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Incrementally approximable solutions

Theorem: Existence of incrementally approximable solutions
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There exists an incrementally approximable solution, i.e., a map (Yo, i) : [0,7] — A

such that:

e there exists a sequence of partitions (I1,); of the interval |0, T with mesh size 7 — 0,

%

such that the sequence of backward-constant interpolants (¥, ., %,;,) of solutions to
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the incremental minimization problems (m.) satisfy

(Totr (1), i (8)) = (yel(8), 9i()) in WP (g8, Q); RY) x WHP(Q; RY)

and, for a.e. t € |0, T, (ya(t), yvi(t)) satisfies

— div (DV*0 4+ C;\Vv) =/
— div(CyVi(u —v)) = ¢

e the energy inequality

g(ta yel(t)v yvi(t)) +/O \Ij(yvi(s)v yvi(s)) < 5(0) o /O <€(S)7 Yel © yvi(5)> (E)

e and the semistability condition

E(t,yal(t), yi(t)) < E(t, Yo, pi(t)) for every gq such that (ge, yui(t)) € A (5)

Admissible deformations

() C R? Lipschitz domain, d > 2.

A = set of admissible deformations, satisfying the following

Viscous deformation v.;

® Yy € Wl’pVi(Q; Rd)? with py; > d(d o 1)7

Linearization

e locally volume preserving, det Vy,; = 1 a.e. in §2; e /i homeomorphism;

o a.c. injective, [Q] = |yu(Q)] = 1; ® yi({2) open;

® 4,i(§2) uniformly Lipschitz; e change of variables formula. Define

Wi — idg Yy —idg
V= and wu = .
¢ fQ Yyi = 0. S S

Assuming sufficient regularity, by Taylor expansion we expect the following I'-convergences:

Elastic deformation g 1

é /Q Wa (I+eVu)(I+eVv) ™), > QWVi(l+eW), é /Q Y (eVo(I+eVv) ™)

o | |

. /Q CaV(u—v):V(u—v)

Theorem: Convergence of incrementally approximable solutions

For every € > 0 let (u., v.) be an incrementally approximable solution at level . Then,
there exist functions (u,v) : [0,T] — H{ (Q;R?) x H&(Q;Rd) such that, up to a non

relabeled subsequence, we have

No second us(t) — u(t), ve(t) = v(t) in Hl(Q; ]Rd) and Vo.(t) = Vo(t) in LQ(Q; RdXd).

oradients

— Moreover, for every t € |0, 1", (u(t), v(t)) satisfy the linear energy inequalit
g(tayelayvi) = / o W, ( ) + /QWVi(vyvi) _ <£(t)7yel O yvi> Y [ ] ( ( ) ( )) y &Y . y
vi —
D e Wk of eormal / CVo(t):Vo(t) + / CuV (u(t)—v(1):V (w(t)—v(t)) — ), u(t))
Stored elastic energy Stored viscous energy  mechanical actions 0 t 0
D

()
—_— t ®
o Wy : R — R polyconvex; o Wi : R — R polyconvex; +/ / Vo(s):Vo(s) < “Initial energy” — / (L(s),u(s))
0 Jo 0
o o A" < Wa(A) < Cll(l +{A]), e Wii(A) = eof AP = clg on SL(d), and the linear semistability condition

VA € GL(d). Wi = oo otherwise.
/QCeN(u(t)—v(t)):V(u(t)—v(t)) — (€(t), u(t)

< /Q CaV (i—v(t)):V (a—v(t)) — (£(t), @)

(Elin)

Dissipation V¥

\Ij(yviagvi) = /£2¢<vgvi(vyvi)_1)
o) : R™4 5 10, 00) convex, differentiable at 0 with 0 = 1(0);

o )(£) > c3] AlPv for every A € R¥*?
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i1\ ]
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(yelayvi) E-A )

admits a solution for every ¢ =1, ..., IV.



