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What’s our problem?

∇su

∇s(u− v) ∇sv

Cel

Cvi

D

ℓ

{
−div (Cel∇(u− v)) = ℓ in Ω

−div (D∇v̇ + Cvi∇v) = ℓ in Ω
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Preliminaries
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Domains and Deformations

Ω ⊂ Rd non empty, Lipschitz domain

ΓD

Ω

yvi(Ω)

y(Ω)

yvi yel

y = yel ◦ yvi

∇y = FelFvi

Andrea Chiesa (Universität Wien) Finite-strain Poynting-Thomson model 28/01/2023 5 / 16



Domains and Deformations

Ω ⊂ Rd non empty, Lipschitz domain

ΓD

Ω

yvi(Ω)

y(Ω)

yvi yel

y = yel ◦ yvi

∇y = FelFvi

Andrea Chiesa (Universität Wien) Finite-strain Poynting-Thomson model 28/01/2023 5 / 16



Domains and Deformations

ΓD

Ω
yvi(Ω)

y(Ω)

yvi yel

y = yel ◦ yvi

yvi(Ω) −→ some regularity required:

Sobolev extension domains

closed under Hausdorff convergence (e.g. uniformly Lipschitz)
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Admissible States

yvi viscous deformation:
yvi ∈W 1,pvi(Ω;Rd), pvi > d(d− 1)

det∇yvi = 1 a.e. in Ω (locally volume preserving)

⇓
yvi homeomorphism (⇒ invertible)

chain rule: ∇y(X) = ∇yel(yvi(X))∇yvi(X)

∇y = FelFvi
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Admissible States

yvi viscous deformation:
yvi ∈W 1,pvi(Ω;Rd), pvi > d(d− 1)

det∇yvi = 1 a.e. in Ω (locally volume preserving)

disappears in
change of variable

⇓
yvi homeomorphism (⇒ invertible)

chain rule: ∇y(X) = ∇yel(yvi(X))∇yvi(X)

∇y = FelFvi
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Energy

Total energy of the system:

E(t, yel, yvi) := W(yel, yvi)︸ ︷︷ ︸
Stored energy

− ⟨ℓ(t), yel ◦ yvi⟩︸ ︷︷ ︸
work of external actions

W(yel, yvi) =

∫
yvi(Ω)

Wel(∇yel(ξ))︸ ︷︷ ︸
stored elastic energy

dξ +

∫
Ω
Wvi(∇yvi(X))︸ ︷︷ ︸

stored viscous energy

dX

Wel : Rd×d → R polyconvex

c1|A|pel ≤Wel(A) ≤ 1
c1
(1 + |A|pel)

Wvi : Rd×d → R polyconvex

Wvi(A) ≥

{
c2|A|pvi − 1

c2
A ∈ SL(d)

∞ otherwise
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Dissipation

Istantaneous dissipation of the system:

Ψ(yvi, ẏvi) :=

∫
Ω
ψ(∇ẏvi(∇yvi)

−1)︸ ︷︷ ︸
dissipation density

dX

ψ : Rd×d → R convex, differentiable at 0
ψ(A) ≥ c3|A|pψ
ψ(λA) = |λ|pψψ(A)

}
⇝ ψ(A) := |A|pψ

pψ
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Existence
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The Time Discretization Scheme

Πτ := {0 = t0 < t1 · · · < tN = T} , ti − ti−1 = τ = T/N

t0 t1 t2 t3
. . . tN

τ

(y0el, y
0
vi) compatible initial condition

Incremental minimization problem, i = 1, . . . , N :

inf
(yel,yvi)∈A

{
E(ti, yel, yvi) +

∫
Ω
τψ

(
∇(yvi − yi−1

vi )

τ

(
∇yi−1

vi

)−1

)}
(IP )

Theorem
Problem (IP ) admits minimizers (not unique).
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Existence Result

Theorem (C.-Kružı́k-Stefanelli)
Given (y0el, y

0
vi) ∈ A, for any sequence (Πτ )τ of partitions of the interval

[0, T ] with mesh sizes τ → 0, there exist a (not relabeled) subsequence
and functions (yel, yvi) : [0, T ] → A such that, for a.e. t ∈ [0, T ],

•[Approximation]

(yel,τ (t), yvi,τ (t))⇀ (yel(t), yvi(t)) in A,

•[Energy inequality]

E(t, yel(t), yvi(t))+pψ

∫ t

0
Ψ(s, yvi(s)) ds ≤ E(0, y0el, y

0
vi)−

∫ t

0
⟨ℓ̇(s), y(s)⟩ ds,

•[Semistability]

E (t, yel(t), yvi(t)) ≤ E (t, ỹel, yvi(t)) ∀ỹel with (ỹel, yvi(t)) ∈ A.
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“Naive” Energy Inequality

E(t, yel(t), yvi(t))+1
∫ t
0Ψ(s, yvi(s)) ds ≤ E(0, y0el, y

0
vi)−

∫ t
0⟨ℓ̇(s), y(s)⟩ ds

E(ti, yiel, y
i
vi)+

∫
Ω
τψ

(
∇(yivi − yi−1

vi )

τ

(
∇yi−1

vi

)−1

)
min
≤ E(ti, yi−1

el , yi−1
vi )

= E(ti−1, y
i−1
el , yi−1

vi )−
∫ ti

ti−1

⟨ℓ̇, yi−1⟩

Summing up
ww� i = 1, . . . , n

E(tn, ynel, y
n
vi) +

n∑
i=1

∫
Ω
τψ

(
∇(yivi − yi−1

vi )

τ

(
∇yi−1

vi

)−1

)

≤ E(0, y0el, y
0
vi)−

n∑
i=1

∫ ti

ti−1

⟨ℓ̇, yi−1⟩
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Sharp Energy Inequality

E(t, yel(t), yvi(t))+pψ
∫ t
0Ψ(s, yvi(s)) ds ≤ E(0, y0el, y

0
vi)−

∫ t
0⟨ℓ̇(s), y(s)⟩ ds

Φ(τ ; yold, yel, yvi) := E(ti, yel, yvi)+

ϕτ (yold) := inf
(yel,yvi)∈A

Φ(τ ; yold, yel, yvi)

d

dτ
ϕτ (yold) = −Ψτ (yold)

E(ti, yel,τ , yvi,τ )+τΨ

(
yold,

yvi,τ−yold
τ

)
−E(ti, yel, yold) = −

∫ τ

0
Ψr(yold) dr
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τ0
τ1
Ψτ0(yold) ≤

ϕτ0(yold)− ϕτ1(yold)

τ1 − τ0
≤ τ0
τ1
Ψτ1(yold)

d

dτ
ϕτ (yold) = −Ψτ (yold)

E(ti, yel,τ , yvi,τ )+τΨ

(
yold,

yvi,τ−yold
τ

)
−E(ti, yel, yold) = −

∫ τ

0
Ψr(yold) dr
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