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What’s our problem?

-V (u— ) Vv

D

—div(CaqV(u—wv)) =¢ in Q
—div (DVo + Cyi Vo) = ¢ in Q
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Preliminaries
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Domains and Deformations

Q c R% non empty, Lipschitz domain

Yvi Yel

/\/\

v

Y = Yel © Yvi
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() Domains and Deformations

Q c R% non empty, Lipschitz domain

Yvi Yel

/\/\

v

Y = Yel © Yvi
vy = Fevai
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Domains and Deformations

Y = Yel © Yvi

@ ,i(2) — some regularity required:
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 BH () Domains and Deformations

Y = Yel © Yvi
@ y,i(2) — some regularity required:
@ Sobolev extension domains
e closed under Hausdorff convergence (e.g. uniformly Lipschitz)
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B () Domains and Deformations

Y = Yel © Yvi
@ y,i(2) — some regularity required:
@ Sobolev extension domains
e closed under Hausdorff convergence (e.g. uniformly Lipschitz)

IATEATES
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Admissible States

@ yy; viscous deformation:
® Yyi € WLPVi (QaRd)7 Pvi > d(d - 1)
o det Vy,; = 1 a.e. in Q (locally volume preserving)
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Admissible States

@ 1y, viscous deformation:
° yy € WhPvi(Q;RY),  pyi >d(d—1)
o et Vy,p= 1a.e. in © (locally volume preserving)

disappears in
change of variable
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Admissible States

@ yy; viscous deformation:
® Yyi € WLPVi (QaRd)7 Pvi > d(d - 1)
o det Vy,; = 1 a.e. in Q (locally volume preserving)

4

@ y,; homeomorphism (= invertible)
e chainrule:  Vy(X) = Vya(yi(X)) Vi (X)
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Admissible States
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Admissible states

A= {(yel,yvi) € WhPa (:(2); RY) x Whpi(Q; RY)

det Vy,i =1 a.e. in Q,/ widX =0, [Q = |i(Q)],
Q

Wi(2) € Tnimas ¥ = Yel © i = id 0N FD}-
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Total energy of the system:

E(t yet, wi) = W(Wel, vi) — (€(1), Yel © Yui)
S—— ——

Stored energy  work of external actions
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Total energy of the system:

Et, Yer, yvi) = W(Wel, i) —  (€(t), Yel © Yvi)
—— —

Stored energy  work of external actions
LWL (0,T5(Wha (QRY))*)
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Total energy of the system:

E(t yet, wi) = W(Wel, vi) — (€(1), Yel © Yui)
S—— ——

Stored energy  work of external actions

W(yers i) = /  WalVyl©) dé + /Q Wi (Vyai(X)) dX
Yvi Vv Vv

stored elastic energy stored viscous energy

Andrea Chiesa (Universitat Wien) Finite-strain Poynting-Thomson model 25/07/2023



Total energy of the system:

Et, yet, i) = W(Wel, i) —  (€(t), Vet © Yvi)
~—— ~——
Stored energy  work of external actions
NO second gradient V2y,

——
Woa(Vya(€)) dé + / Wi (VX)) dX
(Q) Y~ QN—

stored elastic energy stored viscous energy

W(Yels i) = /
Yvi

Jvi

Andrea Chiesa (Universitat Wien) Finite-strain Poynting-Thomson model 25/07/2023



Total energy of the system:

E(t yet, wi) = W(Wel, vi) — (€(1), Yel © Yui)
S—— ——

Stored energy  work of external actions

W(yers i) = /  WalVyl©) dé + /Q Wi (Vyai(X)) dX
Yvi Vv Vv

stored elastic energy stored viscous energy

@ Wy : R 5 R polyconvex @ Wi : R¥*4 5 R polyconvex
c2l AP — L A e SL(d)

@ ci|AJP < Wa(A) < (1 + |A[P) @ Wy(A) > :
! oo otherwise
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Dissipation

Istantaneous dissipation of the system:

\II(yVHyVl . / 1/} Vy\/](vy\q) ) dX

d|SS|pat|on density
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Dissipation

Istantaneous dissipation of the system:

\II(yVHyVl . / 1/} Vy\/](vy\q) ) dX

d|SS|pat|on density

@ ¢ : R*? — R convex, differentiable at 0 APY
® (4) > csl APy s 1p(A) =1
® Y(AA) = A a(A) v
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Existence
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The Time Discretization Scheme

SFE y
' DIE

°1_[7—::{Ozto<7§1"'<t]\[:7—"}, ti_ti—lzT:T/N

I ] ] ] ]
I T T T 1

to t to t3 T tn

@ (y9,y%) compatible initial condition
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 BH () The Time Discretization Scheme

°1_[7—::{Ozto<751"'<t]\[:7—"}, ti_ti—lzT:T/N

I ] ] ] ]
I T T T 1

to t to t3 T tn

@ (y9, %) compatible initial condition

Incremental minimization problem, i =1,..., N:

C gt o
inf {5(ti,ye1,yvi) +/QT¢ (M (Vi) 1)} (IP)

(Yet,uvi) EA
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- BH () The Time Discretization Scheme

°1_[7—::{Ozto<7§1"'<t]\[:7—"}, ti_ti—lzT:T/N

I ] ] ] ]
I T T T 1

to ty to t3 T tn

@ (y9,y%) compatible initial condition

Incremental minimization problem, i =1,..., N:

C gt o
inf {5(ti,ye1,yvi) +/QT¢ (M (Vi) 1)} (IP)

(Yet,uvi) EA

Problem (I P) admits minimizers (not unique).
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Existence Result

Theorem (C.-Kruzik-Stefanelli)

Given (y%,v%) € A, for any sequence (I1,)_ of partitions of the interval
[0, T'] with mesh sizes T — 0, there exist a (not relabeled) subsequence
and functions (ye1, yvi) : [0,T] — A such that, for a.e. t € [0,T],

o[Approximation]

et r (1), Ui r (1) = (war(t), 9i(2))  in A,
¢[Energy inequality]

E(t, yer(t), i (1)) +pu /0 v (yvis i) ds < E(0, 991, vui)— /0 t<f,y>ds7
o[Semistability]

& (t7 yel(t)a yvi(t)) < & (t, gela yvi(t)) vgel with (geh yvi(t)) €A
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() “Naive” Energy Inequality

g(ta yel(t)7 yvl(t))-i_]'fotqj (yvi’ yvi) ds < 8(0, y.;?]’ y\?l)_f()t<£7 y> ds J
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“Naive” Energy Inequality

E(t,ya(t), s (D) g ¥ (wiy i) ds < €08, —folby)ds |

S \V4 yf] — yi.fl . .1\ min - .
5(ti7yél,yii)+/ﬂ7'¢ <(ITVI) (V?Jxl;i 1) < E(ti, yg 1,3/31 b

ti
(i, iy — / ()

ti—1
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“Naive” Energy Inequality

E(t,ya(t), (D)3 ¥ (vis i) ds < €098, 90)— folly)ds |

) . V(y;‘/ — yi.fl) 1 min - .
5(ti,yél,yﬁi)+/ﬂT¢ <ITVI (Vg 1) < E(ti Yy 1,%1 Y
i—1 i—1 b —1
— (il i - [
ti—1

Summing upﬂi: 1,...,n

nyyelayw + Z/T¢ (ywaI) (vyiil)1>

ti . .
<E0,40,50) - / 6y
1—1

=1
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V1 )

poiE L Sharp Energy Inequality

g(ta yel(t)a Yvi (t))—'_p’d)fg\ll (yVi7 yvi) ds < 5(07 ygla ygl)_f(f(& y> ds J
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poiE L Sharp Energy Inequality

g(ta yel(t)7 yvl(t))_’_Qfg\IJ (yVia vai) ds < 5(05 yg]) yEI)l)_fOt<£7 y> ds J
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' ®2 () sharp Energy Inequality

g(ta yel(t)7 yvl(t))+2f0tqj (yvi’ yvi) ds < 8(0, 3/31’ ygl)_f()t<£7 y> ds J

vi — Yold
D(T; Yolds Yel, Yvi) = E(ti, Yer, Yvi) + 7V <yold, ylyo)

dr(Yoid) = inf (7 Yold, Yel, Yni)
(yelvyvi)EA
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Sharp Energy Inequality

g(ta yel(t)7 yvl(t))+2f0tqj (yvi’ yvi) ds < 8(0, 3/31’ ygl)_f(f(& y> ds J

vi — 1d
<I>('7—;yold7yel7yvi) = g(tiyyelayvi) + 77U <yold7 i~ Yo >
dr(Yoid) = inf (7 Yold, Yel, Yni)

(yelvyvi)EA
7o D70 (Yold) — &7 (Yola 70
— Vo (Yord) < o (Vold) 1 (Bo1a) < =V (Yold)
1 T1 — 70 T1
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Sharp Energy Inequality

E(t, yer(t), yui (8))+2.f3 T (yvis i) ds < E(0, 39, y%) — [o(L, y) ds J

1 .
(I)(T; Yold s Yel, yvi) = S(t@', Yel, yvi) + 7d2(yviv yold)

2T
dr(Yora) = inf (73 Yold, Yel, Yvi)
(yelvyvi)e-A
0 7o (Yold) — &7y (Youa) _ 70
— W (Yord) < o (Yold) = O, (Yola) < =V, (Yold)
sl T — To sl
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Sharp Energy Inequality

g(ta yel(t)7 yvl(t)>+2f0t\11 (yVi7 yvi) ds < 8(07 ygp ygl)_f0t<€7 y> ds J

Yvi — Yold
D (73 Yold, Yel, Yvi) = E(ti, Yel, Yvi) + 7Y <yold, o =oc )
¢‘r(yold) = inf (I)(T; Yold s Yel, yvi)
(yelyyvi)e
70 7o (Yold) — &7 (Yold) _ 7o
7\117'0(y01d) < TO( = ) Tl( 2 ) < *\I’ﬁ(yold)
Tl T1 — 70 Tl
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Sharp Energy Inequality

g(ta yel(t)7 yvl(t)>+2f0t\11 (yVi7 yvi) ds < 8(07 ygp ygl)_f0t<€7 y> ds J

Yvi — Yold
D (73 Yold, Yel, Yvi) = E(Li, Yel, Yvi) + TV <yold, wo)
¢‘r(yold) = inf (I)(T; Yold s Yel, yvi)
(yelyyvi)e-A
0 7o (Yold) — &7 (Yold) _ 7o
7\117'0(y01d) < TO( = ) Tl( 2 ) < *\I’ﬁ(yold)
sl T — 7o sl

d
%@(yold) = =V (Yold)
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Sharp Energy Inequality

g(ta yel(t)7 yvl(t)>+2f0t\11 (yVi7 yvi) ds < 5(07 ygp ygl)_f0t<€7 y> ds J

Yvi — Yold
D (73 Yold, Yel, Yvi) = E(Li, Yel, Yvi) + TV <yold, wo)
¢‘r(yold) = inf (I)(T; Yold s Yel, yvi)
(yelyyvi)e-A
0 7o (Yold) — &7 (Yold) _ 7o
7\117'0<y01d) < TO( = ) Tl( 2 ) < *\I’ﬁ(yold)
sl T — 7o sl

d
%QST(yold) = =V (Yold)

Yvi,r —Yold >

-
g(tia Yel, yvi,T)+T‘IJ (yolda _g(tia Yel, yold) = _/ \Ijr’(yold) dr
0
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Existence Result

Theorem (C.-Kruzik-Stefanelli)

Given (y%,v%) € A, for any sequence (I1,)_ of partitions of the interval
[0, T'] with mesh sizes T — 0, there exist a (not relabeled) subsequence
and functions (ye1, yvi) : [0,T] — A such that, for a.e. t € [0,T],

o[Approximation]

et r (1), Ui r (1) = (war(t), 9i(2))  in A,
¢[Energy inequality]

E(t, yer(t), i (1)) +pu /0 v (yvis i) ds < E(0, 991, vui)— /0 t<f,y>ds7
o[Semistability]

& (t7 yel(t)a yvi(t)) < & (t, gela yvi(t)) vgel with (geh yvi(t)) €A
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The role of Approximability

Approximability ensures that viscous evolution occurs:

o v/ energy inequality
constant-in-time yy; ~ v semistability

x limit of discrete solutions
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The role of Approximability

Approximability ensures that viscous evolution occurs:

o v energy inequality
% limit of discrete solutions

: 1 1 42, 1 2, 1 i—1 i—1\—12
et (2P —11"+ IR+ o (R
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Linearization
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i —id
u:=———, and p = P10
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() Linearization

—id i —id
wi="2 IQ, and v.= M1
€ €

By (formal) Taylor expansion
1 1
52/ Wa ((I+eVu)(I+eVo) ™) dX — 2/ V(u—v) : CgV(u—v)dX
Q Q
1 1
2/ Wii(I4eVo)dX — / Vv :C,;VvdX
e Ja 2 Jo

1 1
2/¢(e%(l+svu)—1) dX—>/ Vi : DVodX
e“ Ja 2 Ja
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\ Linearization

/ Vv : CyVodX
Q

/ V(u—v) : CgV(u—v)dX
@ / Vo : DVodX
Q

Viu

}Vs(u — v)~ Vv

D

—div(CaqV(u—wv)) =+¢ in Q2
—div (DVo + C; V) =7 in Q
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Q) () Reformulation of the existence result

NS

Corollary (C.-Kruzik-Stefanelli)

Given (ul,v?) € A°, for any sequence (11.), of partitions of the interval
[0, T'] with mesh sizes T — 0, there exist a (not relabeled) subsequence
and functions (u.,v.) : [0,T] — A° such that, for a.e. t € [0, T],
e[Approximation]
(@Z(8), 02 (1)) = (uc(t),ve(t)) in A",

e[Energy inequality]
t t
5€(t7us(t),vs(t))+pw/0 UF (ve, ) ds < 55(071@,02)—/0 (€5, uc)ds,

e[Semistability]
E° (t,us(t),ve(t)) < E(t, U, ve(t)) Vae with (te,v:(t)) € A°.
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¢ B85 Linearization result

Theorem (C.-Kruzik-Stefanelli)

For every £ > 0 let (u.,v.) be an approximable solutions. Then, under
suitable assumptions there exist functions (u,v) : [0, T] — Hp.(€;R%)x
Hﬂl(Q; RY) such that, for every t € [0,T), (up to a subsequence),

ue(t) = u(t), ve(t) — v(t) weakly in H*(Q; R?),
Vi (t) — Vi(t) weakly in L*(€; RY*9).

Moreover, for every t € [0,T], we have:

o[Linearized energy inequality]

o[Linearized semistability]
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Linearized Energy Inequality

L / V(u(t)—v(t)) : CaV (u(t)—v(t)) dX + / Vo(t) : CyVo(t) dX
Q

2
/fo dX+// DVi(s) : Vi(s)dX ds

1
< 2/ V(UO—U()) : (CdV(uO—Uo) dX + / Vg : CyiVogdX

/60 ) - updX — //50 s)dX ds
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Linearized Semistability

For every u admissible

% / V(u(t)—v(t)) : CaV(u(t)—v(t))dX — | () - u(t)dX
Q
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Linearized Semistability

For every u admissible

% / V(u(t)—v(t)) : CaV(u(t)—v(t))dX — | () - u(t)dX
Q

Uniqueness?
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Linearized Semistability

For every u admissible

% / V(u(t)—v(t)) : CaV(u(t)—v(t))dX — | () - u(t)dX
Q

Uniqueness?

Given v, we have that « is uniquely determined!
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Weakness of the notion of solution

minimizer of the _ T T T T — minimizer of the
nonlinear discrete problem  — (uZ,v]) (W7, 07) = Jincar diserete problem
~ oy _ minimizer of the
(u7 7.)) ~  linear continuous problem
/
/ #
Semistability
Energy inequality, ¢~~~ (u“:7 1)5) _ (u, U)
Approximability. i
linear
Semistability,
linear
Energy inequality.
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Conclusions

We proved
@ Existence of solutions at the non-linear level
o Energy inequality
o Semistability
o Approximability
@ Convergence of non-linear trajectories to linear ones
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Conclusions

We proved
@ Existence of (weak) solutions at the non-linear level
o Energy inequality ~~ sharp
o Semistability ~~ y. solves elastic equilibrium
o Approximability ~~ viscous evolution occurs

@ Convergence of non-linear trajectories to linear ones

But:
@ No second gradients V?y,;!
@ Justassume F = Vy = V(ye1 © Yvi)
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