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ABSTRACT. We use the elliptic interpolation kernel due to the second author to prove an A,
extension of the elliptic Selberg integral. More generally, we obtain elliptic analogues of the
A, Kadell, Hua—Kadell and Alba—Fateev—Litvinov—Tarnopolsky (or AFLT) integrals.
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1. INTRODUCTION

In his famous 1944 paper [68], Atle Selberg evaluated the following multivariate extension
of Euler’s beta integral that now bears his name. For k a positive integer,

k
(1.1) &Wﬁw%:/kaHLwﬁl I] Iz —a* day - day,
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where «, 3, € C such that Re(«) > 0, Re() > 0 and
Re(y) > —min{1/k,Re(a)/(k — 1),Re(B)/(k — 1)}.

The Selberg integral has come to be regarded as one of the most fundamental hypergeo-
metric integrals, a reputation which is upheld by its appearance in numerous different ar-
eas of mathematics such as random matrix theory [0, 24], 25, [47], analytic number theory
[4, 22, 27, B39, [40], enumerative combinatorics [38, 41l 42, [78], and conformal field theory
[2, 20, 211, 49, 52} 67, 80, 1], 82]. For a review of the history and mathematics surrounding
Selberg’s integral the reader is referred to [26].

There are many important generalisations of the Selberg integral. One of the goals of this
paper is to unify most of these by proving an elliptic analogue of the Selberg integral for the
Lie algebra A,,, as well as elliptic analogues of the more general Kadell, Hua—Kadell and AFLT
integrals for A,. Before we describe the first of these generalisations, we remind the reader
of the elliptic analogue of the ordinary (or A;) Selberg integral and of the (non-elliptic) A,
Selberg integral.

Fix p,q € C such that |p|, |q| < 1, and let

- 10_0[ 1 - pitlgitl )/,
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be the elliptic Gamma function [65]. This function, which has zeros at potigNo+1 poles at
pNog=No and an essential singularity at the origin, is symmetric in p and ¢ and satisfies the
reflection formula

(1.2) Lpq(2)lpq(pa/z) = 1.

As is by now standard, in the following we adopt the multiplicative shorthand notation
Lpo(z1, ... 2n) = I‘p,q(zl) .-+ Ty 4(2) as well as the plus-minus notation

azt) =T, (az,az7h),
I, q(aziwi) =Ty glazw, az  w, azw™ az " tw ™).
Again assuming that |g| < 1, let (a;q)ec = [[;50(1 — aq') be the infinite g-shifted factorial.
Then the elliptic Selberg density is defined as [58| [70]

+ £\ k +
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where z1,..., 2, t,t1,...,t;m € C* and
(1.4) _ k(@0
' 2R kl(271)F

The use of the superscript (v) is non-standard. Later we also need a companion density
Aée)(. ..;...;6D,q), and the superscripts (v) and (e) — v for vertex and e for edge of the A,
Dynkin diagram — have been added to avoid confusion. Assuming 0 < [¢|, |t1],..., |ts| < 1 as

well as the balancing condition t?*=2¢; - - - tg = pq, the elliptic Selberg integral corresponds to

k
d d
]-5 /A Zla-‘ Zkath" tGJP;Q) 2: ’ Zk:H<pqtl H qutztt)>

z
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where T* denotes the complex k-torus. For k = 1 the above integral is Spiridonov’s elliptic
beta integral [69]. For general k the integral evaluation was conjectured by van Diejen
and Spiridonov [17, 18] and proved by the second author [59]. Alternative proofs have since
been given by Spiridonov [71] and by Ito and Noumi [34]. A rigorous proof that simplifies
to the Selberg integral upon taking appropriate limits was presented in [58].

Elliptic beta and Selberg integrals are not just of interest from a special functions point
of view, corresponding to the top-level results in the classical-basic—elliptic hierarchy of hy-
pergeometric integrals. In 2009 Dolan and Osborn [19] made the important discovery that
supersymmetric indices of supersymmetric 4-dimensional quantum field theories take the form
of elliptic hypergeometric integrals. As a consequence, many conjectural Seiberg dualities for
such quantum field theories imply transformation formulae for the corresponding indices, and
hence for elliptic hypergeometric integrals. Since this discovery, elliptic hypergeometric inte-
grals and their transformation properties play an important role in the study of dualities in
quantum field theory, see e.g., [28], 29| 53], [62), [73], [74), [75] [76]. Another surprising application
of elliptic hypergeometric integrals — not unrelated to the supersymmetric dualities, see the
survey [30] — has been the construction of novel Yang—Baxter solvable models with continuous
spin parameters [7), 8, 9, [72], generalising many famous exactly solvable discrete spin models
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such as the Ising and chiral Potts models. These connections between elliptic hypergeomet-
ric integrals and quantum field theory and integrable systems provide further motivation for
generalising the integral evaluation to A

To succinctly describe the non-elliptic A,, Selberg integral, we define

A(z) = H (i —xj) and A(z;y): HH

1<i<j<k i=1j=1
for x = (z1,...,2¢) and y = (y1,...,y¢). Let 0 =: kg < k1 < --- < kj, be nonnegative integers
and, for 1 < r < n, denote by 2z = (.TY), R x,(;;)) a k,-tuple of integration variables. Further

let aq,...,an, 8,7 € C satisfy
Re(3) > 0, kn|Re(y)| < 1, Re(B + (k, — 1)v) > 0,
Re(aT+--'+O¢s+(r—s+i—l)'y) >0 forl<r<s<nandl<i<k —kr_1.
Then the A,, Selberg integral refers to the integral evaluation

(1.6) / ﬁ( 2vH r) ar—l J:Z(r))ﬁ,.—l)

n—1
% TT 1A (; 20+D) 7 dz® . 4z

_ ﬁ f—[ D(i)D(Br + (i — ko1 — 1))
r=11i=1 I'()
e DBstont o tas+ (ks —kspr +itr—s—2))

where 81 =+ =fBh_1 =1, B, := 5 and ky41 := 0.

The origin of the restrictions gy = -+ = f,-.1 = 1 and k1 < ... < k, is representation
theoretic. Let g := sl,41, b the Cartan subalgebra of g and h* its dual. For I := {1,...,n},
let {ai}ier € b*, {wi}ier € b* and {) }ier € b be the set of simple roots, fundamental weights
and simple coroots of g, so that (o, w;) = d; ;. Finally, let P, C h* be the set of dominant
integral weights, i.e., u € Py if (u, o)) € No foralli € I. Now fix p = >, ;(pi —1)w; € Py and
v=>, ;(—1)w; € Py such that v = =vp—1 = 1, and let V,, and V,, be two irreducible
g-modules of highest weight © and v respectively. Then the following multiplicity-free tensor-
product decomposition holds:

Vi@ Vy = EB Vitw=$0 ki

0<ky <<k,
pAv=>3 e kici € Py
The a1,...,a, and B, in are essentially continuous analogues of ui,...,u, and vy,
respectively, and 8; = v; = 1 for all 1 < ¢ < n — 1. This rule, which is a special case
of Stembridge’s classification of all multiplicity-free tensor product rules for the irreducible
representations of complex semisimple Lie algebras may be found in [79]. In the language of
symmetric functions the above is equivalent to the h-Pieri rule for Schur functions [46], p. 73].
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The connection between multiplicity-free tensor products and the evaluation of type-g Selberg
integrals, where g is an arbitrary simple complex Lie algebra, was conjectured by Mukhin and
Varchenko [52].

The domain of integration Cé“""’k” [0,1] in takes the form of a (k1 +- - -4k, )-dimensional
chain. Its precise form is not needed in this paper, and the interested reader is referred
o [3 B0, 83, B4, [85] for details. For n = 1 the integration chain is independent of v and
simplifies to the k-simplex

Cro, 1] ={zeRF:0<a; < - < <1}

Up to a factor of k!, the n = 1 case of is thus the original Selberg integral . For
n = 2 the evaluation was first given by Tarasov and Varchenko [80], and for general n it
is due to the third author [84]. There is also a finite field analogue of due to Riményi
and Varchenko [63] which is not covered in our elliptic generalisation below.

To state the elliptic A, Selberg integral we introduce some further notation. For z =

(21,...,21) € (C* w = (wy,...,w) € (C*)* and ¢ € C*, define

k ¢

(1.7) Aée)(z; w;c;p,q) = H H Tpg (cziiwji).

i=1j=1

Whereas the elliptic Selberg density should be viewed as the elliptic analogue of the
integrand of the Selberg integral , the above function for ¢ = (pg/t)*/? plays the role of
|A(x;y)| ™7 in the elliptic analogue of . This same special case of previously appeared
in the study of elliptic integrable systems, see e.g., [5, 43| [66] and, as shown in [43] [60], satisfies
a remarkable duality with respect to the 8-parameter van Diejen difference operator [16].

We now combine the two elliptic Selberg densities to form the A, elliptic Selberg density

(1.8) As(zW, .2t tangas i, q)
H (A(V) ) € Mgpq, € Mg, t" T [tgp 1, 1€ [tar 25t D, q)
x AL (220D, g))

X A(sv) (Z(") s ton—1, t2ns tont1, tant2, tonts tonta; 60, 4),

where 2(") = (ZY), .. z,gr)) Suppressing the dependence on ¢, t,t1, ..., ton+4, D, q, the individ-
ual densities making up the A,, density should be thought of as corresponding to the vertices
and edges of the A,, Dynkin diagram as follows:

A(SV)(Z(I)) A(SV)(Z(Q)) Aé")(z(s)) A(SV)(Z(n—l)) A(SV)(Z(n))
(oy— (3 - n
1 \3/ 3 1)
AL (2 @) AL (2 23) AL (z(n=1) 5(m)
; dz ._ d dz
Finally, for 2 = (21,...,2), we let <% := Zill e T:

Theorem 1.1 (A, elliptic Selberg integral). Let n be a positive integer and ki, . .., ky integers
such that 0 =: kg < k1 < -+ < ky. For p,q,t € C* such that |pl,|q|, |t|, |pg/t| < 1, fix a branch
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of c:= (pq/t)l/Z, and let t1,. .., tanra € C* such that the balancing condition
(1.9) thr=kr—1thn =240 tortont1tantotontatonta = g

holds for all 1 <r <n. Then

dz(M dz(™

1 . et
(110) As(z( ),,..,Z(”)’tl,...7t2n+4,0,t,p,q) Z(l) W
n kr_k»'rfl ] ) kn )
= H H Fp,q(tzatl_lc%_?nt%flt%) H Hrp,q(tz_ltrts)
r=1 i=1 2n+1<r<s<2n+4 i=1
k?r_krfl
< TI Tl Trator—i/tos1,titer tas1, tita,_1 /tas, tita /t2s)
I<r<ss<n i=1
n  2n+4 kr—kr_1
<TI TI II Toa(t torats, t ats),
r=1s=2n+1 =1
where 2" = (zy), e z,(;)) for all1 <r < n.

The (k1 + - -+ + ky,)-dimensional contour of integration of the A, Selberg integral has the
product structure

Ci X+ xXxCrxCo X oo XxCgXeernes X Cp X o+ x Cp,
N——
k1-times ko-times kn-times

where C,. for each 1 < r < n is a positively oriented smooth Jordan curve around 0 such that
C, = C’T_l. Moreover, for 1 < r < n — 1, the elements of the sets

(L1la) " "torpsop g™, t" Tty pog (1< s <2), tpogC,, g™y
all lie in the interior of C;, and the elements of
(1.11D) tsron—2p 0" (1< s<6), tpogoC,, cpogoC,

all lie in the interior of C,, where Cy := 0. These conditions on the C; in particular imply
that ¢2C,. € int(C,) for 2 < r < n, explaining why |c?| = |pg/t| < 1. For n = 1 this restriction
can obviously be dropped. Furthermore, for n = 1 the balancing condition simplifies
to t21=241t5 - - - tg = pg. Taking |t1],...,|ts] < 1 it then follows that is satisfied for
C =T, so that the integral reduces to . For n > 2 it is generally not possible to restrict
the parameters such that C, = T for all 1 < r < n. For example, if C,. = T for all r, it follows
from that ¢ "to,_1,c" " "to, tc”*’”tgrlﬂ, Ifc"*’"t2_7,1+2 all lie in the interior of T. By
and [t| < 1 this would impose the additional restriction that k.41 — 2k, + k,—1 > —1 for all
1 <7 <n—1, which may not always hold.

All of the integral formulas listed thus far admit generalisations in which the integrand is
multiplied by an appropriate symmetric function or BCg-symmetric function. In the case of
the most general such integral was discovered by Alba, Fateev, Litvinov and Tarnopolsky
(AFLT) [2] and contains a pair of Jack polynomials in the integrand. The AFLT integral
includes the well-known Kadell integral [37] (which contains one Jack polynomial) and the
Hua—Kadell integral [32, [36] (which contains two Jack polynomials but assumes § = ) as
special cases. In our previous paper [3] the AFLT integral was extended to the elliptic case,
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as well as to A,. In Section [ we unify both these results by proving an elliptic A,, AFLT
integral. In this integral the Jack polynomials in the integrand of the non-elliptic A,, AFLT
integral are replaced by a pair of elliptic interpolation functions [60]. Our approach to the
elliptic A,, Selberg and AFLT integrals is based on a recursion for a generalisation of the
elliptic interpolation functions, known as the elliptic interpolation kernel [61]. This differs
from the approaches taken in [3], where the non-elliptic A,, AFLT integral is proved using
Cauchy-type identities for Macdonald polynomials and the A; elliptic AFLT integral is proved
using known integral identities for elliptic interpolation functions.

The remainder of the paper is organised as follows. In the next section we review some
standard definitions and notation from the theory of elliptic beta integrals. Section [3]is devoted
to several classes of elliptic special functions, including the elliptic interpolation functions and
the elliptic interpolation kernel. The latter forms the basis of our approach to Theorem In
Section ] we first discuss the original AFLT integral and its A,, analogue, and then state and
prove an elliptic A,, AFLT integral. As a special case this yields Theorem

2. ELLIPTIC PRELIMINARIES

Throughout this paper we assume that p, ¢ € C* such that |p|,|q| < 1.

2.1. Partitions. A partition A = (A1, Ag,...) is a weakly decreasing sequence of nonnegative
integers \; such that only finitely many A; are nonzero. The nonzero \; are called the parts
of A\, and the number of parts is the length of A\, denoted by I(\). Partitions are identified
up to the number of trailing zeroes, so that, for example, (3,1,1) = (3,1,1,0,...). We write
& for the set of all partitions and &2, for the set of all partitions of length at most n. In
particular, &y = {0}, with O the unique partition of 0. If the sum of the parts, denoted
|A|, is equal to some integer n, then A is said to be a partition of n. If X is a partition, we
write (4,7) € A to mean any pair of integers (i,7) such that 1 < i < I(A) and 1 < 5 < \;.
If X is a partition, its conjugate A is defined by X, := [{j € N : \; > ¢}|. For example
(7,4,2,1,1) = (5,3,2,2,1,1,1). For a pair of partitions A, u we write g C X if p; < A; for all
i. If A, p further satisfy A\; > g > g > po > -+ (e, p C X and X, — pf € {0,1} for all i > 1),
we write p < A. (In this case the skew shape A/ is known as a horizontal strip.)

We refer to elements of &2 as bipartitions, and to distinguish partitions from bipartitions
a bold font such as A is used for the latter. In particular, O denotes the bipartition (0,0). If
A= A\DA®) and p = (uM, u?)) are bipartitions then the notation g C X is shorthand for
the termwise inclusions g™ € XM and ©? C A®). The notation p < X is similarly defined.
For A € 22, the spectral vector (A),.ip.4 is given by

1) (@ 1) y@ (1) (2) (1) (2
N nitipg = (pAl gt e g L pretigteat prn gt )
so that
1 2 _ 2 1
<()\( )’)\( ))>n;t;p,q - <()\( )’)\( ))>n;t;q,p'

2.2. Elliptic preliminaries. A key ingredient in the theory of elliptic hypergeometric func-
tions is the modified theta function, defined as

Op(2) == (2;P) o0 (P/ 23 D) oo
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for z € C*. This function is quasi-periodic along annuli

(2.1) 0,(pz) = —270,(2),

satisfies the symmetry 6,(z) = —20,(1/2), and features in the functional equation
Lpq(pz) = 04(2)Lpq(2)

for the elliptic gamma function.
For n an integer, the elliptic shifted factorial is defined as

['pq(q"2)
(2.2) (23, p)n = 222
Fp,q(z)
where it is noted that for n > 0,
(z:¢,P)n = [ [ Op(za" ).
i=1

The elliptic shifted factorial has three important generalisations to partitions, given by

CV(z;q,t;p) H Op (2’117,

(i.3)EX

C(zq,tp He P )\—1)7
(4,5)€N

Cy (z;¢,t;:p) H (9 Z*jt)‘g‘fi).
(4,5)€A

Note that C{(z;q,t;p) is sometimes denoted (z;¢,¢;p)y in the literature on elliptic hypergeo-
metric series.
For all of the functions defined above, condensed notation such as

CX(21, s 20, t5p) = CR (2150, 85p) -+~ CR (203 4, T p)
will be employed. As further shorthand notation we define the following well-poised ratio of
products of elliptic shifted factorials:

n

(bis;q,t;p)
Ag(a’“}la'- 7qat p !
o 21:[1 3 pqa/bz,q,t p)’

which satisfies the reflection equation
1
AS(alpga/by, . .., pga/bu; q, t;p)”

To preserve p, g-symmetry in many of the elliptic functions and integrals considered in this
paper, we require an extension of the above definitions to bipartitions, and for any function
f)\(alv coey Opg q7t7p) or f)\/p,(ah cooy Opg q7t7p) we deﬁne

(2.3) Al(albi, ..., bysq,t;p) =

(24&) fA(alv <oy Qpg tvpv Q) = f)\(l) (a17 ce Qs P, t? Q)f/\<2) (ala c ey Qnj; Q7tap)7
(24b) f)\/y,(ala e 7a’n;t;p7 q) = f)\(l)/u(l) (CLl, cee 7a’n;p7t; Q)f)\@)/u(?) (CLl, ceey Qn; q7t7p)
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Interchanging p and ¢ is thus the same as interchanging the two components of A and, in the
skew case, the two components of p. By (1.2]) and (2.2]) followed by the use of the quasi-
periodicity ([2.1)), it may be shown that

n 1—i A A@ 1y M@ PBRCONC)
Ppaq (at b g bt tq ) pq i=1 7, i 0
(25) H T (atl i i 1) = (%) A}\(a/b‘a; i, p, q)a
i=1 pq ’
for X € 22

2.3. The Dixon and Selberg densities. In addition to the elliptic Selberg density (|1.3]), we
need the elliptic Dixon density

1 Ty g(tez;
AD(Zl,...,Zk;tly...,tm;p,q) = H - HHT 1 pq )’
1<i<j<k pv‘I( ( i )

with ¢, given in ((1.4). We occasionally refer to the factors containing only a single z; as the
univariate part of this density. The Dixon density is related to the Selberg density by

Aév)(zl,...,zk;tl,...,tm;t;p,q)

— AD(Zl,.-.,Zk;t1,~--,tm;p,Q) Fl;,q(t) H vaq(tzz;tz;t)'
1<i<j<k

Apart from possible balancing conditions, or restrictions to certain subsets of the complex

plane, it will be assumed throughout this paper that parameters such as t1,...,t,,p,q,t are
in generic position.
We say that a function f : (C*)¥ — C is BCj-symmetric if f(x1,...,z)) is invariant under

the natural action of the hyperoctahedral group &y x (Z/27)*, so that f(z1,...,) is invariant
under permutation of the variables and upon replacing any of the variables by its reciprocal.
For f a BCg-symmetric meromorphic function and ¢,¢1,...,ts € C* such that [¢| < 1, we define
the Selberg average of f as

1 dz
(2.6) <f>t17 Atpa T Sty .. teitipyq /f =zt toi i, q)?,

where Si(t1,...,ts;t;p, q) denotes the A elliptic Selberg integral (1.5 and where it is assumed
that t?*72¢;-.-t5 = pq. The contour of the integral on the right has the form C*, where
C = O~ is a positively oriented smooth Jordan curve around 0 such that

trpNog (1< r<6), tplogoC,

as well as any sequence of poles of f tending to zero, excluding those cancelled by the univariate
part of the Dixon density, all lie in the interior of C. If f is analytic on (C*)* and |t1], ..., |ts| <
1, we may take C' = T. While for a general function f it may not be possible to choose such a
contour, in what follows we will only consider functions f which have poles of the given form.

3. ELLIPTIC INTERPOLATION FUNCTIONS AND THE INTERPOLATION KERNEL

The purpose of this section is to introduce the BCy-symmetric elliptic interpolation functions
and the closely related interpolation kernel. The interpolation functions will play the role of
Jack polynomials in our elliptic analogues of the A,, AFLT, Kadell and Hua—Kadell integrals.
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The interpolation kernel is a crucial ingredient in our proof of the various elliptic A,, Selberg
integrals, allowing us to establish a recursion in the rank n.

3.1. Elliptic interpolation functions. Below we give a brief review of the elliptic interpo-
lation functions. The reader may consult [15, 57, 59, 60, [61), 64] for more complete accounts.

For p € 2% v = (z1,...,21) € (C*)* and a,b,t € C*, the BCp-symmetric elliptic interpo-
lation function is denoted by

Ry, (z;a,b;t;p,q),
and consists of a g-elliptic factor and p-elliptic factor:
Ry (z;a,b:t:p,q) = R ) (210, 0:p, 1 q) R o) (w5 0, b3, 85 p).

As usual in symmetric function theory, R(x;a,b;q,t;p) = 1. We also adopt the convention
that R}, (z;a,b;t;p,q) = 0 if p is a bipartition such that p ¢ P2, ie., if the length of at least
one of M, 12 exceeds k.

The fundamental property of the elliptic interpolation functions is the vanishing

Ry (a{A) kstip,qs @, b3 150, q) = 0

for all A € &2 such that p € A. The BCy-symmetric interpolation function R} (7;a,b;q,t;p)
generalises Okounkov’s BCg-symmetric interpolation Macdonald polynomial Pj(z; ¢, , 5), which
satisfies a similar vanishing property and contains the ordinary Macdonald polynomial P, (z;¢q,t)
as its top-homogeneous degree component; see [54] [56] for details. The interpolation functions
completely factorise under principal specialisation:

RY (0(0) ktip.g @ bty p, q) = A (7 a/b|t" av, afvit; p, q).

If the parameters satisfy t*ab = pqg then the interpolation functions are said to be of Cauchy
type and once again factorise:

(3.1) R, (7;a,b;t;p,q) = Ag(tk_la/bﬁk_laxf, e ,tk_laxf;t;p, q).
The elliptic binomial coefficients, which we write using (2.4al) as

R O S Wy
B/ (ap)itipg 'u(l) [a,b];p,t;q “(2) [a,b];qi;p’

are defined as normalised connection coefficients between the elliptic BCy interpolation func-
tions:

(3.2) Ry (x5a,bit5p,q)

A A (tF=La/blthlad'; t: p,
:Z< > (]>\( k—1 // ‘ k—1,,/ P q) RZ($7a/7bat7paQ)
n K [tk—la/b,a/a’];t;p,q Au(t a /b|t aa’; t; p, Q)

They may also be defined as appropriately normalised special values of the elliptic interpolation
functions. It may be shown that this definition is independent of the choice of k and that

<2>[a Hitipa vanishes unless  C A. Moreover, for b = ¢ there is additional vanishing and

A
(3.3) < > =0 unless p < A.
H 7 (at)itipg
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For notational purposes it is convenient to extending the definition of the elliptic binomials to

A Ag\(a|vl,...,vk;t;p, q) /A
(3.4) = X0(alb s :
F/ [ab) (01,00 )itip,a N(a/ 015+ oki 6P, ) \pe [a,b);it;p,q
By (2.3)),
A AS (alwit;p,q) /A
(3.5) = Ot )
B/ [a,b](v1,....08 w,pqa /bw)itip,g /\(a] w; ;P q) \p [a,0)(v1,...,vk)5t;D,q

The reader is warned that the elliptic binomial coefficients for u = 0 or g = X do not simplify
to 1, and for our normalisation here one may show that

A A Cx (a;t;p,
(3.6) < > = AR (alb; t;p,q) and < > = M.
0 [a,0];t;p,q A [a,b];t;p,q C)\ (a/b; t;p, Q)

In general, however, they are not expressible as products of elliptic symbols. For b = 1 they
trivialise to

A
(37) < > = 5)\u7
K/ la] (o1, 0n)stipg

as follows immediately from the definition (3.2]). The elliptic binomial coefficients satisfy an
analogue of the elliptic Jackson sum as follows [57, Theorem 4.1] (see also [15, Equation (3.7)]):

A A
(3.5) ZAz<a/brd,e;t;p,q>< > <“> =< > |
w F 7 apltipg \Y/ [a/bc/blitipg Y7/ [a.c](bd,be)itip.g

where bede = apq.
Using (3.4), the connection coefficient formula may be written more succinctly as

* )‘ *
(3.9) Ry(z;a,bit;p,q) = Y <“> Ry (3, bit;p, q).
o [t*=ta/ba/a’)(tk = aa’);t;p,q
Choosing a’ = pq/ t*b and using ([3.1]) implies that

(3.10) RX(z;a,b;t;p,q)
= <>‘
o \m

The elliptic binomial coefficients may be used to define suitable skew analogues of the inter-
polation functions, and for arbitrary A, v € 22 and k a nonnegative integer,

(3.11) R}, ([v1, .-, varl; a, b8 p, q)

A
=Y A (pq/b|pq/bvr, . .., pq/buakit;p, q) <u>
o

> AY (pg/th?| gzt /th, ..., pawi [thit;p, q).
[th—1a/b,tkab/pq](pga/th);t;p,q

)
[a/b.ab/palit:p.g \¥'/ [pa/b2 pqV/ablit:p.q
where a,b,t,v1,...,v9, € C* and V := vy - - - vo,. Obviously, we have vanishing unless v C A. It

follows from the definition that the skew interpolation functions are Gop-symmetric functions,
rather than BCg-symmetric. As explained in more detail in [3, 60], the use of the brackets
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around the wvy,...,v9; is a reflection of the close connection with plethystic notation, see for
example, [3, Equation (6.7)]. Taking v = 0 in (3.11]) and using (3.6)) it follows that

R;/O([Ula e 7U2k]; a, b7tap7 q)

is symmetric in v, ..., v, a/V.
The definition of the skew interpolation functions combined with the elliptic Jackson sum-
mation (3.8) implies the branching rule

(312) R;/u([vlv"'7v2k7w17w2];a7b;t;paq>
->(;
m M

Taking wijwg = 1 and using (3.7)), this shows that
(313) R;/“([’Ul, s ,’ng]; a, ba tvp’ q)|”2k711}2k=1 = R;/“([Ub ce 7U2k’—2]; a, bv t7p7 q)

> Ry, ([v1, - vak]s a/wiws, bt p, q).
[a/bywiwz](a/w1,a/w2);it;p,q

By symmetry this extends to any pair of variables whose product is 1. Similarly, from (3.8))
with ¢ =1 (so that A%(a/b\d, e;t,p,q) = 1) and (3.7)), it follows that

(3.14) Ri/“([ lia,b;t;p,q) = Oap-
By with k& = 0 this generalises to

)

B/ fafbvrs)(a/vr.afv)tpa

Let vo;_qv9; = ¢ for all 1 < i < k. Then, by , , and induction on k, it

follows that R;/”([Ul, ..., Uak]; @, by t; p, q) vanishes unless there exist k(1) ... k() € 22 such

Ry ([v1,v2ia, b5t p,q) = <

that g < k(M) < ... < k¥ < X In particular, for u = 0 we have vanishing if A & ,@g
A further consequence of (3.7)) is that for ab = pq

" A
RA/IL([UIM"71)2k];a7b;t;p7Q) :A())\(a/b]a/vl,...,a/vgk;t;p,q)< > )
F 7 /b, Vit

so that in particular for ab = pq,
(3.15) Ry o([v1, - vak]sa, b5 85 p,q) = AS (a/bla/vi, ... a/vow, Vit;p,q).

Specialising (v, ..., vok; V) to (xl,azl_l, e ,xk,xgl;O) in (3.11)), using (3.6), and then com-
paring the resulting equation with (3.10) yields the nonvanishing case (i.e., A € 2%) of

Ry o ([P0, . 4122451 2, 41 20s 45 p, q)
= AR ta/blt* t;p, ) Ry (21, - -, ks 0, b 8 p, ).
The above identity shows that, up to simple factor, the non-skew elliptic interpolation functions
are special instances of the skew interpolation functions.
For our purposes it will be convenient to define the hybrid interpolation function
(3.16) R (21, ., Tk; 015 .-, V2050, 0585, q)
+ + _
R;/O([tl/%l - ,tl/ka 200t Py ] tR Y 20, 612t p, q)
AY (th=La /bty - - - vgps t5 p, q)
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for arbitrary u € 92, so that

Ry (1, op—50,b565p,q) = Ry (21, ..., w530, b5 p, q).

By (3.13),
R:L(xlv sy T3V, -0, V25 Ay ba i, q)|1)2g_1v2g=1/t = RZ("Eh sy T3y U1, -0 -, V20254, bvtapa q)7
and, from the definition,

* . . . .
Ru(l’l, ey TRy UL, ..., Vg @, b, t;pv q)‘(U2£,1,U24):(mk+1:m;i1)

= Ry (71, . Tpq1;01, -+ -, V225 0/t b5 5 p, q).
Also, from it follows that for t*ab = pq the following generalisation of holds:
(3.17) Ry (21, .., 2501, ... V2050, b5 85 p, q)
= Az(tk_la/b‘tk_lax{c, e ,tk_lamf,tk_la/vl, Lt a et p, q).

Finally, by (3.12)),
(3.18)  Rx(@1,...,xk;v1,v2;at,b;t;p, q)

A
:Z< > Ry (@1, ..., wp;a/vive, b t5p, q).
I H [tka/btviva](tka/v1,tka/va,pga/tbviva)it;p,q

Recall our convention that parameters are assumed to be in generic position. Then both

R} (z1,...,7550,05tp,q) and R}, (21, ..., 2% v1,02; @, b;t; p, q) have sequences of poles in the
complex x;-plane converging to zero at

(3.19a) bl gt b gNop~t,

for 1 <j< l(,u(l)), 1</4K ugl), and at

(3.19Db) plglmipNotlgl i —=1pNo =t

for 1 < j <I(p®),1<< ,uz(g). By symmetry, it has diverging sequences of poles in the
complex x;-plane at the reciprocals of the above points.

3.2. The elliptic interpolation kernel. We now turn our attention to the elliptic interpo-
lation kernel, which was introduced by the second author in [6I]. The interpolation kernel
generalises the elliptic interpolation functions and has many remarkable properties, making it
a powerful tool for proving results for elliptic hypergeometric functions. For more details the
interested reader should consult [45] [61], and for applications of the elliptic interpolation kernel
to elliptic hypergeometric integrals and dualities, see e.g., [10, 1T}, 14} B3] 55 61].

All the integrals described in this section are of the form [ f (z)df, where z := (z1,..., 2k),

% = dﬁ e % and f(z) is BCg-symmetric. Moreover, the contour of integration is assumed

to always have the product structure C* = C' x C x --- x C, where C = C~! is a positively
oriented smooth Jordan curve around 0 such that a given set of points I lies in the interior
of C. For each of the integrals below we will explicitly describe this set.

For z,y € (C*)* and ¢,t € C*, the elliptic interpolation kernel KC.(z; y; t; p, ¢) may be defined
recursively by fixing one of the initial conditions

+ +
Lpglczyyr)

Re(=i=stip) =1 o Keloipistipa) = —p =550
p,a\™
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and imposing the branching rule
k+1 + +
I1iZ1 Dpglea; yiiq)

= Tk + =+
prql(t)rp,q(&) H1<i<j<k+1 Lpq(ta; o )

dz
+ + +
x /’Cctl/Z(Zlev Uk ) (5t R pay et g)

where z := (21,...,2;) and I¢ is the union of the sets
t—leO“rquO-f—lC’ tl/Qx;tpNoqNo (1 < Z < ]f—‘- 1)7

thl/Zy;cpNoqNo 1<i<k), Cflt71/2yki+1pNo+1qNo+1.

(3.20) Ke(1, .. Thg13Y1, - - Ykt 1: 650, Q)

The condition that ¢t~1pNo+1gNo+1( lies in the interior of C' (which can be dropped if k& = 1)
requires that |pg/t| < 1. However, by the symmetry [58, Proposition 3.5]

Ke(z;yipa/tip, @) = Tot (OK(zsyitip, ) [[ Toaltafal tufyy),
1<i<j<k

the interpolation kernel may be meromorphically extended to ¢t € C*. Additional symmetries
of the interpolation kernel, beyond the BCg-symmetry in both x and y, are

Ke(ziyitip,q) = Ke(ys 2:1t:p,q) = Ke(@3 4354, p) = K—o(—23 93t p, ).
Replacing (¢, x) — (—c¢, —z) in and using K.(x;y;t;p,q) = K_o(—x;y;t;p, q), it follows
that the branching rule, and hence the interpolation kernel, is independent of the choice of
branch of ¢1/2. It should also be remarked that the symmetry in y is not at all evident from
the definition and is a consequence of the same symmetry for the formal interpolation kernel
of [61], Section 2.

By specialising one of x,y to a{X)k.1.pq/c for X € P2 the interpolation kernel reduces to an

elliptic interpolation function:

k (1)4(2) n I
: . K (e o b pe (pg/ab)? i ATy, o (ax;, b))
(321) ICC(.’L',CZ()\)k;t;p,q/C,t,p, Q) = R}\([E,G, b,t,p, q) H I‘I),q(ti,ti—lab) 7

=1

where b on the right is fixed by ¢? = tk_lab The kernel also factors if ¢ = (pq/t)'/? [61,
Proposition 2.10]:

k
(3.22) Kpasr2 @ ystip.q) = [] Toa((pa/0)2afy) = AY (w1y: (pa/):p,q),
ij—1

where we recall the definition of A(Se) (:U;y;c;p, q) given in (1.7) (which does not necessarily

assume that the alphabets x and y have the same cardinality).
The key property of the kernel from which our A,, integrals follow is [61, Theorem 2.16].

Theorem 3.1. Let k,{ be nonnegative integers such that k < £, and b,c,d,t € C*, z :=
(z1,...,20) € (C, y:= (y1,...,yx) € (C)* such that |t|,|pq/t| < 1. Then
v d
/ICC(:E; b, bt BT p @)Kz 0, ) A (23875, pa /6P AP pg)
z
= ,Ccd(l‘; Y1, Yk, bd7 bdt? ey bdtgikil; tvpu Q)

INote that this expression is independent of the choice of branch for c.
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—k 4 L + k —k +
Fp,q(tl ZCQdQ) L'pq(bex;) [y q(t" 5 bdy;")
<11 I1 11

Iy q(t1—c?) T4 (bed?a) ; T, (bc2dyF)

i=1 =1
where z := (z1,...,2,) and Io is the union of the sets
tpNO qNOC, t_le0+1 NO+1C, tf—kproqNo (bCZdQ) pN0+1qN0+l

ca:ipNOqNO (1<i<d), dyi NogNo (1 <i < k).
Specialising ¢ = (pq/t)"/? we can use (3.22)) and (T.2) to obtain the following corollary.

Corollary 3.2. Let k,{ be nonnegative integers such that k < £, and b,d,t € C*, © =
(@1, 5m0) € (C) y o= (1, u) € (C)F such that |t], |pg/t| < 1. Fiz ¢ == (pg/t)'/?.
Then

\'4 — e dZ
/ICd(Z;y;t;p, Q) A (23 47Fb, t/bd?; b p, ) AS (2325 ¢ 8 p, q) —

= K:cd(m; Yis- - Yk, bd, bt o bdtg_k_l; t;p, Q)

k _
H Lpq(t') . [T Dot kbdyzivtyz /bd)
T Dpg(t/d?) 5., Tpg(bed?aE, cth—tH1zE /b)’
where z 1= (z1,...,2) and I is as in Theoremn 3. 1| with ¢ specialised accordingly.

If we further fix £ = k, specialise y = a()p;t.p 4/d and make the substitution
(a,b,d?) v (t1, t3, " 1),
we obtain, by virtue of (3.21]), the generalised elliptic beta integral
d
(3.:23) / By (=t taitip, @) A (it to, b ta, o eafit pg) —

= Ry, (w;cty, cta; t; p, )AO (tk_1t1/t2|tk_1t1t37tk_1t1t4; t:p,q)

H( I Tpat 't Hrpqctx )
1<r<s<4

where z := (z1,...,2;), t,t1,t2,t3,t4,71,..., 2, € C* such that |t| < 1 and tF2t1tatsty = 1.
As before, ¢ := (pgq/t)'/?, and I¢ is the union of the sets

t pNoqNO (1 r < 4)’ tpN()qNOC’ Cl,:tpNoqNo (1 < r < k),

and the sets (3.194) and (3.19b) with b+ to. For g = 0 this is [12, Theorem 3.1, m = 0] due
to van der Bult, see also [60, [73].
A final result for the interpolation kernel that is needed is [61, Corollary 3.25].

Proposition 3.3. Let p € 2%, © = (x1,...,15) € (CHF and ¢, t,t1,to, t3,t4, t5 € C* such that
2], lpq/t| <1 and

AP otstats = py.
Then

* v dz
(3.24) /Kc(l‘; 5 Q)R (25, b 60, ) A (23 8, b, b, 55,9, ) ~
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5
< F(ti—ltrts) H F(Ctrxj:))
=1 2<r<s<b r=2
x> u> Ry (3t1/c, ctast, p, q),
v \V/qth=1ty ft 2] (th Lt ts th =ty ta th =1t ts )itip.g
where z := (z1,...,2x) and Io is the union of
tpNOqNOC, tileOHqNOHC’, t pNO No (2<r<bh), c:rj:pNOqI\]0 (1<i<k)

and the sets (3.19a]) and (3.19b) with b — t.

We will use this to prove the following key result.

Theorem 3.4. Let p € P2, x = (x1,...,21) € (C)* and c,t,t1,t2,t3,t4,v1,v2 € C* such
that
_ 2,k—1 _
ty =tvy and ct° ittty = pg.
Then

dz
//Cc(ﬂf;Z;t;n q) R (2501, v; thiviva, b3 60, ) AS? (23 11, b, b3, a3 8 p, q) >

ﬁ( I T et E[F(ct,wf))

i=1 1<r<s<4

AV (tFt1v1va /to|tFt1v15 85 p, )
AY (thtyvyvp /ta| PRt v1; 5 p, q)

RZ(:L’; cv1, V2 /c; cttyv vy, cta; tp, q),

where z := (z1,...,2,) and Ic is as in Proposition with t5 — t1.

Proof of Theorem[3.4 In the following we write I'(z) instead of T'p4(x), Kc(x;2) instead of
Ke(z; 25t p, q), and so on.

Setting t5 = t; in (3.24)), which implies the balancing condition ¢?t* =1t totsty = pq, gives

d
/ICC(:L';Z)R (Z tl,tz)A( )(Z tl,tg,t3,t4) ZZ

zlj< I e ‘et Hr(ctrxj:)>

1<r<s<4
X AD (M ftoth My ta, M M atg) Y <“> R (x;t1/c, cta)
v v [tk ltl/tQ 62](tk 1t2)
k
H( I Tt HF(ctr:L‘fc)>
=1 1<r<s<4 r=1

< AL (1 [totF M tg, M M) R (2 et et),

where the second equality follows from the connection coefficient formula (3.9)). Multiplying
both sides by

)

H [tktlvlvg/tg,tvlvg] (tktl’ul ,tktl’vg,pqtl/ttg)
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where A € 222, and then summing over p, yields

d
//C x; Z)R)\(Z Ul,vg,ttlvlvg,tg)A( )(Z tl,tg,t3,t4) c
z
k 4
H ( H Dt t,t,) HF(ctmf))Ag(tktlvlm/tz|tkt1t3v1v27tkt1t4v1v2)
= 1<r<s<4 r=1

X E < > R}, (z;ct1, cta).
. \F/ [kt ogvs /to oy va) (tRt 01 tRt va pat [tta,pa/tats,pa/tats)

Here the sum over p on the left has been carried out by (3.18)) with (a,b) — (t1v1v2,t2). We
now also assume that ¢4 = tv;. Then the sum on the right may be simplified by (3.5) with
w — tktlvl to

A (tFt1v1ve /to|tFtv1) Z<>\

AOA (tktlvlvg/tg ‘tk+1t11)%1)2)

*
> Ry, (w5 cty, cta)
n [tktl V12 /tQ ,tug 'UQ] (tkCQtl’Ul ,tktlvg ,Pqt1 /ttQ)

AY (tktlvlvg/tgltktlvl)
A *
= Ry (x;tcvy, vy /c; cttivive, ct
A (tFt1v1ve/ta |t 1t v}vs) A(@itevs, va/c; ettrvrvs, ctz),

where the second equality follows from another application of (3.18)), now with
(a,b,v1,v2) = (ctivive, cta, cvr, v2/c).

As a result,

d
/IC (l’ Z)R)\(Z Ul,UQ,ttlvlvg,tQ)A( )(Z tl,tg,tg,t4) Zz

_ H ( ctvai) H D(t e, t) HF(titrvl,ctrxf)>

1<r<s<3
X Ag(tktlvlvg/tg‘t tlvl, tktltgvlvg)Ri(l‘; CU1, UQ/C; Cttl’Ul’Ug, Ctg).

Replacing A by p and applying the reflection equation ([2.3|) completes the proof. O

4. PROOF AND GENERALISATIONS OF THEOREM [L.1]

The goal of this section is to prove the A, elliptic Selberg integral of Theorem As
mentioned in the introduction, we will in fact prove an AFLT-type generalisation of the theorem
in which the integrand is multiplied by a pair of (skew) elliptic interpolation functions.

4.1. An A, elliptic AFLT integral. Before stating our main theorem we discuss the original
AFLT integral of Alba, Fateev, Litvinov and Tarnopolsky [2] and some of its special cases due
to Kadell [37] and Hua and Kadell [32] 36]. For convenience these results will be expressed in

terms of Selberg-type averages, and for f € Clxy,...,z;]% =: Ay, we define
k
k 1 _ _
N PN ) / frome) [Tof7 =2 JT Jei = dan - day,
RO 577 01]F i=1 1<i<j<k

where Si(«, 5;7) is the Selberg integral ([1.1)).
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For v € C*, let P;\IM) (x1,...,zk) be the Jack polynomial indexed by the partition A, see [40,
77]. Also define the normalised Jack polynomial

. ) = P)(\l/’Y)(a:l,...,xk)
DT R gy

PO

Then Kadell’s generalised Selberg integral is [37]

(1/7) B (Oé + (k - i)’V)Ai
(4.1) <P > By 1_11 (a+ B+ 2k —i—1)y),’

where (a),, :=a(a+1)---(a+mn—1) is the ordinary shifted factorial. In the case 5 = v, Kadell
further generalised this to a product of two Jack polynomials as [306]

(42) <P)(\1/’Y) l/’Y oc'y'y — H Oé—l- Qk i 3)7))‘ i+ )
Pyt (a@+ 2k —i— 7+ 1)y)nru

Since in the Schur case, v = 1, this integral was previously discovered by Hua [32], this last

result is commonly referred to as the Hua—Kadell integral.

To describe the AFLT integral, which unifies and , we need some basic plethystic
notation, see e.g., [3, BI, 44]. Let A be the ring of symmetric functions in infinitely (but
countably) many variables over C. Then the power sum symmetric functions are defined as
po := 1 and

pT:x71"+$72“+ )
for r > 1. Since A = (C[pl,pg, ...}, any f € A admits an expansion of the form f = )", capa,
where py = py,Px, - - - - Then for any ¢ € C and any alphabet z (infinite or finite), the expression
flz + &] is defined as

(4.3) fle+€: ZCAH pa,(

Clearly, if x = (x1,...,xx) then flz+¢] € Ak. Moreover, f[z] = f(x) and (4.3)) unambiguously
defines

flk] = f(1,...,1).
——
k times
Indeed, setting x = — (the empty alphabet) and £ = k for k € Ny gives the same result as

setting x = (1,...,1) (k ones) and § = 0.
For x = (z1,...,2%), let P\[z + & = Pylx + &]/Pylk + £]. Then the AFLT integral [2|
Appendix A] may be stated as

(P 2] P g 4 By — 1))

ﬁ + (k= i)y, HH (@4 B+ 2k —i—j — D)),
a—i—ﬁ—i— 2k —m —1i—1)7) (a4 B+ 2k =i — 5)V)rtw

a,Byy

)

le_]l

where A € P, p € & and m is any integer such that m > (n). The Kadell and Hua—
Kadell integrals correspond to p = 0 and 8 = 7 respectively. As shown by Alba et al. [2],
the AFLT integral is important in conformal field theory, particularly in the verification of the
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AGT conjecture for SU(2), see [I]. For further work on Selberg-type integrals and the AGT
conjecture the reader is referred to [13} 23] B35 48], 49, (50}, 511, 86}, [R7].

In our previous paper [3] we gave generalisations of the AFLT integral to the elliptic level and
to (non-elliptic) A,. Our next theorem unifies these results by providing an elliptic A,, AFLT
integral. In the following we assume all the conditions of Theorem [I.1] to hold, including the
fixing of a branch of (pq/ t)l/ 2. For brevity we also suppress the dependence on p, ¢ and ¢ in most
of our functions, such as Ag(...;t;p,q), I'pq(2) and R3(...;t;p,q), the hybrid interpolation
function of .

For f : (C*)* x ... x (C*)k» — C a function which is BCy, -symmetric in the 7th set of
variables, we define the elliptic A,, Selberg average as

(Yt = 1

t1,.. 7t2n+4 SAn (tl, _

S tonta)

dzM  dz™
/f £ As (=W, it (0a/0)) gy

where SI?I" . (t1,...,tant+4) denotes the elliptic A,, Selberg integral (1.10]). In addition to the

conditions and , the contour C' = Cfl x --- x Ckn (where as before C, is a
positively oriented smooth Jordan curve around 0 such that C, = C,;-!) should be such that
any sequence of poles of f in zy) tending to zero lies in the interior of C)., excluding those
which are cancelled by the univariate part of Ag(z(");ty,...,ton44). Again, for a generic choice
of f it may not be possible to select such a contour, however this definition is sufficient for our
purposes. For n =1 we recover the ordinary elliptic Selberg average defined earlier in .

Theorem 4.1 (Elliptic A,, AFLT integral). Assume the conditions of Theorem and let
Tn ‘= t2n+1t2n+2t2n+3/t2. Then

k17"'7kn
(4.4) <R§‘(z(1);cl’”tl,clfntz)RZ(Z(");t2n+2/t,t2n+3/t;t7'mt2n+4)>t .
15--52n+4+4
2n 2n+4
= [ A% fta| bt sty T ASE e fta|tF M at,)
r=3 r=2n+1
2n+3 n 0 1k k
A (t nTn/t2n+4‘t n1‘527'—17—71)
X A (tFr g ton o altF  Moni 1t K
r:12_nI+2 M( n/ n+| " r)gAg(tknTn/t2n+4|tkn+krkr_thTlTn)

A, (577 [tanaltF 1 T (A kastipig)
A%(tk" T/ ton+altFr T 70 (N kystipg)”

where X € ‘@131 and p € 2.

For n = 1 the theorem reduces to the A; elliptic AFLT integral [3, Theorem 1.4]. In that
paper we applied the symmetry-breaking trick introduced in [58] to obtain the following AFLT
integral for Macdonald polynomials [3, Corollary 1.5]:

TG /P)\zq, <[z—|— /C_t] q,t)
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k
(a/zi,qzi/a; 2i/ %5, 2] %35 Q) 00 dz
XH [%i,q%i/a; @)oo H (zi/ /%i3q) az

b/Z'LaCZ’LaQ)oo (tzi/zjvtzj/ziQQ)oo z

i=1 1<i<j<k

= oM (t/c)M Py ( [11__15:} i q, t> P, ( [1_lbft:1] 14, t)

Xﬁ (t, actt={m=ighi qt! =1 /b qt'~1b/a; q) QOOHH

7 zl 1—3
(g, %, bet'™=1, at' =g [b; q) o Pt

tk i— j-‘rlq)\l—&-uj C_I)

actk i— ]q)\ it - q)

Here A € Py, p € & and a,b,c € C* such that |b],|c| < 1E| Thus far, we have not been
able to replicate this procedure for the full A,, elliptic AFLT integral, nor for the A, elliptic
Selberg integral of Theorem However, one can show that under the natural generalisation
of the limiting procedure of our previous paper the evaluation of either the elliptic A,, Selberg
integral or elliptic AFLT integral reduce to g-analogues of their ordinary counterparts. To be
more specific, assume that 0 < p,q < 1 and scale the parameters t1,...,ton14 by

(t2r71,t2r) — (t2r713p1/2t2r)7

for 1 <r < nand

(tan+1, tons2, tonss, tonta) — (t2n+1apfl/4t2n+2, P o s, p1/2t2n+4)-

Then the p — 0 limit of the right-hand side of exists and may be expressed as a product of
g-shifted factorials. Now let a1,...,an, 3,7 be as in the A, Selberg integral . By setting
t = q7, tontotonts = qﬁ and to,_1ton+1 = qar+~~~+an+(r—n)7 for 1 < r < n, so that by the
balancing conditions we have to,ton g = ¢t Por—man—(kr—hr—1tkntr—n=2)y ope obtains
a g-analogue of the A,, Selberg integral evaluation, up to factor induced by the g¢-reflection
formula for the ¢g-gamma function. Taking the ¢ — 1 limit of this expression then produces
the A,, Selberg integral evaluation up to a scalar. The same procedure works for , but one
additionally needs the limit of the elliptic interpolation functions [3, Equations (6.7)].
Setting g = 0 in Theorem leads to the following generalisation of the Kadell integral.

Corollary 4.2 (Elliptic A,, Kadell integral). With the same conditions as Theorem and
for XA € szl,

<R§\(z(1);01_"t1,cl_"t2)> '
t1,.-t2n+4
2n 2n+4
:HAg(tkl—ltl/t2|tk1t1/tr) H A (tF Ly Jto|th g t,).
r=3 r=2n+1

Similarly, imposing the constraint to, oto,+3 = t and using (3.13]) results in a generalisation
of the Hua—Kadell integral.

Corollary 4.3 (Elliptic A,, Hua—Kadell integral). Assume the same conditions as in Theo-
rem|1.1| with the additional constraint toniotonys =t Then, for A, pu € ‘@kl’

k1yeoskin
<RA( () 1 nt C1 ntQ)R*( (n );t2n+1,t2n+4)> '

t1,e5t2n+4a

In [l Corollary 1.5] this was inadvertently stated with ¢ = 1, which would require a small indentation of
the contour T at 1.
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2n 2n+4
= [[ A% ftalttajte) T AXE M /to| M~ at,)

r=3 r=2n+1

2n+3
x T AR g /tongalt™ taniaty)

r=2n+2

(tFn =Y on 1 tonsaltin Mor_1ton 1)
% H 2n+1/ 2n+4 2r—12n+1
AO kn 1t2n+1/t2n+4|tk nthr—kr—1=1lty,_1toni1)

A% (t*n Vo i1 [tonsa|th titon 1 (N kistipg)
AL (trnton i1 /tanraltF titoni 1 (N kystip.g)

4.2. Proof of Theorems and Let 0 < k1 <ko < < kp, ci= (pq/t)l/2 (with a
branch of ¢ fixed) and let t1,. .., to,+4 satisfy the balancing conditions (1.9)), i.e.,

tR1Hkn =2t toton s 1tonoton s 3tonta = Dq
and
tkﬁk’"‘l+k”7275271—1t2rt2n+1t2n+2t2n+3t2n+4 = pq

for 2 < r < n. The reason for restating these conditions as above, separating out the r = 1
case, is that in what follows we will introduce an integer ko which, unlike in Theorem [I.1] will
not be 0.

The task is to evaluate the integral

(4.5) SEL (b, tona)

= / (B3 (W5 et M) By, (25 taa/ 1, oy 15 70 o)

dz(M gz

X As(z(l),...,z(n);tl,...,t2n+4;c)> S R

where 7, 1= tonti1tontotonts/ t2. To this end we consider the more general problem of evaluating

ko,k1,....kn .
S (w5t1,. .., tanga)

= / (’Cd (2W;2) R, (2™ tonta/t, tanss [t tT, tanta)

§ As( WM, t2n+4§ )) e dz
Tt (z0)%) 2(1) z(n)
Here ko, k1, ..., ky are integers such that 0 < k; < -+ < ky, 1= (21,...,2k,),
(4.6) d? = Ak —ko=1y 4
and the ¢1, ..., ton+4 satisfy the modified balancing conditions

(4.7) thr=hr—1tkn=2p)  tortonsitonsotontstonid = Pq
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for all 1 <7 < n. By (3.21)) and (1.2),

k1

S _ -
(4.8) Sxp 7t tonga) = H(C2n *pq/tits)
i=1

% ngkh...,kn (lentl <A>k1 /d; ty,... 7t2n+4)7

where d on the right is given by (4.6]) with ks = 0.

(1)4(2) ; ;
AT F(tZ,C2_2ntl_1t1t2)

Proposition 4.4. With the parameters satisfying the conditions (4.6|) and (4.7)),

(4.9) Sﬁo’kl""’k” (J}; t1,... ,t2n+4)
k1
11 <Ag (507 o a5 )
i=1
2n 2n+4
X H F(c"_ldtxii/tT) H F(cn_ldtrxii)>
r=3 r=2n+1

n kr—kr_

ko
<11 11 F (7 1tg,) 11 [T tts)
r=2 =1

2n+1<r<s<2n+4 i=1
k'r'_k'rfl

X D(t'to,_1/tas 1, t oy [tas_1, t'tar_1/tas, t'tay [tas)
n
<11 D(t Mgy qts, t1 Hts)

11 AR/ttt

» H AO t Tn/t2n+4‘t "{or— 1Tn)
AO tk"Tn/t2n+4’tkn+kT T 1t2r—17—n).

It is readily checked using (4.8]) that this implies Theorems and In particular, from
[.6) and the r = 1 case of [.7), pg = t*"~1c*~2d?1,ta, 4. Combined with (2.3) this yields

k1

H A?L (tk"Tn/t2n+4 ’tkncn_ldTnx;‘t) |xi»—>01*"t1(()\>k1)i/d
i=1

_ A%(tk”Tn/t2n+4 ’tkntl’fn <)\>k1 )
A(BL (tk”Tn/t2n+4|tk”+1t17'n<)\>k1) '

Furthermore, by the same specialisation of the x;, (4.6)), (4.7) and ({2.5) with

n ki, a— R/t b EPTRRER g, = Rt

and
n ki, a— Nt b EV2dR TR, ) = Ryt
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respectively, we get
k1 2n

H H (" ldtak Jt,) s (22gh—hn )2 SR AMA®
i=1r=3
2n
x [T/t 750t /) AR (R0 =1ty 1|08 /1)
r=3
and
k1 2n+4 ko—k1+kn k1 y(1)4(2)
[T TT r(er ) o (P R0y mm
i=1r=2n+1 tth
2n+4
) I T ate, 6750 gt ) AR (£ 5171y f1o] 9~ t,).
r=2n+1

Combining these three results, setting kg = 0 and using (4.8]) implies Theorems and

Proof of Proposition[{.4 Recalling the definition of the A,, Selberg density (1.8), and assuming
that n > 2, we have

SpoRehn (it tanta)
= / (’Cd (zWs2) Ry, (21 tansa /b, tont 3/t 1T, tansa)

« Aév) (2(1); 1/t c"flt/t4)Aée) (Z(l); 2. c)
dz dz™

L) L)

X As(z(2), ORI ,t2n+4;c))

By Corollary with d as given in (4.6) and
(kv 67 b7 z,Y, Z) = (kla k27 Cniltklik2+1/t37 2(2)7 z, Zu))?
we can carry out the integration over (). In particular we note that the above substitutions
imply that
t/bd® — ¢ iRom kRt Ly sy gy — Ly,

where the last equality follows by taking the ratio of the balancing conditions (4.7)) for r = 1
and r = 2. From these same balancing conditions it also follows that

As a result,
Sl]iO,kl,...,kn (IE, tlv . ,t2n+4)
ka—k1 u
_ H T(¢, t"lc4_2nt3t4) H I‘(c"_ldtxii/t& Cn—ldtx?[/tzl)
i=1 =1
> Sﬁl,k%---vkn (x/, t37 e ,t2n+4)7
where

x = (a:l, .. .,xkl,c"fldtkrkﬁl/tg,c”fldtk“b“/tg, .. .,c"ild/tg).
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A straightforward but somewhat tedious calculation shows that the right-hand side of (4.9)
satisfies the same recursion. The proof is thus reduced to checking validity of the claim for
n = 1. This is

dz
SEORL (gt tg) = /ICd(z;:c)R (2 ta/t, ts/t; t71, 16) AL (23 83, ta, 5, t6) — :
where z = (21,...,2x,), d* := tF17F0~11t5 and t?¥17*k0=2¢, ... ¢5 = pq. But this is nothing but
Theorem [3.4] with
(’I’l,C, t17t27t37 U1, 1}2) = (k17 d) t37t67t5)t4/t7t5/t)'
Hence
SpoF (s, ... t6) H( [T T et H (dtrx;t))
i=1 “3<r<s<6
AD (R =231t 5 /te|th ~tsty)
123 *
R (2 dta/t, ts/td; distats/t, dig).
AQ (th1=2t5t 415 [te|d2t —Tt5ty) (3 dta/t b td; dttats 1, di)
Since

t51 (dtstats /t)(dte) = t*M1 7R 2 totstatsts = pq,
the interpolation function on the right is of Cauchy type and factors by (3.17). Therefore,

SkoR (211, .. tg) H( I[I T ‘et HF (dt,a )

3<r<s<6

5 k1
x [T A% 7/t th tst,) [T A, (87 1 /te [t driaf).

r=4 =1
This is exactly the right-hand side of (4.9) for n = 1. O
To conclude this section we remark that for ky = ke = --- = k,, = k the evaluation of (4.5)

does not require the heavy machinery of the elliptic interpolation kernel. As per the above
proof, for n > 2,

S)j“ (tla s )t2n+4)
/(R)\( W ey e o) Ry (2 (n);t2n+2/t,t2n+3/t§tTn,t2n+4)

X Aév) (z(l); Ty 1y, T s, c”_lt/t4)Aée) (2(1); 2(2); c)

dz(M  dzm
X AS(Z(Q), e ,Z(n);tgn ceey t2n+4; C)) W s W

If k1 = ko = k then the integral over z(!) is exactly the elliptic beta integral (3.23)) with
(tl,t2,t3,t4) = (M, e T, T s, T L),

n— Xand x; — z( ) for 1 < ¢ < k. In particular, by . thtity/tsty = 1, as required.
Therefore,
ke ks, ..k u Dt 1c* 2" ty) 2T
3Ry R3 5.0 Rn _ i
SA# (tl’ U ’t2n+4) - H ( tz Ted— 2"t1t2 H H F t tr/t )

=1 r=1s=3
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x A§ (5~ 1t1/t2‘tkt1/t37tkt1/t4)5kk‘;’ Tt te, tss s tonga),

where tsty = t*t1ts. For k = 1 and XA = 0 this is the elliptic analogue of the recursion at the
bottom of page 299 of [84]. Iterating the recursion yields

m times

T stk LB s A =LA
seeyRm4-15y..3Rn _ (A
S)wﬂ (tl? T 7t2n+4) - H <F(ti102m2ntlt2) H H F(t tr/t5)>
i=1 r=1s=3
2m
x [T At /ta] 4t /1)
r=3
kkmg1,e.kn
X SA’# 1 (t1,t2, tomy1s - - - tonyas ts P, q),
where 1 < m < n and ton,_itom = - - - = tsty = tF'tite. In particular for m = n,
k
F(tl 1 2 Qntth
SM Mt tonga) = H( T Tty HHF (t't, /ts)
i=1 r=1s=3
2n
x [T ARt /ta] 4t /1)
r=3
X SX u(t1 o, tant1s - s tantas £, Q).

This final integral is the elliptic AFLT integral of [3|, Theorem 1.4], evaluated in [3] without
the use of the interpolation kernel. Hence

SNt tanga) = H <F(t’ L2 1) HHF ', /ts)

=1 r=1s=3
2 2n+4

<[ ] TG 'tts) 11 F(t“trts)>

r=1s=2n+1 2n+1<r<s<2n+4
2n+4

2n
< [T AN/ttt /) T ANttt at,)
r=3 r=2n+1

2n+3

X H A (7, [ty at™ on g1ty
r=2n-+2

% A, (847, [tonatF 17 (A)r)
A, (tF 7, [ton g alth Tt 7 (N kst)

where
2k—2 k-2
t t1totonritontotontgtonta = 7 “tatatontitontotontstonta

== tk_2t2nf1t2nt2n+1t2n+2t2n+3t2n+4 = pq.
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