C_n AND D_n VERY-WELL-POISED_{10}ϕ_9 TRANSFORMATIONS

GAURAV BHATNAGAR AND MICHAEL SCHLOSSER^†

Abstract. In this paper we derive multivariable generalizations of Bailey’s classical terminating balanced very-well-poised_{10}ϕ_9 transformation. We work in the setting of multiple basic hypergeometric series very-well-poised on the root systems A_n, C_n, and D_n. Following the distillation of Bailey’s ideas by Gasper and Rahman [11], we use a suitable interchange of multisums. We obtain C_n and D_{n 10}ϕ_9 transformations combined with A_n, C_n, and D_n extensions of Jackson’s_8ϕ_7 summation. Milne and Newcomb have previously obtained an analogous formula for A_n series. Special cases of our_{10}ϕ_9 transformations include several new multivariable generalizations of Watson’s transformation of an_8ϕ_7 into a multiple of a_4ϕ_3 series. We also deduce multidimensional extensions of Sears’_4ϕ_3 transformation formula, the second iterate of Heine’s transformation, the q-Gauss summation theorem, and of the q-binomial theorem.

1. Introduction

The Rogers–Ramanujan identities are perhaps the most celebrated identities involving basic hypergeometric series. G. N. Watson [35] proved these identities by first finding a q-analogue of Whipple’s [36] transformation formula, taking suitable limiting cases, and then invoking Jacobi’s triple product identity [1, 18]. Watson’s proof of his transformation formula was analogous to Whipple’s [37] second proof of his identity. He used a polynomial argument and Jackson’s [16] q- Pfaff–Saalschütz theorem, a summation theorem for a terminating and balanced_3ϕ_2 series. Bailey [4] observed that Whipple’s ideas could be

1991 Mathematics Subject Classification. Primary: 33D70; Secondary: 05A19, 33D20.

Key words and phrases. multiple basic hypergeometric series associated to root systems A_n, C_n, and D_n, Jackson’s_8ϕ_7 summations, terminating_{10}ϕ_9 transformations, Watson’s transformations, Sears’_4ϕ_3 transformations, Heine’s_2ϕ_1 transformation, q-Gauss summation, q-binomial theorem.

† M. Schlosser was supported by the Austrian Science Foundation FWF, grant P10191-MAT. 1

2 GAURAV BHATNAGAR AND MICHAEL SCHLOSSER

extended further, by using Jackson’s [17] q-Dougall summation theorem, which is a summation theorem for a terminating and balanced_8ϕ_7 sum, and which contains the q-Pfaff–Saalschütz summation as a special case. The result was Bailey’s_{10}ϕ_9 transformation formula, which converts a terminating, balanced, and very-well-poised_{10}ϕ_9 series into a multiple of a series of the same kind.

In this paper, we generalize Bailey’s_{10}ϕ_9 transformation formula to multiple series. The type of series appearing in our extensions of Bailey’s formula are referred to as multiple basic hypergeometric series, very-well-poised over the root systems A_n, C_n, or D_n. As special cases of our results, we find several new multivariable extensions of Watson’s transformation formula.

In an important paper, Andrews [2] indicated that it may be desirable to know all the multivariable generalizations of Watson’s formula. In particular, he asked for the q-analogue of the multivariable generalization of Whipple’s transformation found by Gustafson [12] for the type of series considered by Holman, Biedenharn and Louck [15]. This was done by Milne [21, 24], who adopted the terminology in [15] and called his series U(n + 1) series. That there was some relation of these series with root systems of type A_n was also shown by Milne [20], and later Gustafson [13] defined multiple basic hypergeometric series over the other root systems. However, it turns out that the difference between, for instance, A_n and C_n series, is largely one of name. Indeed, Milne’s elementary approach to A_n series appears to work as well on C_n and D_n series: these techniques led to C_n and D_n generalizations of Watson’s formula found by Milne and Lilly [25], and Bhatnagar [7], respectively.

Previously, Milne and Newcomb [26] have generalized Bailey’s formula to U(n + 1) multiple series, or equivalently to A_n series. As special cases, they also recover many A_n generalizations of Watson’s transformation found earlier by Milne [22, 24]. We use similar techniques and find C_n and D_n generalizations of the_{10}ϕ_9 transformation formula. Several different generalizations of Watson’s transformation follow from any one multivariable extension of Bailey’s formula. Thus we are able to unify all the previously known A_n, C_n, and D_n generalizations of Watson’s transformations [7, 21, 22, 24, 25]. In addition, we find 14 new A_n and D_n generalizations of Watson’s transformation.

The proofs of our results are generalizations of Bailey’s [3, 5] second proof of his transformation formula. Following the distillation of Bailey’s ideas by Gasper and Rahman [11], we use a suitable multivariable

Cn AND Dn VERY-WELL-POISED 10ϕ9 TRANSFORMATIONS 3

extension of the elementary interchange of summation argument: n∑ m=0 m∑ k=0 A(m) C(k, m) = n∑ k=0 n−k∑ m=0 A(m + k) C(k, m + k). (1.1)

When A and C are chosen so that the inner sums are both summable using Jackson’s q-Dougall sum, we obtain the_{10}ϕ_9 transformation formula. Essentially, Milne and Newcomb [26] use the same model in their derivation, except that they follow the organization of Bailey’s ideas in Slater’s [33] book, rather than the simpler exposition by Gasper and Rahman [11].

Milne and Newcomb [26] used Milne’s [21] A_n generalization of Jackson’s_8ϕ_7 sum to sum up the inner sum on both sides of a suitable multivariable generalization of (1.1). However, this is not the only multivariable generalization of Jackson’s sum. A C_n extension was found independently by Denis and Gustafson [10] and by Milne and Lilly [25], and more recently, Bhatnagar [7] and Schlosser [29] have found D_n extensions of Jackson’s sum. To derive our C_n and D_{n 10}ϕ_9 transformations, we have used all possible combinations of these A_n, C_n and D_n summations. (The C_n extension of Jackson’s sum given by Schlosser [30, 31] is for a different type of series, and cannot be used to derive a multiple_{10}ϕ_9 transformation.) As one strange consequence of combining C_n and D_n theorems, we find a generalization of Bailey’s transformation, which converts a C_{n 10}ϕ_9 series into a multiple of an A_{n 10}ϕ_9 series. In this paper, while we follow the convention set by previous authors [7, 13, 25] of labeling our formulas as A_n, C_n, or D_n theorems, we do not hesitate to mix the different types of series if necessary.

The rest of this paper is organized as follows. In §2, we find a multivariable_{10}ϕ_9 transformation formula, which transforms a C_{n 10}ϕ_9 into a multiple of an A_{n 10}ϕ_9. In §3, we derive several D_{n 10}ϕ_9 transformation formulas. In §4, we present several Watson’s transformations which follow from our results in §2 and §3.

In §5, we present some A_n and D_n extensions of Sears’ [32]_4ϕ_3 transformation formula which follow immediately from our_{10}ϕ_9 transformations. In addition, we present a set of transformation and summation theorems which seem related to Milne’s earlier work, but have not been noticed previously. These include an A_n generalization of the second iterate of Heine’s transformation [14], an A_n extension of the q-Gauss summation [14], and an A_n extension of Cauchy’s [8] q-binomial theorem.

4 GAURAV BHATNAGAR AND MICHAEL SCHLOSSER

Finally, in Appendix A, we collect a useful lemma from Milne [23], and A_n, C_n, and D_n generalizations of Jackson’s sum from [7, 21, 25, 29].

Many of the calculations we use in our work are summarized in Appendix I of Gasper and Rahman’s [11] text on basic hypergeometric series. We will always refer to standard summation and transformation theorems from classical (one-variable) basic hypergeometric series from [11]. In addition, important multivariable techniques have been given by Milne [23], and summarized in [6, Chapter II].

This paper is part of the second author’s Ph.D. thesis [30], written under the direction of Professor C. Krattenthaler. We thank him for his helpful comments. We also thank Professor S. C. Milne for showing us his notes for [24].

In the rest of this section, we introduce some notation, and outline the main ideas we use from the theory of (classical) basic hypergeometric series [11]. We also indicate the conventions used in naming series appearing in this paper as A_n, C_n, or D_n series [7].

We recall the standard definition of the q-rising factorial. Let q be a complex number such that |q| < 1. Define

(a; q)_∞ := ∏ j≥0 (1 − aq^j ), and,

(a; q)_k := (a; q)_∞ (aq^k; q)_∞ (1.2) = k−1∏ j=0 (1 − aq^j ), (1.3)

where the equality (1.3) holds when k is a non-negative integer. Classical basic hypergeometric series (q-hypergeometric series) with r numerator parameters a_1, . . . , a_r and s denominator parameters b_1, . . . , b_s are defined as Definition 1.4 (_rϕ_s basic hypergeometric series). rϕ_s [ a_1, . . . , a_r b_1, . . . , b_s ; q, z ] := ∞∑ k=0 (a_1; q)_k (a_2; q)_k · · · (a_r; q)_k (q; q)_k (b_1; q)_k · · · (b_s; q)_k [ (−1)^kq(^{k2}) ]_{1+s−r} z^k, (1.5)

with (_k 2 ) = k(k − 1)/2, where q ≠ 0 when r > s + 1. The parameters b_1, . . . , b_s are such that the denominator factors in the terms of the series (1.5) are never zero.

Cn AND Dn VERY-WELL-POISED 10ϕ9 TRANSFORMATIONS 5

Since (q^{−n}; q)_k = 0, if k = n + 1, n + 2, . . . , an_rϕ_s series terminates if one of its numerator parameters is of the form q^{−n} with n = 0, 1, 2, . . . , and q ≠ 0. See [11] for the convergence criteria of these series when they do not terminate.

The theory of the (classical) basic hypergeometric series consists of several summation and transformation formulas involving_rϕ_s series. Most of the fundamental summation and transformation formulas involve series where r = s + 1. The classical summation theorems for terminating_3ϕ_2,_6ϕ_5, and_8ϕ_7 series require that the parameters satisfy the additional condition of being either balanced and/or verywell-poised. An_{r+1}ϕ_r basic hypergeometric series is called balanced if b_1 · · · b_r = a_1 · · · a_{r+1}q and z = q. An_{r+1}ϕ_r series is well-poised if a_1q = a_2b_1 = · · · = a_{r+1}b_r. It is called very-well-poised if it is wellpoised and if a_2 = q √ a_1 and a_3 = −q √ a_1. Note that the factor

1 − a_1q^{2k} 1 − a_1

(1.6)

appears in a very-well-poised series. The parameter a_1 is usually referred to as the special parameter of such a series.

With this notation, we now state Bailey’s [4]_{10}ϕ_9 transformation formula, which transforms a terminating_{10}ϕ_9 series, which is both balanced and very-well-poised, into a multiple of a series of the same type [11, equation (2.9.1)].

Theorem 1.7 (Bailey’s classical_{10}ϕ_9 transformation). Let a, b, c, d, e, and f be indeterminate, let n be a nonnegative integer, and suppose that none of the denominators in (1.8) vanish. Then

10ϕ_9 [ a, q √ a, −q √ a, b, c, d, e, f, λaq^{n+1}/ef, q^{−n} √ a, − √ a, aq/b, aq/c, aq/d, aq/e, aq/f, efq^{−n}/λ, aq^{n+1}; q, q ]

= (aq; q)_n (aq/ef; q)_n (λq/e; q)_n (λq/f; q)_n (λq/ef; q)_n (λq; q)_n (aq/f; q)_n (aq/e; q)_n ×_{10}ϕ_9 [ λ, q √ λ, −q √ λ, λb/a, λc/a, λd/a, e, f, λaq^{n+1}/ef, q^{−n} √ λ, − √ λ, aq/b, aq/c, aq/d, λq/e, λq/f, efq^{−n}/a, λq^{n+1} ; q, q ] , (1.8)

where λ = qa^2/bcd.

Proof. Following Gasper and Rahman [11], we indicate the main ideas in the proof of Theorem 1.7.

6 GAURAV BHATNAGAR AND MICHAEL SCHLOSSER

To derive (1.8), we start by writing the sum on the left hand side of (1.1) in the form n∑ m=0 A(m) B(m), (1.9)

where B(m) = m∑ k=0 C(k, m). We delay the choice of A(m) for now. Choose B(m) as B(m) = (b; q)_m (c; q)_m (d; q)_m (λq; q)_m (aq/b; q)_m (aq/c; q)_m (aq/d; q)_m (a/λ; q)_m . The choice of B(m) is motivated by the product side of Jackson’s [17] terminating balanced very-well-poised_8ϕ_7 summation:

Theorem 1.10 (Jackson’s classical_8ϕ_7 summation). Let a, b, c, and d be indeterminate, let n be a nonnegative integer and suppose that none of the denominators in (1.11) vanish. Then

8ϕ_7 [ a, q √ a, −q √ a, b, c, d, a^2q^{n+1}/bcd, q^{−n} √ a, − √ a, aq/b, aq/c, aq/d, bcdq^{−n}/a, aq^{n+1}; q, q ]

= (aq; q)_n (aq/bc; q)_n (aq/bd; q)_n (aq/cd; q)_n (aq/bcd; q)_n (aq/d; q)_n (aq/c; q)_n (aq/b; q)_n . (1.11)

Theorem 1.10 is equation (2.6.2) of [11], where we have chosen to replace e by a^2q^{n+1}/bcd explicitly.

We continue our derivation of Theorem 1.7. B(m) is the a → λ, b → λb/a, c → λc/a, d → λd/a, and n → m case of the product side of (1.11), provided λ = qa^2/bcd. Replace B(m) in (1.9), by this case of the_8ϕ_7 sum in (1.11), and obtain a double sum in the same form as the left hand side of (1.1). Here, C(k, m) represents the summand in the above specialization of the_8ϕ_7.

Next, we interchange the summation as in (1.1). Now it is not difficult to choose A(m) so that the inner sum is also summable by using Jackson’s sum. The choice of A(m) which works is given by A(m) = (1 − aq^{2m}) (a; q)_m (e; q)_m (f; q)_m (aλq^{1+n}/ef; q)_m (a/λ; q)_m (q^{−n}; q)_m (1 − a) (q; q)_m (aq/e; q)_m (aq/f; q)_m (efq^{−n}/λ; q)_m (λq; q)_m (aq^{1+n}; q)_m q^m. With the above choice of A(m) and B(m), (1.9) becomes the_{10}ϕ_9 on the left hand side of Theorem 1.7. Finally, we use the a → aq^k, b → eq^k, c → fq^k, d → a/λ, and n → n − k case of (1.11) to sum the inner sum on the right hand side of (1.1). Some elementary simplification using

Cn AND Dn VERY-WELL-POISED 10ϕ9 TRANSFORMATIONS 7

the identities in [11, Appendix I] completes the proof of Theorem 1.7. For more details, see [11]. □

Next, we note the conventions for naming our series as A_n, C_n, or D_n basic hypergeometric series. We consider multiple series of the form ∑ ki≥0 i=1,...,n S(k), (1.12)

where k = (k_1, . . . , k_n), which reduce to classical basic hypergeometric series when n = 1. We call such a multiple basic hypergeometric series balanced if it reduces to a balanced series when n = 1. Well-poised and very-well-poised series are defined similarly.

Further, such a multiple series is called a C_n basic hypergeometric series if the summand S(k) contains the factor ∏ 1≤i<j≤n [ 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j ] ∏ 1≤i<j≤n [ 1 − q^{ki+kj} x_ix_j 1 − x_ix_j ]_n∏ i=1 [ 1 − x^2_i q^{2ki} 1 − x^2_i ] . (1.13)

Note that when n = 1, the first two factors disappear, and (1.13) reduces to 1 − x^2_1q^{2k1} 1 − x^2_1

. (1.14)

The ratio (1.14) is reminiscent of (1.6). Indeed, in C_n series, x^2_1 acts like the special parameter of a very-well poised series. In our statements of C_n theorems, we set x_i → √ ax_i for i = 1, . . . , n, and make similar changes to other parameters in S(k). This is done in order to follow the classical notation in [11] as closely as possible. See our remarks after Theorem 2.1 and Theorem 3.1. A typical example of a C_n basic hypergeometric series is the left hand side of (A.7).

D_n multiple basic series are closely related to C_n series. Instead of (1.13), S(k) only has the following factors: ∏ 1≤i<j≤n [ 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j ] ∏ 1≤i<j≤n [ 1 − q^{ki+kj} x_ix_j 1 − x_ix_j ] . (1.15)

A typical example is the left hand side of (A.13).

Finally, A_n basic hypergeometric series only have ∏ 1≤i<j≤n [ 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j ] (1.16)

as a factor of S(k). A typical example is the left hand side of (A.4). The other differences between A_n, C_n, and D_n series are best understood

8 GAURAV BHATNAGAR AND MICHAEL SCHLOSSER

by comparing the different types of series appearing in this paper. A reason for naming these series as A_n, C_n, or D_n series is that (1.16), (1.13), and (1.15) are closely associated with the product side of the Weyl denominator formulas for the respective root systems, see [7, 34].

We terminate our multiple series in two ways: If the summand contains the factor_n ∏ i,j=1 (q^{−Nj} x_i/x_j; q)_{ki} in the numerator, then it vanishes if k_i > N_i for i = 1, 2, . . . , n. In this case we have the natural bounds 0 ≤ k_i ≤ N_i, for i = 1, 2, . . . , n, and we say that the series is summed over an n-rectangle. On the other hand, if the summand contains the factor (q^{−N} ; q)_{k1+···+kn} in the numerator, then it vanishes if k_1 + · · · + k_n > N. In this case we have the natural bound 0 ≤ k_1 + · · · + k_n ≤ N for all k_i ≥ 0, and we say that the series is summed over an n-tetrahedron. Many identities involving series summed over an n-rectangle are equivalent to a corresponding identity, where the the series involved are summed over an n-tetrahedron, see e.g. Theorem 3.1 and Theorem 3.7, or Theorem 3.9 and Theorem 3.11.

Finally, we mention some notation used to simplify our displays. We employ the notation |k| for (k_1 + · · · + k_n), where k = (k_1, . . . , k_n). This notation is also applied to the vectors N and m. We also find it useful to denote by m + k the vector (m_1 + k_1, . . . , m_n + k_n) formed by component-wise addition of the two vectors.

2. A C_{n 10}ϕ_9 transformation

In this section, we present a C_n generalization of Theorem 1.7. We use a straightforward multiple series extension of (1.1), and two multiple series generalizations of Theorem 1.10. These are: A D_n extension of Jackson’s sum found by Schlosser [29, 30]; and a C_n summation theorem found independently by Denis and Gustafson [10] and Milne and Lilly [25]. These results are presented in the appendix, see Theorem A.12 and Theorem A.6. Consider the substitutions a → qa^2/bcd, b → aq/cd, c → aq/bd, d → aq/bc in Theorem 1.7. With these substitutions, λ becomes a, and the_{10}ϕ_9 on the right hand side of (1.8) gets transformed into the one on the left, and vice-versa. Once again, we obtain Bailey’s formula (1.8). This is quite a striking symmetry of Bailey’s transformation. This symmetry holds for all the multiple series extensions of (1.8) in

Cn AND Dn VERY-WELL-POISED 10ϕ9 TRANSFORMATIONS 9

[26] and in §3. Remarkably enough, it does not hold in the following generalization of Theorem 1.7:

Theorem 2.1 (A C_{n 10}ϕ_9 transformation). Let a, b, c, d, e, f, and x_1, . . . , x_n be indeterminate, let N_i be nonnegative integers for i = 1, 2, . . . , n with n ≥ 1, and suppose that none of the denominators in (2.2) vanish. Then ∑ 0≤k_i≤N_i i=1,2,...,n

(_n ∏ i=1 ( 1 − ax^2_i q^{2ki} 1 − ax^2_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j 1 − ax_ix_j q^{ki+kj} 1 − ax_ix_j )

× n∏ i,j=1 (q^{−Nj} x_i/x_j; q)_{ki} (ax_ix_j ; q)_{ki} (qx_i/x_j; q)_{ki} (ax_ix_j q^{1+Nj} ; q)_{ki} × n∏ i=1 (bx_i; q)_{ki} (cx_i; q)_{ki} (dx_i; q)_{ki} (ax_iq/b; q)_{ki} (ax_iq/c; q)_{ki} (ax_iq/d; q)_{ki} × n∏ i=1 (ex_i; q)_{ki} (fx_i; q)_{ki} (aλx_iq^{1+|N|}/ef; q)_{ki} (ax_iq/e; q)_{ki} (ax_iq/f; q)_{ki} (efx_iq^{−|N|}/λ; q)_{ki} q^{∑ni=1 i ki} )

= ∏ 1≤i<j≤n (ax_ix_j q; q)^{−1}_{Ni+Nj} n∏ i,j=1 (ax_ix_j q; q)_{Ni}

× (λq/e; q)_{|N|} (λq/f; q)_{|N|} (aq/ef; q)_{|N|} n∏ i=1 [(λx_iq; q)_{Ni} (ax_iq/e; q)_{Ni} (ax_iq/f; q)_{Ni} (λq^{1+|N|−Ni} /efx_i; q)_{Ni} ] × ∑ 0≤k_i≤N_i i=1,2,...,n

(_n ∏ i=1 ( 1 − λx_iq^{ki+|k|} 1 − λx_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )

× n∏ i,j=1 (q^{−Nj} x_i/x_j ; q)_{ki} (qx_i/x_j; q)_{ki} n∏ i=1 (λx_i; q)_{|k|} (λx_iq^{1+Ni} ; q)_{|k|} × n∏ i=1 (ex_i; q)_{ki} (fx_i; q)_{ki} (aλx_iq^{1+|N|}/ef; q)_{ki} (ax_iq/b; q)_{ki} (ax_iq/c; q)_{ki} (ax_iq/d; q)_{ki} × (λb/a; q)_{|k|} (λc/a; q)_{|k|} (λd/a; q)_{|k|} (λq/e; q)_{|k|} (λq/f; q)_{|k|} (efq^{−|N|}/a; q)_{|k|} q^{∑ni=1 i ki} ) , (2.2)

where λ = qa^2/bcd.

Remark 2.3. Theorem 2.1 is equivalent to its special case where a = 1. However, we have stated it with one extra parameter in order to closely follow Gasper and Rahman [11]. When a = 1 in (2.2), it is easy to find

10 GAURAV BHATNAGAR AND MICHAEL SCHLOSSER

(1.13) on the left hand side of the resulting transformation. Thus we call it a C_n sum. The sum on the right hand side of (2.2) is an A_n sum. Remark 2.4. We call Theorem 2.1 a C_n theorem, since a limiting case yields Milne and Lilly’s [25] C_n generalization of Watson’s transformation. However, note that (2.2) transforms a terminating, balanced, and very-well-poised C_{n 10}ϕ_9 sum into a multiple of a terminating A_n series, which is also balanced and very-well-poised. In view of our earlier remarks, it may also be written so that it transforms an A_n series into a C_n series.

Proof. The left side of (2.2) can be written in the form ∑ 0≤m_i≤N_i i=1,2,...,n A(m) B(m), (2.5)

where

A(m) = n∏ i=1 ( 1 − ax^2_i q^{2mi} 1 − ax^2_i ) ∏ 1≤i<j≤n ( 1 − q^{mi−mj} x_i/x_j 1 − x_i/x_j 1 − ax_ix_j q^{mi+mj} 1 − ax_ix_j )

× n∏ i=1 (ex_i; q)_{mi} (fx_i; q)_{mi} (aλx_iq^{1+|N|}/ef; q)_{mi} (ax_i/λ; q)_{mi} (ax_iq/e; q)_{mi} (ax_iq/f; q)_{mi} (efx_iq^{−|N|}/λ; q)_{mi} (λx_iq; q)_{mi} × n∏ i,j=1 (q^{−Nj} x_i/x_j ; q)_{mi} (ax_ix_j ; q)_{mi} (qx_i/x_j ; q)_{mi} (ax_ix_j q^{1+Nj} ; q)_{mi} q^{∑ni=1 i mi} and B(m) = n∏ i=1 (bx_i; q)_{mi} (cx_i; q)_{mi} (dx_i; q)_{mi} (λx_iq; q)_{mi} (ax_iq/b; q)_{mi} (ax_iq/c; q)_{mi} (ax_iq/d; q)_{mi} (ax_i/λ; q)_{mi} . By Theorem A.12 we may substitute ∑ 0≤k_i≤m_i i=1,2,...,n

(_n ∏ i=1 ( 1 − λx_iq^{ki+|k|} 1 − λx_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )

× ∏ 1≤i<j≤n (ax_ix_j ; q)^{−1}_{ki+kj} n∏ i,j=1 (ax_ix_j q^{mj} ; q)_{ki}

× n∏ i,j=1 (q^{−mj} x_i/x_j; q)_{ki} (qx_i/x_j; q)_{ki} n∏ i=1 (λx_i; q)_{|k|} (λq/ax_i; q)_{|k|−ki} (λx_iq^{1+mi} ; q)_{|k|} (λq^{1−mi} /ax_i; q)_{|k|} × (λb/a; q)_{|k|} (λc/a; q)_{|k|} (λd/a; q)_{|k|} n∏ i=1 [(ax_iq/b; q)_{ki} (ax_iq/c; q)_{ki} (ax_iq/d; q)_{ki} ] q^{∑ni=1 i ki} ) (2.6)

Cn AND Dn VERY-WELL-POISED 10ϕ9 TRANSFORMATIONS 11

for B(m) in (2.5). Write C(k, m) for the summand in (2.6). Thus, the left side of (2.2) equals ∑ 0≤m_i≤N_i i=1,...,n ∑ 0≤k_i≤m_i i=1,...,n A(m) C(k, m).

Now we interchange the summations ∑ 0≤k_i≤N_i i=1,...,n ∑ k_i≤m_i≤N_i i=1,...,n A(m) C(k, m),

and after shifting each m_i to m_i + k_i in the inner sum while changing the range of summation we obtain ∑ 0≤k_i≤N_i i=1,...,n ∑ 0≤m_i≤N_i−k_i i=1,...,n A(m + k) C(k, m + k). (2.7)

Explicitly, after rearranging terms, (2.7) is ∑ 0≤k_i≤N_i i=1,2,...,n

(_n ∏ i=1 ( 1 − λx_iq^{ki+|k|} 1 − λx_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )

× ∏ 1≤i<j≤n (ax_ix_j ; q)^{−1}_{ki+kj} n∏ i,j=1 (ax_ix_j q^{kj} ; q)_{ki}

× n∏ i,j=1 (q^{−kj} x_i/x_j ; q)_{ki} (qx_i/x_j; q)_{ki} n∏ i=1 (λx_i; q)_{|k|} (λq/ax_i; q)_{|k|−ki} (λx_iq^{1+ki} ; q)_{|k|} (λq^{1−ki} /ax_i; q)_{|k|} × (λb/a; q)_{|k|} (λc/a; q)_{|k|} (λd/a; q)_{|k|} n∏ i=1 [(ax_iq/b; q)_{ki} (ax_iq/c; q)_{ki} (ax_iq/d; q)_{ki} ] q^{∑ni=1 i ki}

× n∏ i=1 ( 1 − ax^2_i q^{2ki} 1 − ax^2_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j 1 − ax_ix_j q^{ki+kj} 1 − ax_ix_j )

× n∏ i=1 (ex_i; q)_{ki} (fx_i; q)_{ki} (aλx_iq^{1+|N|}/ef; q)_{ki} (ax_i/λ; q)_{ki} (ax_iq/e; q)_{ki} (ax_iq/f; q)_{ki} (efx_iq^{−|N|}/λ; q)_{ki} (λx_iq; q)_{ki} × n∏ i,j=1 (q^{−Nj} x_i/x_j; q)_{ki} (ax_ix_j ; q)_{ki} (qx_i/x_j; q)_{ki} (ax_ix_j q^{1+Nj} ; q)_{ki} q^{∑ni=1 i ki}

× ∑ 0≤m_i≤N_i−k_i i=1,2,...,n ∏ 1≤i<j≤n ( 1 − q^{mi−mj +ki−kj} x_i/x_j 1 − q^{ki−kj} x_i/x_j 1 − ax_ix_j q^{ki+kj +mi+mj} 1 − ax_ix_j q^{ki+kj} )

12 GAURAV BHATNAGAR AND MICHAEL SCHLOSSER × n∏ i=1 ( 1 − ax^2_i q^{2ki+2mi} 1 − ax^2_i q^{2ki} )_n∏ i=1 (ex_iq^{ki} ; q)_{mi} (fx_iq^{ki} ; q)_{mi} (ax_iq^{1+ki} /e; q)_{mi} (ax_iq^{1+ki} /f; q)_{mi} × n∏ i=1 (aλx_iq^{1+ki+|N|}/ef; q)_{mi} (ax_iq^{ki−|k|}/λ; q)_{mi} (efx_iq^{ki−|N|}/λ; q)_{mi} (λx_iq^{1+ki+|k|}; q)_{mi} × n∏ i,j=1 (q^{ki−Nj} x_i/x_j; q)_{mi} (ax_ix_j q^{ki+kj} ; q)_{mi} (q^{1+ki−kj} x_i/x_j ; q)_{mi} (ax_ix_j q^{1+ki+Nj} ; q)_{mi} q^{∑ni=1 i mi} ) . Summing the inner sum by means of the b → e, c → f, d → aq^{−|k|}/λ, x_i → x_iq^{ki} , N_i → N_i − k_i, for i = 1, 2, . . . , n case of Theorem A.6 and simplifying terms by Lemma A.1 and some elementary manipulations (cf. [11, Appendix I]), we obtain the right side of (2.2). □

Remark 2.8. An alternative way to derive Theorem 2.1 is to use Theorem A.6 in the inner sum, and then employ Bhatnagar’s D_{n 8}ϕ_7 summation, Theorem A.9, after exchanging sums. Then we would arrive at identity (2.2) too, but with the right hand side on the left and viceversa.

3. Some D_{n 10}ϕ_9 transformations

In this section, we follow the method of §2 and derive some D_{n 10}ϕ_9 transformations. We use various A_n and D_n extensions of Jackson’s sum which are collected together in Appendix A. For instance, by combining the D_n summation theorems of Bhatnagar [7] and Schlosser [29], we obtain Theorem 3.1. Instead, by combining Bhatnagar’s [7] D_n Jackson’s sum with Milne’s [21] A_n sum, we get another D_n transformation, Theorem 3.9. In addition, by reversing series, and relabeling parameters, we obtain Theorem 3.13.

The transformation formulas obtained in this manner involve series which are summed over an n-rectangle. A standard polynomial argument, see for example [23], leads to an equivalent formulation of each of these transformations, where the series involved are summed over an n-tetrahedron.

We begin by combining both D_{n 8}ϕ_7 summations, Theorem A.9 and Theorem A.12, to obtain the following D_n transformation. Theorem 3.1 (A D_{n 10}ϕ_9 transformation). Let a, b, c, d, e, f and x_1, . . . , x_n be indeterminate, let N_i be nonnegative integers for

Cn AND Dn VERY-WELL-POISED 10ϕ9 TRANSFORMATIONS 13

i = 1, 2, . . . , n with n ≥ 1, and suppose that none of the denominators in (3.2) vanish. Then ∑ 0≤k_i≤N_i i=1,2,...,n

(_n ∏ i=1 ( 1 − ax_iq^{ki+|k|} 1 − ax_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )

× ∏ 1≤i<j≤n (ax_ix_j q/d; q)_{ki+kj} (λax_ix_j q/ef; q)_{ki+kj} n∏ i=1 (ef/λx_i; q)_{|k|−ki} (d/x_i; q)_{|k|−ki} × n∏ i,j=1 (q^{−Nj} x_i/x_j; q)_{ki} (λax_ix_j q^{1+Nj} /ef; q)_{ki} (qx_i/x_j ; q)_{ki} (ax_ix_j q/d; q)_{ki} × n∏ i=1 (ax_i; q)_{|k|} (d/x_i; q)_{|k|} (ax_iq^{1+Ni} ; q)_{|k|} (efq^{−Ni} /λx_i; q)_{|k|} × n∏ i=1 (bx_i; q)_{ki} (cx_i; q)_{ki} (ax_iq/e; q)_{ki} (ax_iq/f; q)_{ki} × (e; q)_{|k|} (f; q)_{|k|} (aq/b; q)_{|k|} (aq/c; q)_{|k|} q^{∑ni=1 i ki} )

= n∏ i=1 (ax_iq; q)_{Ni} (ax_iq/ef; q)_{Ni} (λx_iq/e; q)_{Ni} (λx_iq/f; q)_{Ni} (λx_iq/ef; q)_{Ni} (λx_iq; q)_{Ni} (ax_iq/f; q)_{Ni} (ax_iq/e; q)_{Ni} × ∑ 0≤k_i≤N_i i=1,2,...,n

(_n ∏ i=1 ( 1 − λx_iq^{ki+|k|} 1 − λx_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )

× ∏ 1≤i<j≤n (ax_ix_j q/d; q)_{ki+kj} (λax_ix_j q/ef; q)_{ki+kj} n∏ i=1 (ef/ax_i; q)_{|k|−ki} (λd/ax_i; q)_{|k|−ki} × n∏ i,j=1 (q^{−Nj} x_i/x_j; q)_{ki} (λax_ix_j q^{1+Nj} /ef; q)_{ki} (qx_i/x_j ; q)_{ki} (ax_ix_j q/d; q)_{ki} × n∏ i=1 (λx_i; q)_{|k|} (λd/ax_i; q)_{|k|} (λx_iq^{1+Ni} ; q)_{|k|} (efq^{−Ni} /ax_i; q)_{|k|} × n∏ i=1 (λbx_i/a; q)_{ki} (λcx_i/a; q)_{ki} (λx_iq/e; q)_{ki} (λx_iq/f; q)_{ki} × (e; q)_{|k|} (f; q)_{|k|} (aq/b; q)_{|k|} (aq/c; q)_{|k|} q^{∑ni=1 i ki} ) , (3.2)

14 GAURAV BHATNAGAR AND MICHAEL SCHLOSSER

where λ = qa^2/bcd.

Remark 3.3. Theorem 3.1 is equivalent to its special case obtained by setting d → aq/d, and then d = 1. However, we have stated it with one extra parameter in order to closely follow Gasper and Rahman [11]. In the above special case of (3.2), it is easy to find (1.15) in both sums of the resulting transformation. Thus we call it a transformation formula for D_n series. A similar remark applies to all the multivariable identities in this paper.

Proof. The left side of (3.2) can be written in the form (2.5) where

A(m) = n∏ i=1 ( 1 − ax_iq^{mi+|m|} 1 − ax_i ) ∏ 1≤i<j≤n ( 1 − q^{mi−mj} x_i/x_j 1 − x_i/x_j )

× ∏ 1≤i<j≤n (λax_ix_j q/ef; q)^{−1}_{mi+mj} n∏ i,j=1 (λax_ix_jq^{1+Nj} /ef; q)_{mi}

× n∏ i,j=1 (q^{−Nj} x_i/x_j; q)_{mi} (qx_i/x_j ; q)_{mi} n∏ i=1 (ax_i; q)_{|m|} (ef/λx_i; q)_{|m|−mi} (ax_iq^{1+Ni} ; q)_{|m|} (efq^{−Ni} /λx_i; q)_{|m|} × (e; q)_{|m|} (f; q)_{|m|} (a/λ; q)_{|m|} n∏ i=1 [(ax_iq/e; q)_{mi} (ax_iq/f; q)_{mi} (λx_iq; q)_{mi} ] q^{∑ni=1 i mi}

and B(m) = ∏ 1≤i<j≤n (ax_ix_j q/d; q)_{mi+mj} n∏ i,j=1 (ax_ix_jq/d; q)^{−1}_{mi}

× n∏ i=1 [ (bx_i; q)_{mi} (cx_i; q)_{mi} (dq^{|m|−mi} /x_i; q)_{mi} (λx_iq; q)_{mi} ] (aq/b; q)_{|m|} (aq/c; q)_{|m|} (a/λ; q)_{|m|} . By Theorem A.9 we may substitute ∑ 0≤k_i≤m_i i=1,2,...,n

(_n ∏ i=1 ( 1 − λx_iq^{ki+|k|} 1 − λx_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )

× ∏ 1≤i<j≤n (ax_ix_j q/d; q)_{ki+kj} n∏ i,j=1 (ax_ix_j q/d; q)^{−1}_{ki}

× n∏ i,j=1 (q^{−mj} x_i/x_j ; q)_{ki} (qx_i/x_j ; q)_{ki} n∏ i=1 (λx_i; q)_{|k|} (λd/ax_i; q)_{|k|} (λx_iq^{1+mi} ; q)_{|k|} (λd/ax_i; q)_{|k|−ki}

Cn AND Dn VERY-WELL-POISED 10ϕ9 TRANSFORMATIONS 15

× n∏ i=1 [ (λbx_i/a; q)_{ki} (λcx_i/a; q)_{ki} (ax_iq^{|m|}; q)_{ki} ] (aq/b; q)_{|k|} (aq/c; q)_{|k|} (λq^{1−|m|}/a; q)_{|k|} q^{∑ni=1 i ki} ) (3.4)

for B(m) in (2.5). Write C(k, m) for the summand in (3.4). As in the proof of Theorem 2.1, the left side of (3.2) equals ∑ 0≤k_i≤N_i i=1,...,n ∑ 0≤m_i≤N_i−k_i i=1,...,n A(m + k) C(k, m + k). (3.5)

Explicitly, after rearranging terms, (3.5) is ∑ 0≤k_i≤N_i i=1,2,...,n

(_n ∏ i=1 ( 1 − λx_iq^{ki+|k|} 1 − λx_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )

× ∏ 1≤i<j≤n (ax_ix_j q/d; q)_{ki+kj} n∏ i,j=1 (ax_ix_j q/d; q)^{−1}_{ki}

× n∏ i,j=1 (q^{−kj} x_i/x_j ; q)_{ki} (qx_i/x_j; q)_{ki} n∏ i=1 (λx_i; q)_{|k|} (λd/ax_i; q)_{|k|} (λx_iq^{1+ki} ; q)_{|k|} (λd/ax_i; q)_{|k|−ki}

× n∏ i=1 [ (λbx_i/a; q)_{ki} (λcx_i/a; q)_{ki} (ax_iq^{|k|}; q)_{ki} ] (aq/b; q)_{|k|} (aq/c; q)_{|k|} (λq^{1−|k|}/a; q)_{|k|} q^{∑ni=1 i ki} × n∏ i=1 ( 1 − ax_iq^{ki+|k|} 1 − ax_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )

× ∏ 1≤i<j≤n (λax_ix_j q/ef; q)^{−1}_{ki+kj} n∏ i,j=1 (λax_ix_j q^{1+Nj} /ef; q)_{ki}

× n∏ i,j=1 (q^{−Nj} x_i/x_j ; q)_{ki} (qx_i/x_j; q)_{ki} n∏ i=1 (ax_i; q)_{|k|} (ef/λx_i; q)_{|k|−ki} (ax_iq^{1+Ni} ; q)_{|k|} (efq^{−Ni} /λx_i; q)_{|k|} × (e; q)_{|k|} (f; q)_{|k|} (a/λ; q)_{|k|} n∏ i=1 [(ax_iq/e; q)_{ki} (ax_iq/f; q)_{ki} (λx_iq; q)_{ki} ] q^{∑ni=1 i ki}

× ∑ 0≤m_i≤N_i−k_i i=1,2,...,n n∏ i=1 ( 1 − ax_iq^{ki+|k|+mi+|m|} 1 − ax_iq^{ki+|k|} ) ∏ 1≤i<j≤n ( 1 − q^{mi−mj +ki−kj} x_i/x_j 1 − q^{ki−kj} x_i/x_j )

16 GAURAV BHATNAGAR AND MICHAEL SCHLOSSER × ∏ 1≤i<j≤n (λax_ix_jq^{1+ki+kj} /ef; q)^{−1}_{mi+mj} n∏ i,j=1 (λax_ix_j q^{1+ki+Nj} /ef; q)_{mi}

× n∏ i,j=1 (q^{ki−Nj} x_i/x_j; q)_{mi} (q^{1+ki−kj} x_i/x_j; q)_{mi} n∏ i=1 (ax_iq^{ki+|k|}; q)_{|m|} (efq^{|k|−ki} /λx_i; q)_{|m|−mi} (ax_iq^{1+|k|+Ni} ; q)_{|m|} (efq^{|k|−Ni} /λx_i; q)_{|m|} × (eq^{|k|}; q)_{|m|} (fq^{|k|}; q)_{|m|} (a/λ; q)_{|m|} n∏ i=1 [(ax_iq^{1+ki} /e; q)_{mi} (ax_iq^{1+ki} /f; q)_{mi} (λx_iq^{1+ki+|k|}; q)_{mi} ] q^{∑ni=1 i mi} ) .

Summing the inner sum by means of the a → aq^{|k|}, b → eq^{|k|}, c → fq^{|k|}, d → a/λ, x_i → x_iq^{ki} , N_i → N_i − k_i, for i = 1, 2, . . . , n case of Theorem A.12 and simplifying terms by Lemma A.1 and some elementary manipulations, we obtain the right side of (3.2). □

Remark 3.6. Some special limiting cases of Theorem 3.1, and the other transformation formulas in this section, yield many generalizations of Watson’s transformation, see §4.

By using a polynomial argument we easily obtain Theorem 3.7 (A D_{n 10}ϕ_9 transformation). Let a, b, c, d, e, f_1, . . . , f_n and x_1, . . . , x_n be indeterminate, let N be a nonnegative integer, let n ≥ 1, and suppose that none of the denominators in (3.8) vanish. Then ∑ k_1,k_2,...,k_n≥0 0≤|k|≤N

(_n ∏ i=1 ( 1 − ax_iq^{ki+|k|} 1 − ax_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )

× ∏ 1≤i<j≤n (ax_ix_j q/d; q)_{ki+kj} (λax_ix_j q^{1+N} /e; q)_{ki+kj} n∏ i=1 (eq^{−N} /λx_i; q)_{|k|−ki} (d/x_i; q)_{|k|−ki} × n∏ i,j=1 (f_j x_i/x_j; q)_{ki} (λax_ix_j q^{1+N} /ef_j ; q)_{ki} (qx_i/x_j ; q)_{ki} (ax_ix_j q/d; q)_{ki} × n∏ i=1 (ax_i; q)_{|k|} (d/x_i; q)_{|k|} (ax_iq/f_i; q)_{|k|} (ef_iq^{−N} /λx_i; q)_{|k|} × n∏ i=1 (bx_i; q)_{ki} (cx_i; q)_{ki} (ax_iq/e; q)_{ki} (ax_iq^{1+N} ; q)_{ki}

Cn AND Dn VERY-WELL-POISED 10ϕ9 TRANSFORMATIONS 17 × (e; q)_{|k|} (q^{−N} ; q)_{|k|} (aq/b; q)_{|k|} (aq/c; q)_{|k|} q^{∑ni=1 i ki} )

= n∏ i=1 (ax_iq; q)_N (ax_iq/ef_i; q)_N (λx_iq/e; q)_N (λx_iq/f_i; q)_N (λx_iq/ef_i; q)_N (λx_iq; q)_N (ax_iq/f_i; q)_N (ax_iq/e; q)_N × ∑ k_1,k_2,...,k_n≥0 0≤|k|≤N

(_n ∏ i=1 ( 1 − λx_iq^{ki+|k|} 1 − λx_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )

× ∏ 1≤i<j≤n (ax_ix_j q/d; q)_{ki+kj} (λax_ix_j q^{1+N} /e; q)_{ki+kj} n∏ i=1 (eq^{−N} /ax_i; q)_{|k|−ki} (λd/ax_i; q)_{|k|−ki} × n∏ i,j=1 (f_j x_i/x_j; q)_{ki} (λax_ix_j q^{1+N} /ef_j ; q)_{ki} (qx_i/x_j ; q)_{ki} (ax_ix_j q/d; q)_{ki} × n∏ i=1 (λx_i; q)_{|k|} (λd/ax_i; q)_{|k|} (λx_iq/f_i; q)_{|k|} (ef_iq^{−N} /ax_i; q)_{|k|} × n∏ i=1 (λbx_i/a; q)_{ki} (λcx_i/a; q)_{ki} (λx_iq/e; q)_{ki} (λx_iq^{1+N} ; q)_{ki} × (e; q)_{|k|} (q^{−N} ; q)_{|k|} (aq/b; q)_{|k|} (aq/c; q)_{|k|} q^{∑ni=1 i ki} ) , (3.8)

where λ = qa^2/bcd.

Proof. First we write the product in front of the sum of the right side of (3.8) as quotient of infinite products using (1.2). Then by the f = q^{−N} case of Theorem 3.1 it follows that the identity (3.8) holds for f_j = q^{−Nj} , j = 1, . . . , n. By clearing out denominators in (3.8), we get a polynomial equation in f_1, which is true for q^{−N1} , N_1 = 0, 1, . . . . Thus we obtain an identity in f_1. By carrying out this process for f_2, f_3, . . . , f_n also, we obtain Theorem 3.7. □ Next we use Theorem A.3 and Theorem A.9 to obtain Theorem 3.9 (A D_{n 10}ϕ_9 transformation). Let a, b, c, d, e, f and x_1, . . . , x_n be indeterminate, let N_i be nonnegative integers for i = 1, 2, . . . , n with n ≥ 1, and suppose that none of the denominators in (3.10) vanish. Then ∑ 0≤k_i≤N_i i=1,2,...,n

(_n ∏ i=1 ( 1 − ax_iq^{ki+|k|} 1 − ax_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )

18 GAURAV BHATNAGAR AND MICHAEL SCHLOSSER × ∏ 1≤i<j≤n (ax_ix_j q/d; q)_{ki+kj} n∏ i,j=1 (ax_ix_j q/d; q)^{−1}_{ki}

× n∏ i,j=1 (q^{−Nj} x_i/x_j; q)_{ki} (qx_i/x_j ; q)_{ki} n∏ i=1 (ax_i; q)_{|k|} (d/x_i; q)_{|k|} (ax_iq^{1+Ni} ; q)_{|k|} (d/x_i; q)_{|k|−ki}

× n∏ i=1 [ (bx_i; q)_{ki} (cx_i; q)_{ki} (ex_i; q)_{ki} (λax_iq^{1+|N|}/ef; q)_{ki} ] (aq/b; q)_{|k|} (aq/c; q)_{|k|} (aq/e; q)_{|k|} (efq^{−|N|}/λ; q)_{|k|} × (f; q)_{|k|} n∏ i=1 (ax_iq/f; q)_{ki} q^{∑ni=1 i ki} )

= (aq/ef; q)_{|N|} (λq/e; q)_{|N|} (λq/ef; q)_{|N|} (aq/e; q)_{|N|} n∏ i=1 (ax_iq; q)_{Ni} (λx_iq/f; q)_{Ni} (λx_iq; q)_{Ni} (ax_iq/f; q)_{Ni} × ∑ 0≤k_i≤N_i i=1,2,...,n

(_n ∏ i=1 ( 1 − λx_iq^{ki+|k|} 1 − λx_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )

× ∏ 1≤i<j≤n (ax_ix_j q/d; q)_{ki+kj} n∏ i,j=1 (ax_ix_j q/d; q)^{−1}_{ki}

× n∏ i,j=1 (q^{−Nj} x_i/x_j ; q)_{ki} (qx_i/x_j; q)_{ki} n∏ i=1 (λx_i; q)_{|k|} (λd/ax_i; q)_{|k|} (λx_iq^{1+Ni} ; q)_{|k|} (λd/ax_i; q)_{|k|−ki}

× n∏ i=1 [ (λbx_i/a; q)_{ki} (λcx_i/a; q)_{ki} (ex_i; q)_{ki} (λax_iq^{1+|N|}/ef; q)_{ki} ] (aq/b; q)_{|k|} (aq/c; q)_{|k|} (λq/e; q)_{|k|} (efq^{−|N|}/a; q)_{|k|} × (f; q)_{|k|} n∏ i=1 (λx_iq/f; q)_{ki} q^{∑ni=1 i ki} ) , (3.10)

where λ = qa^2/bcd.

Proof. The left side of (3.10) can be written in the form (2.5) where

A(m) = n∏ i=1 ( 1 − ax_iq^{mi+|m|} 1 − ax_i ) ∏ 1≤i<j≤n ( 1 − q^{mi−mj} x_i/x_j 1 − x_i/x_j )

× n∏ i,j=1 (q^{−Nj} x_i/x_j ; q)_{mi} (qx_i/x_j; q)_{mi} n∏ i=1 (ax_i; q)_{|m|} (ax_iq^{1+Ni} ; q)_{|m|}

Cn AND Dn VERY-WELL-POISED 10ϕ9 TRANSFORMATIONS 19 × n∏ i=1 (ex_i; q)_{mi} (λax_iq^{1+|N|}/ef; q)_{mi} (ax_iq/f; q)_{mi} (λx_iq; q)_{mi} × (f; q)_{|m|} (a/λ; q)_{|m|} (aq/e; q)_{|m|} (efq^{−|N|}/λ; q)_{|m|} q^{∑ni=1 i mi} and B(m) = ∏ 1≤i<j≤n (ax_ix_j q/d; q)_{mi+mj} n∏ i,j=1 (ax_ix_jq/d; q)^{−1}_{mi}

× n∏ i=1 [ (bx_i; q)_{mi} (cx_i; q)_{mi} (dq^{|m|−mi} /x_i; q)_{mi} (λx_iq; q)_{mi} ] (aq/b; q)_{|m|} (aq/c; q)_{|m|} (a/λ; q)_{|m|} . By Theorem A.9 we may substitute (3.4) for B(m) in (2.5). Write C(k, m) for the summand in (3.4). As in the proofs of Theorems 2.1 and 3.1, the left side of (3.10) equals ∑ 0≤k_i≤N_i i=1,...,n ∑ 0≤m_i≤N_i−k_i i=1,...,n A(m + k) C(k, m + k).

Explicitly, after rearranging terms, this is ∑ 0≤k_i≤N_i i=1,2,...,n

(_n ∏ i=1 ( 1 − λx_iq^{ki+|k|} 1 − λx_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )

× ∏ 1≤i<j≤n (ax_ix_j q/d; q)_{ki+kj} n∏ i,j=1 (ax_ix_j q/d; q)^{−1}_{ki}

× n∏ i,j=1 (q^{−kj} x_i/x_j ; q)_{ki} (qx_i/x_j; q)_{ki} n∏ i=1 (λx_i; q)_{|k|} (λd/ax_i; q)_{|k|} (λx_iq^{1+ki} ; q)_{|k|} (λd/ax_i; q)_{|k|−ki}

× n∏ i=1 [ (λbx_i/a; q)_{ki} (λcx_i/a; q)_{ki} (ax_iq^{|k|}; q)_{ki} ] (aq/b; q)_{|k|} (aq/c; q)_{|k|} (λq^{1−|k|}/a; q)_{|k|} q^{∑ni=1 i ki} × n∏ i=1 ( 1 − ax_iq^{ki+|k|} 1 − ax_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )

× n∏ i,j=1 (q^{−Nj} x_i/x_j; q)_{ki} (qx_i/x_j ; q)_{ki} n∏ i=1 (ax_i; q)_{|k|} (ax_iq^{1+Ni} ; q)_{|k|} × n∏ i=1 (ex_i; q)_{ki} (λax_iq^{1+|N|}/ef; q)_{ki} (ax_iq/f; q)_{ki} (λx_iq; q)_{ki}

20 GAURAV BHATNAGAR AND MICHAEL SCHLOSSER × (f; q)_{|k|} (a/λ; q)_{|k|} (aq/e; q)_{|k|} (efq^{−|N|}/λ; q)_{|k|} q^{∑ni=1 i ki} × ∑ 0≤m_i≤N_i−k_i i=1,2,...,n n∏ i=1 ( 1 − ax_iq^{ki+|k|+mi+|m|} 1 − ax_iq^{ki+|k|} ) ∏ 1≤i<j≤n ( 1 − q^{mi−mj +ki−kj} x_i/x_j 1 − q^{ki−kj} x_i/x_j )

× n∏ i,j=1 (q^{ki−Nj} x_i/x_j; q)_{mi} (q^{1+ki−kj} x_i/x_j ; q)_{mi} n∏ i=1 (ax_iq^{ki+|k|}; q)_{|m|} (ax_iq^{1+|k|+Ni} ; q)_{|m|} × n∏ i=1 (ex_iq^{ki} ; q)_{mi} (λax_iq^{1+ki+|N|}/ef; q)_{mi} (ax_iq^{1+ki} /f; q)_{mi} (λx_iq^{1+ki+|k|}; q)_{mi} × (fq^{|k|}; q)_{|m|} (a/λ; q)_{|m|} (aq^{1+|k|}/e; q)_{|m|} (efq^{|k|−|N|}/λ; q)_{|m|} q^{∑ni=1 i mi} ) . Summing the inner sum by means of the a → aq^{|k|}, b → fq^{|k|}, c → a/λ, d → e, x_i → x_iq^{ki} , N_i → N_i − k_i, for i = 1, 2, . . . , n case of Theorem A.3 and simplifying terms by Lemma A.1 and some elementary manipulations, we obtain the right side of (3.10). □

By using a polynomial argument we obtain Theorem 3.11 (A D_{n 10}ϕ_9 transformation). Let a, b, c, d, e, f_1, . . . , f_n and x_1, . . . , x_n be indeterminate, let N be a nonnegative integer, let n ≥ 1, and suppose that none of the denominators in (3.12) vanish. Then ∑ k_1,k_2,...,k_n≥0 0≤|k|≤N

(_n ∏ i=1 ( 1 − ax_iq^{ki+|k|} 1 − ax_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )

× ∏ 1≤i<j≤n (ax_ix_j q/d; q)_{ki+kj} n∏ i,j=1 (ax_ix_j q/d; q)^{−1}_{ki}

× n∏ i,j=1 (f_j x_i/x_j; q)_{ki} (qx_i/x_j ; q)_{ki} n∏ i=1 (ax_i; q)_{|k|} (d/x_i; q)_{|k|} (ax_iq/f_i; q)_{|k|} (d/x_i; q)_{|k|−ki}

× n∏ i=1 [ (bx_i; q)_{ki} (cx_i; q)_{ki} (ex_i; q)_{ki} (λax_iq^{1+N} /ef_1 · · · f_n; q)_{ki} ] (aq/b; q)_{|k|} (aq/c; q)_{|k|} (aq/e; q)_{|k|} (ef_1 · · · f_nq^{−N} /λ; q)_{|k|}

Cn AND Dn VERY-WELL-POISED 10ϕ9 TRANSFORMATIONS 21 × (q^{−N} ; q)_{|k|} n∏ i=1 (ax_iq^{1+N} ; q)_{ki} q^{∑ni=1 i ki} )

= (aq/ef_1 · · · f_n; q)_N (λq/e; q)_N (λq/ef_1 · · · f_n; q)_N (aq/e; q)_N n∏ i=1 (ax_iq; q)_N (λx_iq/f_i; q)_N (λx_iq; q)_N (ax_iq/f_i; q)_N × ∑ k_1,k_2,...,k_n≥0 0≤|k|≤N

(_n ∏ i=1 ( 1 − λx_iq^{ki+|k|} 1 − λx_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )

× ∏ 1≤i<j≤n (ax_ix_j q/d; q)_{ki+kj} n∏ i,j=1 (ax_ix_j q/d; q)^{−1}_{ki}

× n∏ i,j=1 (f_j x_i/x_j ; q)_{ki} (qx_i/x_j ; q)_{ki} n∏ i=1 (λx_i; q)_{|k|} (λd/ax_i; q)_{|k|} (λx_iq/f_i; q)_{|k|} (λd/ax_i; q)_{|k|−ki}

× n∏ i=1 [ (λbx_i/a; q)_{ki} (λcx_i/a; q)_{ki} (ex_i; q)_{ki} (λax_iq^{1+N} /ef_1 · · · f_n; q)_{ki} ] (aq/b; q)_{|k|} (aq/c; q)_{|k|} (λq/e; q)_{|k|} (ef_1 · · · f_nq^{−N} /a; q)_{|k|} × (q^{−N} ; q)_{|k|} n∏ i=1 (λx_iq^{1+N} ; q)_{ki} q^{∑ni=1 i ki} ) , (3.12)

where λ = qa^2/bcd.

Proof. First we write the product in front of the sum of the right side of (3.12) as quotient of infinite products using (1.2). Then by the f = q^{−N} case of Theorem 3.9 it follows that the identity (3.12) holds for f_j = q^{−Nj} , j = 1, . . . , n. By clearing out denominators in (3.12), we get a polynomial equation in f_1, which is true for q^{−N1} , N_1 = 0, 1, . . . . Thus we obtain an identity in f_1. By carrying out this process for f_2, f_3, . . . , f_n also, we obtain Theorem 3.11. □

By reversing sums in Theorem 3.9 we get Theorem 3.13 (A D_{n 10}ϕ_9 transformation). Let a, b, c, d, e, f and x_1, . . . , x_n be indeterminate, let N_i be nonnegative integers for i = 1, 2, . . . , n with n ≥ 1, and suppose that none of the denominators in (3.14) vanish. Then ∑ 0≤k_i≤N_i i=1,2,...,n

(_n ∏ i=1 ( 1 − ax_iq^{ki+|k|} 1 − ax_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )

22 GAURAV BHATNAGAR AND MICHAEL SCHLOSSER × ∏ 1≤i<j≤n (λax_ix_j q/ef; q)^{−1}_{ki+kj} n∏ i,j=1 (λax_ix_j q^{1+Nj} /ef; q)_{ki}

× n∏ i,j=1 (q^{−Nj} x_i/x_j ; q)_{ki} (qx_i/x_j; q)_{ki} n∏ i=1 (ax_i; q)_{|k|} (ef/λx_i; q)_{|k|−ki} (ax_iq^{1+Ni} ; q)_{|k|} (efq^{−Ni} /λx_i; q)_{|k|} × (c; q)_{|k|} (d; q)_{|k|} (e; q)_{|k|} (f; q)_{|k|} n∏ i=1 [(ax_iq/c; q)_{ki} (ax_iq/d; q)_{ki} (ax_iq/e; q)_{ki} (ax_iq/f; q)_{ki} ]

× n∏ i=1 (bx_i; q)_{ki} (aq/b; q)_{|k|} q^{∑ni=1 i ki} )

= n∏ i=1 (ax_iq; q)_{Ni} (ax_iq/ef; q)_{Ni} (λx_iq/e; q)_{Ni} (λx_iq/f; q)_{Ni} (λx_iq/ef; q)_{Ni} (λx_iq; q)_{Ni} (ax_iq/f; q)_{Ni} (ax_iq/e; q)_{Ni} × ∑ 0≤k_i≤N_i i=1,2,...,n

(_n ∏ i=1 ( 1 − λx_iq^{ki+|k|} 1 − λx_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )

× ∏ 1≤i<j≤n (λax_ix_j q/ef; q)^{−1}_{ki+kj} n∏ i,j=1 (λax_ix_j q^{1+Nj} /ef; q)_{ki}

× n∏ i,j=1 (q^{−Nj} x_i/x_j ; q)_{ki} (qx_i/x_j; q)_{ki} n∏ i=1 (λx_i; q)_{|k|} (ef/ax_i; q)_{|k|−ki} (λx_iq^{1+Ni} ; q)_{|k|} (efq^{−Ni} /ax_i; q)_{|k|} × (λc/a; q)_{|k|} (λd/a; q)_{|k|} (e; q)_{|k|} (f; q)_{|k|} n∏ i=1 [(ax_iq/c; q)_{ki} (ax_iq/d; q)_{ki} (λx_iq/e; q)_{ki} (λx_iq/f; q)_{ki} ]

× n∏ i=1 (λbx_i/a; q)_{ki} (aq/b; q)_{|k|} q^{∑ni=1 i ki} ) , (3.14)

where λ = qa^2/bcd.

Proof. First, replace k_i by N_i − k_i, for i = 1, 2, . . . , n, on both sides of Theorem 3.9 and simplify terms by Lemma A.1 and some elementary manipulations (cf. [11, Appendix I]). Finally, relabel a → q^{−|N|}/a, b → c/a, c → d/a, d → λq^{1−|N|}/ef, e → e/a, f → bq^{−|N|}/a, x_i → q^{−Ni} /x_i, for i = 1, 2, . . . , n in the resulting identity to obtain (3.14). □

Cn AND Dn VERY-WELL-POISED 10ϕ9 TRANSFORMATIONS 23

Remark 3.15. An alternative way to derive this is to combine Milne’s A_{n 8}ϕ_7 summation, Theorem A.3, and Schlosser’s_8ϕ_7 summation, Theorem A.12, with the interchange of summation argument.

By using a polynomial argument we obtain Theorem 3.16 (A D_{n 10}ϕ_9 transformation). Let a, b, c, d, e, f_1, . . . , f_n and x_1, . . . , x_n be indeterminate, let N be a nonnegative integer, let n ≥ 1, and suppose that none of the denominators in (3.17) vanish. Then ∑ k_1,k_2,...,k_n≥0 0≤|k|≤N

(_n ∏ i=1 ( 1 − ax_iq^{ki+|k|} 1 − ax_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )

× ∏ 1≤i<j≤n (λax_ix_j q^{1+N} /e; q)^{−1}_{ki+kj} n∏ i,j=1 (λax_ix_j q^{1+N} /ef_j ; q)_{ki}

× n∏ i,j=1 (f_j x_i/x_j; q)_{ki} (qx_i/x_j; q)_{ki} n∏ i=1 (ax_i; q)_{|k|} (eq^{−N} /λx_i; q)_{|k|−ki} (ax_iq/f_i; q)_{|k|} (ef_iq^{−N} /λx_i; q)_{|k|} × (c; q)_{|k|} (d; q)_{|k|} (e; q)_{|k|} (q^{−N} ; q)_{|k|} n∏ i=1 [(ax_iq/c; q)_{ki} (ax_iq/d; q)_{ki} (ax_iq/e; q)_{ki} (ax_iq^{1+N} ; q)_{ki} ]

× n∏ i=1 (bx_i; q)_{ki} (aq/b; q)_{|k|} q^{∑ni=1 i ki} )

= n∏ i=1 (ax_iq; q)_N (ax_iq/ef_i; q)_N (λx_iq/e; q)_N (λx_iq/f_i; q)_N (λx_iq/ef_i; q)_N (λx_iq; q)_N (ax_iq/f_i; q)_N (ax_iq/e; q)_N × ∑ k_1,k_2,...,k_n≥0 0≤|k|≤N

(_n ∏ i=1 ( 1 − λx_iq^{ki+|k|} 1 − λx_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )

× ∏ 1≤i<j≤n (λax_ix_j q^{1+N} /e; q)^{−1}_{ki+kj} n∏ i,j=1 (λax_ix_j q^{1+N} /ef_j ; q)_{ki}

× n∏ i,j=1 (f_j x_i/x_j; q)_{ki} (qx_i/x_j; q)_{ki} n∏ i=1 (λx_i; q)_{|k|} (eq^{−N} /ax_i; q)_{|k|−ki} (λx_iq/f_i; q)_{|k|} (ef_iq^{−N} /ax_i; q)_{|k|} × (λc/a; q)_{|k|} (λd/a; q)_{|k|} (e; q)_{|k|} (q^{−N} ; q)_{|k|} n∏ i=1 [(ax_iq/c; q)_{ki} (ax_iq/d; q)_{ki} (λx_iq/e; q)_{ki} (λx_iq^{1+N} ; q)_{ki} ]

24 GAURAV BHATNAGAR AND MICHAEL SCHLOSSER

× n∏ i=1 (λbx_i/a; q)_{ki} (aq/b; q)_{|k|} q^{∑ni=1 i ki} ) , (3.17)

where λ = qa^2/bcd.

Proof. First we write the product in front of the sum of the right side of (3.17) as quotient of infinite products using (1.2). Then by the f = q^{−N} case of Theorem 3.13 it follows that the identity (3.17) holds for f_j = q^{−Nj} , j = 1, . . . , n. By clearing out denominators in (3.17), we get a polynomial equation in f_1, which is true for q^{−N1} , N_1 = 0, 1, . . . . Thus we obtain an identity in f_1. By carrying out this process for f_2, f_3, . . . , f_n also, we obtain Theorem 3.16. □

4. Some Watson’s transformations

In this section, we find the multivariable generalizations of Watson’s transformation which follow from our results in §2 and §3. As special cases of our generalizations of Bailey’s_{10}ϕ_9 transformation, we obtain A_n, C_n, and D_n generalizations of Watson’s transformation found by Milne [21, 22, 24], Milne and Lilly [25], and Bhatnagar [7], respectively. See also [19, 26, 28, 30] for some of Milne’s A_n generalizations of Watson’s theorem. In addition to recovering all such transformations known previously, we also obtain two new A_n, and several D_n generalizations of Watson’s theorem.

Watson’s formula follows from Bailey’s_{10}ϕ_9 transformation in one of many ways. For instance, if we take the limit as d → ∞ in Theorem 1.7, and replace f by d in the resulting identity, we obtain [11, equation (2.5.1)]:

Theorem 4.1 (Watson’s classical q-Whipple transformation). Let a, b, c, d, and e be indeterminate, let n be a nonnegative integer, and suppose that none of the denominators in (4.2) vanish. Then

8ϕ_7 [ a, q √ a, −q √ a, b, c, d, e, q^{−n} √ a, − √ a, aq/b, aq/c, aq/d, aq/e, aq^{n+1}; q, a^2q^{2+n} bcde ]

= (aq; q)_n (aq/de; q)_n (aq/d; q)_n (aq/e; q)_n^4 ϕ_3 [ aq/bc, d, e, q^{−n} aq/b, aq/c, deq^{−n}/a; q, q ] . (4.2)

This is not the only the only way to obtain Theorem 4.1 from (1.8). We may also take the limit b → ∞, or c → ∞. Further, we may first restate Theorem 1.7 by replacing e or f by λaq^{n+1}/ef in (1.8), and then take the limits as b, c, or d → ∞, to obtain Watson’s transformation.

Cn AND Dn VERY-WELL-POISED 10ϕ9 TRANSFORMATIONS 25

All the above limiting cases of Bailey’s formula lead to the same identity, upto a trivial relabeling of parameters. However, in our multivariable generalizations of Bailey’s formula, some of its symmetry is broken, and we obtain many different generalizations of Watson’s transformation. For example, while the b, c, or d → ∞ case of Theorem 2.1 yields the same identity, letting b → ∞ and d → ∞ in Theorem 3.1 yield different generalizations of Theorem 4.1.

Finally, as noted in §2, we may set a → qa^2/bcd, b → aq/cd, c → aq/bd, d → aq/bc in Theorem 1.7. With these substitutions, λ becomes a, and the_{10}ϕ_9 on the right hand side of (1.8) gets transformed into the one on the left, and vice-versa. Once again, we obtain Bailey’s_{10}ϕ_9 formula. Now, we may take limits as above and obtain Watson’s transformation. This observation does not lead to any further generalizations of (4.2) from our results in §3, but it does apply to Theorem 2.1.

If we perform the above substitutions and let d → ∞ in Theorem 2.1, we obtain one of Milne’s [24] A_n Watson’s transformations, see [26, Theorem 5.1]. Instead, if we simply let d → ∞ in Theorem 2.1, we obtain Milne and Lilly’s [25, Theorem 6.6] C_n generalization of Theorem 4.1.

Next we consider the multivariable generalizations of Watson’s transformations following from Theorem 3.1. First we have an A_n extension of Theorem 4.1.

Theorem 4.3 (An A_n Watson’s transformation). Let a, b, c, d, e and x_1, . . . , x_n be indeterminate, let N_i be nonnegative integers for i = 1, 2, . . . , n with n ≥ 1, and suppose that none of the denominators in (4.4) vanish. Then

∑ 0≤k_i≤N_i i=1,2,...,n

(_n ∏ i=1 ( 1 − ax_iq^{ki+|k|} 1 − ax_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )

× n∏ i,j=1 (q^{−Nj} x_i/x_j; q)_{ki} (qx_i/x_j; q)_{ki} n∏ i=1 (ax_i; q)_{|k|} (ax_iq^{1+Ni} ; q)_{|k|} × n∏ i=1 (bx_i; q)_{ki} (cx_i; q)_{ki} (ax_iq/d; q)_{ki} (ax_iq/e; q)_{ki} × (d; q)_{|k|} (e; q)_{|k|} (aq/b; q)_{|k|} (aq/c; q)_{|k|} ( a^2q^{1+|N|} bcde )_{|k|} q^{∑ni=1 i ki} )

26 GAURAV BHATNAGAR AND MICHAEL SCHLOSSER = n∏ i=1 [ (ax_iq; q)_{Ni} (ax_iq/de; q)_{Ni} (ax_iq/d; q)_{Ni} (ax_iq/e; q)_{Ni} ]

× ∑ 0≤k_i≤N_i i=1,2,...,n

( ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )_n∏ i,j=1 (q^{−Nj} x_i/x_j ; q)_{ki} (qx_i/x_j; q)_{ki}

× n∏ i=1 [ (de/ax_i; q)_{|k|−ki} (aq/bcx_i; q)_{|k|} (aq/bcx_i; q)_{|k|−ki} (deq^{−Ni} /ax_i; q)_{|k|} ]

× (d; q)_{|k|} (e; q)_{|k|} (aq/b; q)_{|k|} (aq/c; q)_{|k|} q^{∑ni=1 i ki} ) . (4.4)

Proof. We first replace λ by qa^2/bcd in Theorem 3.1, and let d → ∞. Finally, relabel f → d in the resulting identity to obtain (4.4). □

Remark 4.5. Theorem 4.3 concerns series summed over an n-rectangle. By using a polynomial argument similar to the proof of Theorem 3.7, we may find another A_n extension of Theorem 4.1, where the series involved are summed over an n-tetrahedron. This may also be accomplished by taking the limit as d → ∞ in (3.8).

Remark 4.6. Theorem 4.3 is different from any of the generalizations of Theorem 4.1 which appears in [24]. The series on the left hand side of (4.4) is the same as two such transformations appearing in [26, Theorems A10 and 5.1]. By comparing the other two sides we obtain generalizations of the Sears_4ϕ_3 transformations [32], [11, equations (III.15) and (III.16)], see [26] for an example of similar calculations.

The rest of our extensions of Theorem 4.1 concern D_n series. After taking limits, we sometimes use ( |k| 2 ) − e_2(k) = ( k_1 2 ) + ( k_2 2 ) + · · · + ( k_n 2 )

to simplify the powers of q.

Theorem 4.7 (A D_n Watson’s transformation). Let a, b, c, d, e and x_1, . . . , x_n be indeterminate, let N_i be nonnegative integers for i = 1, 2, . . . , n with n ≥ 1, and suppose that none of the denominators in (4.8) vanish. Then ∑ 0≤k_i≤N_i i=1,2,...,n

(_n ∏ i=1 ( 1 − ax_iq^{ki+|k|} 1 − ax_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )

Cn AND Dn VERY-WELL-POISED 10ϕ9 TRANSFORMATIONS 27 × ∏ 1≤i<j≤n (ax_ix_j q/c; q)_{ki+kj} n∏ i=1 1 (c/x_i; q)_{|k|−ki} × n∏ i,j=1 (q^{−Nj} x_i/x_j ; q)_{ki} (qx_i/x_j; q)_{ki} (ax_ix_j q/c; q)_{ki} × n∏ i=1 (ax_i; q)_{|k|} (c/x_i; q)_{|k|} (ax_iq^{1+Ni} ; q)_{|k|} × n∏ i=1 [ (bx_i; q)_{ki} (ax_iq/d; q)_{ki} (ax_iq/e; q)_{ki} ] (d; q)_{|k|} (e; q)_{|k|} (aq/b; q)_{|k|} × ( a^2q^{1+|N|} bcde )_{|k|} q^{∑ni=1 i ki} q^{−2e2(k)} n∏ i=1 x^{2ki}_i )

= n∏ i=1 [ (ax_iq; q)_{Ni} (ax_iq/de; q)_{Ni} (ax_iq/d; q)_{Ni} (ax_iq/e; q)_{Ni} ]

× ∑ 0≤k_i≤N_i i=1,2,...,n

( ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j ) ∏ 1≤i<j≤n (ax_ix_j q/c; q)_{ki+kj}

× n∏ i,j=1 (q^{−Nj} x_i/x_j ; q)_{ki} (qx_i/x_j; q)_{ki} (ax_ix_j q/c; q)_{ki} × n∏ i=1 [ (de/ax_i; q)_{|k|−ki} (ax_iq/bc; q)_{ki} (deq^{−Ni} /ax_i; q)_{|k|} ]

× (d; q)_{|k|} (e; q)_{|k|} (aq/b; q)_{|k|} q^{∑ni=1 i ki} ) , (4.8)

where e_2(k) is the second elementary symmetric function of k.

Proof. We first replace λ by qa^2/bcd in Theorem 3.1, and let c → ∞. Finally, relabel d → c, and f → d in the resulting identity to obtain (4.8). □

Remark 4.9. Theorem 4.7 concerns series summed over an n-rectangle. By using a polynomial argument similar to the proof of Theorem 3.7, we may find another transformation formula between series summed over an n-tetrahedron. This may also be accomplished by taking the limit as c → ∞ in (3.8).

Next, we consider the special cases of the equivalent formulation of Theorem 3.1, obtained by replacing e by λaq/ef in (3.2).

28 GAURAV BHATNAGAR AND MICHAEL SCHLOSSER

Theorem 4.10 (A D_n Watson’s transformation). Let a, b, c, d, e and x_1, . . . , x_n be indeterminate, let N_i be nonnegative integers for i = 1, 2, . . . , n with n ≥ 1, and suppose that none of the denominators in (4.11) vanish. Then ∑ 0≤k_i≤N_i i=1,2,...,n

(_n ∏ i=1 ( 1 − ax_iq^{ki+|k|} 1 − ax_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )

× ∏ 1≤i<j≤n (ax_ix_j q/c; q)_{ki+kj} (ex_ix_j; q)_{ki+kj} n∏ i=1 (aq/ex_i; q)_{|k|−ki} (c/x_i; q)_{|k|−ki} × n∏ i,j=1 (q^{−Nj} x_i/x_j; q)_{ki} (ex_ix_j q^{Nj} ; q)_{ki} (qx_i/x_j; q)_{ki} (ax_ix_j q/c; q)_{ki} × n∏ i=1 (ax_i; q)_{|k|} (c/x_i; q)_{|k|} (ax_iq^{1+Ni} ; q)_{|k|} (aq^{1−Ni} /ex_i; q)_{|k|} × n∏ i=1 [ (bx_i; q)_{ki} (ax_iq/d; q)_{ki} ] (d; q)_{|k|} (aq/b; q)_{|k|} ( qa^2 bcde )_{|k|} q^{∑ni=1 i ki} )

= n∏ i=1 [ (ax_iq; q)_{Ni} (dex_i/a; q)_{Ni} (ex_i/a; q)_{Ni} (ax_iq/d; q)_{Ni} ] ( 1 d )_{|N|}

× ∑ 0≤k_i≤N_i i=1,2,...,n

( ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j ) ∏ 1≤i<j≤n (ax_ix_j q/c; q)_{ki+kj} (ex_ix_j ; q)_{ki+kj}

× n∏ i,j=1 (q^{−Nj} x_i/x_j; q)_{ki} (ex_ix_j q^{Nj} ; q)_{ki} (qx_i/x_j; q)_{ki} (ax_ix_j q/c; q)_{ki} × n∏ i=1 [ (ax_iq/bc; q)_{ki} (dex_i/a; q)_{ki} ] (d; q)_{|k|} (aq/b; q)_{|k|} q^{∑ni=1 i ki} ) . (4.11)

Proof. We first replace e by λaq/ef in (3.2) to obtain an equivalent formulation of Theorem 3.1. Next, we replace λ by qa^2/bcd, and let c → ∞. Finally, relabel f → d and d → c in the resulting identity to obtain (4.11). □

Remark 4.12. Theorem 4.10 concerns series summed over an n-rectangle. By using a polynomial argument similar to the proof of Theorem 3.7, we may find another transformation formula between series summed

Cn AND Dn VERY-WELL-POISED 10ϕ9 TRANSFORMATIONS 29

over an n-tetrahedron. This may also be accomplished by first replacing e by λaq/ef_1 · · · f_n in (3.8), and then taking the limit as c → ∞ in (3.8).

Theorem 4.13 (A D_n Watson’s transformation). Let a, b, c, d, e and x_1, . . . , x_n be indeterminate, let N_i be nonnegative integers for i = 1, 2, . . . , n with n ≥ 1, and suppose that none of the denominators in (4.14) vanish. Then ∑ 0≤k_i≤N_i i=1,2,...,n

(_n ∏ i=1 ( 1 − ax_iq^{ki+|k|} 1 − ax_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )

× ∏ 1≤i<j≤n 1 (ex_ix_j ; q)_{ki+kj} n∏ i=1 (aq/ex_i; q)_{|k|−ki}

× n∏ i,j=1 (q^{−Nj} x_i/x_j; q)_{ki} (ex_ix_j q^{Nj} ; q)_{ki} (qx_i/x_j ; q)_{ki} × n∏ i=1 (ax_i; q)_{|k|} (ax_iq^{1+Ni} ; q)_{|k|} (aq^{1−Ni} /ex_i; q)_{|k|} × n∏ i=1 [ (bx_i; q)_{ki} (cx_i; q)_{ki} (ax_iq/d; q)_{ki} ] (d; q)_{|k|} (aq/b; q)_{|k|} (aq/c; q)_{|k|} × ( qa^2 bcde )_{|k|} q^{∑ni=1 i ki} q^{2e2(k)} n∏ i=1 x^{−2ki}_i )

= n∏ i=1 [ (ax_iq; q)_{Ni} (dex_i/a; q)_{Ni} (ex_i/a; q)_{Ni} (ax_iq/d; q)_{Ni} ] ( 1 d )_{|N|}

× ∑ 0≤k_i≤N_i i=1,2,...,n

( ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j ) ∏ 1≤i<j≤n 1 (ex_ix_j ; q)_{ki+kj}

× n∏ i,j=1 (q^{−Nj} x_i/x_j; q)_{ki} (ex_ix_j q^{Nj} ; q)_{ki} (qx_i/x_j ; q)_{ki} × n∏ i=1 [ (aq/bcx_i; q)_{|k|} (aq/bcx_i; q)_{|k|−ki} (dex_i/a; q)_{ki} ]

× (d; q)_{|k|} (aq/b; q)_{|k|} (aq/c; q)_{|k|} q^{∑ni=1 i ki} ) , (4.14)

where e_2(k) is the second elementary symmetric function of k.

30 GAURAV BHATNAGAR AND MICHAEL SCHLOSSER

Proof. We first replace e by λaq/ef in (3.2) to obtain an equivalent formulation of Theorem 3.1. Next, we replace λ by qa^2/bcd, and let d → ∞. Finally, relabel f → d in the resulting identity to obtain (4.14). □

Remark 4.15. Theorem 4.13 concerns series summed over an n-rectangle. By using a polynomial argument similar to the proof of Theorem 3.7, we may find another transformation formula between series summed over an n-tetrahedron. This may also be accomplished by first replacing e by λaq/ef_1 · · · f_n in (3.8), and then taking the limit as d → ∞ in the resulting identity.

Next, we obtain the Watson’s transformations which follow from Theorem 3.9. If we take the limit as d → ∞ in Theorem 3.9, we obtain one of Milne’s transformations, see [28, Theorem 4.5]. Another limiting case yields:

Theorem 4.16 (A D_n Watson’s transformation). Let a, b, c, d, e and x_1, . . . , x_n be indeterminate, let N_i be nonnegative integers for i = 1, 2, . . . , n with n ≥ 1, and suppose that none of the denominators in (4.17) vanish. Then ∑ 0≤k_i≤N_i i=1,2,...,n

(_n ∏ i=1 ( 1 − ax_iq^{ki+|k|} 1 − ax_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )

× ∏ 1≤i<j≤n (ax_ix_j q/c; q)_{ki+kj} n∏ i=1 1 (c/x_i; q)_{|k|−ki} × n∏ i,j=1 (q^{−Nj} x_i/x_j ; q)_{ki} (qx_i/x_j; q)_{ki} (ax_ix_j q/c; q)_{ki} × n∏ i=1 (ax_i; q)_{|k|} (c/x_i; q)_{|k|} (ax_iq^{1+Ni} ; q)_{|k|}

× n∏ i=1 [(bx_i; q)_{ki} (ex_i; q)_{ki} ] (aq/b; q)_{|k|} (aq/e; q)_{|k|} (d; q)_{|k|} n∏ i=1 (ax_iq/d)_{ki} × ( a^2q^{1+|N|} bcde )_{|k|} q^{∑ni=1 i ki} q^{−e2(k)} n∏ i=1 x^{ki}_i )

= n∏ i=1 [ (ax_iq; q)_{Ni} (ax_iq/d; q)_{Ni} ] (aq/de; q)_{|N|} (aq/e; q)_{|N|}

Cn AND Dn VERY-WELL-POISED 10ϕ9 TRANSFORMATIONS 31 × ∑ 0≤k_i≤N_i i=1,2,...,n

( ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j ) ∏ 1≤i<j≤n (ax_ix_j q/c; q)_{ki+kj}

× n∏ i,j=1 (q^{−Nj} x_i/x_j ; q)_{ki} (qx_i/x_j; q)_{ki} (ax_ix_j q/c; q)_{ki} × n∏ i=1 [(ax_iq/bc; q)_{ki} (ex_i; q)_{ki} ]

× (d; q)_{|k|} (aq/b; q)_{|k|} (deq^{−|N|}/a; q)_{|k|} q^{∑ni=1 i ki} ) , (4.17)

where e_2(k) is the second elementary symmetric function of k.

Proof. We first replace λ by qa^2/bcd in Theorem 3.9, and let c → ∞. Finally, relabel d → c, and f → d in the resulting identity to obtain (4.17). □

Remark 4.18. Theorem 4.16 concerns series summed over an n-rectangle. By using a polynomial argument similar to the proof of Theorem 3.11, we may find another transformation formula between series summed over an n-tetrahedron. This may also be accomplished by taking the limit as c → ∞ in (3.12).

Next, we consider the special cases of the equivalent formulation of Theorem 3.9, obtained by replacing f by λaq^{1+|N|}/ef in (3.10). If we take the limit as c → ∞ in the resulting identity, we obtain a D_n generalization of Theorem 4.1 found by Bhatnagar [7]. Instead, if we take the limit as d → ∞, we obtain an A_n transformation theorem found by Milne [24].

Further, if we take the limit as d → ∞ in Theorem 3.13, we obtain an A_n generalization of Theorem 4.1 found by Milne [24]. Leininger and Milne [19] have found some elegant applications of this case of Theorem 3.13. The b → ∞ case of Theorem 3.13 was also found by Milne [24].

Finally, we consider the equivalent formulation of Theorem 3.13, obtained by replacing e by λaq/ef in (3.14).

Theorem 4.19 (A D_n Watson’s transformation). Let a, b, c, d, e and x_1, . . . , x_n be indeterminate, let N_i be nonnegative integers for i = 1, 2, . . . , n with n ≥ 1, and suppose that none of the denominators in

32 GAURAV BHATNAGAR AND MICHAEL SCHLOSSER

(4.20) vanish. Then ∑ 0≤k_i≤N_i i=1,2,...,n

(_n ∏ i=1 ( 1 − ax_iq^{ki+|k|} 1 − ax_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )

× ∏ 1≤i<j≤n 1 (ex_ix_j ; q)_{ki+kj} n∏ i=1 (aq/ex_i; q)_{|k|−ki}

× n∏ i,j=1 (q^{−Nj} x_i/x_j; q)_{ki} (ex_ix_j q^{Nj} ; q)_{ki} (qx_i/x_j ; q)_{ki} × n∏ i=1 (ax_i; q)_{|k|} (ax_iq^{1+Ni} ; q)_{|k|} (aq^{1−Ni} /ex_i; q)_{|k|} × (b; q)_{|k|} (c; q)_{|k|} (d; q)_{|k|} n∏ i=1 [(ax_iq/b; q)_{ki} (ax_iq/c; q)_{ki} (ax_iq/d; q)_{ki} ] × ( qa^2 bcde )_{|k|} q^{∑ni=1 i ki} )

= n∏ i=1 [ (ax_iq; q)_{Ni} (dex_i/a; q)_{Ni} (ex_i/a; q)_{Ni} (ax_iq/d; q)_{Ni} ] ( 1 d )_{|N|}

× ∑ 0≤k_i≤N_i i=1,2,...,n

( ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j ) ∏ 1≤i<j≤n 1 (ex_ix_j ; q)_{ki+kj}

× n∏ i,j=1 (q^{−Nj} x_i/x_j; q)_{ki} (ex_ix_j q^{Nj} ; q)_{ki} (qx_i/x_j ; q)_{ki} × n∏ i=1 [ (ax_iq/bc; q)_{ki} (ax_iq/b; q)_{ki} (ax_iq/c; q)_{ki} (dex_i/a; q)_{ki} ]

× (d; q)_{|k|} q^{∑ni=1 i ki} ) . (4.20)

Proof. We first replace e by λaq/ef in (3.14) to obtain an equivalent formulation of Theorem 3.13. Next, we replace λ by qa^2/bcd, and let b → ∞. Finally, relabel d → b, f → d in the resulting identity to obtain (4.20). □ Remark 4.21. Theorem 4.19 concerns series summed over an n-rectangle. By using a polynomial argument similar to the proof of Theorem 3.16,

Cn AND Dn VERY-WELL-POISED 10ϕ9 TRANSFORMATIONS 33

we may find another transformation formula between series summed over an n-tetrahedron. This may also be accomplished by first replacing e by λaq/ef_1 · · · f_n in (3.17), and then taking the limit as b → ∞ in the resulting identity.

Theorem 4.22 (A D_n Watson’s transformation). Let a, b, c, d, e and x_1, . . . , x_n be indeterminate, let N_i be nonnegative integers for i = 1, 2, . . . , n with n ≥ 1, and suppose that none of the denominators in (4.23) vanish. Then ∑ 0≤k_i≤N_i i=1,2,...,n

(_n ∏ i=1 ( 1 − ax_iq^{ki+|k|} 1 − ax_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )

× ∏ 1≤i<j≤n 1 (ex_ix_j ; q)_{ki+kj} n∏ i=1 (aq/ex_i; q)_{|k|−ki}

× n∏ i,j=1 (q^{−Nj} x_i/x_j; q)_{ki} (ex_ix_j q^{Nj} ; q)_{ki} (qx_i/x_j ; q)_{ki} × n∏ i=1 (ax_i; q)_{|k|} (ax_iq^{1+Ni} ; q)_{|k|} (aq^{1−Ni} /ex_i; q)_{|k|} × n∏ i=1 [ (bx_i; q)_{ki} (ax_iq/c; q)_{ki} (ax_iq/d; q)_{ki} ] (c; q)_{|k|} (d; q)_{|k|} (aq/b; q)_{|k|} × ( qa^2 bcde )_{|k|} q^{∑ni=1 i ki} q^{e2(k)} n∏ i=1 x^{−ki}_i )

= n∏ i=1 [ (ax_iq; q)_{Ni} (dex_i/a; q)_{Ni} (ex_i/a; q)_{Ni} (ax_iq/d; q)_{Ni} ] ( 1 d )_{|N|}

× ∑ 0≤k_i≤N_i i=1,2,...,n

( ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j ) ∏ 1≤i<j≤n 1 (ex_ix_j ; q)_{ki+kj}

× n∏ i,j=1 (q^{−Nj} x_i/x_j; q)_{ki} (ex_ix_j q^{Nj} ; q)_{ki} (qx_i/x_j ; q)_{ki} × n∏ i=1 [ 1 (ax_iq/c; q)_{ki} (dex_i/a; q)_{ki} ]

× (aq/bc; q)_{|k|} (d; q)_{|k|} (aq/b; q)_{|k|} q^{∑ni=1 i ki} ) , (4.23)

34 GAURAV BHATNAGAR AND MICHAEL SCHLOSSER

where e_2(k) is the second elementary symmetric function of k.

Proof. We first replace e by λaq/ef in (3.14) to obtain an equivalent formulation of Theorem 3.13. Next, we replace λ by qa^2/bcd, and let d → ∞. Finally, relabel f → d in the resulting identity to obtain (4.23). □

Remark 4.24. Theorem 4.22 concerns series summed over an n-rectangle. By using a polynomial argument similar to the proof of Theorem 3.16, we may find another transformation formula between series summed over an n-tetrahedron. This may also be accomplished by first replacing e by λaq/ef_1 · · · f_n in (3.17), and then taking the limit as d → ∞ in the resulting identity.

Before closing this section, we indicate the effect of reversing the sum, on the various generalizations of Theorem 4.1 presented above. Theorem 4.3 and Theorem 4.10 are invariant if we reverse the series on both sides of the transformation, and relabel parameters. If we do the same for Theorem 4.7, we obtain Theorem 4.13, and vice-versa. Similarly, Theorem 4.16 and Theorem 4.22 are transformed into each other by reversing series. Finally, Theorem 4.19 and Bhatnagar’s [7] D_n Watson’s transformation are similarly seen to be equivalent.

5. Some Sears’ transformations

Multivariable generalizations of Sears’ [32]_4ϕ_3 transformations follow directly from Bailey’s_{10}ϕ_9 transformation formula. In this section, we present a few A_n and D_n Sears transformations which follow directly from two transformations from §3. We do not make an exhaustive list of such transformation formulas, but simply indicate some of the possibilities. In addition, we specialize one of our transformation formulas and obtain a transformation formula for non-terminating A_{n 3}ϕ_2 series ([11, equation (3.2.7)]), and a generalization of a transformation formula of Heine [11, equation (1.4.3)]. These transformation formulas specialize further to give a generalization of Heine’s [11, equation (1.5.1)] q-Gauss sum, and the q-binomial theorem [11, equation (1.3.2)].

To obtain Sears’_4ϕ_3 transformation from Bailey’s_{10}ϕ_9 transformation, replace b by aq/b and e by aq/e in (1.8), and then take the limit as a → 0. After relabeling of parameters, b → d, d → b, and f → a, we obtain [11, equation (3.2.1)]:

Theorem 5.1 (Sears’ classical_4ϕ_3 transformation). Let a, b, c, d, and e be indeterminate, let n be a nonnegative integer, and suppose

Cn AND Dn VERY-WELL-POISED 10ϕ9 TRANSFORMATIONS 35

that none of the denominators in (5.2) vanish. Then

4ϕ_3 [ q^{−n}, a, b, c d, e, abcq^{1−n}/de; q, q ] = (e/a; q)_n (de/bc; q)_n (e; q)_n (de/abc; q)_n^4 ϕ_3 [ q^{−n}, a, d/b, d/c d, aq^{1−n}/e, de/bc; q, q ] . (5.2)

In the multivariable case, by varying the above calculations slightly, we obtain distinct generalizations of (5.2). Further, Theorem 5.1 may also be obtained from Theorem 4.1. Previously, A_n extensions of Sears transformation have been obtained from multivariable extensions of Watson’s transformation. See Milne and Newcomb [26], Milne and Lilly [25] and Bhatnagar [7] for examples of such calculations.

We begin with two immediate consequences of Theorem 3.1. Theorem 5.3 (An A_n Sears’_4ϕ_3 transformation). Let a, b, c, d, e and x_1, . . . , x_n be indeterminate, let N_1, . . . , N_n be nonnegative integers with n ≥ 1, and suppose that none of the denominators in (5.4) vanish. Then ∑ 0≤k_i≤N_i i=1,2,...,n

( ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )_n∏ i=1 (abcq/dex_i; q)_{|k|−ki} (b/x_i; q)_{|k|−ki}

× n∏ i,j=1 (q^{−Nj} x_i/x_j; q)_{ki} (qx_i/x_j ; q)_{ki} n∏ i=1 (b/x_i; q)_{|k|} (abcq^{1−Ni} /dex_i; q)_{|k|} × n∏ i=1 (cx_i; q)_{ki} (ex_i; q)_{ki} · (a; q)_{|k|} (d; q)_{|k|} q^{∑ni=1 i ki} )

= n∏ i=1 (ex_i/a; q)_{Ni} (dex_i/bc; q)_{Ni} (ex_i; q)_{Ni} (dex_iq/abc; q)_{Ni} × ∑ 0≤k_i≤N_i i=1,2,...,n

( ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )_n∏ i=1 (aq/ex_i; q)_{|k|−ki} (d/cx_i; q)_{|k|−ki}

× n∏ i,j=1 (q^{−Nj} x_i/x_j; q)_{ki} (qx_i/x_j ; q)_{ki} n∏ i=1 (d/cx_i; q)_{|k|} (aq^{1−Ni} /ex_i; q)_{|k|} × n∏ i=1 (dx_i/b; q)_{ki} (dex_i/bc; q)_{ki} · (a; q)_{|k|} (d; q)_{|k|} q^{∑ni=1 i ki} ) . (5.4)

Proof. We first replace b by aq/b and e by aq/e in (3.2), and then take the limit a → 0. After relabeling of parameters, b → d, d → b, and f → a, we obtain (5.4). □

36 GAURAV BHATNAGAR AND MICHAEL SCHLOSSER

Remark 5.5. Theorem 5.3 concerns series summed over an n-rectangle. By using a polynomial argument similar to the proof of Theorem 3.16, we may find another transformation formula between series summed over an n-tetrahedron. This may also be accomplished by first replacing b by aq/b and e by aq/e in (3.8), and then taking the limit as a → 0 in the resulting identity.

The above generalization of Sears’ identity cannot, at present, be obtained from a multivariable Watson’s transformation. It would be interesting to obtain a generalization of Theorem 4.1 which implies Theorem 5.3. The following is a transformation of D_n series and also does not follow from any known generalization of Watson’s transformation.

Theorem 5.6 (A D_n Sears’_4ϕ_3 transformation). Let a, b, c, d, e and x_1, . . . , x_n be indeterminate, let N_1, . . . , N_n be nonnegative integers with n ≥ 1, and suppose that none of the denominators in (5.7) vanish. Then ∑ 0≤k_i≤N_i i=1,2,...,n

( ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j ) ∏ 1≤i<j≤n (dx_ix_j ; q)_{ki+kj}

× n∏ i=1 (abcq/dex_i; q)_{|k|−ki} (abcq^{1−Ni} /dex_i; q)_{|k|} n∏ i,j=1 (q^{−Nj} x_i/x_j ; q)_{ki} (qx_i/x_j ; q)_{ki} (dx_ix_j ; q)_{ki} × n∏ i=1 (bx_i; q)_{ki} (cx_i; q)_{ki} (ex_i; q)_{ki} · (a; q)_{|k|} q^{∑ni=1 i ki} )

= n∏ i=1 (ex_i/a; q)_{Ni} (dex_i/bc; q)_{Ni} (ex_i; q)_{Ni} (dex_iq/abc; q)_{Ni} × ∑ 0≤k_i≤N_i i=1,2,...,n

( ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j ) ∏ 1≤i<j≤n (dx_ix_j ; q)_{ki+kj}

× n∏ i=1 (aq/ex_i; q)_{|k|−ki} (aq^{1−Ni} /ex_i; q)_{|k|} n∏ i,j=1 (q^{−Nj} x_i/x_j ; q)_{ki} (qx_i/x_j; q)_{ki} (dx_ix_j; q)_{ki} × n∏ i=1 (dx_i/b; q)_{ki} (dx_i/c; q)_{ki} (dex_i/bc; q)_{ki} · (a; q)_{|k|} q^{∑ni=1 i ki} ) . (5.7)

Proof. We first replace d by aq/d and e by aq/e in (3.2), and then take the limit a → 0. After relabeling, f → a, we obtain (5.7). □

Cn AND Dn VERY-WELL-POISED 10ϕ9 TRANSFORMATIONS 37

Remark 5.8. Theorem 5.6 concerns series summed over an n-rectangle. By using a polynomial argument similar to the proof of Theorem 3.16, we may find another transformation formula between series summed over an n-tetrahedron. This may also be accomplished by first replacing d by aq/d and e by aq/e in (3.8), and then taking the limit as a → 0 in the resulting identity.

Next, we list several related transformation and summation formulas which follow from Theorem 3.16.

Theorem 5.9 (An A_n Sears_4ϕ_3 transformation). Let a_1, . . . , a_n, b, c, d, e, and x_1, . . . , x_n be indeterminate, let N be a nonnegative integer, let n ≥ 1, and suppose that none of the denominators in (5.10) vanish. Then ∑ k_1,k_2,...,k_n≥0 0≤|k|≤N

( ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )_n∏ i,j=1 (a_j x_i/x_j; q)_{ki} (qx_i/x_j; q)_{ki}

× n∏ i=1 (bcq^{1−N} /dex_i; q)_{|k|−ki} (a_ibcq^{1−N} /dex_i; q)_{|k|} (c; q)_{|k|} (q^{−N} ; q)_{|k|}

× n∏ i=1 [ (bx_i; q)_{ki} (dx_i; q)_{ki} (ex_i; q)_{ki} ] q^{∑ni=1 i ki} )

= n∏ i=1 (ex_i/a_i; q)_N (dex_i/bc; q)_N (dex_i/a_ibc; q)_N (ex_i; q)_N × ∑ k_1,k_2,...,k_n≥0 0≤|k|≤N

( ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j ) × n∏ i,j=1 (a_j x_i/x_j; q)_{ki} (qx_i/x_j; q)_{ki}

× n∏ i=1 (q^{1−N} /ex_i; q)_{|k|−ki} (a_iq^{1−N} /ex_i; q)_{|k|} (d/b; q)_{|k|} (q^{−N} ; q)_{|k|}

× n∏ i=1 [ (dx_i/c; q)_{ki} (dx_i; q)_{ki} (dex_i/bc; q)_{ki} ] q^{∑ni=1 i ki} ) . (5.10)

Proof. Set d → aq/d, e → aq/e, and then take the limit as a → 0 in (3.17), and then relabel the resulting identity by replacing f_j by a_j . □

Remark 5.11. When d = b, the series on the right hand side of (5.10) reduces to 1, and we obtain a balanced_3ϕ_2 summation theorem found by Milne, see [19].

38 GAURAV BHATNAGAR AND MICHAEL SCHLOSSER

Theorem 5.12 (An A_n non-terminating_3ϕ_2 transformation). Let a_1, . . . , a_n, b, c, d and x_1, . . . , x_n be indeterminate, and let n ≥ 1. Suppose that none of the denominators in (5.13) vanish, and assume that |z/x_i| < 1, and |bcz/dx_i| < 1 for i = 1, . . . , n. Then, ∑ k_i≥0 i=1,... ,n

( ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )_n∏ i,j=1 (a_j x_i/x_j; q)_{ki} (qx_i/x_j; q)_{ki}

× n∏ i=1 [ (bcz/dx_i; q)_{|k|−ki} (bx_i; q)_{ki} (a_ibcz/dx_i; q)_{|k|} (dx_i; q)_{ki} ] (c; q)_{|k|}

× z^{|k|}q^{∑ni=2(i−1) ki} q^{e2(k)} n∏ i=1 x^{−ki}_i )

= n∏ i=1 (a_iz/x_i; q)_∞ (bcz/dx_i; q)_∞ (a_ibcz/dx_i; q)_∞ (z/x_i; q)_∞ × ∑ k_i≥0 i=1,... ,n

( ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )_n∏ i,j=1 (a_j x_i/x_j; q)_{ki} (qx_i/x_j; q)_{ki}

× n∏ i=1 [ (z/x_i; q)_{|k|−ki} (dx_i/c; q)_{ki} (a_iz/x_i; q)_{|k|} (dx_i; q)_{ki} ] (d/b; q)_{|k|}

× ( bcz d )_{|k|} q^{∑ni=2(i−1) ki} q^{e2(k)} n∏ i=1 x^{−ki}_i ) , (5.13)

where e_2(k) is the second elementary symmetric function of k.

Proof. Replace e by eq^{−N} , and then take the limit as N → ∞ in (5.10). In the resulting identity, replace e by q/z. It is not difficult to see that the term by term limit is given by (5.13). However, to justify the limiting process, we have to use the dominated convergence theorem. Further, to find the convergence conditions of the dominating series, and the series in (5.13), we have to invoke the multiple power series ratio test. The details of this justification are very similar to a calculation in [26], and are not repeated here. □

Remark 5.14. When n = 1, Theorem 5.12 reduces to an equivalent case of [11, equation (3.2.7)]. If we just take the limit as N → ∞ in (5.10), we obtain another A_n extension of the same identity.

Setting a_i = 0, for i = 1, . . . , n, and relabeling c → a, and d → c in (5.13), gives an extension of Heine’s transformation [11, equation (1.4.3)], which is a q-analogue of a transformation formula of Euler.

Cn AND Dn VERY-WELL-POISED 10ϕ9 TRANSFORMATIONS 39

Theorem 5.15 (An A_n Heine’s_2ϕ_1 transformation). Let a, b, c and x_1, . . . , x_n be indeterminate, and let n ≥ 1. Suppose that none of the denominators in (5.16) vanish, and assume that |z/x_i| < 1, and |abz/cx_i| < 1, for i = 1, . . . , n. Then,

∑ k_i≥0 i=1,... ,n

( ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )_n∏ i,j=1 1 (qx_i/x_j ; q)_{ki}

× n∏ i=1 [ (abz/cx_i; q)_{|k|−ki} (bx_i; q)_{ki} (cx_i; q)_{ki} ] (a; q)_{|k|}

× z^{|k|}q^{∑ni=2(i−1) ki} q^{e2(k)} n∏ i=1 x^{−ki}_i )

= n∏ i=1 (abz/cx_i; q)_∞ (z/x_i; q)_∞ × ∑ k_i≥0 i=1,... ,n

( ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )_n∏ i,j=1 1 (qx_i/x_j; q)_{ki}

× n∏ i=1 [ (z/x_i; q)_{|k|−ki} (cx_i/a; q)_{ki} (cx_i; q)_{ki} ] (c/b; q)_{|k|}

× ( abz c )_{|k|} q^{∑ni=2(i−1) ki} q^{e2(k)} n∏ i=1 x^{−ki}_i ) , (5.16)

where e_2(k) is the second elementary symmetric function of k.

Finally, we note two summation theorems which follow immediately from the above two transformation formulas. While these are closely related to Milne’s summation theorems presented in [19], and may be obtained from Milne’s results, they appear to have been missed by earlier authors.

Next, let d = b in (5.13), and set c → b, z → c/a_1 · · · a_nb, to obtain an extension of Heine’s q-Gauss summation [11, equation (1.5.1)].

Theorem 5.17 (An A_n q-Gauss summation). Let a_1, . . . , a_n, b, c and x_1, . . . , x_n be indeterminate, and let n ≥ 1. Suppose that none of the denominators in (5.18) vanish, and assume that |c/a_1 · · · a_nbx_i| < 1,

40 GAURAV BHATNAGAR AND MICHAEL SCHLOSSER

for i = 1, . . . , n. Then, ∑ k_i≥0 i=1,... ,n

( ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )_n∏ i,j=1 (a_j x_i/x_j; q)_{ki} (qx_i/x_j; q)_{ki}

× n∏ i=1 [ (c/a_1 · · · a_nx_i; q)_{|k|−ki} (a_ic/a_1 · · · a_nx_i; q)_{|k|} ] (b; q)_{|k|}

× ( c a_1 · · · a_nb )_{|k|} q^{∑ni=2(i−1) ki} q^{e2(k)} n∏ i=1 x^{−ki}_i )

= n∏ i=1 (a_ic/a_1 · · · a_nbx_i; q)_∞ (c/a_1 · · · a_nx_i; q)_∞ (a_ic/a_1 · · · a_nx_i; q)_∞ (c/a_1 · · · a_nbx_i; q)_∞ , (5.18)

where e_2(k) is the second elementary symmetric function of k.

Finally, we set c = b in (5.16) to obtain an A_n extension of the q-binomial theorem [11, equation (1.3.2)].

Theorem 5.19 (An A_n q-binomial theorem). Let a, and x_1, . . . , x_n be indeterminate, and let n ≥ 1. Suppose that none of the denominators in (5.20) vanish, and assume that |z/x_i| < 1, for i = 1, . . . , n. Then, ∑ k_i≥0 i=1,2,...,n

( ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )_n∏ i,j=1 1 (qx_i/x_j; q)_{ki} (a; q)_{|k|} z^{|k|}

× n∏ i=1 (az/x_i; q)_{|k|−ki} q^{∑ni=2(i−1) ki} q^{e2(k)} n∏ i=1 x^{−ki}_i )

= n∏ i=1 (az/x_i; q)_∞ (z/x_i; q)_∞ , (5.20)

where e_2(k) is the second elementary symmetric function of k. Remark 5.21. If we set c → a_1 · · · a_nbz, and set b = 0 in Theorem 5.17, we obtain a multivariable generalization of the q-binomial theorem found by Milne and Lilly [25, Theorem 4.7]. These authors call it a C_n q-binomial theorem, because it is obtained from C_n summation theorems. However, in the convention followed in this paper, we regard Theorem 4.7 of [25] as an A_n theorem. Further, note that if we set c → a_1 · · · a_nbz, and set a_i = 0 in (5.18), we obtain Theorem 5.19.

The above theorems are only a small sample of possibilities. For instance, Milne and Newcomb [27] and Degenhardt and Milne [9] have found interesting applications of Milne and Newcomb’s [26] A_{n 10}ϕ_9

Cn AND Dn VERY-WELL-POISED 10ϕ9 TRANSFORMATIONS 41

formula. It would be interesting to carry out analogous computations starting from some of the results of this paper.

Appendix A Here we state a useful simplification lemma found by Milne [23] and the multidimensional extensions of Jackson’s classical_8ϕ_7 summation theorem which are needed for our proofs of the transformations in §2 and §3. These summation theorems include the A_n extension of Jackson’s theorem found by Milne [21], a C_n summation found independently by Denis and Gustafson [10] and Milne and Lilly [25], and D_n theorems found by Bhatnagar [7] and Schlosser [29]. We begin with Lemma A.1 (Milne). ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )_n∏ i,j=1 (q^{−kj} x_i/x_j ; q)_{ki} (qx_i/x_j ; q)_{ki} = (−1)^{|k|} q^−(^{|k|2} ) q^{− ∑ni=1 i ki} .

Remark A.2. Lemma A.1 is Lemma 6.11 of [23], where it is proved by some elementary manipulations.

Next we state various multivariable extensions of Theorem 1.10. Theorem A.3 ((Milne) An A_n Jackson’s sum). Let a, b, c, d and x_1, . . . , x_n be indeterminate, let N_i be nonnegative integers for i = 1, 2, . . . , n with n ≥ 1, and suppose that none of the denominators in (A.4) vanish. Then ∑ 0≤k_i≤N_i i=1,2,...,n

(_n ∏ i=1 ( 1 − ax_iq^{ki+|k|} 1 − ax_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )

× n∏ i,j=1 (q^{−Nj} x_i/x_j; q)_{ki} (qx_i/x_j ; q)_{ki} n∏ i=1 (ax_i; q)_{|k|} (ax_iq^{1+Ni} ; q)_{|k|} × n∏ i=1 (dx_i; q)_{ki} (a^2x_iq^{1+|N|}/bcd; q)_{ki} (ax_iq/b; q)_{ki} (ax_iq/c; q)_{ki} × (b; q)_{|k|} (c; q)_{|k|} (aq/d)_{|k|} (bcdq^{−|N|}/a; q)_{|k|} q^{∑ni=1 i ki} )

= (aq/bd; q)_{|N|} (aq/cd; q)_{|N|} (aq/d; q)_{|N|} (aq/bcd; q)_{|N|} n∏ i=1 (ax_iq; q)_{Ni} (ax_iq/bc; q)_{Ni} (ax_iq/b; q)_{Ni} (ax_iq/c; q)_{Ni} . (A.4)

Remark A.5. Theorem A.3 appeared as Theorem 6.14 in [21] with different notation, see also [26, A12].

42 GAURAV BHATNAGAR AND MICHAEL SCHLOSSER

Theorem A.6 ((Denis–Gustafson and Milne–Lilly) A C_n Jackson’s sum). Let a, b, c, d and x_1, . . . , x_n be indeterminate, let N_i be nonnegative integers for i = 1, 2, . . . , n with n ≥ 1, and suppose that none of the denominators in (A.7) vanish. Then ∑ 0≤k_i≤N_i i=1,2,...,n

(_n ∏ i=1 ( 1 − ax^2_i q^{2ki} 1 − ax^2_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j 1 − ax_ix_j q^{ki+kj} 1 − ax_ix_j )

× n∏ i=1 (bx_i; q)_{ki} (cx_i; q)_{ki} (dx_i; q)_{ki} (a^2x_iq^{1+|N|}/bcd; q)_{ki} (ax_iq/b; q)_{ki} (ax_iq/c; q)_{ki} (ax_iq/d; q)_{ki} (bcdx_iq^{−|N|}/a; q)_{ki} × n∏ i,j=1 (q^{−Nj} x_i/x_j; q)_{ki} (ax_ix_j; q)_{ki} (qx_i/x_j; q)_{ki} (ax_ix_j q^{1+Nj} ; q)_{ki} q^{∑ni=1 i ki} )

= ∏ 1≤i<j≤n (ax_ix_j q; q)^{−1}_{Ni+Nj} n∏ i,j=1 (ax_ix_j q; q)_{Ni}

× (aq/bc; q)_{|N|} (aq/bd; q)_{|N|} (aq/cd; q)_{|N|} n∏ i=1 [(ax_iq/b; q)_{Ni} (ax_iq/c; q)_{Ni} (ax_iq/d; q)_{Ni} (aq^{1+|N|−Ni} /bcdx_i; q)_{Ni} ] . (A.7)

Remark A.8. Theorem A.6 appeared as Theorem 4.1 in [10] with different notation. In a form very similar to ours above, with relabeled parameters and slightly rearranged product side, it appeared (independently from [10]) as Theorem 6.13 in [25].

Theorem A.9 ((Bhatnagar) A D_n Jackson’s sum). Let a, b, c, d and x_1, . . . , x_n be indeterminate, let N_i be nonnegative integers for i = 1, 2, . . . , n with n ≥ 1, and suppose that none of the denominators in (A.10) vanish. Then ∑ 0≤k_i≤N_i i=1,2,...,n

(_n ∏ i=1 ( 1 − ax_iq^{ki+|k|} 1 − ax_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )

× ∏ 1≤i<j≤n (ax_ix_j q/d; q)_{ki+kj} n∏ i,j=1 (ax_ix_j q/d; q)^{−1}_{ki}

× n∏ i,j=1 (q^{−Nj} x_i/x_j; q)_{ki} (qx_i/x_j ; q)_{ki} n∏ i=1 (ax_i; q)_{|k|} (d/x_i; q)_{|k|} (ax_iq^{1+Ni} ; q)_{|k|} (d/x_i; q)_{|k|−ki}

× n∏ i=1 [ (bx_i; q)_{ki} (cx_i; q)_{ki} (a^2x_iq^{1+|N|}/bcd; q)_{ki} ] (aq/b; q)_{|k|} (aq/c; q)_{|k|} (bcdq^{−|N|}/a; q)_{|k|} q^{∑ni=1 i ki} )

Cn AND Dn VERY-WELL-POISED 10ϕ9 TRANSFORMATIONS 43 = ∏ 1≤i<j≤n (ax_ix_j q/d; q)_{Ni+Nj} n∏ i,j=1 (ax_ix_j q/d; q)^{−1}_{Ni}

× n∏ i=1 [ (ax_iq; q)_{Ni} (ax_iq/cd; q)_{Ni} (ax_iq/bd; q)_{Ni} (aq^{1+|N|−Ni} /bcx_i; q)_{Ni} ] (aq/b; q)_{|N|} (aq/c; q)_{|N|} (aq/bcd; q)_{|N|} . (A.10)

Remark A.11. Theorem A.9 appears in [7] where it has been derived by combining a D_n balanced_3ϕ_2 summation and a D_n very-well-poised 6ϕ_5 summation theorem.

Theorem A.9 is also equivalent to Theorem A.12 since it follows from reversing the sum in (A.13) and relabeling parameters.

Theorem A.12 ((Schlosser) A D_n Jackson’s sum). Let a, b, c, d and x_1, . . . , x_n be indeterminate, let N_i be nonnegative integers for i = 1, 2, . . . , n with n ≥ 1, and suppose that none of the denominators in (A.13) vanish. Then ∑ 0≤k_i≤N_i i=1,2,...,n

(_n ∏ i=1 ( 1 − ax_iq^{ki+|k|} 1 − ax_i ) ∏ 1≤i<j≤n ( 1 − q^{ki−kj} x_i/x_j 1 − x_i/x_j )

× ∏ 1≤i<j≤n (a^2x_ix_j q/bcd; q)^{−1}_{ki+kj} n∏ i,j=1 (a^2x_ix_j q^{1+Nj} /bcd; q)_{ki}

× n∏ i,j=1 (q^{−Nj} x_i/x_j; q)_{ki} (qx_i/x_j ; q)_{ki} n∏ i=1 (ax_i; q)_{|k|} (bcd/ax_i; q)_{|k|−ki} (ax_iq^{1+Ni} ; q)_{|k|} (bcdq^{−Ni} /ax_i; q)_{|k|} × (b; q)_{|k|} (c; q)_{|k|} (d; q)_{|k|} n∏ i=1 [(ax_iq/b; q)_{ki} (ax_iq/c; q)_{ki} (ax_iq/d; q)_{ki} ] q^{∑ni=1 i ki} )

= n∏ i=1 (ax_iq; q)_{Ni} (ax_iq/bc; q)_{Ni} (ax_iq/bd; q)_{Ni} (ax_iq/cd; q)_{Ni} (ax_iq/bcd; q)_{Ni} (ax_iq/d; q)_{Ni} (ax_iq/c; q)_{Ni} (ax_iq/b; q)_{Ni} . (A.13)

Remark A.14. Theorem A.12 appears in [29, Theorem 5.6] and [30] with slightly relabeled parameters. It was derived by a D_n matrix inversion combined with the C_{n 8}ϕ_7 summation in Theorem A.6.

Theorem A.12 is also equivalent to Theorem A.9 since it follows from reversing the sum in (A.10) and relabeling parameters.

44 GAURAV BHATNAGAR AND MICHAEL SCHLOSSER

References

[1] G. E. Andrews, The Theory of Partitions, Vol. 2, G.-C. Rota (ed.), Encyclopedia of Mathematics and Its Applications, Addison–Wesley, Reading, MA, 1976.

[2] G. E. Andrews, Problems and prospects for basic hypergeometric series, in Theory and Application of Special Functions, R. Askey (ed.), Academic Press, (1975), 191–224.

[3] W. N. Bailey, Generalized Hypergeometric Series, Cambridge University Press, Cambridge (1935), reprinted by Stechert-Hafner, New York, 1964.

[4] W. N. Bailey, An identity involving Heine’s basic hypergeometric series, J.

London Math. Soc. 4 (1929), 254–257.

[5] W. N. Bailey, Some identities in combinatory analysis, Proc. London Math.

Soc. (2) 49 (1947), 421–435.

[6] G. Bhatnagar, Inverse relations, generalized bibasic series and their U(n) extensions, Ph.D. thesis, The Ohio State University, 1995.

[7] G. Bhatnagar, D_n basic hypergeometric series, preprint. [8] A.-L. Cauchy, Mémoire sur les fonctions dont plusieurs valeurs sont liées entre elles par une équation linéaire, et sur diverses transformations de produits composés d’un nombre indéfini de facteurs, C. R. Acad. Sci. Paris, T. XVII, 1843, p. 523; Oeuvres de Cauchy, 1^{re} série, T. VIII, Gauthier-Villars, Paris, 1893, pp. 42–50.

[9] S. Degenhardt and S. C. Milne, A nonterminating q-Dougall summation theorem for basic hypergeometric series in U(n), in preparation.

[10] R. Y. Denis and R. A. Gustafson, An SU(n) q-beta integral transformation and multiple hypergeometric series identities, SIAM J. Math. Anal. 23 (1992), 552–561.

[11] G. Gasper and M. Rahman, Basic hypergeometric series, Encyclopedia of Mathematics And Its Applications 35, Cambridge University Press, Cambridge, 1990.

[12] R. A. Gustafson, A Whipple’s transformation for hypergeometric series in U(n) and multivariable orthogonal polynomials, SIAM J. Math. Anal., 18, (1987), 495–530.

[13] R. A. Gustafson, The Macdonald identities for affine root systems of classical type and hypergeometric series very well-poised on semi-simple Lie algebras, in Ramanujan International Symposium on Analysis (Dec. 26th to 28th, 1987, Pune, India), N. K. Thakare (ed.) (1989) 187–224.

[14] E. Heine, Untersuchungen über die Reihe . . . , J. reine angew. Math. 34 (1846), 285–328.

[15] W. J. Holman III, L. C. Biedenharn, and J. D. Louck, On hypergeometric series well-poised in SU(n), SIAM J. Math. Anal. 7 (1976), 529–541.

[16] F. H. Jackson, Transformations of q-series, Messenger of Math. 39 (1910), 145–153.

[17] F. H. Jackson, Summation of q-hypergeometric series, Messenger of Math.

57 (1921), 101–112.

[18] C. G. J. Jacobi, Fundamenta nova theoriae functionum ellipticarum, 1829 Regiomnoti, fratrum Bornträger; reprinted in: Gesammelte Werke, Vol. 1, (Reimer, Berlin, 1881) 49–239.

Cn AND Dn VERY-WELL-POISED 10ϕ9 TRANSFORMATIONS 45

[19] V. Leininger and S. C. Milne, Expansions for (q)^{n2−1}_∞ and basic hypergeometric series in U(n), preprint.

[20] S. C. Milne, An elementary proof of the Macdonald identities for A^{(1)}_ℓ , Adv.

in Math. 57 (1985), 34–70.

[21] S. C. Milne, Multiple q-series and U(n) generalizations of Ramanujan’s_1ψ_1 sum, Ramanujan Revisited (G. E. Andrews et al., eds.), Academic Press, New York, 1988, pp. 473–524.

[22] S. C. Milne, A q-analog of a Whipple’s transformation for hypergeometric series in U(n), Adv. in Math. 108 (1994), 1–76.

[23] S. C. Milne, Balanced_3ϕ_2 summation theorems for U(n) basic hypergeometric series, Adv. in Math., to appear.

[24] S. C. Milne, New Whipple’s transformations for basic hypergeometric series in U(n), in preparation.

[25] S. C. Milne and G. M. Lilly, Consequences of the A_l and C_l Bailey transform and Bailey lemma, Discrete Math. 139 (1995), 319–346.

[26] S. C. Milne and J. W. Newcomb, U(n) very well poised_{10}ϕ_9 transformations, J. Comput. Appl. Math. 68 (1996), 239–285.

[27] S. C. Milne and J. W. Newcomb, Nonterminating q-Whipple transformations for basic hypergeometric series in U(n), in preparation.

[28] J. W. Newcomb, The classical U(n) Bailey Transform and_{10}ϕ_9 transformations, Ph.D. Thesis, The University of Kentucky, 1993.

[29] M. Schlosser, Multidimensional matrix inversions and A_r and D_r basic hypergeometric series, The Ramanujan J. 1 (1997), 243–274.

[30] M. Schlosser, Multidimensional matrix inversions and multiple basic hypergeometric series, Ph.D. Thesis, Universität Wien, 1996.

[31] M. Schlosser, Summation theorems for multidimensional basic hypergeometric series by determinant evaluations, preprint.

[32] D. B. Sears, On the transformation theory of basic hypergeometric functions, Proc. London Math. Soc. (2) 53 (1951), 158–180.

[33] L. J. Slater, Generalized Hypergeometric Functions, Cambridge University Press, London and New York, 1966.

[34] D. Stanton, An elementary approach to the Macdonald identities, in q-Series and partitions (D. Stanton, ed.), The IMA volumes in mathematics and its applications, vol. 18, Springer–Verlag, 1989, 139–150.

[35] G. N. Watson, A new proof of the Rogers-Ramanujan identities, J. London Math. Soc. 4 (1929), 4–9.

[36] F. J. W. Whipple, On well-poised series, generalized hypergeometric series having parameters in pairs, each pair with the same sum, Proc. London Math. Soc. (2), 24 (1926), 247–263.

[37] F. J. W. Whipple, A fundamental relation between generalized hypergeometric series, J. London Math. Soc., 1 (1926), 138–145.

46 GAURAV BHATNAGAR AND MICHAEL SCHLOSSER

Department of Mathematics, The Ohio State University, Columbus, Ohio, 43210; (currently:) R&D, NIIT Ltd., 8 Balaji Estate, Sudarshan Munjal Marg, Kalkaji, New Delhi 110019.

E-mail address: gauravb@niitdel1.niit.co.in

Institut für Mathematik der Universität Wien, Strudlhofgasse 4, A-1090 Wien, Austria.

E-mail address: schlosse@pap.univie.ac.at