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4 1 Introduction
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Fig. 1.1 The first four steps of the approximating sequence un. The graph of the function g is in
black, whereas the graphs of the functions u1, . . . ,u4 are in blue. The dots on the x-axis form the
discontinuity sets of the un’s, that is, the sets !n.

the cube ∀ , with each cross-section x3 = C → (0,1) of the cube ∀ displaced by g in
the x1-direction by an amount C. Therefore, we have

!g = I + e1 ↑ e3, G = I, M = e1 ↑ e3,

with e1 ↑ e3 the 3↓3 rank-one matrix

e1 ↑ e3 =




0 0 1
0 0 0
0 0 0


 .

Consequently, the shearing of the region ∀ caused by (!,g,G) is due to disarrange-
ments, alone. To further substantiate this assertion, we note that the following “deck
of cards sequence” [46, (3.9)] of simple deformations (!n,un,!un) satisfies the con-
vergence conditions in (1.2) for (!,g,G), and each (!n,un,!un) divides ∀ in the x3-
direction into n↔1 congruent rectangular parallelepipeds (the “cards”) of thickness
1/n and displaces each in the x1-direction by amount 1/n relative to its adjacent
neighbor(s):

un(x1,x2,x3) =

(
x1 +

k
n
,x2,x3

)
, for

k
n

< x3 <
k +1

n
, k = 0, . . . ,n↔1,

!n =

{(
x1,x2,

k
n

)
: (x1,x2) → (0,1)2, k = 1, . . . ,n↔1

}
.
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The model

Deformation
y : U → Rd

Accretion
Ω(t) := {θ(x) < t}

U\Ω(t)
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f

n

y(U\Ω(t)

ΓD

y(Ωt)

y(U)y

−div
(
∂FW

a(∇y)+∂ḞR
a(∇y,∇ẏ)−divDH(∇2y)

)
= f in [0, T ]×Ω(t)

−div
(
∂FW

r(∇y)+∂ḞR
r(∇y,∇ẏ)−divDH(∇2y)

)
= f in [0, T ]×(U \ Ω(t))

γ
(
y(θ(x), x),∇y(θ(x), x)

)
|∇θ(x)| = 1 in U \ Ω0
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Existence result

−div
(
∂FW

a(∇y)+∂ḞR
a(∇y,∇ẏ)−divDH(∇2y)
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(
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γ
(
y(θ(x), x),∇y(θ(x), x)

)
|∇θ(x)| = 1 in U \ Ω0

Theorem (C.-Stefanelli, 2025 )
There exist a solution (y, θ) ∈ C1([0, T ]× U ;Rd)× C0,1(U) to the system

satisfying the Energy Equality
∫

U

(
W a(∇y)1Ω(t)+W r(∇y)1U\Ω(t)+H(∇2y)−f ·y

)
dx− E0

= −
∫ t

0

∫

U

2Ra (∇y,∇ẏ)1Ω(t)+2Rr (∇y,∇ẏ)1U\Ω(t)+ḟ ·y dx ds

+

∫ t

0

∫

{θ=s}

W a(∇y)−W r(∇y)

|∇θ| dHd−1ds.
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Conclusions
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A. Chiesa, U. Stefanelli. Viscoelasticity and accretive phase-change at
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Thank you for your attention!

Andrea Chiesa (Universität Wien) Viscoelasticity and Growth 07/05/2025 5 / 5


