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Abstract

In 1944 Atle Selberg published a remarkable n-dimensional analogue of Euler’s beta integral which
now bears his name. The Selberg integral has come to be regarded as one of the most important
hypergeometric integrals, a reputation which is upheld by its uses in fields such as random matrix
theory, analytic number theory, conformal field theory and enumerative and algebraic combinatorics.
In their verification of the AGT conjecture for SU(2), Alba, Fateev, Litvinov and Tarnopolsky (AFLT)
discovered a new generalisation of the Selberg integral over a pair of Jack polynomials. The AFLT
integral unifies the well-known Kadell and Hua—Kadell integrals. The purpose of this thesis is to
investigate generalisations of the AFLT integral in several directions, all based on symmetric function
theory. Using new Cauchy-type identities for Macdonald polynomials we present two A, Selberg
integrals over a pair of Jack polynomials; one directly generalising the AFLT integral, and one
generalising the A, Selberg integral of Warnaar. Following Matsuo and Zhang, we then consider A,
Selberg integrals with n 4+ 1 symmetric functions in the integrand. Here our results are restricted to
the Schur case (y = 1), where we use several new integral formulas for complex Schur functions to
evaluate the A, integral first considered by Matsuo and Zhang. To conclude, we discuss other recent
developments including the elliptic AFLT integral, an AFLT integral for Macdonald polynomials, and
the related Askey—Habseiger—Kadell-type ¢g-AFLT integral.



Declaration by author

This thesis is composed of my original work, and contains no material previously published or written
by another person except where due reference has been made in the text. I have clearly stated the
contribution by others to jointly-authored works that I have included in my thesis.

I have clearly stated the contribution of others to my thesis as a whole, including statistical
assistance, survey design, data analysis, significant technical procedures, professional editorial advice,
financial support and any other original research work used or reported in my thesis. The content of
my thesis is the result of work I have carried out since the commencement of my higher degree by
research candidature and does not include a substantial part of work that has been submitted to qualify
for the award of any other degree or diploma in any university or other tertiary institution. I have
clearly stated which parts of my thesis, if any, have been submitted to qualify for another award.

I acknowledge that an electronic copy of my thesis must be lodged with the University Library and,
subject to the policy and procedures of The University of Queensland, the thesis be made available for
research and study in accordance with the Copyright Act 1968 unless a period of embargo has been
approved by the Dean of the Graduate School.

I acknowledge that copyright of all material contained in my thesis resides with the copyright
holder(s) of that material. Where appropriate I have obtained copyright permission from the copyright
holder to reproduce material in this thesis and have sought permission from co-authors for any jointly

authored works included in the thesis.



Publications included in this thesis

No publications included.

Submitted manuscripts included in this thesis

1. [ARW] Seamus P. Albion, Eric M. Rains, and S. Ole Warnaar, AFLT-type Selberg integrals,

submitted.

Other publications during candidature

No other publications.

Contributions by others to the thesis

All new results in this thesis have been obtained in collaboration with Eric M. Rains and S. Ole

Warnaar. S. Ole Warnaar also provided many comments on preliminary versions of this thesis.

Statement of parts of the thesis submitted to qualify for the award

of another degree

No works submitted towards another degree have been included in this thesis.

Research involving human or animal subjects

No animal or human subjects were involved in this research.



Acknowledgments

I am deeply thankful to Ole Warnaar for his guidance over the last few years. The many hours we have
spent discussing mathematics have proved invaluable, and are something I believe I am incredibly
lucky to have experienced. Thanks must also go to Masoud Kamgarpour for his encouraging me to
bring this project to completion, and many other pieces of advice about mathematical life.

I would like to thank Cale Rankin and Nick Bridger for comments which helped to improve the
exposition, as well as for many conversations about mathematics. Thank you also to Charles Sale,
George Browning, and Jeremy Neale, whose friendship has been incredibly important to me.

To my parents, Helen Betts and Graeme Albion, thank you for all that you have done for me.



Financial support

This research was supported by an Australian Government Research Training Program Scholarship.

Keywords

AGT conjecture, (complex) Schur functions, Jack polynomials, Macdonald polynomials, Selberg

integrals

Australian and New Zealand Standard Research Classifications
(ANZSRC)

ANZSRC code: 010101, Algebra and Number Theory, 20%

ANZSRC code: 010104, Combinatorics and Discrete Mathematics (excl. Physical Combinatorics),
40%

ANZSRC code: 010111, Real and Complex Functions (incl. Several Variables), 20%

ANZSRC code: 010505, Mathematical Aspects of Quantum and Conformal Field Theory, Quantum
Gravity and String Theory, 20%

Fields of Research (FoR) Classification

FoR code: 0101, Pure Mathematics, 80%
FoR code: 0105, Mathematical Physics, 20%



Contents

ABSIAC - - - o o o e i
Contents| vii
(I__Introduction| 1

(1.1 The Selberg integral| . . . . . ... ... ... .. ... ... . .. 1

(1.2 Jack polynomials and the AFLT mtegral| . . . . . . ... .. ... ... ... ... 3

(1.3 A, Selbergintegrals|. . . . . .. ... ... ... ... 5

(1.4 Complex Schur functions and thecasey =1 . . . ... .. ... ... ... ..., 8

M3 0ulinel. . . .« o oot e 11
2 Symmetric functions and Macdonald polynomials| 13

21 Partitions and tableauxl . . . . .. ... ... ... L L 13

[2.2 The algebra of symmetric functions|. . . . . . . . ... ... ... .. 19

[2.3 Plethysticnotation|. . . . . . . . . . .. ... 21

2.4 The Hall scalar product] . . . . . . ... ... ... . . . . 25

2.5 Schurfunctionsl . . . . . . . . . L 28

[2.6 Jack and Macdonald polynomuials|. . . . . .. ... ... ... . 0 L. 40
[3  Cauchy-type identities| 55

[3.1 Hypergeometric preliminaries|. . . . . . . .. ... ... oo 55

[3.2  Identities for skew Macdonald polynomials| . . . . ... ... ... ... ... ... 58

[3.3 A, Cauchy-type identities|. . . . . . . . . . . . .. ... 61

3.4 Proofof theTheoreml . . . . . . .. ... ... .. . .. . 65
[4 A, integrals| 69

4.1 g-Selberg integrals, Knizhnik—Zamolodchikov equations, and the Mukhin—Varchenko [
| CONJECIUTE] . . . . v v vt vt e e e e e e e e e e e e e 69

4.2 Domains of integration| . . . . . . . ... ... 71

4.3 The A, AFLT mntegrall. . . . . . . . . . . . ... ... .. . 73

4.4 A companion to the A, AFLT integral| . . . . . . ... ... ... ... ....... 77




viii CONTENTS

5 A, AFLT integrals and complex Schur functions| 81
[5.1 Complex Schur functions| . . . . . . .. ... ... L o L 82
[5.2 A generalisation of the A, AFLT mtegralfory =1/ . . . .. .. ... ... ... .. 89
D3 Arecursionl . . . . ... e e e e e 92
[5.4 A summation formula for A, basic hypergeometric series| . . . . . . . ... ... .. 96

(6  Further AFLT-type Selberg integrals| 99
[6.1 A g-analogue of the AFLT integrall . . . . .. .. ... ... ... ... ....... 99
(6.2  The elliptic AFLT integrall . . . . ... ... ... ... ... .. ... ....... 102

[6.2.1 Elliptic preliminaries| . . . . . . . .. .. ..o oL 102
[6.2.2  The elliptic beta, Selberg, and AFLT integrals| . . . . . . ... ... ... .. 103

(7 Open problems| 109
[7.1 Generalising Theorem|l.4.1{fory £ 1| . . . . . . . .. .. ... ... ........ 109
[7.2 A complex Schur function analogue of Theorem@4.4.1}. . . . . . ... ... ... .. 112
(7.3 Elliptic A, mtegrals| . . . . . . . .. .. 113

Bibliography 115



Chapter 1

Introduction

1.1 The Selberg integral

The main object of interest in this thesis is the Selberg integral and various generalisations thereof. For

k a positive integer and «, 8,y € C such that

. (1 Re(x) Re(B)
Re(a). R 0. and R —min {, , ! 111
e(a),Re(B) > an e(y) > —min AR ( )
this is the integral evaluation
k
Sk(er. Biy) = / [Te7a=f I l—4Pdn--da (1.1.2)

L i
[0’1]kl 1 I<i<j<k

_ ﬁ F(@+ (i = DY)LB + (G - DYTA +iy)

FNae+B+k+i—-—2)p)I'A+vyp)

i=1

Selberg first discovered his formula in 1941 and used it, with the substitution t; = s; /(1 + s;), to

prove a result concerning entire functions [Sel41]. However, since he believed the result was too

elementary to be new he refrained from publishing a proof. After not being able to find the formula in

the literature, an opportunity arose and Selberg eventually published a proof in a journal read primarily
by mathematics teachers [Sel44]; this is Selberg’s only paper in Norwegian.

It is clear that the Selberg integral is a k-dimensional generalisation of Euler’s beta integral. Indeed,

setting k = 1 in the former yields

/01 1 =) ldr = 1;((2)—1;(/’:)) (1.1.3)

which is precisely Euler’s formula (see [Eul38|] for Euler’s original paper). Here one requires that

Re(o), Re(B) > 0, and, since the parameter y drops out, this agrees with (I.1.1)). Selberg’s proof of
(T.1.2)) hinges on (1.1.3). Assuming that y is a positive integer one may expand

2 i i
1_[ ti — ;|7 = Z Cit i1 -+ T

1<i<j<k 0<iy,...,ix <2(k—1)y

1
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for some coefficients c¢;, ..., , and the resulting integral evaluated by iterating (1.1.3). To obtain (1.1.2)

for complex y one may use Carlson’s theorem [And86, p. 51]. For full accounts of Selberg’s proof
see, e.g., [And86] and [For10, Chapter 3]. Since the integrand of (1.1.2)) is symmetric in the variables

t1,..., 1, the domain of integration may be changed to the k-simplex
CHO 1] :={(t1......) eER¥:0 <ty <-+- <1 <1}, (1.1.4)

provided we multiply through by k!.

What is perhaps most fascinating about (I.1.2)) is its wide range of appearances in different areas
of mathematics, for which it has garnered a reputation as one of the most important hypergeometric
integrals [FWOS]. However, this reputation was not earned early on, and the Selberg integral had only
one use outside of Selberg’s original application in its first three decades (and even then only in the
casea = B =1,y = 2) [KS53].

In the fifth of his series of papers developing the statistical theory of energy levels of complex
systems, Dyson, together with Mehta, conjectured an integral evaluation which is closely related to
Selberg’s integral [MD63, Conjecture D]. For y € C such that Re(y) > —1/k, their conjecture may

be stated as

k .
1 2 L +iy)
- EDY Y t; —t; |2V dty - dty = - 77 1.1.5
(2n)k/2fe [ o=ty ---ai 111 r+y) (1)

B 1<i<j<k

This evaluation remained an open problem in random matrix theory for over ten years, and is now
known as Mehta’s integral due to his popularising of the conjecture [Meh67, Meh74]]. A proof of
was unearthed by Bombieri who, after discussions with Dyson and Selberg, was able to derive
Mehta’s integral from (I.1.2). To obtain (I.1.5) from the Selberg integral, one fixes @ = f, and then
makes the substitution #; = (1 + s;/~/2a )/2. Taking the limit @ — oo with the aid of Stirling’s
formula then yields the desired evaluation.

In 1982 Macdonald was led to conjecture a far-reaching generalisation of Mehta’s integral. Let G
be a finite reflection group generated by reflections in a set of N hyperplanes in R¥. We normalise
these hyperplanes so that their normal vectors a; := (a; 1, ..., a; k) satisfy (up to sign) (a;,a;) = 2

with respect to the standard inner product on R¥. In terms of these hyperplanes we define a polynomial
int = (ty,....40) by P(t) := [ (a;.0). If

1 vk 2
e 2 2i=11

Wdll e dtk

do(t) =

denotes the k-dimensional GauBian measure on R¥, then Macdonald conjectured that [Mac82, Conjec-

ture 5.1],

d;
/IP(t)IZV do(r) = ]_[ F(tl++ 7)/) (1.1.6)

where the d; are degrees of the fundamental invariants of G, which are positive integers depending

on the Cartan type of the underlying root system. For G = Aj_; the polynomial P (¢) reduces to the
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Vandermonde product

AW = J] @-1). (1.1.7)

1<i<j<k

and d; =i for 1 <i < k so that (I.1.6) is precisely Mehta’s integral. Macdonald stated his conjecture
for Re(y) > 0, but of course this range may be extended to include small but negative values of Re(y)
depending on the d;. In [Mac82]], Macdonald provides a uniform proof of his conjecture for y = 1
and for general y in the case that G is a dihedral group. He also communicated the result of Regev
that for type B, and D,, the integral follows from the Selberg integral. A uniform proof of (I.1.6] for
all crystallographic groups was subsequently given by Opdam based on his theory of hypergeometric
shift operators [[Opd89]. To settle the remaining non-crystallographic cases, H; and Hy, Opdam was
assisted by the computational tools of Garvan [[Gar89, Opd93|.

To round out this section we will mention some further appearances of the Selberg integral. The
evaluation of the Mehta integral is the first application of the Selberg integral to random matrix theory.
This is a connection which continues to this day, with integrals of Selberg type being crucial to the study
of random matrices; see [For10,MehO4]. Through the theory of random matrices the Selberg integral
also has a conjectural connection with the distribution of the zeros of the Riemann zeta function on the
critical line. Under the assumption of the Keating—Snaith hypothesis, the distribution of these zeroes
is the same as the distribution of eigenvalues of large random matrices, allowing for the moments of
the zeta function to be computed using the Selberg integral [KSO1]. In another direction, the Selberg
integral may be used to define multivariate analogues of the Jacobi polynomials [Aom87,Las91,Macal.
The classical (single-variable) Jacobi polynomials are themselves orthogonal on [—1, 1] with weight
function given by (1 —1)%(14¢)#. It follows from the beta integral (T.1.3)) with the change of variables
t — (1 —t)/2 that the total weight is given by

1 :2a+ﬁ+lf(a+l)F(ﬁ+1)

AN B
_1(1 N*(1 + 1) dt Tt f12) (1.1.8)

In [Stal2, Problem I.11], Stanley gives a combinatorial interpretation of the Selberg integral in terms
of sequences of permutations satisfying certain conditions. Here it is necessary to assume that ¢z, 8 and
2y are nonnegative integers. This interpretation was extended by Kim and Oh who introduced Young
books, which are enumerated by the evaluation of the Selberg integral [KO17]. Finally, generalisations
of the Selberg integral appear in solutions to the Knizhnkik—Zamolodchikov equations, a family of
partial differential equations based on Lie algebras [EFJ98,SV91| VarO3|]. Part of this connection is
explained in Section to motivate extension of the Selberg integral to the Lie algebra A,,.

1.2 Jack polynomials and the AFLT integral

We have already noted that the integrand of the Selberg integral is symmetric in the k integration
variables, and so it is natural to consider Selberg integrals where the integrand is multiplied by a
symmetric function in the k variables. Here we sometimes use the shorthand of for the
Vandermonde product and write df := d¢; ---dtg fort = (¢1,..., k).
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In [Aom&7], Aomoto provided arguably the first elementary proof of the Selberg integral by

evaluating the slightly more general integral

r k r .
A 2y ; q—l 1— ; B—1 dr = S . B: o+ (k - ])V :
[ 180 el a -t o = s b oy o= -y

[0,1]%

where r is some nonnegative integer not exceeding k. As the domain of integration is symmetric, the
extra factor may be replaced by any product of r distinct variables without changing the evaluation.

Defining the elementary symmetric functions in the variables ¢ by (see (2.2.2) below)

er(t) = Z lif .l

1<iyi<-<ir<k

the evaluation of Aomoto’s integral is thus equivalent to

k
/ e OIAOP T =)t (1.2.1)
i=1

[0,1]%
[k L a+ (k—j)y
= (I’)Sk(a’ﬂ’y)jl:[la—i_’g +Q2k—j -1y

In [Mac87, Conjecture C5] Macdonald conjectured a generalisation of the Selberg integral where

the integrand is multiplied by a Jack polynomial P;fl/ V) (t1,...,1), a particular one-parameter defor-
mation of the Schur functions (defined in (2.6.11]) and (2.5.1)) respectively). For A a partition with

length at most k£, Macdonald’s formula is

k
/ P [ [ =) T =417 dey - dig (1.2.2)
017 i=1 1<i<j<k
k . . .
BRSPS § EACRA 1 V2 R 50 WU
P T4+ Q@k—i— Dy + )T (1 +y)

k times
where «, B,y € C are such that

) 1 Re(x) +A; Re(p)
Re(e) > Az, Re(B) >0, and Re(y)>—1$rln$1]£1_l{%, — ’k—l}' (1.2.3)

The evaluation above was first proved by Kadell [Kad97]], and so is known as Kadell’s integral. When
A = (17), a single column of height r, the Jack polynomial simplifies to the elementary symmetric
function e,. Using the fact that e, (1,...,1) = (]:) and I'(z + 1) = zI'(z), the two evaluations (T.2.1)
and (1.2.2) are seen to coincide in this case. Kadell was able to extend (I.2.2)) by adding a second Jack
polynomial to the integrand, albeit with the additional restriction 8 = y [Kad93|]. For 8 = y = 1, the
Schur case, this same integral had already been evaluated by Hua [Hua63|.

In their verification of the Adlay—Gaitto—Tachikawa (AGT) conjecture [AGT10] for SU(2), Alba,
Fateev, Litvinov, and Tarnopolsky (AFLT) discovered an integral generalising the Hua—Kadell integral

to the case of unequal 8 and y. The AGT conjecture itself claims an intimate relationship between
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Liouville field theory and N = 2 supersymmetric gauge theory. One ingredient of the conjecture
is an explicit formula for the Nekrasov instanton partition function in terms of conformal blocks
in Liouville field theory. It is in verifying this expression that Alba et al. were led to consider this
particular generalised Selberg integral. For a more detailed account of exactly how the integral arises
in relation to the AGT conjecture see the introduction of [ARW]. What we refer to as the AFLT
integral [AFLT11, Appendix B] may be stated as follows.

Theorem 1.2.1 (AFLT integral). Let k be a positive integer, A, 0 € P and «, B,y € C such that the
conditions (1.2.3)) are satisfied. Then

k
f PPN+ By — 1 [[ee7 A=) T =t deydee (124)

[0.1]F i=1 1<i<j<k
k

_ P/{l/y)[k]Plil/y)[k +B8/y —1] l_[ FrB+G—-Dy)l(e+ (k—i)y +A)I'A +iy)
i=1

Ta@+B+Qk—m—i—1)y+ )T +7y)

m

T+ B+Qk—i—j—Dy+A+u)
<[111 T+ B+ Qk—i— )y + M+ 1)

b

i=1j=1

where m is an arbitrary integer such that m = [(j).

The second Jack polynomial in the integrand and both Jack polynomials in the evaluation of (1.2.4))
are expressed using plethystic notation as explained in Section[2.3] We note that for any symmetric
function f,

S ) = fIk].

k times

where plethystic notation is employed on the right. Inside the plethystic brackets the ordinary rules of
addition and multiplication still hold, so that for = y the addition in the second Jack polynomial
drops out, leaving us with the Hua—Kadell integral. Furthermore, for u = 0, the unique partition of 0,
it is an easy exercise to show that the formula is equivalent to the Kadell integral (1.2.2)). By (2.6.26)
below both P)fl/ V) [k] and P,El/ V) [k + B/y — 1] may be evaluated in closed form, so that the expression
on the right is fully factorised.

In [And91]], Anderson gave a short inductive proof of the Selberg integral. Theorem [I.2.]is
proved in [[AFLT11] by generalising the Anderson-style recursive proof of Kadell’s integral given
in [WarO8b]]. Key input in both these proofs is the Okounkov—Olshanski integral formula for Jack
polynomials [Oko98,0097]. Later on we will present a proof of a higher-rank generalisation of the
AFLT integral based on summation formulas for Macdonald polynomials. In particular this provides

an alternative to the proof of AFLT which avoids the use of the Okounkov—Olshanski formula.

1.3 A, Selberg integrals

We have already seen that it is natural to associate the Selberg integral with the reflection group

of type Ax—1, where k is the number of integration variables. We will, however, take a different
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point of view, and instead associate the ordinary Selberg integral (I.1.2) to the Lie algebra A; (or
s,(C)) of 2 x 2 traceless matrices. This association comes about via the close relationship between
solutions to Knizhnik—Zamolodchikov (KZ) equations, which are a system of partial differential
equations based on Lie algebras, and hypergeometric integralsﬂ This relationship led Mukhin and
Varchenko [MV0O, Conjecture 1] (also stated as Conjecture i.1.T|below) to conjecture the existence
of Selberg-type integrals for each simple Lie algebra g. In 2009, Warnaar verified the Mukhin—
Varchenko conjecture for g = A, [War09]], extending the A, Selberg integral due to Tarasov and
Varchenko [[TVO03].

For k, £ nonnegative integers and t = (t1,...,%), s = (s1,...,S¢) we define the Vandermonde-
type product

k¢
Aws):=T][]w-s)
i=1j=1

Let n be a positive integer, kq, ..., k, nonnegative integers such that 0 < k; < --- < k,, and
let tD, ... 1™ be sets of variables (or alphabets) such that t) has cardinality k,. Further let
a1,...,0,, B,y € C be such that

Re(B) >0, |Re(y)| < ki Re(B + (k, — 1)y) > 0, (1.3.1a)

n

Re(ar-i-----l—as—i—(r—s-l—i—l)y) forl<r<s<nandl <i <k, —k,_, (1.3.1b)

where kg := OEI The A, Selberg integral may thus be stated as

n
l—[l—[ (,) ar— 1 ti(r))ﬂr—l 1_[|A(t(’))\2y (1.3.2)
r=1

K1 okn r=1i=1
V4

-1
X li_[|A(l(r), l»(r+1))|_y dt(l) .. dt(n)

r=1

CBr+ (@ —kry1 — Dy)T(y)
a H H T(y)
—kr—1

1—[ 1—[ Mo +--4+as+r—s+i—1)y)
F(O(r+---+04s+,35+(ks—ks+1+I’—S+i—2))/)’

r=1i=1

1<r<s<n

where kg = k41 := 0,

Bi=-=pp1:=1, Bp:=p (1.3.3)

and Cf k10, 1] is a somewhat complicated real domain of integration described in Section

In the conclusion to their paper [AFLT11], Alba et al. remark that the generalisation of their
construction requires a generalisation of the A, Selberg integral (I.3.2) with two Jack polynomials
included in the integrand. For A, such an AFLT-type integral was considered by Fateev and Litvinov

in [FL]], where they again used a recursion based on the Okounkov—Olshanski integral to obtain a

IThis relationship is described in detail in Section
2The condition Re(y) < 1/k, may be dropped when n = 1.
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closed-form evaluation. They also claim a more general A, AFLT integral, but the evaluation of this
integral is only implicit and, unfortunately, the stated recursion relation that needs to be solved to
obtain the evaluation is incorrect for n = 3 (see also below).

Our first main result is an explicit evaluation of the A,, AFLT integral. To compactly state this
formula we introduce the notion of the Selberg average of a polynomial @ (¢, ..., ™), symmetric

in each of the alphabets ). We denote the A,, Selberg integral augmented with the polynomial @ by

L o (Osan,. .. an, Bry) (1.3.4)
1s--5Kkn
= / (9 (1) . t(”) l_[ 1_[ (r) @r— 1 l.i(r))ﬂ’_l
C)//il ..... kn[O,l] r=1i=1
n—1

XH‘A (r) 2V H‘A t ) Z(H_l))‘ Var .. dl(n),

r=1 r=1

.....

kl ..... kn IkAlrt-..,kn ((9 al’ an’ ﬁ y)
(9) By = A ()
Hloeen @BV Ikln,...,kn(l o1, ... Oty IB )/)

For n a nonnegative integer let (a), := I'(a + n)/T'(a) = a(a + 1)---(a + n — 1) denote the
Pochhammer symbol, and let §, , be the usual Kronecker delta. Then the A, analogue of the
AFLT integral is given by the following identity for the Selberg average of the product of two Jack

polynomials.

Theorem 1.3.1 (A, AFLT integral). For n a positive integer, let ky, ..., k, be integers such that
0<ky<---<ky Thenforay,...,a,, B,y € C such that (1.3.1)) holds and A, u € P, we have

1
<PA(1/Y)[I(1)]P/£1/Y)[ZM)+’B/y_1]>al o (1.3.6)
= PP Tk + By — 1]

XHH (1 + -+ a4+ (ky —r —i 4+ Dy,
(a1 4+ +oar+ By + (k1 + kr —kpp1 —1r —mrpn —)Y)a,

Xl_[l_[ (r +-+op+B+(kn+r—n—j—1y),
(r+ - +an+B+ ke —kpor+hkn+r—n—4L81—j—1)y),

r=1j=1

m

xﬁn (a1+---+an+,3+(k1+kn—n—i—j))’)l;+w
@1+ +an+B+ ki thkn—n—i—j+Dy)u

i=1j=1
In the expression on the right, £ and m are arbitrary integers such that £ = [(A), m = [l(u),

ko = kn+1 := 0 and the B, are as in (1.3.3).

A number of remarks about the theorem are in order. Firstly, for » = 1 the identity is equivalent to
the AFLT integral after multiplying by the evaluation of the ordinary Selberg integral (1.1.2).
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Implicit in this reduction is that the domain of integration reduces to the k-simplex C;“ [0, 1]. The
slightly larger range for the parameters « and y can then be inferred from the product of gamma func-
tions in the evaluation. For the explicit evaluation of the A,, AFLT integral without the normalisation by
the A, Selberg integral, see (4.3.2). Our proof of Theorem [1.3.1|is based on summation formulas for
Macdonald polynomials following techniques developed by Warnaar in [War(05,[War0O8a, War09,[War10]]
(see also [Mac95, p. 373-376]). The advantage of our approach is that it immediately leads to a second
A, integral with two Jack polynomials generalising Warnaar’s A, Selberg integral [Warl0O, Theo-
rem 3.1].
One important property of the A, Selberg integral (1.3.2)) is the rank-reduction:
It o (an,.. o Biy) = L7 (Liog, ..o, Biy), (1.3.7)

..........

so that up to a shift in indices the two expressions are the same. The A,, AFLT integral above does not

posses this property. Indeed, if we set k; = 0 in (1.3.6) we obtain

0,k>,..., kn
pAM,M] pa/M[o 1 >
< A [ ] » [ +ﬂ/y ]051 ~~~~~ an,By
ka,..., kn
(Pﬁl/y)[t(n) + By — 1]> ’ if L =0,

= 2,085y

0 otherwise,

where we may take either side of (I.3.6). In either case, the right-hand side is not equal to the full
A,—1 AFLT integral. The next section contains an integral, generalising the A, AFLT integral for

y = 1, which does possess the desired reduction property.

1.4 Complex Schur functions and the case y = 1

In their work on the AGT conjecture for WA,,, Matsuo and Zhang [ZM] were led to consider a
generalisation of the A, AFLT integral with n + 1 Jack polynomials in the integrand. In the appendix
to their paper, the authors state a formula for such an average [ZM, Appendix C], but note that it fails
some consistency checks. They were however able to conjecture a formula for y = 1, in which case
the Jack polynomials in the integrand reduce to Schur functions [ZM, Cojecture 1]. Unfortunately, as
stated in their paper, this conjecture appears to be incorrect. We have managed to prove a corrected
Matsuo—Zhang-type AFLT integral which contains a product of n + 1 Schur functions in the integrand,
which we now describe.

Since for reasons of convergence the A,, Selberg integral requires Re(y) < 1, we must appropriately
deform the real domain of integration to an appropriate complex domain. To this end, for 1 < r < n,
let C, denote a positively oriented simple closed curve that passes through the origin, contains (0, 1] in
its interior, and has nonzero slope near the origin. We also require that the interior of C, is contained

in the interior of C,_; for 2 < r < n. Then a family of such contours may be visualised as



1.4. COMPLEX SCHUR FUNCTIONS AND THE CASEy =1 9

Ckuekn .= Ck s ox CRn . where CF=Cpx---xC, . (1.4.1)

k, times

For y = 1 we now redefine the A, Selberg average as follows. In the complex tl.(r) -plane fix the

usual principal branch of the complex logarithm, with cut along the negative real axis and argument in

(—m, ). Thenfor0 < k; <--- < kj,and ay,...,a,, B € C such that
Re(a, + -4+ oay) >s—r forl<r<s<n (1.4.2)
we define R
(0)/61,-- Kn Ikln,...,k (O: a1, s P)
A eesl B I;:xln kn(l;al’ 0, B)

.....

n k,
-1 Br—1
- o / o, N TTTTE) " ¢ 1)

r=1i=1
n—1
[1A (D) ar O,

1

n
X l_[ Az(t(r))
r=1

The integral should be understood in the sense of improper integrals since the integrand is not defined

at tl.(r) = 0, which lies on C,. Due to the change in contour, the normalisation is now given by (see

Section[5.2)
L Loy, .. . B)
(@ T !
= - i
i‘l:[l(( ) EF(}C,_,_I—,B,—I—Z—Z'))
kr_kr—l

" l—[ 1—[ Moy +--4+as+r—s+i—1)
F(ar+"‘+as+,8s+ks_ks+l+r_S+i_2)’

I<sr<s<n i=1

r

where kg = k41 := 0.
Let £©© := 0. Then our next main result is a closed form evaluation of
kiyekn

<( 1_[ Sk(r)[t(r) _ t(r_l)])S)L(nJrl)[t(n) + 8- 1]> ’ (1.4.3)

r=1 A1y, B
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generalising the y = 1 case of (I.3.6). The most concise way to state this is by using the duality

233
S(A(n+l))/[t(n) + B — 1] = (—I)M(H—i_l)lsﬂnﬂ)[l —B— t(n)],

and to instead give the evaluation of
n+l ke, kn
<HSA() (1) — 10~ 1)]> ,
QL 5.50n aﬂ

where 1D =1 — ,BE ?| Before stating this evaluation we introduce the following shorthand notation.
Forl <r<n+41let
Ay =+ +a, +k, —k,—1+r (1.4.4a)

and A, := A, — A, sothat A, ; = —A; . In particular,
Ars =0+ -+ o1+ kr—kroy —ks+ ks +7—35 (1.4.4b)
forl<r<s<n+1.

Theorem 1.4.1. For n a positive integer, let 0 < k1 < --- < k,, be integers, ay, . ..,oy,, B € C such
that holds, and AV, ... A0*D € P Lett©® := 0 and t "V := 1 — B. Then

n+1 k.., kn
<l_[s,1<> [1) =2t 1>]> (1.4.5)

at,.. 7an:B

n+1 /\l(r)—kﬁr)—i-j—i ntl b (A — kg 1—|—ks—l.+1)k(_r)

:1_[ 1_[ 1_[1_[ (Ars‘l‘g _l+1))t(')

r=11<i<j<d, rs=1i=1

j—i
el e? A’(r) A§S)+Ar’s+j _l

< L =775

l1sr<s<n+1li=1j =1

where kg == 0 and k,+1 := 1 — B, and where £, (1 < r < n + 1) is an arbitrary nonnegative integer
such that £, = [(A®).

The reader is warned that in order to obtain the above compact form for the right-hand side we
have used a different convention for k, than in the previous two theorems. We also remark that
(T.4.5)) displays a significant amount of nontrivial cancellation. For s = r the second triple product on
the right becomes

ntl b (ky —kp—y —i + 1)150
r—i+ I)AI(_r)

Since £, = [(A("), this shows that the right-hand side vanishes unless I(AM)Y) < k, — ky—; for all
1 < r < n. The integrand, however, only vanishes for /(A(") < k; — ko = k. Finally we note that
(L.4.5) has the desired rank-reduction property. If we denote either side of (1.4.5)) by

r=1i=1

Kiseers k
Ly o (@1, o, B),

3For the evaluation of the average (T.4.3) see equation (7.1.1) below.
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then it is readily verified that

0.k20k Ko,k
156 dan @ 0a, o, B) = L5500 (02, o, B).

The evaluation of the Selberg integral (I.1.2) for y = 1 is particularly simple, see e.g., [LT03,Ros20].
In contrast to these simple proofs, our proof of Theorem [I.4.1]is comparatively complicated. The
key insight is that the first Schur function s, [t"] may be replaced by a complex Schur function
S&D (M z), which are indexed by sequences of complex numbers z rather than partitions. Using
several novel integral formulas for such functions the Matsuo—Zhang-type AFLT integral may be

evaluated recursively; see Theorem [5.2.1]

1.5 Outline

The outline for the rest of this thesis is as follows. As our approach to generalised Selberg integrals is
based on symmetric function theory, Chapter [2]is devoted to an (almost) self-contained account of
the theory. In particular we develop the theory of the Schur functions as an important basis for the
algebra of symmetric functions. We then introduce the Macdonald polynomials, a ¢, #-deformation of
the Schur functions, and prove many of their important properties such as the evaluation symmetry
and specialisation formula.

Chapter [3| begins with some necessary preliminaries on hypergeometric notation. The bulk of
the chapter is devoted to the statement and proof of a closely related pair of Cauchy-type identities
associated to A,. Along the way we prove two important identities for skew Macdonald polynomials.

In Chapter ] we initially describe the connection between A, Selberg integrals and solutions to
the Knizhnik—Zamolodchikov equations. This motivates the existence of A, Selberg integrals. In the
rest of the chapter we prove two closely related A,, Selberg integrals with two Jack polynomials in the
integrand. The first is the A, AFLT integral of Theorem [1.3.1|above, and the second is an A, analogue
of Warnaar’s A, Selberg integral.

Following our proof of the A,, AFLT integral the next chapter shifts gears to discussions of Matsuo—
Zhang-type AFLT integrals. This begins with the introduction of the complex Schur functions, along
with proofs of some of their most important properties. In view of these properties we give a proof of
Theorem|[I.4.1] We then give a recursion having both the integral (I.4.5) and its evaluation as solutions,
which provides an alternative proof of the theorem for n = 2. The chapter concludes with a proof of a
summation formula for A, basic hypergeometric series used in the proof of the recursion relation.

To conclude we discuss various other analogues of the AFLT integral all associated with A;. These
include a ¢g-AFLT integral, the elliptic AFLT integral, and the related AFLT integral for Macdonald

polynomials.






Chapter 2

Symmetric functions and Macdonald

polynomials

The purpose of this chapter is to discuss several families of symmetric functions that will form the basis
of our approach to generalised Selberg integrals. These include the Schur functions, Jack polynomials
and Macdonald polynomials. The chapter begins with a discussion of partitions and related concepts

we will require. We also give an explanation of the frequently-used plethystic notation.

2.1 Partitions and tableaux

Throughout this thesis N denotes the set of nonnegative integers, and &,, is the symmetric group on n
letters with generators given by the adjacent transpositions s; for 1 <i <n — 1.

A partition is defined to be a sequence A = (A1, A5, A3,...) of nonnegative integers such that
A1 = Ay = A3 = --- and only finitely many of the A; are nonzero. The nonzero A; are called parts
and the number of parts is called the length, denoted by /(). Since the number of parts of a partition
A is finite the sum |A| := A; 4+ A, + A3 + --- is also finite, and we sometimes call |A| the size of
A. If |A| = n for some n € N then we say A is a partition of n and write A = n. The set of all
partitions is denoted by #, and the set of all partitions with length at most n by #,. We ignore the
number of trailing zeroes when writing down a partition, so that (6,5,3,1, 1) and (6,5,3,1,1,0,0)
are regarded as the same partition of 16 with length five. The exception to this rule is the unique
partition of zero, which we denote simply by 0. Occasionally it will be useful to add the parts of two
partitions. Hence we define A + u := (A1 + i1, A2 + U2, ...), which is a partition of |A| 4+ |u| of
length max{/(1), [(u)}. One distinguished partition is the staircase partitioné = (n —1,n —2,...,1)
of length [(§) = n — 1 and size |§| = (g) Of course § depends on n, however the value of n will
always be implicit and so we conceal the n-dependence. If A € &, and d is a nonnegative integer such
that A,, = d we will write (A, d) for the partition of length at most n + 1 with d appended.

Sometimes it will be useful to extend the above notation for partitions to arbitrary infinite sequences

of nonnegative integers o with finite sum. For such a sequence the length /(«) is defined to be the

13
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smallest integer £ such that @; = 0 for all i > ¢, and we use the same notation || to denote the
sum of the sequence. If we let the symmetric group &;(y) act on the indices of « in the natural way,
then there is a unique partition in the orbit of this action, which we denote by a ™. For example if
a = (2,4,1,0,9,1) then the unique partition is (9,4, 2, 1, 1), where as before we ignore trailing
Zeros.

Another way of writing a partition is in terms of multiplicities. Given a partition, let m; denote the
number of occurrences of i as a part. Then we write A = (17127233 ...) If m; = 0 then we omit {
and if m; = 1 we suppress the superscript. Hence (9, 4,2, 1,1) = (12249). A common statistic on
partitions is given by

n(A) =Y (i — DA;. (2.1.1)

i=1
For example if A = (7,4,2,2) then n(A) = 14. We may produce an alternative formula for (1)
by introducing the notion of a Young diagram. This is defined to be the array indexed by pairs of
positive integers (i, j) obtained by placing A; squares in the ith row, left-justified, with i increasing

downwardsﬂ For example

L[]

is the Young diagram of the partition (7, 4,2, 2). There is an involution on partitions which may easily
be defined using the diagram. The conjugate partition A’ is obtained by reflecting the diagram of A in

the main diagonal. For example

~

So the conjugate of (5,4,2,2) is (4,4,2,2,1). Alternatively we have the more technical definition
Al i=[{A; 1 A; = i}|. Returning to n(A), the definition (2.1.T)) essentially assigns weight i — 1 to row
i in the Young diagram. We may represent this by populating the i th row with i — 1 for each nonzero

i . For our example this gives:

0[o]o[0]0]

W= (O
W= O

n—1

iZ1i = (}) yields

n(\) = Z(Az)

i=1

Now summing over the columns and using the formula )

Given two partitions A and u we say that p is contained in A, written u C A, if all the squares in

are also squares in A. This is equivalent to requiring that u; < A; foralli > 1. If u C A then we may

IThis is the so-called English convention. Some authors favour the French convention, where i increases upwards.
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form the skew diagram A /u by removing the boxes of  from AF] For example

]

—>D:
(1]

represents the skew diagram (5,4,2,2)/(4,2,2). Setting ;# = 0 tells us that A /0 is just A. We say
that A/ is a horizontal strip if no two squares are in the same column, and a vertical strip if no two
squares are in the same row. The example above is a horizontal strip, and its conjugate is a vertical
strip. If A/ is a horizontal strip, then we write i < A, so that ' < A’ means A/ is a vertical strip.

We will need the following identity concerning horizontal and vertical strips.

Lemma 2.1.1. For partitions A and v there holds

YD =g,

W=
U=<A

Proof. Firstly, as the sum is over partitions p such that 4’ > v" and p < A, both sides vanish unless
v C A. In the case A = v the sum contains a single term u = A = v, so that |i/v| = 0 and the result
follows in this case. For the rest of the proof we assume that v is strictly contained in A.

Since w/v is a vertical strip and . C A, there is a u with maximal size, say [max, satisfying these
conditions. The partition pn.x i1s obtained from v by adding a single box to each (possibly empty)
row until . has the same length as A. Hence we define (. by (Umax)i = min{v; + 1, A;} for
1 <i < [(A) and zero otherwise. Similarly, since A/u is a horizontal strip and & 2 v, there is a
smallest admissible i, say imin. The smallest p such that A /u is a horizontal strip is (A2, A3, .. .),
however we also require that £ 2 v and so define Uiy BY (min); = max{A;41, v;}. Any partition
such that v €t € fhmax (resp. Umin S i € A) has p/v a vertical strip (resp. A/ a horizontal strip).
Therefore we need only consider those partitions @ for which pyin € € max in the sum. So if we

can find an expression for

Z 21/ tomin (2.1.2)
ﬂmingﬂgﬂ'max
which vanishes for z = —1 then our proof is complete. This sum vanishes if Upin € MUmax, Which

occurs if and only if v; < A;4+; forany i > 1. Hence we may assume that v; > A; 4 for each i, in
other words v < A. But by the definition of i, this implies that gy, = v. Now . /v has at
most one box in each row by definition. If i,/ has a box in row i, then since v; < A; this implies
Ai+1 < A;. Then py.x /v cannot contain two boxes in the same column, since that would necessitate
V; < Aj, Vix1 < Ajy1, and v; = v;41, which contradicts v < A. From this we see that a term in the
summand of counts the number of ways to choose the |m.x/V| boxes in the skew shape, and

since v < A with v # A, this number is positive. It follows that
Z ZW/VI — (1 + Z)llu«max/v|’
Vg/vl'g,u/max

which vanishes for z = —1. L]

ZNote our notation differs from that of [Mac95, §1], where A — u is used for a skew shape.
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Before moving on it is helpful to consider an example for the above lemma. We choose A = (5,3, 1)

and v = (3, 1). Then py.x = (4,2, 1) so that (/v is the skew shape

[]

e

AS |ftmax/v| = 3, we have 23 = 8 entries in the summand, corresponding to the diagrams
[ | | [

o o ]
= | =
]

where the orange shaded squares are the boxes in j/v. Since the weight of a diagram is just (—1)/*/V],
all terms cancel, and the sum vanishes.

Another way to form new partitions from old is complementation with respect to a rectangle. For
positive integers n and m, let A C (m"). In other words, assume that /(1) < n and A; < m. Then the
complement of A with respect to (m"), written A, is the partition for which Ai=m— An—it1. For
example, if A = (5,4,2,2) € (55) then A = (5,3,3, 1):

>

where the complement A is shaded inside of (5°). If A € (m") then the integers A; +n — i for
l<i<nandn+ j—1-2}forl<j <mformapermutationof {0, 1,...,m +n — 1}. To see
this, consider the boundary between A and A in the rectangle (72"). Beginning in the bottom left-hand
corner, we label the n + m segments of this boundary with the integers 0, 1,...,m + n — 1. For our

previous example this is:

>

The vertical lines are labelled by the integers A; + n — i while the horizontal lines are labelled by the
integers n + j — 1 — A, which shows that they form a permutation of {0, 1,...,m +n — 1} as desired.

Other notions we need are arm, leg, and hook lengths for partitions. Given a square s in the Young
diagram of A (written s € A) define the arm length a(s) to be the number of squares strictly to the right

of 5. Similarly, define the leg length /(s) as the number of squares strictly below s. As an example,
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where the arm and leg of s are shaded in blue and red respectively, with a(s) = [(s) = 2. Further
define the hook length of a square by /(s) = a(s) + I(s) + 1. So the hook length of s above is five.
We also have the arm and leg colengths of the square s, denoted a’(s) and /’(s), which are the number

of squares directly to the right and above s respectively. For the previous example we have

|

soa’(s) = 1’(s) = 1. This leads to a third expression for n(A) from (2.1.1). The weighting of rows by

integers i — 1 is the same as weighting the squares of a diagram by their leg colengths, and so

n(A) =Y I's).

SEA
We will make use of a partial order on partitions called the dominance order. For a pair of partitions
A, such that |A| = || we write u < A (read p is less than or equal to A in the dominance order) if
forallk = 1,
U1+ -+ Uk <A+ -0+ A

This is a total order on {A : A - n} for n < 5, but fails to be a total order for n = 6. For example the
partitions (3, 3) and (4, 1, 1) are incomparable. The following lemma will prove useful, a proof of
which can be found in [Mac95| p. 7].

Lemma 2.1.2. For partitions A, j such that |A| = || we have A = v if and only if " < /.

Given a partition A and its Young diagram, a tableau of shape A is defined to be any function
T : A — S from the squares of the diagram of A to some set S. For our purposes we will always
take S to be the positive integers, or some finite subset thereof. A tableau may alternatively be viewed

as a filling of the squares of A by the elements of the set S. For example,

1[1]2]6]
3[4
4

1
2
4

[w]n]wo]—=

is a tableau of shape A = (6,4,3,1,1). We call a tableau a semistandard Young tableau (SSYT) if
the entries in boxes weakly increase left-to-right along rows and strictly increase top-to-bottom down
columns. Our above example of a tableau is semistandard. The set of all semistandard Young tableaux
of a given shape is denoted SSYT(A). Define the weight of a semistandard Young tableau 7" to be the
sequence wt(7T') = (wty(T), wty(T'), ...) whose ith entry is the number of times i occurs in the boxes
of T'. For our above example we have wt(T") = (4,3,2,3,1, 1, 1). For a tableau 7" we let 7> ; denote
the subtableau consisting of the columns of 7" with index at least j, and define 7, T- ; similarly.
All of these definitions are extended to skew shapes in the obvious way, and we denote the set of all
semistandard Young tableau of skew shape A/ by SSYT(A/ ).

A tableau is called a Yamanouchi tableau if in its i th row all entries are equal to i. For example
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—

1]1]

W N [—

[n]&]w]o]—

is the Yamanouchi tableau of shape (6, 4, 3, 1, 1). It is not hard to see that the Yamanouchi tableau is the
unique 7" € SSYT(A) for which wt(7T') = A. The following lemma contains another characterisation

of the Yamanouchi tableau.

Lemma 2.1.3. If T is a semistandard Young tableau of shape A such that wt(Tx ;) is a partition for

each j = 1, then T is Yamanouchi.

Proof. Assume T € SSYT(A) is such that wt(7% ;) is a partition for each j. Then 7%, is a column of
some height /. Since T, is semistandard and wt(T;, ) is a partition we must have wt(Tsy,) = (1%1).
This automatically forces all entries in the i th row for i < A to be equal to i. If we incrementally add
columns of 7 to the left of the initial column 7%, until a box is added to row / + 1, then, by our
assumption that the weights of these subtableaux are partitions, this first box must contain an 2 + 1.
Continuing in this fashion we see that the i th row of 7" contains entries equal to i only, and so 7T is a

Yamanouchi tableau. L]

There is a useful family of involutions on SSYT(A), first defined by Bender and Knuth [BK72].
Let T € SSYT(A) be arbitrary and fix a positive integer k. We call an entry k (resp. kK + 1) in T free
if there is no k + 1 (resp. k) in the same column. The free k and k + 1 entries in some row of 7" will
occur between the k’s and (k + 1)’s which are not free. Row i in T containing a; free k’s and b; free
(k + 1)’s will therefore locally look like:

a; times k k
ke [ e [ [k e+ k+ife+afe+1
k+1k+1 T b times

Let a; and b; the number of free k’s and (k + 1)’s inrow i of T respectively. Define the Bender—Knuth
involution ¢ by interchanging the roles of a; and b; in each row, i.e., replacing the a; entries k and b;

entries k + 1 with b; entries k and a; entries k + 1. The part of the tableau in the above figure thus

becomes:
b; times | k
ke [ e [ [k e+ k+ife+afe+1
ALl T LA N
k+1lk+1 aitimes

Since we have only manipulated free entries in 7', the resulting tableau ¢ (7') is still semistandard.
Further it is clear from the definition that the ¢ are indeed involutions. The ¢ also have the property
that wt(¢x (7)) = spwt(T'), where si is the adjacent transposition interchanging k and k + 1. To see
this we need only observe that the total number of k’s which are not free is equal to the number of

(k 4+ 1)’s which are not free. When a; and b; are swapped for each i we thus also swap wti (7") and
wig+1(T).
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2.2 The algebra of symmetric functions

Here we will cover the essential elements of the theory of symmetric functions. For more complete
accounts see, e.g., [Mac95] and [Sta99, Chapter 7].
Let X = {x;, x2, X3, ...} be an infinite set of indeterminates. For a nonnegative integer k define a

formal power series

f(X) = Z ca X*®
jal=k
where « is an infinite sequence of nonnegative integers with finite sum, X := x{'x5?x3%--- and

cq € Q. We say that f(X) is a homogeneous symmetric function of degree k if for any permutation
w of the positive integers we have f(x1,x2,x3,...) = f(Xw@), Xw@): Xw@),--.). The set of all
homogeneous symmetric functions of homogeneous degree k is denoted A¥. It is clear that if f € A¥

and g € A then fg € A¥+¢. Hence the algebra of symmetric functions is defined as the graded

Q-algebra
A=Ak,

k=0

soany f € Adisasum f =), fr with fi € A¥ and only finitely many of the f; nonzero. Later

on it will be useful to adjoin further indeterminates to the coefficient field of A, which we define by

Aggn = A ®q Q(g,1).

The first important basis for A are the monomial symmetric functions. Let A F k, and « be a
sequence of nonnegative integers with |o| = k. Then the monomial symmetric function indexed by A

is defined to be
mi(X) = Y X* (2.2.1)

a
at=2A

The set {m },x forms a basis for A¥. To see this, note that for any f € A* by definition we may

write

f(X) = Z CaX®.

By symmetry it follows that for any sequences «, 8 such that |¢| = || = k and ™ = BT, then

¢y = cg. Hence we may express f(X) as

f(X) =" cama(X).

ARk
So {m}sr« is indeed a basis for A¥, which therefore has dimension |[{A € # : A I k}|, the number
of partitions of k.
We may also define the algebra of symmetric functions in finitely many variables X, := {x1,..., x,}

as

A, = Q[xl,...,xn]g”.
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This is the set polynomials in n variables with rational coefficients, invariant under the natural action
of ©,. That is, the set of f € Q[xy,...,x,] such that for any w € &,,

SO, x0) = f(Xwa)ys -« Xwm))-

As with the case of infinitely many variables A, has the structure of a graded QQ-algebra. A basis for

A, is given by the monomial symmetric functions on a finite alphabet. For A € J, we define these by

mi(Xy) = > Xg.

a
at=A1
l(w)<n

With this in mind, define a map
pn: N — A,

which sets x; = 0 for i > n and leaves the remaining indeterminates unchanged. The map p, is a
surjective homomorphism of Q-algebras. It follows from (2.2.1]) that

my(X,) ifl(A) <n,
Pn (mA(X)) =
0 otherwise.

This implies that m  (X,) = 0if /(A) > n. Further, for a pair of positive integers m > n define
pn,m : Am e An’

which sets x; = 0 forn + 1 < i < m and leaves the other indeterminates unchanged. For n = m

this map is the identity and for a triple of nonnegative integers £ = m > n the following diagram

commutes
Pm.e
Pn.¢
Pn.m
Ay

Note that the above diagram is still commutative if p,, ¢ and p, ¢ are replaced by p,, and p, respectively.
What this is saying is that we may pass from A to A, for any positive integer n, and it is for this reason
that we primarily work with A in what follows.

We will now meet three more families of symmetric functions, each of which form algebraic and
linear bases for A (here always taken over Q). First are the elementary symmetric functions, defined

for r a nonnegative integer as

er(X):= Y xiy...xi, =man(X), (2.2.2)
1<i|<-<ip
which is the sum of all square-free monomials of degree r in the variables X . For r a negative integer

we define e, := 0. The generating function is given by

o0

A:(X) =) zer(X) = [ ] + zx),

r=0 i=1
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The e, forall r = 1 are algebraically independent over Q and generate A as a (Q-algebra [Mac95, p. 20].

We define the elementary symmetric function e, indexed by a sequence « by
ea = €a1€a2€a3 ctt

where we suppress the alphabets when these are irrelevant.

Next are the complete symmetric functions, defined for r a nonnegative integer as

he(X)= Y Xy.o.x, =Y muX),
1<iy <<y Abr
which is the sum of all monomials of homogeneous degree r. Again we define 4, := 0 for r a negative
integer. Their generating function is
(o .¢] o0 1
o:(X):=> z’h(X) =[] — (2.2.3)
r=0 !

i=1

Like the elementary symmetric functions, the 4, are algebraically independent over QQ and generate A

as a Q-algebra. As for the elementary symmetric functions we define the 4, by
he = ho hoyhas -+ .
The next important class of symmetric functions are the power sums. These are simply defined as

pr(X) = x] = mg)(X).

izl

Sometimes it will be convenient to write this in set notation as

pr(X) = Z x".

xeX

The p, are algebraically independent over Q and generate A as a (Q-algebra,
A = Qlp1, p2. p3.- - -]
The power sums admit the generating function
Vo (X) = i er+(x) = log (02(X)) = —log (A—;(X)). (2.2.4)
r=1
Finally, we extend the p, to sequences « as before, so that

Pa ‘= Pay PosPas * -

2.3 Plethystic notation

When dealing with symmetric functions it is often important to specialise or otherwise manipulate

the alphabet of indeterminates. Plethystic or A-ring notation allows for alphabets and operations on
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alphabets to be expressed efficiently. The use of plethystic notation simplifies much of the content that
is to come, and the interested reader may consult [HagO8|, Las03, RWal for further details.

We have already noted in the previous section that the power sums p, are algebraically independent
over Q and generate A as a Q-algebra. Let A be an algebra over a field K containing Q. Then by
assigning the power sums p, values in A we determine a K-algebra homomorphism A — A. For
example we may think of the homomorphism p,, as being the map on the power sums taking p,(X)
to p,(X,) for each r = 1. So describing how an operation on alphabets acts on the power sums is
sufficient to extend this action to any symmetric function. To indicate when plethystic notation is being
employed we use square parentheses instead of the usual round parentheses, so the image of some
f € A under the map p, above is denoted f[X,].

The first operation we would like to describe is the sum of two arbitrary alphabets. On the power

sums we define
pr[X + Y] = p[X] + pr[Y]. (2.3.1)

By expanding a symmetric function f on the p, we can make sense of f[X + Y] forany f € A. If
we can add alphabets we would also like to subtract alphabets, and so we also define the difference of
alphabets by

prlX =Y]:= p[X] = pr[Y] (2.3.2)

Therefore for any pair of alphabets
prl(X +Y)=Y] = p[X] + pe[Y] = pr[Y] = pr[X],

as it should. The notation (2.3.T)) implies that any countable alphabet X may be written as the sum of
its individual letters. Soif X = x; + x5 + x3 + ---, then

fIX]=flxi+x24+x3+--]1= f(x1,x2,X3,...).

Note that if X and Y are both countable alphabets, then X + Y is nothing more than the (disjoint)

union of X and Y as sets. The product of alphabets, again defined on the power sums, is

prlXY]:= p[X]p[Y] (2.3.3)
If we assume that X and Y are countable then the product XY may be interpreted as the Cartesian
products of X and Y as sets. For a single-letter alphabet x we have that
pr[xY] = x"p.[Y].

However for any positive integer n the summation rule (2.3.T)) forces

pr[nX] = pr[X + o +X] = npr[X]-

n times

This is extended to any z € C by
prlzX] = zp,[X],
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Here z is not a letter of an alphabet, but rather what we refer to as a binomial element. This terminology

is justified since for z a binomial element,

e z] = (j) and h,[z] = (Z +: B 1).

To deal with potential ambiguities arising between binomial elements and single-letter alphabets we
will always point out when one should interpret an isolated symbol inside plethystic brackets as the

former or the latter. From what we have developed so far
prl0— X] = p[—X] = —p,[X],

which is not the result of replacing each letter of X by its negative. Of course the latter is still a valid
plethystic substitution, and so to distinguish between the two we write ¢ for the alphabet {—1} inside

of plethystic brackets. This implies that

prleX] = (=1)" pr[X].

We will also use plethystic notation to manipulate formal series involving symmetric functions such as
the generating function for the complete symmetric functions (2.2.3). By (2.2.4)) we have that

0,(X) = exp (Z@)

r=1
Therefore by (2.3.1))
oz[X + Y] = o;[X]o.[Y], (2.3.4a)
and similarly by (2.3.2)
oz[X]
o, [X —Y] = . (2.3.4b)
o[Y]
By extracting the coefficient of z” on both sides of we obtain the convolution formula
r
he X + Y] =) hi[X)h,[Y). (2.3.5)
i=0
Using
—X] = =A_,[X
oz[—X] 0, [X] [X]

and again extracting coefficients we have the reciprocityﬂ
he[=X] = (=1)"e,[X], (2.3.6)

which generalises the reciprocity for binomial coefficients:

()=o)

3 We should note that it is customary when dealing with symmetric functions to introduce an involution @ : A —> A
defined by w(e,) = h,. However, by (2.3.6), this is equivalent to the plethystic substitution X +— —eX, which allows for
the action of w to be readily extended to all f € A. For this reason we will state any identities which ordinarily make use
of w using plethystic notation.
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Using (2.3.6) we have the equivalent convolution formula
e[X +Y] =) ei[X]e,i[Y]. (2.3.7)
i=0

The next lemma contains a generalisation of this convolution formula.

Lemma 2.3.1. For n a positive integer, let YV ... Y™ be alphabets such that YV ... 4+ Y™ = 0.

Then for k a nonnegative integer and any m such that 1 < m < n there holds

h (Y] =(=DF > ﬁ e, [Y ).

i1yensin=0 r=1
i1 tetin =k
im=0

Proof. The identity of the lemma is nothing but a plethystically substituted version of

e[ XD+ +Xx™] = 3 []en[x7],
r=1

[15eensin

i1+ tin=k

which itself follows by iterating the convolution formula (2.3.7). Indeed, setting X ™ = 0 for some
1 < m < n, replacing X > Y@ for all » # m and defining Y ™ := —Zr¢m Y ™, the claim
follows by (2.3.6) together with the identities

€in [0] = 81',",0 and eo[Y(m)] = 1. o

If we replace Y +— —X in (2.3.3) then we obtain the identity

r

> (=Dhier_i = br0. (2.3.8)

i=0

Setting r =i — j fori = j, then this is equivalent to the infinite matrices
H = (hi—j)i,jeN and E := ((_l)l_jei—j)i,jeN

being inverses of one another. Note that both H and E are lower-triangular because /4, = e, = 0 for
negative integers r, so that we need only consider i > j when applying (2.3.8). Now fix a nonnegative

integer n and let A, u € P be such that A1, u; < £ and k + £ = n + 1. The matrices

H, = (hi—j)osi,jsn and  Ej = ((_l)i_je"_j)()ﬁ’f@

are mutually inverse, and so any minor of H, is equal to the complementary cofactor in E’. If we take
the minor with row indices A; + k —i and column indices p; +k — j, then its complementary cofactor
has row indices k + i — 1 — p; and column indices k + j — 1 — A since the integers A; + k — i and
k +i —1— A} form a permutation of kK 4 £ — 1 and similarly for x. Together, this implies that we
have the identity

det (hki—uﬂrj—i): det (e;L{_M_/I,Jrj_i). (2.3.9)

I<i,j<k 1<i,j<t !
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One frequently occurring alphabet is 1 + ¢ + g + - -+ for a parameter ¢. Since the product of this
alphabet with (1 — ¢) yields 1, we use the usual
1 2 3
l_q::l+q+q _|_q +... (2.3.10)
inside plethystic brackets to denote the former. For a an indeterminate define the infinite g-shifted

factorial
(@:9)oo := (1 —a)(1 —aq)(1 —aqg?)---, (2.3.11)

where, when viewed analytically, we require |g| < 1.

Lemma 2.3.2. For a and b indeterminates there holds
a—b| (az;q)s
"Z[l —q} T bz’
Proof. Using (2.3.10) we first write out the definition of the alphabet 1/(1 — ¢) to obtain

[12)-[ge]

i=0

Using the sum and difference rules (2.3.4)) the lemma now follows

o St | = [Tol@ b1

i=0 i=0

_ 1—[ Uz[aql:]
150 0z104']

_ 1—[ 1 —azq'
>0 1 —bzq'

_ (@ziq)es
(bz; @)oo’

2.4 The Hall scalar product

In this section we introduce the Hall scalar product on A, and discuss some of its properties. This may

be defined by demanding that
(Pa> Pu) = Za8ap, (2.4.1)
where z; 1= [[;5, mi(A)!1i™ (). The quantity z; may be interpreted as the size of the centraliser of

any element of cycle type A in the symmetric group [SagO1, p. 3]. Since the power sums form a basis

for A, we may express any f € A as f =), c;p, for some ¢, € Q. Then

- <ZCAPA»ZCMPM> =Y .
A J A

so that the Hall scalar product is positive-definite. Further, it is immediate from the definition (2.4.1])
that the product is symmetric.
As a next step we will show that the power sums satisfy a Cauchy-type identity. To do so we will

use the following lemma.
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Lemma 2.4.1. The following identities hold:

X
ax)=Y2 *Z(A ). (2.4.2a)
A

DD )

Z)

A(X) = (2.4.2b)

Proof. Tt suffices to prove since by the plethystic substitution X +— —&X we have

2(X) = oy[—eX] = Z %jx] _ Z (—1)"”—:\)]91()()'

A

Beginning with (2.2.4) and using the power series expansion for the exponential function gives

o1(X) = eXp(Z PriX)) _ Hexp(pr(X)) 1—[ Z (i;(izz:nr.

r=1m;=0

For fixed r we may think of m, as playing the role of the multiplicity of . In the expansion of the
sum each term will contain a finite list of multiplicities, one for each r, which gives a unique partition.

Hence

_x n(X)
A
and the proof is complete. ]

With this established we may thus claim a Cauchy identity for the power sums, which follows from
(2.4.24) under the plethystic substitution X +— XY and (2.3.3). For a proof that avoids plethystic
notation see [Sta99, Prop. 7.7.4].

Proposition 2.4.2. For X and Y arbitrary alphabets there holds

3 paXp¥) _ ey (2.4.3)

Z)

The orthogonality of the power sums and the summation formula (2.4.3)) are in fact equiva-
lent statements. The following proposition extends this equivalence to any pair of bases for A which

form a biorthogonal family.

Proposition 2.4.3. Let {u,} and {v,} be two homogeneous bases for A. Then the following statements

are equivalent:

1. For each pair of partitions A, . we have
(u;k, UM) = 8/1#'
2. For any pair of alphabets X and Y there holds

D ua(X)va(Y) = oy [XY). (2.4.4)
A
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Proof. Let p; := p,/z. Then {p,} forms a basis for A which is dual to the basis { p;, }. For arbitrary

u, and v, we may expand these as

Uy = ch,,,p,, and v, = Zdu,wﬁw’
v w

for some c; v, d;,» € Q. Assuming that {u, } and {v,} are dual bases implies that
ch,vdu,v = 8)&;/,,
v

by definition of the Hall scalar product (2.4.1). Let C and D be matrices indexed by & with respect
to some total ordering with Cy, = c,,, and D, , = d,,, respectively. Then the above summation is
equivalent to CD' = I where [ is the (infinite) identity matrix and M’ denotes the transpose of the

matrix M. Since I = I this implies that C*'D = I, or,

Z CA,vdA,w = 8vw-
A

Now assume Cauchy-type identity (2.4.4). Taking the same expansions for u; and v, as before we

have

D u X)) =) (Z ca,vpv(X)) (Z dx,wﬁw(Y))
A v w

A

=5 (Zcrsdia ) X051
Vv,w A
By Proposition [2.4.2] we also have that
Y X (¥) = Y pa(X) pa(y).
A A

For these two expressions for ), u(X)va(Y) to be equal we must have that

E Cl,vdk,w - 8va)-
A

We have shown that both statements in the theorem are equivalent to the same summation for the
coefficients ¢, , and d,, ,. Hence the two statements themselves are equivalent, and the proof is

complete. [

Equipped with the above proposition it is not hard to show that the bases {/;} and {m,} are
orthonormal under the Hall scalar product by proving the Cauchy-type identity

> ha(X)m(Y) = oi[XY].
A

Assuming that Y is a countable alphabet, we may write the product XY as

XY =) Xy.

yeyY
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Hence using we have

ol XY] = [[olxyl =[] mlxyl =[] D nlXDy".

yeyY yeY r=0 yeY r=0

where the last equality follows by homogeneity of the complete symmetric functions. In the expansion
of the product each monomial will be of the form Y * for some sequence o with length at most the

cardinality of Y. The coefficient of such a monomial will be
ha, (X)ha, (X)has (X) -+

and so
ol[XY] =) ho(X)Y® (2.4.5)

For each « such that ™ = A for some fixed partition A, the coefficient of Y% will be equal to /15 (X).

Therefore we may rewrite the above as
ol[XY] =D ha(X)mu(Y).
A
By Proposition [2.4.3] we have established that

(h;L,mM) = SML'

2.5 Schur functions

We now turn our attention to an important linear basis for A given by the Schur functionsﬂ As we will
see, the Schur functions have many interesting combinatorial properties on their own, and in relation
to other families of symmetric functions. They also play an important role in representation theory as
the characters of the symmetric and general linear groups, see e.g., [SagO1]]. There are many ways to
define the Schur functions, and in the course of this section we will see three equivalent expressions,
which may all act as definitions. Our first formula for the Schur function, and the one which we will
use to derive the other expressions, is the following combinatorial definition in terms of semistandard

Young tableaux. For any A € & the Schur functions s, is defined as

X)) = Y x"D, (2.5.1)

TEeSSYT(A)
It is immediate that s, is homogeneous of degree |A|. When the alphabet X is finite of cardinality n the
entries of the tableaux are taken from {1, ...,n}. Since the sum is over semistandard Young tableaux,
$,(X,) vanishes if /(1) > n as the first column consists of /(1) > n boxes so column strictness
can never be satisfied in this case. It is not at all clear from (2.5.1)) that the Schur function is indeed

symmetric as claimed. A proof of this fact is the content of the following proposition.

“These are the classical Schur functions, which differ from the complex Schur functions discussed in Chapter
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Proposition 2.5.1. For any partition A the Schur function s, is a symmetric function.

Proof. We will prove that s, is invariant under the adjacent transposition s for any k, since any
permutation of N may be written as a finite sequence of such transpositions.

Let SSYT(A; o) denote the set of semistandard Young tableaux with shape A and weight «. We
need to show that the coefficient of X“ in s, is equal to the coefficient of X***. However, we have
a bijection ¢ : SSYT(A; ) —> SSYT(A; sx) given by the Bender—Knuth involution. Therefore
ISSYT(A; )| = |SSYT(A; sx)| for any k, and so s, (X) is symmetric. ]

Let K4 := |SSYT(X; «)|. These integers are known as the Kostka numbers, and may be used to

express the Schur functions as
s2:(X) =D KX

Since s, is symmetric, we have that K3, = K4+, where o™ is the unique partition obtained by
ordering the parts of «. Appealing to the definition of the monomial symmetric functions (2.2.1)) we

thus have
s2(X) = Kaumu(X). (2.5.2)
"

The Schur functions form a basis for A. To see this, we will need the following lemma regarding the

Kostka numbers.
Lemma 2.5.2. If A, u € P are such that |A| = || and Ky, # O, then u < A. Furthermore Ky, = 1.

Proof. Assume that K, # 0. Then there exists some semistandard Young tableau of shape A and

weight p. By column strictness we can have no boxes containing an integer k below row k. Therefore
ek S AL+ 4+ Ak

forall k = 1, and so u < A. We also know that there is a unique semistandard tableau of shape and

weight A, the Yamanouchi tableau, and so K, = 1. O]

From the above lemma we see that the Schur function may be expanded as

si=my+ Y Kyumy, (2.5.3)
H<A

where the K, are nonnegative integers. If we replace the dominance order (which is only a partial
order) by some compatible total order, then the matrix indexed by the set {A : A - n} and with the
Kostka numbers as entries is lower triangular with 1’s on the diagonal. Therefore it is invertible, and
so restricting to A" it follows that the Schur functions indexed over {A : A - n} form a basis for A"
for each n. The fact that the set of all Schur functions forms a basis for A then follows.

Our next theorem is a different expression for the Schur function when the cardinality of the
alphabet is finite. Usually the following is taken as the definition of the Schur function, and this is how
they were first defined by Cauchy [Caul5], but often credited to Jacobi. We will instead follow an

argument of Stembridge in [Ste02] which derives Cauchy’s formula from the definition in terms of

Young tableaux (2.5.1]).
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Theorem 2.5.3 (Bialternant formula). Let X,, = x; + -+ + X, be a finite set of indeterminates. Then

for A € Py,
Aj+n—j
deti<i,j<n ()Cl- s j)

A(Xn)

sa(Xy) = (2.5.4)

Proof. Multiplying both sides of the equation by the Vandermonde determinant, and then expanding

the left-hand side as a double sum gives
A(Xp)si(Xy) = Z Z sgn(w)X}'f(‘sHWt(T),
weB, TeSSYT(A)

where we recall § := (n — 1,n — 2,...,1) is the staircase partition. By the symmetry of the Schur

function, for any w € &,, we have
Z (D) — Z X ww(T)
n n *
TeSSYT(X) TeSSYT(A)
Using this fact we see that
Z Z Sgn(w)X’;v(S)-l—wt(T) — Z Z sgn(w)X,;"(8+Wt(T))
weG,, TeSSYT(A) weG,, TeSSYT(A)

Again applying the definition of the determinant we are left with

wt; (T —Jj
AXsi (X)) = Y det(x; utn=ry (2.5.5)
Tessyryy 7"

We would like to show that the only surviving term in the sum on the right-hand side is the Yamanouchi
tableau of shape A, since this tableau has weight A. To do so we will construct a sign-reversing
involution on the remaining tableaux in the sum.

Assume that T € SSYT(A) is not Yamanouchi. Then by Lemma [2.1.3| there exists some j = 1

such that wt(7% ;) is not a partition. In other words, there exists a pair j, k such that
Wik (Tz)) < Wigt1(T5;).

Amongst these pairs choose the largest such j, and for this j, the smallest such k. By the maximality

of j, wt(7% ;) is a partition, and so
wig (15 ;) = Wig1(T5 ).

The jth column of T contains either a single k, a single k + 1, or one of each. Therefore as j varies,

Wtg+1(Tx ;) — wtg (T ;) changes by at most one. This implies that
wie (Ts;) + 1 = w1 (T),

i.e., column j contains a k + 1 but no k. Let 7* be the tableau obtained from 7" by applying the
Bender—Knuth involution ¢ to the subtableau 7-; and fixing 7 ;. Note that 7* is semistandard

because there is a free k + 1 in column ;. Thus any change in k’s and (k + 1)’s occurs in the same
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row as this k + 1 and to its left, so semistandardness is preserved. Since the map ¢y is an involution,
so is the map 7' +— T*. We know that the Bender—Knuth involution acts on the weight of 7 as

wt(pr (T<;)) = skwt(T< ;) where si is the adjacent transposition (k k + 1) € &,,. We also have that

sk(Wt(Ts;) +8) = s .. . wie(Ts;) + k=1L, wte 1 (T5) + bk —2,...)
= (...,Wtk+1(T;j) +k —2,Wtk(T>j)k +k — 1,.. )
= (... w(Tsj) + k=1, wte 1 (T5) +k—2,...),

where the last equality follows since wtx (7% ;) + 1 = wtg1(7% ). So si fixes wt(7% ;) + 6, and we
have
sk(Wt(T) + 8) = wt(T™) + 6.

In turn this implies that
det (VD)= det (xVTOT).
1si,jsn( ! ) ISi,jsn( ! )
All of the terms in the sum (2.5.5) will now cancel, bar the term indexed by the Yamanouchi tableau,
for which wt(T") = A. Therefore,

A(Xn)s)t(Xn) = . det (x'kj_*—n_j),

Y, i
<i,j<n

completing the proof. [

One advantage of the bialternant formula is that the Schur function is manifestly symmetric since it
is expressed as a ratio of alternating polynomials. Another expression for the s, now as a determinant

of the complete symmetric functions, is the content of our next theorem.
Theorem 2.5.4 (Jacobi-Trudi identities). For A € P there holds

sy, = det k(hkiﬂ'—i)’ (2.5.6a)

1<i,j<

where k is any integer such that k = [(A), and

sp = det (ex4j-i), (2.5.6b)

1<i,j<t

where £ is any integer such that £ > A;.

Proof. We first prove (2.5.6d). Let X, be a finite alphabet of cardinality n and « a sequence of
nonnegative integers of length at most n. Observe that by (2.3.5) with (X, Y,r) — (x; — X, X, o))

for any i and j we may write
)
xlf"f = hoej [x/] = Zhaj—é[Xn]hZ[xi — X,].
£=0

By the reciprocity (2.3.6)) it follows that hg[x; — X,,] = (—1)e¢[X,, — x;] vanishes if £ > n — 1. Since
h, = 0 for r a negative integer we may replace the upper bound in the sum with n — 1. Relabeling
¢ — n — { we arrive at

X7 =" haynie[Xnlhn—e[x;i — X.
{=1
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This is equivalent to the matrix decomposition

(x?j)lsi,jsn = (hn—j [xi — Xn])lsi,jsn (haj+"—f [X"])lsi,jsn' (2.5.7)

Let us consider the case wherea« = 6§ = (n — 1,n —2,...,1,0) is the staircase partition. Then the
above reads
(x?_j)mi,jsn = (hn—jlxi = Xn])lsi,jsn(hi—j [Xn])lsi,jsn'
Again using the fact that 7, = 0 if r is a negative integer and sy = 1 it follows that the second
matrix on the right-hand side is lower triangular with 1’s on the diagonal. The left-hand side is the
Vandermonde matrix, so taking determinants tells us that
A(X,) = Kcils,t@ (hn—jlxi — Xn]).
Setting o = A + § where A € £, in we have therefore established the identity
(et (x) = AXy) | det (harig[Xa)).
Using the bialternant formula (2.5.4)), this is in the case of a finite number of variables (after
taking the transpose of the right-hand side). Since n was arbitrary the identity holds more generally
in A. To show that the determinant on the right of (2.5.6a) is independent of k as long as k = /(1)
assume that A € $x_;. Then the (i, j) = (k, k) entry of the matrix is 1 since &y = 1. Further, all
of the other entries in the kth column vanish since the index of the complete symmetric function is
negative. Therefore
1;}332}( (P, +i—j[Xn]) igztk_l (ha,+i—j[Xn]).

By the previously established identity (2.3.9) with u = 0, the dual form also follows. O

_IS

There are several other proofs of the above theorem. Of particular note is the elegant combinatorial
argument using non-intersecting lattice paths and the Lindstrom—Gessel—Viennot lemma [[GV89]; the
proof may be found in [Sag01, Theorem 4.5.1]. Again, the Schur function is manifestly symmetric
if one takes the Jacobi—Trudi formula as the definition, since it is a linear combination of symmetric
functions. One particular advantage of the identities (2.5.6) are that they are alphabet-independent, i.e.,
they hold as identities in A taken over any alphabet.

A useful consequence of the Jacobi—Trudi identities for our purposes is the reciprocity
si[—X] = (=DM, [X]. (2.5.8)
To see this, take (2.5.63) on the alphabet — X, giving
sil=X]= | det (hij=il=X)) = det (=DM 7espmilX]) = (=D sulX],

where we have made use of (2.3.6). Note that the right-hand side of makes sense for any
sequence of nonnegative integers o with finite length. Hence we define the Schur function indexed by

o to be
Sq = dfjt<k (hoti—i-j—i)v (2.5.9)
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where k is any integer such that k > /(«). The determinant will vanish if the integers «; — i are not
distinct for all 1 < i < k. If they are distinct, then we can place them in strictly decreasing order. Let
w € & be such that w(o; —i) > w(wj+1 — (@ + 1)) for1 <i < k. If s, # 0, it follows that

Sa = Sgn(w)sw(a+8)—8-
Next, we use the Jacobi—Trudi formula to show that the Schur functions satisfy a Cauchy identity.

Proposition 2.5.5. For any alphabets X and Y,
Y s (X)sa(Y) = oy[XY]. (2.5.10)
A

Proof. Throughout the proof we assume that Y, is a finite alphabet of cardinality n. We begin with the
expression
A(Yn)o'l [XYn]-

By (2.4.3) and the definition of the Vandermonde determinant we have

AY)or[XYal = ) Y sgn(w)he(X)Y 7,

weGn l(oSSn

where the restriction /(«) < n comes from the fact that m(X,) = 0if /(1) > n. For a given w € &,
define B := «a + wé. Since hg_ys = O if any of the entries in f — wé are negative, we are free to

swap the sum over « for a sum over j, giving

D sanho (XY = 3" Y " sgn(w)hpws(X)Y).

wes, B

wes a
"l(e)<n I(@)<n

The sum over &,, may be evaluated using the Jacobi—Trudi identity (2.5.9) with « — B — §, so that

D D sehpuws (XY = Y sps(X)Y].
WEG, B B
l(@)<n 1(B)<n

Observe that the summand will vanish unless all of the entries of 8 are distinct. This allows for the
the sum over sequences « of length at most n in the above to be replaced with a sum over strictly
decreasing sequences of nonnegative integers of length n, at the cost of an extra sum over &, being
added. We now have

Do s (XY= Y sps(X) ) sen(w)y,”

B B1>+>PB,=0 weB,
I(B)<n
ﬂ.
= E _s(X) det ).
$p-5( )lsif;'Sn(yl )
B1>>B=0

There is a bijection between partitions of length at most n and the sequences  given by setting

B — 6 = A. Therefore we have shown that

1<i,j<n

AY)oi[XY,] = D si(X) det (3 *"7),
A
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which is equivalent to the theorem in the case of Y a finite alphabet by the bialternant formula (2.5.4).
So the Cauchy identity has been established as an identity in A ® A, where R denotes the completion
of the ring R. Since this is true for any n, we also have the corresponding identity in A ® A, where X

and Y are arbitrary alphabets. 0

A beautiful combinatorial proof of the Cauchy identity based on the Robinson—Schensted—Knuth
correspondence may be found in [Sta99, Theorem 7.12.1]. We have established that the Schur functions

are an orthonormal basis for A with respect to the Hall scalar product and so

(SA’ S,lL) = SAM'

In fact, this orthogonality together with the unitriangular expansion in terms of the monomial symmetric
functions (2.5.3)) uniquely determine the Schur functions.
Frequently we will need to evaluate Schur functions at a binomial element. Such an expression

may be obtained from the following specialisation formula.

Lemma 2.5.6 (Specialisation formula). For a an indeterminate there holds

Ai—Aj+j—i

l—a (aqg' ")z, l—g¢q
_ n(/l)
sx[l ] — [[ =% T e 2.5.11)

n+1-—i
i=1 (q ’q)'ll 1<i<j<n

where n is any integer such that n = [(A).
Proof. We first show that the right-hand side of (2.5.T1)) is independent of n, provided n > I(}).
Assume A, = 0,1.e.,/(A) <n — 1. Then

Ai—=Aj+j—i A +n—i 1

[ —57- n Il

1<i<j<n 1<i<j<n—1

_ qlf—kj+j—i

1—q/—

(qn—i-l i Ai—Aj+j—i

$ )2 1—¢
zl_lq——/1 1_[ 1 —gqi—i

i=1 (n I’Q)Ai 1<i<j<n—1

Substituting this into (2.5.1T]) gives the same expression with n replaced by n — 1, and so the expression
is independent of n. Let k be any integer such that k > /(A). Both sides of (2.5.11)) are polynomials in

a, and thus it suffices to prove the result for a = g*. Since

l—qk

=1+q+-+q¢",
l—¢q

it follows from the bialternant formula (2.5.4) that

s 1—g* . detlsi,jSk(q(i_l)@j+k_j))
M= q dety <, j<k (U —D%=1)

Both the numerator and denominator may be evaluated by the Vandermonde determinant (1.1.7),

giving

S 1 — qk B qkj-i-k—j _ q/l,j-l-k—i
Mg g — gk

1<i<j<k
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Pulling out factors in the numerator and denominator and noting that

1_[ q Aj — l_[qMJJrl — qn(k)

1<i<j<k
we arrive at the formula
e —4"] _ " T] L—gho*™
l—gq l—qg/—

1<i<j<k
By our considerations at the beginning of the proof we may rewrite this expression as

l—g*| n(d) vCI)A, l—g
sl[l— ]_ l_[(q”*)+1 Y [1 l—gq/=

i1 i 1<i<j<i(D)

which is the statement of the lemma with @ = ¢ and n = [(1). As the right-hand side of 2.5.11) is
independent of n as long as n = [(1), the proof follows. ]

For a = ¢* where k is any integer such that k > [(1) the formula (2.5.11) is referred to as the

principal specialisation of the Schur function s;. This is usually stated as
Ai—Aj+j—i

l—qk n(A) l—g
= —, 2.5.12
Sk[l—q] ! [1 l—q'™ ( :

1<i<j<k

since we are free to take n = k in the right-hand side of (2.5.11). An immediate consequence of the
above lemma is a formula for the Schur function evaluated at any binomial element z. We take (2.5.11])
with a — ¢? followed by the limit ¢ — 1 which gives

l—I—l)A )L,'—)Lj—{—j—i
2.5.1
salz] = ﬂ D, [1 P (25.13)

I 1<i<j<n

where 7 is any integer such thatn > [(1).
As the Schur functions form an orthonormal basis for A, any symmetric function f € A is

determined by the value of the Hall scalar product with s, :

=) (fisa)sa
A

For any triple of partitions A, i, v, define the Littlewood—Richardson coefficient by

Chy = (S2.5u). (2.5.14)
It follows that
Susy = Y _Chsi. (2.5.15a)
A

In turn we extend the Schur function to skew shapes by

S = Y Sy (2.5.15b)
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The s/, are called skew Schur functions, and are indexed by the skew shape A/u. By definition there
holds
(Sl’susv) ::<SA/M’SU)- (2.5.16)

Note that by symmetry in x and v in (2.5.14) we may interchange p and v in this last expression.
Some properties of the Littlewood—Richardson coefficients and skew Schur functions are easy to see
from these definitions. The left-hand side of equation (2.5.154) is homogeneous of degree |u| + |v|,
and so cfw = 0 unless || + |v| = |A|. Consequently the partitions v on the right-hand side of
(2.5.15b) must satisfy |[v| = |A/u|, so that the skew Schur function is homogeneous of degree |A/1|.

There is a skew analogue of the Cauchy identity (2.5.10). Using the expansions we see
that

D s (Y) =D chs (X (V) = sy (X)su(Y)sy(Y) = s, (Y)or[X Y] (25.17)
A ALp v

For p = 0 this just is the ordinary Cauchy identity for Schur functions. From here we can easily derive
a skew analogue of the Jacobi-Trudi identity of Theorem [2.5.4] Assume Y +— Y, = y1 + -+ + y, is
a finite alphabet. Then from (2.5.17) and (2.4.3) it follows that
Z Sa/u(X) 1<d(3t< (yi jtn J) = det (yl{‘“/ +n J) Z he(X)Y,Y
A‘ Xl,J]xxn o

1<i,j<n

= D sen(wha(X)Y, 0D,

o wesG,

Equating coefficients of Yn)“” implies

(X)) = ) sgn(W)hiss—wurs) (X).

weB),
Written as a determinant and suppressing alphabets we therefore obtain
Si/w = 1s$13'tsn (hli—uj i)
For . = 0 this reduces to the ordinary Jacobi-Trudi identity (2.5.6a)), and indeed in the above we may
assume that n is any integer such that n > [(A). In particular this implies that s, /0 = s3. Another
consequence is that 53/, = 0if u € A. To see this, assume that Ay < g for some fixed k = 1. Then
forany 1 < j <k <i <nwehaved; < Ax < px < ;. Hence A; — pu; + j —i < 0 for all
pairs (i, j) satisfying the conditions. In other words, we have a (n — k + 1) x k block of zeros in the
bottom left-hand corner, so that the determinant vanishes in this case. Using (2.3.9)) we have the dual

Jacobi—Trudi formula
Sy = det (eA;_M_;+j_i), (2.5.18)

1<i,j<{
where £ is any integer such that £ > A;.
The skew Schur functions allow for a description of the Schur function on the sum of alphabets. To

derive this formula we consider the following sum, where X, Y, Z are all distinct countable alphabets,

Y sau(X)su(YV)sa(2).

A
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First applying the skew Cauchy identity (2.5.17) with (X, Y) — (X, Z), followed by the ordinary
Cauchy identity (2.5.10) with (X, Y, 1) — (Y, Z, ), we see that

> s (X)su(V)su(Z2) = 01[XZ] D 5u(V)su(Z) = o[XZ]on [Y Z) = oa[(X + Y)Z],

Au !
where in the last equality we have applied the multiplication rule for oy ((2.3.44) with z = 1). Again
applying the Cauchy identity (2.5.10), this time with (X,Y) > (X + Y, Z), gives

Y (X5 (Y)si(Z) = Y silX + Ysu(2).
ALl A

The Schur functions are linearly independent over QQ so that the coefficient of s, (Z) on both sides of

this expression must be equal. We therefore arrive at

sAX + Y] =) sipu(X)su(Y). (2.5.19)
"

Observe that since s,/,,(X) vanishes unless &t C A the sum over u is finite. Furthermore, as the
left-hand side of this expression is symmetric in X and Y, the right-hand side also possesses this
symmetry. An important special case of (2.5.19) is the branching rule, which may be obtained by
setting X = {x}, a single-letter alphabet. From the dual Jacobi-Trudi formula (2.5.18)) it is not hard to
see that for a single-letter alphabet the skew Schur function s/, [x] vanishes unless A/ is a horizontal
strip. Indeed, assuming that A/ is not a horizontal strip means that A} — u; = 2 for some i. However
er[x] = Ounless r = 0 or r = 1, so that there is a block of zeros in the top right-hand corner of the

matrix, with one of the zeros lying on the main diagonal. Hence s;,/,[x] = O unless ;t < A, in which

case it follows from (2.5.18)) that

sa/ulx] = A=l

We therefore have that

s; 1Y +x] = Z xRl Ty ).
<A

The formula (2.5.19) can be pushed a little further. To this end, consider the Schur function on the
sum of three alphabets s)[X + Y + Z]. Using (2.5.19) with (X, Y, A, u) — (X + Y, Z,A,v) as

SAX +Y + 2] =) siplX + Ysi[Z].

Alternatively, using the same identity twice, first with (X, Y, A, u) — (X,Y + Z, A, u) followed by
(X,Y, A, u) = (Y, Z, u,v) we have that

X +Y +Z1= Y suulXIsulY + Z1 =D siulXlsuplY]su[Z].

Hence
Y osinlX +Y1s,0Z2) = ) suulXlsup Vs 2],

v
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so that equating coefficients of s,[Z] on both sides yields
siunlX + Y=Y sap(X)suu(Y), (2.5.20)

where we have interchanged p and v in this last expression.
It is natural to ask if the skew Schur functions admit a nice combinatorial formula in terms of

tableaux. This is indeed the case, as the following theorem asserts.

Theorem 2.5.7. For A, jt € P there holds
Sau(X) = Z X,
TeSSYT(A/ 1)
Proof. Let XM, ..., X® be a collection of n alphabets. Then (2.5.20) may be iterated to give
n
sa [ XD 4+ X 0] = > [ [svorpu-n [X O],
uCvc..cyr—hHcyri=1

where (@ := 1 and v™ := 1. If we assume that each alphabet X ) contains only a single letter, and

write X,, = x; 4+ --- + X, then we have the formula
n
Sa/ulXn] = > [ [svorppi-nlxil.
uSvHc..cyr=—hHcyi=1
Recalling that 55/, [y] = yA=lulif 11 < A and zero otherwise, this may be rewritten as
z @)D
_ [ ]=[pt D]
Sh/ulXn] = > [T~ :
M<v(])<...<v(n—l)<k i=1

The terms in the sum are indexed by sequences of interlacing partitions (M, @D =D, )L), which
are in bijection with semistandard Young tableaux of shape A/u on the alphabet {1, ..., n}. Moreover,
under this interpretation of the sum, the summand takes the form X, D for T € SSYT(A/u). We

thus arrive at the statement of the theorem for X, a finite alphabet. [

With the combinatorial formula for s,,,, established we can immediately infer the monomial

expansion
Siju = § Ky
v

where K/, = [SSYT(A/u; v)|, which generalises (2.5.2)). As a consequence we have the following

pair of formulas, called the e- and /-Pieri rules.

Proposition 2.5.8. For r a nonnegative integer we have

hesy =Y sa. (2.5.21a)
A>
A/ ul=r
and
ersy= Y s (2.5.21b)
A=u’
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Proof. By (2.5.16) the coefficient of s, in the Schur expansion of 4,s,, is given by

(hrSussa) = (hr,Sasn) = Kajur)-

Since the weight of A/ is (r), any T € SSYT(A/u; (r)) contains only a single character. Therefore
the shape A/u cannot contain two boxes in the same column as this would violate column-strictness,
and so A/ must be a horizontal strip. Further, |A /| = r as the weight of T is (r). It follows that
K, 1s either 1if A/ is a horizontal r-strip, or zero otherwise.

To prove the second formula, write (2.5.21a)) with alphabet —X to obtain

hel-Xsu[-X]1= Y si[-X]
Ilﬁlir

To the complete symmetric function we apply the duality (2.3.6)), and to the Schur functions the relation
(2.5.8), giving

(D" e XX = ) (=DM [X].
IA//X/jlir

Since |A| — || = r in the sum, we may cancel the negative signs on both sides. Replacing A and u by

their conjugates finishes the proof. [

To round out this section we prove an inversion of the /-Pieri rule (2.5.21a)).

Proposition 2.5.9. For (i1, ..., uy) a partition of length at most n and d a nonnegative integer not
exceeding [y,
Su.d) = Z (=D 53 13- (2.5.22)
A=u’
I(A)<n

Proof. Throughout the proof we write ™ := (@1,..., ny1) where u,+1 := d. Note that the
condition /(1) < n is equivalent to A,,+; = 0. Applying the /-Pieri rule (2.5.214)) to the sum side of

(2.5.22) gives
Z (—l)ll/u‘skhun+l—|l/u|: Z (_1)|A/M| Z §y = Z s, Z (_I)M/m’
v>A

A=/ A= v T A=u'
An+1=0 Ant1=0 [vl=|pnt] [v]=|pn™] A<v
I(v)<n+1 An1=0

where in the second equality we have interchanged the sums. The sum over A is equal to

Z (_l)ll/ul —_ Z (_I)IA/MI’

A=u A=u
A<v A<v
An-l—l =1

as, since /() < nand A’ > u/, we must have A,,; = 1 if [(A) = n + 1 in order for A/ to be a
vertical strip. By Lemma the first term in this sum is equal to §,, ,,. Hence we are left with

S O S b = Y S — Y s Y (=D

A=u v Vv A=
An41=0 |V|=|M+| IV‘=|//«+| A<V
I(v)<n+1 I(v)=n+1 An+1=1
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where in the second sum we may impose [(v) = n + 1 as else the sum over A is empty. Since
lv| = ||, the first sum above is equal t0 y(int1 = 0)s,, = x(n+1 = 0)s,+. To evaluate the
second sum we observe that without loss of generality we may assume that p,+, # 0, as if 41 =0
then |v| = |u| and u € v implies that © = v, but /(v) = n + 1, so the sum is empty. Furthermore

since u, # 0 we must have A, # 0, which leads us to

D D Do I S S )

v P v (A7) >
wi=lutl 52 wi=lptl
I(v)=n+1 Ap41=1 I(v)=n+1

Again applying Lemma to the interior sum we now have

Y DM e = X = 05+ D S8

A=/ v
An+1=0 vl=lnt
1 I(v)=n+1
The combination of the conditions v~ = u, [(v) = n + 1 and |v| = || implies that
)
DD DRI DR
v A / v
pl=lutl 5 vl=lut]
[W)=n+1 Ay41=1 l(v)=n+1

Putting all of this together we see that

Y DM Ry gl = S

A=/
/ln-l—l:o

which is equivalent to the statement of the proposition. [

2.6 Jack and Macdonald polynomials

Throughout this section we consider A over the field Q(g,?). To extend the classical symmetric
function theory developed in the previous sections to the ¢, t-level, we begin with the ¢, z-Hall scalar

product. The analogue of the quantity z is

10) ) _
g ) =] —+

1—thi’

i=1

Then the ¢, r-deformation of the Hall scalar product is defined by imposing

(Prs Pu)as = 22(q,1)8xu.

It should be noted that if we take 0 < g,¢ < 1 to be real numbers then the scalar product is positive-
definite, with the proof being the same as for the ordinary Hall scalar product. Analogous to the

classical case, we will soon see that any two bases for A which are orthonormal under the ¢, t-Hall
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scalar product satisfy a Cauchy identity-type identity. This requires a g, z-analogue of o;[X Y], which

i)
o| XY ——
l—g¢q

In particular, if X and Y are both countable alphabets then by Lemma it follows that

{Xyi} [T [ i (1xy:q)oo

eX ye¥ (XY:@)oo

takes the form

As before we first prove a Cauchy identity for the power sums directly.

Proposition 2.6.1. For arbitrary alphabets X and Y,

Dl ]|

Proof. This is simply a plethystically substituted version of the first Cauchy-type identity for the p,
found in Proposition [2.4.2] Indeed setting

(X.Y) > (X, Yll;t)

—4q
in (2.4.3) and using
1 [ 1—1¢ ] i (Y)
—pa|Y = :
Zy 1—g¢q z)(q,1)
the proof follows. [

We may thus claim an analogue of Proposition [2.4.3|for the ¢, z-Hall scalar product.

Proposition 2.6.2. Let {u,} and {v,} be two homogeneous bases for A. Then the following statements

are equivalent:

1. For each pair of partitions A, L we have
(ukyvu)qJ ::SAM-

2. For any pair of alphabets X and Y there holds

XA:W(X)W(Y) - al[xyll%;].

Proof. The proof is identical to that of Proposition [2.4.3] O

We now move towards the introduction of the Macdonald polynomials. To this end we define a
family of operators D, : A,, — A, but claim without proof several facts about them. For a more
fleshed-out exposition, see [Mac95, §6.3]. Firstly, let 7, », denote the shift operator which replaces x;

by gx; in a symmetric function f € A,. Then we define D, to be the polynomial in the 7 y,,

D,(z:q.t) i= ——— sgn(w) X TT (1 + 2t T,.,,). (2.6.1)

wes, i=1
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where z is an indeterminate. Let D] be the coefficient of z” when (2.6.1)) is expanded out. Then it

D=3 OT] lxx’% 170 (2.6.2)

Ic{1,..,n} iel iel
|I|=r JEl

follows that

The operators D] are Q(q, t)-linear and degree-preserving. Furthermore, they are self-adjoint with

respect to the ¢, t-Hall scalar product, i.e., for any f, g € A, we have

(D f.8),, =/ Dpg), - (2.6.3)

Unfortunately the operators D, are not compatible with the restriction homomorphisms p;, ,, defined
in Section[2.2] However, the operators [Mac95| §6.4]

n
. +—hnl 2 : —i
En .—t Dl’l - t ’
i=1

are compatible with the maps p,—; . Thus we can define an operator £ : A —> A which is taken to

be the projective or inverse limit of the E,. This new operator acts on the m as

Emj = eumy+ Y exumy, (2.6.4)
H<A
where
e =Y (" — D" (2.6.5)

i=1
Note that £ will be self-adjoint with respect to the ¢, z-Hall scalar product on A, since by (2.6.3), E,
is self-adjoint for each n. We are now equipped with all that we need to state and prove the existence

theorem for the Macdonald polynomials.

Theorem 2.6.3. For each partition A there exists a unique symmetric function Py(X;q,t) € A such

that for some coefficients a, (q,t) € Q(q,t) there holds

Py(X:q.1) = myu(X) + ) aru(g. 0)mu(X), (2.6.62)
H<A
and we have
(Pa(X:q. 1), Pu(X:q.0)gs =0 if A # 1. (2.6.6b)

Proof. We first prove that functions satisfying the conditions (2.6.6) exist. Assume that P, =
P, (X q,t) satisfy (2.6.6a) and are eigenfunctions of E, that is they satisfy

EP), =e))P,.

If we apply E to both sides of (2.6.6a) and use (2.6.4)) we see that for any A,

Zelkakvmv = Z aArpluvmy,

v<A v<U<A
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where a;,, = ay,(q.t) and ay; = 1. Forany v < A, extract the coefficient of m, on both sides of this

equation to obtain

(ear —ew)ar = Arpepy-
> wwen

v<u<i
The eigenvalues are manifestly distinct from (2.6.3) since A # v. It follows that the coefficient a},, is
determined by the values of a;,, for v < < A. Hence the eigenfunctions of E satisfy the condition

(2.6.6a). Furthermore, since E is self-adjoint, we readily see that
e)L)L(PA’ Pu)q,t = (EPA’ P,u)q,t - (P)L» EPpc)q,t = elub(P}u Pu)q,t-

As ey # ey, for A # p the condition (2.6.6b) also follows.
To prove uniqueness of the { P, } we assume that P, is uniquely determined for all © < A. Then

there exist coefficients vy, € Q(q, ) such that
Py =my + Z VP
<A

Taking the inner product of both sides with P,, for some fixed < A we therefore see that
0= (m, Pu)gr + vau(Pus Pu)g.s-

This determines v,,, uniquely provided (P, P, )4, is nonzero. However, this is clear since the ¢, -
Hall scalar product is positive-definite when 0 < ¢,¢ < 1 are real numbers. (We will in fact give an

explicit formula for (P,,, P, ), below, from which this fact is also clear.) [

We will often write P, (X) or P, in place of P,(X;q,t) in what follows to simplify notation.
Several properties of the Macdonald polynomials are immediate from the definition. Firstly, the set
{P; } e forms a basis for A since the monomial expansion is triangular (with respect to an
appropriate total ordering compatible with the dominance ordering). This expansion also tells us that

the P, are homogeneous polynomials of degree |A|. If A = (17) then
P(lr)(X, q, I) = m(lr)(X) = er(X),
since (17) < u for all partitions p with || = r. Define the quantity b, (q, t) by

by =by(q,t) = (2.6.7)

(PA’ P)L)q,t’

which we will compute explicitly later on. Denoting a scaled family of Macdonald polynomials as
0,(X:q,t) :=bu(q. 1) Pr(X:q,1)

it readily follows from that
(P, Qu)q,t = ‘Skw
By Proposition [2.6.2] we have the Cauchy identity
1—1¢

> PAX:q.0Qa(Yiq.0) = 0y [XYH]' (2.6.8)
A



44 CHAPTER 2. SYMMETRIC FUNCTIONS AND MACDONALD POLYNOMIALS

Given f, g € A", it follows after expanding f and g in terms of the p, that

tn
(f. g)q_l,t_l = q_”<f’ g)q.r-
This implies that the functions P (X; g~ !, ¢ 1) also satisfy the conditions of Theorem [2.6.3| and so
Pu(X:q.1) = Pa(X:q~' 1Y), (2.6.9)

Since P3(X;q,t) is expressed as a sum of m,, (X) where u < A, we have that Py (X,:q,t) = 0if
I(A) > n. If we assume that /(1) > n then for any . < A Proposition [2.1.2]implies that ' = A’. As
[(;) = py and [(A) = A} there holds /(i) = £(A) > n. Hence each of the m,,(X,) on the right-hand
side of (2.6.6a)) vanish, and thus P, (X,) vanishes identically.

For later use we note that for X,, a finite alphabet the action of D, (z;q,t) on the Py (X,;q,t) is
given by [Mac95, p. 324]

n
Dy(z:q.0)Py(Xn:q.1) = Pa(Xniq.0) [ [ (1 + zg* 1" 7).

i=1
In particular,
n

D, P(Xy:q.1) = Py(Xpiq.1) Y _q"i1"". (2.6.10)

i=1
Most of the above properties of the P, should look familiar to the reader from the prior sections
as properties of the Schur functions. In fact, setting ¢ = ¢ in the Macdonald polynomial Py (X;q,t)
we recover the Schur function s, (X). This follows from the fact that both {s,(X) : A F k} and
{P;,(X:t,t) : A I k} form bases for A over the field Q(¢) which are orthogonal under the Hall
scalar product and have a unitriangular expansion in terms of the monomial symmetric functions.
Since these properties uniquely determine the Schur functions, we must have Py (x;¢,1) = sy (X).
For ¢ = 0 the Macdonald polynomials reduce to the Hall-Littlewood polynomials, which themselves
are a one-parameter deformation of the Schur functions. We will not discuss the Hall-Littlewood
polynomials in any detail, but their definition and properties may be found in [Mac935, §3]. Of crucial
importance to this thesis is a different one-parameter deformation of the Schur functions known as

the Jack polynomials. Assuming that 0 < ¢ < 1 is a real number, the Jack polynomial indexed by a
parameter o € C is defined as [Mac95) §6.10]

PP (X) = lim P (X:1%1). (2.6.11)

Setting « = 1 in this expression, the Jack polynomial reduces to the Schur function, since this is the
same as setting ¢ = ¢ on the right. We will primarily be concerned with the Jack polynomials as an
analytic object, but there is much interesting combinatorics associated with the functions PA(“), see
e.g., [Sta89]. In fact we will almost exclusively see Jack polynomials with parameter « = 1/y for
y € C \ {0}, in which case P;/y = lim,— Ps(q,q").
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Next we will prove some results regarding Macdonald polynomials on specialised alphabets. It will

be useful to introduce some additional notation, and for a partition A € J, define the spectral vector

(Mnsgr = A = (@M " gM2t" 2 g™, g e0) (2.6.12)
— qkltn—l _|_q/12tn—2 4ot qknill _'_qlnto’
where the second expression is the equivalent expression in plethystic notation. We refer to the

Macdonald polynomial on the alphabet (), as the specialisation of P, by the partition x. In particular

the principal specialisation may be written as

PA[(0),] = Pl[l_t"].

1—1

We note that the principal specialisation of a Macdonald polynomial is never identically zero where the
Macdonald polynomial is nonzero. This follows from the explicit formula given in Proposition
below.

Specialisation of a Macdonald polynomial by a partition satisfies a symmetry in the indexing
partition and the specialising partition. This was originally proved by Koornwinder in an unpublished

manuscript [Koo88]. The first published proof appeared in Macdonald’s book [Mac935, p. 332].

Theorem 2.6.4 (Koornwinder—Macdonald evaluation symmetry). Let A, i be partitions of length at

most n. Then

Pil(0)n] Pul(A)n] = Pul(0)n] Pal(1t)n]. (2.6.13)

Our proof of this theorem hinges on the e-Pieri rule for Macdonald polynomials, which generalises
the e-Pieri rule for Schur functions (2.5.21b)). Unlike the Schur case, the coefficients in the expansion

of e, P,, are not all one. For a pair of partitions A, ;& € such that ' < A" we define

1 —ghi—w tri—A =it =i

By 1= @70 T

1 — gti—HjpJ—i
1<i<j<I(A) q

Since A/ is a vertical strip, A; — u; is either 0 or 1 depending on whether there is a box in row i
of A/u. Let I € {1,...,1(A)} be the set of indices i for which A; — u; = 1. Then B}/, admits the

expression

1 — gi—wjpi—i+1 1 —gti—rjpi—i=1
Bujy = t"® O] l_q Ty l_q Ty (2.6.14)
icl q i¢l q
JEl jel
1<J i<j

Now assume r is a nonnegative integer and A, u € &,. We require the e-Pieri rule for Macdonald

polynomials in the form

e,PM P,x

— B By ——. 2.6.15

PO~ 2 B R
[A/ul=r

For ¢ = t this is indeed equivalent to (2.5.21b) via the principal specialisation formula (2.5.12).
In [Mac95|, p. 332], Macdonald proves simultaneously with Theorem [2.6.4 However we will
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have no need for the Pieri formula outside of the proof of the theorem, and so we assume the result. In

addition we will need the similar identity

er[(A)n] PA[(v Z By Pil{i)n]. (2.6.16)

w=v’
lw/vl=r

where A, v € $,. This follows from the fact that the action of the operator D] on P, (X}) is [Mac95,
p. 324]
D;P)L(Xn) = ¢, [(A)n] Pr(Xn).

Proof of Theorem Let A, i be as in the statement of the theorem. We proceed by induction on
|i|. When o = 0 both Macdonald polynomials indexed by u equal 1 and the statement holds for any
partition A of length at most .

Now assume that (2.6.13) is true for all A with length at most n and all o such that |o| < || or
o] = |u| and 0 < p. Let w be another partition with |w| < ||. We write (2.6.15)) with alphabet (1),
and (A, u) — (v, w), so

s L),
W72 = X Buap i
vTater

By the inductive hypothesis we may interchange the partitions @ and A. We may also interchange the

partitions in the sum with A whenever v # w. This yields the expansion

er[{A)n ]P)L[(O)n] Bu/w . ZBU/Q) 0 n] (2.6.17)

v<pt

Here the restriction that v O w with v/® a vertical r-strip on the summation v < p still holds. If we

instead begin with equation (2.6.16) under the substitution (A, i, v) — (A, v, ®) we obtain

PA[( )n] n V n]
er[(A)n ]Px[( 0] = Bl wP [ T ZBv/w oL (2.6.18)

v<pt

with the same restrictions on the summand as above. Again by the inductive hypothesis we are free to
exchange A and v in the summand on the right-hand side. If we do so then the only difference between
(2.6.17) and (2.6.18)) is that the roles of A and u in the leading terms have been swapped. Equating

these expressions and cancelling like terms leaves the equation

Piltia)a] _ Pulid)a]
PL0)] ~ Puli0)]

We will in fact need a more general version of this evaluation symmetry. The following lemma is a

]

nonsymmetric version of [Warl0, Proposition 2.1].

Lemma 2.6.5. For A, u partitions with [(A) < n and [(n) < m and a an indeterminate,

p 1—a Pyl ar () +1—at_m _p 1—a P 1) +1—at‘”
T B i D i I D Y "t |
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Proof. We first prove the lemma for n = m. Scaling a — at" gives

Pu[l __a;n]P,x[a(M)n + 1_a] = P;L[l _atn]PM[a(/\)n + 1_"}. (2.6.19)

1 1—1¢ 1—1¢ 1—1¢
This is an identity involving polynomials of degree |A| 4 || in the parameter a. Hence it suffices to

prove the above identity for a = t* with k a positive integer. Setting a = t* and observing that

W+ = W
it follows that (2.6.19) reduces to
1— tn+k 1 — tn-{-k
PM[?] Pil(thntil = Pa [ﬁ] Pu{A)n+k]-

This is simply Theorem for (n + k)-letter alphabets, and so the lemma is proved for n = m.
Now fix m to be an integer such that /(i) < m < n. Then

1 _ tn—m

a{p)n = at" " (w)m + a——7

9

so we may rewrite (2.6.19) as

1 —at" 1 —at"™ 1 —at" 1—a
P, ——|P|at"™ = |=r P,la()), .
M[l_t] A[a ) + 1 ] A[l_t] M[a() +1_t]

Now scale a by a — at™" to obtain
p l—a Pylar () +1—at_'” _p l—a Plar () +1—at‘”
IS i i N D Ik I L i B P

which is symmetric in m and n, and so the restriction m < n may be dropped. 0

The specialised Macdonald polynomials appearing in the evaluation symmetries stated above may
in fact be evaluated explicitly. In order to state specialisation these formulas succinctly we will need
some finite analogues of (2.3.11). For a nonnegative integer n and a an indeterminate we define (see

also Section [3.1))
@ @) :=(1—-a)1—aq)---(1—ag"™). (2.6.20)

For another indeterminate z this is extended to partitions as

n
(z:q. 02 = [ [ = 2g“ 17"y =]z 1 9, (2.6.21)
i=1

SEA
where the second equality follows easily from the definitions of the arm and leg colengths. Also, on the

right we may choose any n = [(A). We also have need of the generalised hook polynomials. Define

these by
() 1 1(s)+1 i /-,
ci(g,t) = 1—[(1 —q®t" T = H(ﬂl i ;Q)Ai l—[ =+, g) 1 ; , (2.6.22a)
SEA i=1 1<i<j<n ’ iTAj
- . l‘j_"_l; A
chq.0) =[]0 =" OO =TT "5 ] y - Dihs —(5.60m)
: @ Tg)a-a,
sEA i=1 1<i<j<n L

where again the choice of 7 is irrelevant as long as n = [(A). Some authors use the notation C, (¢; ¢, )
and C; (g;q.t) for cy(q, ) and ¢} (g, t) respectively; see below.
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Proposition 2.6.6. For A a partition of length at most n one has

1 —¢" "D n gt
P, qt) = 0D (2.6.23)
1—1¢ cr(g,t)

Proof. Fix a partition i € &, and consider the e-Pieri rule (2.6.15)) in the form

P, (Xn)
rPu(Xn) = Pu[(0), By y—=,
e M( ) M[( ) ] AZ/ A/MP)L[(())n]
>
[A/ul=r
where as usual | X, | = n and r is a nonnegative integer such that » < n. The coefficient of the

monomial X" on the left-hand side of this equation is one by (2.6.6a). Hence the coefficient of
the term indexed by A = p + (1”) on the right-hand side is also one, which means that

P,u—}—(lr)[(o)n] = B(/L+(1’))/;1,Pu[<0)n]- (2.6.24)

When both © = 0 and r = 0 both sides are equal to one and thus equality holds. Since every partition
in #, can be obtained by successively adding columns of height < n, it suffices to verify (2.6.24). In

turn, this boils down to verifying that

("9, ) p+ary cu(q, 1)

("¢, D Cutrary(g.1)

We apply the definitions (2.6.21)) and (2.6.224) to the right-hand side, which therefore admits the

simplification

ln(u)—n(u+(1

DBy =

r n

("9, ) pt+ar) (g, ) _1—[ 1—[ (lj_iH;q)ui_uj+1(tj_i;q)ui_uj
(1" q, Dy curary(q.t) @) 1@ @) e

i=1j=r+1

1L[ ﬁ 1 —gti—rigi =i+l

i=1j=r+1 I—=qttor=
because A; = u; for r < i < n. This is in accordance with the left-hand side by the definition of
B+ary/u as 2.6.14) where I = {1,....,r}. O

By a polynomial argument, we can also claim the following Macdonald polynomial analogue of
Lemmal2.5.0

Corollary 2.6.7. Let A be a partition and a an indeterminate. Then

1— t"M(a;q,t
P @l g0) = @dDn (2.6.25)
1—1¢ cr(g,t)

We can also use the corollary to obtain a formula for the Jack polynomial evaluated at a binomial

element z, which generalises the Schur case (2.5.13)). To do so, make the substitutions (a, ¢,t) —
(%7, q,q") and take the limit ¢ — 1 in (2.6.25)), which gives

/M1 — ((z+1—=0)y), ((J =i+ Dy)a—a,
S Il | ey ol U e e v oo (2:6:20

i=1 I 1<i<j<n
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where 7 is any integer such thatn > [(1).
Our next goal is to explicitly compute the squared norm of the P,, which we have previously
denoted by 1/b,(q,t). To facilitate this computation we will need the following lemma, which

generalises the reciprocity of the Schur functions (2.5.8)).

Lemma 2.6.8. We have
1 —
PA([—Xﬁ];q,r) = )My (X:1.q). (2.627)

Proof. Recall that (-, ), 4 is the ordinary Hall scalar product. First we note that for any f, g € A,

<f[—exll%;},g[)r]>q’t — (f[-eX1.¢lx1), .

since on the power sums the equality is clear. The assertion of the lemma is therefore equivalent to

1—1¢
<PA/(|:—8X—:|;Z,C]), PM(X;q,t)> =S
l_q q.t

which by the above is the same as

(Pu([—eX]:t.q). Pu(X:q.1)), , = Spu. (2.6.28)

Assume that the Macdonald polynomial has the Schur expansion

Py(X:q.1) = s3(X) + Y _ di(q.1)su(X).

v<A

The expansion is necessarily upper unitriangular as both s, and P, can be expanded in the basis given
by the m in an upper unitriangular fashion. Then, since the Schur functions are orthonormal, (2.6.28)

reduces to

> dp (. @)y (g, 1) = 83y

Let D(q.t) := (dau(q.7)) and T := (8/,) be matrices with respect to some total order on the

partitions of n which is compatible with the dominance order. Then we need to show that
TD(t,q)TD (q.t) = I, (2.6.29)

where / is the identity matrix. To prove this we will need the matrix S(g. 1) := ({1, 5.)q,) ey A0d
some of its properties. Firstly we note that S(g,7) = S™!(z,q) = TS(q.t)T; see [Mac95, p. 328]
for a proof. Secondly, the matrix product D(q,1)S(g,t)D*(q,t) is diagonal, which follows from the
orthogonality of the Macdonald polynomials. By Lemma the matrix TD(t, q)T will be lower

unitriangular, and hence the product TD(¢,q)TD'(q, t) is itself lower unitriangular. We now compute
-1 —
D(q.1)S(q,t)D'(q,.0)(TD(t,q)TD (q.1)) = D(q,1)S(q.0)TD~'(t,q)T
= D(¢.0)TS™ (t,q)D~ (1, )T
—1
= D(q,1)TD'(t,q)(D(q.1)S(q,1)D"(q,1)) 'T.
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The expression we started with is lower unitriangular since it is the product of a diagonal matrix and
the inverse of a lower unitriangular matrix. The last line of this chain of equalities is in fact upper

unitriangular, since by
D(q,1)TD'(t,q) = (D(¢,))TD'(t,9)T)'T,
the expression is the product of an upper unitriangular matrix and a diagonal matrix. Thus follows

(2.6.29) follows since TD(t,q)TD"(q,t) is both upper and lower unitriangular. ]

The above proof is due to Garsia [Gar92, Theorem 1.2]. For a different proof see Macdonald
[Mac93, p. 329].

We will now compute b, (¢, t) from As a first step we make the simultaneous substitutions

1 —
(A X.q.1) > ()U, 4 )
t—1
in (2.6.27)), which gives

l—a _
Pe([1=5 ) = oo | 5= o),

Recalling from (2.6.9) that P;(X;q.1) = Py(X:q ™', t™!) we may express by (q, ) as

=)™ Py ([{=2]:1, )
P55 g e

bk(qvt) =

Applying Corollary we have

121 2) (a;t,q)wealg 't
(a:q 't Vet q)

which, by the definitions (2.6.21)) and (2.6.22), is the same as

bi(q.1) = (=1)

1 — a(S)t 1(s)— 1—agq —1'(s)pa’(s)
— [A] v (S) (s )
bk(q t) ( ) 1_[[ aq—a’(s)tl’(s) 1_[ l(s)—f-lta(s) :

SEA SEN

The product over s € A’ may be turned into a product over s € A by interchanging arm and leg lengths

with arm and leg colengths, thus giving

vy e 1 — g1
_ (Al a’(s) 1’ (s)
bag.t) = (=M ] [q* ¥t | — ga@O+1G)

SEA

For the final step we note that

das) =) a'(s). and Y l(s) =) I'(s),

sEA SEA SEA sEA
so that the expression
1 — qa(s)tl(s)-i-l Ck(q, l)
bilg.) =[]+= OO = (g 1)’ (2.6.30)

SEA

readily follows.
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We have already met the skew Schur functions s,/,,, which are indexed by skew shapes. In an
analogous way we may define the skew Macdonald polynomials. First define the g, 7-Littlewood—
Richardson coefficients by

PP, = Z L Py, (2.6.31)

which is equivalent to requiring that

= (Pqu’ Qk)q,t

Then the skew Macdonald polynomial Q,/, is defined by
Qi =) [0 (2.6.32)
v

From this construction it is immediate that f lg=t = ch uv and that 0,/,(X5q,q) = sau(X).

Furthermore, we have '1

= 0 unless |A| = || + |v| since Q, 0, is homogeneous of degree
|| + |v|. In fact, we have the stronger result that ;jv = O unless u,v € A. To prove this, let /,,
be the ideal of A spanned by the P, such that A O u. Then by the Pieri rule it follows that
er1, € I,. Since the e, generate A as a Q(q, 7)-algebra, I, must be an ideal of A. Thus the product
P, P, liesin I, N I,, which means p,v C A for f,j}v to be nonvanishing.

We can also define a skew function Py, by

(Pk/us Qv)q,t = (P, QMQV)IIJ’

from which we see that
by(q, 1) y
bu(g.1) "

The vanishing properties of also imply that P, = Q;/, = Ounless u € A, and both P,,,, and

Oaju = (2.6.33)

0 /. are homogeneous of degree |A| — |i|. Following the same steps from (2.5.17)) we may claim a

skew analogue of the Cauchy identity (2.6.8)
1—1t
Y Pu(X:q.0)Quu(Yiq.1) = Pu(X5q.0)0 [XYE]' (2.6.34)
A

Using this identity as well as the ordinary Cauchy identity leads us to

> 0P Qu2) = a| XY =L ] X Au1)0u(2)

A
[ 1—1¢ 1—¢
=0 ol XY ——
| 1—¢ 1—¢q
[ 1—¢
=0 Y(X—i—Z)—}
i l—¢q

=Y Pi(Y)Oi[X +7].
A
Equating coefficients of P,(Y) on both sides gives

OiX +Z]1 =) 0x/u(X)0u(2).
I
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and by (2.6.33),
PAX + Z] =) Piju(X)Pu(Z). (2.6.35)

Both of these expressions generalise the formula for the Schur function on the sum of alphabets

2.5.19.
The skew Cauchy identity (2.6.34) allows us to prove a formula for the Macdonald polynomial

on the difference of two single-letter alphabets when the indexing partition has a single row. In what

2¢1[ ] Z (a; )k (b: @)k Jk

« (¢ Di(q: i

follows let

denote the usual g-analogue of the , F; Gauss hypergeometnc function [AAR99, GRO4].

Lemma 2.6.9. Let x and y be single-letter alphabets. Then

=97 gy
P(r)([x_y] q, t)—x 2¢1|: 1—r 4= l,q,7 .

(2.6.36)
Proof. If we set & = 0in and then replace (X,Y) — (x — y, 1) we obtain

. , 1—
Z (([z ct]))r Piy([x = ylig.1) = 0{1 —

Using the g-binomial theorem [[GR04, Equation (I.3)] (also see (3.3.T)) below) to expand the right-hand

side as a power series in x and y leads to

(t:q)r N G ) PN
Z (t:1), Polr=yke.n _kéo N )™

! _y)} _ (15900 (V3 @)oo
(¥:10)oo (¥ @)oo

Equating terms of homogeneous degree r in x, y gives

(t:q), N ) P ) R
Pey([x —yliq.1) = x"E(y)”,
o, Z; (@5 D) r—(q: Dk
which is equivalent to (2.6.36). [

To conclude this chapter we introduce another scalar product on A,, which we now take over C.

We further assume that ¢, ¢ € C are such that |¢g|, || < 1, and adopt the shorthand notation

n
(@1, ni Qoo = | [(@ii @)oo

i=1

Then for f, g € A, we define the scalar product [Mac95, p. 372]

, 1 _ (zi/z;,2i/2i:9) 00 dz dz,
(/.8 = W/f(z)g(z 1) l_[ — —1.. , (2.6.37)
T

I<i<j<n (tzi/zj,tzj/ziiq)oo Z1 Zn

where T" := {(z1,...,z,) € C" : |z;| = 1} is the complex n-torus and z7! := (1/z1,...,1/z,). It

is clear from the definition that for any f € A,,

(f@ )=
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Under this new scalar product the operator D} ((2:6.2)) with r = 1) is still self-adjoint. To see this, we

first note that for u(z) and v(z) Laurent polynomials over C,
le dZn

[ Toatu@)ol) S 2

T” T

le dZn

= [ a2

1 Zn

(2.6.38)

This itself follows from the fact that for a Laurent polynomial f(z),

/f( )T,

Zn

CTf(2) =

Q2mi)"

where CT f(z) denotes the constant term of f(z). Note that his also implies that scalar product (2.6.37)
is symmetric. Thus by linearity we may assume u and v are monomials in (2.6.38)), and then the result

is clear. Now again by linearity we need only verify that

1- /qzk(f(Z))( )n% 1_[ (zi/zj.2j/2i;q)o0 d '“dzn’

n!(2mwi)” i 1 —zx/z; 1< (tzi/zj,tzj/zi:q)00 21 Zn
L i#k

i<j<n

is symmetric in f and g for fixed 1 < k < n. By the identity

ﬁl_fzk/zj _T ( 1—[ (Zz‘/ZﬁCI)oo) l—[ (z/2i5 @)oo

- 4 ’

i1 L2kl o 1<i<jen FF25 @00 ) ey 121/ 715 @)00
i#k

we may rewrite this integral as

1 (Zl/Zij)oo — (Zj/Zi;Q)oo dz; dz,
o [T (10 ] SLED= o) [] B
T»

1<i<j<n (lZ,/ZijI)oo I<i<j<n (le/Zi,q)oo Z1

An application of (2.6.38) to this expression shows the desired symmetry in f and g. Since the
eigenvalues of P;(X,;q,t) with respect to D, are distinct by (2.6.10), the orthogonality of the

Macdonald polynomials follows:
(Py, Pu), =0 if A # pu. (2.6.39)
The quadratic norm under this new scalar product may also be evaluated explicitly as [Mac935, p. 369]

(t";q,1)5 ﬁ(t,qt"‘l;q)oo

Py, Qu)y = 2 -
e Quhn = g g 1y @ e

or, equivalently by (2.6.30),

(P, PM):: = 5w

(t":q.1)3¢,(q.1) 1—[ (t, qfi_l;CI)oo_ (2.6.40)

(qt"71iq.0acalq. 1) .} (4.1 q)oo

Importantly, the P, may also be characterised as per Theorem [2.6.3|but with the ¢, z-Hall scalar
product replaced by (2.6.37). We now use this fact to prove a complementation formula for the

g, t-Littlewood—Richardson coefficients. Let A be a partition contained in some rectangle (N"). Recall
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that A denotes the complement of A inside this rectangle. For z = (zy, ..., z,) a finite alphabet, we
first prove that [BF99, Equation (4.3)]

Pi(z) = (z1 -+ za)V Pa(z71). (2.6.41)

The leading order term on both sides of this equation is given by m 3 (z). For any pair of partitions A, u

we then have that
(1 z)V Pa(z7h), Gre e z)N Pu(z7Y)), = (Pu(2). Pa(2)), = (P(2). Pu(2)),.

So both sides of (2.6.41) satisfy the conditions which characterise the Macdonald polynomials, and
therefore must be identical. Now fix another pair of partitions u, v such that u,v € A € (N"). We

wish to prove the identity

(2.6.42)

J7Av

0[5 Py [(0)]
Qi [at q’” ] Pul(0)a]H

By the orthogonality (2.6.39) the fiﬁ: may be expressed as

1)
S =

(P3(2)Py(2), Pp(2))y _ (Pu(2)Pu(2). Pa(2)), _ (Pal2). Pa(2)), o2
(Pa(2). Pa(2))y, (Pu(z), Pu(2)), (Pu(2), Pu(2)), "

All that remains is to use (2.6.40) and the specialisation formula (2.6.25) to evaluate the ratio of

a _
fi =

quadratic norms on the right to complete the proof.



Chapter 3

Cauchy-type identities

The goal of this chapter is to prove several A, generalisations of the classical (skew) Cauchy identity
(2.6.34). These formulas are based on identities for skew Macdonald polynomials, an approach that
was developed by Warnaar in [WarO8a,War(09,War10)].

3.1 Hypergeometric preliminaries

We begin this chapter by introducing some of the hypergeometric functions and functional relations
required for what follows. Firstly, for n a nonnegative integer define the Pochhammer symbol (or

rising factorial or shifted factorial) by
@p:=@@+1)---(a+n-1) (3.1.1)

for n a positive integer and (a)o := 1. Since the product here is finite we allow a to be any complex
number or simply an indeterminate. For any z € C such that Re(z) > 0, define the Euler gamma

function
[(z):= / t7 et dt. (3.1.2)
0

The recurrence I'(z + 1) = zI'(z) then follows by integration by parts. Using this we may extend the
gamma function to a meromorphic function with simple poles at the nonpositive integers. Moreover,
since the gamma function has no zeros, 1/I'(z) is an entire function. We also note that I'(1) = 1
automatically implies that I'(n + 1) = n! for any nonnegative integer n. Ifa € C \ {0,—1,-2,...}
then we use the gamma function to extend the definition of toany z € C such thata + z #
0,—1,-2,... by

I'(a+z)
(@) = —p @
Notice that for n € N this reduces to (3.1.1). In particular if n is a nonnegative integer (and a + n is

not a positive integer), then
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We have already introduced the g-analogue of the Pochhammer symbol (2.6.20),

(@:q)n = (1=a)(1 —aq)--- (1 —ag"™"),

as well as its infinite analogue (2.3.11))

(@:9)o := (1 —a)(1 —aq)(1 —aq®)--- .

This last product converges for |¢g| < 1, but in the case of the following identities for Macdonald
polynomials it suffices to view the above as a formal power series in ¢g. As for the ordinary Pochhammer
symbol, we can extend the finite case to any z € C:

(a5 q)oo
(@q%; @)oo’

where here, if treated analytically, we always take 0 < ¢ < 1 to be a real number in order to avoid

(a;q9); =

fixing a branch. As before we have that this agrees with the previously-defined case when » is a
nonnegative integer. In analogy with the expression for (a)—, we have
1
(@:q)-n
In particular 1/(q; q)—, = 0 for all positive integers n. For use below we note the identity [GRO04,
Equation (I.11)]

= (aq™":q)n-

(@ Dnk (b)k(a;Q)n (q"™"/b: @k (3.1.3)

b: @)k \a) (b:q)n (q'"/aiq)’
whose verification we leave to the reader. There is also a g-analogue of the gamma function (3.1.2)),

which is given by
Tg(z) := (1= )" (g: @)z (3.1.4)
where again 0 < g < 1. Taking the limit ¢ — 1 returns the ordinary gamma function, and a proof
of this fact may be found in [K0o090, Appendix B]. When turning products g-shifted factorials into
products of g-gamma functions later on it is useful to note that
Lyla+2)  (9%:9):
L@ — (1—¢)*
Throughout this chapter it will be useful to define the following oft-occurring hypergeometric term.
ForA,u € & andany k € N, £ € N U {oo} such that k > [(A) and £ > /() we define [Warl10]

k.t i L (aqu_i_l'Q)k—u'
“lasq,t) =Kk e Ly (3.1.5)
f)k,,u( q 1_[1_[ (aqu_l;q)li—uj

i=1/=1
By (3.1.3) it follows that
foaiq.n) = f75(t/ag:q.1)
provided £ is finite. For infinite £ we adopt the convention #¢ = 0.
For our next result we would like to specialise a = t*=¢ (for k < ¢ and ¢ finite) in (3.1.9).
Potentially this could lead to problems with the double product on the right, and the following lemma
serves to show that such a specialisation is in fact permitted provided the resulting double product is

interpreted correctly.
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Lemma 3.1.1. Let A and |t be partitions and k,{ € N such that k < £ and such that k = (1) and
£=1(n). Then
lim £ (bt* g1 3.1.6
lim 7,7, (617724, 1) (3.1.6)

is well-defined. Furthermore a necessary and sufficient condition for the nonvanishing of this limit is
Ai = Wikye forl <i <k. (3.1.7)

The inequalities (3.1.7) may conveniently be visualised as:

AL = Ay = o = Ak = Ak = = 0
\ \ \ (3.1.8)
M1 = o 2 k1 = k2 = = g = Mgy = o = 0.

It is assumed in Lemma[3.1.T|that ¢ and ¢ are generic. For the Schur case ¢ = ¢ the equation (3.1.7)
has to be replaced by
ki:pbji+i—j[+€—k fOI’lSlSk,

where 1 < j; < jp <+ < ji < L.

Proof of Lemma[3.1.1] To see that the limit is well-defined, note that for fixed i the powers of ¢ in
(3.1.6) are zero when j = i —k + £ + 1 in the numerator and j = i —k + £ in the denominator. Since
J < {thisyields k — ¢ <i < k — 1 for the numerator and k — £ + 1 < i < k for the denominator,
with both the lower bounds automatically satisfied since k < £. Therefore, taking the product of the
t-independent g-shifted factorials in and making a shift in the indices yields

k—1 -1

1 (bq: @) r;—p; 1 . .
nlzl( 4.9 Pickter! — ba- | | (bql—M'H_k_Ml;Q)Mi—MH—l' (3.1.9)
[Tz (P @ a—pi s ye (O @) 2= i=l—k+1

Since p is a partition, i; = i;+1, and hence the limit b — 1 exists.

The vanishing of the limit (3.1.6)) is completely determined by the vanishing of the right-hand
side of (3.1.9) when b — 1. Clearly the term 1/(q; ¢),—u, Will vanish unless Az > ;. In order for
(3.1.9) to be nonvanishing, one of

Aik—t = i, (3.1.10a)
Aitk—t < i = Hit1, (3.1.10b)

must hold for each i such that { —k + 1 <i < £ — 1. Now assume that Ay > p, and one of (3.1.10a))
and (3.1.10D) holds. Consider the largest i for which (3.1.10b) holds but (3.1.10a)) does not. We cannot

have i = £ — 1 as this would imply
Ak < Mg—1 = e

contradicting Ay > . Similarly, no such maximal i exists withi < £ — 1 as we then would get

Aitk—t < i = Hit1-

However, as (3.1.10a)) must now hold with i + i + 1, this would give A; yx—¢ < A;+k—¢+1, contradict-
ing that A is a partition. Therefore we conclude that (3.1.10a) must hold forall  —k + 1 <i <€ —1.

This is equivalent to the desired conditions by a shift of indices, and hence we are done. [
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By abuse of notation, we will write fk £ (t*=%; ¢, 1) instead of limp_, fx (btk t:g.,t) in the

following.

3.2 Identities for skew Macdonald polynomials

Here we present an identity which underpins the generalised Cauchy identity of Theorem [3.3.1]
below. The following was originally proved by Warnaar in [Warl0, Theorem 3.4], but stated slightly
differently.

Proposition 3.2.1. For A, i € P there holds

Z,—|V|PMV[ Ua}Qx/v[lI—iq/l] (3.2.1)
1—t*/a 1 —aqtt!
=PM[ 1—z/ }Q;{ 1= ]fﬁ’,f(a;q,t),

where k € N and £ € N U {oo} may be chosen arbitrarily, provided that k = (L) and £ = [().

In [War10] the right-hand side of (3.2.1)) is stated with £ = k. Of course, since the left-hand side

does not depend on k and ¢, the above form of the identity is not actually more general. Indeed,

kL, .
Sl ag.

I\ V4 i1, k I(w) j—i—1.
= kIOl fIIGD (4. o1 T1 (aqt’ 7" q)a, 1 11 (aqt’™" 7 @) -y,
Ao T (aqt’='1q)x, (agt/ = q)_p,
i=1j=I(w)+1 ’ Loi=l(M)+1j=1 Y

l(A) 10 (g2 0. 1) (aqt' ™1 q, 1), t'W/a;q,t),
(agt=;q.t),  (t%/asq.t),

Substituting this in the right-hand side of (3.2.1)) and using (2.6.25)) yields the identity with k& and ¢
replaced by /(1) and /(). For later use we note that from the above and (2.6.23)) it follows that

la—_qt], (3.2.2)

I (aql)Qx[ ] £k (a;q,z)Ql[

where £ is an arbitrary integer such that £ > /(u).

Proof of Proposition[3.2.1] By our previous considerations it suffices to prove the identity for k = £.
Assuming this, let u,v € Pk so that we have the generalised evaluation symmetry ((2.6.19) with

(n, A, u) — (k, u,v)),ie.,

P 1 —atk P () +1—a P 1 —atk p () +1—a
V = _— .
T S A R B L

On the left-hand side we apply (2.6.35) with (A, u, X, Z) — (1, w,a{A)x, (1 —a)/(1 —1)), i.e.,

Pafatn + 77| = X Pue 75 [ Pelatin
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For another alphabet X we multiply both sides of this new expression by O, (X) and sum over v to

obtain

—at® l—a 1 —atk
ZP[ = 00mu| 174 Patatind = . 4 ]ZP[
By the Cauchy identity (2.6.8)) this is equivalent to

—at* l1—a 1 —at* 1—t l—a
ZP |: ]Q (X)Pu/w[l_l] Pyla{r)k] = Pu[ﬁ]al [G(M)kxl_q]ol[)(l —q]’

where we have applied the sum rule for o7 on the right (2.3.4a). We now choose the alphabet X to be

—a
I_I]va.

X = b(A)g for A € P and b a parameter, giving

—atk —
S| e pu | 7 Pelatii (.23
—atk 1— 1 —
= P T | bt = | g = |

We now turn our attention to the left-hand side, which we denote by LHS(3.2.3). By the homogeneity
of the Macdonald polynomials we may pull out factors of a and b in the sum. Then by the classical

evaluation symmetry (2.6.13)) applied to P, [{A)r] we get

_ ql@! |u|P[<0)] |:1—atk] |:l—ai|
LHSBZ3) = 3 a b p e 10 Ty P | 7= | PA0MIP LN

The product Py[{v)r] P,[(v)x] may be expanded as in with (A, i, v) = (1, A, w), so that

LHS@: Zd'w%lvlf,L)P Kg; %Qv[l_atk]PM/w[ll_a] 77[( V)il

1—1¢
n,v,0

Again applying the evaluation symmetry, this time to P,[{w)x], the resulting sum over v may be evalu-
ated using the Cauchy identity (2.6.8) under the substitution (A, X, Y) > (v, b(n)x, (1 —at*)/(1—1)).
This leads us to

_ _ a1k
LHSEZY = ' f, P Pute = | [t |

For now we have finishing manipulating only the left-hand side, and so return to the full identity

(3:2.3). Writing out the functions o in terms of g-shifted factorials we have thus derived the formula

t2k l’ q)oo

1—a]& (abg™
Za'“"fmn[(on]m/w[ - ] [ 5y
N i=1 s o0

1 — atk ﬁ (abq)t;+ujt2k—i—j+1;q)oo k (abq’litk_i;q)oo
1—1¢ (abq)li-ﬂtjtZk—i—j;q)oo Pl (bql,‘tk—i;q)oo ’

= PA[<0>k]PM|:

i,j=1
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If we scale b — bt'~* and make some elementary manipulations using g-shifted factorials this reduces

to the simpler expression

b:.q, 1 —
Za'“"(a(blqut):)nffan[(O)k]PM/w[ 1 _f] (3.2.4)
n,0 T

_ (g0 1 —atk (abt*~i~ ’“,q)A g
- Gt o ] [1 G

To complete the proof we would like to take complements of the partitions A and 1. For fixed w in
the sum there will be finitely many choices for the partition 7 since the g, ¢-Littlewood—Richardson
coefficient vanishes unless || = |A| 4+ |w|. Since the sum over w is also finite there will exist some
integer N such that A, ,n € (N¥) for all possible choices of @ and 7. Choosing such an N, we
replace A and 71 by their complements A and 7 inside of (N*). In order to simplify the resulting
expression we will use several identities relating A, 1 and A, 7). Firstly, it follows readily from (3.1.3))
that

(a:q.1); (_)'*(a 1q. Dy (¢' 7" /big 1)z
(b:iq.1);  \a) (biq.0)ry (' "t% 1 /asq.1);
Also, the identity
P;[(0)] = 1V ) ~E=D p, [(0),]

may be verified directly from Proposition [2.6.6] and the definition (2.6.22)). Lastly, we will need
(2.6.42) with (n, A, u,v) — (k, A, n, w), which is

04[22 PA(0)]
Q[ qfk ' Pyl(0)e] "

i
f/\a)

Returning to (3:2.4), we specialise b = ¢~ and apply the previous three identities to obtain the

expression
_ 1 —gq/at l—a
t @ A _rr= P -

- k j—i—1 /.
— l_klule 1 _qtk 1/a P 1 _atk (qtj . .l/a’ q))ki—uj ’
11—t L1t (qt/ 7 @z q)a,—p,;

which is independent of N. All that remains is to evaluate the sum over 1 by the definition of the skew

Macdonald polynomial (2.6.32)) and replace a — 1/a so that
_ 1—aq/t 1—1/a 1 —aqt*! 1—t*/a
Zt “Qx [ 4 ]Pu/w[ - / ] Qx[ li]t ]PM[ / ]f (a:q.1),

where we recall the definition of f. Akp]f (a;q,t) from (3.1.9). This is the statement of the proposition for
k=L O

For convenience we also state the following corollary, which follows directly from the proposition

under the substitution a = ¥~ for k < £.
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Corollary 3.2.2. Let k,{ € N such that k < L. Then, for partitions A, i such that [(A) < k,

_ -k _ g1k—l—1 _ k—1
Z[_V|Pﬂ/v|:l t ]Ql/v[%]zp [11 _z[]QA[l qt ]f Lkt g 1),

The above corollary is essentially [WarO8a, Theorem 4.1, u = 0]. It should be noted that the
condition /(u) < £ has been dropped in comparison with Proposition and [War0O8a, Theorem 4.1],

since both sides identically vanish when /() > £. To see this, note that the summand vanishes unless

VC A, v C puand wj—g+¢ < v; foralli = 1. This in particular implies that the summand vanishes
unless 4 _g+¢ < A; foralli = 1, in accordance with (3.1.7). Wheni = k +1 this yields pg4+1 < Agy.
Now, since /(1) < k, Ag41 = 0 so that peqq = 0, i.e., () < L. Since the alphabet (1 —t*)/(1 — 1)
has finite cardinality £, the right-hand side has this same vanishing property.

3.3 A, Cauchy-type identities

As we will see below, the Cauchy identity for Macdonald polynomials may be viewed as a discrete
analogue of the AFLT integral. This relationship may be traced back to the beta integral (I.1.3)
through the well-known g-binomial theorem. For @, ¢, x € C such that |x|, |¢| < 1, this is [AAR99,
Theorem 10.2.1]

(@:q)n (ax;q)oo
n o 70 7J%0 33.1
,,zz(:) @ Dn (X1¢)oo 63D

This summation may be viewed as a discrete analogue of the beta integral (1.1.3)) by introducing the
Jackson or g-integral. For real g such that 0 < g < 1 the Jackson integral over the unit interval is [0, 1]
defined by

| = =03 1@ (332)

where f : R — C is any function such that the right-hand side converges. Letting ¢ tend to 1 the
Jackson integral converges to the Riemann integral on [0, 1]. If we set (a, x) — (¢#, ¢%) in (3.3.1)) then
the sum may be written as a Jackson integral and the right-hand side expressed in terms of g-gamma

functions (3.1.4), so that

o Ig()Tg ()
a—1 . _ q q
/0 1" Yqt:q)p_1 dgt = T wip) (3.3.3)

Sending ¢ — 1~ recovers the beta integral. This same procedure of writing a g-hypergeometric
identity as a (multidimensional) g-integral, then taking the limit ¢ — 1, also applies to integrals of
Selberg type. Indeed, it is this method of proof which is applied in Chapter 4| to derive the A, AFLT
integral. In the case of the Selberg integral and its generalisations, the summations we require involve

Macdonald polynomials. For example, in [Mac935, p. 373-376], Macdonald uses the summation,

"M (a:q,t ax; l1—a
,( 9Dip (xig.1) = I (@X3q)oo =01[X ]
—~  ci(q.0) vex @)oo l—gq

to derive a g-analogue of Kadell’s integral (I.2.2). The above is known as the Kaneko-Macdonald
g-binomial theorem, and was originally proved independently by Kaneko [Kan96, Theorem 3.4]



62 CHAPTER 3. CAUCHY-TYPE IDENTITIES

and Macdonald [Macbl Equation (1.10)]. For X a single-letter alphabet this reduces to the ordinary
g-binomial theorem (3.3.1). The formula itself follows from the Cauchy identity (2.6.8) under the
plethystic substitution Y + (1 —a)/(1 —t). To account for the two Jack polynomials occurring in the
AFLT integral (1.2.4), the jumping-off point in the analogous proof of the AFLT integral requires the
full Cauchy identity. Along the way, one picks up a g-analogue of the AFLT integral in the form of a
multidimensional Jackson integral; see Theorem @

To evaluate the A, Selberg and Kadell integrals, Warnaar proved an analogue of the Kaneko—
Macdonald g-binomial theorem which can be thought of as an identity for A, [War09, Theorem 3.1].
In generalising this approach to the A, AFLT integral we require A, summations which are of Cauchy-
type. To this end, we think of (2.6.8) as an identity for A; in which the two alphabets X and Y are

attached to the single vertex of the corresponding Dynkin diagram:

X

Y

Extending this to A,, we consider sums of the form

n n—1
Yo 1P X010 YOI Aesetn @ig. . (3.3.4)
r=1

A A r=1

where the functions f. Ak(:;k;(ﬂr” represent the edges of the A, Dynkin diagram:

xM X@ X -1 X (n—=1) x ™

Yy Y@ y (=D y =1 y®

In (3.3.4) we choose ky < kp < --- < k,—; to be nonnegative integers and k,, € N U {oo}. Also, a,
for 1 <r < n—2 will be fixed as a, = t*~%+1 whereas a,,_; is an indeterminate. In the sum (3.3.4)
we also specialise the alphabets X, ..., X® and YV, .. Y "~D a5

1 — tkr t — thr+1
XO+D = l—t/a y® = Z,% forl<r<n-—1, (3.3.5)
and fix the cardinalities of X and Y ™ to be
XD =k, [Y?| =k,

It should be noted that, since a, = t*—*r+1 for r # n — 1, we have

for2<r<mn-—1, (3.3.6)

sothat | X)| =k, foralll <r <n-—1.
Recall the convention that t* := 0 if k = oco. Our first A,, Cauchy-type formula may then be stated

as follows.
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Theorem 3.3.1 (A, Cauchy-type formula I). Let ky < ky < --- < k,_1 be nonnegative integers
and k, € N U {oo}. Then for a,_, an indeterminate, a, ‘= t* %+ for1 <r <n -2, XV =
X, YO =y 4 by, and X, XO YD Y 6D g in (33.5), and

= 1—1/a
W= zl~--2n—1X(1)+ZZ’+1"'Z"“Ttr’
r=1
we have
kr,kr
> ]_[PW ([X]:q.1) Qa0 ([Y VT g1 ]_[ gtk (@rg.t) (3.3.7)
A r=1 r=1
= (arqzi-++zrXi; @)oo il (Zr—i-l"‘Zn—lyj/ar;Q)oo
Py (Wlq.t) [] ]‘[ [
ulie (121 ZrXis @)oo i1 (Zr+1°" " Zn—1Yj3 oo
ki kn kyi1—kr -
Xl_lll_[(lzl"'zn—lxiyj;Q)oo I T—[ (asqt' ' zr417 - 253 @)oo
i=1j=1 (21 Zn-1X1 V)i 4)oo 1<sr<s<n—1  i=1 tzri1 25 Qoo
where pnM, ..., "=V := 0 and ™ is an arbitrary partition.

For n = 1 the theorem reduces to (2.6.34) with (X, Y, ) — (X, ¥y D ;™) and for n = 2,
k, finite and ;L(”) = 0 it coincides with [Warl0, Theorem 1.2]. When n = 2 there is some mild
redundancy in since the substitution X M > z71 X @ eliminates any reference to z;. We further
remark that we do not know how to evaluate the left-hand side of (3.3.7) in closed-form if one (or more)
of the a, for 1 < r < n — 2 is an indeterminate. Since | X | = k, for 1 < r <n — 1 the summand
vanishes unless /(A(")) < k, for this same range of r. If a, for some r < n — 2 is an indeterminate,
then A”*D can have an arbitrarily large length, which prevents us from applying Proposition in
our proof. Requiring a, = t**~%+1 for 1 < r < n — 1 allows us to use Corollaryin place of
the proposition. We are, however, allowed to keep a,_; an indeterminate since ¥ ) is either a finite
alphabet of cardinality k,, or countably infinite, permitting us to apply Proposition For more

details we refer to the proof of the theorem contained in the next section.

There is a second, closely related, Cauchy-type identity, in which k, is finite and no longer

corresponds to the cardinality of ¥ ™).

Corollary 3.3.2 (A, Cauchy-type formula II). Let ky < k, < --- < k, be nonnegative integers.
Then for a, := thr=%r+1 for 1 <r <n—1, X =x; +--+ x4, Y =y, + y5 + -+ and
X@ o x® y® | ye-D i (3.3.3), and

n—1

Wi=zi- 2, X + er-i-l"'zn—l

r=1
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we have

3 ]‘[PW ([XD):q,1) Qa0 ([Y )5 g0t ]_[ finsehnarig.n (3.3.8)

A A r=1

n—1 ki ko —k . X _k ‘
ter r+lz e ZrXis tr+1 ro veez .
= P ((Wlq.1) [ ] (]‘[ 4 12X G)oo l—[( 417 Zn-1); q)oo)
r=1 i=1

(2@ 1r Grar Ze12iid)ee

kr+l_kr

k1 . i +kg—kgy1—1 )
(tZl"'Zn—lxiyj’Q)oo (qtl+ SR Zr-}-l"‘ZSaQ)oo
<111 o [T 11 - :

e i .
i=1j>1 (@1 Zno1Xii oo | fguy i (t12r 4177 251 q)oo

where u@ ... @V := 0 and n™ is an arbitrary partition.

We note that in the above corollary the range for which (3.3.6)) holds includes r = n. In particular
|IX®)| = k, forall 1 < r < n. The corollary simplifies to the A, g-binomial theorem [War09,
Theorem 3.2] if we replace Y ™ > z,t*»-1(1 —a)/(1 —t) and z, > z,t¥—1" 1 forall 1 <r <n—1

where ko := 0.

Proof of Corollary[3.3.2] We take Theorem with k, = co. Then Y™ = y; + y, + -+ in
accordance with the corollary. Moreover, by (3.2.2) and the fact that £~ = 0,

k k .
Q;L(n—l)/M(n—l)[Y(n D]fMZ B Z(n)(an—l’q’t)

kn s .
= QM"”|: :|f(n ll)x(n)(an—l’q’t)

1

-1 kn— ,kn .
= Qk(n—l)/u(n—l)[Y(n )]f (n— %) A(n)(an_l,q,l‘).

L—an—1qU™" | kyy i
= Qk("l)[zn—]f(n ll)k(n)(an—ﬁq,f)

Here k, is an arbitrary integer such that kn > [(A™) and yo-b .=z, (t— an_lqt'é”)/(l — 1), so that
y =D corresponds to Y =V in (3.3.3)) except that k,, has been replaced by lgn Of course, since we
are summing over all partitions A" there exists no integer k, such that k, = [ (A™) for all A®. To
get around this problem we specialise a,—; = qk”*I_’g". Then X™ = (1 — 112,1) /(1 —1t) of cardinality
|l€n| so that without loss of generality we may assume that [(A™) < k. Finally replacing kn by k,
completes the proof. [

The proof of the A, AFLT integral actually requires a plethystically substituted version of the
pn™ = 0 instance of (3.3.8) obtained by replacing ¥ ™ > Y™ + (¢ — d)/(1 — t). For convenience

we state this as a corollary.
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Corollary 3.3.3. With the same conditions as in Corollary

d
Y. Pu([X (")];q,t)Qw([Y( "+ 1—] q,r)
A B

n—1

X l_[ (P;um([X(r)];CI»l)Q,vr)([Y(r)] q, f)ff(% A’(ﬂr”(ar;q,t))

tz1 - zXiiqoo 7 (Grans e Zn-11q)oo

—1 _ _
’i_[ ( ki qtkr kr-HZl...erl-;q)oo 1_[ (tkr-H err-i—l"'Zn—lyj;Q)oo)
r=1

ki

(t21 “Zpn1Xi Y1 q) oo (dzy -+ Zp—1Xi: @) oo
xl_[l_[ H

*Zp— lxly],Q)oo i (CZl Zn—lxi;Q)oo

errl_kr

lkr kr | — . B B
xh T_[ (dzry1 Zn1t" 1 @)oo I ] (gt ths=hs1=lz 1o 2 @)oo

(€zrs1 Zn—1""11q) oo l<r<s<n—1  i=1 (t'zZr 1+ 251 @)oo

We will not give an explicit proof of this corollary, but note that the substitution ¥ ™ - y ® 4
(c —d)(1 —t) can easily be carried out noting that the right-hand side of (3.3.8) without P, e [W]is

expressible in terms of o as

1 — qtkr_kr+l_1 1 _ [kr+l_kr

n—1
O'1|:Z(tzl"'zr 1—6] X(1)+Zr+1"'zn—1TY(n))+
r=1

(1 —grsfn=h(q — ki)
2, s =q)(1—1 }

The expression of the corollary is then a simple computation involving the use of the addition and

subtraction rules for oy (2.3.4).

1—1¢
Z1- .Zn_ll_ X(I)Y(n) +

—9q 1<r<s<n—1

3.4 Proof of Theorem

The proof proceeds by using the identities for skew Macdonald polynomials obtained at the beginning
of the chapter to inductively evaluate the sums over A("”). We define two families of auxiliary alphabets
(XM <r<n and {Z(r)}”=1 as

“ 1—1/a
Zm X + ZZMH iz ——— ifr=m+1,
X(r,m) e — 1 —t
T )1-1/a v
-7 otherwise,
1—1¢
and
y®™ ifr =n,
7@ . —
’ I —ayq .
Zy T otherwise.

The first family satisfies the simple recursion

Zm+1x(m+l,m) + X(m+2,m) — X(m+2,m+1). (341)
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Lemma 3.4.1. For n, m integers such that0 < m < n — 1, and v a partition, define

kr+1_kr

m ki (arqzy -+ 2,Xi;q) (asqt' 'z, 11+ 25:q)
9m ::l—ll—[ r 1 riis oo 1—[ l—[ K : r+1 S 0 (342)

r=1i=1 (tzl~-~z,x,-;q)oo 1<r<s<m i=1 (tlzr‘*‘l"'ZS;Q)oo

n
X Z 1_[ (er”(r)| Z Py pyer-n ([X(r’m)]; q.1) Q3 p ([Z(r)]; q, t)),

pm+1) (=1 r=m+1 A0

.....

where v™ = 0. Then g, = gms1 for0 <m <n —2.
Proof. Since v™ := 0, the sum over A *V in (3.4.2)) is of the form (2.6.34) with
(X, Y,A,,M) s (X(m—l-l,m)’ Z(m-i—l)’k(m-i-l)’ v(m+l))

and hence equates to

P (m+1>[X(m+1’m)](rl —1 —! X (m+1m) 7 (m+1) |
v l_q
Since 0 < m < n — 2, it follows that
o1 |: 1- X(m+1 m)Z(m+1)]
l—gq
m k —k
t_am+lq (1) (1 — ! r)(t _am+1Q):|
=01lz1---2Z +1—X + Z+1"'Z +1
[ " 1—¢ ; ' " (1—=0)(1—¢q)
kri1—ky -
t—am+1q ST 1Nt = am+19)
- 1_[021 ‘Zm+1 1 — 1_[ 1_[ O.ZrJrl “Zm41 1— q

i=1 = i=1

k1 . m kr+l—kr i—1 .
_H(am+1qzl"'zm+1xi»Q)ool_[ 1—[ (Am+191"" Zr41 " Zm+15 ¢ ) oo

(tz1 Zm+1Xi:q) oo (tZrg1 Zmt+159) oo

bl

i=1 r=1 i=1

where the second equality follows from (2.3.4a)) and the last equality from Lemma As aresult,

m+1 kg kry1—kr

I

. 1
r=1i=1 ZrXiioo g osemir imi (t72Zr 41+ 251 )0

X Z { Pv<m+1)[2m+1X(m+l’m)]

pm+D  yn=1)
n
X H (z'r"m| Z P)L(r)/,,<r—1) [X(r’m)] Q)L(r)/v(r) [Z(r)])} .

r=m+2 A0

After interchanging the order of the sum over v+ with those over the A, the former can be
summed using (2.6.35)) with

(X,Z, A, ) = (X(m+2,m)’ Zm+1X(’"+1’m), Am+2) 1)(m+1))'

Thanks to the recursion (3.4.1)) this yields Pjm+2 [X ®+27+D] resulting in g, = gm1. [
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We are now ready to prove Theorem [3.3.1] As a first step we eliminate f. ﬁ:;kﬁ; “n(ar;q,t) from

the summand in (3.3.7) by applying Corollary with

A vk, ) > WO A0 O e ke ) forl <r<n-—2
and Proposition [3.2.1| with
(a, A, vk, 0) — (an_l,)k(”_l),/l("), v("_l),kn_l,k,,) forr =n—1.

Then

n n—1
Yo TP X]Qa0 e [YOTT ] fﬁfi’fﬂiin(ar; q.1)
r=1

A A r=1

= Z Z P;Lm[X(l)]QMn)/M(n)[Y(”)]

A A () =1

.....

= A0 I —arq 1—-1/a,
X 1_[ z, Qo po T—; P41y —;
r=1

— Z 1_[ (Zil‘v(’)| Z Pl(r)/v(r—l)[X(r,O)] Qx(r)/v(r)[z(r)])

v =D r=1 A0

zn=1, v('ﬂ:u(”)

zn=1, v(")=,u(”) ’

where in the fourth line v(®¥ := 0, and where g is defined in (3.4.2). Using Lemma we may
replace go by g,—1, leading to

n n—1
Z 1_[ Pin[ X050, [Y 7] 1_[ fﬁ:ilﬁin(ar; q.t)
r=1

A A r=1

:ﬁﬁ (arqzi+zrXi;q)oo l_[ l_I (asqt' ' zr 41+ 255 @)oo

(121 ZrXi @)oo (t'zZr1°+ 251 @)oo

r=1i=1 I<r<ssn—1 i=1
X Z Py [X("’"_l)] Qo [Y(")].
L)

The final sum on the right can be carried out by (2.6.34)) with
(X, Y, A, ) > (X =Dy 0 300y ),

Since W = X 1= and

1—1¢ 1—1¢ = 1—1/a
X @n=Dy@ | — ez XWOy® § il Iy ———L Y™
01|:1—q o1l z1 z ll—q + Zr+1 Zn—1 1—¢

r=1

-1 k
] . (Zr41+ Zn-1Yj/0r: @)oo

B (tZ1+ Zp—1Xi ¥} @)oo
_Un .. 1_[1_[ (Zr+1"'Zn—1yj;Q)oo

(Z1 Zn1Xi Vi Qoo 5

the right-hand side of the theorem results.






Chapter 4

A; integrals

The purpose of this chapter is to use the summation formulas for Macdonald polynomials proved in the
previous chapter to derive two A, Selberg integrals. The first of these is an A, analogue of the AFLT
integral, and the second is an A, analogue of Warnaar’s s[5 Selberg integral. To begin the section we
describe how A, Selberg integrals arise through the Knizhnik—Zamolodchikov equations. The domain

of integration for the A, Selberg integral is also described in detail.

4.1 g-Selberg integrals, Knizhnik—Zamolodchikov equations, and

the Mukhin—-Varchenko conjecture

Before we launch into the evaluation of the A,, AFLT integral we will explain the connection between
Knizhnik—Zamolodchikov (KZ) equations and hypergeometric integrals.

The Knizhnik—Zamolodchikov equations are a family of partial differential equations based on Lie
algebras, which first arose in the work of Knizhnik and Zamolodchikov in two-dimensional conformal
field theory [KZ86]. Although they may be described much more generally, we restrict ourselves to
the following case which is sufficient for our purposes. Let g be a simple Lie algebra of rank n with
associated root system ®. We denote the simple roots of ® by ¢; for 1 < i < n to avoid clashes of
notation with our Selberg integrals, and the Chevalley generators by e;, f;, and h;. Let V; and V,, be
two highest weight modules for g and 2 € U(g) ® U(g) the Casimir element. The space of singular

vectors in Vj ® V), of weight v is defined to be
Sing, ,[v]:=={veVa®V,: hv=vhi)v,ev=0,1<i<n}

Then the KZ equations for a function u(z, w) : C2 — V; ® V,, form the systenﬂ

ou Q ou Q
K— = u, and kKk— =
0z Z—w ow w—z

u.

In [SVI1]], Schechtman and Varchenko solve the KZ equations for an arbitrary simple Lie algebra

when the function u takes values in Sing; ,[A + u — >, @:k;]. Their solutions may be expressed

! For the more general definition alluded to earlier see [EFJ9§].

69
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in terms of k; + - -- + k, dimensional hypergeometric integrals. If / is an ordered multiset then we
write /! for the product [1;<; fi» where the product is taken with respect to the order. Schechtman

and Varchenko express u(z, w) as

u(z,w) = Zul,J(z, w) v, ® vaM,

where the sum is over all ordered multisets 7, J of {1,...,n} such that i appears precisely k; times in
I U J and vy, v, are the highest weight vectors of V) and V), respectively. The coordinate functions
uy,j(z, w) are given by

ury(z,w) = /F V(z,w;t)wrj(z,w;t)dt,

where wy_j(z, w;t) is some explicitly known rational function and I" is a suitable domain of integration.
The function W(z, w;t) is known as the phase function (or master function) and is defined as follows.
The first k; integration variables are attached to @; so that @;, := &; provided k; +---+k;—y < j <
ki +---+k;. Then

k
W(zowir) = (z = w)®0 (0 — 27 F@0 (1 —wyws)/e T (5 — 1) @s)ls,

i=1 1<i<j<k

where (-, -) is the standard bilinear form on the dual of the Cartan subalgebra. Departing from Schecht-
man and Varchenko’s construction, we note that the phase function is a two-parameter deformation of
the integrand of the Selberg integral. In order to obtain explicit Selberg-type integrals we work with

the normalised phase function

k
—(\ &y, s O
W) = [T @ =y @l T @ — 1)@/, (4.1.1)

i=1 1<i<j<k

In 2000, this relationship lead Mukhin and Varchenko to make the following remarkable conjecture
[MVO00, Conjecture 1].

Conjecture 4.1.1. If the space of singular vectors of weight A + w — > _:_, k;&; is one-dimensional,

fA\IJ(t)dt

evaluates as a product of gamma functions. Here A C [0, 1]* is a real domain of integration not

then the integral

specified.

For ¢ = sl, = A; with the single fundamental weight A, the weights may be expressed as
A = A;A; and u = pyA;. Then the function (@.1.1]) becomes

k
() = Hti_x‘/"(l O | R e

i=1 1<i<j<k

This is simply the integrand of the Selberg integral with (o, 8,y) — (1 — A1/k, 1 — ua/k, 1/x).
Thus the k-simplex is a suitable domain of integration, and by Selberg’s formula (1.1.2) the integral
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evaluates as a product of gamma functions. Currently the conjecture has only been resolved for
g = A,. The A, case was handled by Tarasov and Varchenko [TV03), Theorem 3.2], and the general
A, case by Warnaar [War(9, Theorem 1.2]. It should be pointed out that some low-rank cases have
been computed in types B,, C,, and D, by Mimachi and Takamuki by iterating the Euler beta integral,
or the ordinary Selberg integral [MTOS5].

4.2 Domains of integration

(D@ ™)y = (V0P @ P P) e [o 1)t
subject to
0<t1(r)<~--<l,g)<1 forl <r <n,
and
tl-(r) < tl.(i};lj_kﬂrl forl <i <k, 1<r<n-—1.

Following (3.1.8) this may be visualised as
(r)

) (r)
0 < A < ty < <o <1
AN A AN
r+1) r+1) (r+1) (r+1)
0 < tl < - < tkr+l_k/‘+1 lkr+l_kr+2 < e < tkr—i—l < 1.

We need to consider all possible total orderings between the integration variables ) and ¢+1

consistent with the above partial order. Each such total ordering may be described by a map
Mr . {1,...,kr} —> {1,...,kr+1},

such that M, (i) < M,(i + 1)and 1 < M, (i) <i + k,4+1 — k,, so that

(r+1) r) r+1)
Imyiy—1 <4 <Ima) 4.2.1)
where térH) := 0. In view of this we define the sets

Dkl ..... k];:/[nil g Dk] ..... kn[o’ 1]

by requiring that (#.2.1)) holds for fixed admissible maps M, ..., M,_;. Then D¥i=-+kn can be written

as the chain

pRbio )= YT Dy (0.1,
My, .My
where the sum is over all admissible maps My, ..., M,_;. Analytically continuing the weight function

1 ko . . .
: + k1 — ke — My () + 1)y)
Fyii =[] |Sm(n(l - fory e C\Z 422
Myt (V) Sin(( + ke —k0)y) ory e C\Z, ( )
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ki,..., kn ki,..., kn
Cyoknfo. 1= > Fyite  ()Dy 0,11, (4.2.3)

.........

The companion to the A,, AFLT integral, which we prove in Section 4.4] requires a deformation of

the chain C)fl """ kn10, 1], which we denote by Cg;‘)j""k” [0, 1] Let

Ektsekn [0, 1] C [0, 1]k1+-~-+kn

be the set of points
(1D, 1 ™) e [0, 1o

such that
0<t1(’)<---<t,§:)<1 forl<r<n
and
) < tl.(:z]_l}rkrﬂ forl<i <k, l<sr<n-2.

Ekiokn [0, 1] differs from the set D¥1=++%1[0, 1] only in that the relative ordering between the variables
=1 and ™ has been removed. Accordingly we replace the sum over the maps M, _; by a sum over
maps

M, _ Al ke — L kg + 1

subjectto M, _, (i) < M,_,(i + 1) for 1 <i < k,—; such that

n) (n—1) (n)
tM};_l(l.)_1 <t < tM’;_l(l.), 4.2.4)
ki yeekn .
where zén) := 0 and t,E:lLl := 1. We then define EMI1 ,,,,, MyoiM!_, [0, 1] € Eki-#n]0, 1] by requiring
that (4.2.1) holds for M, ..., M,—, and (4.2.4)) holds for M,,_,. Hence
ki yeeekn
Efvlol = )0 By oy [0 1]
Mi,...My_>,M),_,
We also replace the weight function (4.2.2)) by
Kn—i . : .
sin(m(B — (i +kn—kn1— M, (i) +1)y))
le ..... kn , e Fk] ..... kn_] n—1
m o )= By, L () 11 sin(r(B — i + kn — Kkn_1)7))

This weight function is free of poles provided
Bo1+ G —ky—1)y &Z forl <i <min{k, 1.k},
see (4.4.1b) below. The new chain is then defined as

kiseskn L kisekn kiyekn
Cgl [0, 1] := > PN TR VN 0012y Y (U1

........
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4.3 The A, AFLT integral

Here we will state the full A,, AFLT integral, which is equivalent to Theorem [1.3.1|of the introduction
by the evaluation of the A, Selberg integral (1.3.2).

.....

augmented with a polynomial @ which is symmetric in the alphabets 1.

Theorem 4.3.1. Let n be a positive integer and kg, k1, . . ., k, integers suchthat 0 := kg < k; <--- <
kn. Let A € Py, and p € P and oy, . .., a,, B,y € C such that Re(w,), . .., Re(a,),Re(B) > 0,
. (Re(B) 1 1
R > —Ay, - ,— ¢ <R < — 4.3.1
et > 21, —min{ O < Retr) < - @310

and

RC(O[,«) + Afi(gr 1 Re(ar + -+ as) + Ak18r 1
_ ’ <R < —,
ok — 1= (=g, ~ e s—r
where | <r < s <nandl <i <ky, and where £x/0 (x > 0) in (A.3.1)) should be interpreted as
+o00. Then

(4.3.1b)

Ilﬁln,...,kn (P)El/y)[t(l)]Plgl/y)[t(n) +B/y =10y, ...,a,, B; y) (4.3.2)
n kg . .
7D Bs + (0 —ks1 = DYIT4(y)
_ P)EI/Y)[kl]P,il/Y)[k" —|—,3/)/—1]1_[H a ;J(r ) 1
s=1i=1 Y
kr+1_kr

« l—[ l—[ (g1 +--+a,+(r—s+1i)y)
F(l+ar+l+"'+as+(ks_ks+1+i+r_s_1)y)

I<r<ssn—1 i=1

1 krr1—kr .
(T T(@gy + o+ 0+ (r —n +1i)y)

<T1( 1T .
i (i +-+ap+B+kn—L+r—n+i-1)y)

i=1

1'3[ Dl + o+ (ki —r—i + Dy +4)

Frd+ar+-+oar+k —kpp1 + ki —r—i)y + 1)

i=1
lil D(p1+ 4y + B+ kn+7—n—j)y+u) )

1—1(0(r-i-1‘i"""‘O‘n'i'/g'i_(kn +kr+l_kr+r_n_j)y+ﬂj)

Jj=1

ki £ . .
Dl +tan+f+kn+thki—n—i—j)y+i+u)

Cen+ o+ o+ B+ (kn+ K —n—i— ]+ 1)y + A + 1)

i=1j=1

S D@ttt G —n—i+ Dy +4)
<]

Ty +-+an+B+(kn+ki—L—n—i)y+21)

i=1
where { is any integer such that £ = [(u) and we define 1 = --- = Bu—1 = 1, B, = B, and
k() = kn—H = 0.

A number of special cases are immediate. As noted in the introduction, for n = 1 the above
theorem reduces to the AFLT integral (I.2.4)) up to the relabeling (k, ) — (ky, ;). ForA = =0
the integral reduces to Warnaar’s A,, Selberg integral (I.3.2)). Furthermore, setting © = 0 gives the A,

analogue of Kadell’s integral also due to Warnaar [War(09, Theorem 6.1].
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Proof of Theorems[1.3.1|and[4.3.1, We begin with the identity of Corollary [3.3.3] where we note that

the alphabets X () and Y ™ contain k; variables and countably many variables respectively. We now

fix a nonnegative integer m and set Y.(n) = 0 fori > m. Next we fix a pair of partitions A € P, and

u € P, and carry out the specialisation
(XD Y™ c,d) = ((Aiys bzat ™™ (i) my Znt, bzut'™™).

Also replacing AV, ..., A® by v v this leads to the identity

1 —bt™
11—t

Z Py [(A)ky ] Qv [bz""(,u)m +

v v
n n_l1 k kr—1
1 _t r+1 1 _ t r
| — i L
X l_[(tzr) 1_[ (Pv(r+l)|: 7 ]Qv(r)[ [ —; ]
l:[ (1—[ (z1---z q)L it kit =kre=ic gy o l_[ (bzr41 ”‘anujtkr“_k’_j;@oo)

gtk gy (bzry1Znq" 177 q) oo

kr.k kr—kryi.
f(:) r(—:‘_—}-l)([ " H_l,q,t)
vy

y 1_[ ﬁ (bZ] A. +,U«j l‘k1+1 i— j,Q)oo 1—[ (b 'Zn—lqkitkl_m_i; Q)oo
(bZ1 -z q}" it =T ) o (z1- —1qkilk1_i;q)°°
kr41—kr

—1kry1—k j —m— - =
xh Jil_[ " bzrs1 Zn—1 T oo l_[ l_[ (qths=hst1Hi=lz e 2 Do

(Zr41 Zn—1""1 @)oo l<r<s<n—1  i=1 (t'zZr41°+ 251 @)oo

b

where we have dropped a, in favour of k*~%r+1 in comparison with Corollary By virtue of the

evaluation symmetry Theorem [2.6.4]and the generalised evaluation symmetry of Lemma[2.6.5] we

have
Py [55 tkl] )
Pv(l)[<x)k1] = [1 tkl] PA[(‘) )kl]
and
1 — bt 0,m[i=L 1 — bt
w | bt () — =Vt p | R, L
Qv()|: (U)m + T—; :| PM[% M|: Wk, + T—;

effectively allowing us to interchange the roles of v, V™ and A, 14 in the summand. Carrying this

P L b P 1-b (4.3.3)
M= M= ) >

the left-hand side of the above identity becomes

out and multiplying both sides by

bt kn

—:| (b;g.t),m

> Px[<v“>>k11PM[br—k"<v<")>kn+ —

p p(m)

.....

r) r)
PN fke g 1),

5 1—[ (tz
r=1

n—1
2 kr—1 kr.kry1 kr—kyaq.
(qt g, t) (”f(r) (r+l)(t ! ’*‘,q,t),
Cv(”(q’t)cl/,(r)(q’[) r1:[1 ’ v
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where we have also used the specialisation formulas (2.6.23)) and (2.6.25). The corresponding right-
hand side is as before, except for the additional factor (4.3.3). Next we use (2.6.21)) and (2.6.22) in the

summand, make the further substitutions

b gPtln=Dy 5 ¥ and z, > ¢¥7Y forl <r <n,

and introduce auxiliary variables (t™V, ..., t®™) as tl-(r) = q"fr)“k’_")”. To more simply express
the resulting identity we introduce some additional notation, and for alphabets t = (¢q,...,1),
s = (s1,...,8¢) define
A= [ 7 —u/u)a 7 6/t549),,
1<i<j<k
and

Ay(t.5:9) —]_[]_[s (qti/sj:q)

i=1j=1

After multiplying through by (1 —¢)*1*~**1 and using the definition of the ¢-gamma function (3.1.4)

this yields
(—gh e 3 py(iW:g ([ pyy o 120" y],q,qy) (4.3.4)
O b=a”
n kr n—1
r r a, r r
T (A0 T a1, ) TT 60050
r=1 i=1 r=1

= g7 = (w (D20 (D)= Ti ke ()

1— qkl)/ 1— qﬂ+(kn—1)y
Pi\|l——|/9-9" | P 1q.q”
g A([l—qy}qq) “([ 1—qV e

n—1 k .
1L+ 0 =k = DY)Ty) 17 Tg(B + (= Dy)Ty(@y)
<111 () H ()

kry1—kr .
« 1—[ ﬁ Lg(otrpr1+-- o+ (r—s+1i)y)
T, (1

+O‘r+1+"'+as+(ks_ks+l+i+r_s_1)y)

1<r<ss<n—1 i=1

ket 1—ky .
i Cyetpp1+-+a,+F—n+i)y)

Fq(ar+1+"'+05n+,B+(kn_m+r_n+i_l))/)

(T
Xﬁ T ey + - 4ar+ ki —r—i+1)y+A)
Fg(l+oar+ - +oar+ (ki +ky —kpp1 —r =)y + 4;)

Xﬁ Lglrpr+-+on+ B+ (kn+r—n—j)y+u)) )
1 Co(@rr +-+an+ B+ (krr —kr +kn +1r—n—j)y + 1)

xﬁ Pglar +- o+ (ki—n—i+1y+4)

o Tglar++an + 4+ (ki +hkp—m—n—i)y +A;)

xﬁﬁ Ty(ar 4+ o+ B+ (ki +kn—n—i— )y + A + )
Tglar+-F+apn+p+(ki+kp—n—i—j+Dy+2i+pu)

i=1j=1
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where 81 = --- = B,—1 := 1 and B, := B. The above is a restricted g-integral over the domain

D¥*1s-kn [0, 1]. If we impose the additional assumptions that

(D <1

forl <i < j <k, and
17 <HY (4.3.5)

forl1 <i <k,and 1 < j < k41, then we are free to take the limits of the Vandermonde-type
products to obtain

lim A ( 1, ): A(—t(’))zy

q—1-

hnll A ( (r),[(r—i—l);q) — A(_t(r)’_t(r+1))_l’
q—>1—

The limit of the integrand in this case is thus

kn
PP Py + By = 1] ] (1= 1) (43.6)
i=1

« 1—[ ( (1) lk—[ (ryer- 1) 1—[ (1@, 4Dy
i=1

Unfortunately this is wishful thinking, and the integration variables do not necessarily satisfy such a
total ordering as in (4.3.5). Hence we must consider the limit in the case that tl.(r) >t ;”Ll). Observe

that if ti(r) < tj(rH) we have

ql_igl, (q1_(i_j_kr—kr+l))’ti(")/t;r'Fl); q)_y — (1 . ti(")/t;r'i‘l))_y‘ (437)

Here the 7 variables occurring on the right-hand side represent integration variables, rather than powers
of g. The limit in is invalid if t(r) > tj(rH) as the ratio of ¢ variables becomes too large. In

order to resolve this we make use of the g-reflection formula [WarQ9, p. 294]

24/ —1 ¢7/%0,(vV—1 logg?'?; 1/2)
(1—-¢)01(0:4'72)

where 6, is a theta function as defined in [AAR99, §10.7]. Now define the quantity

T, ()1 —z) =

sin(w(i —j —kr —kr11)y)

(")( ) .
sin(w(i — j —k, —krp1 +1)y)

OIS t]gr+1)

Following the calculations of [War09, p. 294-295] we see that in the case f; the limit is

: = j—ky—k; +1). _ +1
ql_l)r{l_ (ql (i—J +1)yll_(r)/tj§r )’q)_y _ (l‘l-(r)/l‘}r ) ) (r)(y)

} l(r)/l(r+1)| yR(r)()/)
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Therefore we may conclude that in the ¢ — 1~ limit the integrand is exactly (#.3.6) with A(—¢®), —¢"+1)=r
replaced by

|A( _ t(r), _t(r+1))_1’| — }A([(r),t(r—i—l))—}"

multiplied by a factor of Rg)(y) for each occurrence of tl.(r) > tj.(r+1).

With this established we need only determine the chain of integration. This is precisely the chain

.....

From this and the conditions (4.2.1)) we pick up a factor of Rg.) (y)for1 < j < M,(i) — 1 as in this

(r+1) _
~ 0

case 7 ") The product over these factors gives

M, (@{)-1 . . .
l_[ Rg)()/) — Sln(T[(l + kr-i—l _kr - Mr(l) + I)V).

Sin(”(i + kr+1 - kr)y)

i=1

This completes the proof of Theorem4.3.1] To complete the proof we divide the above identity
by its A = u = 0 case and then take the ¢ — 17 limit. In this limit (1 — ¢%)/(1 — g%) becomes the

of the A, Selberg integral (cf. [War(09, §5]). The resulting A, Selberg average is the { = k; case of
Theorem [I.3.1] It is a trivial exercise to verify that the right-hand side of (1.3.6)) is independent of the
choice of £, as long as £ = [(A). [

4.4 A companion to the A,, AFLT integral

In [WarlO]] the n = 2 case of Theorem with ©® = 0 is employed to prove an A, Selberg
integral with two Jack polynomials in the integrand, but in a different form to that of the A, AFLT
integral (Theorem[I.3.T|for n = 2). The two integrals differ in that the argument of the second Jack
polynomial in [War10, Theorem 3.1] is simply the alphabet ® with cardinality k, and there is an
additional parameter 8, subject to 8; + B> = y + 1 (here B, is the 8 of the A, AFLT integral). By
the rank-n case of Theorem [3.3.1| we obtain an A, analogue of [Warl0, Theorem 3.1] described below.

For aq,...,o,, Br—1, Bn,y € C such that

ﬁn—l + ﬁn =y + 1, (4.4.1a)

Boo1i+ G —k,— 1)y dZ forl <i<min{k,_1,k,}. (4.4.1b)
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and
1
Re(y) > ——————, Re(fr+ (@ —kyy1—1y) >0 forl<r<nandl<i <k,
max{k,—1,kn}
(4.4.1c)
Re(o, + - +oas+ (r—s+i—1)y)>0 (4.4.1d)
I<r<s<n—landl<i <k, —k 1,
for {1 <r<n—1,s=nandl <i <min{k,, k, —k,_,},
r=s=nand1<i <k,,
where k1 :=0and 8; = --- = B, := 1, we modify the A, Selberg average (1.3.5) to
k1 ..... kn Illjln”kn((g (X], ana 1311 l’ﬂnv J/)
<(9)a1 cees@nsBn—1,Bn3y = An (442)
T ’ ’ Ik] ’’’’’ kn(l ala an’ﬂn l,ﬂna)/)
Here

— / O™, ... 1™ 1—[1—[ (1) (1 = )

r=1i=1
Cg’“l':’;"[o,l]
n—1
XH‘A )P TTIAED, o+ 7 ar®O-.ar®
r=1 r=1

and C,! k‘ """ [0 1] is the B-deformation of the chain defined in Section We are now ready to state
the counterpart to Theorem [1.3.1]

Theorem 4.4.1. Forn = 2, let ky, ..., k, be nonnegative integers such that ky < --- < k,—1. Then
foray,...,an, Boot1,Bn.y € C such that holds and A, u € P, we have

k
< P (1) par) (t(”))> 1 (4.4.3)

[ RPN nsBn—1,Bn3y
n—1
+ o+ (ki =)y va
— P(l/)’) k P(l/y) k (0[1
A ki) . [n]r1:[1(0(1+---+O(r+ﬁ,~+(k1—|—kr—kr+1—l’—1))/;)/)x

li[ (0 +-+ap+(kn+r—n—1Dyy),
(I+o+-Fan—fra+ ke —kry+kn+r—n—1yiy)

k1 kn

<[111

i=1j=1

(r+-Fapn+ ki +kp—n—i—j+DY)i+u
(r+-Fapn+ ki +kp—n—i—j+2)Y)a+u,
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and
’zf{f...,kn(l 1. s Prts BniY) (4.4.4)
— 1_[ l_[ U'(Br+ ( —kry1 — DY)TGY)
r=1i=1 F()/)
1<r<s<n—1 i=1 F(ar+"'+as+,35+(ks—ks+1—|—r—s—|—i—2))/)
- C(ar+--+on+(r—n+i—1)y)
X 9
rl_llﬂr(l+ar+"'+an_ﬂr—l + (kr —kr—1+r—n+i—1)y)
where kO = kn—l—l = Oandﬁo = .. = ﬂn—Z = 1.

It should be noted that the final product in (4.4.4) may alternatively be expressed as

n—1kr—k,—

T T(cy ++an+ G —n+i—1y) 1"—[ T(an + (i — 1))
o e, + o+ +r =+ i = Dy) LT + B+ k= ket +i = 2)y)

When 8 = y in (1.3.6) and (B,—1,B») = (1,y) in (#.4.3) both integral evaluations coincide. For
k, = 0 equation (4.4.3) simplifies to the A,_; analogue of Kadell’s integral [War09, Theorem 6.1].

Proof. We start with (3.3.7) with k,, finite and, for A, u € £ with [(1) < k; and /(n) < k,, make the

substitutions
(X(l), Y(n), Ap_1,1, M(n)) s ((A>k1 ’ qoln (M)kw qﬂn—l+(kn—l_kn)y’ qy’ 0)

and
Zp > q¥ Y forl<r<n-1.
Then the resulting sum may be turned into an integral following the steps outlined in Section4.3] For

A = p = 0 this yields (4.4.4) and for general A and p it gives

(P(l/w( (@) pam (s (n))> """ X (an, e Bt Bai ¥)- -






Chapter 5

A, AFLT integrals and complex Schur

functions

As noted in the introduction, the A, AFLT integral does not satisfy the same rank-reduction property
(1.3.7) as the A, Selberg integral. In fact, it is not hard to write down an analogue of the A,, AFLT

integral that has the desired reduction property. One may replace the pair of Jack polynomials in the
integrand of (1.3.6) or (4.3.2)) with a function

such that
ki kn . 1 1
g)\;l) ()’_“’()’A(n-‘rl)(t(l)’ ™, p: V) = P;E(l/))/) [[(1)]P,1((n/}g)[[(n) + By — 1] (5.0.1a)

and

ka,....kn 1) (n) Rp. : 1) —
Oorekn (1) 400 gy = )R ot (10 1@ Bry) iEAT =0,

9 e oo

(5.0.1b)
""" 0 otherwise.

The generalisations of the Selberg integral conjectured by Matsuo and Zhang in [ZM]] do possess the

rank-reduction property. For general y they choose the function g to be

n

grm .. ,1(n+l)(l(1), cee t(n), ,3; )/) = (1_[ P/l((lr/,y)[t(r) — t(r_l)]) P)E(l,g{)[t(n) + ,3/)/ - 1],
r=1

where 1(® := 0. This is the simplest product of Jack polynomials satisfying the conditions (5.0.1).

Matsuo and Zhang also considered A, Selberg integrals with y = 1 (we delay discussions of

convergence until the next section). For y = 1 the Jack polynomials reduce to Schur functions, and so

we have

n
i, ,\(n+l)(t(1), .. .,t("),ﬁ; l) = (Hs,w)[t(r) — t(r_l)])s,\(n+l)[t(n) + B — 1].

r=1

81
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As in the introduction, by the reciprocity for Schur functions (2.5.8), it is more convenient to consider

the average

n+1 Ktk
< 1_[ Sy [t(r) - l‘(r_l)]> ,
r=1 A yeeeslln, B3
where t©@ := 0 and t®*V := 1 — B. The main result of this Chapter is a proof of Theorem In
fact we can do slightly better than the above average by replacing the first Schur function s, (£ (V)
with a complex Schur function S*V(¢t(™; z), which were first introduced by Kadell [Kad00]. Along

the way we prove several integral formulas for complex Schur functions.

5.1 Complex Schur functions

Throughout this chapter we denote by €2 the slit complex plane with |[Im(log(x))| < &, where we take
the usual principal branch of the complex logarithm with branch cut along the negative real axis and

argument in (—, 7]:

The complex Schur functions were originally introduced by Kadell in [Kad0OO]. For an alphabet
x of cardinality n he replaces the partition A = (14,..., A,) with a sequence of complex numbers
z = (z1,...,2y) in the definition of 5, (x) as a ratio of alternants (2.5.1)). He also observed that the
evaluations of the Kadell and Hua—Kadell integrals hold for y = 1 with the Schur functions in the
integrand replaced by his complex Schur functions. For our purposes it is convenient to slightly alter

Kadell’s definition. To this end, for x € 2" and z € C” we define the complex Schur function by

dety<i,j<n (Xizj)

Ax)

S (x:z):= (5.1.1)

where the denominator is the Vandermonde determinant (1.1.7)). It is immediate from this definition
that
$:00) =SSP +n—1LA+n—2,...,4). (5.1.2)

We also have that S (x; z) is a symmetric function in x and so sometimes write S ([x]; z). Here
it is important that x is an alphabet of cardinality n. Further, the function S (x; z) has removable
singularities at x; = x; and by removing these we may extend the complex Schur function to a
holomorphic function on 2".

In view of (5.1.2) the complex Schur function satisfies a simple specialisation formula.
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Lemma 5.1.1. For n a positive integer and (z4, . .., z,) € C" there holds

n . n . Zi T Zj
S¢ )(1,...,1,21,...,Zn) =S¢ )([n],zl,...,zn) = H }_l,j.

n times I<i<jsn

Proof. First observe that S (”)([n]; Zlyenns Z,,) is a polynomial in the z;. By (5.1.2)) and the ordinary
specialisation formula (2.5.13)) (with k = n) we see that
Ai—Aj+j—i

Jj—i

SO(nlids+n 12 +n-2,.... )= []

1<i<j<n

for any A € #,, and so the claim follows. O

We also require the following simple decomposition for the complex Schur functions.

Lemma 5.1.2. For any integer m such that 0 < m < n there holds

S (X1, Xni 210 Zn)
_ SO Xierxilizre o zm) SO ([ Xigr Xi s Zmats -2 2n)
Ic{1,...n} Hie] l_[jél(xi _xj) .
|[I|=m

Proof. Since the complex Schur function (5.1.1)) is a ratio of determinants, the lemma follows by

taking the Laplace expansion of both the numerator and denominator. [

Before stating our first theorem of this section we give a description of a particular contour Co_,
which is used throughout the rest of the chapter. For fixed real r > 0 and 0 < 6 < 7 the contour
Cy,, is defined to be the positively-oriented boundary of the region x € C such that |x| < r and

|Im(log(x))| < 6. This may be visualised as follows.

ZSS
4

In the following we let Céi . denote the k-fold product Cg,, X --- x Co,;.

Theorem 5.1.3. For £ a nonnegative integer, let y = (y1,...,y¢) € QY andlet0 < 0 < 7, r > 0 be

such that y; € int(Cy,) forall 1 <i < L. Also, for k a nonnegative integer, let z = (z,, ..., z;) € QF
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be such that Re(z;) > —1 forall 1 <i < k. Then, for A € J

k!(zlni)k f S(k)(x;z)sk[y — x] 1_[ (xi — Xj)2 l—[ H(xl- — yj)_l dxy -+ -dxy (5.1.3)

1$i<j$k i=1j=1
k
CG.r

(DO SOy A 4+ L—k— 1. Akor + LAw) ifI(A) <L—k,

0 otherwise.

It is important to remark that the integrand of (5.1.3) is not defined at the origin. Hence the above
integral should be interpreted in the sense of improper integrals. For some small ¢ > 0 and fixed 0, r
we let Cy_, (&) be the contour Cy  with points inside the ball of radius ¢ centred at the origin removed.

Then the above integral should be thought of as the limit

/ = lim .
Co, £70JCo,(0)

Proof of Theorem First we note that since the integral (5.1.3)) is continuous in y, it suffices to

prove the result on the dense subset of int(C ek ,) for which the y; are all distinct. Define the function

NE
90 y) 1= LD l)k! " ) (l_ll_l(yi—yj)‘1

I1c{1,....4} iel j¢I
|I|=m
1 k
k .
e [ (5 EE £
ck—m iel i=m+1 i¢l i=m+1
o.r

% l—[ Xi —x;)2 1—[ HJEI(Z i) deH.'.dxk),

X
m+1$i<j<k i=m+1 J¢I( !

where we have suppressed the dependence on z and A. It is immediate that J(()k’e) (y) gives the left-hand
side of (5.1.3)), and that JEDGYy =0ifm > €.

We wish to show that J(()k’ﬁ) (y) = J,(Ck’z) (y). To this end we fix an m suchthat 0 < m < k — 1
and, for a fixed term in the summand, carry out the integral over x,,4;. Observe that the integrand
of J,(,]f . (¥) has only simple poles at the { — m points y; for j ¢ I, which by our assumption are all
distinct. Therefore we decompose the contour Cy , corresponding to x,,+1 as Cg» = Cy r, + C; wWhere
ro > 0 is sufficiently small such that y; € ext(Cy,,) forall j ¢ I and C; is the positively-oriented
boundary of the annular sector with inner radius ry, outer radius r, and forming angle 6 with the real

axis:
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To compute the integral over Cy ,, note that the arc length of the contour is 2ro(6 + 1) and the integral
grows slower than 1/|x,,+1| as |X;;+1| tends to 0. Since the integral is independent of ry and vanishes
as ro — 0, it is identically zero. By the residue theorem we may express the integral over C; as a sum

over the residues at the £ — r distinct simple poles. For any r ¢ [ the residue at x,,+; = Y, is given by

k k v, k
S(k)(|: Z yi + Z xii|;Z)SA|: Z Vi — Z xi] Hjel(y’ ijj)) 1_[ (y,—)q/)z.

ielU{r} i=m+2 i¢Iu{r} i=k+2 nfﬂU{r}(y’” Vi j=m+2

Therefore, after some elementary manipulations, we may express J & 0 (y) as

0 (—1) ("D m! _1
45 (y)=T Z Z 1_[ l_[ i —yj)

I1C{1,....0} r¢l ielU{r} j¢lu{r}
|I|=m
1 k k
k .
X Gmiykm=i / S()([ 2 vt ) xi]»z)“q 2 vi— xiD
Cck-m—1 ielU{r} i=m+2 i¢IU{r} i=m-+2
o.r
5 , l_[jeIU{r}(xi_yj)
X 1_[ (xi —x;) dxp4p - dxg |.
mtasi<)<k izmia L eney (i =)

Thanks to the sum over r ¢ [ this vanishes for m > £, and so possesses the same vanishing as

J,(,Iffi (y). Defining J := I U {r} we observe that each J occurs m + 1 times in the sum as there are

m + 1 choices for the singleton r. Therefore we may combine the above sums into a single sum over
subsets of size m + 1 provided we multiply by m + 1. This gives g0 (y) = J,(:_’Q (v) which, implies

that J(()k’e) (y) = J,(ck’e) (). We are left with

PGS SN A YR 221 DRI}

Ig{l ,,,, e} Hie] l_[jél(yl _y])
|I|=k

If /(1) > £ — k then for each term in the summand, |} _;4; yi| = € — k, implying s3[3_;4; yi] = 0 so
that the sum vanishes identically. Assuming /(1) < £ — k then we may combine Lemma and
Lemma5.1.2]to obtain

k
Jék’e)(y) = (—1)(2)S(£)(y; Gz, AM+Ll—k—1,..., )Le_k)),
completing the proof. O

Our next result is a variant of the Euler beta integral (1.1.3)).

Lemma 5.1.4. Let o, B € C be such that Re(«) > 0. Then forr > 1 and 0 < 8 < 7 there holds

1
— | x*'x=1DPFldx =
2mi

CG,r

(@)
FA—=pr+p)

Proof. We may assume throughout the proof that Re(8) > 0, since by holomorphicity in 8 it suffices

to prove the result on a connected open subset of the complex S-plane. The complex-valued function
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x®~1(x — 1)~ is multivalued with branch points at 0 and 1. As 1 lies inside Cy,r, we take a branch
cut along the real axis from 1 to —oo. This requires us to deform the contour Cy , to the contour

pictured below:

We may now express the integral as

/ X7 = )Py = / ¥ = DF dx + lim / X (x — P dx
ro—
Co.r 691 33110

1 1
— e”i(ﬂ_l)/ X — 118 dx + e_”i(ﬁ_l)/ x* Ux — 181 dx,
0 0

where 0B, is the positively oriented boundary of the closed disk of radius ry centred at 1. The
integral over Cy,, vanishes by the Cauchy—Goursat theorem. Since Re(8) > 0, the integral over 0B
also vanishes in the limit as ry — 0. To compute the remaining integrals we apply the Euler beta
integral and simplify to arrive at

[()I'(B)

/ x* I x =1 dx = 2i sin(ﬂﬂ)m.

Co.r

The proof now follows from the reflection formula [AAR99, Theorem 1.2.1]

]

rera—-z)= Sn(ez)

Our main theorem in this chapter requires a generalisation of Theorem in the case y =

(1,...,1) € C* (or plethystically y = £).

Theorem 5.1.5. Let B € C and z = (zy, ..., zx) € C¥ such that Re(z;) > —1 forall 1 <i < k.
Then, forr > 1,0 < 60 < and A € P there holds

1
(2mi)k

k
/S(")(x;Z)sA[l—ﬁ—x] [T Gi—x)? [T — DF " day - doi (5.1.4)
ck, 1<i<j<k i=1
= (O SO (k] 2)52[1 — B — k]
- i1C(z + 1) LA+ Bkt -1
XH(F(Z—i—ﬁ)F(zi+ﬂ+k)n zZi+B+k+j—1 )

i=1 ji=1
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Proof. First assume that 8 = 1 — £ for some integer £. Then (5.1.4) becomes

(2;)1« /S(k)(x z)sa[€ — x] 1_[ (xi —x;j)? l_[(x,—l) dxy -+

1<i<j<k
ck i<J

= (-D)G sO(K]; 2)52[¢ — k]

Xﬁ iz + 1) Hz, Atk —L+
Pa\TE =i+ DT +k—€+ 1) 0 zi+k—L+] '

If £ < k then the product

1
HF(Z—i+l)

i=1

occurring on the right-hand side VanishesE] If £ > k then the right-hand side vanishes unless

[(A) < £ — k thanks to the Schur function s, [¢ — k]. Assuming that £ > k we may write the above as

! (k) _ e B
(27ri)kC/ §H(x:2)salt x]1<l|</|<k(xl x;) ||(x, 1)~Cdx; --
k (—k Atk — (Z—|—]
= (—D)Ok SO ([K]; 25,16 — K] ] |]‘[ P

i=1j=1

With the aid of Lemma[5.1.1|to combine the expression on the right-hand side we see that

k!(zlni)k /S(k)(x z)sp [l — x] 1_[ (xl—x])zl_[(xl—l) dxg -

1<i<j<k
ck i<j

r

DOSO 2,0 +—k—1,..., ) ifIR) < L—k,

0 otherwise,

which is precisely Theorem fory = ¢.

To extend the integral to complex 8 we will show that, after normalisation, both sides become
rational functions in 8. Since we know the result holds for all integral f this will complete the proof.

To this end we replace A by its conjugate A’ and make use of (2.5.8) with X — x + 8 — 1, i.e.,
spll =B —x] = DHsafx + g~ 1]

together with

w—A+ ] —
[1 w-lij—l _nw—i-)t —j

j=1

'For negative £ the vanishing of the integral immediately follows from the Cauchy—Goursat theorem.



88 CHAPTER 5. A,, AFLT INTEGRALS AND COMPLEX SCHUR FUNCTIONS

The resulting identity is

k

/S(k)(X;Z)SA[X +B-1 [] Gi—x)?J[i—DF " dxy-dve (5.15)

1<i<j<k i=1

1
(2mi)k

ck,
= (=)D SO (k]: 2)s,k + B — 1]
k

i'T(zi + 1) zitB+k—j
XE(F(z—i—ﬁ)r(zi+ﬁ+k)]l;[zi+xj+ﬁ+k—j)’

In the integral we use the formula for the Schur function on the sum of alphabets (2.5.19) in the form

salv + B=11=)_ sisulB — 1su(x).
o

Then if LHS(5.1.5) denotes the left-hand side of (5.1.5)),

Si 1]
= X;Z)Syu i — X 2 Xi — X1-
LSEI3) = 320 P / SOl [ (- ﬂ( P dr, - dy

k
(27{1) 1<i<j<k

The next step is to use the determinantal expression both kinds of Schur functions, (2.5.4) and (5.1.1)),
to simplify the above to

k
sgn(w _
LHSET) = Y0 Y suulf — 15 [ der () )= 11

k <i.j
=y (27i) KA 1<i,j
o.r
1 .
= k! —1] det (— Zitnitk=i(x — 1)B1dx ).
XM:S’V”[ﬂ ]1si3‘sk (Zni / o (x ) o
CG,r

We may evaluate each integral in the determinant by Lemma [5.1.4] resulting in

( F(Zi+Mj+k—j+l) )
FA=PT +u +p+k—j+1)

LHSGI3) = k!> sp/ulB—1] det
W

1<i,j<k

( (Zi + Dpy+h—j ) £ [(z; +1)

= k!;sx/u[ﬁ —1] det (zi + B+ Dyjk—j ) T =BT (z: + B + 1)

1<i,j<k

Dividing this by the right-hand side of (5.1.5) we obtain

(=D® 5~ _suulp 1) 15[( (zi + B + Vi Zi+p+k— )
SOED 2 stk + -1 L\ GT—nie—i- g L5 v vk —;

% det ( (Zi + I)Mj+k—j )

1<i,j<k (Zi + ,B + 1)Mj+k_j

This is manifestly a rational function in 8 which, by our prior argument, is equal to one for 1 — 8 = ¢

an integer. This completes the proof. [
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Of course, if one could more simply show that the final expression above is equal to one for
arbitrary f8, then the proof is complete and the case of integral  does not need to be considered

separately. For A = 0 the above rational function reduces to

NG D) k . D
(k ) det ( (zi + D J )1_[ : (zi +;8+‘ k-1 ' (5.1.6)
S®([k]; z) 1<ij<k \ (z; + B + D 1= DI2—i =i
Clearing the denominator in the determinant gives
K k
(- | 1
——————  det i+ Di—i(z; k — 1);_ - .
e R A | e
To evaluate this determinant one may use the following general evaluation, where Xi,..., X},
A,, ..., A, and B,, ..., B, are indeterminates [Kra99, Lemma 3]
det ((Xi+Ap) - (Xi+A4; D)X +B)(Xi+B))= [] xi—=Xp) [] Bi—4).
1<i,j<n 1<i<j<n 2<i<j<n

Applying this formula with (n, X;, A;, B;) — (k,zi,k —i + 1,8+ k —i + 1) leads to

det (G + Dy +p+k—j+0;0)= [[ G-z [[ B+i-0

1<i,j<k
IS 1<i<j<k 2<i<j<k

The specialisation formula of Lemma and some elementary manipulations then show that
simplifies to one. Unfortunately, it does not seem to be as simple an exercise to show that the full

rational function without A = 0 is equal to one.

5.2 A generalisation of the A,, AFLT integral for y = 1

In this section we will put the results of the previous section together in order to prove an A,, AFLT-type
Selberg integral with n 4+ 1 Schur functions in the integrand. The first of these functions is a complex

Schur function, so that the theorem generalises Theorem [1.4.1]

Theorem 5.2.1. For n a positive integer, let kq, . .., k, be nonnegative integers, oy, ...,o,, B € C,
zeCkland A®, ... A *tD ¢ P such that

Re(zi+oa1+--4+oas)>s—1 forl <s<nandl <i <k,
(A(r)krl-l—ar-i— ‘+as)>s—r for2<r<s<n.

Further let t©, ... 1™ be alphabets of cardinality k1, . . ., ky, set AW .= zi—ky+iforl <i <k
1
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and t"tV =1 — B. Then,

n+1
/ S0 (0, HSW [t — D] 1—“—[ OO - 2
k1 n r=1i=1
C91 l] C@n rn
n n—1
dr W dr™
A% (™ N (AR A
. H ( )rljl ( ) amE " G
1!
— S&D 1k 1( r) 0k, k,
GJZHT( ) sy 00k i1 — ”Tnnﬂ—z+n
kr ]kg‘ —kg—1
< I ]"[ ]‘[ (A7 =40 + A5+ j —i)
I1sr<s<n  i=1
Xﬁkrﬁl( I‘(Az(r +Ar—i—l’l) l—l/ngr) A(n—}_l)'i'Arn—H‘i‘]_l)
1 i1 F(l,@ + Arpy1 — i+ 1) 555 )t(r) + A1 +J —1
where f1 = -+ = Bu—1 =1, By := B, ko := 0 and k,4+, := 1 — B. In the above we may
take ry,...,r, and 01,...,0, to be arbitrary real numbers so long as ry > --- > r, > 1 and

x>0, >--->0,>0.

Before providing a proof of the theorem we note a few important special cases. Firstly, setting

A = ... = A+ = (g0 that z; = k; — i we obtain the evaluation
n—1
— _ drM dr™
A2O)TT () (1 = ) ) ] A (. 10+D N
[ T(= ﬂ<, ) T ) e
Cel FIX Xcg: rn
ky . ky—ky—1 :
kr i! F(Ars + ks —ks—1—i+ 1)
=]_[((—1)(2)]_[Fk ' 1) [1 11 T, i+ !
= s V=140 Zci i (Ars =i+ 1)
which is a complex variant of the ordinary A, Selberg integral with y = 1 (in the notation of the
introduction this is 7 Kk (L;aq,...,0,,B8)). If weset z; = )LZ(I) + k; — i for some AV e Pr, and
A2 = ... = 1 = 0 then (5.2.1)) reduces to a complex version of Theorem for y = 1. Still

fixing z; = )Ll(l) + ky — i and leaving the remaining parameters arbitrary, the theorem reduces to the
integral of Theorem [[.4.T]of the introduction. In particular the domain of integration reduces to the
contour C*1>++k» in this case (T.4.1).

Unlike with our previous A, Selberg integrals we do not impose any ordering on k1, ..., k, in the

theorem. However, due to the factor

l—[l_[ F(kr+1 —i + 1)

r=1i=1

the integral vanishes unless k,4+; —k, = 0for 1 <r <n— 1. In other words, unless k; < k, < ... <

ky. If we assume such an ordering then the factor

[Tsiolkr = k]
r=2
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on the right-hand side vanishes unless / (1”) < k, — k,_; foreach2 < r < n.

Proof of Theorem Throughout the proof we denote the left-hand side of (5.2.1) by

ki,..ok . )
<§6)&2) 1<n+1)(2, ap, ... 0 B).

We proceed by induction on the rank n. The base case n = 1 corresponds to Theorem [5.1.5| with
zi+>z; +oy— 1forall 1 <i <k since

k1
S(k])(t(l); o4 —1,. .,z oy — 1) — S(kl)(t(l); Z) 1_[ (ll-(l))al_l_

i=1
For the inductive step, assume that the Theorem holds for some n = 2. Then we may use
Theorem [5.1.3|with (k, £, x, y,A) — (k1, ko, tD, 1D A@)and z; > z; + a3 — 1 for 1 <i <k, to
give
Lo @ B)
A2 PYCERACER LD SRR R o

ket (1) (5 Dk (e ) IEI(AP) <k, — K

) = = 7 AV,

0 otherwise,

where we define
2= (+or— 1,z o — 1,)&52) +ky—ky — 1,...,/\,(622)_,(1).
By the inductive hypothesis we know the value of

Koyok . .
‘1)',\(3) a(n-H)(Z 00,0 B),

.....

ikiz’) ''''' k, n(n.:,-l)(z ar, ... 0, B)
1!
— S&)(1k Jei ! 1(1) k,! 1(), k k,
(Fea; 2")kn (= 1)1 1_[ DM saosnler = ]l_[F(kr+1—l—l—l)
n k2kv kvl
XHH 1_[ )L;s)+042+"'+05s—1+ks—1_ks_s+j+2)
s=3i=1 =
krlky ksl
< 1 ]‘[ ]_[ A2 A+ i)
3<r<s<n
Xl—[( I‘(zlf+a2—|—---+an—n-|—2)
F(z;+a2+~--+an+k —kny1—n+2)

1_[ — A fwy ety —kn+1+1—n+1)
X
zit+or+ o,k —kyp +j—n+1

Jjz1

) Hkﬁ ( PO +4,—i—n) nx,‘”—xﬁ”“MAr,nH +J —i)
T + Apngr =i +1) 15y M+ Ay +J =i .

= i=1
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To massage this into the desired form we define )le :=z; —ky + i (note that AV is not necessarily a

partition). This facilitates a great simplification of the above to

cf(il;cﬁz’)’ ;L(n+1)(2;0‘1"" U, B)
i!
= S ([k,1: DS g5 040 [krgr —k
([ 1] Z) rl_[l (( W2 sy 040k 41 — ]l_[ F(er —i+1
kr lka ks 1
< T] 1‘[ ]_[ (A =29+ A+ j i)
Isr<ssn  i=1

nkrk,l

1_[ B ( F(Af’) + A, +r—i—n) 1—[)&5’)—%(“1) A +J _i)
8 .
I‘()t,(r) + Apptr +r—i +1) 5 )H(r) + Arnsr +J 1

= i=1

Earlier we assumed that I(A(Z)) < ko — k. However, the final expression holds regardless of the
length of 1® or the relative ordering between k; and k, as per our discussion of vanishing preceding
the proof. [

5.3 A recursion for Theorem 5.2.1

To conclude this chapter we discuss a system of recurrence relations which have Theorem|1.4.1|as a so-
lution. The system is based on the inverse Pieri rule for Schur functions contained in Proposition [2.5.9

For t© := 0, t®*D := | — B a binomial element and ¢V, ..., alphabets of cardinality
kq,...,ky, define

I’l+1 ER akn
40O, 2o <]‘[ sy — 10~ 1>]> , (5.3.)
(Xl, ,an,ﬂ
where AV, ... A+ ¢ P Since the parameters k1, ..., k,, a1, ..., ay, B are all fixed in the next

proposition we suppress these from the notation.

Proposition 5.3.1. Let m be any integer such that1 <m <n + 1, and pV, ..., u"*Y € P. Then

for d a nonnegative integer not exceeding the smallest part of ™,

(@, ummD (w g), D D) (5.3.2)

p—1 .
=0t ) <d - zfiimvm)g (.. A7)

Ay =y
Isrsn+1
IATMY=] (M)

Before we prove this proposition it should be noted that for n = 3 the above leads to an alternative
proof of Theorem forn = 2. With the A,, AFLT integral, which tells us the value of g(1,0"!, ),
as initial condition, (5.3.2)) has a unique solution provided n = 2. For n > 3 assuming only the AFLT
does not allow for sufficiently many initial conditions, however as we will show below both sides of

the theorem are solutions to the system of recursions.
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Proof of Proposition[5.3.1) To simplify our notation we define Y ) := ¢ —t=Dfor 1 <r <n+2
where t©@ = t#+2 := 0 and t®*V := | — B is a binomial element. For the fixed choice of m we

apply the inverse Pieri rule to the Schur function s, 4y with (i, 1) = (™ 1M which gives

3(M(1)» N _’M(m—n’ (M(m)’d)”u(m-‘rl)’ N .,M(n—f-l))

n+1
— Z (_1)|,'{(m)/pl,(m)| <Sl(m) [Y(m)]hd—pk(m)/u,(m” [Y(m)] 1_[ Su(r) I:Y(r):l>,
r=1

(A >y
1RO =1(um) r#m

where we have used the definition (5.3.1)) but suppress the parameters on the right-hand side for
notational convenience. Since YV 4 ... 4+ Y #*+2 = 0 we may apply Lemma with (n,k) +—
(n+2,d —|A"™ /M) yielding

g(u(l)’ o, /L(m—l), (M(m)’ d), M(m+1), o, M(n+1))

=Dt ) D Capiamyum[Y O]

T15eens in+1=0 (A(’"))/>(,u,(m))/
=0 @A) =1 ()

n+1

s Y] T o7 s [,
Fm

where |i| := iy + --- + iy+1 and we recall that e, := 0 for r < 0, so that the sum is in fact finite. The

next step is to apply the e-Pieri rule with (i, A, k) — (u®, 1@ i,) for each r # m. This

leads to the expression

GV, D (10 d), gD o)

n+1
=D Y gt Y (n+2)]<ns*‘”[Y(r)]>'

ATy = (u™y r=1
1srsn+1

l(l(’”))zl(u(’”))

All that is left is to note that
B—1
er|Y P =
dren= ("

and the proof is complete. ]

Proposition 5.3.2. With the same conditions as Proposition the evaluation in Theorem is

a solution to the system of recurrence relations (5.3.2)).

Proof. Letu® ... u™*D be infinite sequences of nonnegative integers such that |u®| := u(lr) +

ug) + --- is finite for each r, and define

K (D ) ﬁ I u” —ul +j—i li[l b (Ars + ks —ksm1 =i+ 1),
u,...,u = : . :
r=11<i<j<{, J 1 rs=1i=1 (Ar,s +4—i+ 1)u§r)
(5.3.3)
L Ly Ar,s + u(r) _ u(s)

. ) i
< L ===

1<r<s<n+li=1j=1
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(r)

Here £, for each r is an arbitrary nonnegative integer such that u;* = 0 for i > {,. Itis not

hard to check that X @, ..., u®*Y) is independent of the choice of the £,. We also note that if
”1(1-)1 = ul(r) + 1 for some fixed 1 <7 <n+ landi > 1then X ™, ..., u®*V) vanishes. Since

the right-hand side of (T.4.3)) corresponds to K (A1), ... A+ D) our task is to show that the system
of recursion relations (5.3.2) holds with  replaced by X.
Let A, u be a pair of partitions such that A /u is a vertical strip. Then A may be encoded in terms of
w and a finite subset / of the positive integers as follows: i € [ if A;, —u; = landi & I if A; = u;.
Equivalently,
wi+1 itiel,
Wi ifi &1,

for all i = 1. In what follows we will write the above partition A as ;. It should be noted, however,

i =

that given a partition p and an arbitrary finite subset / of the positive integers, the sequence p; defined
by

wi+1 ifiel,

Wi ifi g1,

for all i = 1 is not necessarily a partition. More precisely, w7 is not a partition if and only if there

(u1)i :=

exists ani = 1 such that u; = u;4y andi ¢ I buti + 1 € I. By our earlier remark about the

vanishing of X, for such a uy,

JC(...,HJ,...) =0

since (i7)i+1 = ()i + 1. Consequently, we may rewrite (5.3.2) with  replaced by X as

J{(/_/L(l), ceey M(m_l)’ (/-/L(m)’ d)’ I"L(m+1)a sy lu“(n—'_l)) (53.4)
Y p—1 g W™ (n+1)
_(—) Z d_Zn+1|I| (MII""’ILLIH+1 )9
I,c{1,...L} r=11°7
1<sr<n+1

where L, := [(u") 4+ d y(r # m) with y the truth or indicator function. Here we note that
the replacement of I, € {1,2,...}forr # mby I, C {1,...,1(u"") + d} is justified since, for
nonvanishing of the summand, Mg) must be a partition and | /.| < d. These two conditions combined
imply thatno i € I, can exceed /(117”) 4 d. The condition that /(A™) = [(x™) in of course
translates to 1,, € {1,...,1(n™)}.
Let u™, ..., u®*D all be partitions. Then, due to the factor
n 4 n 4
[T 1A + ke —key =i + D, = [T ]k —krr—i + D,

r=1i=1 r=1i=1

(where £, may be chosen as £, = [(u(")) in the numerator of (5.3.3)), it follows that

Jf(u(l), el u(”"'l)) =0
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if there exists an r such [ (u) > k, — k,_,. In (5.3.4) we may thus assume without loss of generality
that (u”) < k, —k,_y forall 1 <r <n+ 1 Assuming these conditions on the lengths of
p® . ™ we may divide both sides of (5.3.4) by K (u'V, ..., u*D). After some simplifications
this yields

—k ”l—[“ l—[A thy—key—i+ 14+ pu"
d 2 : n+1 r,s s—1 /L
=D (d Zn+1| r|) ( ) :32)

1,1, Ly} rs=1 \ier, ArstLs—i+1+p
1<r<n+1 rs+M(r)_le(s)+] _ +1)

<[ 111

e jgr, Ars 10—+ =i
n+1 I,

_rii[l(A r+k — m)dl_[l—[Ar,m‘I’I —d—l+1+ﬂ(r)
(Amr+l —l +5rm)d re=1i=1 Ar,m-i-l —l+1+/,L(r)

where [, := [(1) and where we have eliminated f in favour of k, . Since the above identity is
unchanged upon interchanging m with any other index between 1 and n + 1, we fix m = n + 1 in the
following.

Since u(r) = 0 for i > [,, many terms in the summand of (5.3.5)) are identically zero. To see this,

consider the factor

() ()

1 Arp + 17—+ j =i+ 1 Hnu, —pu it
iel, jdI, Arr+u(") Mj(r)_|_j_i iel, gl (r) M](r)+j_i

If the indices i and j both exceed /, then this vanishes for j = i —1. Hence, for the above expression to
be nonvanishing, the elements of /, exceeding /, must form a progression of the form /, +1, ..., [, + j,
for some integer 0 < j, < d. This leads to the rewriting of (5.3.5)) as

—k,,
(D" oy (d—ljl—g”“ll |)S ..... I (5.3.6)

J1seees Jn=0I,<{1,..., Ir}
1sr<n+1

_ 1_[ (An+1 r +k _kr 1 _ln+1)d
(An+1 r+ l - ln+1 + 8rn+1)d

ﬁﬁ Arpsr + by — d—l—l-l—l—,u(r)

r=1i=1 rn+1+ln+1_l+1+ﬂ(r)

where |j| := j1 + -+ + Jjn and

g . ﬁ (_Ar,s — ks + kg1 + lr)jr rs +hks—ks1—i+1+ ,U«(r)
Ly Ingr = . r
: ! (_Ar,s_ls_]s+lr)jr iel, Ars—}—l —I—]S—l—l—l—{—u()

r,s=1

<1 —Ars b =i+ ]_[Ars+u(” MJ(S)-I-j—H—l)
i#ls _Ar,s i+ Jr—i+ IJ“(S) iely jEI Ars + M(r) /’LJS) +J

2The the left-hand side of (5.3.4) trivially vanishes if /(x™) = ky, — k;u—1 and d > 0. However, the corresponding
vanishing of the right-hand side is not obvious and arises after cancellation of terms.

3To conveniently carry out these simplifications one may uniformly choose all £, arising in the various functions X as
ly = Ly + 6rm-
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with j, 41 := 0. We will prove the rational function identity (5.3.6) for each 4" an arbitrary sequence

of [, indeterminates and each k, an indeterminate. To this end we replace

,ul(r) = X1 gt ly i T Apg1p+i—1 forl<r<n+landl <i </,

.
erZ(Cls-l—ls) forl<r<n+1,

s=1
where the xq,...,x; for/ := [; + --- + [,4+1 and the ay,...,a,+; are indeterminates. Given
I, C{l,...,[,}foralll <r <n+ 1, wedefinetheset I C {1,...,[}as
n+1
L= + 04+ 1),
r=1

where [ 4+ z := {i + z|i € I}. Defining a := a; + --- + a,+1, this leads to the much simpler identity

i+ (i) xi—x; 4+ 1" (b, — by —ay);,
Z Z (=Dl a4 J 1_[1_[ j l—[(b - _]s)jr

—1
Jloejn=0 11,0} )|I|+|j|161]¢1

n+1
T )
r=1 iel U r li&’] r r i

(an+1)d (ar + br)a ! x;—d
(a4 Da - l_[ (br)a 1_[ xi

where we have also replaced A, + [, — b, for 1 <r <n and fixed 4,4, = OE] The above identity is
the ¢ — 1 limit of Lemmaw1th a, — q%, b, — g’ and x; — g*. The proof of the lemma is

i=1 !

contained in the next section. O]

5.4 A summation formula for A, basic hypergeometric series

Over the course of this thesis we have already implicitly met many basic hypergeometric functions and
series implicitly. We say that a series ), ¢, is a basic hypergeometric series if the ratio ¢, 41 /c, is a
rational function of g” where ¢ is usually some complex number such that |¢g| < 1. The summation we
are concerned with in this section is a particular basic hypergeometric summation of type A, meaning

it contains the factor

l_[ (xzqk —X;jq )

1<i<j<n
which is nothing but the Vandermonde product on the alphabet (x;¢*, ..., x,q*"). Indeed, the
summation which we will use below is the multivariate A, g-Pfaff-Saalschiitz summation due to
Milne [Mil97, Theorem 4.15] (see also [Schl, Equation (2.15)]),
3 R I xXrq*r — x5q" ﬁ (asxr/Xs: @), ﬁ (bxr: q)k,

o e anb - . Xp — X . .

/DI | < s ram1 QXX Dy oy (€Xri Qg

(5.4.1)

_ (c/b;Q)d ﬁ (er/ar;q)d
(c/av---anbiq)a ;_ (cxriq@)a

4Since (5.3.6) only depends on differences of the A,, there is no loss of generality in choosing A,41 = 0.
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Since (¢~%; q)x = O for |k| > d, the series on the left terminates. In the previous section we used a
slightly modified version of this sum, which now state.

Lemma 5.4.1. Let d, [, n be nonnegative integers and ay, . . .,dan+1, b1, ..., by, X1, ..., Xx] indetermi-

nates. Then

1-1

I\_ (1k ((]_d;Q) q Il
Y ()R, (11— (& |)( T \1]+1k] (al---a,m) (5.4.2)

Kiyokn=0IC{1,...,1} “lnt139) 1|+ k|

i s 1 rb i 1 - b (b/ s0s; )r
T = H(Ul—a"rb}; 1;[1— = o H(q kz/bfq};k)
i€ '

i€l j¢I X r=1

b

n [ _
(an+1;Q)d H (arbr;q)a 1—[ I—g¢q Xi
(ar---ant19':9)a (br;q)a 1 —x;

r=1 i=1

where |k| ;= ki + -+ 4+ kp, knt1 :=0and by 41 := 1.

Proof. In the identity (5.4.1) we first apply

xrq*r — |k| —(kI+1 (gxr/Xs: @k,
l—[ Xr — Xs =& e 1_[ (

—k . ’
1<r<s<n r,s=1 q er/xs,Q)kr

which leads to

—d. n . n X
1yl =) @Dkl (asxr/Xs:q)k, (bxy;q)k,
Z ( : (a1---anbq'~?/c: @)k 1 (Q"‘er/xs:q)k,,1:[1 (exr:q)k,

----- r,s=1

_ (c/b;q)a 1_[ (cxr/ar;q)a
(c/av---anbiq)a .} (cXriq)a

b

which is (5.4.2) for [ = 0 with b, +— cx,, a, — 1/a, for 1 < r < n and a,4+; +— c/b. To obtain
(5.4.2) for all I we scale n +— n + [ and split the set of n + [ variables x, in two, relabeling so that

b, ifl <r<n,
Xy >

Xp—p fn+1<r<n+l.

We wish to specialise a, +— 1/q forn + 1 < r < n 4 [. This ensures the summand vanishes
unless 0 < k,41,...,k,y; < 1. We encode each term in the sum over k11, ..., k,1; as a subset
I € {l,...,1} wherei € [ ifky,4; = landi & I if k,4; = 0. This allows the sum over

kn+1,...,kk+q to be replaced by a sum over /. Making these changes and relabeling b — a4+
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(recall that the “old” a, 4+ has been specialised), the identity becomes

Y (kg (T Carol

—d—1 /.-
a ccca C’
Kiookn=01C{1L,...I} (@r---ant1q /€ DIn1+1k

n

% (ashy/bs: @)k, 1 —a,x;/b, 1—qg7 b, /x; )
) 1_[ (q_k‘vbr/bs;Q)kr 1_[ 1_[ 1 —q_er,-/b, 1_[ 1 —qkr—lbr/xi

rs=1 r=1 \iel i¢l
1 — q_lxi/xj - (an—l—lbr;CI)k 1 - an_l_lxl-
<] 111 =511
iel j¢I L= xi/x; =1 (br; @k, il I —cx;

n 1

__ (c/ant1iq)a I cbr/ar;q)dnl—qui
(@'c/ar---ans1:9)a rel (chbr;q)a

The claim now follows after the substitution

(ap,c,xj)— (1/a,,1,1/x;) or (b,,c,q)+— (1/b,,1,1/q)

and defining k,+1 := 0 and b, 4, := 1. O



Chapter 6

Further AFLT-type Selberg integrals

This chapter is devoted to several further AFLT-type Selberg integrals. We first discuss an AFLT-type
analogue of the Askey—Habsieger—Kadell integral, which takes the form of a multiple g-integral. Next
we introduce the elliptic analogue of the Selberg integral, and state without proof the elliptic analogue
of the AFLT integral obtained in [ARW]. Here the role of the Jack polynomials is played by a pair of
elliptic interpolation functions. As a limiting case, an AFLT-integral for Macdonald polynomials is

also obtained. The thesis concludes with a discussion of several open problems.

6.1 A g-analogue of the AFLT integral

In [Ask80] Askey conjectured several g-analogues of the Selberg integral (I.1.2). The first of his
conjectures, which takes the form of a multiple Jackson or g-integral, was proved independently by
Habsieger [Hab88|] and Kadell [Kad88]] and is now known as the Askey—Habsieger—Kadell integral.
In a similar vein, Jackson-type g-analogues of the Kadell and Hua—Kadell integrals were obtained
in [Kan96, Proposition 5.2] and [War0O5, Theorem 1.4] respectively. By a minor adaptation of the
proof of Theorem|1.3.1]in the case of A; and positive integral y, we obtain a g-analogue of the AFLT
integral (I.2.4) which generalises all of the previously mentioned integral evaluationsE] Since (positive)
integral values of y are problematic for A, with n = 2, our result is restricted to the rank-one case
only.

In the following we assume ¢ to be real such that 0 < g < 1. Recall the 1-dimensional Jackson

integral (3.3.2). The k-dimensional Jackson-integral over [0, 1]¥ may then be defined as

/ f(ll,---»lk)dqll"'dqlk -— (1_q)k Z f(qu’.-.’qvk)qvl'i'...-l-vk’ (6.1.1)

=
[O,I]k VUlseees v =0

where f : R — C is a function such that the sum on the right is absolutely convergent. For
a,f € C\{0,—1,-2,...} such that Re(or) > 0 and y a positive integer, the Askey—Habsieger—Kadell

! Although closely related, our g-analogue of the AFLT integral is slightly different to [MMSS 12, Equation (101)] by
Mironov et al. (or the integral arising in [IOY 13| Equation (4.4.5)]) which is essentially our (6.1.3) below and which does
not include the Askey—Habsieger—Kadell integral as a special case.
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integral may be stated as

k
/Htia_l(qti;cl)ﬂ—l 1_[ 127 (q" 71 /151 q)ay gty - dgti

[OJ]kl:l 1<i<j<k

_ qav(§)+2v2(%) l—[ Tyla+ @ —DpTy(B + (@ =D)Lyl +iy)
—1 T@+p+ Ck—i—DpL,d+y)

For k = 1 this reduces to the g-analogue of Euler’s beta integral (3.3.3]). As previously remarked, one
may derive the Askey—Habsieger—Kadell integral from the Kaneko—Macdonald g-binomial theorem.
However, to prove our g-analogue of the AFLT integral we require the full Cauchy identity for
Macdonald polynomials (2.6.8)).

Theorem 6.1.1. Let k be a positive integer and A € Py, and u € P. Then for y a positive integer and
o, B € C such that Re(a) > —pux and —p & N there holds

Pit;q.9")Pu| |77t + ——|:4.9"
1—q7”
[0.1]

k
< [T qtiip—r [ 7@ 7t/ti:@)2y dgts -+ dgti
i=1

1<i<j<k

. 1 — 1 — gB+G&=Dy
= qay(§)+2y2 é)PA q 7R q P q— 1q, qy
1 —q” 1 —q”

7 Fele =Dy + A)T(B £ G = D1+ 1)
T(+pB+Qk—m—i—y+2A),0+7y)

i=1

T+ B+ Qk—i—j—1y+A+mu)
XHH :

i La@+ B+ Qk—i—Jj)y+ii+uw)

where m is an arbitrary integer such that m = L([).

The proof of the theorem uses the following simple lemma [WarO5, Lemma 3.1].

Lemma 6.1.2. Let y be a positive integer and

fn. ) ] A=u/1)

1<i<j<k

a symmetric function such that f(t,...,t) vanishes if t;/t; € {q'7V,q*7V,...,q""'} for any
1<i<j<k. Then

A=) Y fr...n) [] A=/t

AEP 1<i<j<k
_ =g dgitx
= @ f..n) J] a- th/z, ;’—
T g ISi=sk ’
Ai-l-(k—i)y.

where on the leftt; .= q
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Ai+(k=DY in the sum on the left-hand side of the lemma, the sum is essentially

Proof. Since t; := q
over all sequences v = (vy, ..., Ux) of nonnegative integers of length at most k such that v; —v; = y
for i < j. Taking v to be such a sequence, we are free to replace v; — v; — (k — i)y since if
0 < v; —v; <y the summand will vanish. Indeed, for any i < j if 1 < v; —v; < y the function f
will vanish by the assumption of the lemma, and if v; = v; then the product [], ;. ;< (1 — /1)

gives the desired vanishing. In fact these vanishing conditions still hold for all 1 <i # j < k, and so

we may transform the sum on the left into

Nk
(1 Q) Z f(qul Uk) l_[ (1 _qv,:—vj).

..... vE =0 1<i<j<k

Xi —1Ix;\ (t; )
Zw( ]_[ x,-—xj)_(l—z)k’ (6.1.2)

for Xy = (x1,...,xx) a finite alphabet. To prove this, note that the denominator is the Vandermonde

product up to a sign, and thus

Xi —IXxj . # o
(1, 5) g S 1)

weGy 1<i<j<k 1<i<j<k

From this, both numerator and denominator are polynomials of degree kK — 1 which vanish for x; = x;.
Therefore the left-hand side is independent of X, and so we may choose X = (1,¢,... ,tk_l).
However in this case there is only one surviving term in the sum, corresponding to the permutation

which reverses the order of the word 12 - - - k, from which the evaluation follows.

With this established, choose x; = g% and t = ¢ in (6.1.2)). Then we have

(=91 —g")" - ¢ — gt
e 2 J@hean ] - ')ZW( I1 vl_qw)

Vlgeey v =0 1<i<j<k weGy 1<i<j<k

1—a)(1 —g"))*
=€ k!gi'qy)qk)) 2 Zw(f(qvl"--’qv") I (l—q”-"‘”"”))

1<i<j<k

1—g)(1—g")"
_ (( q)( q )) Z f(qvl, o ’qvk) 1_[ (1 _qv_/—vi-H’)’

Y-qv
(@797 ) V150,V 20 1<i<j<k

where the last equality follows by the symmetry of the summand. This sum is precisely as in the

definition of the Jackson integral (6.1.1)) after introducing ¢! %, and so the proof is complete. [
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Proof of Theorem[6.1.1] Assume that y is a positive integer. For n = 1 the identity (4.3.4) states that

B 1 —gfr k
1—g)*) Px(t;q,qV)Pp,([qﬂ 't + _—qy];q,qy)Ay(t;q) [[#@t:9s-1  (6.13)

1 ;
i=1

X « 1 — ky 1 — B+(k—1)y
(e [ o)

7 et (= Dy + A0Ty(B + G = D) Ty(iy)

i1 Tgloen + B+ Qky—m—i—1)y + A4)le(y)

k m . .
Xl—[nrq(a1+ﬂ+(2k—l—J—I)V'HH-HLJ).

Tglon + B+ 2k —i = j)y +Ai + 1))

i=1j=1

Since
— (Y
A= [] 70 —u/t)@" 7/t 9= ] (—ti)q O (ti/1:0)y 15/ 1:9)y
1<i<j<k 1<i<j<k

the summand of (6.1.3)) is symmetric in 7. Moreover, A, (¢; ¢) vanishes if #; /t; € {g'™",¢*7,...,q""'}
for 1 <i < j < k due to the presence of the factor (¢'7#;/t;;q)2,—1. Hence the claim follows by
Lemma [6.1.2]upon noting that

k k

T,iy)  (1—g") 7 T, +iy)
— . O
1_[ Lq(y) (q7: 97 )k D Ly +y)

i=1

6.2 The elliptic AFLT integral

Here we will state without proof the elliptic analogue of the AFLT integral and an AFLT integral for
Macdonald polynomials. For more details we refer the reader to [ARW]]. Throughout this section let
P, q € C be complex numbers such that | p|, |¢| < 1, and we use n rather than k to denote the number

of integration variables.

6.2.1 Elliptic preliminaries

In the previous section we proved a g-extension of the AFLT integral. Much of the theory of ¢-
hypergeometric series and integrals extends naturally to the elliptic level. For an introduction to the
theory of elliptic hypergeometric functions see [GR04,Ros, Spi]. The primary building block of the
elliptic theory is the modified theta function

0(z;q9,p) == (2: P)ooc(P/Z: P)oos

where z € C* and p € C is such that | p| < 1. The elliptic shifted factorial is then given by

n—1

(a:q. p)n := [ [ 0(aq’: p).

i=1
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so that (a;¢,0), = (a;q),, the ordinary g-shifted factorial. We also require the elliptic gamma
function [Ru197|]

00 l_pi+1qj+i/z
Fepg) =] ——
i,j=0 P4
which by definition satisfies
1
Nzipq) = =77
&:0.0) T'(pq/z: p.q)

For the elliptic gamma function we adopt the usual plus-minus conventions
L% p.q) =T p. )T pq)
Tz w™: p,q) := T(zw; p, )T zw ™ p, )T ™ w: p. )T ' w™"; p,g).

We also have an elliptic generalisation of (2.6.21]))

(b:q.t:p)s = ]0(bg” ™" p) = [1" "1 4. p)a;.
seA izl
It is also convenient to define the following shorthand for products of elliptic shifted factorials:

(bisq.t; p)a
qga/bi;q.t; p)a

n
Ad(alby.....bwig.t:p) =]
i=1 (p

For A = (A(V, 1) € £2 a bipartition we also use the notation
AS(alby,....byiq.t;p) i= NS (alby, ... .byiq.t; p)AS oy (alby.. ... baiq. ;5 p).

The generalised hook polynomials (2.6.22) also admit elliptic analogues,

Cy (biq.1:p) := [ [ 0(bg™ 1" p) (6.2.1a)
SEA

ClH(biq.t;p) = H Q(bq'li”_ltz_k-/i_"; p). (6.2.1b)
(@,j)€r

so that, in particular, ¢y (q,?) = C, (t;¢.,t;0) and ¢ (¢, 1) = C; (¢:q.t;0).

6.2.2 The elliptic beta, Selberg, and AFLT integrals

We will now state the elliptic beta, Selberg, and AFLT integrals, and give some of the necessary
background in order to understand these formulas. The elliptic beta integral was discovered by

Spiridonov [Spi101], and may be stated as

1_[ F(trts; D Q), (622)

r<s<o6

/nler(trzi;p,q) dz _ 2
o TEpa) 2miz T (pip)e(@i@eo

where |t,| < 1 for each 1 < r < 6 and the parameters satisfy ¢ ---t, = pq. The reduction of this

integral to the Euler beta integral (1.1.3)) is not entirely straightforward. Sending p — 0 one obtains
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the Rahman integral [Rah86]. This is itself a generalisation of the well-known Askey—Wilson integral,
which reduces to the beta integral in the form (I.1.8)) (this is worked out in [GR04, §6.1]).
To state our next formula we introduce the elliptic factor

_ (2P " p.q)
2rpl(2mwi)”

Then the elliptic Selberg integral is an n-dimensional analogue of the integral (6.2.2),

Sn(tl,...,IG;l;p,Q) (623)
. I r(zzi ,p q)l—[r[, 1F(trl,p q) dz  dz,
" 1<i<j<n F( | p Q) apaq) A Zn
’]I‘n
= ]_[ (F(t pa) [] T 'nip. q))

1<r<s<é6

where again |f,| < 1 and the balancing condition #2"~2¢, ---t¢ = pq holds. The above, which is
also referred to as the type II C, elliptic beta integral, was conjectured by van Diejen and Spiridonov
in [vDS00,vDSO1]. The first proof is due to Rains [Rai110]], with subsequent alternative proofs being
found by Spiridonov [Sp107|] and Ito and Noumi [IN17]. Again, the reduction to the classical case is
highly nontrivial; see [ARW) §6.1] for the details.

In order to lift (6.2.3)) to an analogue of the AFLT integral, we need to introduce a family of
elliptic skew interpolation functions. It is these functions that will play the role of the pair of Jack
polynomials in the AFLT integral. Our treatment of these functions is quite terse, and we refer the reader
to [ARW,/CGO06, Rai06,Rail0,Rail2, RWb]. In the following we say that a function f(xy,...,x,)
is BC,-symmetric if it is invariant under the action of the hyperoctahedral group Z /27 &,, the
group of signed permutations onn lettersﬁ ’| We begin with Rains’ BC,,-symmetric elliptic interpolation

functions, which for u € #, we denote by
RZ(xl, .. Xpia,biq.t;p).
For any A € £, such that u & A these satisfy the vanishing conditions

ﬁ;(a<k)n;q,t;a,b;q,t; p) =0,

where (A).4, is the usual spectral vector (2.6.12). Suppressing the variables x;, the functions
R (a,b;q,t; p) generalise the Okounkov BC,-symmetric interpolation Macdonald polynomials
P (q,1,5) [Oko98]. While the P7(q,1,s) are inhomogeneous, they contain the ordinary Macdonald
polynomial P, (q,t) as the homogeneous term of maximal degree |u|. Like the Macdonald polynomi-
als, the R}, satisfy an evaluation symmetry and have a nice principal specialisation formula, which

may be found in the aforementioned references.

*Here Z /27 acts as x; > 1/x;.
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Using the elliptic interpolation functions we can define the elliptic binomial coefficients

A . (Pqa;q.t; P)aze
W wspany  Cr(Paia.t: P)Cr(t:q.1: p)C; (aiq.1: p)C;T (pqa/tiq.t: p)
x A%(a/blt" 1/b:q.t; p) R (" " a" > (M nig.eit "a'? ba™"?1q.1; p).

where 212 is shorthand for the partition (24,24;,2,,2A,,...) and n is an integer such that n >
I(X), I(1). This definition is independent of the choice of a'/? and n. The elliptic binomial coefficients
vanish unless @ € A and trivialise to 1 when u = 0 (but not when u = A). In fact we will use the

normalised elliptic binomial coefficients

<A> _ Aalb.vr,... kg s p) (k)
= — L .
o AP TOR R P Ap@/b1fb,vr . ve g, 15 p) \ 1 la.bliq.t;p

Putting all of the above together we may define the elliptic skew interpolation functions by

Ry (1, vanlia,biq.tip) =Y AS(pq/b’|pq/bvy. ..., pq/bvan:q.t; p)
w

A
X H )
la/b,ab/pql;q.t;p [pq/b?,pqV/abliq.t;p

where V' := v; - -+ vy,. Note that unlike the BC,,-symmetric interpolation functions the skew interpo-
lation functions are ©,,-symmetric. On the left the square brackets should be interpreted as a kind
of plethystic bracket, since in the p — 0 limit the variables v; are related to the variables x; of the
BC, -symmetric interpolation functions via plethystic substitution (see [ARW, §6.2]).

For v = 0 the skew functions generalise the BC,-symmetric interpolation functions
RI/O([Il/zxft, . ,tl/zx,:f];t"_l/za,tl/zb;q,t;p)
A" ta/blt";q.t: p) R (X1, ..., Xnsa,.b;q,1; p) ford € P,
0 otherwise,

where we adopt the convention

‘(Rj{/”([uzf’ e UZE VL Vamlia, bt Pl q)

o ¥ —1 ~1 i s
= RA/V([uzl,uzl oo UZp UZ, VL, .., Uamia, Dt pLq).

Finally, we must extend all of the previous functions depending on partitions to bipartitions as
defined in Section2.1] For A = (AM, A®) and & = (1, 1®) be bipartitions,

Rula,bit;p.q) = Ry (a,b;q.t; )R, (a,b: p.t:q)

ﬁ}:m(a,b;l‘;p,éﬂ = ﬂzm/u(l)(a’b;q,t;P)cﬂz(z)/mz)(a,b;l?,l;@.
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These definitions are extended to A (alby, ..., bk:t; p,q) and ( ) in the obvious way.

Rla,bl(v1,...,v5)3t50.4
Finally, we extend the spectral vector (2.6.12)) to bipartitions as

(A nitipg 1= (q;x?)px(” no1 M0 AP a0 a2 qx“)p/\ff))_

We are now ready to state the elliptic AFLT integral [ARW, Theorem 1.4].

Theorem 6.2.1. Let n be a positive integer, p,q,t,t1,1t2,13,t4,t5,ts € C such that the elliptic bal-
ancing condition t*"~%t;---t¢ = pq holds and such that |p|,|q| < 1. Then, for A € P? and
n € P2

! f Ry o725 P2 P g pLg)

Can
x R o (1122, P2y 1 P T P T Pt 11 s 8 L q)
y l_[ F(tz zFE ,p Q)l—[]_[, 1F(tr iip.gq) dzi dz,
1<i<j<n 1—‘( [ p Q) »p’Q) Z1 Zn
n
=11 (F(ti;p,q) ]_[ F(ti_ltrts;P’Q))

i=1 1<r<s<6

x AS (1" |t " g, T s, " T g, £ s 8 D, q)
0 -2 —1 —1 —1 . g
X Aﬂ(z” Lataty[ts|t" tats, 1" tpta, 1" 1345t P, q)

5 A?L(ln_zfzf3f4/t5 1" 211121314 (A )nstipag)
A?L (1" 20215t 15[t 11 120304 (A ) it pog) |

where Cy, is a deformation of T" (with T the positively oriented unit circle) separating sequences of

poles of the integrand tending to zero from sequences of poles tending to infinity.

In [ARW]|, the proof of the theorem relies on an integral formula for the product of two non-skew
BC,-symmetric elliptic interpolation functions due to Rains [Rail0, Theorem 9.2]. By taking an
appropriate p — 0 limit Theorem|[6.2.1|reduces to the following AFLT integral for a pair of Macdonald
polynomials [ARW, Corollary 1.5].

Corollary 6.2.2. For A € $,, u € P, and a,b,q,t € C such that |b|, |q|, |t| < 1,

—n!(21ni)”T[ PA(Z§q,Z)PM<|:Z-|— 1 b] . )

Xﬁ(a/zi,qzi/a;q)oo l_[ (zi/zj.2j/2i @)oo dz1  dzy

i=1 (b/ZisZi;Q)oo (tZi/Zj’th/Zi;Q)oo 1 Zn

ey UL et
g s sl 1116

1<i<j<n

at™~ i—j+1 )L-HLJ Q)oo

@)

i=1j=1

where m is an arbitrary integer such that m = [({).
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Alternatively, as shown in [ARW)| Corollary 6.1], this formula be expressed as a generalisation of
the orthogonality of the Macdonald polynomials under the modified scalar product (2.6.37).






Chapter 7

Open problems

To conclude we discuss a number of open problems.

7.1 Generalising Theorem [1.4.1/for y # 1

The main open problem is to generalise Theorem [[.4.T]to the case of Jack polynomials. Using the

reciprocity for Schur functions (2.5.8) this theorem can be rewritten as

T W
ol A yeensln, B

n ntl & (Sr(Ar,s - ks—l + kS) -1 + I)A(-r)
- (Hsmk, —kr_ll)smw[kn NP U O S e prar e
r r,s sts Air

r=1 rs=1i=1

r#s
el‘ e.&' (Ar’s _i + 8sj + I)A(r)_eék(s')
i J

X l_[ H H (Ars —i +&(j — 1) + 1)%,)_8%”,

Isr<s<n+1li=1j=1

where {1, ..., {, are arbitrary integers such that £, > [(A®))forl <r <n+1l,ey =---=¢, =1,
ent1 = —1, ko :=0and k,+; := 1 — B. It is not difficult to define a function, say
Kivekn )
R)L(ll) A(n-l,-l)(al’---aan’ﬂ’ V)a

.....

such that for y = 1 it gives the right-hand side of (7.1.1)) and such that for A() = A, A?® = ... =
2™ = 0and A"*D = g it yields the right-hand side of (I.3.6). To describe this function, we
generalise our earlier definition (I.4.4)) of A, and A, to include y:

A i=ar 4+ +ay,+ (kr —k—1 +1r)y and A, := A, — A;,
forl <r,s <n+ 1. Hence A,; = —A, and

Ar,s =+ + Os—1 + (kr - kr—l _ks + ks—l +r _S)V (712)
109
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for 1 <r <s <n + 1. Finally, we define the y-shifted factorial indexed by a partition A by

(@)= [J@+ A =i)ya.

i=1
Lemma 7.1.1. Let A, be as in (7.1.2)), where 0 = ko < ky < kp < --- < k, are integers and

knt1:=1—B/y. Sete; =---=¢, = 1 and e,41 = —1, and define

P ,
szl) ,,,,, A(nH)(O(l,...,Oln,ﬂ, Y) (7.1.3)

n

= (TT P8 = kol ) Py /7 =

r=1

% 1_[ (_gsAr,s - 8s(kr—l - kr))/§ V)A(S)
(_8sAr,s + 8s€r)/; )/),\(s)

1sr<s<n+1

e" (S | — 1 r K
« l_[ (Ars — (ks—1 —ks)Y:¥)am 1—[ I+ Ars + l)y)'lz(‘ 2§
1+ Ars + (esls = Dy y)ao - A+ A+ (G —i— I)V)A(.r)_,ﬂ“
L J

1<r<s<n i=1j=1
b tot1 (A —(i+j—-1 )4y (1)
( ron+1 ( J )V)Ai’ +,1j” )

y ﬁ (Arns1 — (ky —kny )V V)20 1—[ l—[
=1 (Ar,n-H - (l + ] - Z)V)Af_’)+,1§_”+l)

where {1, . .. Lyt are arbitrary integers such that £, = [(A")) and €1 < ky. Then

A A<n+1)(0‘1’ ces 0y, Bry)

k ssss kﬂ . ;
R i (@2, o, Bry)  if AV =0,

0.k2,mkn N
RA(1)2 _____ A(n-l—l)(al’ ces O, Bry) =
0 otherwise
and
K1 yeerkin ) K1 yeerkin ,
Rk:O,...,O,/,L(al"‘"an’lg’y) and R,l(ll) ,,,,, )1(n+1)(a1"' - Qn,s 18’ 1)
g
agree with the right-hand side of the A, AFLT integral (1.3.6) and the right-hand side of (7.1.1)
respectively. Moreover, when [(A) < ky and k1, ...k, = 1,
k1,..eskn .
R G (@, o, Bry) (7.1.4)

n+1

~1kn— (—esArs + esk1y;Y)aw
:Rlzzl)l’ /{ﬁﬁ_li(al+V’a2""’a”’ﬂ+y,]/)1_[ sA1,s sK1
s=1

(_SsAl,s + 8s(k1 - 1))/; V)A‘S) .

We note that the assumption that /(1)) < k; is not actually a restriction since

Kook .
R,x%l) 1(n+1)(a1’ <oy Oy, ,8, )/)

.....

depends on AW 4oy only, where, for m a scalar, A + m := (A; + m, A, +m,...). Forn = 2 and
A® = 0 the recursion (7.1.4)) agrees with [FL, Equation (A.15)] (provided [k»y]/[(k> — 1)y] in the
latter is corrected to [k»y]s/[(ka — 1)y]3). Forn > 2and A® = ... = 2™ = 0, however, (7.1.4) and

the recursion at the bottom of page 36 of [FL] are inconsistent.
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Proof of Lemma[7.1.1] To see that the right-hand side of (7.1.3) is independent of the ¢,, fix a ¢ such
that 1 <t < n + 1. Then, assuming that )LZ) = 0, it follows from elementary manipulations and the

use of
(@-n _ (1=b)
(b)—n (1 - a)n
that the right-hand side of (7.1.3) reduces to the same expression with £, — £, — 1.

For (7.1.4)), write

kny1 = kny1(B;y) and A, = A’fjs """ k"(ozl,...,oz,,,ﬁ;y).

It is then readily checked that

knt1(B +7:y) = kns1(Bry) — 1
AT o 4y o, e, By y) = AR (e, B ).

Hence, for [(AMV) < ky — 1,

ki seeskn )
Rk}l) ..... A(n-l—l)(ala Q2,...,0Uy, ﬁa V) . Px((ll/)y)[kl] rﬁ (_8SA1,S + 8sk1)/; V)A’(S)
R’;};l"';{f‘n”gﬁ (a1 + 9y, 00, ..,00, B+ 7,7) P)f(ll/)”)[kl —1] ;— (—esA1s + ek — Dy y)ie

.....

By the specialisation formula (2.6.26)) the recursion (7.1.4) follows.

The remaining claims of the lemma are immediate and left to the reader. 0

An obvious guess would be that

" ki ek
<( [1PE[ - f(H)]) PO + By — 1]> (7.1.5)
r=1 ALy s0n, B3y
ki sennkin )
= Rlzl) _____ A(H-i—l)(al?“'?an, ﬂa 'J/),
but this is easily shown to be false unless A® = ... = A® = 0. To do so, we introduce the generalised

hypergeometric function

a a 2. (a ar1)k 25
. Fr | RIS r+1; — 1o+ Ur41 i
1 (bl,. b Z) ,;, (1r . br K

<+ Dr

where we have used the usual condensed notation for products of shifted factorials. By a direct
computation using Theorem[I.3.1]and the Jack polynomial limit of given by

1/y) T —v.=r )y
P(r) [x_y]_x 2F1(1—'y—]"’;)’

where , F is the Gauss hypergeometric function [AAR99, Definition 2.1.5], it follows that for
ki=---=k, =1and

(/\(1)’ o ,/\(”),)L(”"H)) — ((ul)’ o (i), M)
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the left-hand side of (/.1.5)) evaluates as a product of n — 1 terminating 3 F, series. Specifically,

<( ]_[ P((ul/y) t,_l]) Pty + By — 1]>

1,...,1

O] —UL s O —Un, B3V
— PUM[B/y] (1 +--Fan+B—nyiyy
W .
(1 +-+an+p—(n—1Dyiy)
1—a;—-—a —DY)us+otu
xl—[ o ar + (r = DY)y 4oty
(1 —ay— =0 — Br + (r = 8rn)Yuy+tu,

—, —(r =1y, —
XH3F2( vy oo —(r )Y —Ur+1 ;1)’
1 l—y—tppr, 1 +o1+---+or—ry

where 7y := 0 and By = --- = B, := 1. For y = 1 the rth 3F, series simplifies to J,, ,, o in
accordance with the k; = --- = k,, case of (7.1.1). We do not know how to modify the product of
Jack polynomials on the left of (7.1.5)) so that equality holds.

7.2 A complex Schur function analogue of Theorem 4.4.1]

Another open problem is to generalise the y = 1 case of (4.4.3) to include a product of n Schur
functions. For B,-1 + B, = 2, denote by

the y = 1 case of the A,, Selberg average (4.4.2) (this again requires a complex integration contour).

Then the problem is to extend the method of Chapter [5|to prove that

n—1
<( H S5 [l(r) — l‘(r_l)])s;k(n) [t(n)]>
r=1

A -+ - R ey

j_i 1_[ l—[l—[ A]r,s‘i‘j’_i

1sr<ssn—1li=1j=1

22 PR anaﬂn—]aﬂ}’l

n
=11 TI

r=11<i<j<{,

n—1 {4, kjy

Appgr —i—j + 1
T

r=1i=1j=1 +A(n)+Arn+l_l_]+1

n-l b (Apg—ks—1 + ks —i + 1);&” b (A —kpoy +ky—i + 1)/1(”

X - :
rls_ll i=1 (Ar,s + ES -1t l)kﬁr) r=1i=1 (Ar,n + IBn—l - Z)At(‘r)
Ii_[l kn (Ar n+1 + kr 1= k —i+ 1)A(”) kn (An,n—i—l + kn—l - kn -+ 1))1(.”)
X - ! : i ’
r=2i=1 (Arnsr =& =1 + 1),11(.’” im1 (Annt+1+ Bn — Z)AEH)

where 1@ 1= 0, kg = kpt1 := 0,41 = k1, £, = ky, £, for2 <r <n—1are arbitrary nonnegative

integers such that £, > [(A("), and the A, ; are defined as in (T.4.4). The more general average

n
<( 1_[ MG [I(r) - t(r_l)])s,un) [l‘(")]>
r=1

o1 ...,Cln,,lsnfl ,ﬁn
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appears not to have a similarly simple evaluation. For example, forn =2 and 8; + B, = y + 1 it
follows that

1,1
1/y) 1/y) (1/y)
(PUD 1P T = ] )
a1,02,B1,82;y
_ (al)ul (a2)u2+u3 (a1 + oz — V)ul—i-uz—i-ug
(a1 + B1 — Vuy (02 + B2 — V)ustus (@1 + @2)uy +ur+us

=y, a1 + Uy, —az + f1 —upy —u3z, —us )
X 4F3 ;1)
l—y—uy,a1+p1—y+u, 1l —oy—uy;—u3

For y =1 this does not vanish when u, = 0, but instead yields the non-uniform expression
1,1
(S(ul)[fl]S(m)[fz - fl]S(us>[fz]>a1 ws.B1.fn

(001w, (@2)us (0 + a2 — 1)
(o1 + B1— Dy (02 + o — Do + o — 1+ uy + us)
(1) (02)uyyus—1(c1 + 02 — 1)(B1 — 1)
(a1 + B1— Duyv1(@z2 + B2 — Dy tus

ifu, =0,

ifu, > 1.

7.3 Elliptic A, integrals

Both the ordinary Selberg integral (I.1.2)) and AFLT integral (1.2.4) have elliptic analogues. Since
both of these integral formulas also admit extensions to A,, it is natural to ask whether there exist A,
analogues of the elliptic Selberg integral and the elliptic AFLT integral.
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