AFLT-TYPE SELBERG INTEGRALS

SEAMUS P. ALBION, ERIC M. RAINS, AND S. OLE WARNAAR

Dedicated to the memory of Richard (Dick) Askey.

ABSTRACT. In their 2011 paper on the AGT conjecture, Alba, Fateev, Litvinov and Tarnopolsky
(AFLT) obtained a closed-form evaluation for a Selberg integral over the product of two Jack
polynomials, thereby unifying the well-known Kadell and Hua—Kadell integrals. In this paper we
use a variety of symmetric functions and symmetric function techniques to prove generalisations
of the AFLT integral. These include (i) an A, analogue of the AFLT integral, containing two
Jack polynomials in the integrand; (ii) a generalisation of (i) for v = 1 (the Schur or GUE case),
containing a product of n + 1 Schur functions; (iii) an elliptic generalisation of the AFLT integral
in which the role of the Jack polynomials is played by a pair of elliptic interpolation functions; (iv)
an AFLT integral for Macdonald polynomials.

Keywords: AGT conjecture, (complex) Schur functions, elliptic beta integrals, elliptic interpola-
tion functions, Jack polynomials, Macdonald polynomials, Selberg integrals.

1. INTRODUCTION

In 2010 Alday, Gaiotto and Tachikawa [3] conjectured a deep relationship between N = 2
superconformal field theory in four dimensions and Liouville conformal field theory on a punctured
Riemann surface. Their correspondence provides a dictionary between correlation functions in
Liouville field theory [36] 58] and the Nekrasov partition function in A/ = 2 superconformal field
theory [37, B8]. One entry of this dictionary relates the instanton part of the Nekrasov partition
function to conformal blocks in Liouville field theory. This relationship allowed Alday et al. to
derive an explicit combinatorial expansion for conformal blocks.

One particularly promising approach to the AGT conjecture was developed by Alba, Fateev,
Litvinov and Tarnopolsky [I]. Let Vir and </ denote the Virasoro and Heisenberg algebras re-
spectively. Then Alba et al. considered representations L(P, Q) of central charge and conformal
dimension

(1.1) c=1+6Q? and A(P)=Q*/4— P?

of Vir @ o7, and showed that L(P, Q) has a unique orthogonal basis {|Py)} indexed by bipartitions
A, such that in this basis the matrix element between L(P,Q) and L(P’, Q) corresponding to the
primary field indexed by « coincides with

Zbifund((P/a _P/)7 Av (P7 _P)7l~l/7 O[).
Here Zyifuna is the key building block — corresponding to the ‘bifundamental hypermultiplet’

— of the instanton part of the Nekrasov partition function, which admits the following explicit
combinatorial expression [13, [16], 52]
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(1.2) Zbifund((U1,u2),>\ (Ul,UQ H < H ( —’Uj,)\(i),,u(j),S) _m>
t,j=1 * seA(®
X H (Q —m—E(v; — ui,/t(j),)\(i),s)))
sepld)

where A = ()\(1), A(Q)), n= (,u(l),,u(z)) and, for s = (,7) € A,
(1.3) E(u, A\t 8) = u—b(pf — i) + b (N —j +1)

with @ in (T.1)) parametrised as @ = b+ b~!. In the above p’ is the conjugate of the partition s,
so that u — i and \; — j may be recognised as the (generalised) leg-length I,,(s) and arm-length

ax(s) of the square s € A, see . Lifting the isomorphism [12, [59] between Verma modules for
VII‘ and Fock space representations of &7 to the level of L(P, @), Alba et al. obtained a closed-form
expression in the spirit of [34] [50, 65] for the states [P), , in terms of Jack polynomials P)(\fl/ ",
The more general states |[P), then follow recursively from [P), ,.

For & a symmetric Laurent polynomial in k£ variables and «, 3, € C, define the Selberg average
of 0 as

k a—
<ﬁ>aﬂw =S AN (a ﬂ ) / O(t1, ...tk t -t )B H ‘ti—tj’%dty"dtk,

)k i=1 1<i<j<k

where the normalisation Si(«, 3;7) is given by the classical Selberg integral [14], 15, [51], [57]

k
(1.4) Sk(a, B;7) = /Hto“1 @—t)" 0 I 1=t dty - dty
.17+ =1 1<i<j<k
k

HF5+ (i — )T (a + (i — 1)y)T(1 +iv)

11 Tla+B+@2k—i—1)I(1+y)

for Re(a) > 0, Re(8) > 0 and

Re(v) > —min{1/k,Re()/(k — 1), Re(B)/(k — 1)}.
A crucial step taken by Alba et al. was to show that for P+ P' +a + kb= 0
(15) Zbifund((Ply _Pl)a ()‘7 0)7 (P7 _P)a (M? 0)7 Oé)

:KA(P)H;L(P/)< PEVE) (1) P (1 4 (2 — 1 )/52]>1 2P

In the above,

IT (o6 =2 1)+ 67" = ) (2P +bi +5715) ).

(3,9)EN
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fit) = f(tfl, - ,t,;l) and, for f a symmetric function which expands in terms of the power
sums py as f =), eapa, f[t + 2] is plethystic notation (see Section for details) for

1N

S o IT (ot ot +2).
A =1
The verification of boils down to computing the Selberg average
k
(P ) B [+ By = 1])

and comparing this against the explicit form of Zp;sng provided by (1.2)). By the complementation
symmetry

a,Biy

PGy = (1 ty) 7N P((}V/_Vik ,,,,, N ()

for A € P (the set of partitions of length at most k) and N an arbitrary integer such that N > Ay,
this is achieved by the following integral evaluation [I] (see also [35]). Let &7 denote the set of
partitions.

Theorem 1.1 (AFLT integral). Let k be a positive integer, \,u € & and o, 3,y € C. Then

k
(L6) / PUDPM 4 8y — 1) T - P ] s — 6y dta - dty

0.1]" i=1 1<i<j<k

T+ (i—1)y)(a+ (k—0)y+ )T (1 + i)
Ta+ B+ 2k—m—i—1)y+\)I(1+7)

= PRI+ 5y - 1 ]
=1

m

e Tt B+ 2k — i — § — 1)y + A + 1)
80 By ey ey

)

i=1j=1

where m is an arbitrary integer such that m > 1(u), and

Re(a) > =Xk, Re(B) >0, Re(y) >— min {

1<i<k—1

1 Re(a)+ A\ Re(B)
B k—i ’kl}'

The arguments of the Jack polynomials on the right-hand side are again expressed using plethystic
notation, see Section H for details. Alternatively, both P)EIM) [k] and PA(LIM) [k + B/~ — 1] may be
written in fully factorised form by equation below. When i = 0 the AFLT integral simplifies
to Kadell’s integral [24] (see also [31]) and for f = ~ it yields the Hua—Kadell integral [19] 23].
Theorem is proved in [I] by generalising the Anderson-style recursive proof of Kadell’s integral
given in [61]. Key input in both these proofs is the Okounkov—Olshanski integral formula for Jack
polynomials [39] 41].

In the conclusion to their paper [1], Alba et al. remark that the generalisation of their construction
to WA,, requires a generalisation of the A, Selberg integral of [63] with two Jack polynomials
included in the integrandﬂ For A, such an AFLT-type integral was considered by Fateev and
Litvinov in [I1I], where they again used a recursion based on the Okounkov-Olshanski integral
to obtain a closed-form evaluation. They also claim a more general A,, AFLT integral, but the

LSee also [7, 22] for the relation between A, Selberg integrals and the AGT conjecture.
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evaluation of this integral is only implicit and, unfortunately, the stated recursion relation that
needs to be solved to obtain the evaluation is incorrect for n > 3 (see also in Section .
The first main result of the present paper is the evaluation of the A, AFLT integral for all
n. Before stating this result we introduce some notation. For k,/ nonnegative integers and ¢ =
(t1,...,tk), s =(s1,...,s¢) we define the Vandermonde products A(t) and A(¢,s) as
¢
(1.7) Ait)y:= J] (ti—t;) and A(ts):=]]
1<i<j<k i=1j=
We also abbreviate dt; - - - dt; as dt.
For n a positive integer, let kq, . . ., ky, be integers such that 0 < ky < -+ < ky, and let ¢t ... ¢(™)

be a sets of variables (or alphabets) such that (") has cardinality k,. Further let a1,...,an, 3 € C
such that

(ti — Sj).
1

(1.8a) Re(8) > 0, [Re(y)| < ki Re(B + (kn — 1)7) > 0,

n
(1.8Db) Re(ar+'--—|—0zs—|—(r—8+i—1)7)>0 forl<r<s<nandl1<i<k —k_1,

where kg := 0 We then define the A,, Selberg average of a polynomial & (t(l), ..., "), symmetric
in each of the alphabets ¢("), as

A, . 13'7
k1,....kn . Ikl,...,kn(ﬁ’ - O s )
s On, B3y An e an, 57 7
at,...,0m, By Ikl,...,kn(l’ 1y+-+50n, 0, )

(1.9) (0)

where
(1.10) I o (Oraa,... an, Bi7)
n  kr
:: / ot 1) H H (tz(j“))ocr—l(l B tZ(r))Br—1
r=1i=1
C,]:l ,,,,, kn 0,1]
n n—1
y H ‘A(t(r)) ’27 H }A(t(r)’t(r-ﬁ-l)) ‘_’Y drM .o qe(m
r=1 r=1
Here
(1.11) pr=-=Pn1:=1, Bn:=p

and C,l;l""’k" [0,1] is a real domain of integration described in Section u The normalisation
Iliy,l...,kn(l;alv cooyap, B57y) in (1.9)) is the A, Selberg integral of [63, Theorem 1.2] (see also [56),
Theorem 3.3] for the Ay case), which admits the evaluation

(1.12) o o (Lo, om, B59)
B DBy + (i — Ky — D)D)
- 111 )

2The condition Re(y) < 1/k, may be dropped when n = 1.
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’r

H l—k[ rt+ o toas+(r—s+i—1)y)
F +as+ﬁs (ks_ks+1+7a_5+i_2)’7)’

X
I<r<ssn =1
where, once again, kg = k,+1 := 0.
For n a nonnegative integer let (a), := I'(a + n)/I'(a) = a(a 4+ 1)---(a + n — 1) denote the
Pochhammer symbol, and let d,, be the usual Kronecker delta. Then the A, analogue of the
AFLT integral is given by the following identity for the Selberg average of the product of two Jack
polynomials.

Theorem 1.2 (A, AFLT integral). For n a positive integer, let ki, ..., ky, be integers such that
0<k <---<ky. Then for aq,...,an,B,v € C such that (L.8)) holds and \,u € &, we have

K1 yeorkin
1) (PRI + gy - 1] )
Q1 yeeeyOin, B3
— P(l/v)[k ] (1/fy [k +,3/’)/— 1]
Xﬁﬁ (a1+"'+ar+(k1*T‘fi+1)’y)>\i
r=14=1 Oq T tart+ G+ (kl + ky — kr+1 - Tr—= mém — z')'y))\i
Xﬁﬁ (r+ - Fan+ B+ (knt+r—n—7—1)7),,
r:1]:1 o+ B+ (ke =kt hytr—n— L1 — = 1)7),

L m

<111 (a1 4+ o+ B+ (kb +kn =1 — i — )Varin,
(1t Fan+B+(kit+ky—n—i—3+1)7)x4u

i=1j=1

In the expression on the right, £ and m are arbitrary integers such that £ > I(A), m = (),
ko = kp+1 := 0 and the 5, are as in (L.11]).

Note that both sides of trivially vanish unless [(\) < kp so that without loss of generality
it may be assumed that A € &;,. Then the r =1 term in the second double product on the right
simplifies to 1 upon choosing ¢ = k.

Since

(1.14) CH01]={teR":0<ty <ty <. <ty <1},

Theorem for n = 1 is equivalent to Theorem For p = 0 the theorem corresponds to the
A,, analogue of Kadell’s integral [63, Theorem 6.1], and for 8 = v it gives an A,, analogue of the
Hua—Kadell integral [19, 23]. Our proof of Theorem is not reliant on the Okounkov—Olshanski
integral formula for Jack polynomials and instead uses A, Cauchy-type identities for Macdonald
polynomials. One advantage of our approach is that it immediately implies a companion to the A,
AFLT integral, stated as Theorem [£.1]in Section

Setting k1 = 0 in the A,, Selberg integral yields the A,,_1 Selberg integral. The same is not true,
however, for the A,, AFLT integral. Setting k1 = 0 in forces A = 0 for nonvanishing, thus
eliminating one of the two Jack polynomials in the integrand. In their work on the AGT conjecture
for WA,,, Matsuo and Zhang [66] formulated several conjectures for A,, Selberg integrals of AFLT
type that do have the desired reduction property, but unfortunately as stated their conjectures
appear to be false. In the v — 1 limit of Theorem [I.2] in which case the Jack polynomials

PSM) [t(l)] and P,Sl/'y) [t(") +B/v— 1] simplify to the Schur functions s) [t(l)} and s, [t(") +5 - 1],
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we have managed to prove a corrected Matsuo—Zhang-type AFLT integral, containing a product of
n+ 1 Schur functions in the integrand. Because (1.8al) implies that |Re(v)| < 1, in this integral we
must replace the real domain of integration C’éﬂl’“" "[0,1] by the complex contour

(1.15) CFrskn — Cfl N C’fi‘n’ where Cfr —C.x--xC,
\_v_/
k., times

defined as follows. Each C, is a positively oriented Jordan curve which passes through the origin,
contains the interval (0, 1] in its interior, and has nonzero slope close to 0. Away from 0, the contour
C. for r > 2 is contained in the interior of C,._; as shown in the figure below

For v = 1 we now redefine the A, Selberg average as follows. In the complex tl(r)—plane fix the
usual principal branch of the complex logarithm, with cut along the negative real axis and argument
in (—m, 7). Then for 0 < k) < --- < kyp and «y, ..., ap, 8 € C such that
(1.16) Re(ap + -+ as) >s—r forl<r<s<n
we define

An
< >k1 ..... ko Ikl, k (Oa1,...,an,B)
XLyeers0m,f8 11?1, k (Lo, ..., an,B) ’

where, assuming (1.11)),
(1.17) Iy o (Oraa,. . an, B)

n kr
5 ‘)kh - / o@D, ... 1) ()21 (1) — 1)
Tl CF1rees ko r=14=1
n n—1
< TT 22(100) T A1 (10), 10Dy a4,
r=1 r=1

The integral ((1.17) should be understood in the sense of indefinite integrals since the integrand is
not defined at ty) = 0 € C,. Due to the change in contour, the normalisation is now given by (see

(5-9))
(1.18) e (Lag,... o, B)

n

:H(( kTHF kri1 — 5r+2—1)>
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< 11 11 Loy +- +as+r—s+i—1)
Ll T+ +as+Bs+ks—ksy1+r—s+i—2)
where kg = kpy1 := 0.

Let (9 := 0. Then our next main result is a closed form evaluation of
E1,eeoskin

(1.19) < < [T saem [t =] ) syonen [t + 8 — 1] > ,

r=1 a1yeesQn, 8
generalising the 7 = 1 case of (1.13)). The most concise way to state this is by using the duality
[32, p. 43]
(1.20) swlX] = (~1)Hs, [ x],

and to instead give the evaluation of

n+1 ki,....kn
< [T s [t - t(r_l)]> :

r=1 ALy,
where t("t1) .= 1— 8 Before stating this evaluation we introduce the following shorthand notation.
Forl1<r<<n+1let
(1.21a) A=ap+-+ap+ k. — kg +r
and A, := A, — A, so that A,y = —A,,. In particular,
(1.21b) Ars=0r+ - Fas_1+kp —kr—1 —ks+ ke +7r—35s
forl<r<s<n+1.

Theorem 1.3. For n a positive integer, let 0 < k1 < --- < ky be integers, ai,...,an, 8 € C such
that ([L.16) holds, and XV, ... XD ¢ 2 Let t©) := 0 and t"t) :=1— 3. Then

n+1 k1, skn
(1.22) < I 550 [t - t(“>]>

r=1 a1y, B

nt1 AM Ay) il b (A — ko1t Rs — i+ 1)A§r)
*H H HH (Aps+0s—i+1)

i
r=11<i<j<t, J rs=1i=1 A

N N M

< I M=% 55—

1<r<s<n+1i=1j=1

where ko := 0 and kpt1 :=1— 3, and where £, (1 <r < n+1) is an arbitrary nonnegative integer
such that ¢, > l()\(r)).

The reader is warned that in order to obtain the above compact form for the right-hand side we
have used a different convention for k,4; than in the previous two theorems. We also remark that

3For the evaluation of the average (T.19) see equation (7.1)) below.
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(1.22) displays a significant amount of nontrivial cancellation. For s = r the second triple product
on the right becomes
ntl b (kp — kpoy — i+ 1))\(.T>

r=11i=1
Since £, > I(A\(")), this shows that the right-hand side vanishes unless I((A\")) < k, — k,_1 for all

1 < r < n. The integrand, however, only vanishes for I(A(")) < k; — kg = k1. Finally we note that
(1.22) has the desired rank-reduction property. If we denote either side of (1.22]) by

k I 7
I)\(ll) n+1)(a17'~7an75)7
then it is readily verified that
O,k‘z,...,kn k'27 7k
IO’)\(2)7”")\(n+1)(O[17a27 .- a’na/@) )\(2) A(n+1) (042, v 7an76)~

Evaluating the Selberg integral for v = 1 is not at all hard; it follows from Heine’s integral
formula for the Hankel determinant of moments of orthogonal polynomials on the real line applied
to the case of Jacobi polynomials, see e.g., [30, [47]. We have not found a similarly elementary proof
of Theorem and our proof hinges on a novel type of integration formula for Schur functions
indexed by sequences of complex numbers, see Theorem

Our third main result applies to A1, and is an elliptic generalisation of the AFLT integral .
This integral, which also generalises the elliptic Selberg integral of [9, [10] [44], contains two elliptic
skew interpolation functions in the integrand. These play the role of the pair of Jack polynomials
in the AFLT integral.

For A, v a pair of bipartitions, let R;/V([vl, ..., Vam]; a, by t, p, q) denote an elliptic skew interpo-

lation function [45], for which we use the shorthand notation

n

(1.23) Ri/u([uzf, o uzE v, vam]ias byt p, q)
= Ri/u([uzl,uzfl, e UZn, Uz T UL, Vo] a, b D, ).

Further let (ay,...,ax;q)oo = Hle 2,1 — arq") and let T'(z;p,q) denote the elliptic gamma
function [49], for which we adopt the usual multiplicative plus-minus conventions

L(z%p,q) == T(2:0,9)T(z"";p, ),
L(z*w*;p, q) == T(zw; p, )T (zw ™ s p, )T (2 wip, )T (2" w5 p, q).
For A = (AW X®) € 22 we define the following shorthand for the ratio of products of elliptic
gamma functions,
Al (alby, ... beitipoq) == Ay (alby, ... be; @, 15 0)AS o) (alby, - - b py t q),
with
T Dt ' b5, )T (pgt' ~'a/br; p, )
Lt~y p, )T (pgt*~'q*ia/by;p, q)

k
A())\(a’bla cee bka q, t,p) = H
r=1i=1
In particular, for p € £,,,
U

)

IPEPIREENC NG —j—n+1,—
Y (alb(A)nstip.qi @ 15 D) = |n[ Hm D(tn ==t gh Hriph by p, q)D (pgt' 9" a/b;p, q)
UNDYZUER- gl - j— 1 i—J
" T(tn—i=+1g pA by p, )T (zoqlf’*J*’”lq_AlmJr“fp_AE 'a/b:p, q)
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where

(1) 2 (1) (2) (1) (2) (1) (2)
(124) <>\>n;t;p,q — (q)\l p)\l g l’q/\2 p)\2 = 2 q)\n 1p)\n 1t q/\n p/\n )
is the spectral vector for the bipartition A. With the above notation we may state the following
elliptic analogue of (1.6), where we note that instead of k£ we use n to denote the number of
integration variables.

Y

Theorem 1.4 (Elliptic AFLT integral). Let n be a positive integer, p,q,t,t1,ta,t3,t4,t5,t6 € C
such that the elliptic balancing condition

(1.25) 22 -t = pg
holds and such that |p|,|q| < 1. Further let

()o@ )% T (tp,q)
Kp =

2nnl(27i)"
Then, for X\ € P2 and p € P2,
(126) Kn / Ri/o([tl/Qzl e t1/2 :I:] - 1/2t t1/2t2,t p,Q)
Cxp
x R o ([#1225, . 82 47 P 7 Pt 3 Pagtats £ 65 65, q)
+
X H thz % ,p, HHr 1 tzzim’@%...dﬁ
reisien T2 g a1
n
=H<F 1D q H Dt tytss p, )>
i=1 1<r<s<6
X AR (B ot 4 et £ by, £ M, £  ate 6 p, q)
x AD, (£ Ptgtats [t t" tata, " Mats, " tats; £ p, )
0

AV (1" 2tatats [te[t" >t tstats (N) nip.q)
A?‘ (tn_2t2t3t4/t5 ’tn_1t1t3t4t5 <A>n;t;p,q) ’

where Cxy, s a deformation of T" (with T the positively oriented unit circle) separating sequences
of poles of the integrand tending to zero from sequences of poles tending to infinity.

For g = 0 this may be viewed as an analogue of Kadell’s integral, and also follows by setting
p =0 in below, a fact that was already noted by the second author in [44, Remark 2].
Imposing the constraint t4t5 = ¢, the integral may be viewed as an elliptic analogue of the Hua—
Kadell integral. In this case the integral is invariant under the simultaneous substitutions A < p
and (tl,tQ) Ad (t3,t6).

By taking an appropriate p — 0 limit, Theorem simplifies to the following AFLT integral
over a pair of Macdonald polynomials Py(q,t).

Corollary 1.5. For A € &, p € &, and a,b,q,t € C such that |bl,|q|, [t] < 1,

n!(Qiri)”’ﬂ[P/\(Z; q’t)P“([Z * i;—lﬂ ; q’t)



10 SEAMUS P. ALBION, ERIC M. RAINS, AND S. OLE WARNAAR

o ﬁ a/zuqzz/a Q) H (Zi/Zj,Zj/Zi§Q)oo %dﬁ

i1 b/Zz,Zz, )oo 1<i<j<n (tzi/zjatzj/ziSQ)oo zZ1 Zn

— pPAglel p, ( [ 11:75:} :q, t) P, ( [1_1&7:1} 14 t)

Xﬁ (t,at™ ™ M at' 7 /b, qt' b/ a; q) OOHH

lll 1—2
(g, 7,0t at! =g [b; q) oo P

tn i— ]+1q)\ it . Q)

)

(atn=i=IgNiTHi; q) oo

where m is an arbitrary integer such that m > 1(p).

For A = p = 0 the above integral may also be found in [6, Section 6] as a special case of
the biorthogonality relation for multivariable Pastro polynomials. This special case also easily
follows by combining the ;¥; summation for Macdonald polynomials [27] with the orthogonality
and quadratic norm evaluation of the Macdonald polynomials with respect to the scalar product

() see (6.13).

The remainder of this paper is organised as follows. In the next section we review some basic
material from the theory of symmetric functions. This includes a discussion of Schur, Jack and
Macdonald polynomials as well as the heavily-used plethystic notation. In Section |3| we present
some A, generalisations of the classical Cauchy identity for Macdonald polynomials. Then, in
Section [ we show that such Cauchy identities are essentially discrete analogues of A, AFLT
integrals, leading to a proof of Theorem and its companion given in Theorem In Section
we use integral formulas of Cauchy-type for complex Schur functions to prove Theorem In
Section [6] we review some of the theory of elliptic interpolation functions and use this to prove
the elliptic AFLT integral of Theorem [I.4] Finally, in Section [7] we discuss some open problems
stemming from our work.

2. PRELIMINARIES

2.1. Partitions. Throughout this paper N denotes the set of nonnegative integers.

A partition X is a weakly decreasing sequence of nonnegative integers (A1, Ag,...) with only
finitely many of the A; nonzero. The positive \; are called the parts of A\, and the number of parts
is called the length, denoted by I(A). The sum of the \; is denoted by |A|, and if |\| = n we say
that A is a partition of n and write A F n. With the possible exception of finitely many zeros, we
usually drop the infinite string of zeros of a partition so that A = (A1, ..., \,) denotes a partition of
length at most n. The set of all partitions and the set of partitions of length at most n are denoted
by & and £, respectively. In particular, &, = {0} where, by mild abuse of notation, the unique
partition of zero is denoted by 0.

We identify a partition with its Young diagram, which is the set of all (i,7) € N? such that
1 <i<Il(A)and 1< j <A This may be visualised as a left-justified array of squares with \;
squares in row i. For example the Young diagram of the partition (6,4,3,1,1) is

[ ]
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The conjugate of A, which is denoted by X, is obtained by reflecting A in the main diagonal. Hence
(6,4,3,1,1)" = (5,3,3,2,1,1). Given a square s = (i,j) € N? and a partition A\ we define the
(generalised) arm-length, leg-length, arm-colength, and leg-colength of s by

(2.1) ax(s) := A\ — 7, I(s) == N — 1,

a(s):=j—1, I'(s):=i—1,
respectively. If s € A this reduces to the standard definition in [32] p. 337]. Note that with the
above notation the function E in (1.3) may also be written as

E(u, A\ p1,8) = u—bl,(s) + b ax(s) + 1),

where s € \.
A frequently encountered statistic on partitions is

a0 =3 -1 =3 (2) O

=1 121 SEA

All of the previous notation regarding partitions is extended to bipartitions A € 2 in the
obvious way. In particular, g C X will be used as shorthand for u(l) C A% and u(2) C A\?, and
0:=(0,0).

2.2. Generalised shifted factorials. For n a nonnegative integer and b an indeterminate or
complex number, the Pochhammer symbol (b),, is defined as

n—1

(®)n = [T+,

i=0
where an empty product is to be taken as 1. We generalise this to complex z by

(2.2) (b). = F%)

where now it is assumed that b € C and neither b nor b+ z are nonpositive integers. Similarly, for
indeterminate or arbitrary complex b and ¢, the ¢-shifted factorial is defined as

n—1

(2.3) (b; Q)n = H (1 - bqi)’

i=0
where n € NU {oo} and where |g| < 1 in the infinite product case. When 0 < ¢ < 1 this can again
be extended to complex z by

(b; )0

b;q), == .
(b:0): (04%; @)oo

This in particular implies that for n a positive integer,

=0.

24 (G4)-n

In terms of the ¢g-gamma function

_ @D 1
Fq(z) T (anQ)oo (1 Q) )
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and (for z € C\ {0,—-1,-2,...} and 0 < ¢ < 1),

Ly(b+n)
(@5 q)n = (1 — )" ~r
Ly(b)
A generalisation of (2.3)) to partitions is given by
(2.5) (b;q,t)\ == H (1 — bqa/(s)t_l/(s)) = H(btl_i; Q) -
SEX i>1

Setting t = ¢ and replacing b by ¢°, and then letting ¢ tend to 1 we obtain an analogue of the
Pochhammer symbol indexed by partitions

Giya =[] 0+ =),

i1

i

Also frequently used in this paper are the generalised hook polynomials

n .
—1 (t] l;Q))\i—)\-
(2.6a) ex(git) == H (1 - qak(s)th(s)ﬂ) = H(tn H_l; @, H (tj—Z—‘rl—)J7
SEX i=1 1<i<j<n 1A)Ni—);
/ ax(s)+14lx(s) T i (@~ 5 @),
(2.6b) Alg,t) =[] —q D) =TT 5aon ] R :
SEA i=1 1<icjen A DNi=x
c)\(Q7t)
(2.6¢) ba(g,t) == .
g, 1)

Note that the choice of n on the right of the first two equations is irrelevant as long as n > [(\).
Finally, at the top-level we have the elliptic shifted factorials and gamma function. To define
the former we need the modified theta function
0(2;p) = (2:P)oo(P/ 7 P)oc;
where z € C* and p € C such that |p| < 1. Then the elliptic shifted factorial is given by

n—1

(b:0,p)n == | ] 0(bd"; p),

i=0
so that (b;q,0), = (b;q)n. If T'(2;p, q) denotes the elliptic gamma function [49)]

I S A AN

T(zpq) =[]

im0 L1~
which satisfies the reflection formula I'(z; p, ¢)T'(pq/z; p,q) = 1, then, in analogy with (2.2]),
T'(bg™;p, q)
biq,p)n = —
B0 = T,q)

Similarly, the elliptic generalisation of ({2.5)) is

(brq.t:p)a = [ 0(bg” Dt p) = T[0t" 50, p)a,-

SEX i>1
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To shorten some of our expressions we also use the following shorthand for the “well-poised” ratio
of products of elliptic shifted factorials:

n

bis ¢, 1;p)x
Ad(alby, . .. q,t;p) : k
Al b E (pga/bis ¢,t;p)y’

from which it is clear that which it is clear that

1
(2.7) AR(alby, ... busq, t;p) =

AY(alpga/by,...,pqa/bn;q.t;p)

Finally we need

Cx(b;q,t;p) HQ bqax(s)tlx( 5). ;D)
SEA

C bq,tp H 9 Z+] 12 )\ 7p)7
(3,5)eX

so that cx(¢,t) = Cy (t;¢,£;0) and ¢} (¢,t) = Cy (¢; ¢, £; 0).

2.3. Symmetric functions. Let X = {x;,x9,...} be an alphabet of countably many variables
and X,, = {z1,...,2,} an alphabet of cardinality n. Then we denote the ring of symmetric
functions in X (resp. X,,) over the field F by A (resp. A,), see [32]. Typically, we will work with
F = Q, or the extensions Q() and Q(q,1).

Given a sequence o = (aq, (g, . .. ) of nonnegative integers such that |a| := a; +ag+--- is finite,
we write o for the unique partition obtained by reordering the ;. Then the monomial symmetric
function indexed by the partition A is defined as

= Z X,
at=\

where X := z{"25? - - - . Further defining m(Xy,) := mx(X)|z,=0 for i>n it follows that my(X,) =0
if I(A) > n. The sets {mx(X)} and {mx(Xn)};(n)<n form bases of A and A,, respectively.
For k a nonnegative integer the kth complete and elementary symmetric functions are defined
by
hk(X) = Z :c,-l“-a?ik,
1< <<
and
ek(X) = Z Ly = Tgy
1<y <<
respectively. For k a positive integer we set e_ = h_; = 0. The generating functions for the
complete symmetric functions is given by

1
= szhk(X) = H 1= 22,

k>0 i1

and

(2.8) D Fer(X) =[]0+ 2m:) = U_ZI(X).

k>0 i>1
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We also require Newton power sums
k
Pk (X) = Z Ly,
i1
for k a positive integer. These admit the generating function
2Fpp(X)

ho(X) =) = Zlog(l — zx),
k>1 i>1
so that
(2.9) 0.(X) = e¥=(X),

The most important family of classical symmetric functions are the Schur functions, defined by
the usual ratio of alternants
Aji+n—j
det1<; j<n (.CC ’ )
2.10 X,) = —= =t
(2.10) $2(X) e —

for [(\) < n and 0 otherwise. The Schur functions indexed by partitions of length at most n form
a basis of A,. From (2.10]) it is not hard to derive the specialisation formula [32, p. 44]

— 1), A — s _
(2.11) sx(L,...,1) :HM 11 MZATIZ
> iy (B =i+ 1) 1<i<j<k Jt

n times

where k is an arbitrary integer such that k& > [()).

2.4. Plethystic notation. We extensively use plethystic or A-ring notation when dealing with
symmetric functions, see e.g., [18], 29, [46]. For X = {z1, z2,...} an alphabet and f(X) a symmetric
function in X we use the additive notation
flxr,xe,...) = f(X)=fX]=flz1 + 22+ -]

Hence X + Y, the sum of the alphabets X and Y, is the disjoint union of these sets. The above
notation forces
(2.12) pr[X + Y] = pp[X] + pi[Y].
A symmetric function acting on the difference of two alphabets is then defined as

pk[X — Y] = pk[X] —pk[Y].
Observe that

prl(X +Y) = Y] = p[X]

as it should. Inside plethystic brackets we denote the empty alphabet by 0. By (2.9)) it follows that
o[ X]

(2.13) 0, X +Y]=0,[X]o.[Y] and o, [X —-Y]= ]

and hence o,[—X|o,[X] = 1. Together with ({2.8]) this implies
hi[=X] = (=1)"ex[X],

which, by the dual Jacobi—Trudi identity [32], p. 41], extends to Schur functions as (|1.20)).
For the Cartesian product of two alphabets we have

e[ XY] = pr[X]pr[Y],
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which in particular implies that if X = z is an alphabet containing a single letter then

prlY] = 2*pi[Y].
However, from (2.12]) we also have

ppnX] = pp[X + - + X] = npr[X],

n times
so that
n=fll+---+1 = f(1,...,1).
flnl=f f( )
n times n times

We extend the above to any z € F via
przX] = zpp[ X].

For X =1 we more simply write the above left-hand side as py [z]ﬁ Note that this leads to some
notational ambiguities, and whenever not clear from the context we will indicate if a symbol such
as x or z represents a letter or a binomial element.

Finally, since the Cartesian product of the alphabets {1,¢,#2,...} = 1+¢t+t>+--- and 1 —tis 1,
we adopt the standard convention of writing the former as 1/(1 —t). An often occurring composite
alphabet is (a — b)/(1 — t) for which

(a —b] _ak—bk
PRIT 4| T 1

and
(2.14) o1 | 28] = B30

L 1- t_ (CL; t)oo '
2.5. Macdonald polynomials. In this section we work with the ring of symmetric functions A

over F = Q(q, t).
Let (-,-) : A x A — F be the ¢, t-Hall scalar product on A given by [32], p. 306]

. L-g*
<P)\,py> = 5A,MZA H m,
1>1
where z) := [[;5; i""m;!. The Macdonald polynomials Py = Py(q,t) = Px(X;q,t) are the unique
symmetric functions such that
(PP =0 if Afp
and
Py =m) + Z UMy,  Uny € I,
P
with respect to the usual dominance order on partitions. Like the Schur functions, {P\(X)} and
{Pr(Xn)}i(n)<n are bases for A and A, respectively, and Py(Xy;q,t) = 0 if [(A) > n.
We also require the skew Macdonald polynomials defined by

(2.15) PA(X +Y]0,t) = > Pru(X;0,6)Pu(Ysq, ),
M

An 29 p. 32] Lascoux refers to a single letter alphabet z as a rank-1 element of a A-ring and z € F as a binomial
element, since for the latter ex[z] = (§) and hi[z] = (ZJrZ*l),
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where it should be noted that Py, = Px. We also note that P,,, is homogeneous of degree |\/p]
and vanishes unless p C A (cf. [32, p. 344)).

For ¢ = t the Macdonald polynomials reduce to the Schur functions . More generally, if
we set t = ¢7 and let ¢ tend to 1 we obtain the Jack polynomials [55]

PMY(X) = ;gri P\(X;q,97).

Setting Qy/.(q,t) := bx(q,t)Pr/u(q,t)/bu(q,t), the Macdonald polynomials satisfy the (skew)
Cauchy identity [32], p. 345]

txiY554q) 0o
(2.16) > PA(X;0,)Qxu(Yiq,t) = Pu(X;0,1) [ M
3 i (Tiyj; Do
2,32
1—t
= Pu(X;q,t)o [1 — XY],

where the second equality follows from (2.13)) and ([2.14]).

Let
a,b — (@ Or(b; )k i
201 ¢,z = z
[ c ] ,;0 (& (g i
denote the usual g-analogue of the o} Gauss hypergeometric function [17].
Lemma 2.1. Let x and y be single-letter alphabets. Then
e g
(217) Pyl = sl aut) =20 |00 i ).
qg- "t T
Proof. If we set u =0 in (2.16)) and then replace (X,Y) — (x — y, 1) this yields

(t;q)r oty — o |2 ] = (200 @)
Z%(t;t)r Fiolle—shet) = 1{1—q( y)] (%5 @)oo (Y3 @)oo

Using the ¢g-binomial theorem [I7, Equation (II1.3)] to expand the right-hand side as a power series
in x and y leads to

= (), o (@ D)ela )k

Equating terms of homogeneous degree 7 in x,y gives

T

(t;9)r Y _ (t@)r—k(t" " )k TR ()
GG _kZ:O (@3 @)r—r (¢ Dk )

which is equivalent to (2.17]). O

For A € &2, define the spectral vector
<)\>n — <)\>n;q,t — (q)‘ltn_l, q)\gtn—27 o qAn*lt, qAnt0)7

which, depending on the context, we will also interpret plethystically as



SELBERG INTEGRALS 17

Then the principal specialisation formula for Macdonald polynomials [32] p. 337] can be written as

1-— t”} A CET N

(2.18) PAKOM—PAL—t T alet)

where from hereon we mostly suppress the dependence of the Macdonald polynomials on ¢ and .
By a polynomial argument ([2.18) is equivalent to [32], p. 338§]

1—a]  t"W(a;q,t)x
1-t¢ N C)\(q,t)

Replacing (a,t) — (¢*7,¢") and letting ¢ tend to one in (2.19)) yields the following expression for
the Jack polynomial evaluated at a binomial element z:

(2.19) P)\[

’

(2.20) PO = EZ'Y?’Y)/\ I (G~ z_+ Dy)ai-x
YY) 1<i<j<k ((4 l)’Y),\rAj
where k is an arbitrary integer such that k& > [(\). For 7 = 1 and z = n, with n a nonnegative
integer this reduces to (2.11)).
The evaluation symmetry of the Macdonald polynomials [32, p. 332] may expressed in terms of
spectral vectors as

(2.21) Pul(O)n] PAL)n] = PALO0)n] Pul(A)n],

where A\, € #2,. We require a more general form of this symmetry, which is a nonsymmetric
version of [64, Proposition 2.1].

Lemma 2.2. For A € &, and u € P,

l1-a m 1—at™™| 1—-a n 1—at™
(2.22) P, LJ Py [at (t)m + 115} =P, [ — t]PM [at (A + 115} .
Proof. For m = n and a +— at™ this is [64, Proposition 2.1]
1—at™ l—a 1—at™ 1—a
2.2 P, |———|P =P P, A —.
( 3) u|:1_t:| >\|:a<:u>n+l_t:| )\|:1_t:| u|:a< >n+1_t:|
Fixing an integer m such that I(x) < m < n we have
_ a—at"tm
a{p)n = at™ " (m + 17
Therefore (2.23)) becomes
1—at" nem 1T—at"™™} 1—at™ 1—-a
P“[H]P)‘[at <'u>m+1—t] _P’\[l—t]P“[a</\>"+ T _J'

Scaling a — at™" results in ([2.22)). Since this is symmetric in m and n the restriction m < n may
be dropped. ]
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3. CAUCHY-TYPE IDENTITIES

An important special case of the Cauchy identity (2.16)) — obtained by taking p = 0, making
the plethystic substitution ¥ — (1 —a)/(1 —t) and using the specialisation formula (2.19) — is the
Kaneko—Macdonald g-binomial theorem [26] [33]

t”()‘)(a'q t)a (azi; q) oo
— o P(Xet) = ||
At ( ) };[1 (%35 @)oo

An A,, analogue of this formula is given in [63, Theorem 3.2] and then applied to prove the v =0
case of Theorem In order to prove Theorem [I.2]in full we require an A,, Cauchy-type identity
which simultaneously generalises ([2.16)) and [63, Theorem 3.2]. This is the content of Theorem
below.

3.1. Identities for skew Macdonald polynomials. For partitions A\, and k € N, £ € NU {oo}
such that & > [(\) and £ > (), define [64]]

- (agt? " )i,
Y (asq,t) o= ¢RIk — Z,
Ao ZHUHl (aqt? =% q)x,—p;
By (a;q9)—n/(b;q)—n = (b/a)™(q/b; ¢)n/(q/a; q)n it follows that
fonaiqt) = 5 (t/ag g, t)

provided ¢ is finite. For infinite ¢, let t* := 0. Our proof of Theorem given in Section
hinges on the following summation formula for skew Macdonald polynomials [64, Theorem 3.4].

Proposition 3.1. For partitions A and p, we have

ERID S [ =1/ ”]QA/V[W] —Pu[l_tk/ G]Qx[l‘a_qtﬁ 1}f§;ﬁ<a;q,t>,

t 1 t
where k € N and ¢ € NU {oo} may be chosen arbitrarily, provided that k > I(\) and £ > ().

In [64] the right-hand side of (3.1)) is stated with ¢ = k. Of course, since the left-hand side does
not depend on k and /¢, the above form of the identity is not actually more general. Indeed,

ket

w i B l(w) jmie1
—1O) | L) (1) aqtf—v (agt? ™15 q)—p
f)\,p, a 1q,t 1—[1 ll(_[) qt] l }:I) 1_11 aqt] l’q)_ﬂg
=1 7=l(p)+ Ai i=l(\)+1]

_ A0 o gy @0, 0 (10 /ai0,1),
Ao T (agt g, ) (R asq,t),

Substituting this in the right-hand side of (3.1) and using (2.19) yields the identity with & and ¢
replaced by [(\) and I(u). For later use we note that from the above and ([2.19)) it follows that

YN
(3:2) ffj,fo(a;q,t)QA[lit] = fyn(a: g, t)Qa [16@]

t
where ¢ is an arbitrary integer such that ¢ > I(u).

SFor the relationship between ff:fb(a; q,t) and Nekrasov-type functions, see |20, Equation (B.4)].
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For our next result we would like to specialise a = t*~¢ (for k < £ and / finite) in ([3.1)). Potentially
this could lead to problems with the double product on the right, and the following lemma serves
to show that such a specialisation is in fact permitted provided the resulting double product is
interpreted correctly.

Lemma 3.2. Let A and p be partitions and k,{ € N such that k < £ and such that k > I(\) and
0= 1(pn). Then

okl ke
(3.3) lim 1, (08"~ 4,1)

1s well-defined. Furthermore a necessary and sufficient condition for the nonvanishing of this limit
18

(3.4) i 2 pike  for 1 <i<k.

The inequalities (3.4)) may conveniently be visualised as:

D S S . D Vi e |
(3.5) WV \Y WV
M1 2t Z k1l 2 k2 = =2 e =2 eyl = o0 = 0.

Remark. It is assumed in Lemma that ¢ and t are generic. For the Schur case ¢ = t the
equation (3.4) has to be replaced by

A=y, +1—gi+0—k forl<i<k,
where 1 < j1 < jo < -+ < Jjg < /L.
Proof. To see that the limit is well-defined, note that for fixed i the powers of ¢ in (3.3) are zero
when j =i —k+£+1 in the numerator and j = ¢ —k+ ¢ in the denominator. Since j < ¢ this yields
k—¥¢ < i< k-1 for the numerator and k — £+ 1 < 7 < k for the denominator, with both the lower

bounds automatically satisfied since k < ¢. Therefore, taking the product of the t-independent

g-shifted factorials in (3.3]) and making a shift in the indices yields
k—1 -1
. (bg; . 1 .
(3.6) it (0 Do | L A ) P

k .
Hi:l (bg; Q)Armiku (bg; Q)Ak*“f i=f—k+1

Since p is a partition, p; > pi+1, and hence the limit b — 1 exists.
The vanishing of the limit (3.3 is completely determined by the vanishing of the right-hand side

of (3.6) when b — 1. Clearly the term 1/(q;q)x,—p, Will vanish unless Ay > ¢ by (2.4)). In order
for (3.6)) to be nonvanishing, one of

(3.7a) Nitk—t 2 Wiy
(3.7b) Nijk—t < i = Pit1,

must hold for each i such that £ —k + 1 < i < ¢ — 1. Now assume that Ay > uy and one of (3.7al)
and (3.7b|) holds. Consider the largest i for which (3.7b)) holds but (3.7a) does not. We cannot
have ¢ = ¢ — 1 as this would imply

A < fho—1 = fig
contradicting Ay > pg. Similarly, no such maximal 4 exists with ¢ < ¢ — 1 as we then would get

Nitk—t < [i = Hit1-
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However, as (3.7a)) must now hold with i — i+ 1, this would give A;j1x_¢ < Ai1x—_r+1, contradicting
that A is a partition. Therefore we conclude that (3.7a) must hold for all £ —k 4+ 1 < i < £ — 1.
This is equivalent to the desired conditions by a shift of indices, and hence we are done. O

By abuse of notation, we will write f)\ (tk ¢ q,t) instead of lim,_,; ff’ﬁ( btk=t: ¢, t) in the follow-
ing.

Corollary 3.3. Let k,¢ € N such that k < £. Then, for partitions \, i such that [(\) < k,
1tk 1 — gth=t-1 11—t 1—qt" 17 e
t¥p, — | =P t*=tq.1).
Z [ T }Qx/u[ T ] ,ul:l ]QA[ T—7 ]f ( )

The above corollary is essentially [62, Theorem 4.1, u = 0]. It should be noted that the condition
I(1) < ¢ has been dropped in comparison with Proposition and [62], Theorem 4.1], since both
sides identically vanish when I(u) > ¢. To see this, note that the summand vanishes unless v C A,
v C pand pi—pye < v; for all ¢ > 1. This in particular implies that the summand vanishes unless
Wi—gre < A; for all ¢ > 1, in accordance with . When ¢ = k + 1 this yields g1 < Ag41. Now,
since [(A) < k, A\gr1 = 0 so that pprq =0, ie., I(u) < £. Clearly, the right-hand side has this same
vanishing property.

3.2. A, Cauchy-type identities. As we will see below, the Cauchy identity for Macdonald poly-
nomials may be viewed as a discrete analogue of the AFLT integral. For the purpose of generalisa-
tion it is convenient to think of the Cauchy identity as an identity for the root system A; in
which the two alphabets X and Y are attached to the single vertex of the corresponding Dynkin
diagram:

X

Y

Extending this to A,, we consider sums of the form

kT7k,~
(38) Z H P)\(T) Q)\(T) H A ;(—71+1) ar; g, t):

A am) r=1

where the functions fkrr’) ’;{j 41y represent the edges of the A, Dynkin diagram:
x @) x(2) x (r=1) x (n—1) x(n)
vy v (2) y(r=1) y(n—1) y(n)

In (3.8) we choose k1 < ka < -+ < kp—1 to be nonnegative integers and k, € NU{oo}. Also, a, for
1 <r < n—2will be fixed as a, = tF~F+1 whereas a,_1 is an indeterminate. In the sum ([3.8))
we also specialise the alphabets X@ XM and Yy (D g

x(r+1) — 1 - tkT/aT y(r) — zrt - arqtkr+1
1—t 1—t

and fix the cardinalities of X(*) and Y™ to be

XD =k, Y| =k,.

(3.9) for1<r<n-—1,
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It should be noted that since a, = t*"%+1 for  # n — 1 we have
1 —thr
1-1¢

for2<r<n-1

(3.10) X0 =

so that | X(| =k, forall 1 <r <n— 1.
Recall the convention that tk := 0 if £k = oo. Our first A,, Cauchy-type formula may then be
stated as follows.

Theorem 3.4 (A, Cauchy-type formula I). Let k1 < ky < -+ < ky,—1 be nonnegative integers

and k, € NU {cc}. Then for a,_1 an indeterminate, a, := tFr=Fr+1 for 1 <r < n—2, XM =
T+ Ty, Y™ =gy - + Yk, and X@ o oxm) y@® Lyl g6 3.9), and

= 1-1/a
W = Zl-..anlX(l) +ler+1...zn1 Ttr’
r=

we have

(311) Z HP/\(T) X( )] q, )QA(T)/#(T) 1q,t H k(:)k;:::-kl) a?“7q7t)

A () r=1

n—1 k1
. (arqzl eru oo Zr+l anlyj/ar; Q)oo
=Pu<n><[w1,q,t>n(n s :

Zr+1 T Zn—1Y53 Q)oo

r=1 Ni=1
b (tz1 -+ 2n—17:Y5q) kr“ kr (asqt™ 2,41+ 253 Q)
n—1+41Y97s4)oo S r+1 """ <sy4)oo
XHH Zl .z 1ZiYi; ) H H t'LZ 1...Z'q) ’
i=1j=1 n—1Lilj5 q)oo 1<r<s<n—1 =1 T+ 874700
where p(M, ... ™D =0 and p™ is an arbitrary partition.

For n = 1 the theorem reduces to with (X,Y, ) — (XD, YD, ™) and for n = 2, ko
finite and p(™ = 0 it coincides with [64, Theorem 1.2]. When n > 2 there is some mild redundancy
in since the substitution X ™) — 2y LX (@ eliminates any reference to z;. We further remark
that we do not know how to evaluate the left-hand side of in closed-form if one (or more)
of the a, for 1 <r < n — 2 is an indeterminate. Since |X(7")| =k, for 1 <r <n—1 the summand
vanishes unless I(A(")) < k,. for this same range of r. If a, for some r < n — 2 is an indeterminate,
then A"t1) can have an arbitrarily large length, which prevents us from applying Proposition
in our proof. Requiring a, = tF~Fr+1 for 1 < r < n — 1 allows us to use Corollary in place
of the proposition. We are, however, allowed to keep a,_; an indeterminate since Y™ is either a
finite alphabet of cardinality k,, or countably infinite, permitting us to apply Proposition For
more details we refer to the proof of the theorem contained in the next section.

There is a second, closely related, Cauchy-type identity, in which k, is finite and no longer
corresponds to the cardinality of Y (™).

Corollary 3.5 (A, Cauchy-type formula II). Let k1 < ko < -+ < ky, be nonnegative integers.
Then for a, = thr—kri1 for1 <r<n-1, XM = gy + ... + Ty y(®) = y1+y2+ -+ and
X@ o x0 y® L yeD gsin (B3.9), and

1 — tkr_k'r+1

n—
W2221"'Zn—1X(1)+er+1"'2n—1 1—¢ )

r=1
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we have

km r
(312) Z H P)\(T) 14, )Q)\(T)/N(T) Y( 1q,t H NG) )\1;:-0—1) ar; 4, t)

)\(1) )\(n) r=1

=P ) ([W];q,t
a )([ ] 7 )H (tzl c2rdiyq ZrJrl anlyj;Q)oo

n—1 , ki -
( (qthr—hri1z .. Zrﬂfz, )oo H (threr =z g - Zn—lyj;Q)OO)
r=1 1

7=1
krt1—kr kes—ksy1—1
tH_ STRSHL T 21 2 Q)

t _ . 7
% H H ;11 " Zn lezy-j' 0)oc H H T L3

cZn—1T
i=15>1 n—1Tilj5 q )oo 1<r<s<n—1  i=1

where M), ... ,u("_l) =0 and ,u(”) is an arbitrary partition.

We note that in the above corollary the range for which (| - ) holds includes r = n. In par-
ticular | X ()| = k, for all 1 < r < n. The corollary simplifies to the A,, g-binomial theorem [63,
Theorem 3.2] if we replace Y — z,tF»-1(1 —a)/(1 — t) and 2z, + ztF—1" forall 1 <r < n —1
where kg := 0.

Proof of Corollary[3.5. We take Theoremwith kn = 00. Then Y™ = ¢ +ys+--- in accordance
with the corollary. Moreover, by (3.2) and the fact that ,u("_l) =0,

— n 7k
Q)\(n—l)/“(n—l) [ y(® 1)]f>\(n 11) A (an 1;54,1)

Znt kn_1,
- Q)x(” 1)|: 5 t:| f/\(n 11) )\(n)(a’n 15 Q7t)

Kr—1,kn
f)\(n 11) A (an-1;q,1)

t — an_1qttn
1—¢

= Q\»n-1) [Zn

o (n—1)7 phn—1,kn
= Q-1 /- YOV S0 N (An-13¢1).

Here k, is an arbitrary integer such that k, > [(A(™) and Y"1 := 2z, (t — a,_ 1qt’%")/(1 —1), so
that Y (=1 corresponds to Y (1) in except that k, has been replaced by k. Of course,
since we are summing over all partitions A\(®) there exists no integer k, such that k, > [(A() for
all A(™). To get around this problem we specialise a,_1 = ¢"»—1~ k. Then XM = (1-— tk")/(l —t)
of cardinality |12:n| so that without loss of generality we may assume that [(A(") < k,. Finally
replacing kn by k, completes the proof. O

The proof of Theorem actually requires a plethystically substituted version of the u(”) =0
instance of ([3.12)) obtained by replacing Y — Y 4+ (¢ —d)/(1 —t). This substitution can easily
be carried out noting that the right-hand side of (3.12)) without P [W] is expressible in terms of
o1 as

n—l p—kpy1—1 Ksq—k

]. — t T T+1 1 — t r+1 r

0’1[5 (tzl"'zr ql—q X(l)‘i‘zr—l—l"‘zn—ll_qy(n))"i‘
r=1

1—t 1 — qths
A S WIS PPN €’
- q
1<r<s<n—1

*ks+1*1>(1 _ tkr+1*kr)
1-q)(1-1) '
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Corollary 3.6. With the same conditions as in Corollary[3.5,

—d
Z Py ([X™]50,6)Qpm ([Y(") + (‘i—t} ;q7t>

A A

n—1

I:1

(Pao (X5 0,)Querr (Y] 0,8) f ity (s 1))

I
— kr-—k kr ki

H( (qthr=Frilz - zpis g ooH (1T 2 2195 @) oo )
1 tzl Zr%ﬂ])oo i1 (Zr—i-l *Zn—1Y554 )

k1
HH (tz1 -+ Zn—12iY;3 ¢ ooH (dz1 - 2n—1%i; @)oo
- CZl

*Zn—1TiYj554 * Zn— lxz;Q)oo

Il
II Z o=

n— lk +1—k i +1—k _
" " dzr+1 s Zptt 1; (Doo e " tH_kS ko1 =1
s anltzil; Q)oo

CZ
T+l I<r<ss<n—1 =1

Zra1 285 @)oo
tZZrJrl cc ot Zs; Q)oo

3.3. Proof of Theorem We define two families of auxiliary alphabets {X ")}, o<, and
{20y as

-1
+ZZ“+1 Zm /au ifr=m+1,

X(T’m) pp— 1—1¢

1-1

1ﬂ¢trl otherwise,
and

y ™ if r =n,

2= t—amq therwi

@, Otherwise.
The first family satisfies the simple recursion
(3.13) 2 X MHEm) 4 x(mA2Zm) _ x(m+2mtl)

Lemma 3.7. For n,m integers such that 0 < m <n—1, and V™) g partition, define

k;r+1 k’l

(3.14) H H a;Zfl : er?‘i; q)oo H H (asqt™ zpqq - ..ZS; 7)o

% .
erMQ)oo 1<r<s<m  i=1 t Zr+1 ZS;Q)OO

X Z H (er(”l ZP,\(w/wm ([x(mm)]; 0 1) Q) ([2]; q,t)>7

y(m+1)7,,,71/(n*1) r=m+1 )\<7‘)

where V™) := 0. Then gy = gm+1 for 0 <m <n— 2.

Proof. Since v(™ := 0, the sum over A1) in (3.14)) is of the form (2.16) with
(X, Y, \, 'u) N (X(erl,m)’ Z(erl)7 )\(erl)7 V(erl))
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and hence equates to

P men) [X Mgy [i_t xtmttm) 1) |
—q
Since 0 < m < n — 2, it follows that
o1 |:1 m+1 m)Z(m+1):|
1—q
Ky —Fr
— Am+419 (1) (1 — thrt )(t . am+1q)
X
[ Zm+1 1—¢q + ;zTH “Zm41 (=D

kry1—Fkr i1
t—am+19q O " (t — am419
= HO’zl Zm+1 |:’rn+ Z:| H H 0-Zr+1"‘2m+1 |: ( et )

1-q r=1 =1 1-q

m k'rJrl kr

k1
_ H (am+1921 - Zm+1$17 )oo H H (@m19t" " 2r41 -+ Zmy15 Qoo
i=1 (t'zl *ZmA41T45 4 tZZrJrl T ZmA4l;s Q)oo

)

r=1 =1
where the second equality follows from and the last equality from (2.14). As a result,
m+1 ki kr41—kr

H H (arqz1 2% @)oo H H (asqt™ ' zri1 - 263 @)oo
tZ]_ . .. N

2rT t’z sz
r=1 i=1 r zaQ)oo I<r<s<m+1 =1 T+l S’Q)oo

% Z {Py(m+1) [Zm+1X(m+1,m)]

l/(7”+1)7...,u(n71)
X H <zl'l/(7“)| Z P/\<T>/V(T71) [X(r’m)]QA(r)/y(r) [Z(ﬂ]) }

r=m-+2 Al

After interchanging the order of the sum over v+ with those over the ("), the former can be

summed using (2.15]) with

(XY A p) e (XOH2I0) g X UL A0042) 00t D),
Thanks to the recursion (3.13) this yields Py (o) [X ™20 resulting in gy, = gmr1.- O
We are now ready to prove Theorem (3.4, As a first step we eliminate ff{rk“;(j w1 (ar; g, t) from

the summand in (3.11)) by applying Corollary with
(A,u,u,k,ﬁ)»—>()\(r),)\(’"“),u(’"),k:r,k:TH) forl<r<n—2
and Proposition [3.1] with
(n=1) \(n) ,,(n—1) —n_
IRATE b R RS n—1, I ) y'n—1,vn - .

(ay Ay oy v,k 0) — (ap—1, A Ay kn—1,ky) forr=mn-—1

Then
kT‘7 T
> H Py [X] Qi juim [Y H I N (ari 4, 1)

2D ) r=1

= Z Z Py [X(l)}Qw)/H(n) [v™)]

)\(1)7)\(”) y(l)’,__,y(n_l)
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r t—arq 1—-1/a
X H 2y ‘Q)\(r)/l/(r) |: ; :|P)\(r+1)/l/(r) |:1_/t7‘:|

n
- L= H<ZTV(T)|ZP 7 - X TD1Q50 0 [Z(T)D

p() Ly r=1) r=1 A

Zn:L ]/(n):'u(n)

= go‘znzl,mrz):mn)v

where in the fourth line v(%) := 0, and where go is defined in (3.14). Using Lemma we may
replace gg by g,—1, leading to

k s
> HPA(” N Qs jun [ H S o (ari ¢;1)

A () r=1

n—1 ki kpy1— kr
“TI1I (arg21 - 2% @)oo I II (asqt' " 2ri1 -+ 253 @)oo
r=1i=1 (tzl AL Q)oo I<r<s<n—1 i=1 tlZT+1 T Es Q)oo
X Z Py [X("’n_l)] Qrm) /pm) [Y(n)} :
()
The final sum on the right can be carried out by (2.16) with
(X, YA, ) = (XD y () A0,
Since W = X(n=1) and
1-— 1-— t 1—1/a
o [1 —t Xty )} . [zl RPN " sz - 1_/q v

k1 kn

—HH tjll C Zp— 1xzyj, oo HH Zr+1 Zn—lyj/'cfﬁQ)oo

=1 j=1 *Zn—1L3Y554 =1 j=1 Zr—i—l Zn—lijCJ)oo

the right-hand side of the theorem results.

4. THE A,, AFLT INTEGRAL

In this section we first give a description of the domain on integration of the A,, AFLT integral
(1.13) and then apply the A,, Cauchy identity of Corollary to prove this integral. At the end
of the section we give a companion to the AFLT integral based on Theorem [3.4]

4.1. The domain C,’;l"“’k’" [0,1]. The domain of integration Cﬂlfl""’k” [0, 1] of the integral
takes the form of a chain in the usual sense of algebraic topology. Since this chain is the same as
that of the A,, Selberg integral of [63, Theorem 1.2] (see also [56] where this chain first appeared
in the case of Ay), we refer to [63] for the details of exactly how it arises in the course of the proof
presented in Section

For n = 1 the domain C¥[0, 1] is the k;-simplex given in (L.14)). In order to describe Cgl"“’k” [0, 1]
for n > 2, we first consider D¥1#2[0,1] C [0, 1]*1+FF as the set of points

(D@, Y = (e el

@t £ e [0, 1)kt

,..,kn
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subject to

O<t§r)<---<t,(€?<1 for 1 <r < m,
and

1 .
B <t D for1<i<k, 1<r<n-—1

Following (3.5 this may be visualised as

0 < < < - < t,(f’;) <1

N A\ N
(r+1) (r+1) (r+1) (r+1)
0 <t < <t <t e < < ) < L

We need to consider all possible total orderings between the integration variables () and ¢t("+1)
consistent with the above partial order. Each such total ordering may be described by a map

M, :{1,....k} —{1,... key1}
such that M, (i) < M,(i+ 1) and 1 < M, (i) < i+ ky4+1 — ky, so that

(r+1) (r) (r+1)
(4.1) tariy—1 <t <Ty i)
where t(rﬂ) = 0. In view of this we define the sets

Dy R,y € Dt 0, 1]

by requiring that (4.1]) holds for fixed admissible maps Mj, ..., M,,_1. Then D*kn can be written
as the chain

Do A= 3 Dy, (0.1,
Ml:“anfl
where the sum is over all admissible maps Mj, ..., M,_1. Analytically continuing the weight
function
w2 Fhh Hlk_[“ z+kr+l b= M) 4100 (e g
. or
M. et sin(7m Z+kr+1 kr)y) 7 ’

to include v = 0, the chain Cqul’”" "[0,1] is defined as
censkn, o k, kn ki,....kn
(4.3) Chvfnfo1] = > Pyt (0Dt [0,1].
My, My
Note that it follows from the above that
0,2, kn — rkayekn
cyr [0,1] = C? [0, 1].

4.2. Proof of Theorem We begin with the identity of Corollary where we note that the
alphabets X() and Y™ contain k; variables and countably many variables respectively. We now

fix a nonnegative integer m and set Yi(n) = 0 for ¢« > m. Next we fix a pair of partitions A € P,
and p € &, and carry out the specialisation

(X(l)y Y(n)a = d) = (<)‘>k1 ’ bzntlim <:U’>mv Znt? bzntlim) :
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Also replacing XV, ... XM by o)

27

v this leads to the identity

. 1—bt—™
Z Py<1>[<)\>k1]Qy<n> bt ) m +
v
n k kr—1
™ L=t L —qt™ kr ok kr—k
X IV | H ( p(r+1) |: —t :|Q1/(T> |: 1—t fy(r),zj(rrl-&-l) (t T+1’q’ t)
r:l
nl <ﬁ A AL = ) IS ﬁ (bzyy1 - znq“ﬂ'tk”“ij;Q)oo)
e B c M T ) j:l (bzpt1 -+ 20"t 775 @)oo
y ﬁﬁ (bz1 -+ - zp@i TRt ) o H b21 21 @R ) o
P e bzl .z q>\ +M]tk1 i—J- q et .Zn—lintkl_i;q)oo
k1 —kr o k1 —kr
% h ﬁ sz+1 “zp—ttT™ 1; Q)oo H ﬁ tks kst1+i=1y r4+1°° " Zs; Q)oo
(zrgr- et ) 22 LT (t2r41 -+ 25; @)oo ’

where we have dropped a, in favour of t*~F+1 in comparison with Corollary By virtue of the
evaluation symmetry (2.21) and the generalised evaluation symmetry of Lemma we have

P]/(l) |:1l_flzlj| (1)
P, [(Mr] = WP)\KV Vet |
P,\[ 1—t }
and
—-m 1—-bt™™ p(n) [ ] —kn/ (n) 1— bt_kn
Qoo [ B8 )+ =3 ]_ B[] Pu[bt Ve + = |

effectively allowing us to interchange the roles of v,
out and multiplying both sides by
i

1 — bt Fkn
1—t

v(r) H tkT 1’q’

r=1

1—th
1—t

1-0
1-t¢

(4.4) Py {

|

:| (b7 Q7 t)l/(")

the left-hand side of the above identity becomes

>

y(1>7__,7y<">

PP [bt—’f"<u<”>>kn ;

(tzr) |I/<T) ‘th(l/(T)) (tk .q, t)
Cy(r) (Q7 t) C (qa t)

n
<11
r=1

where we have also used the specialisation formulas (2.18]
hand side is as before, except for the additional factor (4.4]).

summand, make the further substitutions

bis ¢PHEn=17 s g7 and 2z g

for1 <r <

v and X, 4 in the summand. Carrying this

kKo r—kri1.
t),,(T fy(r)’lj(»ral—l)(tk F +1aq7t)7

18) and (2.19). The corresponding right-

Next we use (2.5) and (2.6) in the

n,
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. . . () .
and introduce auxiliary variables (t(l), e ,t(")) as tz(r) = g% t(E=07 To more simply express
the resulting identity we introduce some additional notation, and for alphabets t = (¢1,...,%),
s = (s1,...,s¢) define

Ayta) = [T 670 —ti/ts) (@ i/ t550)5, 4

1<i<j<k
and
i=1j5=1
After multiplying through by (1 — ¢)*¥1+kn this yields

1— B
(L—gftrtbe 37 Px(t(”;q,qW)Pu<[qﬁ_”t(") +7_qq } 7.9 >

1
y(l)P“’y(")
n k’r (
r ozr r (r) r+1
<L (a0 TT 0,1 H A 9)
r=1 =1
_ qv S (O(T(k-;)Jrh(k;))f,ﬁ sl k'r( r;—l)
1— qkl’y ‘ - 1— qﬁ'f'(k‘n—l)'Y ' .
([ ([
n—1 k. . kn . .
« H H g(1+ (2 — k1 — 1)7)lg(iv) H Lg(B + (i —1)7)ly(iv)
r=11i=1 q('Y) i=1 FQ(V)
'r kT‘ y
B H Cy(@ran -+ 0+ (r — 5 +i))
4o+ +oas+ (ks —kepr1 +i+r—s5—1)7)

I<r<ss<n—1 =1

1, krgp1—Fkr .
H ﬁ Fylappr +--+an+ (r—n+1i)y)
o\ T+ +an+ 84+ (kn—m+r—n+i—1)y)
Xﬁ Ty(ar+ - +ap+ (ki —r—i+1)y+X)
r JI+ar+- o+ (ki +k — k1 —r—i)y+ N)

Xﬁ Fq(ar+1+"'+an+6+(kn+r_n_j)7+uj) )
jzqu(@r+1+'“+an+ﬂ+(kr+1—kr+kn+r—n—j)7+ﬂj)
XH glar -t ag+ (ki —n—i+1)y+XN)

a1+ ctan+ B+ (ki +kn—m—n—i)y+X\)

glar+ - Fan+ B8+ ki +kn—n—i—j)v+ N+ )
XHHI‘ (a

i1 1+ tan+ B+ (ki +ky—n—i—j+1)y+ XN+ p;)

where 61 = --- = 8,-1 := 1 and B, := . The above is a restricted g-integral over the domain
DF1kn [0, 1]. To complete the proof we divide the above identity by its A = 4 = 0 case and then
take the ¢ — 17 limit. In this limit (1 — ¢*)/(1 — ¢") becomes the binomial element z/y and the
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domain of integration becomes Cé“"“’k” [0,1], exactly as in the proof of the A, Selberg integral
(cf. [63, §5]). The resulting A,, Selberg average is the ¢ = k; case of Theorem It is a trivial
exercise to verify that the right-hand side of (1.13)) is independent of the choice of ¢, as long as
0= 1(N).

4.3. A companion to the A, AFLT integral. In [64] the n = 2 case of Theorem with
1® =0 is employed to prove an Ay Selberg integral with two Jack polynomials in the integrand,
but in a different form to that of the Ay AFLT integral (Theorem [1.2for n = 2). The two integrals
differ in that the argument of the second Jack polynomial in [64, Theorem 3.1] is simply the alphabet
) with cardinality ko and there is an additional parameter 3; subject to 81 + 82 = v+ 1 (here (35
is the 8 of the Ay AFLT integral). By the rank-n case of Theorem we obtain an A,, analogue
of [64, Theorem 3.1] described below.
For aq,...,an, Bn_1, Bn,y € C such that

(4'53) Brn-1+ Bn = v+1,
(4.5b) Bn1+ (i —kn—1)y€Z forl<i<min{k,_1,kn},
and

1
~ max{kp—1,kn}’
(4.5d) Re(ap + -+ as+(r—s+i—1)y) >0

1<r
for <1< r

(4.5¢) Re(y) > Re(Br + (i — kyy1—1)y) >0 for 1 <r<nand1<i<k,

s<n—1land 1 <i<k, — kr1q,

<
<n-—1,s=nand 1 <i < min{k,, k — kr—1},

r=s=mnand1<1i<ky,,

where k41 :=0 and f; = -+ = B2 := 1, we modify the A,, Selberg average (|1.9)) to
IAn (O;ai1,...,0n, Bn-1,Pn;7)
k1,....kn  Tkiyeokn ) ’ sy &ny Pn—1, Mny
(4‘6) <ﬁ>a17"'7anvﬁﬂ—17ﬁn;’y T Ign ’

k1,...,kn(1; A1y, On, anly Bna ’Y)

Here

A
Ikl?...,kn(ﬁ; a1,...,0n, anla B?% fy)

n - r)\or—1 T’ﬁr*l
- / o, ) T 6™ (1= 7)

K1seekn
Cpl ' [0.1]

n n—1
X H |A(t(7‘)) ‘27 H ‘A(t(T)J(T‘f‘l)) ‘*V R TASO I M (D)
r=1 r=1

and Cg.ﬂ;""k” [0, 1] is the following [-deformation of the chain defined in Section Let
ERekn [0’ 1] C [0’ 1]k1+--~+kn

be the set of points
(W, .. M) e [o, 1]kt thn



30 SEAMUS P. ALBION, ERIC M. RAINS, AND S. OLE WARNAAR

such that
0<t§r)<---<t,(fr)<1 for I<r<n
and
tlm tl(rzlzrk forl1<i<k,1<r<n—2
Ek1okn[0,1] differs from the set D¥1-#2[0, 1] only in that the relative ordering between the vari-

ables t("~ 1 and ¢(™ has been removed. Accordingly we replace the sum over the maps M,_; by a
sum over maps

Lo { k:}—){l ykny1 + 1}
subject to M, (i) < M],_;(i+1) for 1 < i < k,—1 such that
(n) (n=1) _ 4(n)

(4.7) B g <t <t
where t(()n) =0 and t,(:L)H := 1. We then define Ellt}[{.,'.'.t]f;\L/ln_z;Mﬁl_l[O’ 1] € E*1-#n0,1] by requiring
that (4.1]) holds for My, ..., M,_o and (4.7) holds for M,,_,. Hence

k1o kn _ kisekn

EFteknl 1] = > By o [0,1].

Mlv---an727Ml

n—1

We also replace the weight function (4.2)) by

kn_1 . . / .

ki, kn K1k 1 sin(m(8 — (i + kn — kn—1 — My,_(i) +1)7))

3eey , — F X
GMlv---an 2, M, 1(7) MM (V) Z‘II1 sin(m(8 — (i + kn — kn—1)7))

Note that the condition (4.5bf) is necessary for this weight function to be free of poles. The new
chain is then defined as

K1,k . K1y ki K1k
Cﬁ’l’y [O, 1] T Z G]\}lv-"an 27MT/L 1 (/Y)D]\jlw--’Mnfl [07 1]
Ml?"'yMTL—27M1{L_1

We are now ready to state the counterpart to Theorem

Theorem 4.1. Forn > 2, let ky, ..., k, be nonnegative integers such that k1 < --- < kp—1. Then
for ai,...,an, Bn-1,Bn,v € C such that (4.5) holds and \,u € &2, we have

1,- --7kn
(4.8) < P (1) P/ (t(n>)>

Q150,00 Bn—1,8n57Y

+ a4 (R —7)y9)a
— pU/Mn P(l/'y (a1
A [ H 041 + - +047"+/67" (kl +k7‘_k7’+1 - r—= 1)7;7%\

n

X
7,1;[2(1+047“++Oé'n,_BT—1+(kr—kT_1+kn+r_n_1)7’7)u

k] k}n + — — 71— 1 Y —‘,—/l

a1+...+an+(k1+kn—n—i—j+2)’7)>\i+uj

1=17=1

(49) Lo (o, om, B, Bui )
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_ H 7] E e+ 6 =k = D))

I'()
" b e (ar+--~+as+(r—s+i—1)*y)
rerzsenot w1 Dlomt-tas+ Bot (bs — ks +r—s+i—2)7)
ﬁﬁ T(ap+ - +an+(r—n+i—1)y)
SALI T+ + cootan =B+ (k= ke +r—n+i—1)y)’
where kg = kpy1:=0 and fog=--- = fp—g 1= 1.
It should be noted that the final product in may alternatively be expressed as
Ti—[lkTﬁl ctap+(r—n+i—1)) ﬁ D(an + (i —1)y)
palet +an (kn+r—n+i—1)y) 13 T(an + Bn+ (kn — kn—1 +1i—2)7)"

When B =~in and (Bn—1,Bn) = (1,7) in (4.8)) both integral evaluations coincide. For k,, = 0
equation (4.8)) simpliﬁes to the A,,_; analogue of Kadell’s integral [63, Theorem 6.1].

Proof. We start with (3.11]) with k,, finite and, for A\, u € & with [(\) < ky and [(p) < ky, make
the substitutions

(XD YO ap g, 1™ s ((Wgys @O (), gPntH Enmr kv 7 0)
and
Zp > g for1<r<n—1.
Then the resulting sum may be turned into an integral follovvlng the steps outlined in Section [£.2]
For A = 1 = 0 this yields (4.9) and for general A and pu it gives

<P§m) (tM) P/ (t<n))> ! % 1,37”7,%(1;041, ey Oy B, B ) O

al;-uyan,ﬁn—lyﬂni'}/
5. COMPLEX SCHUR FUNCTIONS AND SELBERG INTEGRALS

In this section we introduce a complex analogue of the Schur function and show how complex
Schur functions may be utilised to prove A, Selberg-type integrals, such as Theorem We
should remark that Kadell already observed in [25] that for v = 1 the evaluations of the Kadell and
Hua—Kadell integrals remain valid if one replaces the Schur functions in the integrand by Schur
functions indexed by sequences of complex numbers. His paper does not, however, provide the
necessary tools to attack integrals such as , and we will not use any of his results for complex
Schur functions, such as Pieri and branching rules.

5.1. Complex Schur functions. In the following we fix the principal branch of the complex
logarithm with cut along the negative real axis and argument in (—m,7]. Accordingly we denote
the cut or slit complex plane [Im(log(x))| < = by 2.

For z = (x1,...,2,) € Q" and z = (z1,..., 2,) € C", we define the complex Schur functionlﬂ

detlgm'gn (xf’)
Afx)

S (z; 2) =

60ur definition differs slightly from that of Kadell [25].
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where A(z) is the Vandermonde product (|1.7). Clearly, for A € &,
(5.1) sx(@1, .y xn) =S (2, M A —Lda+n—2,...\,).

By removing the singularities at z; = z; we extend S (") to a holomorphic function on Q. Since
the complex Schur function is symmetric in z, we may employ the usual plethystic notation and
we will sometimes write S ([z];2) instead of S (z;z), where of course z should always be an
alphabet of cardinality n.

It follows immediately from the determinantal structure of S(™ that the following expansion
holds.

Lemma 5.1. For any 0 < m < n, we have
)

n .
St )(xl,...,:z:n,zl,...,zn

_ Z S(m)([ziell‘i];zl,...,Zm)S(n_m)([Zigjxi];zm—H’-'~7Zn).
1<{1,m} [Lier ITj¢1 (i — )

[[|=m

Like the ordinary Schur function, the complex Schur function satisfies a simple specialisation
formula.

Lemma 5.2. We have

Zi — Zj
(5.2) S, Lz, 2) = ST ([n); 21, 20) = H -
n times I<i<jsn It
Proof. Since S(")([n];zl,...,zn) is a polynomial in z, the claim follows from the specialisation
formula (2.11) and the fact that for arbitrary A\ € &,
S(")([n];)q+n—1,)\2+n—2,...,)\n):sk[n]. O

For 0 < ¢ < mand r > 0, let Cy, denote the contour in C going counterclockwise around the
border of the angular sector |z| < 7, |Im(log(z))| < € as shown below.

Then the complex Schur function satisfies the following integral identity.

Theorem 5.3. For ¢ a nonnegative integer, let y = (y1,...,y¢) € Q) andlet0 <O <, r>0
such that y; € int(Cy,) for all 1 < i < L. For k a nonnegative integer, let z = (z1,...,2;) € QF
such that Re(z;) > —1 for all 1 <i < k. Then, for A\ € 2,
kK ¢
1 _
(5.3) AL / S (2 2)s5[y — ] H (z; — ;) H 1_[(acZ —y;) tday - - day,

1<i<j<k i=1j=1
k S X
CQ,T
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(1) SO (g (2 M+ L=k =1, A + L Aeg)) 1) < £—F,
0 otherwise,

where Cg’T denotes the k-fold product Cg, x --- x Co .

We repeat our remark from the introduction that the above integral should be understood in the
sense of indefinite integrals since the integrand is not defined at (0, ...,0) € C*.

Proof. The integral in (5.3) is continuous in y, so that it suffices to prove the claim on the dense
subset of int(Cg7T) for which the y; are all distinct. In particular, the first three factors of the

integrand are holomorphic on QF, so that the integrand has only simple poles along the divisors

Xr; = yj-
To compute the integral we proceed recursively. For m an integer such that 0 < m < k, define

)
AN = CLET 5 (HH@

IC{1,....0} i€l j¢1
[1]=m
< | (e X 4*)&([2% > )
ck—m el t=m+1 igl i=m-+1
0,r
X H T — Tj) H H GI i) drm4r - daﬁk>,
m+1<i<j<k i=m-+1 J?H )

where we have suppressed the dependence on z and A. Observe that fék’e) (y) coincides with the
left-hand side of (5.3) and that .7 (y) = 0 if m > ¢.

Now consider f&k’g) (y) for some fixed 0 < m < k—1. For a given term in the summand indexed
by I, we compute the integral over x,,,1 by shrinking the radius r of the corresponding contour Cy ;.
to ro. Here g is sufficiently small so that y; € ext(Cy,,) for all j ¢ I. As a result, the integral over
Zm41 1s expressed as a sum over the residues in 2,41 at the £ —m (distinct) poles xy,41 = y; for
J ¢ I, plus a remainder x,,;1-integral over Cpy,,. Since the integrand grows slower than 1/|2,41]
as Tm+1 approaches 0 in the angular sector, this remainder converges to 0 as rg — 0, and hence
(since it is independent of ry) is identically 0. Thus

<m+1
R i YD W |
IC{1,..0} r¢I \ i€lU{r} j¢IU{r}
[I|=m
1 k k
k .
g3 IR (IR SEID (DR 3itl)
ch—m—1 €IU{r} i=m—+2 igIu{r} i=m-+2

0,r

k . S
< I -] [ 51)) Ay - --dxk),
i

m+2<i<j<k i=m+2 HJ'%I\{T} (i =
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which of course vanishes for m > ¢. Vanishing or not, defining J := I U {r} and noting that there
are exactly m + 1 ways an (m + 1)-set J can be decomposed into an m-set and a singleton, we

obtain 7Y (y) = f,;kfl) (y). By iteration this yields JO(M) (y) = fk(k’z)(y), so that

k00— (_17(%) SO ([ Eiervl: ([ Sigrv])
250 (y) = (1) Ig;g} [ici Tjer (i — )
|I|=k

If [(\) > £ — k this vanishes and if I(\) < ¢ — k it follows from ({5.1)) and Lemma [5.1| that
I (y) = (-1 5O (M =k =1, A g1+ 1,004)). O

To prove Theorem we not only need Theorem but also a generalisation of the y =
(1,...,1) € C* (or, plethystically, y = £) case of this theorem. For this we require a variant of the
classical beta integral.

Lemma 5.4. Let o, f € C such that Re(a) > 0. Then, forr>1 and 0 <0 <,
1 o)

a—1 . B—1 _
om ) O o) de= L(1—-p)(a+p6)
CG,T

Proof. By holomorphicity, we may assume without loss of generality that Re(8) > 0 in the following.
Recall that r > 1, so that the branch point z = 1 is contained in the interior of Cy,. Deforming
this contour to Cy, given by

we get, by slight abuse of notation,

/ 2 He— 1) de = ( / — lim )xo‘l(a: —1)%tdz
ro—0

0,r 69’7‘ C'7‘0

1 1
_ <em(ﬁ—1)/ +e—7ri(ﬁ—1)/ >xa—1$ 1L,
0 0

where Ci is the positively oriented semicircle 14+rpel?, ¢ € (—m/2,7/2) of radius 79 around 1. The
integral over the deformed contour Cy, trivially vanishes. Since Re(3) > 0, so does the integral
over C, in the ro — 0 limit. By the standard Euler beta integral [4, p. 5]

b _ T'(a)l(B)
% 1 — B—1 7=
[ e = A
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for Re(a), Re(B) > 0, we thus find

1 i I'a)l
— :I?a_l(.’E _ 1)6—1 dr = Sln(ﬂ—ﬁ) (Oé) (6) )
27 m  I(a+p)
09,7‘
The claim now follows by the reflection formula for the gamma function. (|

Theorem 5.5. Let f € C and z = (z1,...,2,) € CF such that Re(z;) > —1 for all i. Then, for
r>1,0<0<mand A\ € &,

k

O ysll —B-al [ (o —a)? [[(@ —1)° " dar - -day

1<i<j<k i=1

(5.4)

= (~1)&) B ([k]; 2)sA[L — 5 — K
i'T(zi+ 1) zi—)\j+6+k‘—|—j—1>
XH( re—i—p (zz+ﬁ+k)jl;ll Zi+pB+k+ji—1 '

Proof. First assume that 5 = 1 — ¢ with ¢ an integer. Then (/5.4]) simplifies to

k

1
(5.5) W/S(k)(a:;z)sA[E—x} H (:c,-—a:j)QH(xi—1)*€d$1-~daﬁk
Tl o 1<i<j<k i=1
0,r
= (1) B SO ([K]; 2)s:[¢ — K]
i'T(z+ 1) Zi—)\j—£+k+j>
XH( (—i+ 1T (zl—£+k+1)jl;[1 itk
‘ =N —(+k+]
= MBSO sl - M]3
i=1j=1

By the principal specialisation formulas (2.11)) and (5.2)) it follows that
k -k .
i— XN —Ll+k+]
6)  SB([k); 2)sAll — k 574
00 SOt -5

SO (2 A+ €=k —1,...,  p—1 + 1, A k) 1N < L—E,

0 otherwise,

so that is precisely fory=14---+1=24¢.

One possible approach to showing the general complex 8 case would be to appeal to Carlson’s
theorem. To avoid having to show the required bounded growth at infinity of the left-hand side of
, we will more simply show that after appropriate normalisation both sides of become
rational functions. As a first step towards proving this we make the substitution A — )\ using
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([:20) and
w— N +j—1 _H
w+j—1 w+)\ —j

[

Jj=1

to obtain the equivalent identity

k
57 Pl 2)sale +5-1] H (w7 — ;) H(iﬂz’—l)ﬂ_l dzy -+ - drg
I<i<j<k i=1
— (_1)(S)S(k)([k];z)s>\[ﬁ k1]
xil;[lF(Q_Z_ﬂ) Zz-l-ﬁ-l-/{ 1—{]-:[12'1—1—)\]»4-5_1_]{_]"
By [32, p. 72]

X-|—Y ZS)‘/“

and the determinantal nature of both types of Schur functions in the integrand, the left hand side
of (5.7) may also be written as

1 +
' I 2 k— J 2 8-1
k! Eﬂ S,\/u[ﬁ 1] (2ri)F / 1<Czle]t<k( i | I:J: — 1) day - - day

& =1
CQ,T

1 —— .
= k! ZS)\/M[ﬁ — 1] lg(i.gtgk ( % / €T itttk ](x — 1)[3 1 dﬂ?)
I

CG,T

T(zi+pj+k—j+1) >
= k! —1] det
ZM:S’V“W ]1<i3<k (F(l =Bz +p; +B+k—j5+1)

B [(z+1) (zi + 1)uj+k—j
= k! ; sy/ulB =1 H I'(1-B)(z+B+1) 15321@ <(Z¢ + 08+ 1)M+k—j>’

i=1

where the penultimate line follows from Lemma This shows that the left-hand side of (5.7))
divided by the right-hand side is given by the following rational function:

(-1)) 5 sx/ulB — 1] ﬁ( (zi+ B+ i1 Hzi+/\j—|—ﬁ+k—j>
SE([kl;2) S B+ k=1 3\ = D2 —i=B)ir o7 2+ B+Ek—]
i+ D) i
x det ( (= ok >7
1<ig<k \ (2 + B + 1)y 4+h—j
completing the proof. We remark that for A = 0 the above collapses into

()G & B+ D (2 + 1
11(1-1)!(2—1— By 195k ((z2+5+1)m>
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In this instance the determinant follows as a special case of a well-known determinant evaluation
due to Krattenthaler, see e.g., [28, Lemma 3| with (n, X;, A;, B;) — (k,zi,k—i+ 1,5+ k —i+1).
For general X it does not seem so easy to show by direct means that the above rational function is
in fact equal to 1. O

5.2. Proof of Theorem |1 . Recall definitions of A, and A, , (1.17) of the integral
Il?:..‘,kn(ﬁS al, .. .,am@)

and (T.15)) of the integration contour C*1+F»  In our next theorem, which may be viewed as a

complex analogue of Theorem we will slightly extend the definition of the above integral to
allow for functions &(t™1), ... t() that are not polynomial in t(1).
Theorem 5.6. For n a positive integer, let ki,...,k, be nonnegative integers, aq,...,an, B3 € C,

zeCh oand A\, AtD ¢ P such that
Re(zi+ar+ - 4as) >s—1 for1<s<
Re()\,i:)fkril—i-arjh--—i-as)>s—7“ for2<r<s<n.

Further let t(l) . t(”) be alphabets of cardinality k1, ..., ky, and set )\51) =zi—ki+iforl <i <k
and t( D) =1 — ﬁ. Then,

n+1
(5.8) I,f‘h L <S(k1) (t(l); z) H 53(r) [t(r) — t(T_l)] T, ..., Oy, B)
r=2
T (=) | P
= (kl) I{j N —1 4 r k - k -
S ([ 1]72)111(( ) 2 S ( +1)[ r+1 T]EF(/@H—H—D
kr—kr—1 ks—ks—1
< I TI TI 7 =29 +4,+5-4)
I<r<ss<n =1 7j=1
R ( A + 4, —i—n) I A A A - z)
r=1 i=1 F()\,ET) + Ar,n—i—l — 1+ 1) j=1 AET) + Ar,n+1 +] -1 ,

where 1 =+ =PBp_1:=1, B =0, ko : =0 and kp11 :=1— 0.
We note that

n kr
71:{1 1 F T+l T it 1)
vanishes unless k41 — k, > 0 for 1 <r < n—1, ie., unless k1 < ky < -+ < ky,. Assuming this

holds it then follows from .
H S)\(r+1) [kr+1 — k‘T]
=1

that the right-hand side vanishes unless [ ()\(”) <kr—kp_qforall 2<r<n.
If we take A2 = A+t = ( in Theorem and also choose z; = k1 — i for all 1 < i < k1 (so
that on the right A() = 0), we obtain

(5.9) I,ﬁ’:m’kn(l;al,...,an,ﬂ)
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_ 1:1 (-0

where the o, must satisfy - This is equivalent ‘?0‘__1?[) where it should be noted that in the
above ky1 is defined as 1 — 8 whereas k,41 := 0 in (|1.18

Let )\( ) e P, - If we take ([5.8)) for arbitrary partitions A@ O gpecialise z; = )\(1)+k1—7j
for 1 <4 < k1 and divide the resul‘mng identity by . then Theorem - 3| follows with ¢, given by
k, — kr_l for all 1 <r < n and ¢, any integer such that £, 1 > l()\(”H)) Since the right-hand
side of is independent of the choice of £, provided that £, > I(A\(")), this completes the proof
of Theorem [L.3

kT kr kr 1

o i! Ars+k — kg1 —i+1)
)Hr(kr+l_i+1)> H H rs_i+1) ’

=1 I<r<s<n41 =1

Proof of Theorem [5.6, We may deform the contour Cktkn to

k1 kn
C’91 )71 Ko X CGnﬂ"n’

for arbitrary real r1,...,7r, and 61,...,0, such that r{y > --->r, >land 7w >6; >--- >0, >0,
and in the following we assume this new deformed contour.

We now proceed by induction on n. The base case, n = 1, corresponds to Theorem with
(kX B) = (k1, A& B =) and 2+ 2z +a; — 1 forall 1 <i < k1

To carry out the inductive step we denote the left-hand 51de of (5.8)) by

k b 7kn .
g)\(lz) A1) (Za A1, ..., Qp, ﬁ)

Assuming n > 2, we integrate over t(!) using Theorem.\mth kl,z,y,N\) = (ky, ko, tD 1(2) X))
and z; — 2z; + a1 — 1 for all 1 < i < k1. This yields

k .
ok kel (—1)( 21)$f(§3‘;:jfz<n+l)(z’; ag, ..y an, B) it (A®) < kg — ky,
3)\(23 ’ (D) (Za at, ... 7an7/8) =
0 otherwise,

where
2= (21 +ar—1,...,2, +o1 — 1, )\52) +ko—ki—1,..., /\1(4:22)—191—1 + 1,)\1222)_,91).

By induction on n this gives (in the l(/\(Q)) < kg — ki case)

k kn
g)\é’), n+1)(z;a17-"7an7/8)
n k .
r |
— 5R2) ([ 2 Ve 1 (—1) (%) D)D) s e — & v
S ([ 2]72) (=142 71:[2 (=) 2 sy iy [Kra T]EF(kr+l_i+1)
n kz ks ks 1
<111 H R ERE - NPINIY SRRy Ry B)
s=3i=1 j=1
kr 1k9 ks 1
X H H (r) )\(S —{—Ars—l—j—z)
I<r<ss<n =1 7j=1

XH( I(zi+oao+---+ap—n+2)
I'(zi+oo+- -+ an+ky—kpp1 —n+2)
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—A§”“)+a2+---+an+kn—kn+1+j—n+1>

X .
jl:[l Z;+@2++an+kn_kn+l+]_n+1

xﬁkrﬁl< >\ '+ A, —i—mn) H)‘ET))‘S‘TLH)*Ar,nHvLji)
r=3 i=1 T)+Arn+1_z+1)j>1 )‘Z(T)+Ar,n+1+j_i
By the definition of 2’ and by (5.6) with (¢, k, z, \) — (kz, k1, 2z + oy — 1, \(2)), this finally yields
k Jkn
.,5,”/\(12’) D (z;00,...,0n,0)

n ky .
7!
== S r kr - krr .
H< ) sy [r ]il;[lf(kr+1—l+1)>

r=1
kr kr 1 s ks 1
x (N =AY 4+ i)

I<r<s<n i=1 =1

n kr— k'rl
<1

< PO + 4, 47— i—n) AET)—A§”+1’+Ar,n+1+j—z'>
ot Bl MV b A +r—i+1) o1 N A i

.

As noted previously, the right-hand side vanishes if ko — k1 < 0, and assuming ks — k1 > 0 it then
vanishes unless l( 2) ) < ko — k1. Hence the above holds regardless of the ordering of k1 and ks or
the length of (2. O

6. AN ELLIPTIC AFLT INTEGRAL

In this section we prove the elliptic AFLT integral of Theorem Throughout it is assumed
that p, ¢ € C such that |p|, |q| < 1.

6.1. The elliptic Selberg integral. We begin with a brief review of the elliptic Selberg integral
and its relation to the ordinary Selberg integral .

The elliptic Selberg integra]ﬂ was first conjectured by van Diejen and Spiridonov [9} [10] and then
proved by the second author in [44]. (See also [21), [54] for alternative proofs). It corresponds to the
A = p = 0 case of Theorem viz.

+ +
[ ] HEER HHH (t2Fip) dr | dz,
Ch n
P( 7p,q ( ; 7paQ) 21 #n

T 1<i<j<n
n

=H<F(tl;p,q) 11 F(t’_ltrts;qu))
i=1 1<r<s<6

where ¢,t1,...,ts € C are such that [¢],|t1],...,|ts] < 1 and the balancing condition (|1.25]) holds.
For n = 1 the elliptic Selberg integral corresponds to Spiridonov’s elliptic analogue of the Euler

TAn elliptic Selberg integral of a very different type, which arises as a solution of the Knizhnik—Zamolodchikov—
Bernard heat equation, may be found in [57] and references therein.
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beta integral [53] and for general n it was shown in [43] that by taking an appropriate limit the full

Selberg integral (1.4)) (with k — n) arises. Specifically, setting ¢ = exp(27i7) for 7 € H

n F(qa+5+(2nfi71)'y. P q)

oy, limy ' o) R p, T q@ AT

p=07=0 25 (g5 p, )T (g 70, a)T(g %ipa) (=g :p,q)
X Sn(q af2 gof2 _ B2 _BI2 p1/201/2=C/2 p1/201/2-C/2.

:q";p,q)
n

H a—i—ﬁ—i—(?n—z—l)*y)F(l—&-’y)
C(a+ (i —DY)T(B+ (i — 1)y)T(1 + i)

=1

/Htf‘_l(l—ti)ﬁl II -t dta---dt,

o1 =1 1<i<j<n

where Re(a),Re(5),Re(y) > 0, 2(n — 1)y +a+ 8 — ¢ = 0, see 43, Theorem 7.4]. This same
limit, taken on the right-hand side of (6.1]) yields 1, so that the Selberg integral follows, albeit for
a slightly more restricted range of the parameter v than strictly necessary.

6.2. Elliptic interpolation functions. To lift the elliptic Selberg integral (6.1)) to the elliptic
AFLT integral of Theorem I.4] we require a number of results from the theory of elliptic interpolation
functions on root systems. For a detailed discussion of these functions we refer the reader to
[8,[42], 44 [45], 48], and below we only state some of the key results needed in the proof of Theorem

In order to describe the elliptic skew interpolation functions we need the BC,,-symmetric elliptic
interpolation functions (or well-poised Macdonald functions)

RZ(xlv sy I @y b, q, t’p)a
where p € &,. For A € &2, such that u € X these functions satisfy the vanishing property
Ry (a{X) nsq,i3 0,03 ¢, t;p) = 0.

The elliptic interpolation function R}, (a, b; q,t; p) generalises Okounkov’s BC,,-symmetric Macdon-
ald interpolation polynomial Pj;(q,t,s) [40] which has the same vanishing property and has the
ordinary Macdonald polynomial P,(q,t) as top-homogeneous degree component. When t"ab = pq,
the elliptic interpolation functions are referred to as being of Cauchy-type and factorise as

(6.2) Ry (21,...,2n;a,b;q,t;p) = Ag(tn_la/bﬂ"_lax{c, .. ,tn_la:v,jf; q,t;p),

where Ag(al .. .,xli, g tp) = Ag(a| ... ,a:i,xi_l, ...;q,t;p). They also factor under principal
specialisation:

(6.3) Ry (v(0)nsq 5 0, b; . £ p) = A (" a/bt" av, a/v; q,; p),

and satisfy the evaluation symmetry

R:(U<)‘>n;q,t/a;avb/a5 q,t;p) . Rf\(UW)n;q,t/a’;a’,b/a’;q,t;p)

RZ(U<O>n;q,t/a; a, b/a’ q, ta p) R;(U<0>n;q,t/a/; (l/, b/a/; q, t’ p) ’

where \, u € 2, and aad’ = vV 1b.
Using the elliptic interpolation functions one can define elliptic binomial coefficients as

(6.4)

(A) _ (pga; g, t; p)ax2
1) wirate  COx (040, 60)C5 (8 4,6 p)CY (a; ¢, p)C (pga/t; g, t; p)
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x A% (a/blt", 1/b;q,t;p) R, ("2 (N gt a2, ba™ % q, 15 p),

where 2)2 is shorthand for the partition (2A1,2A1,2)2,2)2,...) and n is an integer such that
n > I(\), (). This definition is independent of the choice of a'/? and n. The elliptic binomial
coefficients vanish unless ¢ C A and trivialise to 1 when g = 0 (but not when g = X). It will be
convenient to also use the normalised elliptic binomial coefficients

(6.5) </\>  AQ(alb, vy, v gt p) </\>
. K [a,b](vh.--,vk);q,t;p' Ag(a/b|1/b,v1,...,vk;q,t;p) K [a,b};q,t;p.

In terms of these, the elliptic C,, analogue of Jackson’s summation [42, Theorem 4.1] (or [8, Equa-
tion (3.7)]) is given by

A n A
(6.6) A°<a/b|d,e;q,t;p>< > < > =< > |
%: 8 P/ abligtsp \P'/ [a/b.e/blig tip Y/ la,c)(bd,be)sq tip

where bede = apq.
We can now define the elliptic skew interpolation functions as

Ry, ([01,- - van); 0,050, 6p) := > A% (pg/b?|pa/bus, - .., pq/bvan; g, t; p)
o

() ()
K/ la/b.ab/paliatsp \V'/ [pa/b,pqV/abliq,t;p

where V := vy - - - v9,,. Note that unlike the BC,,-symmetric interpolation functions the skew inter-
polation functions are Gq),-symmetric. The rationale for using plethystic brackets around the v; is
that in the p — 0 limit they relate to the variables x; of the BC,-symmetric interpolation functions
via the plethystic substitution

t1/2 (1)_~1_ + U_~1 — V2i—1 — Ugi)
T + xi_l N 2i—1 121 -

for all 1 < ¢ < n. In particular, for real a, 8 suchthat 0 < a<fg<land a+ 8 <1,

(6.7) ;igg)pa'MRi/o<[tl/Q(p*axl)i, P (p ) E p ot e pt 2 )0, pbi g, t;p)

(o a=1/2V AL n(\V),—2n()) d—cy.
= (—at™1%) Mgt CA(Qat)P)\<[X+ 17t],q,t),
where X 1= 21+ -+ + .

By it immediately follows that
% A
(6.8) Ry ([vr,va)s 0,659, 85 p) = <

”>{a/bmz}(a/vl,a/w);q,t;p
The skew interpolation functions further satisfy the branching rule

(6.9) i/y([vl, U2, WL, - -, Wa s a, by q, 6 D)
=Y Ry, (w1, vanlsa b g, t5p) Ry ([wis - - waml; a/ Vb g, 8 p),
w

and for v = 0 generalise the BC,,-symmetric interpolation functions

(6.10) Ry o ([t12, . 6 ]t 2a, £/%0; g, 4 p)
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A" ta/blt"; q, t;p) Ry (%1, ..., ania,b;q, t;p)  for X € Py,
0 otherwise,

where we recall the convention (1.23)).

The elliptic Selberg integral (6.1 is p, g-symmetric. In order to maintain this symmetry in the
AFLT case, we need to generalise all of the above elliptic functions. Let A = (A1), X)) and
p = (™, 1?) be bipartitions. Then

R;kj,(a‘v b7 t7p7 Q) = R;(l) (a> bv Q7 tv p)R;(Z) (a> bv p7 t7 q)

Ry (a0, bitsp.q) == Ry 00 (0,030, 8 9) Ry o) 00 (0 5 2, 85 ).

In much the same way we define Ag(a\bl, ...y by tip,q) and <)‘> Finally, we recall

(l b] U1,.- ,’Uk),t,p q
the definition of (X)y.1.p.q, the spectral vector indexed by a bipartition, from .

For the proof of the elliptic AFLT integral we require two key identities for the interpolation func-
tions. The first of these is the following generalised elliptic Selberg integral, see [44, Theorem 9.2].
For A, pu € 22 and t,t1,t,t3,t4,t5,t6 € C such that (1.25) holds

(611) Hn/R;('Zla" ZnatlatQatp7Q)R (Zl,...,Zn;tg,t(;;t;p,q)

Cap
« [ Dgina HHH (t=ip.0) dn | dz
1<i<g<n F( ’p’ = 1 ap7Q) <1 Zn
n
=H(F(tl;p,q) 11 F(tl_lt'rts§p7Q))
i=1 1<r<s<6

X Ay [t [t ety £ s 4 p, ) A (8 s L6t st 7 sts t p, q)

X R3(t3(0) nst:p.q /C'st1¢ s 12C"s 50, Q) Ry, (81 (N mitip g /G5 13C, t6C5 5 0, @),

where ¢ = V" ity and (' := V" tzts, and where Cy, is a deformation of T" separating
sequences of poles of the integrand tending to zero from sequences of poles tending to infinity. Note
that by the evaluation symmetry this result is invariant under the simultaneous substitution
(A, o, t1, ta, t3,t6) — (e, A, t3,t6,t1,t2). We also note that for p = 0 the above integral may be
viewed as an elliptic analogue of Kadell’s integral.

The second key result we need is the connection coefficient identity [42], Corollary 4.14]

A
(6.12) Ri(ml,--.,wn;a,b;t;p,q)=Z< > Ry (z1,...,xp;d',bit;p, q),
. P/ [tn=ta/ba/al)(tnaa’)itp.g

where A € 2.

6.3. Proof of Theorem |1 Denote the elliptic AFLT integral by In,. As a first step towards
proving the theorem we apply the branching rule ) to expand R“ /o a3

,1/0([751/2 PR Py, t71/2t5]; "3 gt yts, V%6 1 p, q)
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= D Ry ([Pt 2] gttt 246: 1, q)

vCp
X Ry o (817227 0220 T 0 P, 6 Pt 8, ).
By and (6.10) this may be further rewritten as

w0 (225, P Py 7 P47 gt ts, £ Pt £ p, )

- I
= > A" 1t3/t6t”;t;p,Q)< >

veP2 V[ [tn=2tstats [te tats /1] (87— Ltata,tm—tsts)itip,g
X Ry (21, .., Znit3, e 50, Q).

If we substitute this into the elliptic AFLT integral, rewrite I} /0 in terms of R} using ((6.10]) and

then interchange the order of the sum and integral, we obtain exactly the integral (6.11) (with
p — v) in the summand. Hence

Ing = Sn(ti,ta, t3,ta, 15,63 10, q)

x AS (" ot " Mt " s 8 D, @) RA (83 (0) it o/ C 11 ¢ 12 s 5, )

ST AL el st " st i p, )
veP2

|7
X < > Ry (81 (N nstip,a/Ci t3C, t6Cs 15 p, q),
v [tn_2t3t4t5/t6,t4t5/t](t”_1t3t4,t”_1t3t5);t;p,q

where, as before, ¢ := /t" "1ty and (' := /t"sts. By (1.25), (2.7) and (6.5))

_ _ _ m
AL (" s /bt 1" gty 1" 1t3t5;t;p,q)< >
v [tn_2t3t4t5/t6,t4t5/t](t"_1t3t4,t"_1t3t5);t;p,q

u

= A (" Ptgtyts [te|t" tata, t" st " Hats; s p, Q)<V

> [t 2tstats /te,tats /t](pats/tte);t;p,q

As a result,

I)\p, = Sn(tla l2,13,14,15, 16515 p, Q)
x AS (" ot " Mg, " s 8 py @) R (E3(0)nitip . /Cs 11 C 125 50, @)

x A (8" Ptgtyts [te|t" tats, t" st " atsit; p, q)

<D

K x
< > Ry (81 (M mstip.a/ i t3C, t6C3 15, q).-
verz V1 [tn—2tstats /to tats /1) (pats /tte)itip,q

The sum over v can be carried out by (6.12)) with (a, a’,b) — (t3tst5¢/t, t3(, t6¢), so that
I)\p, = Sn(tla la,13,14,15, 16515 p, Q)

x AL ("M ot " b, " s 6 p, @) RA (E3(0) netpg /s t1C 12 85 p, q)
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x AQ (7 2t gt yts [te|t" Ltgty, t"V Hsts, " L yts tp, q)
o 3l415/16 3l4, 35, 4154, D, q

x Ry, (01 (N nstp.q/Cs tatatsC/t, t6Cs 15 p, ).
We finally observe that
t" (tstatsC/t) (teC) = t*" *titatstatsts = pq

so that the interpolation function in the last line is of Cauchy type and hence factors by (6.2)).
Thus

I}\p, = Sn(tla t2a t37 ly, t5a t6a t7pa Q)
x A (tn_ltl/tﬂtna tn_1t1t4, tn_ltlts; t;p, Q)Ri(t3<0>n;t;p,q/gl§ t1¢’ tal’s ts p, q)
x A (" Ptgtyts [te|t" tata, t" st " atsit; p, q)

(t”—2t3t4t5 Jtelt" 2titstats (N nitp.q)
A%(t”_2t3t4t5/t6 |t”_1t1t3t4t5 <>‘>n§t;P7Q) ’

where we have again used ([1.25)) and (2.7)). Using the principal specialisation formula ([6.3) com-
pletes the proof.

6.4. Proof of Corollary Throughout the proof we used condensed notation for theta and
elliptic gamma functions:

0(21,. .., 2k5p) = 0(215p) - - - (21 p)
L(z1,- s 20p0) = T(2050,0) -+ Tzks 0, )
Denote the integral identity obtained from by restricting A and p to A = (A,0) and
p = (1,0) as
Dutis .. teiq, tp) = Baults, - te1 4, 6 p),

where 12" 2t1totstststs = pg. In order to take the p — 0 limit we adopt the symmetry breaking
procedure of [43] and multiply the integrand of £ , by [42, Corollary 1.2]

Z H tlZ T ta2] " W tgtaz; 7t q) Q(tzalz 1 q)

2 i
oe{1}ni=1 i ltlti”’tl it 7 st450) e, (272773 0)

By BC,, symmetry, all 2" integrals that arise are identical. Using I'(pz;p, q) = 0(z;¢)T'(2; p, q) this
yields

g)\,u(tlanwtﬁ;qat;p)
P / Ry o ([25] 47124y, 1215, 1 p)

x Ry o ([0 /2250720y, 67 P )s 67 Pttt 617465 g, 45 p)

» H D(ptzizj t/ 2z t(2i) %) Y p, q)
D(pzizj, 1/ 225, (2i/ 2) 5 0, q)
1<i<j< Rl <] 7 ¥ L ]

% H tn 1t1t3t4/27,, H’I“EI F(ptrzla tr/zi;pa ) HTGJF(tTZZ‘i;pa q) %
e(tl 1t1t37t171t1t47ti71t3t4;Q)F(pzza Z; 7p7 q) Z
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where I := {1,3,4}, J := {2,5,6}, z = (21,...,2,) and dz/z := (dz1/z1) - (dzn/2n). We now
scale the parameters as

(tly tQa t3a t47 t5a t6) — (tl)p1/2t27 t37 p_1/4t47 p1/4t57 p1/2t6)7
resulting in the p-independent balancing condition t2" =2t totstststs = q. We can now also scale
the integration contour by a factor of p~1/4 without passing over any poles. After also replacing
2 — p~ Y42z all elliptic gamma functions in the resulting integral have arguments scaling as p”

for v € [0,1]. Then taking the p — 0 limit using (6.7)) (with « = 1/4 and § = 1/2) and finally
replacing z — z/t5, we obtain

n
lim (p““'““/ "Ly (b1, Pt ta, p A, p s, p P te) T 00V e, pm A gt q)>

=0 i=1
— (—t”_ltl/t5)|’\|(—t”‘2t3t4)‘“‘q"()‘/)“‘(“')t_Q”()‘)_zn(“)
(4 9)% 17 1
x cx(q,t)cy(q,t -
e enta: 0 o 1 g

ey BT (2
" ﬁ O(t" "titstats/zi; q) 11 (2i/2j:2j/ % 0)0 dz
(tats/zi, 2i5 Q) oo (tzi/zj,t2j/%;Q)00 2
where the contour can be chosen as T" provided |t4t5| < 1. Since the limit of the right-hand side

of (1.26) is given by

n
lim <P(A|+|M|)/4%>\,u (t1,p"*ta, ta, p~ /4ty p' 5, p' 2 te) [T 00~ /44 ata, p= V4 Mty q)>
=1

= (=" by M (=7 gty 1) D =N =n(w)

9

i=1 1<i<j<n

(", " My ts; g, ) A (E" 1t4t5,q, #ﬁ (=Y bt ats; @)oo
(t2n=m=2t1t3t4t5; q, t) (8, =Yg ts, 1 tats; @)oo

(¢2n—izi= 1t1t3t4t5,q) Nt
% J
x HH :

E s (P Einttats ),

the claim follows with (a,b) = (t"~t1tstats, tats).

6.5. An equivalent form of Corollary [1.5] For functions f,g : C* — C, symmetric in the n
variables, define the scalar product [32, p. 372]

(Zi/Zj, Zj/zi; Q)oo dz; dzp,
(613) ([l /f da | dan
nl(2ri) mggn (tzi/z,t2/250)00 21 2n
Then, for A\ € &, [32, pp. 369&370]
gy 11 (et d)s
6.14 P)\ q7 Q q, 5
(6.19 (0,000, = o i o [T )

In terms of (-,-);, Corollary [L.5| may be rewritten as follows.
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Corollary 6.1. For A\, € & and a,b,q,t € C such that |b|, |q|, |t| < 1,

) (= )

i=1 =1

= t(ln)“PA<|:11_t::| )Qu<|:l — litz 1:| q,t>

n m

(qt™/a; q,t H (t,at=1 gt~ lb/aquH (qt'~%/a; q)a, _—

n—1 i i—1 Jj—i+1
’ J
(bgt™=1/a; q,t)x (g, t ,bt (gt /@ @) xi—p;

i=1 i=1j=1

where m is an arbitrary integer such that m > 1(p).

For b = t this is equivalent to [60, Theorem 1.7], which, as shown on page 261 of that paper, is

a generalisation of (6.14]).

Proof. Given a partition A C (N™), we denote the complement of A with respect to (N™) by A, i.e.,
A=(N—=Xn,...,N=xp).

In Corollary we replace A\ by its complement with respect to (N™), where N is an arbitrary
integer such that A\; < NN, and also scale a +— ag~"". Using [5, Equation (4.3)]

Pi(x;q.t) = (x1- - xn)V Pr(z7 5 g, 1)

and
N+1

(g™, " /a;q)oe = (—a)N g2 ) (a, ¢/a: 0o
this yields

@/pA(zl;q,t)Puqur i:ﬂ q,t)

’]I‘n
- (a/ziquz‘/QSQ)oo (Zi/zj’zj/zﬁ‘])oo dz dzy,
XH H ( o IEn
=1

(b/zi, i3 @)oo L<isien tzi/25,t2j /%5 Qoo 21 Zn

1— ¢ 1—ptn1t
_ = glul—(n=1)1| . 1-bt"" ]
ot (1 L) ([P 25

n
t tz m—1 7)\2 tz n/h tz 1b tz J =it
% H a @ /b,q /a5 @)oo H H q 1q)oo

qtz tzlatzn—)\/bq atz]l—)\—i-uj q)

i=1 21]1

which is independent of N. By
n (atifm 1 o atz ]q At Q)
H(tzn—)\/bq HH t’L] 1 )\—I-,U«J’q)oo
n

:(btn—1)|)\\t—n|,u| (qt /a;Q7 H ﬁﬁ qtj /a Q)\ —
(bgt"=1/a; q,t) ,\Z:1 at'= ”/b q) oo P (qt7 =" a5 q)x, —u;

and the substitution z — z~! in the integral, the claim follows. O
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7. OPEN PROBLEMS

To conclude the paper we will discuss a number of open problems.

7.1. Generalising Theorem to v # 1. The main open problem is to generalise Theorem [I.3]
to the case of Jack polynomials. Using ((1.20)) this theorem can be rewritten as

n E1,eokn
(71) < < H ENG [t(T) _ t(rl)]>8)\(n+1) [t(n) + B _ 1}>

r=1 Q1,ee50m, 8

n+l £y g Ts—ks,1+ks)—i+l)/\(r)

- <HS/\(’ [kr — kp— 1]>8w+1)k +8- H H +e5ls) —i+1) ()i
7’ rs sts )\ir

r,s=11i=1

r#s
—itesi+1) 0, e

X H HH TS—Z+6(]*1)+1))\_(7‘)

I<r<s<n+1i=1 j= 1 Al
where (1, ..., 0,41 are arbitrary integers such that ¢, > Z(A(")) forl<r<n+l,e1=---=¢, =1,
en+1 = —1, kg := 0 and k41 := 1 — §. It is not difficult to define a function, say
k k] 7k71 .
R/\h) (n+1)(a17~- 7an7577)7

such that for v = 1 it gives the right-hand side of ([7.1) and such that for AL =X A =... =
A = 0 and A" = 4 it yields the right-hand side of (1.13). To describe this function, we
generalise our earlier definition (.21 of A, and A, s to include :

Avi=op+ -t an+ (ke =k 1)y and A= A — A,
for 1 <r,s <n+1. Hence 4, , = —A,, and
(7.2) Ars=ar+ -+ as_1+ (kr — ko1 — ks + ks—1 + 17— 8)y
forl<r<s<n+1.

Lemma 7.1. Let A, be as in (7.2), where 0 = ko < ki < ky < -+ < ky, are integers and
knt1:=1—8/y. Sete; =--- =€, =1 and e,41 = —1, and define

(7:3) Ry ™ oy (@1, s B57)
(HP%” = kol ) P o 8/ = 1

H (_55147“,3 - 5s(kr71 - kr)’y; 7))\(5)

X
1<r<s<n+1 (—esdrs + b3 7))

< 11 (Ars — (ks—1 — Am H f_[ (L4 Ars + (G = D7)y00_y@
rereen N1+ Ars + (é‘sf - 1 Va0 oy U+ Ars + (=i = DY)y 0
X X : ]

n Z'r Zn Arn - ) ) — 1 ™ n
< H rn+1 (kn - kn«H)’Y;V))\(T) H f[l ( mtl (Z tJ )V)AE )+>‘§' -
N (Ar,nJrl -

"1 A1 = Lt 175 7) A =1 j=1 (i+J— 2)7)/\(r>+)\(n+1>
i J
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where £y, ..., lpyr1 are arbitrary integers such that £, > l()\(’")) and {1 < k1. Then
R}jl)’m,)\(nﬁ-l) (ala ceey Op, /87 ’Y)

is well-defined (i.e., independent of the choice of the (,.),
R oy (@2, o, B57) if AD =0,

0,k2se.orbin . A@) A+
R)\(l) At (O[l, <oy O, /87 7) = )
e otherwise
and
ki,....kn . k1, rkn .
R)\yo’,,,,()“u(ala"')aTL?ﬂ?’Y) and RA(I) )\(n+1)(a17"'>an767 1)
yeees

n—1 times
agree with the right-hand side of the A,, AFLT integral (1.13|) and the right-hand side of ([7.1)
respectively. Moreover, when [(AY) < ki and ky,... ky, > 1,

(74) R}il)’.“,)\(n-&-l)(al’aQ’ s aanvﬁav)
n+1
- - —e5A1s + €5k17;7) a0
- RrM 1""’k: 1a1+7,a2,...,a B+, (esdy, ' /A .
A, xtm ny D+ )szl_[1 (—esAis +es(kr — D)y 79)

We note that the assumption that [(A()) < k; is not actually a restriction since

k1,y...skn .
R}\}l)’m’)\(n-&-l) (ala ey Oy, B 7)

depends on AV + o only, where, for m a scalar, A +m = (M +m, Ao+ m,...). For n =2 and
A2 = 0 the recursion agrees with [I1, Equation (A.15)] (provided [k27]/[(k2 — 1)7] in the
latter is corrected to [ka7]x/[(k2 — 1)7]x). For n > 2 and A® = ... = A(") = 0, however, and
the recursion at the bottom of page 36 of [I1] are inconsistent.

Proof of Lemma[7.1. To see that the right-hand side of is independent of the ¢,, fix a ¢ such
that 1 <t < n+ 1. Then, assuming that )\Z) = 0, it follows from elementary manipulations and

the use of
(a)—n (1 - b)n

that the right-hand side of reduces (tbcz_tr}zle sa(nlle e?()pnression with £, — £ — 1.
For , write
kng1 = kng1(B;y) and Ay = ASyF (o, om, B3 ).
It is then readily checked that
kn1 (B +737) = kns1(B57) — 1
AP hekn = oy 4y ., B 13) = AR (ag, L am, By ).
Hence, for IAY) < ky —1,

k1,....kn . 1
RAh),...’/\(nJrl)(Ozl,Ozg, o ,Omaﬂa '7) P)E(l/;Y) U{:l] ﬁ (_EsAl,s —I—Esk1"}/; ’y))\(s>

Fi—1,. ko — — — 1\~ :
R)jl)}.?"/\’(nﬂ% (a1 +7,02,...,00,8+7,7) P/&/ﬁ) [k1 — 1] ;= (—esAis +es(br — 1)vv)

By the specialisation formula (2.20)) the recursion ([7.4]) follows.
The remaining claims of the lemma are immediate and left to the reader. O
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An obvious guess would be that

5 (TP 0= =) ) P )+ =)

r=1

kl?"'vkn

A1 yees 0, B3y

ki,....k X
=R }1) _n(n+1)(a17"'aan7677)1

but this is easily shown to be false unless A& = ... = X = 0. For example, by a direct
computation using Theorem and the Jack polynomial limit of (2.17)) given by

N 0l — o1 Ty
Py e —yl == 2F1<1_7_T7x>7
it follows that for ky =--- =k, =1 and
(A(l), o 7)\(n)’)\(n+1)) — ((U1),m,(un),ﬂ)

the left-hand side of ([7.5)) evaluates as a product of n — 1 terminating 3 F5 series. Specifically,

((TLRE T toma] ) P [t + 57— 1))
r=1 QL= UL, Om —Un, B3y

(1 + -+ an+B—n77)u
(14 +an+8—(n—1)77),

1,...,1

= B{"[B/4]

« ﬁ (I—ar = —ar+ (= DV)usftu,
1 (1 — Q] — = O — Br + (T - 5r,n)’7)u1+---+ur
-1
1 (—%041+"'+0<r—(7"—1)%—ur+1_ >
X 3F2 a]- )
et IL=v—tp, 1 +og+- o —1y
where top := 0 and 81 = --- = 3,1 := 1. For v = 1 the rth 3F; series simplifies to d,,,, 0 in
accordance with the ky = --- = k,, case of (7.1). We do not know how to modify the product of

Jack polynomials on the left of (7.5)) so that equality holds.

7.2. Generalising Theorem for v = 1. Another open problem is to generalise the v = 1
case of (4.8]) to include a product of n Schur functions. For 5,—1 + B, = 2, denote by

< > 77777 kn,
A1, 50n,Bn—1,0n

the v = 1 case of the A,, Selberg average (4.6)) (this again requires a complex integration contour).
Then the problem is to extend the method of Section [5| to prove that

k1,....kn
< ( H 5300 [t — ¢ >]>SW 1] >

alv"'van7ﬁn—17ﬁn

r=11<i<j<l, )=t 1<r<s<n—1i=1j=1 Ar,s +7—1
n—1 6 kn

Arn+1_i—j+1
it N 4 A Ay =i
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nl b (Aps — ks 4 ks =i+ 1) 0 nml b (Anp — ko1 +kn — i+ 1),

A ,
X - - -
r];[I i Anstlo—id 1)/\5” r=1i=1 (Arn + Bn-1 = Z))\Z(.T)
ﬁ En T7L+1 + kr 1— k’r — i+ 1))\(”) kn (An,n—l—l + kn—l - kn -1+ 1>>\(_n)
X . : . —,
2 i1 rn+1 - ér —1+ 1))\(n) palie} (An,n+1 + Bn - 2)/\(@)
where t(©) := 0, kg = kpty1:=0, by = k1, by, = ky, ¢, for 2 < r < n —1 are arbitrary nonnegative

integers such that ¢, > 1 ()\( )), and the A, ; are defined as in . The more general average

n k1,....kn
((TLoxo € =] sy [t<">}>

r=1 Q15000580 —1,0n

appears not to have a similarly simple evaluation. For example, for n =2 and g1 + fo = v+ 1 it
follows that

1,1
<P(1/v) [tl]P(l/’Y) [tg - tl]P(l/’Y) [t2]>

(u1) (u2) (us) a1,02,81,682;

_ (@1)uy (02)ugtus (1 + 42 = V)uy +us+us
(al + /61 - 7)u1 (a2 + ﬂ2 - ’7)ug+u3 (041 + aQ)ul—i-ug-l—ug

—Y, Q1 + Ui, —ag + 1 — ug — uz, —uz _
X 4F3 ) 1].
l—v—ug,a1 + 51 —v+u,l—as—uy—u3
For v = 1 this does not vanish when us = 0, but instead yields the non-uniform expression

1,1
(st [E1) 5000 [t2 = 1] 0 [12])

(1) (@2)ug (1 + a2 — 1)
(a1 4+ B1 — 1)y, (a2 + P2 — 1) (o1 + a2 — 1 + uq + u3)

(al)ul (aQ)u2+u3—l(a1 +ag — 1)(51 - 1)
(O[l + 61 - 1)u1+1(a2 + /82 - 1)UQ+U3

7.3. An elliptic Selberg and AFLT integral for A,,. Theorem [I.4] gives an elliptic generalisa-
tion of the AFLT integral . This integral includes the elliptic Selberg integral as special case.
Two obvious open problems are to generalise the A,, Selberg integral to the elliptic level and
to then further extend this to an elliptic analogue of the A, AFLT integral . We intend to
address these problems in a future paper [2].

a1,a2,61,02

if ug =0,

if u9 2 1.
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