NONLINEAR CONDITIONS FOR ULTRADIFFERENTIABILITY:
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ABSTRACT. Recent work showed that a theorem of Joris (that a function f is
smooth if two coprime powers of f are smooth) is valid in a wide variety of ul-
tradifferentiable classes C. The core of the proof was essentially 1-dimensional.
In certain cases a multidimensional version resulted from subtle reduction ar-
guments, but general validity, notably in the quasianalytic setting, remained
open. In this paper we give a uniform proof which works in all cases and di-
mensions. It yields the result even on infinite dimensional Banach spaces and
convenient vector spaces. We also consider more general nonlinear conditions,
namely general analytic germs ® instead of the powers, and characterize when
®o f €C implies f € C.

1. INTRODUCTION

A function f is smooth provided that two relatively prime powers or, equivalently,
two consecutive powers of f are smooth, by a theorem of Joris [4]. In the recent
paper [I7] Thilliez showed that this result carries over to Denjoy—Carleman classes
of Roumieu type and, by refining Thilliez’s method, we proved in [I1] that it is
valid in a wide variety of ultradifferentiable classes. See the introduction in [II] for
more on the historical development.

In this analysis the dimension of the domain of f had some substantial signifi-
cance. The proof in dimension one was based on holomorphic approximation and
utilized tools of complex analysis in one variable. Multidimensional versions could
be obtained only by some subtle reduction arguments (i.e., variants of Boman’s
theorem [I] and Beurling-to-Roumieu reduction). Consequently, general validity of
the result in all dimensions remained open in cases, most notably the quasianalytic
case, where the suitable reduction tools are not available. See the table in the in-
troduction of [I1] for a summary of the known results (in that paper the result in
question was called property (2)).

In the present paper we prove general validity in all dimensions and all cases.
In fact, the uniformity of our proof allows us to extend the result even to infinite
dimensional Banach spaces and convenient vector spaces. The crucial observation
is that, in arbitrary dimension, holomorphic approximation in dimension one can
be replaced by uniform unidirectional holomorphic approximation combined with
the polarization inequality.

Having proved that ® o f € C implies f € C for ®(¢t) = (¢/,t/T1), j € Nsq,
and C a suitable ultradifferentiable class, it is natural to ask what other ® have this
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property. This question was studied by [2] and [5] in the C*°-setting. By combining
slightly adjusted arguments of [5] with our result, we obtain a full characterization
of the analytic germs @ : (K,0) — (K™,0) (where K is R or C) having this property
in terms of the support of the Taylor series of ®. For example, it shows that f € C
provided that f2 + f2 € C and fP € C, where p is any positive integer.

The outline of the paper is the following. Our main result is Theorem For
its formulation we first need to define ultradifferentiable classes (Section [1.1)) and
specify the required assumptions (Section [1.2)). The proof of Theorem given
in Section [2| and in Section [3| we show that it extends to Banach spaces and even
to convenient vector spaces. Finally, in Section [d] we prove the characterization
alluded to above.

1.1. Ultradifferentiable classes. Let 91 be a family of positive sequences M =
(Mpg)g>0- Let U € R? be an open subset. The class E{”}(U) consists, by definition,
of all complex valued functions f € C°°(U) with the following property: for all
compact subsets K C U there exist M € 9t and p > 0 such that

”.f(k)(z)HLk(]Rd,C) <
pk My,

1713, = sup sup )
zeK keN

Moreover, £ (U) consists of all complex valued functions f € C*°(U) such that

holds for all compact K C U, all M € 9, and all p > 0. Here f*) denotes the

Fréchet derivative of order k of f and Hf(k)(.f)HLk(Rd’C) = sup{|f®) (x) (v, ..., v)| :

lvi|| < 1} is the operator norm. In view of the polarization inequality (cf. [7), 7.13.1])

A 2y f(@)] < 1f® @)l| kg gy < (2€)F P s f ()], (2)

where d¥ f(x) := OF f(x + tv)|;—o, We can equivalently use

|y f ()]
fgg 21€1§ |\1S;1||11g)1 p* My, = )
instead of in the definition of £{™}(U) and £™)(U).

The global classes BI™}(U) and B™(U) are defined by taking the supremum
over all z € U in () (that is || f]|{f, < o0) or equivalently (3). We shall also need
the Banach space B,])W(U) ={felC>U): ||fH1(\J4p < 00}

The classes E™} and B} are said to be of Roumieu type, E™ and B of
Beurling type. By convention, we use [-] as a placeholder for {-} and (+).

1.2. Admissible weight matrices. We need to impose some conditions on 9.

Definition. A family 9t of positive sequences M = (M},)r>0 is said to be a weight
matriz if 9 is totally ordered with respect to the pointwise order relation on
sequences, and each M € M is log-convex with My =1 < M; and M,i/k — 00. A
positive sequence M with these properties is called a weight sequence.

With M we associate the sequence m given by k!mj; = Mj. Assuming that

1/k
k

m — oo we consider the function

B (t) := inf mytf, fort >0, and  h,(0) :=0,
keN



NONLINEAR CONDITIONS FOR ULTRADIFFERENTIABILITY 3

which is increasing, continuous on [0, c0), positive for ¢ > 0 and equals 1 for large
t. For t > 0 we put

T, (t) == min{k : hp, (t) = myt*}
and

, mei1 1
I (t):= {k: P> f}.
T, (t) := min e 21
Trivially, L, < T,,. Equality T',,, = L,, holds, if m is log-convex.
For positive sequences M, N we set

My /G
mg(M, N) :=  su € (0,00].
ol ) j,kzo,ﬁkzl (Nij) (0,0]

Note that mg(M, M) < oo is the condition (M.2) of Komatsu [6] often called

moderate growth.

Definition. A weight matrix 91 satisfying m,lc/ ¥ 5 oo for all M € M is called

o {admissible} or R-admissible if
— VM eMINeMIC >1Vt>0:1,(Ct) <L, (1),
— VM e MIN € M : mg(M,N) < co.

e (admissible) or B-admissible if
— VM eMIN eMIC >1Vt>0:1,,(Ct) <T,(1),
— VM e MIAN € M : mg(N, M) < .

By our convention, [admissible] stands for {admissible} (i.e. R-admissible) in the
Roumieu case and (admissible) (i.e. B-admissible) in the Beurling case.

Remark. In the terminology of [I1] a weight matrix is [admissible] if and only if
it is [regular] and has [moderate growth].

These are the minimal requirements needed for the tools used in our proof; see
also Remark [4.3]in which the necessity of these assumptions is discussed. Note that
[admissibility] of the weight matrix 99t neither implies nor obstructs quasianalyticity
of the corresponding class £, In fact, (non-)quasianalyticity plays no role in our
analysis.

1.3. Main results.

Theorem 1.1. Let 9 be an [admissible] weight matriz. Let U C R? be an open
subset. Then a function f : U — C belongs to EN(U) if f1, fi+1 e EPN(U) for
some positive integer j.

If we apply the theorem to the weight matrix which consists but of a single
weight sequence M (with m}/k — o0, [',(Ct) < T,,(t) for some C > 1, and
mg(M, M) < 00), then we immediately get a version for Denjoy—Carleman classes.

As another special case we obtain the following result for Braun—Meise—Taylor
classes £[!. For their definition and why it is a special case of Theorem [1.1|we refer
the reader to [11l Section 4.5] and the references therein. By a weight function we
mean a continuous increasing function w : [0, 00) — [0, c0) such that

e w(2t) =0(w(t)) as t — oo,
e w(t) =o(t) as t — oo,
e log(t) = o(w(t)) as t — oo,
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o t— w(et) =: p,(t) is convex on [0, 00).

Corollary 1.2. Letw be a concave weight function. Let U C R? be an open subset.
Then a function f : U — C belongs to EWNU) if f7, fi+t e ELWNU) for some
positive integer j.

Actually, for a given weight function w, the conclusion of Corollary holds
if and only if w is equivalent to a concave weight function, as we shall see in
Remark Two weight functions w;, i = 1,2, are said to be equivalent if w1 (t) =
O(wo(t)) and wa(t) = O(wi(t)) as t — oo which holds if and only if £«1] = glw:],

2. PROOF

2.1. Preliminaries.
/k

Lemma 2.1 ([II, Lemma 5.1]). Let M, N be weight sequences satisfying m,lc —
00, n,lc/k — 00, and C := mg(M,N) < co. Then
hon(t) < CInt?h,(Ct), t>0, j €N, (4)
eC N2
< — .
B (£) _hn( 5 t) L t>0 (5)

For € > 0 let Q. be the interior of the ellipse in C with vertices + cosh(e) and
co-vertices tisinh(e). By H(€) we denote the space of holomorphic functions on
Q. And ||g]|x :=sup,cx |g(z)| denotes the supremum norm.

The following lemma is a simple application of Hadamard’s three lines theorem.

Lemma 2.2 ([II, Lemma 5.2] and [I7, Lemma 3.2.4]). Let M,N be two weight
sequences satisfying mi/k — 00, n,lc/k — 00, and C :=mg(M,N) < co. Let € > 0.

Let g € H(Q:)NCO () and assume that there are constants L,ay,az > 0 such that
lollo. <L, lglli—1,1 < a1hm(aze).

Then with az := max{ai, L} and ay := eCay we have
lglle.,, < ashn(ase).

2.2. Uniform unidirectional holomorphic approximation. Let B := {z €
R : ||lz|| < 1} be the closed unit ball in R? and S := {z € R? : ||z|| = 1} the unit
sphere. For any open subset U C R? consider Vi := Uzeu (z + B) which is again
open. If f: Vy — C is a smooth function, then the composites

few() = flx+tv), te[-1,1],

are well-defined and smooth for all x € U and v € S. For notational convenience
let Ay be the collection of all line segments A(t) = x + tv, ¢t € [—1,1], where x € U
and v € S, and fa(t) 1= fuo(t) = f(z + tv).

The following theorem shows that ultradifferentiable bounds can be encoded by
specific uniform unidirectional holomorphic approximation. It is closely related to
[11, Theorem 5.3] (and [17, Proposition 3.3.2]), but special attention has to be paid
to the uniformity (in A) of all the estimates.

Theorem 2.3. Let U C R? be open and f : Viy — C a smooth function.
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(i) Let M®, 1 < i < 3, be weight sequences with (mg))l/k — 00 and

IB; > 1Vt > 0: T, (B1t) <L, (1), (6)
. 2 j 3
dB, > 1VjeN: m§-+)1 < B§+1m§- ), (7)

If f e BAB{)M(VU), then there exist constants K > 1, ¢1,¢o >0 and 0 < g9 < 3 and
functions fxc € H(Q:) N CY(Q) such that for all 0 < e < 2¢¢ and all X € Ay,

[fxello. S K, iy = frelli=1,1 < erhye) (c26). (8)

The constants K, c1,ca,€9 are independent of A and €, in particular, co = C By B,
where C' is an absolute constant. 4

(i) Let N, 1 < i < 3, be weight sequences with (ngj))l/’C — oo and
mg(N® NHD) = DO < oo, Assume that there exist constants K > 1, ¢1,¢o > 0
and 0 < gg < % and functions fx . € H(Q:) N CO(Q.) such that for all 0 < & < 2¢
and all X € Ay,

[faello. <K, [[fx = el < erhyo) (e2e), 9)

where the constants K, ¢, ca, g9 are independent of A and €. Then f|y € Bé\f@)(U),

_ 42 DM p2)
- a

where o : 2 agnd a > 0 is an absolute constant.

Proof. (i) The assumption f € Bg{:l)(VU) implies

sup £ )iy < CoBEMD, keN.
AEAY

Then there are, by [3, Proposition 3.12] (thanks to @ and ), constants ¢1,cg > 0
and a function F € C}(C) extending f such that

|0F\(2)| < c1hyes (cad(2,[-1,1])), =z € C. (10)

Note that the constants ¢; = ¢1(Co, By, B1, B2) and ¢2 = 12BB; are independent
of A\. By multiplication with a suitable cut-off function, we may assume that the
support of F is contained in the disk D centered at 0 with radius 2. Thus,

1 IFA(C) =

Fy(z)=— | ——=—2d{Ad C

and hence, in view of , ||Fx||c is uniformly bounded in A.
The function wy . := OF) 1q, satisfies

lwaelle < erhy,e (Cee),

where C' > 0 is an absolute constant such that d(z,[—1,1]) < Ce for z € .. Then
the bounded continuous function vy . = K * wy ., where K is the Cauchy kernel in
C, satisfies Qv . = wy . in the distributional sense in C and [jvyc|lc < Cllwxcllc,
where C' > 0 again is an absolute constant. So fy . := F)\ — vy is holomorphic on
Q., continuous on €, and fulfills ().

(ii) For A € Ay and 0 < & < gg consider gre = fae — fr2e € H(Q) N
C%(Q.) which satisfy [[gxcllo. < 2K and [|gacll-11) < 2¢1h,00(2¢2¢), by (9).
Then Lemma implies, with ¢3 := 2max{c;, K},

lgrella. o < €shne (2eDMege),
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for all A € Ay and 0 < & < gg. There exists a (universal) constant a > 0 such that

the closed disk with radius ae around any t € [—3, 1] is contained in s2- The

272
Cauchy estimates and yield
c3 j hp ) (2eD(1)025)

(ag)’

2e DM D@y J
< C3 (7)

gy a <

11
272

N i) (26 DD DP ey,
a

which means that
(3)
lgrellfs 1y, < €3 o (26D DPeze)

26D(1>D(2)C2
a

for all A € Ay and 0 < € < gg, where p :=
first bound in @D gives

[Fren

. In an analogous way the

K

(aE())j

| < jl<AK pIND.

11
272

Indeed, the assumption (nf))l/ k — oo entails that for all 7 > 0 there exists A such
that j! < ATjNJ(g) for all j; so take 7 := 2eDM D@ ¢yeq. Tt follows that

o0 (oo}
9x = faeo T Zg,\,e(ﬂﬂ' = faeo + Z(f)\,a(ﬂ*j = Ireo2-7+1)

j=1 j=1
converges absolutely in the Banach space B/I)\/“) ([-3,3]) for each A € Ay, and
N®)
s 1ol < )

We have f = gx on [—3, 1], since gy = fyp2-+ + Yk (Freoz—s — Freoz—s+1)

for every k € N, and so, for t € [-3, 3],

IA(®) = @] S @) = Facoz—# ()] + ‘ D (Freoz—i (t) = Frcga-sr (1))

j=k+1
which tends to 0 as k — oo, by @ and absolute convergence of the sum. Now if
At) = z + tv then d¥ f(z) = f)(\k (0) = gg\k)(O). Thus, and the polarization
inequality (2)), imply f|v € B,J,Vw)(U) with o := 2ep. O

2.3. Proof of Theorem The next proposition extends [IT, Lemma 6.1]; again
uniformity in A is crucial.

Proposition 2.4. Let U C R? be open and f : Viy — C any function. Let j be
a positive integer. Let M@, 1 < i < k with k := [logy(j(j + 1))] + 7, be weight
sequences satisfying (mff))l/e — 00 and
IB>1Vt>0:T,,»(Bt) <T,,0(t),
mg(M(i),M(i+1))<oo, for2<i<k-1.
There is a constant D > 0 such that f7, fi*! € Bgf(l)(VU) implies f € B]gp(k)(U).
As a consequence {1, fit1 e B[M(l)](VU) implies f € B[M(k)](U).
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Proof. By the classical theorem of Joris, we may conclude that f is smooth.

Set g := f7 and h := f7*! and consider gy and hy for A € Ay. (We may assume
j > 2; otherwise the assertion is trivial.) By Theorem [2.3(i), there exist constants
K>1c1,c0>0and 0<e¢gy < % and functions gx ., hx € H(Q:) N C°(9Q.) such
that for all 0 < £ < 2¢g and all A € Ay,

max{[lgxclla., [hrello.} < K, (12)
max{[[gx — gxell=1,10; 1ha = A clli=1,1} < 1l e (c26). (13)

Using |a —b*| < fmax{|al, [b|}*"'|a—b|, we find that g{"' — b . € H(Q)NCO(Q)
satisfies

G =1 <A = AP+ 1B - hL] < eshye (c28),  on [—1,1].

The positive constant c3 is again independent of A and ¢ as are all further constants
¢; appearing below. Thus Lemma, implies

11, = G35 e o < calime (Cecae) =2 6, (14)

where C fulfills C > mg(M®, ME+D) for all 2 < i < k — 1. Set r. := 67", We
may assume that ey > 0 is chosen such that §. < r. < % for all 0 < & < 2¢q.
Consider the continuous function

g)\,eh)\yf

P max{[gac ], 1o }2

U e ‘=
where ¢, is a smooth function compactly supported in Q. and 1 on 2. /,. Note
that uxe = hae/gae in Qoo N {|gae] > re}

The uniformity of , 7 and allows us to apply Lemmas 4.2.1 to 4.2.4
in [I7] and conclude the following: for all A € Ay and 0 < e < 2¢,

Hu/\,EHQs/z < (QK)l/j’ (15)

1fx = wrellj—11) < esrl/d, (16)

where ¢; = c¢5(K,j), cf. [I7, Lemma 4.2.2]. The bounded continuous function

vae = K* (Quyclq, ,) satisfies Qvy . = Juy elq, ,, in the distributional sense in C
and

loxelle. . < cso/® (17)

where s is any real number with s > j(j + 1) and ¢g = (K, J, s), cf. [I7, Lemma
4.2.4] and also [I7, Lemma 3.1.1].

Then fy ¢ = ux2: — Va2 is holomorphic in ), and continuous on C. By ,
(16), and (I7), || frcllo. is uniformly bounded and

s 1
I = faelli=1, < C75¥ = c7(cahpp (2eCeze)) /37

forall A € Ay and 0 < € < g¢. Putting s := 2°76 =: 2¢ and applying (5) repeatedly,
we find

-1,1] < C7Ci/shm(k—2) (2¢2(C)H1e).

H.f/\ - f)\,a|

So, by Theorem [2.3(ii) (paying attention to the dependence of the constants), we

may conclude that there is a uniform constant D > 0 such that f € B%I;IC)(U) as
claimed.
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Proof of Theorem[I_]. It suffices to show that f is locally of class &€ M. Up to
an affine transformation, we may assume that ¢ := f7 and h := f/*! belong to
B (Vi) and we will show that f € B™(U), where U is the open unit ball in RY.

In the Roumieu case there exists M) € M such that g, h € B{M(l)}(VU). By
R-admissibility of M, we find sequences M) € 9 satisfying the assumptions of
Proposition [2.4) which implies that f € B{M<k)}(U).

In the Beurling case we fix any M € 9 and show that f € B (U). Now
B-admissibility of 9t provides sequences M®) € 9 as required in Proposition
with M®) = M. As g, h e B(M(l))(VU), Propositiongives f e BM ). O

Remark 2.5. Let j be some positive integer. The map ¢ : CY — CV x CY,
[ (f7, f71) is injective. So there exists an inverse ¢ := ¢~ !|,cv). Under the
assumptions of Theorem the map 1 takes bounded sets in E™(U) x (1)
to bounded sets in EM(U), if EM(U) is endowed with its natural locally convex
topology; cf. [12], Sec. 4.2].

3. ON BANACH SPACES AND ON CONVENIENT VECTOR SPACES

3.1. Ultradifferentiable classes of functions on Banach spaces. Let E be a
Banach space and U C E an open subset. Let 9 be a weight matrix. For M € 9
and p > 0 we consider B) (U) = {f € C=(U,C) : | f[f, < oo} as well as

BUHU) = {f € C®(U,C): IM e MIp>0:|flI}f, <oo} and
BI(U) = {f € C™(U,C) : YM € MVYp>0:|fI}, < oo},
where || f[|/ , is defined by (with R replaced by F). Furthermore, we consider

the local classes
EMU) = {feC®(U,C): VK Co, UIM € M3p>0:||f|}, < oo} and
EM(U) ={f € C®(U,C): VK C,, UYM € MYp>0:|f|I}, < oo}
Let B(a,r) :={x € E : ||x — a]| < r} be the open ball with center a and radius r.
Lemma 3.1. Let f: U — C be smooth. Then:
(1) f € ENU) if and only if
VacU3IMeMIp>03Ir>0: flpar 6824(3(@,7“)). (18)
(2) f € EMNU) if and only if
VYa e UVM € MYp>03r>0: flpan € B (Ba,r)). (19)
Proof. (1) That is sufficient for f € E{™}(U) is easily seen. Fix a compact
subset K C U. For each a € K we get M, € M, p, > 0, and a small ball B(a,r,)
such that f|p,r,) € B%“(B(a,ra)). Now K is still covered by finitely many of
the balls and we find Hf||%p < oo with M := max M, and p := max p,, where the

maxima are taken over the corresponding a.

Let us show that f € E{™}(U) implies (L§). If does not hold, then there
exists a € U such that

YM € MVYp>0Vr>0YC > 03z € Bla,r) Ik € N: || fF(2)|| prpc) = CpF My



NONLINEAR CONDITIONS FOR ULTRADIFFERENTIABILITY 9

By [3, Lemma 2.5], we may assume that 9 is indexed by N in the following way:
M={M® :¢ecN}and M@ < M) if and only if /; < £5. In particular, taking
C:p:n,r:%andM:M("),weﬁnd

¥n € N 3z, with [z, — af| < L 3k, € N [|f5) (@) ]| pon (m,c) = P FIM.

For the compact set K := {y, }nenU{a} this means that || f[|}/ , = oo for all choices
of M € M and p > 0, contradicting f € EMH(U).

(2) That is sufficient for f € £™)(U) is again easy to check. For the
necessity assume that does not hold. Then there exist a € U, M € 9, and
p > 0 such that

Vr > 0VC > 03z € Bla,r) 3k € N: || f)(2)|| e g0y = CpF My,
Taking C' =n and r = % we get
Vn € N 3z, with ||z, —al| < L 3k, € N: ||f(k”')(xn)||Lkn(E’c) > n phn M, .
Thus ||f||%p = o0 for K := {2, }nen U {a}, contradicting f € E™(U). O

3.2. Theorem holds on Banach spaces. Let E be a Banach space and
U C E an open subset. Let B := {x € E : ||z]| < 1} be the closed unit ball in F
and S := {z € E : ||z|| = 1} the unit sphere. Consider Vi := (J (2 + B).

Then Theorem and Proposition [2.4] remain valid for functions f : Viy — C
(with literally the same proofs). Note that the classical Joris theorem is valid on
Banach spaces by Boman’s theorem.

Theorem 3.2. Theorem (and thus Corollary hold if U is an open subset
of a Banach space E.

Proof. We treat Roumieu and Beurling case separately.

Roumieu case. Assume that f7, f7t1 € E™MN(U). Fix a € U; without loss of
generality we may assume that a is the origin in £. By Lemma there exist
M e M, p>0,and r > 0 such that g := fj|B(0’T),h = fj“‘l\B(O,,,) € Bﬂ/[(B(O,r)).
Then g(x) := g(§z) and h(z) = h(5z) are elements of BZ%MP(B(O,Z?); note that
B(0,2) = Vpg(o,1)- By R-admissibility of 9, we find sequences M® € M with
M® = M satisfying the assumptions of Proposition which implies that the

e ; r (x
restriction of f(z) := f(4z) to B(0,1) belongs to B%[%p (B(0,1)). Then flp,z) €
ng(k) (B(0, %)) which ends the propf ip view of Lemma

Beurling case. Assume that f7, f7+1 ¢ €M(U). Fix a € U, M € 9, and
p > 0; we may again assume that a is the origin. By B-admissibility of 91, there
are sequences M®) € M as required in Proposition with M®*) = M. Let
D > 0 be the constant from Proposition [2.4] By Lemma there exists r > 0

such that g,h € B%M(B(O,r)). Then §,h € Bjﬁ(l)(B(Oﬂ)) (using the notation
D D
from the previous paragraph) and Proposition implies f € BM™ (B(0,1)) and,
2
consequently, flp(o ) € l’j’,J)W(B(O7 5)). Invoking Lemma [3.1{ we are done. O
3.3. Theorem holds on convenient vector spaces. In [8 [9] [10] and [16]
the calculus of £™-maps has been extended to maps between convenient vector
spaces, i.e., locally convex spaces that are Mackey complete. We refer the reader to
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[7] for a comprehensive treatment of convenient vector spaces and the ¢>°-topology
on them.

Let E be a convenient vector space and U C E a c*-open subset. Let 9t be
a weight matrix. Then EMI(U) is by definition the set of all smooth functions
f:U — C (i.e. smooth on smooth curves in U) such that for each closed absolutely
convex bounded subset B of E we have

fOiB S E[W](UB),

where ig : Eg — E is the inclusion of the linear span Eg of B in E and Upg :=
U N Ep. Note that Ep equipped with the Minkowski functional pg(x) = inf{t >
0:x € tB} is a Banach space, since F is convenient.

Theorem 3.3. Theorem (and thus Corollary hold if U is an c>*-open
subset of a convenient vector space E.

Proof. This is obvious by the definition of £™(U) and Theorem O

4. MORE GENERAL NONLINEAR CONDITIONS

As seen above the map ®(t) = (#/,t/T1), where j is some positive integer, has

the property

dofet —= fegh (20)
provided that 9 is an [admissible] weight matrix. Here ¢ is a complex or a real
variable. Equivalently, the map ®(t) = (¢?,t?), where p and ¢ are positive coprime
integers, has property ; indeed, all integers j > pq have the form j = ap + bq
with a,b € N.

The question arises which maps ® have the property for all continuous f.
From now on we take continuity of f as a basic assumption. (The continuity of f
was not an issue in Theorem [1.1} since one of the powers is necessarily odd and
hence has a global continuous inverse.) This problem was investigated in [2] and in
[B] in the C*°-setting. In the latter article the smooth germs @ : (R,0) — (R™,0)
(and @ : (C,0) — (C™,0) which possess a complex Taylor series, cf. [B, p.204]) with
the property that ® o f € C* implies f € C* for all continuous germs f with
f(0) = 0 were characterized in terms of a condition on the support of the formal
Taylor series of f. They were called pseudo-immersive germs.

The proof is based (similar to most proofs in [2]) on a reduction to the case
®(t) = (¢P,t9) with ged(p,q) = 1 which is mostly algebraic and hence applies to
our situation with marginal adjustments. We thus obtain a characterization of the
analytic germs P satisfying for all continuous germs f with f(0) = 0 by the
same condition on the support of the Taylor series. Note that [admissibility] of
the weight matrix 90 implies that £ contains all analytic maps and is stable
under composition (by Corollaries 3.3 and 3.5 and Proposition 1.1 in [3]). See also
Remark .41

4.1. A necessary condition. Let K be R or C. Let @ : (K, 0) — (K", 0) be the
germ of a non-zero analytic map. Then ® is represented by its convergent Taylor
series
O(t)= Y at"™, where a, € K"\ {0} for all k,
1<k<N
1<n; <ny<---,and 1 < N < oo. That means that {ny,no,...} is the support
of the power series ®(t).
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If holds for all continuous germs f with f(0) = 0, then ged(ny, na,...) = 1.
Indeed, if there are integers p > 2 and ¢;, such that n, = pfy, for all k, then the power
series >, axz’* is convergent, defines an analytic germ ¥ so that ®(t) = ¥(tP), and
it is easy to find a continuous germ f ¢ C* with f(0) = 0 such that ®o f is analytic;
cf. [B, Theorem 2].

4.2. A characterization. We will see that the condition ged(nq,ng,...) = 1 is
also sufficient for at least up to equivalence of analytic germs. Two analytic
germs @, ¥ : (K,0) — (K", 0) are said to be equivalent if there exist germs of
analytic diffeomorphisms u : (K™ 0) — (K™,0) and v : (K,0) — (K,0) such that
uwo®owv = W. Equivalent germs either both satisfy or do not satisfy . Any
non-zero analytic germ ® : (K,0) — (K™, 0) is equivalent to a germ whose first
component is a positive power. So it is no restriction to assume @4 (t) = ¢P.

Theorem 4.1. Let ® = (Py,...,P,) : (K,0) = (K", 0) be an analytic germ such
that ®1(t) = t? and let {n1,n2,...} be the support of the power series ®(t). Then
the following conditions are equivalent:
(1) Let M be an [admissible] weight matriz. If f : (R,0) — (K, 0) is a function
germ and ® o f is of class EPM, then f is of class EMY.
(2) Let w be a concave weight function. If f : (R%0) — (K,0) is a function
germ and ® o f is of class EW, then f is of class EW).
(3) ged(ny,ng,...)=1.

Proof. Since (2) is a special case of (1) (cf. [II], Section 4.5]) and the necessity of (3)
for (2) follows from the discussion above, it remains to show that (3) implies (1).
This is achieved by adjusting the arguments in the proofs of Theorems 3 and 3’ in
[5]; actually the proof simplifies a bit, since all series involved in the arguments are
convergent.

We may assume that p > 2 and n = 2. In fact, if p = 1 there is nothing to prove
and if n > 2 then one can find real constants v; such that the support of the power
series (P, v2®a(t) + - - - + 1Py (1)) satisfies (3).

Thus we may assume that ®(t) = (7, ¢(t)), where o(t) = >, o n art™ with
ar, € K\ {0} for all k. Then (3) takes the form ged(p,n1,na,...) = 1. The idea is
to show that there exist a positive integer ¢ and analytic germs «; at 0 such that

1= 0y ()p(t). (21)
j=0

Then (1) follows from Theorem (by plugging f into (21))).

We will sketch how to establish (21)) following the steps in [5]; the main difference
is that in [5] all involved series are formal (power or Laurent) series so that at the
end an application of Borel’s lemma and some handling of the flat terms is required.

Let z be an indeterminate. Recall that K{z} denotes the ring of convergent
power series in z with coefficients in K. The convergent power series ¢(z) =
> 1<pen @x2™* has the form

p(2) = o(F) + 201 () + -+ + 2P ppa (o)
where ¢;(2P) € K{2P} for all j = 0,...,p — 1. Introducing another independent
indeterminate x, set

S(x) 1= po(2F) + 21 (") + - + 2 g1 (27) € K{"}a].
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Furthermore, define
Gij(z) == S(z)zk? j=0,1,....,p—1, k=0,1,...,(p—1)%
Let K{{z}} denote the field of fractions of K{z}. It is easy to see that K{{z}} =
{z"g(z) :n € Z, g(z) € K{z}}. We look for nontrivial ax; € K{{z7}} such that

p—1(p—1)°

Z Z ar;Grj(z) = xH (aP)

7=0 k=0

with H(aP) € K{{zP}}[zP]. This amounts to an underdetermined homogeneous
system of linear equations over the field K{{27}}; see [5], p.201] for details. So we
find ap; € K{{z?}} for j =0,1,...,p—1, k=0,1,...,r, and some r > 0, not all
zero, and H (2P) € K{{zP}}[2P] such that

p—1 r

Z Z ar;Grj(z) = xH(aP).

=0 k=0

Regrouping the terms on the left-hand side, we obtain A;(z?) € K{z"}}[z?], j =
0,1,...,p— 1, not all zero, such that

p—1
A;(2P)S(x)! = zH(aP). (22)
j=0
Taking r as small as possible, at least one of the series Ag(27), ... , Ap_1(2P),

which are obtained by replacing P with 2P, is non-zero and also H(zP) is non-
zero. Indeed, if H(2?) = 0 then shows that ¢(z) = S(z) is algebraic over
K{{zP}} C K((2?)) C C((z?)) of degree at most p — 1; here K((2)) is the field of
formal Laurent series in z with coefficients in K. The automorphism o of C((z))
induced by z — £z, where £ = ¢?™/?_ leaves invariant C((2”)) and generates the
cyclic group (o). Thus ¢(2) (as an element of C((2))) is invariant under a non-trivial
subgroup of (o), say (¢*) with 1 <b < p—1 and b|p. Then

E apz™t = E a gl 2"

1<k<N 1<k<N

which implies £€¥™ = 1 for all k, since all a, # 0. But that means that p/b divides
all ny, contradicting ged(p, ny, ne,...) = 1. Cf. [5 p.202].
Multiplying by a suitable power of zP, we may suppose that the coefficients

of A; and H belong to 2PK{zP}. Substituting z for =, we find

p—1

Aj(P)p(2) = zH(P)

§=0
with A;(2P) and H(2?) belonging to 2PK{zP}. Since H(2P) # 0, there exist ¢ € N>,
c € K\ {0}, and Hy(2") € K{zP} such that H(zP) = 2P?(c+ 2P H1(%P)) from which
it is easy to conclude . [

Remark 4.2. Let ® be as in Theorem with ged(ng, ne,...) = 1 and assume
that 91 is an [admissible] weight matrix. Then the map £ 5 ®o f — f € £
in (1) takes bounded sets to bounded sets. This follows from Remark [2.5]and (21)),
since the superposition operator g — h o g is bounded, even continuous, among
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EM (in finite dimensions), provided that £ is stable under composition; see [12]
Theorem 4.13].

Remark 4.3. Let g be a continuous germ at 0 € R such that g(0) = 1. Then
f:=1/g and h := f — 1 are continuous germs and h(0) = 0. Consider the analytic
germ p(t) = %H -1= Zkzl(—l)ktk. Then poh =g — 1. Any analytic germ & :
(R,0) — (R™,0) that has ¢ as a component evidently satisfies the condition [£.1}(3).
Now if g is of class ™ and holds, then A is of class £ and consequently also
f =1/g. That means that for analytic ® implies that £ is inverse-closed.

In view of [3, Theorem 4.8] we infer that concavity of the weight function w (up
to equivalence) is a necessary condition for the conclusions of Corollary and
Theorem [£.1|2).

Next we want to discuss implications of the conclusions of Theorem and
Theorem 1) and compare them with the assumption of admissibility for the
weight matrix 91; our goal is to convince the reader that admissibility is not only
sufficient but also “close to” necessary. Suppose that

my/* = o0 forall M € 9M; (23)

this guarantees that £ contains the real analytic class. Consider also the condi-
tions

Mk+1)1/k
<
N >
Nk-+1)1/k

<
M, o0

VM € 9 dN € 9 : sup ( in the Roumieu case,
k

(24)

VM € 9 IN € 9 : sup ( in the Beurling case,
k

which characterize stability under derivation of £,
Fact i: Assuming (24), the conclusions of Theorem and Theorem [£.1](1)
imply that £ is stable under composition.

Indeed, we saw that for analytic ® entails that £V is inverse-closed which
in turn implies (see [I2, Theorem 4.9 and 4.11] and [13])

1/j
VM € O IN € N : sup ﬁ < 0 in the Roumieu case,
i<k ny
1/j (25)
VM € 9t AN € 91 : sup ﬁ < 00 in the Beurling case.
J<k my,

Now , in conjunction with (24)), yields that £ is stable under composition
(loc. cit.). Conversely, since ™ contains the real analytic class (thanks to (23)),
stability under composition entails inverse-closedness and hence . Note that
follows from the moderate growth part in the definition of an [admissible]
weight matrix.

Fact ii: Assuming and , the other part in the definition of admissi-
bility, i.e. the control of T',, by I, (resp. I, by I',), also implies stability
under composition.

This follows from almost analytic extension (see [3, Remark 2.7]). But the
property “control of I';, by I, ,” seems not to be substantially stronger than stability
under composition. This is evidenced by Fact iii and Fact iv.
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Fact iii: For any weight function w, the class £} being stable under com-
position implies the existence of a weight matrix 9 with & W = £ guch
that m is log-convex and thus I'y,, =T, for all M € 9.

See [3, Theorem 4.8] and [I5, Proposition 3]); in this case and moderate
growth (hence (24)) are automatic.

Fact iv: If a general weight matrix 9 fulfills , , and

mE -1
ALY

VM € 9 dN € 91 : sup & F < in the Roumieu case,
k

mg—1
g  —1/k (26)
VM € M IN € N:sup ——m,, < 00 in the Beurling case,
ko Mk—1
then 9 admits the desired control of T',, by T,,,.

Indeed, in the Roumieu case, for given M € 9N there exist L, N € 91 and
constants C; > 0 such that for all j < k,

m.  (26) . n
g 2016;“ < Cony/" < O3~
mj—1 Nk—1

Y

the last inequality it true for every weight sequence. It follows that T',,(Cst) < T, ()
for all ¢ > 0 (see [14] Lemma 3.3]). The Beurling case is analogous.

Remark 4.4. In principle, one can apply the above method also to the more
general case that ® is the germ of a £™-mapping, but the ramification z? causes
a loss of regularity and, since the series are formal, an ultradifferentiable Borel
lemma must be used which introduces flat terms whose handling again entails a
loss of regularity.
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