if u lies in
U :=C" xiR",
and this is why the parameter set U plays a distinguished role. By dominated
convergence, P, f,(x) is continuous in u € U, for every (¢,z) € Ry x D. We have

U =C™_ xiR™ and U =iR™ x iR" = iR%.
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Observe that

Rd 249 Ptfiq(x)
is the characteristic function of the measure pi(z,-), that is, the characteristic
function of X;1(x,2a} with respect to P;.

Definition 2.1. The Markov process (X, (Py)zep), and (P;), is called affine if,
for every t € Ry, the characteristic function of pi(x,-) has exponential-affine de-
pendence on x. That is, if for every (t,u) € Ry x U there exist ¢(t,u) € C and
Y(t,u) = (Y (t,u), Y= (t,u)) € C™ x C" such that

Ptfu(x) — e¢'(t)u)+<w(tvu)’w>

2.2
@Y ) HOT (0D gy — (1) € D. 22)

Remark 2.2. Since P.f, € bD, for all (t,u) € Ry x U, we easily infer from
(2.2) that a fortiori ¢(t,u) € C_ and ¥(t,u) = (Y (t,u),v=(t,u)) € U, for all
(t,u) S R+ x OU.

Remark 2.3. Notice that ¢(t,u) is uniquely specified by (2.2). But Im ¢(t,w) is de-
termined only up to multiples of 2m. Nevertheless, by definition we have Py f,,(0) # 0
for all (t,u) € Ry x dU. Since U is simply connected, P, f,(0) admits a unique
representation of the form (2.2)—and we shall use the symbol ¢(¢,u) in this sense
from now on—such that ¢(t,-) is continuous on OU and ¢(t,0) = 0.

Definition 2.4. The Markov process (X, (P;)zep), and (P;), is called stochasti-
cally continuous if ps(x,-) — pi(x,:) weakly on D, for s — t, for every (t,z) €
R+ x D.

If (X, (Py)zep) is affine then, by the continuity theorem of Lévy, (X, (Py)zep) is
stochastically continuous if and only if ¢(¢,u) and (¢, w) from (2.2) are continuous
in t € Ry, for every u € OU.

Definition 2.5. The Markov process (X, (Pz)zep), and (P;), is called regular if it
is stochastically continuous and the right-hand derivative

Afu(x) = ajptfu(x”tzo

exists, for all (x,u) € D x U, and is continuous at u =0, for all x € D.
We call (X, (Pz)zep), and (P;), simply regular affine if it is reqular and affine.

If there is no ambiguity, we shall write indifferently X or (Y, Z) for the Markov
process (X, (P.).ep), and say shortly X is affine, stochastically continuous, reqular,
regular affine if (X, (P,).ep) shares the respective property.

Before stating the main results of this paper, we need to introduce a certain
amount of notation and terminology. Denote by {ey,...,eq} the standard basis in
R?, and write Z := {1,...,m} and J := {m +1,...,d}. We define the continuous
truncation function x = (x1,.-.,xa) : R — [-1,1]¢ by

_Jo if & =0,
Xk(§) = {(1 A |fk|)|%;|’ otherwise. 23)

Let a = (a;;) be a d x d-matrix, 8 = (f1,...,0q4) a d-tuple and I,J C {1,...,d}.
Then we write o for the transpose of «, and ar; := (ayj)icr, jes and fB; =
(Bi)icr- Examples are x1(§) = (xx(§))ker or Vi := (0s, )rer- Accordingly, we have
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Y (t,u) = Yz(t,u) and = (t,u) = s (t,u) (since these mappings play a distin-
guished role we introduced the former, “coordinate-free” notation). We also write
1:=(1,...,1) without specifying the dimension whenever there is no ambiguity.
For i € T we define Z(i) := 7 \ {i} and J (%) := {i} U J, and let 1d(7) denote the
m X m-matrix given by Id(¢)x; = 0;0k;, where dx; is the Kronecker Delta (dy; equals
1if kK =1 and 0 otherwise).

Definition 2.6. The parameters (a,a,b, 3, ¢,v,m, u) are called admissible if

e a € Sem? with arz =0 (hence az7 =0 and az7r =0), (2.4)
o a=(a,...,ap) with a; € Sem? and o 77 = a; ;;1d(3), for alli € T, (2.5)
e be D, (2.6)
o 3€ R such that Br7 =0 and iz € RT ™!, for alli € T, (2.7)
(hence Bzz has nonnegative off-diagonal elements),
e ccRy, (2.8)
e Y ERY,
e m is a Borel measure on D \ {0} satisfying
M = ((xz(€), 1) + Ix7 (&)I?) m(d€) < oo, (2.10)
D\{0}
o 1= (l1,..., ) where every p; is a Borel measure on D\ {0} satisfying
M; = (o) (2@ (), 1) + lIxa @ (OI7) mi(de) < oo. (211)

The following theorems contain the main results of this paper. Their proof is
provided in Sections 3-10. First, we state an analytic characterization result for
regular affine processes.

Theorem 2.7. Suppose X is reqular affine. Then X is a Feller process. Let A be
its infinitesimal generator. Then C°(D) is a core of A, C?(D) C D(A), and there
exist some admissible parameters (a,a,b, 3,c,v,m, u) such that, for f € C*>(D),

0%f(x)

d
Af(z) = Z (ar +{(az,k1, ) D10

k=1

+ / (Flz+€) — f(2) — (Vo fl2),xr (€))) mlde)
D\{0}

+ (04 B, Vf(x)) — (c+ (v, 9)) f(2)

+3 /D oy T+ = 1) = (T x70/() wim(a),

(2.12)
Moreover, (2.2) holds for all (t,u) € Ry x U where ¢(t,u) and ¥(t,u) solve the
generalized Riccati equations,

B(t, 1) = /0 F((s,u)) ds (2.13)
o (t,u) = RY (W(t,u), eﬂztw) . Y0,u) = v (2.14)

VE(tu) = ¥ tw (2.15)
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with
P = (anu) + o) = et [ (91— fug,xg(€) mld), (210
D\{0}
D\{0}

(2.17)

fori e, and
BY = (ﬁT)i{1 ,,,,, 4 € R, ieZ, (2.18)
5% = (8"),, e RV (2.19)

Conversely, let (a,a,b,3,c,v,m, ) be some admissible parameters. Then there
exists a unique, regular affine semigroup (P;) with infinitesimal generator (2.12),
and (2.2) holds for all (t,u) € Ry xU where ¢(t,u) and Y (t,u) are given by (2.13)-
(2.15).

Remark 2.8. To clarify the connections between the objects in Theorem 2.7 let us,
for any f € C*(D)NCy(D), define At f(x) literally as the right hand side of (2.12).
Then we see that F, RY = (RY,..., RY) and 3% satisfy

O Py fu(@)]i=0 = (F(u) + (RY(u),y) + (7w, 2)) fulz) = A fu(2),
foru= (v,w) el and x = (y,z) € D.

Equation (2.15) states that ¥Z(¢,u) depends only on (¢,w). Hence, for w = 0,
we infer from (2.2) that the characteristic function of Y;1;x,2a} with respect to P,

Ptf(iq,O) (z) = / et{am) pe(z, dE) = e¢(t,iq,0)+<wy(t7iq70),y>7 geR™,
D

depends only on y. We obtain the following

Corollary 2.9. Let X = (Y, Z) be regular affine. Then (Y, (P(y7z))y€RT) s a
reqular affine Markov process with state space R, independently of z € R™.

Theorem 2.7 generalizes and unifies two classical types of stochastic processes.
For the notion of a CBI process we refer to [90], [61] and [81]. For the notion of an
OU type process see [77, Definition 17.2].

Corollary 2.10. Let X = (Y, Z) be regular affine. Then (Y, (P(y,z))yeng) is a CBI
process, for every z € R™. If m =0 then X is an OU type process.
Conversely, every CBI and OU type process is a regular affine Markov process.

Remark 2.11. There exist affine Markov processes that are not stochastically con-
tinuous and for which Theorem 2.7 therefore does not hold. This is shown by the
following example, taken from [61]. Let xo € D. Then

il de) = {5“ e

0zy, ft>0,
is the transition function of an affine Markov process with

o, ift=0, fu, ift=o0,
(b(t’“)_{m,mo), ift>o0, 4 W’u)_{o, ift>0,

which is obviously not of the form as stated in Theorem 2.7.

(0, = Dirac measure at x)
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On the other hand, if n = 0 then a stochastically continuous affine Markov
process is a fortiori reqular, see [61, Lemmas 1.2-1.3]. It is still an open problem
whether this also holds true for n > 1.

Motivated by Theorem 2.7, we give in this paragraph a summary of some classical
results for Feller processes. For the proofs we refer to [74, Chapter III.2]. Let X
be regular affine and hence, by Theorem 2.7, a Feller process. Since we deal with
an entire family of probability measures, (P;)zep, we make the convention that
“a.s.” means “Pg-a.s. for all x € D”. Then X admits a cadlag modification, and
from now on we shall only consider cadlag versions of a regular affine process X,
still denoted by X. Let

Tx =inf{t e Ry | Xy = A or Xy = A},

Then we have X. = A on [rx,00) a.s. Hence X is conservative if and only if
Tx = 00 a.s. Write F@ for the completion of F° with respect to P, and (f,f(m)) for
the filtration obtained by adding to each F? all P,-nullsets in F (*) | Define

Fo= (A, F=()F.

zED zeD

Then the filtrations (]—"t(w)) and (F) are right-continuous, and X is still a Markov
process with respect to (F;). That is, (2.1) holds for F? replaced by F;, for all
z e D.

By convention, we call X a semimartingale if (X¢11,<;,1) is a semimartingale on
(Q,F,(F1),Py), for every x € D. For the definition of the characteristics of a semi-
martingale with refer to [56, Section II.2]. We emphasize that the characteristics
below are associated to the truncation function y, defined in (2.3).

Let X’ be a Da-valued stochastic process defined on some probability space
(Q,F,P"). Then P’ o X'~ denotes the law of X’, that is, the image of P by the
mapping w’' — X/(w') : (', F') — (2, F°).

The following is a characterization result for regular affine processes in the class
of semimartingales. An exposure of conservative regular affine processes is given in
Section 9.

Theorem 2.12. Let X be regular affine and (a, a, b, 3, c,v, m, 1) the related admis-
sible parameters. Then X is a semimartingale. If X is conservative then it admits
the characteristics (B, C,v),

B, = /Ot (6 + BXS> ds (2.20)
C, = Q/Ot <a + galY;) ds (2.21)

v(dt, d¢) = <m<d§> + meg)) dt (2.22)

i=1
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for every P, where be D and 3 € R¥4 gre given by

b bt / (xz(€),0) m(de), (2.23)
D\{0}
Bkl — {ﬁkl + (1 - 6kl) fD\{O} Xk(f) Ml(df)’ Zfl €1, for1<k<d. (2.24)
B, ifl e J,

Moreover, let X' = (Y',Z') be a D-valued semimartingale defined on some fil-
tered probability space (U, F',(F]),P’) with P'[X) = z] = 1. Suppose X' admits
the characteristics (B',C’, V"), given by (2.20)-(2.22) where X is replaced by X'.
ThenP o X' ' = P,.

Remark 2.13. The notions (2.23) and (2.24) are not substantial and only intro-
duced for notational compatibility with [56]. In fact, we replaced (V 7 f(x),x7(£))

and (V70 f(x), X71)(&)) in (2.12) by (Vf(x),x(&)), which is compensated by re-
placing b and [ by b and 3, respectively.

The second part of Theorem 2.12 justifies, and clarifies the limits of, the common
practice in the finance literature of specifying an “affine process” in terms of its
semimartingale characteristics.

There is a third way of characterizing regular affine processes, which generalizes
[81]. Let P and Q be two probability measures on (£2, F°). We write P * Q for the
image of P x Q by the measurable mapping (w,w’) — w+w': (2 x Q, FO @ F0) —
(2, F%). Let Pra be the set of all families (P,),ep of probability measures on
(€, F%) such that (X, (P.).ep) is a regular Markov process with P/ [X, = 2] = 1,
for all x € D.

Definition 2.14. We call (P,).ecp infinitely decomposable if, for every k € N,
there exists (]P&’“))IGD € Prm such that

Poyyoggm = ng) Kook Pg?,)c), Vaj(l), e ,x(k) eD. (2.25)
Theorem 2.15. The Markov process (X, (Py)zep) is reqular affine if and only if
(P.)zep is infinitely decomposable.

We refer to Corollary 10.4 below for the corresponding additivity property of
regular affine processes.

We have to admit that “infinitely decomposable” implies “regular affine”, as
stated in Theorem 2.15, only since our definition of “infinitely decomposable” in-
cludes regularity of (]P’gak))me p appearing in (2.25). There exists, however, affine
Markov processes which satisfy (2.25) but are not regular. As an example consider
the non-regular affine Markov process (X, (P;)zep) from Remark 2.3. Tt is easy to
see that, for any k € N,

O, ift=0,
p (a, de) = 5 .
zo/k> if t > 0,

is the transition function of an affine Markov process (X, (]P’gck))xe p) which satis-
fies (2.25), but is not regular.

We now give an intuitive interpretation of conditions (2.4)—(2.11) in Defini-
tion 2.6. Without going much into detail we remark that in (2.12) we can dis-
tinguish the three “building blocks” of any jump-diffusion process, the diffusion
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matric A(z) = a+y101 + -+ - + YmQm, the drift B(x) = b+ Sz and the Lévy mea-
sure (the compensator of the jumps) M (x,d§) = m(d€)+y1p1(dE)+- -+ Ympm (dE),
minus the killing rate C(z) = ¢+ (v,y). An informal definition of an affine process
could consist of the requirement that A(z), B(x), C(x) and M (x,d¢) have affine
dependence on z, see [40]. The particular kind of this affine dependence in the
present setup is implied by the geometry of the state space D.

First, we notice that A(z) € Sem?, C(z) > 0 and M (z, D) > 0, for all z € D.
Whence A(z), C(x) and M (z,d¢) cannot depend on z, and conditions (2.8)—(2.9)
follow immediately. Now we consider the respective constraints on drift, diffusion
and jumps for the consistent behavior of X near the boundary of D. For x € D,
we define the tangent cone to D at x € D,

Tp(z) = {fERd\x+6§€D7 for some € > 0} .

Intuitively speaking, Tp(x) consists of all “inward-pointing vectors at z.” Write
I(z):={i€Z|y; =0} Thenx € 9D if and only if I(z) # 0, and £ € Tp(z) if and
only if & > 0 for all i € I(x). The extreme cases are Tp(0) = D and Tp(z) = R?
for x € D°. Tt is now easy to see that conditions (2.6)—(2.7) are equivalent to

B(z) € Tp(z), VYx € D. (2.26)
Conditions (2.4)—(2.5) yield the diagonal form of Azz(x),

Y1001,11 0
Azz(x) = Zyiai,iild(i) = . (2.27)
i€l 0

YmCm, mm

Hence the diffusion component in the direction of span{e; | i € I(z)} is zero at z.
Conditions (2.10)—(2.11) express the integrability property

/ (X1(2)(§),1) M(z,dE) < 00, Vxe€D. (2.28)
D\{0}

This assures that the jump part in the direction of span{e; | i € I(x)} is of “fi-
nite variation at 7. Theorem 2.7 suggests that (2.26)—(2.28) are the appropriate
conditions for the invariance of D with respect to X.

2.1. Existence of Moments. Criterions for the existence of first or higher order
partial moments of X; are of vital importance for all kinds of applications. They
are provided by the following theorem. Examples are given in Sections 11 and 13
below.

Theorem 2.16. Suppose that X is conservative reqular affine, and let t € R,.
i) Let k € N and 1 <1<d. If 93 ¢(t,i\)|a=0 and O3(t,i\)|x=o exist, then

E, [(X})*] <00, VzeD.

ii) Let U be an open convex neighbourhood of 0 in C?. Suppose that $(t,-) and
U(t,-) have an analytic extension on U. Then

E, [e@’)‘ﬂ <00, YgeUNRY VzeD,

and (2.2) holds for all u € U with Reu € U NRY.
Proof. Combine Lemmas A.1, A.2 and A.4 in the appendix. O
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Notice that finiteness of moments of X; with respect to P, requires, strictly
speaking, finiteness of X;, P,-a.s. This is why we assume X to be conservative.

Explicit conditions for Theorem 2.16 in terms of the parameters of X are given
in Lemmas 5.3 and 6.5 below.

3. PRELIMINARY RESULTS

In this section we derive some immediate consequences of Definitions 2.1 and 2.5.
First, we are extending the (¢, u)-range of validity of (2.2), which is a priori Ry x 0U.
In Lemma 3.1 we fix v € U and see how far we can go in the ¢-direction. In
Lemma 3.2, conversely, we fix ¢ € R, and explore the range of possible u in C9.

Lemma 3.1. Suppose X is reqular affine. Then the set
O :={(t,u) e Ry xU | Psf,,(0) #£0, Vs € [0,t]} (3.1)

is open in Ry X U, and there exists a unique continuous extension of ¢(t,u) and
Y(t,u) on O such that (2.2) holds for all (t,u) € O.

Proof. Let x € D. We claim that
P,f,(x) — P, fu(x), fors— t, uniformly in u on compacts in U. (3.2)

Although the proof of (3.2) is standard (see e.g. [10, Lemma 23.7]) we shall give it
here, for the sake of completeness. Let t € Ry and (¢;) a sequence with t — ¢,
and € > 0. Since X is weakly continuous, the sequence (p, (x,-)) is tight. Hence
there exists p € Co(D) with 0 < p < 1 and [, (1—p(§)) pt,. (,d€) <, for all k € N.
Moreover, there exists 6’ > 0 such that for all u, v € U with |ju — u'|| < §’ we have

sup [ fu(€) = fu (§)] <e

£€Esupp p

Hence, for every u,u’ € U with ||u — /|| < &',
| Pry ful@) = Py fur (2)] < /D [fu(€) = fur ()] p(&) Pr. (, dE)
+ [ 10060 = £O1 (1 = () 1, .0

<3¢, VkeN.

We infer that the sequence (P, f,(x)) is equicontinuous in v € Y. Thus there exists
6 > 0 such that

|(Pe fu(z) = Pefu(@)) — (Pyy fur (2) — Pofur (@))]

< Py fu(x) = Py fuw (@) + | Pefu(z) — Pofu () < 5, (3.3)

N

for all u,uw’ € U with ||lu — || < 4, for all k € N. Now let U C U be compact.
Cover U with finitely many, say ¢, balls of radius ¢ whose centers are denoted by
uM, u® . w@. For any u? there exists a number N such that

‘Ptk fu (117) —Pifuo (I)| < Vk > N, (3,4)

€
53
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Now let w € U. Choose a ball, say with center u(?), that contains v. Combining
(3.3) and (3.4) we obtain

[Py fu(2) = Pefu(2)] < [(Py fu(@) = Pefu(@)) — (P fuor (2) = Pefue (2))]
+ | Py fur (%) = P fyu ()]
<e Vk> maXN(i),

which proves (3.2).

As a consequence of (3.2), P f,(z) is jointly continuous in (¢,u) € Ry xU. Hence
O is open in Ry x U. Notice that @ D {0} x U, which is simply connected, and
every loop in O is equivalent to its projection onto {0} x U. Hence O is simply
connected.

Since X is affine, we have

Ptf(v,w) (x)Ptf(v,w) (5) = Ptf(v,w) (:17 + €>Ptf(v,w)(0)7 V‘T>§ €D, (35)

for all (t,v,w) € Ry x OU. By Lemma A.2 we see that the functions on both sides
of (3.5) are analytic in v € C™_. By the Schwarz reflexion principle, equality (3.5)
therefore holds for all v € C™. Since O is simply connected, ¢(t,u) has a unique
continuous extension on O such that P f,(0) = exp(¢(t,u)), for all (¢,u) € O.
Hence, for fixed (t,u) € O, the function g(x) = exp(—¢(t, u)) P fu(z) is measurable
and satisfies the functional equation g(z)g(§) = g(x+¢). Consequently, there exists
a unique continuous extension of ¥ (¢, u) such that

ef‘i’(t’“)Ptfu(x) = Wtur) - yp e D, Y(t,u) € O.
Whence the assertion follows. O
The following is a (less important) variation of Lemma 3.1. Let m,p € Ri, and

define V i={g e R | —m; < ¢ < p;, [ = 1,...,d} and the strip S := {u € C? |
Reu € V} D oU.

Lemma 3.2. Lett € Ry. Suppose X is affine and
/ e'98) py(x,dE) < 00, VgeV, VzeD. (3.6)
D

Then O(t) := {u € S| P.fy,(0) # 0} is open in S, and for every simply connected
set OU C U C O(t) there exists a unique continuous extension of ¢(t,-) and ¥(t,-)
on U such that (2.2) holds for all u € U.

Proof. Dominated convergence yields continuity of the function S 3 u +— P, f,(0).
Hence O(t) is open in S, and clearly 0 C O(t). Now the assertion follows by the
same arguments as in the proof of the second part of Lemmas 3.1 and A.2. Notice
that we cannot assert continuity of P f, () in ¢ since f, is unbounded for u € S,
in general. (]

For the remainder of this section we assume that X is regular affine. As an
immediate consequence of (2.2) and Remark 2.3 we have

o0,u) =0, ¥(0,u)=u, Yu€el. (3.7)
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Let (t,u) € O and s > 0 such that (t+s,u) € O and (s, 9 (t,u)) € O. By Lemma 3.1
and the Chapman—-Kolmogorov equation,

s s 2) /D pa(z, d) /D P, dE) fu(E)

_ bt / pa(@, d€) fP(E.©)
D

_ Pt bt + (Wbt @) vy e D,

hence

ot +s,u) = o(t,u) + ¢(s, ¥ (¢, u)) (3.8)
Yt + s,u) = ¥(s, (L, u)). (3.9)
In view of Definition 2.5 and Lemma 3.1, the following right-hand derivatives exist,
F(u) := 0, ¢(0,u), (3.10)
R(u) = (R¥(u), R (u)) := 0 %(0, ), (3.11)

and we have
Afu(z) = (F(u) + (R(u), z)) fu(2), (3.12)

for all w € U, x € D. Combining (3.8)—(3.9) with (3.10)—(3.11) we conclude that,
for all (¢,u) € O,

8;_(;5(25,’&) = F(q/)(t,u)), (313)
OF w(t,u) = R(b(t,w)). (3.14)
Equation (3.12) yields
F(u) = Af.(0) (3.15)
i(u :Afu(ei)_ U 1=
R;(u) ol F(u), 1,...,d, (3.16)

The strategy for the proof of Theorem 2.7 is now as follows. In the next two
sections we specify F, RY and RZ, and show that they are of the desired form,
see (2.15)~(2.17). In view of (3.15)(3.16) it is enough to know Af, on the co-
ordinate axes in D. Then, in Section 8, we can prove that X shares the Feller
property and that its generator is given by (2.12). Conversely, given some ad-
missible parameters (a, «, b, 3, ¢, v, m, u), the generalized Riccati equations (2.13)—
(2.15) uniquely determine some mappings ¢(t, u) and (¢, u) (see Section 6) which
have the following property. For every ¢t € Ry and = € D fixed, the mapping
R? 5 ¢ e?t10)+W(10)2) is the characteristic function of an infinitely divisible
probability distribution, say p¢(x,d€), on D (see Section 7). By the flow property
of ¢ and v it follows that p;(x,d) is the transition function of a Markov process
on D, which by construction is regular affine.

4. A REPRESENTATION RESULT FOR REGULAR PROCESSES

Throughout this section we assume that X is regular.
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Lemma 4.1. Leti € Z and r € Ry. Then there exist elements

a(i,r) = (aw(i,7))51eq0) € Sem™ !, (4.1)
B(i,r) € R with Brgy(i,r) € RP™
v(i,r) € Ry,
and a nonnegative Borel measure v(i,r;d€) on D\ {re;} satisfying
L, (o€ e+ gl —re)l) vird) <oo, (40
such that for all w € U we have
Afu(rei)

——— = (a(i,")ug@), ug@) + (B0, 1), u) —y(i,r)
fulres) T (4.5)

[ (e e fug o (€ - ra))) s de).
D\{re;}
Proof. Fix i € Z and r € Ry, and let v € Y. For simplicity we write x = re;,

I =7(i) and J = J(i). The proof, inspired by [85, Theorem 9.5.1], is divided into
four steps.

Step 1: Decomposition. Let t > 0 and write

A8 2 /D (ful€) = Fulz) = (Vo ful@), xs (€ = 2))) pi(a, dE)

t Tt
1 [ (Vb 0te = o) p(o.d9) + 7 (0l D)~ ) fu(o)
1
+ (Be(@), Vs fulz)) = () fu(2),
(4.6)
where
d(z,€) = (x1(§ — 2),1) + [[xs (€ — @), (4.7)
hu(fﬂ,f) — fu(g) - fu(x) d<(ZJ§J;u(:E)7XJ(£ - LL‘)>, (48)
and
ia) = [ x(e =)l de) € RO,
v (x) := % (1 —pi(z,D)) > 0.
Notice that
0<d(z,§) <d, V¢&eD (d(z,6)=0& & =x). (4.9)
Hence we can introduce a new probability measure as follows. Set
1
Ui(x) = — d(zx (x,dE) > 0.
o) =7 [ de € a9 >0
If ¢,(z) > 0, define
pi(x, d€) := d(z,¢) pi(z, dE).

tft (SL‘)
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If 4y(x) = 0 we let py(x,-) be the Dirac measure at some point in D \ {z}. In
both cases we have that p.(x,-) is a probability measure on D \ {z}, and we can
rewrite (4.6)

Py fu(®) = fulz)

D a) [ o€ e d) + (Bila), T fula)) () o)
D\{z}

(4.10)

Step 2: Extension of hy(x,-). Notice that hy,(z,-) € Cp(D \ {z}). But the value
lime .5 hy (2, &) depends on the direction from which & converges to . Define the
cuboid

Q@) ={€eD || —ml <1, 1<k<d} and Qox)=Q(x)\{z}. (411)

We shall construct a compactification of Qg () to which h,(z, ) can be continuously

extended.
We decompose the difference ¢ —x = (¢ — &+) + (61 — 2) where

n vy, ifkel,
& = .
&, ifkeld.

Applying Taylor’s formula twice we have

(fu(&) = ful€)) + (fu(€h) = fulz) = (Vfu(2),&" — 7))

I (z,€) = e
— ! L S(f — n 5 f _ £L
_</O Vit +sE—¢t))d 7d(x7§)>
1 . .
+ Y (/0 Oy O, fulz + (€4 — 2))(1 — ) ds) (& dzzi (g l),

k=1
(4.12)

for all £ € Qo(x).
We let w(z,&) := (Wi(x,€))ker and a(z,§) := (aw(z,§))k,ies be given by

Ep — Tk

wi(z,€) = A’ kel, (4.13)
ag(r,§) = & _;&)(g — xl), k.l e J. (4.14)

Define the compact subset H of [0,1]™~! x Sem™ ! by

H:= {(w,a) € 0,1]™ ! x Sem™ ! | (w, 1) + Zakk = 1} : (4.15)

keJ

Then it is easy to see that
F(l‘,f) = (£7W(x7§)7a(xa§)) € Qo(.’ll) X H7 V§ S QO(x)? (416)
and that I'(z,-) : Qo(z) — A(z) :==T'(z,Qo(z)) C Qo(z) x H is a homeomorphism.
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Now the function hy(z,-) := hy(z, 7 (2,-)) : A(z) — C can be continuously
extended to the compact closure A(z). In fact, by (4.12) we have

ho (2, T(2, €)) Zwk z,§) / Oy ful€ +5(6—€T))ds

kel

3 au) / OO fule + 5(€5 )L~ s)ds  (4.17)

kileJ

- Zwkamkfu(x) + % Z aklazkazlfu(x)a

kel kileJ

it Iz, &) — (z,w,a) € A(z).
Denote by fit(x,-) the image of pi(z,-) by I'(x,-). Then fi(z,-) is a bounded
measure on A(z) (giving mass zero to A(z) \ A(z)) and we have

[ hateydue) = [ o) de. ), (4.18)
Qo(x) A(z)

fir(w, A(2)) + pe(x, D\ Q(x)) = (4.19)

Notice that hy(z,&) = fu(§) — fu(z) = (Vifu(z),1) for f € D\ Q(x). Hence we
can rewrite (4.10)

- /(L) ) it (, >+/D\Q(x) fu dpa( 7))

— be(x) (ful(z) + (Vi ful@), 1)) (2, D\ Q())
+ (Bi(x), Vqu( )) = () ful).

In particular

(4.20)

Step 3: Limiting. We pass to the limit in equation (4.20). We introduce the
nonnegative numbers

ej( _gl/] +Z|ﬂl/; | +71/]( ) 0, jeN (421)
kelJ
We have to distinguish two cases:
Case 1): liminf;_, 0j(x) = 0. In this case there exists a subsequence of (6;(z))

converging to zero. Because of (4.19) we conclude from (4.20) that Af,(z) = 0, for
all w € U, and the lemma is proved.

Case i): liminf; .. 8;(x) > 0. There exists a subsequence, denoted again by
(6j(x)), converging to 0(x) € (0,00]. By (4.21) the following limits exist

! /()
by O R g 0
51/]’(117)H x _ n+1 ’71/]7(33)H N
0wy P LI @ e 0
and satisfy
)+ 2 1B @)+ w) =1 (4.22)

keJ
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If £(z) = 0 then we have

5(x)Afu(z) = (B(x), Vi ful@)) — () fulz), Yuel. (4.23)

Suppose now that ¢(x) > 0. After passing to a subsequence if necessary, the
sequence (fi1/;(x,-)) converges weakly to a bounded measure fi(z,-) on A(x), and
limj oo pt1/5(2, D\ Q(x)) =: c(x) € [0,1] exists. Dividing both sides of equation
(4.20) by 0;(z) we get in the limit

li [ Fudie) = 7 (S)AL) = (B0). T L) +9(2) ()

7= /D\Q(z

- i}'u(x7) dla('rv)
A

)
+c -77) (fu(z) + <vau(‘T)7 1>) .

(4.24)
Notice that (4.24) holds simultaneously for all u € U. Since X is regular, the right
hand side of (4.24) is continuous at u = 0 (see (3.12)). The continuity theorem
of Lévy (see e.g. [44]) implies that the sequence of restricted measures (pq,;(z,- N
D\ Q(x))) converges weakly to a bounded measure p'(z,-) on D with support

contained in D \ Q(z). In particular, ¢(z) = p/(z, D\ Q(x)) and

lim Judpyyj(z,-) = / fudp'(z,-), Yu€el. (4.25)
I I D\Q() D\Q(x)
Note that by (4.19) we have
e, K@) + (2, D\ Q@) = 1. (4.26)

We introduce the projections

W:DxH—W(DxH)C[0,1]™, W w,a):=w
A:Dx H— AD x H) C Sem" ™,  A(¢,w,a) = a,

see (4.15). In view of (4.17) we have
A=) A(@)\A(z) A(z)

= Wi dii(z,-) | Ox, fulz
Z(/A(ww) i >> fula)

1 ~
+ 2 Z (/ Aw dii(z, )> Oz, O, fu(T)
kleg \7A@N\A(z)

—|—/ by, dip(z, T'(z, -)).
Qo(=)

(4.27)

Define the bounded measure u(z, ) on D\ {z} by

:u(xa ) = [L(xa F((E, Qo(x) N )) + /L/(IE, ) (428)
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Combining (4.24), (4.25) and (4.27), we conclude that

S(x)Afu(x) = 42 [ Andite)) 0.0, 0u(0)
2 a2 \URehae)

+{(x) (/ Wi diu(z, ')) Oy, ful®) + (B(x), Vs fulz))
T A

o= @\A(=)

— (@) fulz) + (z) / b dpi(z, ), Ve U.

D\{z}

Hence

o %g) = (a(@)ug,up) + (B(x), ur) + (), us) —(x)

+ /D\{w} <e<u,£—w> —1—(uys,xs(&— x))) v(z,d¢), Yu€l,
(4.29)

where

o) = @ u(x. - erﬂn+1

() = =5 /M\A(I)Adﬂ( ) es 7

Bla)i=t@) [ Wdnle,) e R
A(z)\A(z)

)

YA = g

p(z, d§).

Step 4: Consistency. It remains to verify that d(x) > 0. Since then we can divide
(4.23) and (4.29) by 6(z), and the lemma follows also for case ii).

We show that the right hand side of (4.29) is not the zero function in u. Assume
that B8(xz) = 0, v(z) = 0 and v(x,D \ {z}) = 0. Equality (4.22) implies that
{(x) = 1. Hence we have u(z,D \ {z}) = 0, and by (4.26) and (4.28) therefore
fi(z, A(z) \ A(x)) = 1. Tt follows from (4.15) that

<B(.’L‘), 1) +2 Zakk(l‘) = /7 <<VV7 1)+ ZAkk> di(z,-) = 1.

keJ A(@)\A(z) keJ

Hence a(z) and 6 (x) cannot both be zero at the same time. But the representation
of the function in u on the right hand side of (4.29) by a(z), 8(x), 3(x), v(x) and
v(x,d€) is unique (see [77, Theorem 8.1]). Whence it does not vanish identically in
u and therefore §(x) = 0 is impossible. The same argument applies for (4.23). O

The fact that only uz(;) appears in the quadratic term in (4.5) and that (4.2)-
(4.4) hold is due to the geometry of D, which makes d(z,-) a measure for the
distance from x (see (4.9) and (4.7)). By a slight variation of the preceding proof
we can derive the following lemma.
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Lemma 4.2. Let j € J and s € R. Then there exist elements

Oé(j, S) = (akl(.ja S))k,lEJ € Semna (430)
Bj,s) € D, (4.31)
7(.77 8) € RJra

and a nonnegative Borel measure v(j, s;d§) on D\ {se;} satisfying

/ (xz(€ = s3),1) + [ (€ — se))[1?) vl . d€) < oo, (4.32)
D\{se;}

such that for all w € U we have
L) (ot syugug) + (90.5).w) =)
e (4.33)

+ / (6700 — 1= (ug, X7 ( = 5¢5))) vl 53 d€).
D\{se;}

Proof. Fix j € J and s € R. Write x = sej, I =7 and J = J. Now the lemma
follows line by line as in the proof of Lemma 4.1. O

5. THE MAPPINGS F(u) AND R(u)

Let 87 € RY i € Z, and 3% € R™*". Then (2.18)(2.19) together with f7; := 0
uniquely defines a matrix 3 € R4,

Definition 5.1. The parameters (a,a, b, 3Y,3%,¢,7v, m, i) are called admissible if
(a,a, b, B,c,y,m, u) are admissible. Hence

BY = (87,....0%) with Y € RT and 57, € RY™, for alli €T, (5.1)

B% € R, (5.2)

Combining (3.15)—(3.16) and Lemmas 4.1 and 4.2 we can now calculate F(u),
RY(u) and R (u), see (3.10)—(3.11).
Proposition 5.2. Suppose X is regular affine. Then F(u) and RY (u) are of the
form (2.16) and (2.17), respectively, and

RZ(u) = B%w, (5.3)

where (a,a,b, 3Y, 3%, c,v,m,u) are admissible parameters.
Proof. We derive (2.16), (2.17) and (5.3) separately in three steps.
Proof of (2.16). For m = 0 the assertion follows directly from (3.15) and Lemma 4.2.
Suppose (m,n) = (1,0). We already know from (3.15) and Lemma 4.1 that there

exist a,c € Ry, beRanda nonnegative Borel measure m(dn) on R, integrating
|x(n)|?, such that

F(v)=av’4+bv—c+ / (" —1—wx(n))m(dn), VveC_. (5.4)

Ry

It remains to show that a = 0 and

/ x(n) m(dn) < b.
Ry
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Since F' is analytic on C__ (this follows from Lemma A.2) and by uniqueness of

the representation (5.4), see [77, Theorem 8.1], it is enough to consider v € R_.
But then we have

Bt) _ _
F(v) = lim —— L i (/ (e — 1) 20dn) | 2O Ry) 1).
R

t t

It is well known that, for fixed ¢, the function in v on the right hand side is the
exponent of the Laplace transform of an infinitely divisible substochastic measure on
R, (see [77, Section 51]). Hence (") being the point-wise limit of such Laplace
transforms, is itself the Laplace transform of an infinitely divisible substochastic
measure on Ry . Thus F(v) is of the desired form.

Suppose now that m > 1 and (m,n) # (1,0). By (3.15), (4.5) and (4.33) we
have

F(u) = <04(’i, 0)“3(1’)7“](1’)) + <ﬁ(l, O)7u> - 'Y(iv 0)
el 1 — U, v(i,0;d 5.5
o ~ X(€)) (i, 0:de) (55)

= <a(j7 O)ujvuj> + </6)(.77 O),’LL> - ’Y(],O)
el 1 — (u, v(7,0;d§), Yuel, 5.6
o (u, () (5. 0:de), Ve (5.6)

for all (i,5) € Z x J, where ((i,0), 3(j,0) € R? are given by

6 (Z 0) L { ﬁk(lao) + fD\{O} Xk:(g) V(Z,O,df) € R+7 if k € I(Z)7
R BkG,0), if k € 7 (i),
. L ﬁk(ja0)+f \{ }Xk(f)V(j,O;df)GRJr, ikaI,

i (4,0) = a;(4,0) =0, Vk e J(>3),
g (4,0) = ag(4,0) =: ag, VEk,(1E T,
£(i,0) = B(j,0) =: b,
Y(4,0) =7(4,0) = c,
v(i, 05 d§) = v(j,0;d§) =: m(dS),

for all (i,7) € T x J, and the assertion is established.
Proof of (2.17). Let i € Z. For r € R, , we define a(i,r) € Sem® by

dkl(i,r) — {akl(i’T)v if kal S j(Z),

0, else,
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see (4.1). Combining (3.16), (4.5) and (2.16) we obtain

V() = Afu(el) — F(u
= ((a(i,1) = a)u,u) + (B(i,1) = b,u) — (v(i,1) — ¢)
i /D\{O} (6<u’£> — 1= (Ug(i), X7 ) (5))) dv (i, 1;e; + )
<[ (9 -1 (g O)) mide)
D\{0}
= (ou,u) + (87, u) — et — 1 — (ugg), X7 i(d),
(o) + (@ =it [ (9 -1 {ug0,x50(9) m(a
(5.7)
where
a; = a(i, 1) — a,
ﬂ‘yk — { 6(17 1)i —b; — fD\{O} Xz(f) m(df), ?f k=1, .
b B, 1) — by, if ke {1,...,d}\ {i},
Yi ‘= ’V(iv 1) )
D:=D— €,
wi() ==v(i,l;e; + ) —m(DnN-), (5.8)

which is a priori a signed measure on D \ {0}. On the other hand, by (3.12), we
have

Afu(re:) = F(u) + RY (u)r, VreRy. (5.9)

Ju (7’61')
Insert (5.7) in (5.9) and compare with (4.5) to conclude that, for all r € Ry,

a(i,r) = a+ra,
Bli,r) =b+rsY,
y(i,7) = ¢+ rvy,,
v(i,rire; + ) =m(DN-) +7rp(-), on D\ {0}.
By letting 1 — oo we obtain conditions (2.5), (5.1) and (2.9) from (4.1)-(4.3),
and that p, is nonnegative. Letting r — 0 yields p;(D \ D) = 0, and (2.11) is a

consequence of (4.4), (2.10) and (5.8).
Proof of (5.3). Let j € J. For s € R, we define a(j,s) € Sem® by

~ . akl(j78)7 lfkal€j7
Gl 5) 1= 0 else

see (4.30). Combining (3.16), (4.33) and (2.16) we obtain

z _ Afu(%‘) — F(u
Rj*m(u) - fu(ej) F( )
= ((@(4,1) = a)u,u) + (B(,1) = b,u) — (v(j, 1) = ¢)

+ o (9 =1 (x99 ), (5.10)
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where we write () := v(j,1;¢; +-) — m(-), which is a priori a signed measure
on D\ {0} (notice that D —e; = D). But R]-me(u) € iR, therefore the right
hand side of (5.10) is purely imaginary. This yields immediately a(j,1) —a = 0,
(8(4,1) = b)z = 0 and (j,1) — ¢ = 0. On the other hand, by (3.12), we have

7./&]0'“(56]) = u Z u)s S
e =P+ RE (s, VsER (5.11)

Insert (5.10) in (5.11) and compare with (4.33) to conclude that, for all s € R,
v(j,sisej+-) =m() +sp;(), on D\ {0}

But this is possible only if y; = 0. Hence RZ | (v, w) = ((8(j,1) —b) s, w), and the
proposition is established. ([

We end this section with a regularity result. Let Qo(0) = Q(0) \ {0} where Q(0)
is given by (4.11). Decompose the integral term, say I(u), in F(u) as follows

1) = [ (9 <1 (g ) mlde) + H(w) — (14 {ug. 1) m(D\ Q(0))
Qo(0)

where H(u) := fD\Q(O) 8 m(de), see (2.16). In view of Lemma A.2, the first

integral on the right hand side is analytic in u € C?, and so is the last term. Hence
the degree of regularity of I(u), and thus of F(u), is given by that of H(u). The
same reasoning applies for Rly , see (2.17). From Lemmas A.1 and A.2 we now
obtain the following result.

Lemma 5.3. Let k € N andi € 1.
i) F(-,w) and RY(-,w) are analytic on C™_, for every w € iR".

i) If
[ el mide <oc and [ el ptde) < oc
D\Q(0) DA\Q(0)

then F € C*(U) and RY € C*(U), respectively.
iii) Let V C R? be open. If

/ €9 (de) < 0o and / @8 uy(de) < 0o, VgeV, (5.12)
D\Q(0) D\QO)

then F and RY are analytic on the open strip S = {u € C? | Reu € V},
respectively.

Remark 5.4. A sufficient condition for Lemma 5.5.1) is, for example,

/ e L plél m(df) < 00,
D\Q(0)

for some p e RE . ThenV ={q e R | |q| < pi, I =1,...,d} and (5.12) holds for
m(d€), and analogously for p;(d§).



24 D. DUFFIE, D. FILIPOVIC’7 AND W. SCHACHERMAYER

6. GENERALIZED RI1CCATI EQUATIONS

Let (a,a,b, 3Y, 3%, ¢c,v,m, 1) be admissible parameters, and let F(u) and R(u) =
(RY(u), R (u)) be given by (2.16), (2.17) and (5.3). In this section we discuss the
generalized Riccati equations

0y ®(t,u) = F(¥(t,u)), @(0,u) =0, (6.1)
0 V(t,u) = R(Y(t,u)), P(0,u)=u.
Observe that (6.1) is a trivial differential equation. A solution of (6.1)—(6.2) is a pair

of continuously differentiable mappings ®(-,u) and W(-,u) = (¥Y(-,u), T2 (-, u))
from R, into C and CY, respectively, satisfying (6.1)-(6.2) or, equivalently,

D(t,u) = ; F(¥(s,u))ds, (6.3)
8,0 (t,u) = RY (\I/y(t, w), eﬂztw) 0 (0,u) = v, (6.4)
U2 (t,u) = e, (6.5)

for u = (v,w) € C?. We shall see in Lemma 9.2 and Example 9.3 below that RY (u)
may fail to be Lipschitz continuous at u € 0. The next proposition evades this
difficulty.

Proposition 6.1. For every u € UY there exists a unique solution ®(-,u) and
U(-,u) of (6.1)—(6.2) with values in C_ and U, respectively. Moreover, ® and ¥
are continuous on Ry x U°.

Proof. There is nothing to prove if m = 0. Hence suppose that m > 1.

Since (6.5) is decoupled from (6.4), we only have to focus on the latter equation.
For every fixed w € i{R™, (6.4) should be regarded as an inhomogeneous ODE for
WY (. v, w), with ¥Y(0,v,w) = v. Notice that the mapping

(t,v,w) — RY (07 eﬁztw) RxU —-C™ (6.6)

is analytic in v € C™_ with jointly, on R x U°, continuous v-derivatives, see
Lemma 5.3. In particular, (6.6) is locally Lipschitz continuous in v € C™_, uni-
formly in (¢,w) on compact sets. Therefore, for any u = (v, w) € U°, there exists a
unique C™_-valued local solution WY (¢, ) to (6.4). Its maximal lifetime in C™_ is

T, :=liminf {¢ | [[TY (¢, u)|| > n or ¥ (¢, u) € iR™} < 0.

We have to show that T,, = cc.
An easy calculation yields

Re RY (u) = .5 (Rev;)® — (o Imw, Tm ) + (ﬁ%%Re v) —

K2

+/ (6<Re”’”> cos(Imwu,&) —1 — Re vixi(§)> i (d€).
D\{0}
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We recall definition (4.11) and write Qo(0) := Q(0) \ {0}. From conditions (2.5),
(5.1) and (6.7) we deduce

Re RY (u) < aiii (Rev;)” + 37 Rev; — i
+/ (6<Re”’”> cos(Imu, &) — eRe”im> i (d€)
D\{0}

+/ (efevimi —1 — Rew;xi(€)) pa(df)
D\{0}
< o (Rewy)” + 37 Rev; —
1
+ (Rew;)? / ( / (1— t)etRevin dt) 02 i(d€) — (D \ Q(0))Re w;
Qo(0)

< C; ((Revi)2 - Revi> — v
(6.8)
where C; > 0 does not depend on u. The first decomposition of the integral is
justified and the second inequality in (6.8) follows since

I(u, &) == BV cos(Imu, £) — RV <0, Ve e D\ {0},
and

2, §)] < [efRer7070) 1] + [cos(tmu, §) — 1]

<C (|Revz(i)‘ |771(2-)| + \(Imu,§>|2) ,

for ||€|| small enough, for some C, see condition (2.11). Hence we have shown that
Re \I!Zy (t,u) satisfies the differential inequality, for ¢ € (0,Ty,),

ORe OY(t,u) < C; ((Re Y (t, u))2 —Re ‘Ilgj(t,u)) — %

(6.9)
Re ¥ (0,u) = Rev;.
A comparison theorem (see [12]) and condition (2.9) yield
Re WY (t,u) < gi(t,u), Vte[0,Ty), (6.10)
where
Argi(t,u) = C; ((gi(t,u))* — gi(t, u)) (6.11)

9i(0,u) =Rev; (<0).
But —oo < g;(t,u) < 0 for all t € R;. Thus WY (¢, u) never hits iR™ and
T, = hmlnf {t|1WY(t,w)|| > n}.
It remains to derive an upper bound for ||[UY(¢,u)||. For every t € (0,T,) we

have
O 0¥ (¢, u)|* = 2Re <\Il3’ (t,u), RY (0¥ (t )> (6.12)

A calculation shows that
Re (@»Rly(u)) = ai)ii|vi|2Re v; + K(u)

e | v; e<u7€) 1= lug, . i 7
o < /D\{o} ( 1 < T (@) XT( )(£)>) % (df))( |
6.13
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where
K (u) == Rev;{a; 77w, w) + Re (v; (87, u) — 7)) -
Hence
(K] < C (Iolllwl® + lol® + [lollllwll + o]}, Vu=(v,w) €U (6.14)
The first term on the right hand side in (6.13) which could cause growth problems

has the right sign. Hence, combining (6.13) and (6.14) with Lemma 6.2 below, we
derive

Re (0:RY(w)) < C (1 + [lw|?) (1 +[v]*), Yu= (v,w)€U. (6.15)

We insert (6.15) in (6.12) and obtain
2
oY (tw)|? < © (1 + Heﬁzth ) (1+ (19t w)l?), Vte (0,T).

Gronwall’s inequality (see [1]) yields

t = 2
102 (w2 < (||v||2+0/0 (1+Heﬁ “u )ds)
X exp (c /t (1 + HeﬁzstQ) ds> . WE0,T,).
0

Thus the solution cannot explode and we have T,, = oco.
The continuity of ® and ¥ on R xU" is a standard result, see [12, Chapter 6]. O

(6.16)

Lemma 6.2. For everyi € I and u= (v,w) € U, we have

Re <Uz/ (e<u7£> 11— <U.7(i)7X.7(i)(€)>) Mz'(df)> <C (14 10l?) (1 + [w]?),
D\{0}

(6.17)
where C' only depends on ;.

Proof. Let i € Z. We recapture the notation of Steps 1 and 2 in the proof of
Lemma 4.1. Write I = Z(i) and J = J (i), and let

(&) :=d(0,€) = (xr(€),1) + Ixa (&%,
~ fu&) = 1= (ug, xs(8))

hu(€) == hy(0,€) = d(€) )

see (4.7) and (4.8). By condition (2.11), &, (d€) := d(&)p;(d€) is a bounded measure
on D\ {0}. Now the integral in (6.17) can be written as

/ (€ 71, (dE). (6.18)
D\{0}



AFFINE PROCESSES AND APPLICATIONS IN FINANCE 27

We proceed as in (4.12), and perform a convenient Taylor expansion,

hu(€) = %ﬁ)(e(w&) _ elur&r) 4 gvimi (e<w,<> 1_ <w,C>)

{0, (€ — 1) + e — 1~ vy,
1
= (ws.€s) (/ et(urén dt) (ur, w(&))
0

v ([ =009 i) ago

+ (/01 etvii dt) viaiz (§), w)

# ([ e a) auo ve= .0 € Qu

where we have set w(§) := w(0,€) and a(§) = ar(0,£), see (4.13) and (4.14).
Now we compute

Re (D;ha(§)) = K (u, &) + L(vi, m)ag (&) |vil?, €= (n,¢) € Qo(0), (6.20)

where we have set

1
L(vi,m;) 5=/ (1 —t)Re (vie"™) dt
0

(6.19)

) (6.21)
= / (1 — t)etRevin (Rew; cos (tIm v;n;) — Im v; sin (tTm v;n;)) dt
0
and K (u, ) satisfies, in view of (4.16),
K (u, )] < C ([vll + lwl* + [ol*lw]]) , Vu= (v,w) €U, V&€ Qo(0). (6.22)

We claim that
L(’Ui,’lh) <0, VYvy;eC_, Vm S [0, 1] (623)

Indeed, since L(v;,n;) is symmetric in Imv;, we may assume that Imwv; in (6.21) is
nonnegative. Now (6.23) follows by Lemma 6.3 below.
On the other hand we have, by inspection,

[0iha ()] < CA+ [0l* + [lolllw]), Vu=(v,w) €U, Ve D\Q). (6.24)
Combining (6.20), (6.22), (6.23) and (6.24) we finally derive

/ Re (U;ha(§)) Ti;(d€) < C (L+ o) (1 + [w]?),  Vu= (v,w) €U,
D\{0}

which is (6.17). O

Lemma 6.3. For all p,q € Ry, we have

/1(1 —t)e P cos(qt) dt > 0 (6.25)
0

/1(1 —t)e P sin(qt) dt > 0. (6.26)
0



28 D. DUFFIE, D. FILIPOVIC’7 AND W. SCHACHERMAYER

Proof. Estimate (6.26) is trivial, since [ f(t)sin(t)dt > 0, for all t € R4, for any
nonnegative non-increasing function f. Similarly, it is easy to see that (6.25) holds
for all ¢ € [0,7]. It remains to prove (6.25) for ¢ > 7. Straightforward verification
shows that

/s(l —t)e P cos(qt) dt =
0

ﬁ (eps (P* (0= 1) +¢* +pg?)
+ ((s = 1)(0* +pg®) + p° — ¢°) cos(gs)
+ (1= ) + ¢%) — 2p) gsin(as)).
Now the claim follows by taking into account that
! (P*(p—1)+¢%) = |p* — ¢*
e’pg® > 2pq,

)

for all p € Ry and ¢ > 7.

A more elegant proof of (6.25) is based on Pdlya’s criterion (see [44]), which
implies that (1—|t|)Te Pt is the characteristic function of an absolutely continuous,
symmetric probability distribution on R. Now (6.25) follows immediately by Fourier
inversion. (I

Now let X be regular affine. Equations (3.7), (3.13)—(3.14) and Proposition 5.2
suggest that ¢(¢,u) and (¢, u) solve the generalized Riccati equations (6.1)—(6.2).

Proposition 6.4. There exists a unique continuous extension of ¢(t,u) and ¥(t, u)
to Ry xU such that (2.2) holds for all (t,u) € Ry xU. Moreover, ¢(-,u) and (-, u)
solve (6.1)-(6.2), for allu e U.

Proof. Let u € U° and define t* := sup{t | (t,u) € O}. From the definition of O,
see (3.1), we infer lim;q4+ [¢(¢, u)| = 0co. Every continuous function with continuous
right-hand derivatives on [0,t*) is continuously differentiable on [0,¢*). Therefore
and by (3.7), (3.13)—(3.14) and Proposition 6.1 the equalities

ot ,u) = P(t,u), P(t,u) =Tt u) (6.27)

hold for all ¢ € [0,¢*). But |®(¢,u)| is finite for all finite ¢. Hence t* = oco. This
way, and since Ry x oU C O, we see that O = Ry x U and (6.27) holds for
all (t,u) € Ry x U°. Now ¢(t,u) and (t,u) are jointly continuous on Ry x U.
By a limiting argument it follows that ¢(-,u) and (-, u) solve (6.1)—(6.2) also for
u e . O

Next we recall some well-known conditions for higher regularity of the solution
® and ¥ of (6.1)—(6.2). These results are strongly connected to the existence of
the k-th and exponential moments of X;, as shown in Theorem 2.16. See also
Lemma 5.3.

Lemma 6.5. i) Let k € N. If F and RY are in C*(U) for all i € T, then ®
and WY are in C*(Ry x U), for alli € T.
ii) Suppose that F' and RY are analytic on some open set U in CL. Let T < oo
such that, for every u € U, there exists a U-valued local solution ¥(t,u) of
(6.1) fort € [0,T). Then ® and ¥ have a unique analytic extension on
(0,7)x U.



AFFINE PROCESSES AND APPLICATIONS IN FINANCE 29

Proof. i) Tt follows from [33, Theorem 10.8.2] that ® and ¥ are in C*(Ry x U°).
Moreover, for 1 <1 < m and u € U°, the mapping g, (t) := 0y, ¥Y (¢, u) solves the
linear equation

t
gult) = | DR (97(s,u),¢" ) gu(s)ds, tERs,
0
where D, RY (v, w) denotes the derivative of the mapping v — RY (v, w), which is
continuous on U by assumption. In view of Proposition 6.4, the mapping u +— g, (¢)
can therefore be continuously extended to Y. A similar argument works for m <
I < d, and induction for higher derivatives yields the assertion for ¥¥. We conclude

by (6.3).
ii) This follows from a classical approximation argument and a well-known result
on convergent sequences of analytic functions, see [33, Theorem 10.8.2]. O

7. C x C(™™) _SEMIFLOWS

The following concepts are the tools for proving the existence of regular affine
processes. We denote by C the convex cone of continuous functions ¢ : Uf — C of
the form

o(u) = (Aw, w) + (B,u) — C + /
D\{0}
for u = (v,w) € U, where A € Sem", B € D, C € Ry and M(d§) is a nonnegative

Borel measure on D \ {0} integrating (xz(£),1) + [lx7(€)]?.
The following result is classical.

(9 = 1= (w.xg (€)) M(dg),  (T1)

Lemma 7.1. There exists a unique and infinitely divisible sub-stochastic measure
w on D such that

/D fudp=e®W Yuecl, (7.2)

if and only if ¢ € C. Moreover, the representation (7.1) of ¢(u) by A, B, C and M
1S unique.

Proof. Consider first only u € OU. Then the lemma is essentially the Lévy-—
Khintchine representation theorem for infinitely divisible distributions on R? (see
[77, Theorem 8.1]). Note that u(R%) = (D) = e~¢. The special properties of the
parameters follow by [77, Proposition 11.10 and Theorem 24.7]. Analytic extension
by the Schwarz reflexion principle yields the validity of (7.2) for all v € U. d

Define the convex cone C("™™ C C™ x C" of mappings ¢ : Y — U by
clmn) .= {v = WY, ) | ¥ € ¢™ and ¥Z (v,w) = Bw, for some B € R™*™

Here are some elementary properties of C and (™)

Proposition 7.2. Let ¢, ¢, € C and ¥, 1y, € C™™ | k € N,

i) For every x € D there exists a unique and infinitely divisible sub-stochastic
measure p(x,d§) on D such that

ful®) p(z, dg) = e vy eu.
D

ii) The composition ¢ o 1) is in C.
iii) The composition 11 o1 is in clm.n)
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iv) If ¢1 converges pointwise to a continuous function ¢* on U°, then ¢* has
a continuous extension on U and ¢* € C.

v) If 1y converges pointwise to a continuous mapping ¥* on U°, then ¥* has
a continuous extension on U and ¢* € C(M™™)

Proof. 1): Since (¢, x) € C, for all x € D, the claim follows from Lemma 7.1.
ii): By Lemma 7.1 and part i) there exist two infinitely divisible sub-stochastic
measures m and p(z,-) on D specified by

/ fu df — e¢(u) / f LL’ dg) _ e(w(u),@-

Set v(d€) = fD w(z, d§), which is a sub-stochastic measure on D. For k € N,
denote by m®*) the k: th root of m, that is, m = m®) % ... x m®) (k times). Then

we have
[ 1@ [ m® o) plag) = b, vueu.
D D

Hence v is infinitely divisible with v(®) = In m®) (dz) p(z,d¢). Now the claim
follows by Lemma 7.1.
iii) Immediate by part ii).

iv): Let A € R7", and write

U(—N) = {(v,w) €U | Rev = —\} c U°.

y (7.2) there corresponds a unique infinitely divisible measure, say ux, to ¢x.

With a slight abuse of notation,
U(=N) 3 u s e W)

is the characteristic function of the measure e~ . (dn,d¢). Since ¢ — ¢*
pointwise on U(—A), the continuity theorem of Lévy (see e.g. [44]) implies that
e~y (dn, d¢) — p*(dn, d¢) weakly on D, for some sub-stochastic measure p*.
On the other hand, there exists a subsequence px, which converges vaguely on D
to a sub-stochastic measure p. By uniqueness of the vague limit we conclude that

p*(dn, d¢) = e~ M yu(dn, d¢) and the entire sequence (uy,) converges weakly to .
Hence p is infinitely divisible and

/ fudp = e Wy e U,
D

Now Lemma 7.1 yields the assertion.
v): Immediate by parts i) and iv). O

In view of Proposition 7.2.ii)-iii) the next definition makes sense.

Definition 7.3. A one parameter family {(¢¢,V¢) }ier, of elements in C x clmmn)
is called a C x Ct™™-semiflow if, for all t,s € Ry and u € U,

Gigs(u) = ¢e(u) + ¢s (Yie(u)) and ¢o =0,
rys(w) = Py (Ys(uw))  and  Po(u) = u.

It is called a regular CxC™™-semiflow if ¢, (u) and 1y (u) are continuous int € R,
and the right hand derivatives 0, ¢y (u)|i—o and O; 1(u)|i=o exist for every u € U
and are continuous at u = 0.

Here is the link to regular affine processes and the generalized Riccati equations.
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Proposition 7.4. i) Suppose {(d1,V¢)}ier, is a regular C x ™) _semiflow.
Then there exists a unique regular affine Markov process with state-space
D and exponents ¢(t,u) = ¢i(u) and P(t,u) = ¥i(u) (which in turn solve
the corresponding generalized Riccati equations (6.1)—(6.2), see Proposi-
tion 6.4).
ii) Conversely, the solution ® and ¥ of (6.1)-(6.2) uniquely defines a regular
C x C™™) _semiflow {(de, Ve) her, by ¢r = ®(t,-) and Py = V(t,).

Proof. By Lemma 7.1 and Proposition 7.2.i) there exists, for every (¢,z2) € Ry x D,
a unique, infinitely divisible sub-stochastic measure p;(z,-) on D with

/ Fol€) pula, de) = HEDHREDD ey
D

A simple calculation shows that p;(x, -) satisfies the Chapman-Kolmogorov equation

Pris(z, ) = / pi(x,dé)ps(&, ), Vi, seRy, VreD.
D

Hence p¢(z,-) is the transition function of a Markov process on D, which by con-
struction is regular affine. This proves i).
For part ii) we first suppose that

[ i@ mtd < o, (73)
D\{0}
ik =0k =0, VkeJ(9), (7.4)
for all © € Z. Consequently, RSJ can be written in the form
RY(u) = RY(u) — cjv; with RY €C, ¢ eRy, icT.

Then equation (6.4) is equivalent to the following integral equations
t
Y (t,u) = ety —|—/ eI RY(U(s,u))ds, i€l
0

By a classical fixed point argument, the solution ‘112; (t,u) is the pointwise limit of
the sequence (\1;3”(’“) (t,u))keng, for (t,u) € Ry x U°, obtained by the iteration

\1,311(0) (t,u) = v;

¢
\I/iy’(kﬂ)(t,u) = e “ity; —l—/ e~cit=9)IRY (\I/y’(k)(s,u),eﬁzsw> ds.
0

Proposition 7.2.ii) and the convex cone property of C yield \I/Zy’(k)(t, ) € C, for all
k € Ny. In view of Proposition 7.2.iv) there exists a unique continuous extension
of Y on Ry x U, and UY(t,-) € C. Hence ¥(t,-) € C™™). Since F € C, by
Proposition 7.2.ii) also ®(¢,-) = fg F(¥(s,-))ds € C and the proposition is proved
if (7.3)—(7.4) hold. For the general case it is enough to notice that the solution of
(6.4) depends continuously on the right hand side of (6.4) with respect to uniform
convergence on compacts. Now Lemma 7.5 below completes the proof. O

Lemma 7.5. Let i € Z. There exists a sequence of functions (gi)ken which con-
verges uniformly on compacts to R7y Moreover, every gy, is of the form (2.17) and

satisfies (7.3)-(7.4).
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Proof. We use the same notation as in the proof of Lemma 6.2. Introduce the

restricted measures

*) ._
wi = Hilgepiien>4y KEN,

(k).

i

and denote by gi the corresponding map given by (2.17) with p; replaced by p
It is easy to see that every uz(-k) satisfies (7.3) and that the sequence of bounded
measures ﬁgk)(df) =d(§) pgk)(df), k € N, converges weakly to 1, (d€) := d(&) p;(d§)
on D\ {0}. Write

£ (u) = /D o TOR @, Ken

Let € > 0 and K a compact subset of D. By (4.12) there exists § > 0 such that for
all u,u € U with ||ju —u'|| < & we have

sup |hy(§) = hu (§)| < . (7.5)
{eK
As in the proof of (3.2) one now can show that

) = f@i= [ (O, for k- o,
D\{o}

uniformly in © on compacts. By construction it follows hat g, converges uniformly

on compacts to Rly .

It remains to show that, for all £ € N, there exists a sequence (g}j)) 1en of functions
that are of the form (2.17) and satisfy (7.3)—(7.4), such that QS) — gy, uniformly
on compacts. The lemma is then proved by choosing an appropriate subsequence
ggk) =: g, k € N.

To simplify the notation we suppress the index k in what follows and assume
that p; already satisfies (7.3). We recapture some of the analysis from Step 2 in
the proof of Lemma 4.1 (see (4.12)—(4.18)). Instead of expanding the integrand in
(6.18) we decompose the integral

/ (€ T (dE) = / R djis + / o (€) T (d), (7.6)
D\{0} A D\Q(0)

where A, := hy, oD, i; is the image of i; by I', A := T'(Qo(0)), and I'(¢) := T'(0, )
is given by (4.16). See also (4.18). Recall that I = Z(i), J = J(i). We can assume
that «; ;; > 0 since otherwise (7.4) is already satisfied. Hence £* € Qo(0), defined
by

(7R P
& =0, &= :
e S el
satisfies
d€*) =1 and & =p a;iy forp® = ki .
”ai,iJH

This implies that
usk = €)Wk e
where ay;(€*) = ag(0,£*) is defined in (4.14). Since
ap(ré*) =a(f*) = Ay VYr>0, kleJ,
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we get that

A ::F<£l> = (i,o,A) — oo = (0,0,4) inA, forl— oo,

where in fact Ao € A\ A. As seen from (4.17) we therefore can write
1
2
On the other hand, by construction we have

1 1
<O[7;7JJUJ7U‘]> = E<AUJ,UJ> + <(O¢i,jj — p*Ajj> UJ,UJ>, u € (Cd.

We claim that

<AUJ,U,J> = ﬁu(Aoo)

1
Q=77 — EAJJ € Sem”. (77)

Indeed, by construction we have

- 1 Q4 ki
Gl = Qi ol — EAkl =i — ——oa, kleJ,

which simply is Gaussian elimination with Pivot element «;;;. Now let ¢ € R".
Then

2 _

(Ckeg @iirar) _ (aig7€1,9)*

= (4,050 — T
Qi i (@i g€1,€1)

(i g7e1,e1){(ai 154, q)
(@i g7€1,€1)

by the Cauchy—Schwarz inequality, where e; = (1,0,...,0), ¢ = (0,q) € R**L

Whence (7.7). B

We now define the measure on A,

(aq,q) = (as,579,9) —

Z <ai,jJQa Q> - = 07

/1500) = fi; + —0x., (0. denotes the Dirac measure in A\ ),

then we can write

fww:ﬁmMW+@wwﬁ+/ o (€) T (d€) + (87 11) — .
A D\Q(0)

That is, the relevant terms «; ;7 are now “absorbed” in the integral over A.
On the other hand, the measures

2
iV =i+ =6y, LEN,
b
satisfy [LEI)(K\A) = 0. Hence, in view of (7.6) and (7.7),
30 (w) = (g ug) + (@) =it [Rudi®+ [ h(©mag
A DA\Q(0)
is of the form (2.17) and satisfies (7.3)—(7.4). Taking into account
30 = BY () = = (hu(V) = hu(\c) )
(7.5) and the simple fact that

sup [Fu(X) = hur (V)] = sup_ [hu(€) = hur (€)1

AEA £€Q0(0)
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it is obvious that ¥ converge to Rly uniformly on compacts, and the lemma is
proved. ([

8. FELLER PROPERTY

Let X be regular affine and (a, a, b, 3(3%, 3%), ¢, v, m, 1) the corresponding admis-
sible parameters, given by Proposition 5.2. In this section we show that X shares
the Feller property, and we provide a strong connection between the admissible
parameters and the infinitesimal generator of X.

We start with some preliminary considerations. Let U be an open set or the
closure of an open set in RN, N € N. For f € C?(U) we write

N

2
Il o= sup 760+ 19560 + 3 s (5.1)
Let U be a closed set in D. For f € C%(D) we write
17l = Wl + 1z
where
4|02 f(x
lwi= e A0+ @+ 970+ 3 2l
flzw = s |(282950@)].

z=(y,2)€U

The product rule yields

If9llyio < Eyllfllywllglzw, Vf g€ C*(D), (8.2)

where Ky = Ky(m,n) is a universal constant.

For f € C%*(D) N Cy(D) we define A*f(x) literally as the right hand side of
(2.12). A straightforward verification shows that 9, P; f,(z) = A*P, f,(z), for all
(t,u,z) € Ry xU x D, see (3.10)—(3.11). The connection between A* and || - [|3.p
becomes clear with the next lemma. Notice that f(x +-) € C%(D) if f € C?*(D),
for any = € D.

Lemma 8.1. For any f € C?*(D) N Cy(D) we have

(AP f(2)| < C <|a|| + llall+ 1ol + 18I+ lel + [yl + M + Z/W) I/ (2 + sp,
i€
forallx € D (see (2.10), (2.11)), where C only depends on d.
Hence, if (gx) is a sequence in D(A) with Ag,, = Afgy, and ||gr, — gllsp — 0,
for some g € C*(D) N Co(D), then A*gy — A'g in Co(D). Since A is closed we
conclude g € D(A) and Ag = Alg.

Proof. We let Q(0) and Qo(0) be as in (4.11). Let i € Z and write £+ for the
projection of & € D onto the subspace of R? spanned by {e;, | k € J (i)}, that is,

. 0, ifkeZ(),
R &y itk € T3).
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Taylor’s formula gives

fl@+8) = f@) = (Vym (@) &) = fla+&) — fla+&5)
+fla+&5) = fz) = (VF(2),€5)

1
= </0 Vz(i)f(ﬂﬁ +5(& — fL)) ds’ff(i)>

Lof(z4stt) )
+k,lez.7:(i) </0 Oz 0 S s)ds k&

for 2,£ € D. Notice the simple fact that |y;| < ||y +n|| for all y,n € R7?. Hence
[y 140 = £) = (V70 X € et )
0

< Cilf@+ ) yip / €zl + 1€ 12) patt, de)
Qo(0)
+ / ly + il (@ + )] pa(de)
D\Q(0)

+ Co (IF @)+ IV @)D Nyl (D \ Q(0))
<31+ Cr+ Co) M| f(z + )|y,

where C1, Cs only depend on d. A similar inequality can be shown for the integral
with respect to m(d§). The rest of the assertion is clear. O

Proposition 8.2. The process X is Feller. Let A be its infinitesimal generator.
Then C°(D) is a core of A, C*(D) C D(A) and (2.12) holds for f € C*(D).

Proof. Let S,, denote the Fréchet space of rapidly decreasing C*°-functions on R"
(see [76, Chapter 7]). Define the set of functions on D

6= {f(y.2) = elg(z) [veCr_ g€, },

and denote its complex linear hull by £(0).

It is well known (see [76, Chapter 7]) that C°(R™) is dense in S,,, and that the
Fourier transform is a linear homeomorphism on S,,. Hence there exists a subset
©p C O such that its complex linear hull £(©y) is || - ||4; p-dense in £(©), and every
f € ©g can be written as

—y

for some g € C(R™). Let t € R;. From Proposition 6.4 and (6.5) we infer

6z<q’z>§(q) dq = \/]Rn f(v,iq) (y’ Z)g(q) dq7 (83)

n

Puf(02) = [ Pifio 0 2i(0) da

(8.4)
_ / HexP(BZ1)0,2) ,6(t0,i0)+ (¥ (£,0,i0).0)

9(q) dg.
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Since 9(t,u) is continuous on Ry x U° we obtain, by dominated convergence, that
P,f € C*(D) and

0P = [ O fs(0)3(0) da

= [ (Bt 0) + (R 0.i0).2) Pefioin(@5(0) da

(8.5)
= | APy f(0,ig) ()3 (q) dg
= A'P,f(z), V(t,z) €Ry x D.
In particular,
lim P, f(z) = f(z), Vo€ D. (8.6)

Let y € R and consider the function
g h(q) 1= eGviD Y (tvia)v) 5y € O (R™).

Denote by h its Fourier transform,
h(z) :/ e h(q) dg.

By the Riemann-Lebesgue theorem the functions h, d,, h and 9., 0., h are in Cy(R™).
However, it is not clear at this stage whether ||h||z,p is finite or not (it is finite, as
will be shown below), since h(g) might not be differentiable. But from the identity

Pif(y.z) =h ((eﬁzt)T z>

and (8.4) we obtain, by dominated convergence,

d

L+ llyll) { 1Pef @) + IV S @)+ D

k,i=1

82Ptf($)

axkaxl

€ Cy(D). (8.7)

In particular, P,f € Cy(D). From Lemma 8.4 below we now infer that (8.6) holds
for every f € Cy(D) and P,.Cy(D) C Cy(D). This implies that X is Feller (see [74,
Section II.2]).

Obviously A f € Cy(D) for every f € L(Op). A nice result for Feller processes
([77, Lemma 31.7]) now states that the pointwise equality (8.5), for t = 0, already
implies that f € D(A) and Af = A*f. Hence £(0g) C D(A). By the closedness of
A therefore £(0) C D(A) and (2.12) holds for f € L(O).

Let h € C2(D) and (hy) a sequence in £(0g) with e = ||hx — hlj2.p0 — O,
given by Lemma 8.4. We modify (hj) such that we can assert || - ||4, p-convergence.
Therefore, choose a function p € C° (R, ) with

oo {L st
PN, ifess,

and 0 < p(t) < 1, |0ip(t)] < 1 and |9%p(t)| < 1, for all t € R,. Such a function
obviously exists. Define

iy, 2) = e VFII p (|2 .
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Then gphi, € £(©) and it is easily verified that ||gx||y.p < C/\/€x, where C' does
not depend on k. With regard to (8.2) we derive
lgrhr = blly:p < llgr(hr = B)lly;p + |h(gx = Dlly:p
(9r = Dllyisupp n
< KyCy/e, + K)/Hth;supthgk - 1||2;supph
— 0, for k— co.

On the other hand, for z = (y,2) € D,

21 IV 7 (grhe — h) ()]
<2l UV g gx (@) i (@)l + g (2)V 7 (e = h) (@) | + [V 7 h() (gr(2) — D))
< 2exl|2]70ep (exllz]1?) (1hn(z) = h(@)| + h(2)]) + \/\/gkllhk -

+ sup  ([[2[[I[VR()]]) lgr — Ll2ssupp n
zrEsupp h

< 10]/hx -

56k

for k large enough such that {z = (y, 2) | ex|/z||*> < 1} D supph, since d;p(t) = 0
for ¢t < 1. Hence ||gxhx — h||z.p — 0 and thus ||grhr — h|ly;p — 0, for k — co. By
the closedness of A therefore h € D(A) and Ah = A*h. Hence C?(D) C D(A) and
(2.12) holds for f € C%(D).

It remains to consider cores. Define

D(AF)
- {f e C2(D (1 +llylD) (If(:c)| V@) + X
<Z B2V 7 f(x) > € Cyo(D)

In view of Lemma 8.1, f € D(AF) implies A*f € Cy(D).
We show that C2(D) is ||-||, p-dense in D(A*). Let f € D(A*) and p( ) as above.
Define fi(x) := f(x)p(||z|*/k) € C%(D). We have, for z = (y, z) €

(2, 87V 7 (fe — @) | < (2 87V 5 f( )>|( <|| z? ))

2ol e, (1)
S10(+[67]) sw {267Vt @)]+ 1@}

llzll>

9 f(x)
al‘kaml

) € Co(D), } .

— 0, for k — .

Similarly we see that || f — f||y.p — 0, and hence || f — fllz;p — 0, for k — co. As
a consequence we obtain D(A*) C D(A) and Af = A*f, for all f € D(A").

Next we claim that P,L(0g) C D(AF) for all t € R,. Indeed, since P,D(A) C
D(A) we know that P,.L(Og) C D(A). Let f € ©g be given by (8.3). With regard
o (8.5) we have

AP (@) = 1)+ [ (52677 ia.2) Puflvio)(@)30) da
= 1) + (. 7V P ()
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where
I@) = [ (Pt 0.i0) + (B 00,10).0)) Pl (@3(a) da

Using the same arguments as for (8.7) we see that I is in Cy(D). But so is AP, f,
hence

(2,85V 7 Pif(x)) € Co(D).
Combining this with (8.7) gives P, f € D(A").

From Lemma 8.3 below, with Dy = £(0¢) and D; = D(A*), we now infer that
D(A*) is a core of A. But C2°(D) is || - |3, p-dense in C2(D), which is | - |3, p-dense
in D(A*). This yields the assertion. O
Lemma 8.3. Let Dy and Dy be dense linear subspaces of Co(D) such that

P,Dy Cc Dy C D(A), vVt > 0,
then Dy is a core of A.

Proof. See [77, Lemma 31.6]. O

Lemma 8.4. For every h € C2(D) there exists a sequence (hy) in L£(©g) with
klijgo [k = hll2;0 = 0. (8.8)
Consequently, L£(©g) is dense in Co(D).
Proof. Let h € C%(D) and define h* on D* := (0,1)™ x (—1,1)" by
h*(,0) == h (log(n; "), ..., log(n,'), tanh ™" (61), ..., tanh ™" (6,,)) .
By construction h* € C?(D*), and h*(n,0) = 0 if 6 is a boundary point of [—1, 1]™.

Introduce the coordinates
v; = p;jcos(mb;), (; = p;sin(mb;), p; €Ry, 0;€[-1,1], j=1,...,n.

The inverse transforms p; = p;(v;,¢;) and 6; = 6;(v;,(;) are smooth on R? and
R2\ {(r,0) | r < 0}, respectively. By smooth extension, the function

h(n,0,¢) i= pr---pn h* (1, 0)
is well-defined on D** := (0,1)™ x (—2,2)?" and satisfies h** € C?(D**). A version
of the Stone—Weierstrass approximation theorem yields a sequence of polynomials
(pr) with
A ([p = h*[z;p-- =0,

see [29, Section II1.4]. This convergence holds in particular on the subset [0, 1]™ x
{(v,¢) | pr = -+ = pn = 1}, which can be identified with D by the preceding
transforms. Indeed, for z € R™ write short hand

¢(z) := (cos(mtanh(z1)),. .., cos(m tanh(z,))),

s(z) := (sin(m tanh(z1)), ..., sin(7 tanh(z,))) .

Then we have h(y,z) = h** (e7¥1,--- Je"¥m ¢(z), s(z)). Hence the functions

iLk(y, z) = pi (e*yl, cee eI (2), s(z)) , keN,
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satisfy limg o [|hx — hlj2:p = 0. Now let K be a compact subset in R™ such that
supph C R x K, and let 0 € C°(R™) with 0 = 1 on K. Each hy is a complex

linear combination of terms of the form
n

e (v H cos™ (7 tanh(z;)) sin™ (7 tanh(z;)), v €Ny, #;,\; € No.
j=1

Hence hy(y, z) :== =2 MW a(2)hy(y, z) € L(O), for every k € N, and (8.8) holds.
Since £(0) is || - [|l2:p-dense in £(©), and C2(D) is dense in Cy(D), the lemma
is proved. 0

9. CONSERVATIVE REGULAR AFFINE PROCESSES

Let X be regular affine and (a, a, b, 3, ¢,y, m, 1) the corresponding admissible pa-
rameters, given by Proposition 5.2. In this section we investigate under which
conditions X is conservative.

Proposition 9.1. Ifc=0, v =0, and g = 0 is the only R™-valued solution of
dig(t) = Re R¥(g(t),0)

4(0) =0, (9.1)

then X is conservative.
On the other hand, if X is conservative then ¢ = 0, v = 0 and there exists no
solution g of (9.1) with g(t) € R™_, for allt > 0.

Proof. Observe that X is conservative if and only if ¢(¢,0) = 0 and ¥ (¢,0) = 0, for
all t € Ry. In view of Proposition 6.4 and since

Im¢(t, (v,0)) =0, Ime(t, (v,0)) =0, YveR™ VteR,,
X is conservative if and only

lim o Re¢(t, (v,0)) =0,

v—0,ve

&ime]Rm Rey(t, (v,0)) =0, ViteRy. (9.2)

Suppose ¢ = 0 and v = 0. Then Rev(-,(v,0)) converges to an R™-valued
solution of (9.1), for v — 0. Under the stated assumptions we conclude that (9.2)
holds, and X is conservative.

Now suppose X is conservative. From (2.16) and conditions (2.4), (2.8) we see
that Re F'(v,0) < —c and thus

Re¢(t, (v,0)) < —ct, Vv e R™.

Together with (6.9) this implies that (9.2) only can hold if ¢ = 0 and v = 0. Now
let g be a solution of (9.1) with ¢g(t) € R™_, for all ¢ > 0. By the uniqueness
result from Proposition 6.1 we have g(t + s) = Re(s, (g(t),0)), for all s,t > 0.
But g(t) — 0 and thus Re(s, (g(t),0)) — Rew(s,0) = g(s), for ¢ — 0, which
contradicts (9.2). O

We can give sufficient conditions for conservativity in terms of the parameters
of X directly.

Lemma 9.2. Suppose

[l ll?) patag) < e, vier. 9.3
D\{0}
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Then RY (v, w) is locally Lipschitz continuous inv € C™, uniformly in w on compact
sets in R™.
Consequently, if in addition ¢ =0 and v = 0 then X is conservative.

Proof. As in Lemma 5.3 we derive that VzRY € C(U), for all i € Z. Whence
the first part of the lemma follows. Consequently, if v = 0, the unique R”-valued
solution of (9.1) is g = 0. Now Proposition 9.1 yields the assertion. ([l

We now give an example of a non-conservative regular affine Markov process.

Example 9.3. Let (m,n) = (1,0), that is D = R;. We suppress the index i and

set
1 de

p(ds) = ﬁ@

Then condition (9.3) is not satisfied. A calculation shows
2
v, velR_.

e 1 Y e
/D o 1) e = v

Choose FF =0 and a = 0, 8 = 2/y/m, v = 0. Hence R(v) = —y/—v (where /- is
the unique holomorphic square root function on Cy, with v/1 = 1), which is not
Lipschitz continuous at v = 0. The solution to (6.1) is ¥(t,v) = —(2v/—v +t)2/4,
for Rev < 0. The limit for v — 0 is ¥(¢,0) = —t?/4. Hence
P(z) = e~ (#/4)2
and X is not conservative. Its infinitesimal generator is
r d€
Af@ = [ (et~ @) 5
D\{0} 2y/m £3/2

Thus X is a pure jump process with increasing (in time along every path) jump
intensity such that explosion occurs in finite time, for Xg = x > 0.

10. PROOF OF THE MAIN RESULTS

10.1. Proof of Theorem 2.7. The first part of Theorem 2.7 is a summary of
Propositions 5.2, 6.4 and 8.2. The second part follows from Propositions 6.1 and
74.

10.2. Proof of Theorem 2.12. We first prove that X is a semimartingale. Write
Xt = (Y4, Z;) = Xilyperyy and let z € D. For every u € U and T' > 0, we see that
e¢(T—t,u)+<¢(T—t,u)7Xt>1{t<TX} =E, [fu(X7) | F], tel0,T],

is a P -martingale. Therefore,

- Zir_y -
o T T+ T T2 g (T~ 1, (0,0)),T0), ¢ € [0,T]
are P -semimartingales, for all (v, w) € U. There exists T* > 0 such that

1l)y(t7 (61’ 0))7 cee ,1/fy(t7 (emv 0))
are linearly independent vectors in R™, for every ¢ € [0,7™*). By induction we obtain
that (fftl{KkT*}) is a P,-semimartingale, for all k¥ € N. Since being a semimartin-
gale is a local property (see [56, Proposition 1.4.25]), Y is a P,-semimartingale.

Now le§ T > 0 and write Zt = e’ﬁZ(T’t)Zt. From the above we obtain that
(sin(q;Z7))icjo,r) are Py-semimartingales, for all ¢; € R, j € J. Define the stopping
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time T} := inf{t | |Z}| > k} A 7x. Then Z7 coincides with the P,-semimartingale
k arcsin(sin(Z7 /k)) on the stochastic interval [0,7%). But T 1 7, and the above
localization argument ([56, Proposition 1.4.25]) implies that Z and hence Z are
P,-semimartingales. Therefore X is a semimartingale.

Now let X be conservative. Theorem 2.7 tells us that

F00) = 5@ - [ AfK)ds, teRy, (10.1)

is a P, -martingale, for every f € C?(D) and x € D. Conversely, by Ito’s formula
we see that

ﬂﬁ%ﬁ@—AAﬂﬁwatEM» (10.2)

is a P'-martingale, for every f € C?(D). Theorem 2.12 now follows from Lem-
mas 10.1 and 10.2 below.

Lemma 10.1. Suppose X is conservative. Then the following two conditions are
equivalent.

i) X admits the characteristics (2.20)-(2.22) on (2, F, (F), Py).

ii) For every f € C%(D), the process (10.1) is a P,-martingale.

Proof. The implication i)=+ii) is a consequence of Itd’s formula. Now suppose ii)
holds. For every u € U, there exists a sequence (gx) in C2(D) such that

lim ”gk — fu %K = 0

k—o0

(see (8.1)) for every compact set K C D. Hence the set C2(D) completely (up
to modification) determines the characteristics of a semimartingale, as it is shown
in [56, Lemma I1.2.44]. Since X is conservative we have ¢ = 0 and v = 0 by
Proposition 9.1, and i) now follows as in the proof of [56, Theorem 11.2.42 (a)]. O

Condition ii) of Lemma 10.1 defines X as a solution of the martingale problem
for (A, P,), see [42, Section 4.3]. We recall a basic uniqueness result for Markov
processes.

Lemma 10.2. Let X' be a D-valued, right-continuous, adapted process defined on
some filtered probability space (U, F', (F}),P') with P'[ X, = x] = 1 such that (10.2)
is a martingale, for every f € C2(D). Then P o X' =p,.

Proof. Combine Theorem 2.7 and [42, Theorem 4.1, Chapter 4]. O
10.3. Proof of Theorem 2.15. We proceed as in [81].
Lemma 10.3. Let (]P’gf))xep € Pry, fori=1,2,3. Then

Pg,l) * IP?) — P(?’)

z+§7 Vﬂf,g € Da (103)

if and only if for all t = (to,...,tn) € Rf“ and u = (u©, .. M) e YN+,
N € Ny, there ezist p(t,u) € C and 1 (t,u) € C? such that p™M(t,u)p® (t,u) =
pB3)(t,u) and

E() [eZiV:oW““)’Xm] = pD(t,u)e¥EWa) vre D i=1,2,3.  (10.4)
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Proof. Notice that (10.3) holds if and only if, for all t, u and N € Ny as above, we
have

g M (@)g P () = gP(x+¢), Va,£eD, (10.5)

where ¢\ (z) := EY )[ Ziiot® X)), From (10.5) it follows that g™ (z)g®(0) =
gD (0)gP (z) = ¢®(x). Hence g?(0) = 0 for some i if and only if g = 0
for all 4, and (10.4) holds for p(¥(t,u) = 0. Now suppose g?(0) > 0 for all i.
Then ¢ (x)/g™(0) = ¢®(z)/(g™M(0)g?(0)) =: g(x), for i = 1,2. The function
¢ is measurable and satisfies the functional equation g(x)g(§) = g(z + £). Hence
there exists p’ € C\ {0} and 9 (t,u) € C? such that g(x) = p'e¥®W:2) Define
pW(t,u) == g (0)p, i =1,2, and p®(t,u) := g™ (0)g®(0)p’, then (10.4) follows.
Since conversely (10.4) implies (10.5), the lemma is proved. O

Let (X, (P.)zep) be regular affine with parameters (a, o, b, 3, ¢, v, m, u) and ex-
ponents ¢(t,u) and ¢ (t,u). Let k¥ € N. Then (a/k,a,b/k,B,¢c/k,v,m/k,u) are
admissible parameters, which induce a regular affine Markov process (X, (]chk))xe D)
with exponents ¢'(t,u) = ¢(¢,u)/k and ¢'(t,u) = 1(t,u), see Theorem 2.7. Now
let t, u and N as in Lemma 10.3. Without loss of generality we may assume
At;:=t;—t;_1 >0, foralll=1,..., N. By the Markov property we have

E, [eSiotu® Xe)| = eo(atnu®)g [ezfv=‘ol<u“’,th>e<w<1>(t7u>,xw,l>]

— oW+ (t,u),2)

)

where we have defined inductively

YO (t,u) == uy,
P (6 0) = Aty 0O (6 w) Huy, 1=0, N -1

N
u) =Y @A, Y (t,w).

=1

Similarly, we obtain ESV[eXo® Xu)] = ¢/ Cw+@™tw.a)  with ¢ (t,u) =
¢(t,u)/k. Now Lemma 10.3 yields (2.25).

Conversely, let (P,)zep be infinitely decomposable. By definition, we have
(P.)eep € Pra, and P, o X; ! is an infinitely divisible (sub-stochastic) distri-
bution on D, for all (t,2) € Ry x D. It is well known that the characteristic
function of an infinitely divisible distribution on R has no (real) zeros, see e.g. [10,
Chapter 29]. Hence P, f,(z) # 0, for all (¢,u,z) € Ry x 0U x D. Set N = 0. From
(10.4) we now obtain that (X, (P,)zep) is affine, and Theorem 2.15 is proved.

As an immediate consequence of Lemma 10.3 and the preceding proof we obtain
the announced additivity property of regular affine processes.

Corollary 10.4. Let (X, (P&i))$ep) be regular affine Markov processes with param-
eters (a™,a, b, 3, ¢ v, mD ), fori=1,2. Then

@V +a®,a,bM 152 8 D 4 6@ 4 ) 4@ )

are admissible parameters generating a reqular affine Markov process (X, (IP’SEB))J;GD)
such that (10.3) holds.
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11. DISCOUNTING

For the entire section we suppose that X is conservative regular affine with param-
eters (a,a,b,3,0,0,m,u) (we recall that Proposition 9.1 yields ¢ = 0 and v = 0).
We shall investigate the behavior of X under a particular transformation that is in-
evitable for financal applications: discounting. Let £ € R, A = (AY,A\%) € R™ x R"
and define the affine function L(z) := £+ (\,z) on R In many applications L(X)
is a model for the short rates. The price of a claim of the form f(X;), where f € bD,
is given by the expectation

O.f(z) == E, e—-fJL(Xs>de(Xt)]. (11.1)

Suppose that, for fixed x € D and t € R, we have Ex[e_fot L(Xs)ds] < 0o. Then
RS ¢ Q4 fiq(z) is the characteristic function of X; with respect to the bounded
measure e~ Jo LX) ds P Hence if one knows @, f,(z) for all u € 8U, the integral
(11.1) can be (explicitly or numerically) calculated via Fourier inversion.

Depending on whether L is nonnegative on D or not there are two approaches
for the calculation of Q;f,(x). The first one is based on an analytic version of
the Feynman—Kac formula. The second one uses martingale methods and is more
general. But it requires an enlargement of the state space and an analytic exten-
sion of the exponents ¢'(¢,-) and ¥’ (¢, -) of some (d + 1)-dimensional regular affine
process X'.

11.1. The Feynman—Kac Formula. Suppose L(z) > 0 for all € D. This is
equivalent to £ € Ry and A = (MY, 0) € R x {0}. The function L induces a closed
linear operator £ on bD with D(L) = {f € bD | Lf € bD} by Lf(x) := L(z) f(x).

Proposition 11.1. The family (Q¢)icr, forms a regular affine semigroup with
infinitesimal generator

Bf =Af—Lf. [feCXD).
The corresponding admissible parameters are (a,a, b, 5,0, A\, m, ).

Proof. Define the shift operators 6; : @ — Q by 0;(w)(s) = w(t + s). Then by the
Markov property of X,
Quesf(z) =By [ 1 HOD® p(x, )]
—E, [ SO0 g, [ i 0D (X)) 06, | £
(X

= E, [ LI Qf(X)] = QuQuf(2), f € bD.

Since Qof = f and 0 < Q;1 < 1, we conclude that (Q;) is a positive contraction
semigroup on bD.

By the right-continuity of X it follows from (11.1) that (¢, z) — Q. f(x) is mea-
surable on Ry x D. Hence, for every ¢ > 0, the resolvent of (Q:),

Rqﬁg(x) :z/]R e "Qqg(x) dt,

is well defined bounded operator from bD into bD. Denote by By the set of elements
h € bD with lim; o Q:h = h in bD. It is well known that Ré:bD C By, and
Rq‘: : By — D(B) is one-to-one with (Rqﬁ)’1 = qI — B, where we consider B a priori
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as the infinitesimal generator of the semigroup (Q;) acting on bD. We denote the
resolvent of the Feller semigroup (P;) by R,. We claim that

Rqyg = R (94 L(Ry9)) (11.2)

for all g € Co(D) with Ryg € D(L). Indeed, since R, is a positive operator we
may assume g > 0. Using Tonelli’s theorem and following [75, Section II1.19], we
calculate

Rqg(x) — Rgg(:v) =E, /R e Tg(Xy) (1 —e Io L(Xr)dr) dt]
+

t
=FE, / e~ g(X,) (/ L(Xs)e_fgsL(Xr)dT ds) dt}
Ry 0

=E, / e~ Jo EXdrp X ) / e 1) g( X,y ) dt | ds
R4 R4

E, / e ®e Jo LX) drpx ) / e "Pg(X,)dt | ds

=E, / e e o LX) drp(R.g)(Xs) ds]
Ry

= Rqﬁﬁ(RqQ) (),

whence (11.2).
Let f € C2(D). There exists a unique g € Co(D) with Ryg = f, in fact
g= (¢ — A)f. From (11.2) we obtain

f=Rglg+L]). (11.3)

Hence C2(D) C By. But C%(D) is dense in Cy(D) and By closed in bD, hence
Co(D) C By. Since g and Lf are in Cy(D), we infer from (11.3) that C%(D) C
RECy(D) C D(B). Moreover, by (11.3) again, (¢ —B)f = g+Lf = (¢(I-A) f+Lf.
Whence

B=A-L, onC?*D), (11.4)

and Proposition 8.2 yields the assertion. O

11.2. Enlargement of the State Space. The preceding approach requires non-
negativity of L. But there is a large literature on affine term structures for which the
short rate is not necessarily nonnegative. See for example [86] and [31]. We shall
provide a different approach using the martingale argument from Theorem 2.12.
Let L be as at the beginning of Section 11. For r € R write

t
Ry ::r—l—/ L(X;)ds.
0

It can be shown that (X, R") is a Markov process on (2, F, (F%),P,), for every x € D
and r € R. In fact, we enlarge the state space D ~ DxR and U ~ U xiR, and write
accordingly (z,7) = (y, z,7), (&, p) = (n,{,p) € DxR and (u,q) = (v,w, q) € UXIR.
Let X' = (Y’',Z’, R') be the regular affine process with state space D x R given by
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the admissible parameters

a = a 0 o = Q;
o 0o 0 )’ P 0

m/(d, dp) = m(d€) x do(dp), }(d€, dp) = jui(d€) x So(dp), i€ T.
The existence of X’ is guaranteed by Theorem 2.7. We let X’ be defined on the
canonical space (', F', (F), (IP’EL ,))(z,r)erR)a as described in Section 1. The cor-

responding mappings F’ and R’ = (R’ Y RZ R R) satisfy

F'(u,q) = F(u) + {q
R (u,q) = R¥ (u) + g,
R (u,q) = R®(u) + \%q,
R™(u,q) =0,

see (2.16), (2.17) and (5.3). Let ¢/ and ¢/ = ('Y, ¢'Z,4'™) be the solution of the
corresponding generalized Riccati equations (6.1)—(6.2). The variation of constants
formula yields
¢
w’z(t,u, q) = ety + q/ PP \Z gg. (11.5)
0
and clearly WR(t,u,q) = ¢. The dependence of ¢'(t,u,q) and ¢’y(t,u,q) on q is
more implicit. In fact,

¢
St = [ P07 60,07 6u) ds+ ity (116)
0
t
v (tu,q) =/ RY (4% (5, u,), 0/ (5,u,4) ) ds + tAVq, (1L.7)
0
Proposition 11.2. Let (z,r) € D x R. We have P, o (X, R")~! IP”(l pys and in

particular,

E, [eqR;"fu(Xt)} = /(x,r) [eqR;'fu(Yt/aZD}

(11.8)
¢>’(t,u,q)+<w’y(t,u7q)7y>+<w'z(t,u,q)7z>+qr,

=e
for all (t,u,q) € Ry x U x iR.
Proof. First notice that the restriction A’* of the infinitesimal generator A’ of X’ on
C2(DxR) is A f(x,r) = A f(x,7)+ L(2)0, f (x,7), see (2.12). On the other hand,
the process X' = (X, R") is a D x R-valued semimartingale on (2, F, (F3), P,) with
characteristics (B”,C"”,v") given by

Bél - (BtaRt

a-(5 8)

v(dt, €, dp) = v(dt, dE) x o(dp).
Now Theorem 2.12 yields the assertion. [
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In view of (11.1) we have to ask whether (11.8) has a meaning for ¢ = —1.
Theorem 2.16.ii) provides conditions which justify an extension of equality (11.8)
for ¢ = —1. This conditions have to be checked from case to case, using Lemmas 5.3
and 6.5. We do not intend to give further general results in this direction but refer
to a forthcoming paper in which we proceed by means of explicit examples.

We end this section by giving (implicit) conditions which are equivalent to the
existence of a continuous extension of ¢'(¢,-) and ¢’(¢,-) in (11.8). If

Efs 0 {e_R;] <oo, YxeD, (11.9)

then Q fu(z) = E{, [e= Bt f,(Y!, Z!)] is well defined. Condition (11.9) holds true
if, for instance, \Y € R’ and A2 = 0. Indeed, if in addition £ € Ry, we are
back to the situation from Section 11.1. It is easy to see that then ¢'(¢,u,—1)
and ('Y (t,u, —1),¢'Z (t,u, —1)), well-defined solutions of (11.5)~(11.7) for ¢ =
—1, are the exponents which correspond to the regular affine semigroup (Q;) from
Proposition 11.1.

In general, Lemma 3.2 tells us the following. Let ¢ € Ry. Suppose (11.9) is
satisfied and

Eloo) e fuY], z;)} £0, Y(us)eUx[0,1].

Then there exists a unique continuous extension of ¢'(t,-) and ¢'(¢,-) on U’ :=
U x (iIRU[—1,0]) such that (11.8) holds for all (x,r,u,q) € D xR xU’, in particular

for ¢ = —1 (notice that IE’(z " [e—Ri] - e_T]El(z 0 e~ R4)).
For the price of a bond (f =1 in (11.1), see Section 13.1) we then have

Qil(x) = eAWFBMO.2) (11.10)

where A(t) := ¢/(t,0,—1), B(t) := (/> (t,0,—1),¢'?(t,0,—1)), and we have set
r =0, see (11.8).

12. THE CHOICE OF THE STATE SPACE

We have, throughout, assumed that the state space D is R} x R™. Among
other reasons for this choice, it allows for a unified treatment of CBI and OU
type processes. We shall see in Section 13 that this state space covers essentially
all applications appearing in the finance literature. Indeed, in modeling the term
structure of interest rates with affine processes that are diffusions, Dai and Singleton
[31] propose R} x R™ as the natural state space to consider.

In this section, we briefly analyze whether this state space for an affine process
is actually canonical. We therefore denote by D an a priori arbitrary subset of R?,
and start by extending Definition 2.1 of an affine process to this setting.

Definition 12.1. Let D be an arbitrary subset of R% and (X, (P,)zep) the canon-
ical realization of a time-homogeneous Markov process with state space D. We
call this process affine if, for each t > 0, and v € R?, there is an affine function
x +— h(t,u)(z), defined for x € D, such that

E, [ei("X0)] = eh(t:u)(@) (12.1)

For the case of d = m +n and D = R} x R", the above definition is merely a
reformulation of Definition 2.1.
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Slightly more generally, let T : R? — R? be an affine isomorphism, that is,
T(x) = o + S(z), where 7o € R? and S is a linear isomorphism of R? onto itself,
and let D = T(R x R™). It is rather obvious that a time-homogeneous Markov
process X on D is affine, if and only if 7-*(X) is affine on the state space R} x R™.
Hence the above analysis carries over verbatim to images D = T'(R"} x R™) of the
canonical state space R x R™ under an affine isomorphism 7". By a convenient
rotation, for instance, we obtain an affine process with non-diagonal diffusion matrix
for the CBI part, see (2.27). Or, by a translation, we can construct an affine term
structure model with negative short rates which are bounded from below, etc.

12.1. Degenerate Examples. Now, we pass to state spaces of a different form
than the image under an affine isomorphism of R} x R™. We begin with some
relatively easy and degenerate examples.

Example 12.2. Let (X, (P;),cre) be the deterministic process
pe(x,dE) = 5(671,“@\@), for z € RY,t >0,

which simply describes a homogeneous radial flow towards zero on R%. The infini-
tesimal generator A of the process X is given by

d
_ of
Af = —;xzaxi.

This process is affine on R%, as we have

Ex[ez(u,Xt)] — ei(u,e*t\\m\\w _ eh(t,u)(m).

In this—rather trivial—example, the state space D = R¢ is, of course, not
unique. In fact, each D C R? that is star-shaped around the origin is invariant
under X, and therefore X induces a Markov process on D. Clearly, for each such
set D, the induced process is still affine on D. What is slightly less obvious is that,
if D affinely spans R¢, the process (X, (P,),cge) is determined already (as an affine
Markov process) by its restriction to D. This fact is isolated in the subsequent
lemma.

Lemma 12.3. Let D1, Dy be subsets of R, Dy C Dy, and suppose that Dy affinely
spans R%. Let (X, (P,)zep,) be an affine time-homogeneous Markov process on Ds,
so that Dy is invariant under X. Then the affine Markov process (X, (Pz)zen,) is
already determined by its restriction to Dy, that is, by the family (Py)zep, -

Proof. If suffices to remark that an affine function = + h(t,u)(x) defined on R,
is already specified by its values on a subset D; that affinely spans R%. This
determines the values E,[eX“X)], for 2 € Dy, t > 0 and u € R%, which in turn
determines the time-homogeneous Markov process (X, (Py)zen,)- O

We now pass to an example of a Markov process X whose “maximal domain”
D C R? is not of the form R x R™.

Example 12.4. Let d = 3, D = [0, 1] x R?, and define the infinitesimal generator
A by

Af($17x271'3) = —T1 7 + 1 —>5 —+ (1 — xl)—
x x x
defined for f € C°(D).
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The corresponding time-homogeneous Markov process X is most easily described
in prose, as follows. In the first coordinate xy, this process is simply a determin-
istic flow towards the origin, as in Example 12.2 above. In the second and third
coordinate, the process is a diffusion with zero drift, and with volatility equal to x
and (1 — x1), respectively.

It is straightforward to check that A well-defines an affine Markov process X on
D. The point of the above example is that the set D is the maximal domain on
which X may be defined. Indeed, the volatility of the second and third coordinate
of X must clearly be non-negative, which forces x; to be in [0,1]. This can also
be verified by calculating explicitly the characteristic functions of the process X, a
task left to the energetic reader (compare the calculus in the subsequent example
below).

12.2. Non-Degenerate Example. The above examples are somewhat artificial,
as they have, at least in one coordinate, purely deterministic behavior. The next
example does not share this feature.

Let (W})¢>0 denote standard Brownian motion, and define the R?-valued process

(Xt(o,o))tzo = (Yt(o,o)’ Zt(o,o))tzo’ starting at X(go,o) = (0,0), by
x°0 = w2 wy,), t>o.
This process satisfies the stochastic differential equation

dYy =27, dWy 4 dt
dZ, = dW,

and takes its values in the parabola P = {(22,2) : 2 € R}.

Obviously (Xt(o,o))tzo is a time-homogeneous Markov process, and we may cal-
culate the associated characteristic function

—tw?

i(u,X,,)] _ ]E[ei(va—O—th)] _ eXi—2mh) | gy = (U,’LU) c R2.

1
V1= 2wt
More generally, fixing a starting point (22, z) € P, we obtain for
22 z
(X )iz0 = (W +2)%, (We £ 2))e0
the characteristic function
[ei<u7Xt>] _ E[ei(v(wf+z)2+w(wt+z))}

Eo,0)[e

E(z2,2)

VI 2t

Now, one makes the crucial observation that the last expression is exponential-affine
in the variables (y,2) = (22,2), as (y,z) ranges through P. In other words, the
process (X, (Pg)zcp) is affine.

What is the maximal domain D C R?, to which this affine Markov process can
be extended?

We know from Lemma 12.3 that, if such an extension to a set D O P is possible,
then it is uniquely determined, and, for « = (y, z) € D, we necessarily have

E(y,z) {eiw’xt)] = 71 em—iéim(_tw“%“y”iwz) (123)

V1 — 2t

—. w2

1 1 20 2o
_ 62(1*21“)( tw*+2ivz +22wz). (122)
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If y < 22, then one verifies that—at least for ¢ > 0 sufficiently small—the
expression on the righthand side of (12.3) is not the characteristic function of a
probability distribution on R2. Indeed, letting v = (%7 —z) we may estimate
1 t

Nirwhad el

=1—(y—=")t+0(t?),

which is strictly bigger than 1, for ¢ > 0 small enough. Hence, the process X
cannot have a state space extending below the parabola P. The maximal remaining
candidate for an extension is D = {(y,2) : y > 22}, that is, the epigraph of the
parabola P.

We shall now show that X may indeed be extended to D. In order to do so,
let (B)i>0 denote another standard Brownian motion, independent of (W3):>o,
and define the R y-valued Feller diffusion process (F};);>o (which is just the Bessel-
squared process of dimension zero in the terminology of [74]) by

dFt == 2\/ Ft dBt
The characteristic function of F}, starting at Fy = f > 0, is given by
Es[eF] = ¢T3 v eR. (12.4)

h (w2 —

After this preparation, we define the D-valued process X (¥%) starting at Xéy’z) =
(y,z) € D in the following way. The point (y,z) € D may be uniquely written as

(y.2) = (2% + f,2), where f > 0. We define (X**));50 = (,**, 2{""?),;50 by
Y\ = (W + 2)2 + FY), (12.5)
707 = (W, + 2).

Calculating the characteristic function of X*"*), we obtain from (12.4), (12.2), and

the independence of (F})¢>o and (W;)¢>0, that

i(u7Xt)] _ 1 em(—tw%zwzﬂzmzwmﬁ
V1= 2ivt ’
which is the desired expression (12.3).
Hence, (12.5) defines an affine Markov process with maximal state space D =
{(y,2) : y > 2%}, extending the process (12.2) from P to D. This affine process
obeys the stochastic differential equation

dY, = 22, AW, + 21/Y; — Z? dB, + dt (12.6)
dZ, = dW,.

The coefficient matrix of the diffusion term

2z 24y — 22
o) = (% V)

Ey,z)le

satisfies
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so that o(y, z)o” (y, z) indeed is an affine function in (y,z) € R2. One also notes
that o(y, z)o” (y, 2) is non-negative definite if and only if y > 22, that is, (y,2) € D.

Summing up, we have exhibited a diffusion process, driven by a two-dimensional
Brownian motion via (12.6), which is an affine Markov process with maximal state
space D = {(y,2) : y > 2%}. This shows that there are non-trivial situations in
which the natural domain of an affine process is not of the form R} x R™. A more
systematic investigation of this phenomenon is left to future research.

We end this section by formulating a rather bold conjecture. For diffusion pro-
cesses in R? (or, maybe, even in R?, for d > 3) this last example is “essentially” the
only situation of an affine Markov process whose maximal state space is not (up to
the image an affine isomorphism) of the form R} x R™. We are deliberately vague
about the meaning of the word “essentially.” What we have in mind is excluding
counter-examples of a trivial kind, as considered in Examples 12.2 and 12.4 above.

13. FINANCIAL APPLICATIONS

Several strands of financial modeling have made extensive use of the special
properties of affine processes, both for their tractability and for their flexibility in
capturing certain stochastic properties that are apparent in many financial markets,
such as jumps and stochastic volatility in various forms. In addition to applications
summarized below regarding the valuation of financial assets in settings of affine
processes, recent progress [17, 22, 65, 66, 78, 89] in the modeling of optimal dynamic
portfolio and consumption choice has exploited the special structure of controlled
affine state-process models.

We fix a conservative regular affine process X with semigroup (P;), as in Sec-
tion 2, and a “discounting” semigroup (Q;);cr, based, as in Section 11, on a short-
rate process L(X). We shall view @ f(X;) as the price at time s of a financial asset
paying the amount f(X,1¢) at time s + ¢. This implies a particular “risk-neutral”
interpretation ([52, 32]) of the semi-group (P;) that we shall not detail here. We
emphasize, however, that statistical analysis of time series of X, or measurement
of the risk of changes in market values of financial assets, would be based on the
distribution of X under an “actual” probability measure that is normally distinct
from that associated with the “risk-neutral” semigroup (F).

13.1. The Term Structure of Interest Rates. A central object of study in
finance is the term structure t — ;1 of prices of “bonds,” assets that pay 1 unit of
account at a given maturity ¢. (From these, the prices of bonds that make payments
at multiple dates, and other “fixed-income” securities, can be built up.)

Early prominent models of interest-rate behavior were based on such simple
models of the short rate L(X) as the Vasicek (Gaussian Ornstein-Uhlenbeck) pro-
cess [86], or the Cox-Ingersoll-Ross process [30], which is the continuous branching
diffusion of Feller [43]. Both of these short-rate processes are of course themselves
affine (L(x) = z), as are many variants [20, 23, 30, 49, 57, 58, 71, 86, 73].

In general, because 1 = %% the bond price

Qil(z) = eAWHEBE®) (13.1)

is easily calculated from the generalized Riccati equations for a broad range of
affine processes (see (11.10)). Indeed, given the desire to model interest rates with
ever increasing realism, various higher-dimensional (d > 1) variants have appeared
[5, 6, 11, 14, 23, 30, 31, 63, 68], and efforts [13, 18, 31, 39, 46, 45], including
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this paper, have been directed to the classification and unification of affine term-
structure models. Beyond the scope of our analysis here, there are in fact “infinite-
dimensional affine term-structure models” [51, 26, 28].

Empirical analyses of interest-rate behavior based on the properties of affine
models include [19, 25, 31, 34, 36, 50, 54, 64, 73, 87], with a related analysis of
foreign-currency forwards in [2]. Statistical methods developed specifically for the
analysis of time-series data from affine models have been based on approximation
of the likelihood function [67, 40], on generalized method of moments [48] or on
spectral properties, making use of the easily calculated complex moments of affine
processes [60, 21, 82].

13.2. Default Risk. In order to model the timing of default of financial contracts,
we suppose that N is a non-explosive counting process [16] (defined on an enlarged
probability space) that is doubly stochastic driven by X, with intensity {A(X;—) :
t > 0}, where z — A(z) > 0 is affine. That is, conditional on X, N is Poisson with
time-varying intensity {A(X;—) : ¢ > 0}. In fact, (X, N) is an affine process, and
one can enlarge the augmented filtration (F;) of X to that of (X, N). The default
time 7 is defined as the first jump time of N.
From the doubly-stochastic property of N, the survival probability is

P.(r>t) =E, [e, I A(Xs)ds} 7

which is of the same form as the bond-price calculation (13.1), although with a
different effective discount rate. The popularity of affine models of interest rates
has thus led to the common application of affine processes to default modeling, as
in [35], [41], and [62].

A defaultable bond with maturity ¢ is a financial asset paying 1(,~;} at t. Ap-
plying the doubly-stochastic property, Lando [62] showed that the defaultable bond
has a price of

E, e~ o L(Xs)ds 1{T>t}} =E, {e_-fJ(L(XS)’LA(XS))dS .

Because z — L(z) + A(z) is affine, the defaultable bond price is again of the
tractable form of the default-free bond price (13.1), with new coefficients. Various
approaches [62, 59, 41, 70] to modeling non-zero recovery at default have been
adopted.

For a model of the default times 7, ..., 7, of £ > 1 different financial contracts,
an approach is to suppose that 7; is the first jump time of a non-explosive count-
ing process N; with intensity {A;(X;—) : t > 0}, for affine  — A;(x) > 0, where
Ny, ..., Ny are doubly stochastic driven by X, and moreover are independent con-
ditional on X. (Again, (X, Ny,..., Nx) may be viewed as an affine process.) The
doubly-stochastic property implies that, for any sequence of times ti,ta,...,t; in
R, that is (without loss of generality) increasing,

]P)fL’(Tl > tlv' e, TE > tk) — Em [ef.fgk A(XS)S)dS} ,

where

Az, s) = Z Ai(z).

{i:s<t;}
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By the law of iterated expectations, the joint distribution of the default times is
given by

Po(my > t1,..., 7% > tg,) = ot (Vo) (13.2)
where ¢; and 1; are defined inductively by ¢x = 0, ¥y = 0, and

tig1—t;
Pt {viz) _ E, |:67 Jo AKXttt dt 6¢i+1+<wi+l7xti+1—ti>:| ,

taking to = 0, and using the fact that « — A(x,s) > 0 is affine with constant
coefficients for s between t; and t;1. Because the coefficients ¢; and 1); are easily
calculated recursively from the associated generalized Riccati equations, one can
implement (13.2) for the calculation of the probability distribution of the total
default losses on a portfolio of financial contracts, as in [38].

Similarly, the “first default time” 7* = inf{r,..., 7}, which is the basis of
certain financial contracts ([37]), satisfies

Po(r* > 1) = E, [e” f A0 0]

where A*(z) = Zle A;(z), again of the form of (13.1).

13.3. Option Pricing. We consider an option that conveys the opportunity, but
not the obligation, to sell an underlying asset at time ¢ for some fixed price of K > 0
in R. This is known as a “put” option; the corresponding “call” option to buy the
asset may be treated similarly.

Suppose the price of the underlying asset at time ¢ is of the form f(X;), for some
non-negative f € C'(D). The option is rationally exercised if and only if f(X;) < K,
and so has the payoff g(X:) = max(K — f(X;),0), and the initial price

th(aj) — EI [e_IOL(XS)dbg(Xt)}
— KE, {effot L(XS)dsl{f(Xt)gK}]

—E, [6_ Jo £X2) dsf(Xt)l{f(Xt)SK}} :

One can exploit the affine modeling approach to computational advantage pro-
vided f(z) = kef®®, for some constant k& > 0 in R and some b in R?, an example
of which is the bond price f(x) = eAT=NHBT=1).2) of (13.1), as of time t, for a
maturity date T > ¢. In this case, both terms in the calculation above of Q;g(x)
are of the form

Ga,b(q) _E, [@7 Ik L(XS)dse<a’Xt>1{<b,Xt>§q} ,

for some (a,b,q) € R x R? x R. (Here, ¢ = log K — logk.) Because G () is the
distribution function of (b, X;) with respect to the measure e~ Jo LX) dsgla. Xa)p,
it is enough to be able to compute the transform

+oo
Gusl2) = [ €1 Gualda),
—o0
for then well-known Fourier-inversion methods can be used to compute Gg ().
One can see, however, that
Gap(z) = E, [eifﬂt L(Xs)dse“’xt)em(b’xtq
Ez I:e_fot L(XS)dsfu(Xt)} )
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where u = a + izb, and the generalized Riccati equations give the solution under
non-negativity of L(X), or under conditions described at the end of Section 11.

This is the Heston [55] approach to option pricing, building on earlier work of
Stein and Stein [84] that did not exploit the properties of affine processes. Heston’s
objective was to extend the Black-Scholes model [15], for which the underlying price
process is a geometric Brownian motion, to allow “stochastic volatility.” In [55],
the underlying asset price is e?t, where (Y, Z) is the affine process (m = n = 1)
defined by

dy, (by — BY;) dt + o/, dW)

dZ, = by dt+ /Y, (pdW " + /1= p2dw?),
for real constants p € (—1,1), by, > 0 and by, 3, and where (W, W®) is a
standard Brownian motion in R?. The “stochastic volatility” process Y is constant
in the special Black-Scholes case of a geometric Brownian price process e#. For
Heston’s model, the Fourier transform G, () is computed explicitly in [55].

A defaultable option may be likewise priced by replacing L(X;) with L(X:) +
A(Xy), where {A(X;—) : t > 0} determines the default intensity, as for defaultable
bond pricing.

Numerous affine generalizations [3, 4, 7, 8, 9, 24, 27, 40, 79, 80] of the Heston
model have been directed toward more realistic stochastic volatility and jump be-
havior. Pan [72] conducted a time-series analysis of the S-and-P 500 index data,
both the underlying returns as well as option prices, based on an affine jump-
diffusion model of returns. Special numerical methods for more general derivative-
asset pricing with affine processes have been based [83] on the Fourier inversion of
their characteristic functions.

APPENDIX A. ON THE REGULARITY OF CHARACTERISTIC FUNCTIONS

Let N € N and v be a bounded measure on R, Denote by

9(y) =/ ') y(dx), yeRV,
RN

its characteristic function. To avoid unnecessary notational complications we in-
troduce the function

h(z) = / e y(dx),
]RN
which is well defined if Rez € V where

V.= {y eRY | W) y(dr) < oo} . (A1)

RN
Clearly, we have 0 € V and g(y) = h(iy) on RV. We shall investigate the interplay
between the (marginal) moments of v and the corresponding (partial) regularity of
g and h, respectively.

Lemma A.1. Let k€ N and 1 <i < N. If (0,:)**¢(0) exists then
/ (2:)?* v(dz) < oco. (A.2)
RN
On the other hand, if [ox %] v(dz) < co then g € C*(RM) and

Oys, - Oy 9(y) = il/ iy - e v (de),
RN
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forallyeRN,lgil,...,ilSN and 1 <[ <k.

Proof. Let e; denote the i-th basis vector in RY. Observe that s — g(se;) is
the characteristic function of the marginal measure v;(dt) on R given by v;(U) =
Ja~ Lo (i) v(da), U C R measurable. Now (0s)%*g(se;)|s—0 = (0,:)**9(0), and the
assertion follows from [69, Theorem 2.3.1].

The second part of the lemma follows by dominated convergence. ([

Lemma A.2. The set V, given in (A.1), is convex. Moreover, let Vo be an open
set in RY such that Vo C V. Then h is analytic on the open strip

S:={zcC" |Rez €V} (A.3)

Proof. Let a,b € V. First, we show that sa € V, for all s € [0,1]. Denote by
Ve (dt) the image measure of ¥ on R by the mapping z — (a,z). Then h(sa) =
Jg €** va(dt) < oo for s = 0,1, and hence for all s € [0, 1], which is seen by decom-
position of the integral [, = f(—oo,o) + f[O,oo)'

In general we write e{®®) = e(e=b:2)¢(b:2) and notice that v/ (dz) = e®® v(dz) is a
finite measure on RY. Hence it follows by the above argument that s(a—b)+b € V,
for all s € [0, 1], whence V is convex.

Recall the fact that h, being continuous on S, is analytic on S if and only if, for
every 1 <4< N and z € S, the function

hi7z(C) = h(zl, .. ~aZi—17C;zi+17 .. ~7ZN)

is analytic on S;(z) :={¢ € C|Re(z1,...,2i-1,(, Zix1,---,2n) € Vo}. This follows
from the Cauchy formula, see [33, Section IX.9]. By the definition of V' we can write

m0= [

where R; — = {z € RN | 2; < 0}, R;y == {z € RN | 2; > 0} and I(i) =
{1,..., M}\{i}. Define p; _(z) := inf{t € R | Re (21,...,2i—1,t, 2i+1,...,2n) € V}
and p; +(z) := sup{t € R | Re(#1,...,2i-1,t,2i41,...,2n) € V}. By assumption
we have —oo < p; — < p; + < co. By dominated convergence we obtain that the
two integrals in (A.4) are analytic on the half-planes {¢ € C | Re¢ > p; _(2)}
and {¢ € C | Re( < p; +(2)}, respectively. Hence h; , is analytic on S;, and the
assertion follows. |

e<$i6<z1(i)a$l(i)> V(d(E) + / eCIie<21(i)7w1(i>> ,/(dx)’ (A4)
Ri,+

i,—

In general V does not contain an open set Vo in RY. The next two lemmas
provide sufficient conditions for the existence of such a Vy. Let p = (p1,...,pN) €
R%Y, and define the open polydisc in CV with center 0,

Pp:{ZGCN||Z,L|<p“ Z:1,7N}

Lemma A.3. Suppose g(y) = G(iy) for all y € P, NRY, where G is an analytic
function on P,. Then P,NRY C V, and h = G on P,.

Proof. Let t € (0,1). By assumption we have that g is analytic on P, N RY and,
by the Cauchy formula,

gW) = D ¥l YR, Yy E P, NRY,

i1,...in ENg



AFFINE PROCESSES AND APPLICATIONS IN FINANCE 55

where Zil Ciy.in?y 2N = G(iz) on P,,. This power series is absolutely

,--N ENg
convergent on P,,. By Lemma A.1 we have
gl N i i
Cil,A..,iN = = | - :1:11 "‘:I:J\J/y V(dl:)
il--in! Jry

From the inequality z;?*~! < (2;2% + 2,2*=2)/2 we see that

T(y) = Z dilv“viN ‘yil e yﬁ\ﬂ <oo, Vye€ Ptp7
i1,...,in E€Ng
where
1 . .
diy,... iy = 7/ |2t -2 | v(da).
il in! Jrw
But

i1,...,iNENp

for every compact K C RN and y € PN RY. Therefore the integral

/ e i luilleil v(dz)
RN

is finite for all y € PtpﬁRN. Hence PtpﬂRN C V, and since t € (0,1) was arbitrary,
P,NRY c V. We conclude by Lemma A.2. O

An extension of the preceding considerations yields the following useful result.

Lemma A.4. Let U be an open convex neighbourhood of 0 in CN, and G an
analytic function on U. Suppose that g(y) = G(iy) for all iy € U NiRN. Then
UNRY c V.

Proof. There exists an open polydisc P, in C" with center 0 such that P,cU. By
Lemma A.3, h =G on P, NRY c V. Now let a € UNRY. Since U is open convex
there exists sop > 1 such that sa € U NRY, for all s € [0, s¢], and the function
Go(s) := G(sa) is analytic on (0,sg). As in the proof of Lemma A.2 let v,(dt)
be the image measure of v by the mapping x +— (a,x). Then there exists s; > 0
such that hg 4 (s) := f[O,oo) ey, (dt) < oo for all s € [0, 1], and h, + is analytic on
(0,51). Now obviously ha,—(s) := [, ¢)€*'va(dt) is finite and analytic on R,. We
thus have hq 4+ = Go — hq,— on (0, so A s1). By monotone convergence we conclude
that hq 4+ (s) must be finite for all s € [0, s¢], and thus a € V. O

Convexity of U is in fact a too strong assumption for Lemma A.4. Its proof only
requires that U is open in CV and that U NRY is star-shaped with respect to 0
(a € UNRY implies sa € UNRY, for all s € [0,1]). However, Lemma A.2 then
immediately yields that the convex hull, say Vg, of U NRY lies in V, and G has an
analytic extension on the strip S (see (A.3)), which is a convex open neighbourhood
of 0 in C¥.
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