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ABSTRACT. We show how the degree for maps of class (S)4+ can be used to
define, by a suitable approximation technique, a degree for quasilinear elliptic
equations with natural growth conditions.

1. Introduction
Let Q be a bounded open subset of R". Quasilinear problems of the form
—div [a(z, u, Vu)] + b(z,u, Vu) =0 in Q,
u=0 on 052,

have been first of all studied under the so-called controllable growth conditions in
the sense of [13], which ensure that the nonlinear operator

{u — —=div[a(z,u, Vu)] + b(z,u, Vu)}

is well defined and continuous from W, (Q) into W17 (Q) for some p €]1,00].
Under suitable monotonicity and coercivity assumptions, a degree theory for this
class of problems can be defined in the framework of operators of class (S) (see
e.g. [6, 15]).

On the other hand, it is well known that controllable growth conditions do
not allow to include the Euler-Lagrange equation associated with functionals f :
WyP(Q) — R of the form

1 p
f(u)z;/ﬂa(uﬂvm dx+/ﬂa(u) dz,
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unless p > n or « is constant. For this reason the natural growth conditions in the
sense of [13] have been introduced. A feature is that now the operator

{u — —div[a(z,u, Vu)] + b(x,u, Vu)}

is well defined from W, *(£2) into W~12'(2) + L!(Q). Consequently, test functions
in W, ?(Q) N L>®(2) have to be considered in the weak formulation of the equation.

While problems with natural growth conditions have been studied since the
’60, from the point of view of regularity theory (see e.g. [14]), the existence and
multiplicity of solutions has been treated more recently. In the case of Euler-
Lagrange equations, several results are now available, starting from [17, 7, 1].
Let us mention, in particular, the monograph [16] and references therein. On the
contrary, the existence of solutions in the general case has been treated in few
papers (see [3, 4, 2]). In particular, to our knowledge, a degree theory for this
class of problems has not been developed so far.

Our purpose is to show how the degree theory for maps of class (S)4 can be
used, by a suitable approximation technique, to define the degree in the presence
of natural growth conditions. We plan to apply this tool in a subsequent paper.

We also consider the case with controllable growth conditions. As in [8] for the
p-Laplace operator, we show in Theorem 3.4 that also the case with critical growth
gives rise locally to an operator of class (5).

2. Topological degree in reflexive Banach spaces

Let X be a finite dimensional normed space, U a bounded open subset of X
and F : U — X a continuous map. For every w € X \ F(dU), one can define the
topological degree deg(F,U,w) € Z (see e.g. [11, 12, 18]).

Assume now that F' : U — X' is a continuous map, let (-|-) be any scalar
product in X and let R : X — X’ be the homeomorphism defined as

(R(u),v) = (v|u) Yu,v € X .

For every ¢ € X'\ F(dU), the integer deg(R~! o F,U, R™1¢) turns out to be
independent of the scalar product. This is, by definition, the degree deg(F, U, ¢).
Finally, according to [6, 15], let X be a reflexive real Banach space.

DEFINITION 2.1. A map F: D — X', with D C X, is said to be of class (S)+
if, for every sequence (uy) in D weakly convergent to some u in X with

lim sup (F'(ug),ur, — uy <0,
k

it holds |lug — u|| — 0.

More generally, if M is a metrizable topological space, a map H : D — X/,
with D C X x M, is said to be of class (S)4+ if, for every sequence (ug, i) in D
with (uy) weakly convergent to u in X, (ux) convergent to p in M and

limsup (H,,, (ug), ur, —u) <0,
k

it holds [juy — u|| = 0 (we write H,(u) instead of H (u, )).

In the following of the section, U will denote an open and bounded subset of X,
F:U — X' a continuous map of class (S); and ¢ an element of X'

Given a linear subspace Y of X, we denote by iy : Y — X the inclusion map
and by #, : X’ — Y’ the dual map.
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If ¢ ¢ F(OU), then there exists a finite dimensional linear subspace Yy of X
such that:

(a) i@ & (i% o Foiy)(0y (UNY)) for every finite dimensional linear subspace
Y of X with Yy C Y
(b) for Yy C Y, the integer

deg(it o F oiy,UNY,iyp)
is independent of Y.
This is, by definition, the degree
deg(F, U, ).
Let us recall from [6, 15] some basic properties.
PROPOSITION 2.2. If p & F(OU), then deg(F,U,¢) = deg(F — ¢,U,0).
THEOREM 2.3. If o & F(U), then deg(F,U, ) = 0.
THEOREM 2.4. If0 € U and
(F(u),u) >0  for anyu e U,
then deg(F,U,0) = 1.

THEOREM 2.5. If ¢ &€ F(OU) and U = Uy U Us, where Uy, Us are two disjoint
open subsets of X, then

deg(F,U, @) = deg(F, U1, ) + deg(F, Uz, ).
_ THEOREM 2.6. Let V' be another open subset of X with V. C U and let ¢ ¢
F(U\YV). Then deg(F,U, ) = deg(F,V, ).

THEOREM 2.7. Let H : U x [0,1] — X' be a continuous map of class (S)y and
let o ¢ H(OU x [0,1]).
Then deg(Hy, U, ) is independent of t € [0, 1].

3. Quasilinear elliptic equations with controllable growth conditions

Let Q be a bounded open subset of R™, let M be a metrizable topological space
and let
a:2x (RxR"xM)—R",
b: OXx(RxR"xM)—R

be two Carathéodory functions. We will denote by || ||, the usual norm in LP and

write a,, (2, 5,§), bu(z, s,§) instead of a(x, (s,&, 1)), bz, (s, €, 1))-
Assume that:
(UC), there exist p €]1,n[, ag € L) (Q), ay € LV (Q) and 5 > 0 such that

|au(z,5,6) < ar(x) + Bls|7 + B P,

b, 5,€)| < o) + Bls]P~* + B1|TT

np
n—p

for a.e. x € Q and every s e R, £ € R", u € M, where p* =
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It follows
ay(z,u,Vu) € LY (0

ul ) (,) , forany,uEManduEWOl’p(Q)
bu(z,u, Vu) € LP)(Q) C WP (Q)

and one can define a continuous map H : W, ?(Q) x M — W17 (Q) by
H,(u) = —div [ay(z,u, Vu)] + by (z,u, Vu) .

Assume also the monotonicity condition:
(UC)s we have
[au(;ms@) - a#(:c,s,n)] (§=m) >0
for a.e. x € Q and every s eR, §,n e R™, pe M.
Finally, fix ¥ € C1(R) such that

d(s)
19()=
<9

1 for s <1,
for s > 2,

/—\

I /\

for any s € R,

2< () for any s € R,
h>1and s € R,

0
s)
v
>
:19<Z) 5, Ru(s) =s—Tn(s).
It is easily seen that

(3.1) [T/ (s)] <5, IR}, (s)| <5  forany h and s.

LEMMA 3.1. Assume (UC); and (UC)s. Let (ug) be a sequence weakly conver-
gent to u in Wy P(Q) and (ux) a sequence convergent to y in M such that

and set, for any h € N with

limsup (H,,, (ux), ur —u) <0.

k—o0

Then

1iftnl>{gf<1gcﬂl>g}f< uk(Rh(uk))aRh(uk») <0.
PRrROOF. By (UC)3 and (3.1), we have
ap, (T, ug, Vug) - V(ug — u)
= ay, (2, Rp(ur), VRp(ur)) - V(Rp(ur) — Rp(u))
+ [ag, (@, up, Vur) — ap, (x, Ru(ur), VRu(uk))] - V(R (ur) — Ri(u))
+ apy, (2, Tr(ur), Vi (ur)) - V(Tn(ur) — Th(u))
+ [ap, (2w, Vur) — ap, (2, Tn(uk), VT (ur))] - V (Th(ue) — Ta(w))
2 ay, (2, Ru(ur), VRp(ur)) - V(R (ur) — Ra(u))
=5 [|ap, (@, uk, Vug)| + |ay, (2, Ru(ur), VRu(ue)| ] X{h<|ug|<2ny [V
= [lap, (@, uk, Vug)| + lag, (z, Ra(uk), VRu(ur))|] [VRA(u))|
+ ap,, (@, Tn(ur), VTr(w)) - V(Th(ur) — Ta(w))
= 5 [law, (@, uk, Vug)| + lap, (2, Tn(ur), VTr(we) ] X (n<fur|<2ny |V
= [ (2w, Vur) | + lag, (@, Tn(ue), VTa(wi))|] X(jug >0 VT ()]



ON DEGREE THEORY FOR QUASILINEAR ELLIPTIC EQUATIONS

and also
bu, (x, ug, Vug) (ur — u)
= by, (2, R (u), VRp(ug)) (Ra(ur) — R (u))
+ [bu (@5 wk, Vug) = by (2, R (ug), VRA(ug))] (R (ur) — Ra(u))

+ by, (5 uge, Vug) (Th(ur) — Ta(u))
> by, (2, Ru(ur), VR (ur)) (Ra(ur) — Ra(u))
= [1bpu (@, wre, Vur)| + [bpy (2, R (ur), VR (wi)) ] X {h<ur|<2ny [uk]
= (b (@, wre, Vur) | + [by (2, R (ur), VR (ur))]] [Ra(w)]
+ bpy (@, g, Vug) (Tr(ug) — Ta(u)) -

Since (uy,) is bounded in W,?(Q), it holds

lim inf (lim inf / (|Vuk|1’ + \uk|p*) dx) =0
h—o0 k—o0 {h<|uy|<2h}

(see e.g. [10, Lemma 2.6]). By (UC); and (3.1) it follows

lim inf (hm inf {5[ 2]a, (z, up, Vug)| + |a, (@, Ry (ur), VR (ur))|

h—o0 k—o0 {h<|ug|<2h}

+ lay, (&, Tn(ur), VTa(ur))| ] [Vl
[ 1bps (@, wpe, V)| + |byy (@, R (uge), VR (i) | Jusl} dx) =0.

It is also clear that

lim <limsup/[auk(x,uk,Vuk)|
Q

h—oo \ koo

g (2, R (), VR ()] |vnh<u>|da:) —o,

lim (nmsup / [ by (2 s, V)|
Q

h—o0 k—o0

b (@, R(ur), VR ()] mh(u))dx) o,

h—oo \ koo

lim <lim sup / [ |a, (z, ur, Vuy)|
{luk|>h}

Hag (2, T (ur), VT (up)] ] |vmu)dx) o,
since by Fatou’s lemma

limsup/X{‘uk|2h}|v7ﬁ(u)\pdx§/X{‘u|2h}|v7ﬁ(u)\pdaﬁ.
k—o00 Q Q

Finally, we have
Tim |75 ) = Ta (W)l =0
i, (2, T (), VT (u)) — T ), 9T () = 0.
kliﬁr{.lo VTh(ug) = VTi(u) weakly in LP(2),
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whence
kh_{n auk(mvn(uk)vvﬂl(u)) v(’ﬁl(uk) _ITh(u)) dx =0,
> Ja
lim by, (@, uk, Vug) (Th(ug) — Th(u)) de = 0.
k— oo O
It follows

liminf(liminf (Hpup, (Ri(ur)), Ry (ur) — Rh(u)>> <0.

h— o0 k—o0

On the other hand, we also have

lim sup (lim sup (H,, (Ru(ut)), Rh(u)>> <0

h—o0 k—o0

and the assertion follows. O

We now consider two possible coercivity assumptions:
(UC)s (the critical case) there exist v >0, v € L*(Q) and n > 0 such that
CL#(SC, S, 6) : 5 + b#(flf, 575) S 2 V|£|p - 7(‘1‘) -n |S|p*

for a.e. € Q and every s e R, E e R™, pe M;
(UC)4 (the subcritical case) there exist v > 0 and, for every e > 0, 7. € L1(Q)
such that

a/,u,(x7 575) : § + bu(xa Saé) S Z V|£‘p - ’YE(J") — € |s|p*
for a.e. x€Q and every s e R, E € R™, pe M.
Let us point out that assumption (UC)s3 allows to consider the critical case
a(w,5,6) = 7%, bla,s,6) = —[s]" s,

LEMMA 3.2. Assume (UC)1—(UC)3. Then there exists r = r(n,p,n/v) > 0
such that, for every z € LP" (), every sequence (uy) in

{oe WP (@) o=zl <1}

weakly convergent to u in Wol’p(Q) and every sequence (u) convergent to p in M
such that

limsup (H,,, (ux),ur —u) <0,

k—o0

we have
lim inf (hkrr_lgf |VRh(uk)”p) =0, lim Jup —uf, =0,

khargo H[G’Nl« (x7uk7vuk) = Quy, (w7uk7vu)] : v(uk - U)H1 =0.
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Proor. By (UC)3 and (3.1), we have
(Hpu (R (uk)), R (us))

zu/ |V7€h(uk)|pdx—/ de—n/ |Rh(uk)\p* dx
Q {lur|>h} Q

> 0| VR () [~ / y da
{lur|>h}

—op -1 Nl RA (ur) — Rh(Z)Hz* —or 1 77||Rh(z)||§:

> V|| VR (u) [ — / e — 2 Ry (2) 2
{lux|>h}
By 5p*_p77||uk —z g*_p IRR(ur) — Ri(z) g*
> V|| VR (u) [ — / e — 27 Ry (2) 2
{lux|>h}

_ 2p*+p—2 5p*—p nrp*_p HRh(uk)Hg* . 2p*+p—2 5p*—p n,,,p*_:ﬂ HRh(z)
If S(n,p) > 0 satisfies
[Vollp > S(n,p)|lv

b for any v € W, ?(Q),
it follows
< op"+p—2 5p*—p
p_ 7
S(n,p)

4 /{ A2 T IR 2 R )
uk>h

n) IVRACu)If < (Hyue (R (), R (1)

Since

limsup/ ’yda:ﬁ/ vdz,
k—oo  J{|ug|>h} {lul=h}

from Lemma 3.1 we infer that
(3.2) lim inf <1iminf ||VRh(uk)||p> =0,
h—o0 k—oo

provided that r = r(n,p,n/v) > 0 satisfies
op"+p—2 F5p*—p

S(n,p)
Up to a subsequence, we may also assume that there exists

i =l

and along such a subsequence we still have

limsup (H,,, (ug), ur, —u) < 0.
k—o0
Since
Jure = ullps < Ta(ur) = Ta(u)llps + 1Ra(ur)llpe + [[Ra(u)

it follows

p*

lim ||ug — u
k— o0

- < (tmint [Raun)l- ) + R0

p* -

p
p* -

P
p* -
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Passing to the lower limit as h — oo and taking into account (3.2) and Sobolev’s
theorem, we conclude that

Tim [l — e = 0.

It follows

lim [ by, (@, uk, Vug)(ur —u)de =0,
k—o0 Q
hence
limsup/ ap, (T, ug, Vug) - V(ug —u)dz <0.
k—oc0 Q
We also have

lerI;o llay, (x, ur, Vu) — au(x,u,Vu)Hp, =0,
hence
hmsup/ [au, (T, ug, Vug) — apu, (2, ug, V)] - V(ug —u)de < 0.
k—oc0 9]
Since

la, (x, uk, Vug) — ay, (x,ur, Vu)] - V(up —u) >0 a.e. in Q,
we conclude that

T o, (2, g, Vag) = g, (@, 0, V)] - (g — ), = 0

and the proof is complete. [l

A stronger result holds in the “subcritical case”.

LEMMA 3.3. Assume (UC)1, (UC)2 and (UC)4. Let (uy) be a sequence weakly
convergent to u in Wy*() and (ux) a sequence convergent to y in M such that

limsup (H,,, (ug), ur, —u) < 0.

k—o0
Then
lim (hminf ||VRh(uk)|p> =0, lim [jup —ul[, =0,
h—oo \ k—o0 k—o0
lim ||[ay, (@, uk, Vug) — ag, (2, ur, V)] - V(g —u)|l, =0.
k—o0

PRrOOF. Up to minor variants, we can argue as in the proof of Lemma 3.2. O

Finally, assume now a strict monotonicity condition, namely that:
(UC)s we have
[au(xv 875) - a#(l‘, San)] ! (f - 77) >0
for a.e. x € Q and every s e R, £, e R™, u € M, with £ # .
The next result is concerned with the “critical case”.

THEOREM 3.4. Assume (UC)1, (UC)s and (UC)s. Then there exists
r=7r(n,p,n/v) >0 such that, for every z € L (), the continuous map

H:{'UEWOl’p(Q): lv— 2z

o < 7’} x M — W' (Q)
is of class (S)+.



ON DEGREE THEORY FOR QUASILINEAR ELLIPTIC EQUATIONS 9

PROOF. Let r = r(n,p,n/v) > 0 be as in Lemma 3.2. Let (uy) be a sequence
in
{v EW,P(): |lv—z|p < r}

weakly convergent to u in WO1 P(Q) and (k) a sequence convergent to p in M such
that

limsup (H,,, (ug), ur, —u) < 0.
k— o0
Up to a subsequence, (uy) is convergent to u a.e. in 2 and, by Lemma 3.2, we also
have

1. — * =
o5, s =l =0,
lim [a,, (x,uk, Vug) — ap, (, uk, Vu)] - V(ug —u) =0 a.e. in Q.

k—o0

Taking into account (UC)s, from [9, Lemma 6] we deduce that

lim Vu, = Vu a.e. in €.
k—o0
It follows
lim ay, (z,ur, Vur) = ay(z, u, Vu) weakly in L (Q),
k—o0
lim by, (z,uk, Vug) = by(z,u, Vu) weakly in L*)'(Q),
k—o0
hence

lim ay, (T, ug, Vug) - Vude = / ay(z,u,Vu) - Vudz,
Q

k—o0 O

lim buk_(x,uk,Vuk)udx:/bu(x,u,Vu)udx,
Q

k—o0 Q

which yields

limsup/ (au,C (x, uk, Vug) - Vug, + by, (z, ug, Vug) uk) dx
Q

k—o0

< / (au(:c, u, Vu) - Vu + by (z,u, Vu) u) dz .
Q

Since |lug —ul|p — 0, we can apply the (generalized) Fatou lemma to the sequence
ap, (T, u, Vug) - Vug + by, (z, ug, Vug) up — v|Vug|P > —y —1n lug P,

obtaining
limsup Vg |2 < | Vul2.
k—o0

We infer that
lim ||Vug — Vull, =0
k—oco

and the assertion follows. O
Finally, in the “subcritical case” we have a stronger result.

THEOREM 3.5. Assume (UC)y, (UC)4 and (UC)s. Then the continuous map
H:WyP(Q) x M — W5 (Q) is of class (S).

Proor. Taking into account Lemma 3.3, the argument is the same. (]
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4. Quasilinear elliptic equations with natural growth conditions

Again, let Q be a bounded open subset of R™, let M be a metrizable topological
space and let

a: QX RxR"x M) —R",
b:Ox (RxR*"x M) —=R

be two Carathéodory functions.
Now assume that:

(UN), there exist p €]1,n[, ag € L*(), ay € L’ (Q) and § € R such that
|au(z,5,6) < ar(z) + Bls|7 + B P,

|bu(, 5,€)| < aolz) + Bsl”” + B €,

for a.e. x € Q and every s e R, £ € R™ and p € M;
(UN)2 we have
lan(z,5,8) = ap(,s,m)] - (€ —n) >0
for a.e. x € Q and every s € R, £,n € R™ and u € M with £ #n;
(UN)3 there exist R,v > 0 and, for every e > 0, v. € L'(Q) such that

a,(,8,6) - € > VIE[P —o(x) —es|P",
| > R = bu(z,5,8) s > —7e(x) —e|s|” —el¢”,

for a.e. x € Q and every s e R, £ € R™ and p € M.
Then the map

H,(u) = —div [a,(z,u, Vu)] + by (z,u, Vu)

is well defined from W, () x M into W~ (Q) + L*() € D'(R2). In particular,
for any ;€ M and u € WP (), we will write H,,(u) =0, namely

—div [aﬂ (l‘, U, VU)] + bu (Jf, U, VU’) =0 ’

meaning that
/ (au(z,u, Vu) - Vv + by(z,u, Vu) v) dz =0 for every v € C2°(92) .
Q

In the line of the Brezis-Browder theorem [5], we can automatically enlarge the
class of test functions.

PROPOSITION 4.1. Let € M and u € W, P(Q) be such that
—div [a,(z,u, Vu)] + b, (z,u, Vu) = 0.
Then, for every v € Wy () with (b (z,u, Vu)v)~ € L'(Q), we have
bu(z,u, Vu)v € LY(Q),
/ (ap(z,u, Vu) - Vo + by (z,u, Vu)v) de = 0.
In particular, we haSZJe bu(z,u, Vu)u € L'(2) and

/ (au(z,u, Vu) - Vu+ by (z,u, Vu)u) de = 0.
Q
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PROOF. First of all, an easy density argument shows that we have
/ (au(z,u, Vu) - Vw+b,(z,u, Vu) w) dz =0 for every w € WP () N L>®().
Q

Since Tp(v) € Wy (Q) N L®(Q), it follows

/ bu(z,u, Vu) Tp(v) de = —/ au(z,u,Vu) - VT (v) dz
Q Q

with

bu(z,u, Vu) Tp(v) > —(bu(z, u, Vu) v)

From Fatou’s lemma we infer that

bu(z,u, Vu)vdr < —/ a,(z,u, Vu) - Vo dz,

Q Q

whence by, (x,u, Vu)v € L' (Q). Since
by (@, u, Vu) T (v)|< b, u, Vu) v,

from Lebesgue’s theorem now we infer that

/Q(au(a:,u, Vu) - Vo +b,(z,u, Vu) v) dz =0.

From (UN); and (UN)3 we deduce that (b,(z,u, Vu)u) € L'(), whence the
second assertion. (]

For any h € N with h > 1 and s € R, we set as usual
Th(s) = min{max{s, —h},h}.
Now we can prove the main result of the section.
THEOREM 4.2. For every bounded and closed subset C' of Wol’p(Q), the set
{peM: —divia,(z,u, Vu)] + bu(x,u, Vu) = 0 for some u € C'}
is closed in M.

PROOF. Let (ux) be a sequence convergent to p in M and (uy) a sequence in
C with

—div [ay, (z, ug, Vug)] + by, (z, ug, Vug) = 0.

Up to a subsequence, (ug) is convergent to some u weakly in WO1 P(Q) and a.e. in Q.
By (UN)s, for every € > 0, there exists 7. € L*(Q) such that

14 *
|5| Z R = aﬂ(x,s,f) '§+b#(f£,5,§)8 Z 5 |£‘p 7’76(1’) 7€|5|p .
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It follows, for every h > R,
aﬂ(xv 5 5) : (R/h(s)f) + bu(gjv 5 5) Rh(s)
= {1 - (%)] la(z,5,8) - &+ byu(z,s,€) 8]

“winse {[7(3) 3¢

1-9(3)] (5l =@ —<lsi”)
— A X n<it|<2ny (8) la(z, 5,8 [€]

5 RGP = [1=9 (3)] 2e(@) = [Ru(s)”
5 {0 (7)) ler — Rier

e {[r oo ()] b - Rutr)
— X qnei<an () lay (@, 5, €)1 1€
> LRSI = ey () 7 (@) — £ [Ra(s)l”

v

5P «
~xinca<an(s) | G VIEP 4l + dlau(es ©l1e]|

First of all, we infer that (b, (z,uk, Vug) Ru(ug)) € L*(2), whence by Proposi-
tion 4.1

0= / (a,% (z,ug, Vug) - VRp(ur) + by, (x, ug, Vug) ’Rh(uk)) dx
Q

1% *
> FIVRMl; ~ [ ede e [Raduw)
{lur|>h}

5P .
—/ {V|Vuk|p+€|uk|p +4|a“k(z,uk,Vuk)||Vuk|} dx .
{h<|ur|<2h} 2

As before, we have

lim inf (liminf / (\Vuk|p 4 |uk|p*) dx) =0,
h {h<|ug|<2h}

—00 k—o0

limsup/ Ve dxg/ Ve dx .
k—oo  J{|uk|>h} {lul=h}

Taking into account (UN);, we deduce that

v ) < »
5 hhnigf(hkrggf ||VRh(uk)||p> <e SI;PHUk b

By the arbitrariness of e, we infer that

(4.1) lim inf (liminf ||V'Rh(uk)|p> =0,
k—o0

h—o00

hence, as in the proof of Lemma 3.2, that

e =0.

lm |jur —u
k—o00
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Let now ¢ : R — R be the solution of

{ #(5) =14 2 (s,
©(0) =0,

where [ is given in assumption (UN);. If we set v = Th(ug) — Th(u), then
o(vnk) € WP(Q) N L®() and

(4.2) / (w’(vh,k) ap, (T, ug, Vug) - Vo, + by, (T, ug, Vug) w(vh7k)) dx =0.
Q

It holds
(4.3)

/go’(vh,k) ay, (z,up, Vuyg) - Vo, do
Q

= /ﬂ @' (vnk) auy, (2, Tn(ug), VI (uk)) - V(Th(ur) — Th(u)) dx

+ /Q @’(vh,k) (auk (m, Uk, Vuk) — Ay, (JC, Th(uk), VTh(uk)))

- /Q o (2, T (1), VT (1)) - ¥ (T aag) — T ()

— /Q(a#k (@, ug, Vug) — ay, (z, Th(ug), VTh(uk))) . (go’(vhyk) VTh(u)) dz

B
-3 Qauk (2, Th(ur), VTh(ur)) - (Ie(vni)| VTh(w)) da
+ s | (v k)|, (2, uk, Vug) - Vuy de .

Vo J{jurl<h}

Now we have

kh—>nolo X{|u|<h} (auk (z, ug, Vuy) — Ay, (z, Th(uk), VTh(uk))) =0
weakly in LP (),
as the sequence is bounded in L?' (Q) and goes to 0 a.e. in €. Since

lim | (vn,1) VT (w) = ¢'(0) VT (), = 0,

it follows
(4.4)

lim / (apy (@, ug, Vug) — ap, (2, Tn(ur), VI (ur))) - (¢’ (vne) VI (u)) dz = 0.

k—oo Jo
Moreover (ay, (x, Th(ug), VTh(ug))) is bounded in LP'(€2) and
lim [ (vn, k) VTh(u)llp =0,
k—o0
so that

(4.5) lim ap (@, Ty (ur), VI (ug)) - (|o(vne)| VIL(w)) de =0.

k—oo Jo
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©(Vnk)

Where |ug| > h > R we also have
Uk

> 0, hence

b s V) (o) > = E8) (o) — e = e D)

v v x 2h
SIS TP K UVS P DT S

e P\
- h h
Since ||ug — ul|l,+ — 0 and, by Lebesgue’s theorem,

lim / M%(m)dz =0,
a h

k—o0
it follows
2h
lim inf / by, (z, uk, Vug) p(vpi) doe > —¢ p(2h) (sup ||Vuk||£> .
koo J{un|>h) he Uk

From the arbitrariness of € we infer that

(4.6) lim inf / by, (x, uk, Vug) @(vpi) dz > 0 for any h > R.
{lug|>n}

k—o0

Combining (4.2) with (4.3), (4.4), (4.5) and (4.6), we obtain

s ( [ a0 i), V() - V(Thg) = Tiw) d
Q

k—o00
N

v Juien lo(vn k)|, (, uk, Vug) - Vuy da
wp | <

e Vel dr) <o.
{luk|<h}

By (UN); and (UN)3 we also have

gaﬂk (@, uk, Vug) - Vug — by, (2, ur, Vug)|

5 . .
25|Vuk|p_§%_75|uk|p —ag — BlugP — B [Vugl?
E *
:*é%*ao* <B+5> lug|?
14 14

whence

lim inf (ﬂ / lo(vhk) |, (2, uk, Vug) - Vug de
{lur|<h}

k—o0 14

[ e Tun)l (ol de) 0.
{lur|<h}
We infer that
lim sup / ap, (2, Tn(ur), VIn(ug)) - V(Th(ugk) — Th(uw)) de <0,
Q

k—o0
hence that
Jim [V () — VT () = 0
by Theorem 3.5. Since |V T (ug)| < 5|VTop(ug)| a.e. in Q, we also have
lim [|[VTh(ug) = VTr(uw)ll, =0.
k—o0
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Combining this fact with (4.1), we deduce that
lim ||Vui — Vul, =0.
k—o0
In particular, we have u € C and
/ (ay(z,u, Vu) - Vv + by (z,u, Vu) v) dz =0 for every v € Wy () N L>®(Q),
Q
whence the assertion. (]
5. Topological degree for quasilinear elliptic equations with natural
growth conditions
Now let ) be a bounded open subset of R™ and let
a:Qx (RxR") - R",
b:Ox (RxR") =R
be two Carathéodory functions such that
(N), there exist p €]1,n[, ag € L*(Q), oy € LP (Q) and 5 € R such that
la(z, 5, < an(x) + Bs[» + BIEPT,

[b(, 5,€)| < ao(@) + Bsl” + B,

for a.e. x € Q and every s € R, £ € R";
(N)2 we have
(0l 5,€) — al@, 5,m)] - (€ =) > 0
for a.e. x € Q and every s € R and &,n € R™ with £ # n;
(N)3 there exist R,v > 0 and, for every e > 0, v. € L'(Q) such that

Cl(l‘,S,f) & > V|§|p - ’YE(J:) —€ ‘S‘p* )

|s| > R = blw,s,6) s > —1e(a) —e[s|” — ],
for a.e. x € Q and every s € R, £ € R™.
Then the map
F(u) = —div [a(z, u, Vu)] 4+ b(x, u, Vu)
is well defined from W, * () into W~ (Q) + L'(Q) € D'(Q).
We fix ¥ € C1(R) as in Section 3 and set, for any u € [0,1] and s € R,
©,(5) = Duls]) 5.
We consider M = [0, 1] and set
au(z,s,§) = a(x,s,8),
bu(,s,€) = O, (b(z,5,£)) -
It is easily seen that a,,b, satisfy (UN),—(UN)s. Moreover, for every u €]0, 1],
they satisfy (UC)1, (UC)4 and (UC)s, if p is restricted to [p, 1]. In particular, we
can define a continuous map H : W, *(€2)x]0,1] — WL (Q) by
H,(u) = —div [a,(z,u, Vu)] + by (z,u, Vu)
and, by Theorem 3.5, this map is of class (5)4.
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PROPOSITION 5.1. Let U be an open and bounded subset of WyP(Q) such that
the equation
—divia(z,u, Vu)] + b(z,u, Vu) =0
has no solution u € AU.
Then there exists i €]0,1] such that
(a) the equation H,(u) =0 has no solution v € OU for any p €]0,xl;
(b) the topological degree deg(H,,,U,0) is constant for p €0, ).

PROOF. Since AU is closed and bounded in W, (Q), assertion (a) follows from
Theorem 4.2. For any u €]0,7i[, we have that a, and b, satisfy (UC):, (UC)4 and
(UC)s, if p is restricted to [p, ). By Theorem 2.7, it follows that deg(H,, U, 0) is
constant for p € [u, 1], whence assertion (b). O

DEFINITION 5.2. Let U be an open and bounded subset of W,"?(€) such that
the equation
—div([a(z, u, Vu)] + b(x,u, Vu) =0
has no solution v € OU. We set

deg(—divia(z, u, Vu)] + b(x, u, Vu), U, 0) = deg(F,U,0) = lirr%J deg(H,,U,0).
f—

PROPOSITION 5.3. Assume also that there exist o € L®)' (Q) and > 0 such
that

bz, 5,)| < do(x) + Blsl?” 1 + G| 7

for a.e. x € Q and every s € R, £ € R™.
Then the map F is continuous and of class (S) 1 from Wy (Q) into W=7 (Q).

Moreover, if U is an open and bounded subset of Wy ™*(Q) such that the equation
—div[a(z, u, Vu)] + b(x,u, Vu) =0

has no solution u € U, then the degree of F', as a map of class (S)+, agrees with
that of Definition 5.2.

PROOF. It is easily seen that this time a, and b, satisfy (UC); and (UC)s,
for p1 belonging to all [0,1]. It is also clear that a, and b, satisfy (UC)4, for p
belonging to all [0,1], provided that |s| > R. Otherwise, for every e > 0, there
exists K. > 0 such that

b(x,s,@s > — ag(x) |s| — | " Bls| g7
—ag(z) |s| — Bs[P” — K.|s]P" —e|e]
—Rag(z) — BR”*—KER”*—dgV’.

Therefore (UC)4 holds also for |s| < R.
Now the assertions follow from Theorems 3.5 and 2.7. O

| \/

COROLLARY 5.4. Let a(x,s,£) = v |£|P~2¢ and b(x,s,&) =0, so that
—divia(z,u, Vu)] + b(z,u, Vu) = —v Apu.
Then, for every bounded and open subset U of Wol’p(Q) with 0 € U, we have
deg(—v Apu,U,0) =1

Proor. It follows from Proposition 5.3 and Theorem 2.4. (]
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THEOREM 5.5. Let U be an open and bounded subset of Wy P (Q) such that the
equation
—divia(z,u, Vu)] + b(z,u, Vu) =0
has no solution u € U.
Then deg(F,U,0) = 0.

PROOF. Since U is closed and bounded in W, ?(€2), by Theorem 4.2 there exists
71 €]0, 1] such that the equation H,(u) = 0 has no solution u € U for any u €0,z
By Theorem 2.3 it follows

deg(F,U,0) = deg(Hg, U,0) =0.
([l

Along the same line, also additivity and excision property can be proved taking
advantage of Theorems 2.5, 2.6 and 4.2.

THEOREM 5.6. Let U be an open and bounded subset of Wy P (Q) such that the
equation
—divia(z,u, Vu)] + b(z,u, Vu) =0
has no solution u € OU. Assume that U = Uy U Us, where Uy, Us are two disjoint
open subsets of Wy (£2).
Then deg(F,U,0) = deg(F,Uy,0) + deg(F, Us, 0).

THEOREM 5.7. Let V C U be two open and bounded subsets of Wg’p(Q) such
that the equation
—div([a(z, u, Vu)] + b(x,u, Vu) =0
has no solution uw € U \'V
Then deg(F,U,0) = deg(F,V,0).

Let us see more in detail the homotopy invariance.
THEOREM 5.8. Let
a:Qx (RxR"x[0,1]) - R",
b: Ox (RxR"x[0,1]) =R
be two Carathéodory functions satisfying (UN)1—~(UN)s with respect to M = [0,1]
and let Hy : Wy (Q) — W12 (Q) + LY(Q) be defined by
Hi(u) = —div]a(z, u, Vu)] + b(z,u, Vu).
Let U be an open and bounded subset of Wol’p(Q) such that the equation
—divia¢(z, u, Vu)] + be(x, u, Vu) =0

has no solution u € U, for any t € [0,1].
Then deg(Hz, U, 0) is independent of t € [0,1].

Proor. Consider
ar (2, 5,8) = a(z,,€)
beu(w,5,8) = Ou(be(z,5,€)),
for (t,11) € M = [0,1] x [0, 1], and define
Hy (u) = —divia,u(x, u, Vu)] + by (z, u, Vu) .
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It is easily seen that a¢, and by, satisfy (UN);~(UN)3 with respect to M. Since

[0,1] x {0} is compact, by Theorem 4.2 there exists @ €]0, 1] such that the equation

—divias,u(x, u, Vu)| + by y(x,u, Vu) =0
has no solution u € 9U, for any (¢, u) € [0,1] x [0, 7]
For any ¢, 7 € [0, 1], it follows
deg(Hy,U,0) = deg(Hy¢ 0, U,0) = deg(H¢ 5, U, 0)
= deg(H;,U,0) = deg(Hr,,U,0) = deg(H;,U,0).

[

Let us point out that, by Theorem 5.8 and Proposition 5.3, the degree of F' can
now be calculated also by other approximation techniques, with respect to the one
used in Definition 5.2.

THEOREM 5.9. Let U be an open and bounded subset of Wol’p(Q), with 0 € U,
such that
/ (a(z,u, Vu) - Vu + b(z, u, Vu) u) dz > 0
Q

for every u € AU with b(x,u, Vu)u € L'(£).
Then the equation
—div([a(z, u, Vu)] + b(x,u, Vu) =0

has no solution u € OU and deg(F,U,0) = 1.
In particular, there exists uw € U such that

—div([a(z,u, Vu)] + b(z,u, Vu) = 0.
ProOOF. If, by contradiction, there exists u € QU with
—div(a(z,u, Vu)] + b(x,u, Vu) =0,

from Proposition 4.1 we deduce that b(x,u, Vu)u € L*(2) and

/ (a(a:, u, Vu) - Vu + b(z, u, Vu) u) dx =0,
Q

whence a contradiction.
If we set

a; = (1 —t)a(z,5,€) +tv[gP2¢,
by =(1—1)b(x,s,§),
then a; and b; satisty (UN);—(UN)3 with respect to M = [0, 1] and we have

/ (au(z,u, Vu) - Vu + by(z,u, Vu) u) do
Q

=(1-1) / (a(z,u, Vu) - Vu + b(z,u, Vu) u) do + tz// |VulPde >0
Q Q

for every t € [0,1] and u € OU with by(z,u, Vu)u € L' (). Again from Proposi-
tion 4.1 we deduce that the equation

—divia¢(z, u, Vu)] + be(x, u, Vu) =0
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has no solution u € 9U, for any ¢ € [0, 1]. From Theorem 5.8 and Corollary 5.4 we
infer that deg(F,U,0) = 1.
The final assertion follows from Theorem 5.5. [l

REMARK 5.10. If ¢ € W12 (Q), let v € W, P(Q) with —A,v = ¢ and let
w = |Vo|P~2Vv. Then w € L¥' (), —divw = ¢ and

ay(z,s,8) = a(z,s,§) —w(x)
still satisfies (N);—(V)3. Therefore the equation
—divia(x, u, Vu)] + b(x, u, Vu) = ¢
with ¢ € W12 (Q) can be easily reduced to the equation
—div([ay(z, u, Vu)] + b(z,u, Vu) = 0.
Finally, let us give an example of existence result, in the line of [3].

EXAMPLE 5.11. Assume also that there exist © > 0 and, for every ¢ > 0,
4. € LY(9) such that

(5.1) a(,s,8) - E+b(x,5,6) s 2 V|5 —Ae(x) —els]”

for a.e. x € (2 and every s € R, £ € R™.
Then, for every ¢ € W12 (Q), there exists u € W, ?(Q) such that

/ (a(z, u, Vu)-Vo+b(z, u, Vu) v) dz = (¢, v) for every v € Wy () N L>®().
Q

PRrOOF. If we substitute a(z, s,£) with a,(z,s,£) = a(x, s,£) — w(zx) for some
w e LP' (), it is easily seen that (5.1) is still satisfied. By Remark 5.10 we may
assume, without loss of generality, that ¢ = 0.

Because of (5.1), from Poincaré inequality we deduce that there exists r > 0
such that

/ (a(z,u, Vu) - Vu + b(z, u, Vu) u) dz > 0
Q

for every u € dB,.(0) with b(z,u, Vu)u € L' (Q).

From Theorem 5.9 and Proposition 4.1 the assertion follows. O
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