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Abstract

While absence of arbitrage in frictionless financial markets requires price processes to be
semimartingales, non-semimartingales can be used to model prices in an arbitrage-free
way, if proportional transaction costs are taken into account. In this paper, we show,
for a class of price processes which are not necessarily semimartingales, the existence
of an optimal trading strategy for utility maximisation under transaction costs by
establishing the existence of a so-called shadow price. This is a semimartingale price
process, taking values in the bid ask spread, such that frictionless trading for that
price process leads to the same optimal strategy and utility as the original problem
under transaction costs. Our results combine arguments from convex duality with the
stickiness condition introduced by P. Guasoni. They apply in particular to exponential
utility and geometric fractional Brownian motion. In this case, the shadow price is
an [t6 process. As a consequence we obtain a rather surprising result on the pathwise
behaviour of fractional Brownian motion: the trajectories may touch an It6 process in
a one-sided manner without reflection.
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1 Introduction

Most of the literature in mathematical finance assumes that discounted prices S = (S;)o<t<r
of risky assets are modelled by semimartingales. In frictionless financial markets, where
arbitrary amounts of stock can be bought and sold at the same price S;, the semimartingale
assumption is necessary. Otherwise, there would exist “arbitrage opportunities” (see [26],
Th. 7.2 for a precise statement) and optimal strategies for utility maximisation problems
would fail to exist or yield infinite expected utility (see [2, 42, 40]).

For non-semimartingale models based on fractional Brownian motion (Bf);>¢ such as
the fractional Black-Scholes model S, = exp(ut + oBf), where y € R, ¢ > 0 and Hurst
parameter H € (0,1)\ {3}, Rogers [48] and Cheridito [13] showed explicitly how to construct
these arbitrage opportunities. Such models have been proposed by Mandelbrot [43] for their
natural fractal scaling behaviour and related statistical properties. They are prime examples
of non-semimartingale models to start with.

While fractional models cannot be covered by the classical theory of frictionless financial
markets, recent results [30, 32, 33] illustrate that this can be done in an arbitrage-free
and economically meaningful way by taking (arbitrary small) proportional transaction costs
into account. As has been shown by Guasoni [30], the crucial property for the absence of
arbitrage under transaction costs is that fractional Brownian motion is sticky. Conceptually,
the absence of arbitrage allows to consider portfolio optimisation also for non-semimartingale
price processes under transaction costs; see [29]. However, so far there have been no results
on how to obtain the optimal trading strategy in non-semimartingale models.

In this paper, we address this question. For this, we investigate portfolio optimisation
under transaction costs for non-semimartingale price processes satisfying the stickiness con-
dition such as the fractional Black-Scholes model and utility functions U : R — R that
are defined on the whole real line. The prime example of such a utility is exponential util-
ity U(x) = —exp(—=z). Besides the non-linearity of the wealth dynamics under transaction
costs, the main difficulty is that fractional Brownian motion is neither a semimartingale nor
a Markov process and therefore the standard tools from stochastic calculus are quite limited.
The basic idea to overcome these issues is to use the concept of a shadow price. This is a
semimartingale price process S = (S;)o<t<7 such that the solution to the frictionless utility
maximisation problem for this price process gives the same optimal strategy and utility as
the original problem under transaction costs.

Our main result is established in Theorem 4.1 below. It shows the existence of shadow
prices for utility functions that are bounded from above, under the assumption that the
price process S = (St)o<t<r is continuous and sticky. Theorem 4.1 also ensures that an
optimal trading strategy exists. In the frictionless case one typically assumes the existence
of an equivalent local martingale measure for the price process having suitable integrability
properties to achieve this. In contrast, our sufficient conditions under transaction costs are
more robust and hold in a wide variety of models; see [3, 14, 28, 32, 31, 35, 46, 45]'. They
apply in particular to the fractional Black-Scholes model and exponential utility. Moreover,
we give an example that illustrates that the condition that the price process S = (S;)o<t<r
is sticky cannot be replaced by the assumption that it satisfies the condition (NFLV R) of

'Note that, if a process has conditional full support, it is also sticky.



“no free lunch with vanishing risk” (without transaction costs).

The connection to frictionless financial markets is then the key to use tools from semi-
martingale calculus for the potentially non-semimartingale price processes S = (S;)o<i<r
by simply applying them to the shadow price process S = (§t)0§t§p. This also allows us
to exploit known results for portfolio optimisation in frictionless financial markets under
transaction costs. For the fractional Black-Scholes model we obtain in this manner that the
shadow price process is an Ito process given by

dS, = S,(fidt + 5, dW,), 0<t<T, (1.1)

where u = (1it)o<t<r and 0 = (0¢)o<t<7 are predictable processes such that the solution to
(1.1) is well-defined in the sense of Itd integration.

We expect that analysing the coefficients @ = (fit)o<t<r and & = (0;)o<t<r of the Ito
process (1.1) should also allow to obtain quantitative results for the optimal strategy un-
der transaction costs in the fractional Black-Scholes model. A thorough analysis of these
coefficient processes is left to future research.

By the definition of the shadow price, the optimal strategies under transaction costs and
the corresponding frictionless problem only trade, if the shadow price S is equal to the bid
price or ask price, i.e. S = (1 —\)S or S = S, respectively. For sufficiently small transaction
costs, we show the intuitively obvious fact that — with high probability — the optimal strategy
actually does trade as opposed to just keeping the initial position in bond. As a consequence
we obtain a rather surprising result on the pathwise behaviour of fractional Brownian motion:
the trajectories may touch an Itd process in a one-sided manner without reflection. The set
on which the paths touch contains the set on which the optimal strategies trade.

It is tempting to conjecture that the above described touching of the trajectories of the
fractional Brownian motion and the It6 process happens on a Cantor-like compact subset of
[0, 7] without isolated points and that the optimal trading strategy is continuous on (0,7")
and of local time type. When S is the usual Black-Scholes model, it is well known that these
properties hold true; see [55, 23, 53]. However, in the present fractional case, the question
seems to be completely open.

The conditions that the price process S = (S;)o<t<7 is continuous and sticky are invariant
under equivalent changes of measure. Therefore, our main result also ensures the existence
of exponential utility indifference prices for all bounded European contingent claims C' by
the usual change of measure given by % = ET:E}E(CC))]; compare [49, 25] for the frictionless
case. The question is then, if this allows to obtain more reasonable prices in the fractional
Black-Scholes model. Recall that the concept of super-replication leads by the face-lifting
theorem [32] only to economically trivial prices in these models; compare also [54].

It is “folklore” that the existence of a shadow price is in general related to the solution
of a dual problem; see [37, 18, 20, 22]. We establish this relation for utility functions taking
finite values on the whole real line and cadlag price processes and provide the necessary
duality results in this setup. Similarly as in the frictionless case [50], this builds up upon
results from utility maximisation for utility functions U : (0, 00) — R that have been recently
established in [20] under transaction costs. Moreover, we use an “abstract version” of the
duality for utility functions on the whole real line in the spirit of those in [41] for utility
functions on the positive half-line.




The understanding of the duality, sometimes called the “martingale method”, in the
context of portfolio optimisation goes back to [38, 34, 39] in the frictionless case. Under
transaction costs, our work complements the dynamic duality results [16, 17, 20, 22] for
utility functions on the positive half-line as well as the static duality results [24, 8, 9, 11, 4]
for (possibly) multi-variate utility functions.

The insight that utility maximisation can be studied under proportional transaction costs
also for non-semimartingale price processes goes back to Guasoni [29]. In that paper, utility
functions U : (0,00) — R are considered under the assumption that the problems are well
posed. However, in this setup it is not clear whether or not this assumption is satisfied
for non-semimartingale processes such as the fractional Black-Scholes model and popular
utilities like logarithmic utility U(x) = log(z). In particular, a counter-example in [22]
shows that it is not sufficient to suppose that the price process is continuous and sticky to
guarantee the existence of a shadow price. For utility functions U : (0,00) — R that are
bounded from above like power utility U(z) = %xp with p € (—00,0), Guasoni’s result [29]
applies and establishes the existence of an optimal trading strategy under transaction costs.
It remains as an open question, whether a shadow price exists in this setting.?

The paper is organised as follows. We formulate the problem in Section 2. Section 3
contains the duality results and the relation of the solution to the dual problem and the
shadow price for utility functions on the whole real line. Our main result, which asserts
the existence of a shadow price, is established in Section 4. We explain how to specialise
this result to the fractional Black-Scholes model and exponential utility in Section 5. In
Theorem 5.3, we give the result on the pathwise behaviour of fractional Brownian motion.
Finally, the Appendix contains an “abstract version” of the duality result established in
Section 3 that is used in its proof.

2 Formulation of the problem

We consider a financial market consisting of one riskless and one risky asset. The riskless as-
set is assumed to be constant to one. Trading the risky asset incurs proportional transaction
costs A € (0,1). This means that one has to pay a (higher) ask price S; when buying risky
shares but only receives a lower bid price (1 — \)S; when selling them. Here S = (S;)o<t<r
denotes a strictly positive, adapted, cadlag (right-continuous process with left limits) process
defined on some underlying filtered probability space (Q, F, (F)o<t<Ts P) with fixed finite
time horizon T € (0, 0o0) satisfying the usual assumptions of right-continuity and complete-
ness. As usual equalities and inequalities between random variables hold up to P-nullsets
and between stochastic processes up to P-evanescent sets.

Trading strategies are modelled by R?-valued, predictable processes ¢ = (02, 0} )o<i<T Of
finite variation, where ¢! and ¢; describe the holdings in the riskless and the risky asset,

ZNote added in proof: This question has been answered in [19] in the meantime. If the indirect utility is
finite, it is sufficient for the existence of a shadow price that the price process is continuous and satisfies the
condition (TWC) of “two way crossing”; see [5, 47]. Combining this with the fact that fractional Brownian
motion satisfies a law of iterated logarithm not only at deterministic times but also stopping times (see
Theorem 1.1 of [47]), it allows to deduce the existence of a shadow price for the fractional Black-Scholes
model and all utility functions U : (0, 00) — R satisfying the condition of reasonable asymptotic elasticity.



respectively, after rebalancing the portfolio at time ¢. For any process ¢ = (¢1)o<t<r of
finite variation we denote by ¥ = 1y + ¥ — 9t its Jordan-Hahn decomposition into two
non-decreasing processes 1! and 1+ both null at zero. The total variation |¢|; of ¥ on (0, ]
is then given by |1, = U+ For 0 < s <t < T, the total variation of 1) on (s,t] denoted
by [|di,| is then simply [ |di,| = 1], — [¢]s. Note that, any process ¢ of finite variation
is in particular ladlag (with right and left limits). For any ladlag process X = (X;)o<t<7, We
denote by X¢ its continuous part given by

Xp=X,— Y AX,- ) AX,,

s<t s<t

where A, X; := X, — X, are its right and AX, := X, — X,_ its left jumps.
A strategy ¢ = (©Y, o} )o<i<r is called self-financing, if

t t t
/ di} < —/ SudsobW/ (1= N)Sudpyt, 0<s<t<T, (2.1)

where the integrals

t
/ Sudip)" / Sudoy ™+ Y Su_AplT+ > S AL,

s<u<t s<u<t

t t
/(1—A)sudg03ﬁ ;:/( NSudeite+ Y (1= NS Aplt + > (1= NS, A !

s<u<t s<u<t

can be defined pathwise by using Riemann-Stieltjes integrals, as explained in [21, 20, 52| for
example. The total variation of ¢ = (¢, ') on (s, t] is given by [ |dp.| = [T |ded|+ [ |del].

A self-financing strategy ¢ = (0%, ¢') is called admissible, if there exists some constant
M > 0 such that its liquidation value satisfies

Vi) = @+ () (1= NS — (@) Se 2 —M, 0<t<T. (22

For z € R, we denote by A2, (z) the set of all self-financing and admissible trading
strategies under transaction costs A starting from initial endowment (49, pj) = (x,0) and

Co(a) = {V7(0) | o = (¢% ") € by (@)}

As explained in Remark 4.2 in [12], we can assume without loss of generality that ¢F. = 0
and therefore have

A
Co(2) = {7 | v = (¢*,¢") € Al (2)}.

A \-consistent price system is a pair of stochastic processes Z = (2, Z}!)o<i<r consisting
of the density process Z° = (Z7)o<i<7 of an equivalent local martingale measure @ ~ P for
a price process S = (S;)o<i<r evolving in the bid-ask spread [(1 — A)S, 5] and the product
A ZO§. Requiring that S is a local martingale under @) is tantamount to the product
Z' = Z°S being a local martingale under P. Similarly, an absolutely continuous \-consistent
price system is a pair of stochastic processes Z = (Z}, Z})o<i<r consisting of the density
process Z° = (Z?)o<t<7 of an absolutely continuous local martingale measure @ < P for
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a price process S = (§t>0§t§T evolving in the bid-ask spread [(1 — A)S,S] and the product
Z' = 7°S which is assumed to be a local martingale. Under transaction costs these concepts
play a similar role as equivalent and absolutely continuous local martingale measures in the
frictionless case. We denote by Z2 the set of all A-consistent price systems and by Z the
set of all absolutely continuous A-consistent price systems.

While absence of arbitrage in the frictionless setting in the form of the existence of an
equivalent local martingale measure for the price process S = (S;)o<t<r implies that it has
to be a semimartingale (this property is invariant under equivalent changes of measure),
non-semimartingales can be used to model asset prices in an arbitrage-free way as soon as
proportional transaction costs are taken into account. Indeed, for the prime example of a
non-seminarmartingale, geometric franctional Brownian motion S; := exp(B{) with Hurst
parameter H € (0,1) \ {2}, Guasoni [30] showed that this price process is arbitrage-free for
any proportion A € (0,1) of transaction costs and hence admits a A-consistent price system
for any A € (0,1) by the fundamental theorem of asset pricing for continuous processes under
small transaction costs in [33]. As has been observed by Guasoni, the crucial property of
fractional Brownian motion, which allows to deduce the arbitrage freeness, is that it is sticky.

Definition 2.1. A stochastic process X = (Xy)o<i<r is sticky, if

te[r,T]

P(sup |Xt—XT|<(5,T<T> > 0,

for any [0, T']-valued stopping time T with P(t <T) > 0 and any 6 > 0.

By Proposition 2 in [3] the stickiness condition is preserved under a transformation of
the process X = (X})o<t<r by continuous functions. Therefore it does not make a difference,
if we require that the R -valued process S = (S;)o<t<r or X; := log(S;) is sticky.

In this paper, we want to investigate the existence of optimal trading strategies in models
based on fractional Brownian motion (B/?) such as the fractional Black-Scholes model, where

S, =exp(ut +oBl), 0<t<T,

where 4 € R and o > 0.

To that end, we consider a utility function U : R — R that is defined and finite on
the whole real line, increasing, strictly convex, continuously differentiable and satisfying the
Inada conditions U'(—o00) = lim,, - U'(z) = oo and U'(c0) = lim,,o, U'(x) = 0. The
prime example of such a utility is exponential utility U(x) = — exp(—z). While for utility
functions on the positive half-line negative wealth is forbidden by the admissibility condition
of non-negative wealth, this is not ruled out in the present setting but only penalised by
giving it a low utility. Therefore, the optimal trading strategy is in general not attained
in the set of admissible trading strategies (which are uniformly bounded from below) and
the “good definition” of “allowed” trading strategies becomes crucial; see [51] for results in
the frictionless setting. In the frictionless case, there are two approaches to deal with this
issue. The first is to use a dual definition and to consider all trading strategies whose wealth
processes are a super-martingale under all equivalent local martingale measures (ELMM) @
with finite V-expectation, i.e. E[V(y%)] < oo for some y > 0, where V(y) := sup,p{U(z)—
xy} for y > 0 denotes the Legendre transform of —U(—x); see for example [25, 36, 7].
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We follow the second approach of [50] to consider the “closure” of the set of terminal
wealths of admissible trading strategies with respect to expected utility.
For this, we define

Cii(z) = {g € L°(P;RU{o0}) | 39, € Cp(x) s.t. Ulg,) € LY(P) and Ul(g,) LlﬁQ U(g)}

and consider the maximisation problem

E[U(g)] — max!, g € Cp(w). (2.3)
Clearly,
u(z) = sup E[U(g)]= sup E[U(g)]. (2.4)
gec) (x) 9€Cp ()

Note that U(g,) Y U(g) implies that g, — g in LY(Q, F, P;RU {oo}), with respect to
convergence in probability, since U : R — R is strictly increasing.

While the g,, are real-valued random variables, it may — a priori — indeed happen that the
solution g(x) to (2.3) takes the value oo with strictly positive probability, i.e. P(g(x) = o0) >
0. As explained in [1] in the frictionless case, this can only happen, if U(co) < oo, and does
not contradict the no arbitrage assumption. In our setting under transaction costs, we show
in Example 4.3 below how this phenomenon arises. The question is therefore: does there exist
a self-financing trading strategy @ = (p?, §} )o<i<r under transaction costs A that attains the
solution §(x) to (2.3) in the sense that §(z) = V}'%($)? For this, we consider the set A (z)
of all predictable finite variation processes ¢ = (¢?, o} Jo<i<T, starting at (0, pp) = (z,0),
satisfying the self-financing condition (2.1) and such that there exists ¢" = (%7, oh") €
A2 (2) verifying that U(VTl,iq(wn)) € L'(P) and U(VTliq(go")) Y U(Vzéiq(ga)).

adm
. 0 .
Note that the latter convergence again implies that Vi%(¢") ) V() by the strict

monotonicity of U.

Requiring only that the terminal liquidation value lejq(go) can be approximated by the
terminal liquidation values VTliq(gp”) of admissible trading strategies " = (%" ") €
AX (1) seems to be a rather weak version of attainability. However, as we shall see in

adm

Proposition 3.2 and Theorem 4.1 below, our results yield that

Pl or™) = (92,00, VL€ [0,T)] =1,

which implies
P V(") = Vi), vt e [0.T]] =1
by the definition of the liquidation value in (2.2).

We investigate the question of attainability by using the concept of a shadow price.

~

Definition 2.2. A semimartingale price process S = (St)o<t<r is called a shadow price
process, if

1) S is valued in the bid-ask spread [(1—=X)S, 5]
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2) The solution 0 = (1/9\t)0§t§T to the frictionless utility maximisation problem
E[U(z 49+ Sp)] = max!, € Ay(z;5), (2.5)

exists in the sense of [50]. Here, Ay(x; §) denotes the set of all S-integrable (in the
sense of Itd), predictable processes 0 = (9y)o<i<r Such that there exists a sequence

(922, of self-financing and admissible trading strategies 9" = (V7)o<t<r without
transaction costs® such that U(z+90" « Sp) € LY(P) and U(z 49" * Sp) il U(z+9 -
Sr).

3) The optimal trading strategy 9 = (@)MKT to the frictionless problem (2.5) coincides
with the holdings in stock @' = (got)0<t<T to the wutility mazimisation problem (2.3)

under transaction costs such that z + 10 + Sy = VI(P) = g(x).

The basic idea is that, if a shadow price S = (S})o<i<r for (2.3) exists, this allows us
to obtain the optimal trading strategy for the utility maximisation problem (2.3) under
transaction costs by solving the frictionless utility maximisation problem (2.5). To the
frictionless problem (2.5), we can then apply all known results from the frictionless theory
to solve it. Since the shadow price S = (§t)0§t§T has to be a semimartingale, this allows
us in particular to transfer some of the techniques from semimartingale calculus to utility
maximisation problem (2.3) for the possible non-semimartingale price process S = (S;)o<t<r-

Note that the existence of a shadow price implies that the optimal strategy 9= ({9\15)0§th
to the frictionless problem (2.5) is of finite variation and that both optimal strategies 0=
(1/9\,5)03th and p' = (9} )o<i<r that coincide J = @' only trade, if S is at the bid or ask price,
ie.

{d) = d3' >0} C{S5=5} and {di=dp" <0} C{S=(1-)\)S}

in the sense that

{dV° = dg'* > 0} € {S = S}, {d)¢ = dp' <0} C{S=(1- N5},
{A)=Ap>0)C {5 =51}, {A) = AP <0} C{S-=(1-N\S_},
(A =A,5>0}C{S=S5}, (A =0,5<0}C{S=(1-NS}.  (26)
Here, a precise mathematical meaning of the inclusions (2.6) above is given by
T T
~1
/ Ligesy (W@ = / sy (WdB, ™+ Y Lig gy (w)AG,T
0 0 0<u<T
+ Z ﬂ{§¢s}(U)A+@le =0,
0<u<T

T T
~ 1,),c ~1,
/O Ligea-ns(u )‘Pui_/o Lissaonsy (B4 Y g saoys y (WAZ

O<u<T

+ Z Ligs-ns (WAL, =0.

0<u<T

3That is S-integrable, predictable processes 9" = (97)o<i<r such that X, =z + 9™ ¢ S, > —M(n) for all
0 <t < T for some constant M (n) > 0 that might depend on n; see [50] for example.
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It is “folklore” that the shadow price is related to the solution of the dual problem; see
Proposition 3.9 of [20] for example. In the present setting of a utility function that is defined
on the whole real line, we explain this relation in the next section.

3 Duality theory

We discuss the connections between shadow prices and the solution to the dual problem
for utility functions on the whole real line. The following duality relations can be obtained
similarly as their frictionless counterparts in [50]. This has already been implicitly exploited
in the static setup of [8]. We will prove this result in the appendix by reducing it to an
“abstract version”.

Theorem 3.1 (Utility functions on the whole real line). Suppose that S is locally bounded
and admits a X -consistent price system for all N € (0,1), that U : R — R satisfies the Inada
conditions U'(—o0) = lim,—, o U'(x) = 00 and U'(c0) = lim, o, U'(x) = 0, has reasonable

asymptotic elasticity, i.e. AE(U) := x@o a:gég) <1 and AE_(U) := lim a:gég) > 1,

T—r—00

and that
u(z) ;== sup E[U(g)] < U(c0) (3.1)

geC (z)

for some x € R. Then:

1) The primal value function u, defined in (2.4), and the dual value function

o(y) == inf E[V(yZp)],

(2°,21)ez;

where V(y) 1= sup,ep{U(x) — zy} for y > 0 denotes the Legendre transform of U, are
conjugate, i.e.,

u(r) = ;I;g{v(y) +axy},  o(y) = j‘ég{“(@ — xy},

and continuously differentiable. The functions u and —v are strictly concave and satisfy
the Inada conditions

lim o'(x) = oo, lim v'(y) = oo, lim u'(z) = 0, lim v'(y) = —oc.
T——00 y—>00 T—00 y—0

The primal value function u has reasonable asymptotic elasticity.
2) Fory >0, the solution Z(y) = (Z\O(y), 7! (y)) € Z to the dual problem

E[V(yZ%)] — min!, 7 =(2°27% € 2}, (3.2)

exists, the first component Zg(y) is unique and the map y +— Eg(y) is continuous in
variation norm.



3) Forz € R, the solution g(z) € C}(z) to the primal problem (2.3) exists, is unique and
given by

glw) = W) (5) 23 (5()) (3.3)
where y(x) = u'(x).

4) We have the formulae

V() = B |23V (wZ8w)|  and  ad(0) = E[§)U (G())]
where we use the convention that 0 - oo = 0, if the random variables are of this form.

Why did we focus on utility functions U taking finite values on the entire real line? The
reason is that, for utility functions U : (0,00) — R on the positive half-line shadow prices
might fail to exist due to the fact that the solution to the dual problem is not necessarily
attained as a local martingale but in general only as a supermartingale; see for example
6, 18, 20, 22]. We do not know how to successfully overcome this difficulty for models like
the fractional Black-Scholes model in that context.* This “supermartingale phenomenon”
does not appear for utilities U : R — R on the whole real line, the dual optimiser is
guaranteed to be a local martingale. On the other hand, the solution Z = (Z° Z!) to the
dual problem (3.2) may — in general — fail to induce a shadow price due to the fact that it
might only be a absolutely continuous A-consistent price system, i.e. that P(E% =0) > 0. By
the duality relation (3.3), the set {2% = 0} is equal to the set {g(x) = oo}. As V(0) = U(o0),
such a behaviour can only arise, if U(00) < oo and there exists no \'-consistent price system
7 = (720, Z)o<i<r such that E[V(yZ%)] < oo for some y > 0; compare [15, 50, 1] for the
frictionless case. For utility functions such that U(co) = oo, the dual optimiser Z = (Z°, Z%),
provided it exists, always satisfies Z\% > 0 almost surely. However, for these utility functions,
the condition (3.1) seems hard to verify for non-semimartingale price process such as the
fractional Black-Scholes model.

The following proposition shows that the existence of a strictly consistent price system
with finite V-expectation ensures the attainability of the primal optimiser g(x). It generalises
Lemma 25 in [8] to our setting and its proof follows by similar arguments.

Proposition 3.2. Under the assumptions of Theorem 3.1, suppose that, for some X' € (0, A),
there exists a N -consistent price system Z = (Z°,Z1) € ZQ' such that

EV(5Z7)] < o0

for some y > 0. Then the solution to the primal problem (2.3) is attainable, i.e. there exists
= (23" € A)(z) such that V() = G(z), and there exist g* = (PO, ") € AX, ()
such that

P(@" &™) = (90, @1), vt e [0,T]] =1. (3.4)

4Note added in proof: We answered this question in [19] in a quite satisfactory way: for the fractional
Black-Scholes model, there exists a shadow price for all utility functions U : (0,00) — R satisfying the
condition of reasonable asymptotic elasticity. See the footnote on page 4 for more details.
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Proof. By Theorem 3.1 there exists a sequence " = (%" ') € A}, () such that

adm

U (Viia(pmy) 22 U(am).

Then (Z? (o)™ + ™S, +A?))0§t§T is a supermartingale for all n, where S := % and
AP = (A= X) f(f Sudplmt. Indeed, by integration by parts we can write
26+ on5) = 20 (e + [ Sudelr+ [ elras.).
Since S € [(1 — \)S, S] and
e < 1 — /t SyudptmT 4 /t( — \)Sydphmt
0 0
by the self-financing condition (2.1), the process ( "t fo Sydpln +An>0§t§T is non-

increasing. Moreover, by Bayes’ rule S is a local martingale under the measure @ ~ P
given by z—g = Z9 and, since @' is of finite variation and hence locally bounded, the
stochastic integral ¢ « S is a local martingale under Q. Therefore Z0 (%" + 'S + A™)
is a local supermartingale under P again by Bayes’ rules that is bounded from below by
Z0Vta(pn).  Since " € A}, () is admissible and Z° a martingale, this implies that
A (gpo’" + S + A") is a true supermartingale so that

E [Z% (VT’W(@”) +A;>} -y [ZO ( T /\)/ S dgplni)} <z  (35)
0
for all n. Combining Fenchel’s inequality with the monotonicity of U we can estimate
7 7 n n 1 i n — 7
23 (Vi'(e) + 43) = < (Ui (") —V (7))

Since = (U(VTM(W‘)) — V(gZ%)) LGN S (U(g(x)) =V (927)), as n — oo, we obtain that

(Z% (VTliq(tp”) + A’%) _) is uniformly integrable and hence that (Z% (VTliq(wn) + A’T‘))

o0

n=1 n=1

is bounded in L'(P) by (3.5). Since Z% > 0 and V/¥(o") 2 g(x), this implies that
conv {A in > 1} is bounded in L°(P). Since S is as a non-negative local Q-martingale also
a (Q-supermartingale, we have that info<y<r Sy > info<y<r S, > 0 by the minimum principle
for supermartingales. This implies that conv {|¢*"|7 ; n > 1} and hence conv {|¢""[7 ; n >
1} are bounded in L°(P) as well. By Proposition 3.4 in [12] (and its application in the proof

of Theorem 3.5 therein) there exists a sequence

(@’O,n’ al,n) € conv ((SOO,n’ g01,n>7 (@0,n+1’ S01 n—i—l) N )

of convex combinations and a predictable process @ = ($?, 1 )o<i<7 of finite variation such
that

P(@" ¢ = (@0, @1), vt e [0,T]] =1. (3.6)
The convergence (3.6) then implies that » = (@°, &) is a self-financing trading strategy
under transaction costs A such that V(@) = g(x) and hence § € A (x). O

11



The next result shows that (3.4) is sufficient to guarantee the existence of a shadow price.

Proposition 3.3. Under the assumptions of Theorem 3.1, suppose that the solution g(z)
to the primal problem (2.3) is attainable, i.e. there exists o = (P°,3') € Ap(x) such that
VIB) = §(x), and that there exist 3" = (3%, g4") € AY, (x) such that

adm
Pl@" &™) = (@).81), vte0,T)]] =1 (3.7)

Then the dual optimiser Z = (20 Z\l) to (3.2) is in Z2, i.e. a A\-consistent price system, and
S:=Z s q shadow price (in the sense of Definition 2.2) to problem (2.3).

A

Proof. Since §(z) = V(@) < oo, we have that 7(x) 28 = U'(g(x)) > 0 by the duality
relation (3.3) and therefore that the dual optimiser Z = (Z° Z') is in Z}. It then fol-
lows along the same arguments as in the proof of Proposition 3.2 after replacing ¢" =
("™ b)) by @ = (P, @M") and Z = (Z°,Z%) by Z = (Z° Z') and setting X = )
that (Z°@%" + Z'@'™)> . is a sequence of supermartingales Z03%" + Z1ptn = (Z0z>" +
Z 31 o<i<r such that ((2%(5%" + 2}{5;”)_) is uniformly integrable. This implies that
n=1
each ((Z?Cp? S n)_> is a non-negative submartingale and hence of class (D) so
0<t<T
that ((ZS&?_” + 2#51")7) is uniformly integrable for every [0, T]-valued stopping time
n=1
7. Since R R
2"+ 1o S 2030 + Z13r, asn— oo,
for every [0, T]-valued stopping time 7 by (3.7), we obtain that (2939 + Zg@%)OStST is a
supermartingale by Fatou’s lemma that has by part 4) of Theorem 3.1 constant expectation
and is therefore a martingale.

By integration by parts we get that
2P+ 7' =2+ 3'S) = Z°(x+ 3"+ S - A),

where . .
A= / (Su—(1—N)S, )dgplw/ (Su—S,)dpLT, 0<t<T,
0 0
is a non-decreasing, predictable process.

Since Z\Ogﬁo + 21@1 is a martingale and Zo(x—l— ol . §) is a local martingale by Bayes’ rule
and the fact that @ go is of finite variation and hence locally bounded, this 1mphes that A =0
and therefore that Zo(go +3'8) = 2%+ + S)isa martingale and {d >0} C {S =25}
and {dp' < 0} C {5 = (1= X\)S} in the sense of (2.6). As Z = (Z°, Z') € Z*, we obtain
that 20 = (ZO)O<t<T is the density process of an ELMM for the frictionless price process
S = (St)0<t<T Therefore 7° = (ZP)QStST and 7(x) have to be also the solution to the
frictionless dual problem

E[V(yZr)) +zy — minl, y>0, Z € Z,(5),

where Za(:S'\) denotes the set of all density processes Z = (Z;)o<i<r of absolutely continuous
martingale measures () < P for the locally bounded price process S = (St)0<t<T It follows
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from the frictionless duality (see Theorem 2.2 in [50]) that z + @' Sp = o + 9/0\1T§T =
Vig) = U (y(z )Z 9) is the optimal terminal wealth to the frictionless utility maximisation

problem (2.5) for S = (5))o<i<r. Since z+3" + S is a Q-martingale under the measure Q ~ P

given by 7 dQ = Z0 by Bayes’ rule, we obtain that ' = (P )o<i<r has to be the optimal

strategy to the frictionless utility maximisation problem (2.5) and therefore in Ay (z; 3 ) by
part (iv) of Theorem 2.2 in [50], as the optimal strategy is unique in L(S). This implies

that S = (St)0<t<T is a shadow price process in the sense of Definition 2.2 for the utility
maximisation problem (2.3) under transaction costs. O

4 The main result

Theorem 4.1. Suppose that S is continuous and sticky and that U : R — R s strictly
concave, increasing, continuously differentiable, bounded from above, satisfying the Inada

condition U'(—o0) = lim,_, o, U'(x) = —oc0 and having reasonable asymptotic elasticity, i.e.

zU' ()
r—+—00 U(x) > L.

Then we have for any x € R and any proportion of transaction costs X € (0, 1) that:

lim

1) An optimal trading strategy p(z) = (2%(x), Pt (z))o<t<r € Apy(x) for (2.3) emists.
2) There exist admissible trading strategies o™ = (", @'") € A}, (x) which are maz-

imising for (2.3) and such that
P @, 50 - (80,8, Ve e 0,7]) =1

In fact, for every mazimising sequence (p")°%, € A), (x) we can find a sequence

(@™)22, of conver combinations with the above properties.
3) The dual optimiser Z = (Z°, Z%) to (3.2) is in 22, i.e. a A-consistent price system.

4) S = % is a shadow price (in the sense of Def. 2.2). This implies in particular that

{d@" > 0} C {§ = 5}, {d@'c <0} C {S=(1- N8},
(A >0} C {S_ =5}, (AP <0} C{S_=(1-NS},
{A@' >0} C {5 =5}, {Ap' <0} C{S=(1-NS}

The proof of Theorem 4.1 will be broken into several lemmas. We begin by verifying the
conditions of the duality theorem (Theorem 3.1). Since S is continuous and sticky, combining
Corollary 2.1 in [30] and Theorem 2 in [33] yields the existence of a strictly consistent price
system for all sizes of transaction costs X' € (0,1). Moreover, the conditions on the utility
function U are satisfied by our assumptions. Therefore, we only need to check condition
(3.1).

Lemma 4.2. Let U : R — R be a utility function that is bounded from above and S =
(St)o<i<r be sticky. Then we have, for all x € R, that

u(z) = sup  E[U(V7"(¢))] < U(c0). (4.1)

@eAadm( )
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Proof. By the stickiness of S = (S;)o<t<r and hence that of X; := log(S;) the set

A A
A=< sup @—1‘<— ) sup|Xt—X0\<log(1+—)
t€[0,T7 Sy 3 t€[0,T7 3

has strictly positive measure, i.e. P[A] > 0. Similarly as in Lemma 2.5 and Proposition
2.8 in [30] we then have that V}"(p) < z on A for any ¢ € A, (z). Indeed, using the

adm
self-financing condition (2.1) under transaction costs we obtain that

V(o) = % 4 ohSr — ASp(ph) T

T T
<z / Sudipl — A / Sudip™ 4+ oS — ASp(ph)*
0 0
T T
- / (S, — o)’ — A / Sudioht + b (Sp — So) — ASr(ph)*
0 0
2 ’ 2
<z- g)\/sudﬁpi“L - 5AST(@1T>+ <z onA (42)
0

This implies that
E[U(Vy())] < U(00)(1 = P[A]) + U(2) P[A] < U(c0)
for all p € A2, (x) and therefore (4.1) by taking the supremum. O

Applying the duality theorem (Theorem 3.1) allows us to obtain a maximising sequence

" = (0", 01 o<i<r € A2y (x) of self-financing and admissible trading strategies and a

random variable § = g(z) € L°(P; R U {oo}) such that E[U(g(z))] = u(z) and
V(e = gla),
U(Vien) =8 U ). (43)

As already mentioned it may — a priori — happen that the random variable g(x) takes
the value oo with strictly positive probability. The following example illustrates how this
phenomenon arises under transaction costs. It shows, in particular, that the condition that
S = (St)o<t<r is sticky in Theorem 4.1 cannot be replaced by the assumption that S =
(St)o<t<r satisfies the condition (NFLV R) of “no free lunch with vanishing risk” (without
transaction costs).

Example 4.3. We give an example of a price process S = (S;)o<i<1 such that

1) S is continuous.

2) S satisfies the condition (NFLV R) without transaction costs and therefore admits a
N-consistent price system for all ' € (0, 1).

14



3) There exists no optimal trading strategy to the problem of maximising exponential
utility U(z) = — exp(—z) under transaction costs A € (0, 1), that is,

E[U(Vfiq(go))} = E[ — exp ( - Vlliq(gp)ﬂ — max!, @€ A?](m)

3’) There exists a sequence 3" = (3", ;" )o<i<1 € Ap(x) such that

U(vie@) = 0= U(e)

and therefore g(z) = oo P-a.s. In particular, we have that |@"|r L .

For convenience, we give the construction on the infinite time interval [0,4o00]. The cor-
responding example on the finite interval [0,1] can be obtained by using a time change
h : [0, 400] — [0,1] given by h(t) = (1 — exp(—t)) and considering Sy instead of S;.

We begin by specifying the ask price S = (S;)o<i<co under an equivalent local martingale
measure ). Let W = (W;);>¢ be a Brownian motion on [0, 400) under @) and set

o:=inf{t >0 | EW); = exp(W; — 3t) = 1}

Define S = (S})o<t<oo by
Sy =2EW)], 0<t< 0.

In prose, the price process S starts at 2. It then fluctuates until it hits the level 1 for
the first time at time o and then remains constant afterwards. Since the stopping time o is
almost surely finite, we have that the price process is a non-negative local martingale under
@ such that S, =1 Q-a.s.

Therefore, short selling one share of stock at time 0 yields 2(1 —A) —1 > 0 at time oo as
liquidation value.

The problem with this strategy is, of course, that it is not admissible. Since the stock
price can get arbitrarily high with strictly positive probability, the liquidation value V%4 ()
can get arbitrarily small with strictly positive probability between 0 and o. However, we can
approximate this strategy by admissible trading strategies ¢" = (@?’”, @y Mo<t<oo € Ady (0).
For this, we simply set ¢, = —1j9,,1(t) for 0 <t < oo, where o, ;= inf{t > 0 | S, = n},
and define @, via the self-financing condition (2.1) with equality. Then

Vééq(@n) - (2(1 - )‘> - 1>ﬂ{0'n20'}
F (201 =A) = )T eo) /25 142(1=A) =1, asn — oo,

n

since o, /' 0o Q-a.s. Therefore, setting $*" = n@g'™ and " = nE’" gives a sequence

($™)22, of self-financing and admissible trading strategies @" = (8", &, o<i<oo € A2, (0)
such that

U(Végq(@”)) = —exp ( — n(2(1 — ) — 1))]1{%20}

—exp (= n(2(1 = X) = 1)) 1ig,<0) Lz, 0, asn — oco.
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To ensure the convergence also in L'(P), we need to specify the distribution of S under P.
Since

E[UVZ(@E")] = —exp(—n(2(1 = X) = 1)) P(0, > 0)
—exp (—n(2(1=X) —n))P(o, <o)

and — exp (— (1 +n(2(1—)\) —n))) = O(exp(n2)), it will be sufficient to choose P ~ () such
that P(o, < o) = o(exp(—n?)). This is possible because A, := {0, < o} is a decreasing
sequence of sets such that Q(A,) > 0 and Q(A4,) N\, 0.

To obtain u(x) < U(oo), we flip a fair coin at time 0. If head shows up, we use the above
price process. If we observe tail, then the price process stays at 2.

The above example indicates that g(z) can only take the value oo, if the total variations
(18" 7)52., of the maximising sequence ¢" = ()", 0, o<i<r € A, () of admissible trading
strategies diverge to co. However, this behaviour leads to an infinite amount of trading
volume and therefore of transaction costs. This cannot be optimal for a sticky price process
and we now argue how to exclude it. For this, we observe that, if we have that

C :=conv{|¢"|7r ; n>1} (4.4)

is bounded in L°(P) for a sequence (¢")2°, of strategies ¢" € A}, () satisfying (4.3), there

exists a sequence (") ; of convex combinations

adm\T

P" € conv(p", "t ...

and a self-financing trading strategy @ = (¥, @} )o<i<r under transaction costs such that

P@" 8" = @080, vt e [0,7]]) =1 (45)

by Proposition 3.4 in [12] (and its application in the proof of Theorem 3.5 therein).?

Since we then have in particular
Vi@ = Vi(B) = 3la)
i L (P) 1 ~
U(Vy(@") — U(Vy"(9)) = U(g()),

this implies that ¢ = (27, @} )o<i<r € Ap () attains the solution g(z) to (2.3) and that g(x)
is a.s. real-valued. Therefore, it only remains to show that (™), satisfies (4.4) which will
be true for any sequence (" )0",1 of strategies o™ € A2, () satisfying (4.3).

To that end, we fix any sequence ("), of strategies " € A}, (z) satisfying (4.3) and
denote by S the set of all [0, 7] U {oo}-valued stopping times o such that

conv{|p"|oar ; n > 1}

is bounded in L°(P). Then (4.4) corresponds to showing that co € S.

°Note that, since C' C LY (P) is convex and bounded, there exists by, for example, Lemma 2.3 in [10] a
probability measure @ ~ P such that C is bounded in L*(Q) so that the sequence (¢")3°;, indeed, satisfies
the assumptions of Proposition 3.4 in [12].
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Lemma 4.4. The set § is stable under taking pairwise maxima, i.e. 01,09 € S implies
o1Voy€S.

Proof. Let ¢ € A := conv{|¢"|; n > 1}. Then

¢(01\/02)/\T = ¢01AT]1{01202} + 77Z)<72/\T<—H-{z71<z72}'
This implies that

lim SupP (77Z)(0'1V0'2)/\T Z N) S lim Supp(¢0'1/\T Z N) + lim SupP (¢02/\T 2 N) =0
N—o00 PEA N—o00 PEA N%ooweA

and hence that o; V oy € S. O

The fact that S is stable under taking pairwise maxima allows us to obtain its essential
supremum

0 1= €SS SUP,eg O (4.6)

as a limit of an increasing sequence (0%)2, of stopping times 7 € S by Theorem A.33.(b)
in [27]. Note that ¢ > 0, as 0 € S, and that ¢ again is a stopping time.

Recall that the existence of a shadow price implies that the optimal trading strategy
? = (7?2, 8} o<t<r under transaction costs only trades, if the shadow price is at the bid or
ask price in the sense of (2.6). The next lemma shows that this is already the case in an
approximate sense, if we do not yet know, whether or not there is a shadow price.

Lemma 4.5. Under the assumptions of Theorem 4.1, let (¢™)2, be a mazximising sequence
of admissible trading strategies " = (9}", 0, Joci<r € Apgyn () for problem (2.3) satisfying

(4.3) and set By ; = {Z°S — Z' > 7} and Byj = {(Z' = 291 = \)S > i} for j € N. Then
we have, for all j € N, that

1n, 1n) P
ILBM- . SOTnT + ]lBQJ- . QDTn¢ — 0,

0,n, 0,n,t P
Ip,;* 4,0Tn¢ + 1B, * <,0TTZT — 0.

Proof. Here, we can without loss of generality assume that we have equality in the self-
financing condition (2.1) for the maximising strategies (¢")52;. Since 0 < supy<;<7 Sy < 00
P-a.s. by the assumption that S is strictly positive and continuous, it is sufficient to prove
the assertion for "™ = ("™ )o<i<r. This implies the assertion as well for ©*" = ()")o<i<r
by the self-financing condition (2.1).
By Lemma A.2, we have that

I n L'(P) 50~

Zrer" = Zrg(x)
for any maximising sequence ¢" = (,", ;™ )Jo<i<r of self-financing and admissible trading
strategies satisfying (4.3). As we can without loss of generality assume that go%p’” = 0, defining

Xp =@M Z0 4 "7, 0<t<T,
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gives a sequence ()?”);’f:l of supermartingales X" = ()A(t")ogth starting at = such that )A(%
converges in L'(P) to the terminal value X3 = Z9G(x) of the martingale X*° = (X*)g<<r
given by R R

R = BZ@|F), 0<t<T,

that is also starting at x by part 4) of Theorem 3.1.
By integration by parts, we obtain
XP=g+@"meZ0 4o ZL AP 0<t<T

where
t t R
AP ;:/ (208, — Z)dptmt +/ (Z) — Zo(1 = N)Sy)dpy™, 0<t<T,
0 0
is a non-decreasing process starting at 0. Since

Xp = Z0 (0" +9i"S) = ZVi(e") > Z)(-m), 0<t<T,

for some m > 0 by the admissibility of ¢™, the local martingale (z + ¢%" Z? +plm e Ztl)OStST

is bounded from below by the uniformly integrable martingale (ZO(—m and hence

>~ > >)ogth N
a supermartingale. As the supermartingales X" = (X[ )o<t<r and the martingale X =
~ . s, LY (P . .
(X7°)o<t<r are both starting at x, the convergence X} RGN X 2 therefore implies that
Lyp .
A% L0, Since

]' n ,n
At > 3 <]131,j * 901T7 T+ Ip,, * QplT 7¢) > 0,

the latter L'-convergence yields that 1g, ; * o™+ 1 By, * gplT"’¢ L) 0 and hence also in

probability. O]

We establish the following lemma to prove that o as defined in (4.6) equals 0 = oo by
contradiction.

Lemma 4.6. Under the assumptions of Theorem 4.1, suppose that P(6 < oo) > 0. Then
there ezists a stopping time T with P(t <T) > 0 such that we have

1) conv{|o"|-rr ; n > 1} is bounded in L°(P),

2) there ezists a set A € F with A C {r < T} and P(A) > 0, a constant ¢ > 0 and a

sequence (p™)°2, of conver combinations

" € conv(p", "t )
such that we have on A that
a) [J|dgn| < ¢ for alln,

b) f 1dg"| & 00, as n — oo,
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c) |5 — S, <38 forallt € [r,T).

Proof. Let X; = log(S;) and define the stopping time
o=inf{t>7 | 1X, — Xa| > Slog (1+3) }.
Clearly, o > 0 on {6 < T} so that P(o >0) = P(c <T) > 0. Hence
D = conv{|p"|,ar ;n > 1} (4.7)

is not bounded in L°(P) by the definition of &. Moreover, since D C L} (P) is convex, there
exists by Lemma 2.3 in [10] a partition of  into disjoint sets €, ), € F, with P(£2,) > 0
such that

(i) The restriction D|g, = {glq, | g € D} of D to € is bounded in L°(P).

(ii) D is hereditarily unbounded in L°(P) on €2,,. That is, for every subset B € F, B C Q,,
P(B) > 0, we have that D|g = {glp | g € D} fails to be bounded in L°(P); see
Definition 2.2 in [10].

Now, we can have two cases. Either P(Q, N{o>T}) >0o0r P(Q,N{o<T}) = P(,). In
the first case, we set ' := Q, N {p > T}. In the second one, there exists by the stickiness
of S and hence that of X a set F' € F with P(F) > 0 such that ' C Q, N {p < T} and
super, 77 | Xt — X,o| < 3log(1+ %) on F.

By the continuity of S, we can choose k € N sufficiently large such that

1 A
Sup_|X; = Xg,| < 5 log (1+3)

te[6y,5] 3
on aset A € F with A C F and P(A) > 0.
Setting 7 = 0%, we then have 1) by (4.6) and that

A
sup |X: — X;| < log (1 + —) on A,
te[r,T) 3

which implies that
|S; — S-| < gSt for all ¢ € [r,T] on A.

By part 4) of Lemma 2.3 in [10], assertion (ii) above yields the existence of a sequence
(¢™)°2; of convex combinations

Y™ € conv{|e™| ; m > n} (4.8)

such that

P(Qu N {Yor < n}> < % (4.9)
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Since conv{|¢"|;ar ; m > 1} is bounded in L°(P), we can by an application of Komlds’
lemma (see, for example, Lemma A.1 in [26]) assume without loss of generality that

Y L% ¢ asn — oo, (4.10)

for some f € L9 (P).
Let ()5, be a sequence of convex combinations

K"l
= Zuﬁgpmz € conv(p™, "t )

that is obtained from the sequence (™), by taking the same convex weights that lead
to the sequence (™)5°, in (4.8) from the sequence (|¢"|)s2,. By (4.10) and the convexity
of the total variation, we can assume by possibly passing to a smaller set A that still has
positive probability P(A) > 0 that there exists a constant ¢ > 0 such that

|@"|;ar < c¢ forall neN on A.

This proves properties a) and ¢) of part 2).
To establish property b), we need to consider the following two cases:

(") P(Z0p =0, A) >0,
(ii') P(Z%; >0, A) > 0.

In case ('), it follows from the fact that Z° = (Z%)o<i<r is a non-negative martingale
that G = {Z\SAT = 0} C {Z) = 0}. By the duality relation g(z) = (U’)""(5(z)Z2), this
implies that §(z) = lim,_e VA($") = oo on G. Since S = (S))o<i<r is strictly positive
and continuous, we have that 0 < supy<,<rS; < oo P-a.s. The only way we can have
G(z) = lim, 00 VI($") = 00 on G is therefore that lim,_. |3"|r = oo on G by

T T
Vi(pn) < /Sudgolm—k/(l— )8, dPL™ + Gy Sy — ASp(By™) T
0

0
<z+ ( sup St> 12" = 00 on G.

0<t<T

As |@"|oar < cforallm >1on AC G, we have that f |d@?| — oo on {ZAT—O}QA

In case (ii’), we need to show that the fact that the sequence (1) ; of convex combina-
tions of total variation processes is unbounded in L°(P) in the sense of (4.10) implies that
the sequence (|p"])%; of total variations of convex combinations is unbounded in L°(P) in
the same sense. Whlle this is not true in general, it follows in the present situation from the
fact that all trading strategies 3" = ($;", 3" Jo<i<r of any maximising sequence satisfying
(4.3) have to buy and sell on the same sets up to an error that vanishes by Lemma 4.5.
Therefore, the difference between the total variation of the convex combinations and the
convex combination of the total variations vanishes by Lemma 4.5 as well.
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To see this, we observe that we can assume without loss of generality after possibly
passing to a smaller set A that info<,<onr Z% > ¢ for some ¢ > 0. This follows by the
minimum principle for supermartingales. Then, we can choose j € N sufficiently large
such thaﬁ the sets Bf; = {2°S - ZA1 gj} and By ; = {Z' — Z°(1 — \)S < }, where
By ={2"S-Z'> %} and By; = {Z'—Z°(1-)\)S > %} are as defined in Lemma 4.5, are
disjoint on {info<y<,nr 79 > ¢}. Therefore, we can estimate on {info<u<onr 7% > ¢} that

Kn
— n, 1m}
ont = | > it
k=1

| ~1,n

¥

oNT

Kn
k=1

oNT
Ky
_ n o pLmg,t o Hlmpl o ALmpst o pLmpsd
- 2 :'uk (HBT,J' e = 135,;‘ e gy R =, e )
k=1 oNT

17”7]/2 7i‘

K, Kn
1Lmg, T 1mg, T 1mid
> (1% * Oontt + 1B * Por ) >y (ﬂsl,j *Oontt + 1By, * Pontt )
k=1 k=1
K, Ky
Lmyg Lmg,t Lmi,l
= ZMZ“O " |9AT - QZMZ (131,1' * <:0£>/\T]c + ]]‘BQ,]' * SOQATk ) :
k=1 k=1
Similarly, we also obtain on {infoc,<,n Z° > ¢} that
Ky Ky
~0, 0,m7 0,mp, 0,mp, 1
@ n|9AT > Z/JZ‘SO mk|g/\T - QZNZ <]131,j * Pon . ]lBZ,j ¢ @gATk ) .
k=1 k=1

Combining both estimates gives on {info<,< a7 7% > ¢} that

Ky,
~n 17mn7T 17mn7~l/ D7mn7~l/ Ovmn7T
’(10 ‘Q/\T > wZ/\T - QZ:UZ (131,j * ng/\Tk + 132,;’ * Spg/\jfC + ]131,]‘ ° SOQATk + 132,;‘ ° SOQATIC > .
k=1

Since we have

17 b 17 k) P
ﬂBl,j * SOTnT + ]132,]' ° QOTTN( — 07

0,n, 0,n,t P
ﬂBl,j *Pr ! + 132,;‘ *Pr ! — 0.
by Lemma 4.5, this implies that |@"|,ar Ly o0 on {info<u<onr 7% > &} and therefore that
fTT 17| & 00 on {infocuconr 20 > €} N A, as |§"iar < ¢ for all n > 1 on A. O

After the preparations above, we can now show that & = co P-a.s. This proves parts 1)
and 2) of Theorem 4.1. Assertions 3) and 4) then follow from Proposition 3.3.

Lemma 4.7. Under the assumptions of Theorem 4.1, we have that & = oo P-a.s.
That is, for any mazimising sequence ©" = ()", 1™ ocr<r € Ady () of trading strate-

gies satisfying (4.3), we have that C := conv{|¢"|r ; n > 1} is bounded in L°(P).
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Proof. We argue by contradiction and assume that P(cg < co) > 0. Then there exists by 2)
of Lemma 4.6 a stopping time 7, a set A C {7 < T} with P(A) > 0, a constant ¢ > 0 and a
sequence ("), of convex combinations

" € conv(p", "t . .))

such that we have on A that
a) [i1d@y] < c for all n,
b) fTT |dP"| — oo, as n — 0o,
c) |S;— S;| <3S forall t € [,T].

~1,n

As we can assume without loss of generality that ;" = 0, we obtain by combining a) —
¢) with the self-financing condition (2.1) under transaction costs similarly as in (4.2) that

T T
Vi) = 8y <o [ suptn - [ s.api
0 0
T T
R L

T
~ 2 .
<PPm 4 ping, — gk/Sud%l;"’¢ — —00, asn — 0o, on A. (4.11)

Note that $5" = 0 implies that fTT dpLmt — 00, as n — oo, on A by b).

Since @" € conv (™, ", .. .), the sequence (™), also has to satisfy

U(vi(3") =5 U ().
However, this contradicts (4.11) and we therefore have that P(¢ < co) = 0. O

Proof of Theorem 4.1. We only need to prove 2). This immediately implies 1) and 3) and
4) by Proposition 3.3. As explained after the statement of Theorem 4.1 on page 13, the
assumptions of the Duality Theorem 3.1 are satisfied under the assumptions of Theorem 4.1
and by Lemma 4.2. This allows us to apply the Duality Theorem 3.1 to obtain a maximising
sequence " = (", oy ™o<i<r € A2, (2) of self-financing and admissible trading strategies
and a random variable § = g(z) € L°(P; R U {oo}) such that E[U(g(z))] = u(z) and
i n P~
Vi) — G(x),
g ny\ L ~
U(Ve'(e") — U(g()). (4.12)
By Lemma 4.7, we then have that C' := conv{|¢"|7 ; n > 1} is bounded in L°(P). Therefore,
there exists a sequence (¢™)%; of convex combinations

" € conv(p", " )
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and a self-financing trading strategy @ = (Y, @} )o<t<r under transaction costs such that
Pl@" ) 22 @01, ve e [0.7)] =1 (4.13)

by Proposition 3.4 in [12] (and its application in the proof of Theorem 3.5 therein). The
sequence ("), then also satisfies (4.12), which completes the proof. O

5 A case study: Fractional Brownian Motion and Ex-
ponential Utility

We resume here the theme of (exponential) fractional Brownian motion which was briefly
discussed in the introduction. In fact, the challenge posed by this example was an important
motivation for the present research.

Fractional Brownian motion has been proposed by B. Mandelbrot [43] as a model for
stock price processes more than 50 years ago. Until today, this idea poses a number of
open problems. From a mathematical point of view, a major difficulty arises from the fact
that fractional Brownian motion fails to be a semimartingale (except for the Brownian case
H = %) Tools from stochastic calculus are therefore hard to apply and it is difficult to
reconcile this model with the usual no arbitrage theory of mathematical finance. Indeed, it
was shown in ([26], Theorem 7.2) that a stochastic process which fails to be a semi-martingale
automatically allows for arbitrage (in a sense which was made precise in Theorem 7.2). In
the special case of fractional Brownian motion, this was also shown directly by C. Rogers
48].

One way to avoid this deadlock arising from the violation of the no-arbitrage paradigm
is the consideration of proportional transaction costs. The introduction of proportional
transaction costs A, for arbitrarily small A > 0, makes the arbitrage opportunities disappear.
Theorem 4.1 applies perfectly to the case of fractional Brownian motion, for any Hurst index
H € (0,1). As utility function U, we may, e.g., choose exponential utility U(z) = —e™ .
Hence, we dispose of a duality theory for fractional Brownian motion under transaction
costs and, in particular, we may find a shadow price process S which is a semimartingale.

Let us define the setting more formally. As driver of our model S, we fix a standard
Brownian motion (W;)_so<i<c0, indexed by the entire real line, in its natural (right continu-
ous, saturated) filtration (F;)_oo<i<oo- We let the Brownian motion W run from —oo on in
order to apply the elegant integral representation below (5.1) due to Mandelbrot and van
Ness; see [44].

We note that the Brownian motion (W;)o<i<r, now indexed by [0,77], has the integral
representation property with respect to the filtration (F;)o<i<r. The only difference to the
more classical setting, where we consider the filtration (G;)o<:<r generated by (W;)o<i<r is
that Fy is not trivial anymore. But this causes little trouble. We simply have to do all the
arguments conditionally on .

Fix a Hurst parameter H € (0,1) \ {3}. We may define the fractional Brownian motion
(Biozesr = (Bf Jozi<r as
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B, = C(H) /t ((t— s)H=3 (|S|H—%1(_OO,O))) dW,, 0<t<T, (5.1)

—0o0

where C'(H) is some constant which is not relevant in the sequel (see [44], section 1.1 or [48],
formula (1.1)).
We may further define a non-negative stock price process S = (S;)o<t<r by letting

St = eXp(Bt), 0 S t S T, (52)
or, slightly more generally,
Sy = exp(o By + ut), 0<t<T, (5.3)

for some ¢ > 0 and p € R. For the sake of concreteness we stick to (5.2). We now are in a
situation covered by Theorem 4.1.

As regards the stickiness of S, this property (Def. 2.1) of (exponential) fractional Brow-
nian motion has been shown by P. Guasoni [30]. We also fix transaction costs A > 0 and
U(z) = —e™®, as well as an initial capital x € R, e.g. = = 0. By Theorem 4.1, we may
find a primal optimizer 3 = (3, ?})o<i<r, a dual optimiser Z = (Z°, Z})o<i<r which is a
A-consistent price system, as well as a shadow price process S = g—; From this general theo-
rem, we know that Z%is a uniquely determined martingale and that Ztis a local martingale.
It seems rather obvious that in the present case (5.2) or (5.3) the process Z! is, in fact, also
a martingale, but we do not need this result and therefore do not attempt to prove it.

These general and rather innocent looking results have some striking consequences, also
outside the realm of mathematical finance. They imply that the fractional Brownian paths
may touch the paths of an It6 process in a one-sided way (Theorem 5.3 below).

Let us draw some conclusions from Theorem 4.1.

Lemma 5.1. In the above setting of exponential fractional Brownian motion the martingale
(Z))o<t<r has a representation as

R R t 1 t
7Y = 7§ exp (—/ A, dW, — 5/ aﬁm) , 0<t<T, (5.4)
0 0

for some R-valued predictable (with respect to the filtration (Fi)o<i<r) process & = (Qt)o<i<T
T
such that [; aidt < oo almost surely.

The process X = log(:S’\) 1s an Ito process and may be represented as

t ~2
X, = X, +/ (Euqu + (ﬁu - %) du) , 0<t<T, (5.5)
0

where ¢ and 11 are R-valued predictable processes such that fOT oZdt as well as fOT |10 |dt
are a.s. finite. In fact, S = exp(X) is a local martingale under the measure Q) defined by
% = 2:[} We therefore have the relation

-
]l
- =<

’ . welo,T). 5.6
fu= "t ueln] (5.6
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This equality holds m® P almost surely, where m is Lebesgue-measure on [0, T]. The equality
1s defined to hold true in the case when the right hand side is of the form %.

Proof. We know from Theorem 4.1 that Z° and Z! are local martingales so that we may
apply the martingale representation theorem which implies (5.4). We deduce that S = g—; as

well as X = 10g(§ ) are It6 processes which yields a representation of the form (5.5). Passing

~

again to S = exp(X) we obtain

~

ds
Egzaﬂm+mﬁ,

t

which implies equality (5.6) by Girsanov and the fact that S is a local martingale under
Q- O

Before formulating the main result of this section we still need some preparation which
also is of some independent interest.

Lemma 5.2. For 0 < A < 1, denote by u™(z) the corresponding indirect utility function
(2.4). Then
uN(z) = —f(Ne ™ 0< <1, (5.7)

where f(A) is a non-decreasing function taking values in (0,1] and

lim f(A) = 0. (5.8)

Proof. The fact that u™ is of the form (5.7) is a well-known scaling property of exponential
utility.

Let us analyze the function f(A). It is obvious that f()) in non-decreasing and takes its
values in (0, 1]. As regards (5.8), it follows from [48] (or the proof of Theorem 7.2 in [26])
that we may find, for ¢ > 0 and M > 0, a simple predictable process ¥ of the form

N-1
ﬂt = Z giﬂ]]Ti,Ti+1ﬂ (t)
=0

where g; € L*(Q, F,,,P) and 0 =19 <73 < --- <7y =T are stopping times such that, for
S = exp(B),

(79 ¢ S)T = Zgi(STi+1 - Sﬁ) (59)

satisfies (¥ ¢ S)r > —1 almost surely and P[(d* S)pr > M] > 1 —¢.

For 0 < X < 1, we may ¢ interpret also in the setting of transaction costs. More formally:
associate to ¥ a A-self-financing process ¢ = (©°, ') as above starting at (], ¢3) = (0,0),
such that ¢' = Y1) and ¢° is defined by having equality in (2.1). Choosing A > 0
sufficiently small we obtain ¢9 > —2 almost surely as well as P[p%. > M — 1] > 1 —e. This
readily shows (5.8). O
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We now can formulate a consequence of the above results on portfolio optimisation which
seems remarkable, independently of the above financial applications, as a general result on
the pathwise behaviour of fractional Brownian motion: they may touch It6 processes in a
non-trivial way without involving local time or related concepts pertaining to the reflection
of Brownian motion.

Theorem 5.3. Let (B;)o<i<r be fractional Brownian motion with Hurst index H € (0,1)\{3}
and a > 0 (which corresponds to a = —log(1 — \) in the above setting of transaction costs).
There is an Ité process (Xi)o<i<r such that

Bt—OéSXtSBt, OStST, (510)

holds true almost surely.

In addition, X can be constructed in such a way that (eXt)o<i<7 is a local martingale
under some measure ) equivalent to P. For € > 0, we may choose a > 0 sufficiently small
so that the trajectory (Xi)o<i<r touches the trajectories (By)o<i<r as well as the trajectories
(B; — a)o<i<r with probability bigger than 1 — e.

Proof. The theorem is a consequence of Theorem 4.1 and Lemma 5.1 where we simply take
X =X.

We only have to show the last assertion. It translates into the setting of Theorem 4.1
as the statement that, for ¢ > 0, there is A\g > 0 such that, for 0 < A < )y, we have with
probability bigger than 1 — ¢ that ($;)o<t<r is not constant. Indeed, apart from the trivial
case p; = (x,0) of no trading there must be some buying as well as some selling of the stock,
as the investor starts and finishes with zero holdings of stock. As this can only happen if
Sy = S or S; = (1—M\)S; respectively, we must have equality in (5.10) for both cases for some
t € [0,7]. To show that this case occurs with probability bigger than 1 — ¢, for sufficiently
small enough o > 0, assume to the contrary that there are n > 0 and arbitrary small o« > 0
such that the optimal trading strategy ¢ remains constant with probability bigger than 7.
This contradicts (5.8) as then we have

uA(O) < -n.
O

Let us comment on the interpretation of the above theorem. Using the above construction
define o and 7 to be the stopping time

oc=if{t€[0,T]: X;=B;—«a}, 7=inf{te€[0,T]: X; =B},

which for sufficiently small a > 0, satisfies Plo < oo] = P[T < 00| > 1 —e¢. Here, the equality
Plo < o] = P[r < 0] follows from the fact that, since we start and end with zero holdings
in stock, any position that is bought or sold has to be liquidated before time 7. We may
suppose w.l.o.g. that 7 < ¢ (the case ¢ < 7 is analogous). Consider the difference process

Dt:Bt_Xt7 OStST, (511)

which, is non-negative and vanishes for ¢ = 7. We formulate a consequence of the above
considerations.
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Corollary 5.4. On the set {T < o} we have that o <T almost surely, and that the process
(Dy)r<t<o Starts at zero, remains non-negative and ends at D, = . O

This statement should be compared to the well-known fact, that there are no stopping
times 7 < o such that P[t < T] = Plo < T] > 0 and such that B, — B, > «, almost
surely on {7 < T'}. Indeed, this follows from the stickiness property (Def. 2.1) of fractional
Brownian motion proved by P. Guasoni ([30]; compare also [33]). Adding to B the It6
process X somewhat miraculously changes this behaviour of B drastically as formulated in
the above corollary.

A An abstract version of the duality theorem

The basic idea to prove the Duality Theorem 3.1 under transaction costs is, as in [20], to
reduce it to an abstract version of the duality theorem in the frictionless case in [50]. We
provide this abstract version that is what was actually shown in the proof of Theorem 2.2
in [50] below. It might find other applications as well.

To that end, let C be a closed, convex, solid and bounded subset of L(}F(P) containing
the constant 1, set C(x) = xC for all x > 0 and Cp(z) = U2 {C(z +n) —n} for all z € R.
Denote by D the polar of C in L% (P) given by C° = {h € LY(P) | E[gh] <1 Vg € C} and
set D(y) = yD for all y > 0. Note that, since 1 € C, we have that E[h] < 1 for all h € D.
Suppose that D = {h € D | h > 0 and E[h] = 1} is non-empty and such that D is the
closed, convex and solid hull of D in L% (P). Denote by D the L'(P)-closure of D given by
D=1{heD|Eh =1}

As shown in Theorem 3.2 of [41], the properties of the sets C(x) and D(y) above are the
ones that are needed to establish the duality theory for utility maximisation on the positive
half-line. The following theorem presents an extension of this result to utility functions on
the whole real line.

Theorem A.1. Under the assumptions above, suppose that U : R — R satisfies the In-
zU’ ()

ada conditions, has reasonable asymptotic elasticity, i.e. AE.(U) := lim Ty < 1 and
Tr—00
AE_(U) := lim x[(J]ES) > 1, and that
Tr—r—00
u(z) == sup E[U(g)] < U(c0) (A.1)
g€Cy(z)
for some x € R, where
Cu(z) = {g € L(P;RU{oc}) | g, € Cy(x) such that
L'(R)

U(gn) € L'(P) and U(g,) — U(g) }.
Then:

1) The primal value function u, defined in (A.1), and the dual value function

v(y) := inf E[V(yh)],

heD
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where V(y) := sup,cp{U(x) — xy} for y > 0 denotes the Legendre transform of U, are
conjugate, i.e.,

U(x)==;gg{v(y)+-xy}, v(y)==igg{U(w)—-xy},

and continuously differentiable. The functions u and —v are strictly concave and satisfy
the Inada conditions

. / _ . / _ . li _ : / -
Jm @) =eo,  Jm ) =co  lma) =0 lime(y) = oo

The primal value function u has reasonable asymptotic elasticity.

2) Fory > 0, the solution ﬁ(y) € D to the dual problem

E [V(yh)] — min!, he D, (A.2)

exists, is unique and the map y — h(y) is continuous in variation norm.

3) For z € R, the solution g(x) € Cy(x) to the primal problem
E[U(g)] = max!, g€ Cy(x), (A.3)

exists, 1s unique and given by

where y(z) = u'(x).

4) We have the formulae

V() = B[RV (yh(y)|  and  ad(@) = E[G)U(G())]
where we use the convention that 0 - oo = 0, if the random variables are of this form.

Proof. The proof follows along the same arguments as that of Theorem 2.2 in [50] after
replacing each of the approximating problems (16) in [50] by its abstract version, i.e. problem
(3.4) in [41], and using Theorem 3.2 in [41] instead of Theorem 2.2 in [41].

Indeed, let S = (§t)0§t§T be a locally bounded semimartingale price process that admits
an equivalent local martingale measure (ELMM) Q ~ P so that the set M¢(S) of all ELMM
for S is non-empty. Denote by X'(z) the set of all non-negative wealth processes starting

with initial capital z, i.e.
X,=2+9+8,>0, 0<t<T,

where 9 € L(g) is an g—integrable predictable process, and by )(y) the set of all super-
martingale deflators for S, i.e. non-negative optional strong supermartingales Y = (Y} )o<i<r
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starting at Yy = y such that Y X = (Y;X})o<i<r is a non-negative supermartingale for all
X € X(1). Then the abstract sets above correspond to the following sets in [50]

C={ge Ly(P)|3X € X(1) such that g < X7},
C(z) £ {g € L%(P) | 3X € X(z) such that g < X7}, x>0,
Cy(z) = U {C(z +n) —n},

DE{Yr |Y eY(1)},
D(y) £ {¥r |Y €Yu)}, y>0,

pel@lgem )},
Eé{j—j‘?,‘QeM“G)}.

Note that Cy(x) corresponds to the set of all random variables g € L°(P) that are bounded
from below and such that there exists X € Xj(x) such that ¢ < Xp, where X,(x) is the set
of all wealth processes that are uniformly bounded from below, i.e. there exists some M > 0
such that B

Xi=xz+095>-M, 0<t<T.

Conversely, replacing the “concrete sets” above in the proof of Theorem 2.2 in [50] and
using the “abstract version” of the duality results for utility functions on the positive half-
line in Theorem 3.2 of [41] instead of Theorem 2.2 in [41] with the “abstract sets” yields the
proof of the abstract version of the theorem. This is clear for all steps of the proof except
step 1, step 3 and step 10.

In step 1, it is used that by part (iv) of Theorem 2.2 in [41] the dual optimiser for the
utility maximisation problem on the positive half-line can be approximated by the Radon—
Nikodym derivatives of an ELMMs. To ensure this in our “abstract setting”, one has by
Proposition 3.2 in [41] to use that the set D is the closed, convex and solid hull of D in
LY (P) and that D is closed under countable convex combinations. This follows immediately
from the assumption that D is convex and closed in probability and an application of the
the monotone convergence theorem.

Step 3 and step 10 show in addition dynamic properties of the primal and dual optimiser
that we do not assert and therefore do not need to prove here. ]

Applying the abstract duality theorem above to portfolio optimisation under transaction
costs then allows us to prove Theorem 3.1.

Proof of Theorem 3.1. We begin by recalling some of the definitions for portfolio optimisa-
tion under transaction costs for utility functions on the positive half line from [20].

For x > 0, we denote by A* x) the set of all self-financing trading strategies ¢ =
(9, o1 )o<t<r under transaction costs starting with initial endowment (], ¢3) = (z,0) that
are 0-admissible, i.e. V(o) > 0 for all t € [0,T]. The set B (y) of all optional strong
supermartingale deflators consists of all pairs of non-negative optional strong supermartin-
gales Y = (Y2, V' )o<i<r such that Yy =y, Y! = YOS for some [(1 — \)S, S]-valued process
S = (S)oci<r and YO( + ©'S) = YOu + Y1p! is a non-negative optional strong super-
martingale for all ¢ € A(1). Note that Z* C Z2 C B(1).
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We define the following sets

Cr =CM1) = {V7(p) | p € AM1)},
CMx) = {Vi(p) | p € Aa)}, x>0,

DY =DN1) = {Y7 | Y € BN1)},
DMNy) ={Y7 | Y € B(y)} =yD*, y>0,

DN={Z} | Z € Z}},

D' ={2% |z e 2.

Under the assumptions of Theorem 3.1 we have by Lemma A.1 in [20] that C* is a closed,
convex and bounded subset of L% (P) containing the constant 1, that D* coincides with the
polar (C*)° of C* in L% (P) and that D* is the closed, convex and solid hull of D* in L} (P).

In order to deduce the Duality Theorem 3.1 by applying the abstract version (Theorem

Al)forC=C"D=D" D=D"and D = D" we therefore only need to verify that

D*={he€D"|h>0and E[h] =1}, (A.5)
D' ={heD| E[n =1} (A.6)

We begin with (A.6). Recall that by the definition of D there exists Y = (?f, ?tl)OStST €
B*(1) such that 75} = h. Since Y = (7? Jo<t<T IS a non-negative optional strong super-
martingale starting at 78 = 1, the condition E[?;] = EJh| = 1 implies that Y is a true
martingale and hence cadlag. To see the local martingale property of v = (73 Jo<t<T,
we need to use the local boundedness of S = (S;)o<t<r. Let (7,)32, be a localising se-
quence of stopping times tending stationarily to 7" such that supyc,<r S/* < n on {Sy < n}.
Since Y is a non-negative optional strong supermartingale, we only need to show that
E [?j_nﬂ_{sogn}] > E[?éﬂ_{gosn}] to establish the local martingale property of Y with localis-
ing sequence (0,,);2; of stopping times given by o, = 7, L{s,<n}-

For this, consider, for m > n, the self-financing trading strategy ¢ = (go?””, 90; " Vo<t<r
under transaction costs that starts at ¢* = (1,0), sells % shares of stock immediately after
time 0 on {Sy < n} and, if 7, < T, buys them back again at time 7,,. That is '™ =
(= Ljo1 + L 11) Lsosny and @ = 1+ ((1 = N)SoTjo.r) = 5Sr Limn 1) Lisosny-
The liquidation value of this strategy is given by

‘/tliq(g@m) =14+ (%(1 — )\)S() — %STm/\t) I]-{Sogn} Z 07 0 S 13 S T.

Therefore ¢™ is O-admissible and 70300”" +?lgpl’m is an optional strong supermartingale so
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that
-_0 O’m —1 1,m
1> E\Yo 00 +Yoipoy ]
o .
=F Yo(l + %(1 - )\)Soﬂ{sogn}) - %Y0+1{SOSN}]

> BV, Q0"+ Y, gk

=0 =1 =0
> B | (V0,00 + V0,057 ) Ly + Y7, VES(0™) L)

—0 —1
= E |:<YTn (1 + %(1 - /\)SOH{SOSH}) - %YTn]l{SOSn}) H{Tm:T}]

=0
+ E[an(l + (1= A)Solsp<n) — %Smﬂ{sogn})ﬂ{rmd}]
By the martingale property of Y this implies

LBV Lsozny] = —2E[YV, Ysyzny Lmnery] — B[V o, (1= A)Sn, Lisy<ny Lirm<r]
(A7)

and therefore

B[V, Uisem] 2 E[Vor Lisycn)]

after multiplying both sides of (A.7) with m and then sending m to infinity, where we

use that P(7,, < T) — 0, as m — o0. As Y = (??)OStST and S = (S¢)o<t<r are both

cadlag, we can modify Y = (72 Jo<t<T at time 0 by setting ?(1] = 7(1) , to obtain that
Y = (73,72 Jo<t<r is a pair consisting of a martingale Y and a local martingale Y such
that there exists an [(1 — A)S, S]-valued process such that Y =Y'5. So we get that there
exists Y = (?0,71) € Z) such that 7(% = h and therefore (A.6). If 7(% = h > 0, then
Y =(".Y') € 2, which proves (A.5). O

The following auxiliary result was used in the proof of Lemma 4.5.

Lemma A.2. Under the assumptions of Theorem A.1, let (g,)%, be any sequence of random
1 ~ 1 ~

variables in Cy(z) satisfying U(gy) Lo, U(g(x)). Then h(y(x))gn Lo, h(y(x))g(z).

Proof. Since U’ is non-negative and decreasing, we can estimate

(V) - U@@)) = U'@@)) (9. — ()~

Together with the L'-convergence of U(g,) to U (Z]\(x)), this implies that

(V' (3@)) (9~ 5() ")

is uniformly integrable and hence that

e}

n=1

U (5(2)) (90 — 5())” 225 0,
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1
since U(gn) LGN U(g(x)) yields that g, L g(r) € L°%(P;R U {oc}) by the strict mono-
tonicity of U. Therefore, we obtain that

lim F [U’(fq\(a:)) (gn — ﬁ(:p))] >0 (A.8)

n—o0

by the generalised version of Fatou’s lemma. By parts 3) and 4) of Theorem A.1, we have
that U'(g(z)) = y(z)h(y(z)) € y(z)D and

~

E[U(G(x)) (9. — §(2))] = G(=)E [h(yf(x)) (gn — a(x))} <0. (A.9)

Combining (A.8) and (A.9) gives lim,_,o, E [U’ (fq\(x)) (gn — §(az))} = 0 and therefore that

U (§(@)) (g0 — 5)) " 2 0.

The convergence E(@(x))gn LR, ?L(ﬂ(x))’g\(x) then follows, since U’(g(z)) = Q(x)ﬁ@(x))
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