ON THE EXTENSION OF WHITNEY ULTRAJETS, II

ARMIN RAINER AND GERHARD SCHINDL

ABSTRACT. We characterize the validity of the Whitney extension theorem
in the ultradifferentiable Roumieu setting with controlled loss of regularity.
Specifically, we show that in the main Theorem 1.3 of [I6] condition (1.3) can
be dropped. Moreover, we clarify some questions that remained open in [16].

1. INTRODUCTION
The main goal of this paper is to prove:

Theorem 1. Let w be a non-quasianalytic concave weight function. Let o be a
weight function satisfying o(t) = o(t) as t — oo. Then the following conditions are
equivalent:
(i) For every compact E C R™ we have j3 (B} (R™)) D BI*H(E), where j&©
assigns to each f € C=(R™) its infinite jet (f|g)aenn on E.
(i) There is C >0 such that [~ @) qu < Co(t) + C for all t > 0.

7J.

(Here B{“} denotes the Roumieu class defined by the weight function w; we use
the symbol B to emphasize that the defining estimates are global, cf. [16, 2.2 and
2.6].) It means that Theorem 1.3 of [16] holds without the assumption (1.3) that
the associated weight matrix & of o satisfies

Ty

S,
VSeGITeSIC>1VI<j<k:—L_<(C A 1
> <j< 5 T (1)

Theorem [1] is proved in Section In Section [3] we clarify some questions that
remained open in [16] and obtain several characterizations of concave weight func-
tions. For an overview of the background of Theorem [If we refer to the introduction
in [I6]. We use the notation and the definitions of said paper; the concept of weight
matrices is recalled in the appendix at the end of this paper.

Note that in the special case that w and o coincide we recover the result of [1]:

Corollary 2. Let w be a weight function. The following conditions are equivalent:
(i) For every compact E C R™ we have 3 (B{“}(R")) = B{“}(E).
(ii’) There is C > 0 such that [ <3 W) gy < Cw(t) + C for all t > 0.
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2 A. RAINER AND G. SCHINDL

Indeed, if w satisfies (ii’) then it is non-quasianalytic, equivalent to a concave
weight function [9, Proposition 1.3, and w(t) = o(t) as t — oo [2, Remark 3.20].
That (ii’) is a necessary condition for (i’) is well-known. Note that also (i’) implies
that w is non-quasianalytic. Indeed, if w is quasianalytic, then the Borel map
oy BiwH(R?) — B ({0}) is never surjective. For t # O(w(t)) as t — oo this
follows from [15], for ¢t = O(w(t)) as t — oo consider e.g. the formal series >, 2"
which converges to the unbounded real analytic function 1/(1 — z) function for
lz] < 1.

2. PROOF OF THEOREM [I]

Preparations. First we recall a few definitions and facts. Let m = (my) be a

positive sequence satisfying mo = 1 and m,lc/ ¥ 5 0. The log-convex minorant of

m is given by

1k
my, = sup —————, ke N,
k0 exp(wm (t))
where
tk
W (t) := suplog (—), t>0.
keN my

The function w,, is increasing, convex in logt, and zero for sufficiently small ¢ > 0.
Related is the function h,,(t) := infyey mit®, for t > 0, and h,,(0) := 0. It is
increasing, continuous, positive for ¢ > 0, and equals 1 for large ¢.

Let m = (my) be a positive log-convex sequence (i.e., m = m) such that mg = 1
and mi/ ¥ _5 c0. Then the functions T, and T, defined in [I6l Definition 3.1]

coincide, we simply write I';,, in this case; note that log-convexity and mllg/ b
imply my/my_1 — oco. Thus
1
Tp(t) = min{k : b (t) = mgt"} = min {k ;AL f}, t>0. (2
mp t
By [16, Lemma 3.2], T, is decreasing, tending to co as t — 0, and
k — myt® is decreasing for k < T, (t). (3)

Recall that with every weight function o (always understood as defined in [16,
Section 2.1]) is associated a weight matrix & = {S%}¢~0, where

S8 = exp (g¢7(€k)),  (here p = o oexp and ¢ is its Young conjugate),

such that B} = B{S} and B(®) = B(®) algebraically and topologically; cf. [16]
2.5] and [12]. In the following we set s% = S /k!.

The next proposition shows that for a weight function o which is equivalent to
a concave weight function and satisfies o(t) = o(t) as t — oo we additionally have

Blot = B{&} and B() = BE) where & = {5¢}¢~¢ and
§i = k;!gi.

In particular, & satisfies . We say that S¢ is strongly log-conver meaning that
§i = ﬁi /k! is log-convex. (Note the abuse of notation: S¢ is not necessarily the
log-convex minorant of S¢; this will cause no confusion.) Recall that two weight
functions w and o are called equivalent if w(t) = O(o(t)) and o(t) = O(w(t)) as
t — oo; this means that they define the same ultradifferentiable class.
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Proposition 3. Let o be a weight function satisfying o(t) = o(t) as t — oo which
is equivalent to a concave weight function. For each & > 0 there exist constants
A, B,C > 0 such that

A_lsi/B < §i < si < Ck§ka for all k € N. (4)
Moreover, there is a constant H > 1 such that §§+k < Hj+k§?5§if, for all € >0

and all j,k € N, and thus he(t) < hgee(Ht)?, for all € > 0 and all t > 0.

Proof. Clearly, s¢ < s¢. Let §i = k!gi. By [6l Lemma 3.6], wge and wge are
equivalent, in particular, there exists C' > 1 such that

UJ§§ § CWSé + C (5)
By [16] Lemma 2.4(3)] and [14], Remark 2.5], we have
2wgze <wge, for all £ > 0.
If n is an integer such that B := 2" > C, then wge < wge/s + C and hence
tk th B
S¢ —sup—— > Cqup—— " —Cg/B
7k 700 explwge (1) ~ 750 explwgers (1) g

This shows the first inequality in .
By [16, Lemma 3.13], there exists D > 1 such that for all £ > 0,

2&]325 (t) < Wge (Dt), fort >0

and therefore
Dt 2k tQk
§§k = sup # < D% sy

—_ D2k 826 2.
t>0 exp(wge (D)) — t>18 exp(2w, ¢ (t)) (8)

Thus, by [I7, Theorem 9.5.1] (which is a generalization of []]), there exists a con-
stant H > 1 such that §§+k < Hj+k§?§§i§, for all j, k. That hge(t) < hgee(Ht)?,
for all £ > 0 and all ¢ > 0, follows from [16, Lemma 3.12]. By [18, Proposition 3.6],

2wgae (t) < wge(Ht), fort >0,

for some (possibly different) H > 1. As above, using , we find wgnse(bt) <
wge(t) + 1 for some constant 0 < b < 1. Then

e sup L > e MF sup L = e 1 SE.
=k t>0 exp(wgne (bt)) — t>0 exp(wge (1)) k
The last inequality of follows. O

Proposition [3] alone is not enough to get rid of the assumption (I). It is not
clear that & has the property that for all S € & there is a T € & such that
Sor/Sak—1 S Ti/Tk—1. Note that & has this property (see [16, Lemma 2.4(4)]) and
it enters crucially in Lemma 3.4 and Proposition 3.7 of [16].

We deal with this problem by introducing another intimately related weight
matrix U := {V¢}¢-¢. For each £ > 0 we define V,f = k! vi by setting

€. min s%s2%  ReN 6
Vg = i sisyg, REN. (6)
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That means that for the sequence of quotients U,E / v,”;l we have (cf. [7, Lemma 3.5])

v§ 08 08 0§ so° syt sy st syt syt
Thus the sequence v¢ = (v,ﬁ) is log-convex and satisfies
2¢
Y2k—1 Yok Sk
= = e for all £ > 1. (7)

13 13
Ugp—2  Vop—1 Sk
So, in view of ,

2026 (t) = T'pe(t), forall ¢ > 0. (8)
By Proposition [3] there is H > 1 such that for all £ > 0
§i < Hkvi < Hkgif, for all £ € N. (9)

Thus, we also have B{} = B{T} and B(?) = B(Y) algebraically and topologically.

Proof of Theorem [1} The implication (i) = (ii) follows from [2]. So we only
prove the converse implication. Condition (ii) means that the weight function

W(t) = /1 Tt o, (10)

w2

satisfies k(t) = O(o(t)) as t — oo, ie., Bie} C B}, Now k is concave and
k(t) = o(t) as t — oo, see [9, Proposition 1.3]. We will show that Whitney ultrajets
of class B1*} admit extensions of class B{“}. Thus from now on we assume without
loss of generality that o = k is concave. Since w is increasing we have 0 = kK > w
and hence, if 20 = {W¢}¢~( denotes the weight matrix associated with w,

S <S8 <WE,  forall € >0. (11)

Moreover, Proposition [3] as well as and (9) apply. Let us now indicate the
necessary changes in the proof of [I6, Theorem 1.3]. The changes also lead to some
simplifications. We provide details in the hope that this contributes to a better
understanding.

e Every Whitney ultrajet F' = (F®) of class B} on the compact set E C R™ is

an element of B{Vs}(E) for some £ > 0, i.e., there exist C' > 0 and p > 1 such that
|F(a)| < Cpl® V|i\7 aeN' acE, (12)
(REF)*(b)] < Cp" 1 allvg,, [b—al"t' 710l keN, |a| <k, abe E. (13)
Let p € N be fixed (and to be specified later). Let {¢; ,}ien be the partition of
unity provided by [I6, Proposition 4.9], relative to the family of cubes {Q; };en from
[16, Lemma 4.7], and let rg = ro(p) be the constant appearing in this proposition.
The center of Q; is denoted by z;. We claim that an extension of class B} of F
to a suitable neighborhood of E in R™ is provided by

f(x) ._ ZieN ‘Pi,p(x) Tgfi(mi)F(x% if x € R™ \ L,
C O FO(), ifr ek,
where, given € R" \ E, & is any point in F with d(z) := d(z, E) = | — &| and
p(r) := max{2l z2¢ (Ld(x)) — 1,0}.
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Here L is a positive constant to be specified below. Recall that Q) is the closed
cube with the same center as @; expanded by the factor 9/8. By [16, Corollary
4.8],

%d(m) <d(z;) <3d(z), forallze@;. (14)

Then d(z) < 1/(3Ls>°) guarantees that both I'y2¢ (Ld(z;)) and Lg2¢ (Ld(x)) are > 1,

by (@), thus p(z;) = 2T e (Ld(z;)) — 1 and p(z) = 2T ¢ (Ld(x)) — 1.
e Replace [16, Lemma 5.2] by the following lemma. The only difference in the
proof is that one uses instead of [I6], (5.4)].

Lemma 4. There is a constant Cy = Co(n) > 1 such that, for all Whitney ultrajets
F = (F%), of class B} that satisfy and , all L > Cyp, all z € R™, and
all € N,

(TP F) @) (2)] < 0 (2L)H1VS

ol (15)
and, if la| < p(z),

(T2 F) @ (z) — F2(3)] < €L altof, (). (16)

We remark that (here and below) by (Tg(I)F)(O‘) (z) we mean the a-th partial

derivative of the polynomial y — T (I)F(y) evaluated at y = x.
e Replace [16, Lemma 5.3] by:

Lemma 5. There is a constant C; = Cy(n) > 0 such that for all L > Cip, all
B eN", and all x € QF with d(x) < 1/(3Ls>),

0 (12 P — 12D F) ()| < CLPHS hac (Ld(w,)). (17)

Proof. It suffices to consider |3| < p(x;) = 2@ y2¢(Ld(x;)) — 1 =: 2q — 1. Let H,
denote the left-hand side of (I7). By [16, Lemma 5.1 and Corollary 4.8] and (6],

Hy < (20202 811 S, (6d(:))21 11 < C(202p)20 8|1 (52) (6dr) 1171
By the definition of q, hgee (Ld(x;)) = s2(Ld(x;))? < §i£(Ld(xi))k for all k. Thus
12n2p

L

<o Y3Wm§mﬂmmy

8] s

If L > 12n? p, then follows. O
e Replace [16, Lemma 5.4] by:

Lemma 6. There is a constant Cy = Cy(n) > 0 such that for all L > Cap, all

B €N, and all x € QF with d(z) < 1/(3Ls}°),

%) ngfg‘hﬁ (3Ld(x)). (18)

Proof. Both p(x;) and p(z) are majorized by I',e(Ld(x)/2), indeed, by (8], (T4),
and since I'¢ is decreasing,

p(x;) = 2T g2 (Ld(5)) — 1 < 2T goe (Ld(25)) = Tye (Ld(23)) < Tpe (Ld(x)/2).

DT F — 1 ) @) < o

So the degree of the polynomial Tg(“)F - Tg(w)F is at most e (Ld(z)/2). The
valuation of the polynomial is equal to min{p(z;),p(x)} + 1 (unless p(z;) = p(z) in
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which case is trivial) and so at least 2@ ¢ (3Ld(x)) =: 2¢, by (14). So if H,
denotes the left-hand side of (18], then (see the calculation in [16} (5.7)])

T e (Ld(=)/2)
clpr " 2 Jok
(nd(z))P Z (2n”pd(z))’v;
Jj=2q
By (@), v 2)/2)7 < v (Ld(x)/2)* for 2q < j < Tye(Ld(x)/2). By the defi-
nition of q, h§25(3Ld( x)) = s2(3Ld(x))? < §i§(3Ld(x))k for all k. With (6] this
leads to

Hy <

e (Ld(z)/2)

cla! 4n2p\i ¢ (Ld(r)\%
Hy < ——
2= (nd(z))P j;q ( L )”2q< 2 )
T ,¢(Ld(z)/2) .
! v 2 2
< cla! 3 (4n P)J(§25)2<Ld($)) e
(nd(@)7 L))\
Jj=2q
T ,e(Ld(x)/2) .
3L\ 18] v 4n2p\J
<o(Z) Bl shecLde) Y (FE)
J=2q
If we choose L > 8n?p, then the sum is bounded by 2, and follows. [

e Assume that L is chosen such that
L > max{Cy,C1,Cs} p (19)

so that (|15 . . . and (|18 . are valid. Recall that 20 denotes the weight matrix
associated with w. The next lemma is a substitute for the claim in the proof of
Theorem 5.5 in [16].

Lemma 7. There exist constants K; = K;(n,w), j = 1,2,3, such that the following
holds. If p = Ki1L and L > Kap, then there exist a weight sequence W € 23
and a constant My = My(n,w,L) > 0 such that for all x € R™ \ E with d(z) <
min{ro/(3B1),1/(3Ls>*)} and all a € N,

0°(f = T F)(@)] < CM T Wiahyie (s Ld(@)), (20)
where C and p are the constants from and (and B; is the universal

constant from [10, Lemma 4.7]).

Proof. By the Leibniz rule,

o7 - Tm)) = 3 (5) Tely V@@ - ). (2)

BLla i
Now and imply, that for z € QF with d(x) < 1/(3L§§£),
0 (T2 F — T2 F)(2)] < C(6L) 711875 hyae (3Ld()). (22)

As in [I6] we conclude (using [16] Proposition 4.9]) that there exist W = W (p) € 20
and M = M(p) > 0 such that for all i € N, all z € R" \ E with d(z) < ro/(3B1),
and all § € N",

o\ ()| < MW, T(p, z) (23)
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where, by [16, Corollary 3.11],
A b
(p.) = exp (AL g (D20
p

94>(n)
e A1(:)B
S (h(blpd(m))) y for some B 2 1 and all n > 0. (24)
s"\9A5(n)B

(b1 is the universal constant from [16, Lemma 4.7] and A;(n) < As(n) are constants
depending only on n.) By , we may assume that S* < W. Then, by , ,
([23), and [16, Lemma 4.7], for € R\ E with d(z) < min{ry/(3By), 1/(3Ls3)},

0°(f — T“”F)( )l

<Y EICEYEL 127" MW )5 T(p, ) - C(61)//H1 S2 hoc (3Ld(x))
B<La
| plol+i ,
< 122"CM(Z |:O:|1_)'(6L)3+1I/V|aj5’?5) (p, x) hy2e (3Ld(z))
) s
<6-122"LOMnlolW, (If: L(ﬁLn) ) (p, z) heee (3Ld())
- o = el =) T

=6-122"LCM (n(1 + 6Ln))! W), I1(p, z) hee (3Ld()).

By Proposition [3{ there is H > 1 (mdependent of &) such that hgee(t) < hge(Ht)?
for t > 0. Let us choose L according to and such that p := 27 Ay(n)BHL/b; >
A1(n)B is an integer. Then, by and since hge <1,

e h 526 (3Ld( ))
= hyc BHLA(z)) —

and we obtain . (Note that M depends on p, and hence on L, which results in
the non-explicit dependence of Mj.) ([l

T(p, ) hyee (3Ld(x)) < € hyse (3H Ld(x))

e Let us finish the proof of Theorem|[1] By and (20), for all z € R™\ E with
d(z) < min{ro/(3B1),1/(3Ls>*)} and all & € N,

|f @ (@) < (TPDF) D ()| + |0°(f — TV F) ()] < oMW, (25)

for a suitable constant M = M (n,w, L).
Let us fix a point @ € E and a € N™. Since I'y2¢(t) — oo as t — 0, we have
la| < p(x) if x € R™\ E is sufficiently close to a. Thus, as  — a,

/@) (2) = F*(a)]

<o (f =TIV F)@)| + (T F) @ @) = Fo@)] + [F* (@) = F*(a)]

= O(hgie(K3Ld(x))) + O(d(x)) + O(|2 — a]),
by (L3), (I6), and (20). Hence f(®)(z) — F*(a) as 2 — a. We may conclude that
f € C(R™) and extends F. After multiplication with a suitable cut-off function
of class B} with support in {z : d(z) < min{re/(3By),1/(3Ls3")}}, we find that

f € BI}H(R") thanks to (I2), (25), and [16, Lemma 2.4(5)]. The proof of Theorem
is complete.
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3. CONCAVE, GOOD, AND STRONG WEIGHT FUNCTIONS

In [TI6], Definition 3.5] we called a weight function o good if its associated weight
matrix & satisfies . A non-quasianalytic weight function w is called strong if
there is a constant C' > 0 such that

u2

/ w(tu) du < Cw(t)+C, forallt>D0.
1

Otherwise put, w is strong if and only if it is equivalent to the concave weight
function k = k(w) defined in (10]). In [I6] we asked the following questions:

Question 3.21: Is every concave weight function equivalent to a good one?
Question 5.11: Is every strong weight function equivalent to a good one?

We will give partial answers to these questions and reveal some related connections
in Theorem [I1] below.

In [I6] it was important that the associated weight matrix itself satisfies (1f) as
explained after the proof of Proposition [3] Since we could overcome this problem
(by introducing ¥ = {V*}), it is more natural to allow for a wider concept of
goodness. For completeness we will also treat the Beurling case. A weight function
w is called R-good if there exists a weight matrix 91 satisfying

VMGSﬁHNeSﬁHCZlVlgjgk:M—?SC% (26)
J

such that B} = B}, Recall that py := My/Mj,_1 and vy := Ni/Ng_1. Simi-
larly, w is called B-good if there exists a weight matrix 91 satisfying

VNeS)tHMeDﬁHCZlVlgjgk:M—?gC% (27)
J
such that B) = B,

The next lemma, which is inspired by [5l Proposition 4.15], implies that for any

weight matrix 91 satisfying (resp. ) there is a weight matrix & consisting of
strongly log-convex weight sequences such that B{™} = B} (resp. B = B(©)),

Lemma 8. Assume that 1 = pug < 1 < -+ and 1 =y <wvy < --- satisfy

ac>o:%go%, for all j < k.

Then the sequence U defined by

Uk ..V
— = inf — =1
k sre ’
is such that oy /k is increasing and C 'y < v < v. (]

The next two corollaries are immediate from Lemma [8] and results of [12], [13],
and [I4].

Corollary 9. Let 9 be a weight matrix with the property that for all M € I there
is N € 9 such that (Myy1/Ny)'/* is bounded. Consider the following conditions:
(a) M satisfies (26)).
(b) There is a weight matric & consisting of strongly log-conver weight se-
quences such that B™} = B{S},
(c) BT} s stable under composition.

(d) YM € M3IN € M3C >0V < k:m)/? <On/".
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Then (a) < (b) = (¢) & (d). If additionally M satisfies
VM € M3AN e M: g < NJVF, (28)
then all four conditions are equivalent.

Corollary 10. Let M be a weight matriz with the property that for all N € O there
is M € 9 such that (M1 /Np)"/* is bounded. Consider the following conditions:
(a) M satisfies (27)).
(b) There is a weight matriz & consisting of strongly log-conver weight se-
quences such that B = B(S),
(c) B™) s stable under composition.
(d) YN e M3M e M3C >0V)j < k:m)/? <COn)/".
Then (a) < (b) = (¢) & (d). If additionally M satisfies
YN € M3IM e M: . < NJVF, (29)
then all four conditions are equivalent.

In general, (c) # (b) in neither of the corollaries which follows from [12] Example
3.6]. Note that if M = N then and reduce to a condition which is usually
called moderate growth or M.

For weight functions w we get a full characterization.

Theorem 11. Let w be a weight function satisfying w(t) = o(t) as t — co. Then
the following are equivalent.

(a) w is equivalent to a concave weight function.

b) 3C > 03ty > 0VA > 1Vt > tg: w(At) < CAw(t).

) B} is stable under composition.

) B is stable under composition.

) There is a weight matriz & consisting of strongly log-convexr weight se-

quences such that Bt} = B16},

(f) There is a weight matrix & consisting of strongly log-convex weight se-
quences such that B« = B(®),

(g) w is R-good.

(h) w is B-good.

—~

¢
d
e

o~ o~

Notice that the conditions in the theorem are furthermore equivalent to the
classes B} and B« to be stable under inverse/implicit functions and solving
ODEs, and, in terms of the associated weight matrix 20 = {W¢}¢~, to

VE>03n>0: (wi)l/j < C(wh'*F  for j <k,
as well as .
Vn>03¢>0: (w7 <C@)*  for j <k,
see [13]. In the forthcoming paper [4] we shall see that they are also equivalent to

the property that B{“}, resp. B), can be described by almost analytic extensions;
see also [11].

Proof. The equivalence of the first four conditions (a)—(d) is well-known, see e.g.
[13], which is based on [10, Lemma 1] and [3]. That (a) implies (e) and (f) follows
from Proposition [3| (e) = (c) and (f) = (d) are clear; cf. [I2]. The equivalences
(e) < (g) and (f) < (h) follow from Lemma[§| O
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APPENDIX A. WEIGHT MATRICES

By a weight matriz we mean a family 9t of weight sequences M > (k!); which
is totally ordered with respect to the pointwise order relation on sequences, i.e.,

o M CRY,

e cach M € M is a weight sequence, which means that My = 1, M,i/k — 00,
and M is log-convex,

e cach M € 9 satisfies k! < M, for all &,

e for all M, N € 9t we have M < N or M > N.

For a weight matrix 9t and an open U C R™ we consider the Roumieu class
BN (U) := indpseom BMH(U),
and the Beurling class
BP(U) := projyseon BM(U).
For weight matrices 9%, M we have (cf. [12])
B Cc B o VM e MIN € N: (My/Ni)/* is bounded,
B c B o YN eNIM eM: (My/N)* is bounded.
Analogous equivalences hold for the local classes

S{W}(U) ‘= Projy ey B{m}(V) and S(W)(U) = Projy ey B(m)(V).
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