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ABSTRACT. We solve constrained optimal transport problems between the laws of solutions of
stochastic differential equations (SDEs). We consider SDEs with irregular coefficients, making
only minimal regularity assumptions. We show that the so-called synchronous coupling is optimal
among bicausal couplings, that is couplings that respect the flow of information encoded in
the stochastic processes. Our results provide a method to numerically compute the adapted
Wasserstein distance between laws of SDEs with irregular coefficients. Moreover, we introduce a
transformation-based semi-implicit numerical scheme and establish the first strong convergence

result for SDEs with exponentially growing and discontinuous drift.

1. INTRODUCTION

A fundamental question in stochastic modelling is that of quantifying the effects of model
uncertainty. In this context it is of interest to compute an appropriate distance between different
stochastic models. In particular, we focus on models that are described by stochastic differential
equations (SDEs), potentially having irregular coefficients. The main contribution of this paper
is to provide a methodology to efficiently compute such a distance between the laws of SDEs, by
solving an optimal transport problem. Our approach successfully brings together optimal transport
and numerical analysis of SDEs. Moreover, for SDEs with exponentially growing and discontinuous
drift, we prove strong well-posedness and strong convergence of a novel numerical scheme.

In order to compare stochastic models, a reasonable choice of distance is a modification of the
Wasserstein distance on the space of probability measures. The Wasserstein distance arises from
an optimal transport problem and is defined as the infimum of an expected cost over the set of
couplings Cpl(u, v) between probability measures p and v, that is the set of probability measures on
the product space having marginals x4 and v. This distance metrises the weak topology. However,
in many situations the weak topology is unsuitable for comparing stochastic processes, since it
does not take into account the information structure that is encoded in the filtrations generated
by the processes. As a remedy, the adapted Wasserstein distance and associated bicausal optimal

transport problem has been proposed. This constitutes the main object of study in this paper.
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We consider stochastic models described by scalar SDEs of the form
(11) dXt :bt<Xt)dt+O't(Xt)th, te [O,T],

with X = 29 € R, where T' € (0,00), b: [0,T] xR — Rand o: [0,7] x R — [0, 00) are measurable
functions, and W = (W}).eo,1) is a standard scalar Brownian motion. Now consider two different
models with data (b, o, z0, W), respectively (b, &, zo, W). For Q = C([0,T],R), p > 1, and P,(2)
being the set of all probability measures on § with finite p*" moment, denote the law of the
solutions of these SDEs by p € P,(12), respectively v € P,(Q2). Let (w,w) denote the canonical
process on ) x ). Then the adapted Wasserstein distance between p and v is defined by
T
AWV, v) = wecgﬁf(u,u) = [/0 e = Gel? dt} ’

where we optimise over the set Cply.(u, V) of bicausal couplings between p and v, that is the set
of couplings that satisfy an additional constraint that encodes the filtrations of the processes. In-
formally, this bicausality condition imposes that for any ¢ € [0, T], X} is conditionally independent
of the process X given the value X;, with the symmetric condition when exchanging the roles of
X and X. In the context of optimisation problems for stochastic processes, such as those that
arise in mathematical finance and mathematical biology, the causality condition appears natural.
One is typically only able to make decisions based on information contained in the filtration of the
process at the present time.

We aim to solve such a bicausal transport problem under minimal regularity assumptions on the
coefficients of the SDE (1.1). For one-dimensional SDEs (2.6) with smooth coefficients, Bion-Nadal
and Talay [10, §2.1] exploit PDE methods to show that the so-called synchronous coupling attains
the adapted Wasserstein distance AW,. This coupling is the joint law of the SDEs when they
are driven by a common Brownian motion. Following this work, Backhoff-Veraguas, Kallblad, and
Robinson [7, Theorem 1.3] show that the synchronous coupling attains AW,, p > 1, between the
laws of SDEs with globally Lipschitz coefficients. The result of [7] holds also for continuous linearly
growing coefficients, provided that pathwise uniqueness holds. However, no explicit conditions for
this are given in [7].

We show that optimality of the synchronous coupling holds in much greater generality, consid-

ering also SDEs with irregular coefficients. We consider two classes of irregularity:

— discontinuous drift that grows up to exponentially, degenerate diffusion;
— bounded measurable drift, bounded diffusion that is a-Hélder, with o € [1/2,1].

Our main result can be stated informally as follows:

Main result. For models with data (b, o, x9, W), respectively (b,7,x, W), each potentially having
any one of the above irregularities, the synchronous coupling is optimal. Furthermore, one can
compute the adapted Wasserstein distance by approximating each scalar SDE with any numerical

scheme for which strong convergent rates are known.

Given that the synchronous coupling attains the adapted Wasserstein distance, the problem of
computing this distance reduces to that of simulating two one-dimensional SDEs, using the same
noise for each, and applying (multilevel-)Monte Carlo methods. Such computational efficiency is
not usually expected, even in the case of classical optimal transport, without some regularisation.

The methods of proof in our paper are based on transformations of SDEs. In the first case,
for SDEs with discontinuous and exponentially growing drift, we introduce a transformation-based
semi-implicit Euler-Maruyama scheme for which we prove strong convergence. We design this
scheme such that it is stochastically monotone. For measures on R” satisfying such a monotonicity

condition, it is known that the well-studied Knothe—Rosenblatt rearrangement is an optimiser for
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the bicausal transport problem between them. Applying the strong convergence of the scheme
and a stability result for bicausal optimal transport, we prove the optimality of the synchronous
coupling. In the case of bounded and measurable drift, we apply the Zvonkin transformation to
obtain SDEs with sufficiently regular coefficients, for which optimality results are already know. We
show that such a transformation preserves the optimality property of the synchrnonous coupling.

The novel strong convergence result in the first case can be stated informally as follows:

Auxiliary result. For the SDE (1.1) with drift b that has exponential growth and satisfies mild
piecewise continuity conditions, and with diffusion o that may be degenerate except at the points

of discontinuity of b,

— there exists a unique strong solution with bounded moments of all orders;
— a transformation-based drift-implicit Fuler—Maruyama scheme converges strongly;

— we provide convergence rates.

1.1. Structure of the article. Since this work combines optimal transport and numerical analysis
of SDEs, we keep it self-contained such that it is accessible to readers from both fields. We provide
the necessary background on optimal transport theory in Section 2.1 and its applications in the
theory of stochastic processes in Section 2.2. Readers familiar with classical optimal transport
can skip Section 2.1, and those familiar with adapted or causal optimal transport can also skip
Section 2.2. In Section 2.3, we discuss numerical approximation schemes for SDEs and their
application to bicausal optimal transport. We present some preliminary stability and optimality
results in Section 3.

Our first theorem is presented in Section 4, where we consider the first class of irregularity of
the coefficients stated above, that is discontinuous drift with exponential growth and degenerate
diffusion. We use the transformation method developed in [42] to handle the discontinuities and
combine it with a semi-implicit scheme to handle the super-linear growth. With these ingredients
we define a novel numerical scheme. We prove strong convergence of this scheme and provide
convergence rates in Section 4.2. We prove optimality of the synchronous coupling for this class of
coefficients in Section 4.3.

In Section 5 we consider the second class of irregularity of the coefficients stated above, that is
bounded measurable drift and Hoélder continuous diffusion. Applying the Zvonkin transformation,
we also prove optimality of the synchronous coupling for this class of coefficients.

We combine the results of the preceding sections in Section 6 to prove the main theorem of this
paper. In Section 7 we apply our results to compute adapted Wasserstein distances, and finally we
discuss potential applications to robust optimisation in Section 8.

The proofs of several results from Section 3 and Section 4 are collected in Appendix A and
Appendix B, respectively.

The relevant literature can be found in the respective sections.

2. OPTIMAL TRANSPORT AND APPLICATIONS TO STOCHASTIC PROCESSES

Here we introduce the concepts from optimal transport that will be needed for our applications.
The field has a long history, originating with Monge [49] in 1781 and taken up again by Kantorovich
[35] in 1942. For the interested reader, modern accounts can be found, for example, in Villani [77],
Ambrosio, Gigli, and Savaré [2], and Santambrogio [71], with the latter taking a more applied point

of view.

2.1. Introduction to optimal transport. Given Polish spaces X and ) supporting probability

measures p and v, respectively, and a convex lower semicontinuous function c: X x Y — R the
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optimal transport problem [35] is to find
oT inf  E"[¢(X,Y)],
(om) BT Y)

where the set of couplings between p and v is defined by
Cpl(p,v) ={m e P(X xY): w(A,Y)=pu(4), n(X,B) =v(B), for all Borel A C X, B C J}.

2.1.1. Brenier’s theorem. Central to the theory of optimal transport is the following key result of
Brenier [13]: an optimiser for the quadratic cost is given by the gradient of a convex function. More
precisely, let X = ) = R" and c(z,y) := |x —y|?, and suppose that y is absolutely continuous with
respect to the Lebesgue measure. Then there exists a unique convex function v: R™ — R such
that 7m°"° := (id, V)4 is optimal for (OT). In the one-dimensional case, Vv = F, ! o F,, where
Fy, Fr ! denote the cumulative distribution function and quantile function of a measure 7, and the

mono

coupling w is known as the monotone rearrangement (or the Hoeffding—Fréchet coupling).

2.1.2. Wasserstein distance. Given X = ) equipped with some metric d, a metric is induced on
the space of probability measures P,(X), for any p > 1, as follows. Taking the cost function
c(z,y) = d(z,y)? in (OT), for measures p1, v € Pp(X) the p-Wasserstein distance is defined by

2.1 WP(u,v):= inf ET[d(X,Y)P].

(21) Buv) = __inf  ET(X. YY)

The p-Wasserstein distance metrises the weak topology on P,(X) and is thus a natural candidate

to compare probability measures on X.

2.2. Optimal transport applied to stochastic processes. We now consider discrete-time real-
valued stochastic processes. Set X = ) = R", for some n € N, and equip this space with the LP
norm, defined by ||z} = >y x| for € R™, for some p > 1. Let F = (Fi)reqa,...,n} denote the
canonical filtration on R™, = (z1,...,z,) the canonical process on R", and (z,Z) the canonical
process on the product space R” x R™. Given a random variable X on (R", F,) with law 7, let
FX = (Fi')keq1,...n} denote the completion of its natural filtration with respect to 7.

As stated in Section 2.1.2, the Wasserstein distance is a natural candidate to measure the
distance between two probability measures on (R™, F). However, in the case that such probability
measures are the laws of stochastic processes, the usual Wasserstein distance (and associated weak
topology) lacks some desirable properties. For example, Aldous [1, Section 11] already noted that
deterministic processes can converge weakly to martingales. We illustrate this with the following
example from Backhoff-Veraguas, Bartl, Beiglbock, and Eder [5]; cf. Aldous [1, Example 11.4]. A
continuous-time analogue of this example also appears in Backhoff-Veraguas et al. [7, Example
6.1].

Example 2.1. Consider the two-step real-valued processes X, X¢, with laws p, u¢, for each € > 0,
defined by

PI(XT, X5) = (6, )] = P[(XT, X5) = (=&, -1)] =

)

PI(X1, X2) = (0,1)] = P[(X1, X5) = (0, -1)] =

N = N

The paths of the processes are shown in Figure 1. Define 7* such that positive (resp. negative)
values of X¢ are coupled with positive (resp. negative) values of X; that is the solid blue paths in
Figure 1 are coupled with each other, and the dashed orange paths are coupled with each other.

Then we find that )

WE () < Y BT (IXF = Xf?] = &7,
i=1
implying weak convergence u® — p as € — 0.
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FIGURE 1. A sequence of two-step deterministic processes X¢ converges weakly
as € — 0 to a martingale X [5, Figure 1].

On the other hand, consider the values of optimal stopping problems V¢ := sup, E[XZ] and

V = sup, E[X,], where the suprema are taken over stopping times taking values in {1,2}. Since

X is a martingale centred at 0, we immediately see that ¥V = 0. However, in the case of X¢, the
optimal stopping time is 2 in the case that X§ > 0, and 1 otherwise, and so we obtain

e

Thus we see that the processes X¢ and X have a very different information structure, but neverthe-

less their laws are close in the usual Wasserstein distance. This example motivates the introduction

of the adapted Wasserstein distance and the associated bicausal optimal transport problem.

2.2.1. Bicausal optimal transport. We have seen that the drawback of the Wasserstein distance for
comparing stochastic processes is that this distance is not able to distinguish different information
structures. To rectify this shortcoming, we consider Wasserstein distances with the additional
constraint that the couplings must respect the flow of information. This constraint has been
formalised in various ways, including the Markov constructions of Riischendorf [69], the nested
distances of Pflug and Pichler [60, 61], a stochastic control problem of Bion-Nadal and Talay [10],
the causal transport plans of Lassalle [40], and the adapted Wasserstein distance introduced by
Backhoff-Veraguas et al. [5]. Here we will use the terminology adapted Wasserstein distance, which
we define below. Although there are other candidates for distances between stochastic processes,
many such distances have been shown to be topologically equivalent to the adapted Wasserstein
distance; see, for example, [6, 12].

Analogously to the classical Wasserstein distance, the adapted Wasserstein distance is induced

by a bicausal optimal transport problem.

Definition 2.2. Let u, v be probability measures on (R™, F) and let m € Cpl(u, ). The coupling

7 is causal if, for any random variables X,Y with Law(X,Y) = m, we have the conditional
independence,
(2.2) FY is independent of FX under 7 conditional on Fj\,

for all k € {1,...,n}. If 7 € Cpl(p,v) is causal, and the coupling fxm € Cpl(v, ) is causal,
where 0(z,y) = (y,z), then we say that 7 is bicausal and we write Cply (p, ) for the set of all
such couplings. The bicausal optimal transport problem is then to find (OT) with the usual set of
couplings Cpl(u, v) replaced by the set of bicausal couplings Cply . (u, V).

In words, # = Law(X,Y) is causal if the present value of Y is independent of the future of the
process X, conditional on the past of X.
From now on, we make the following assumptions on the cost functional ¢ in (OT). For each

ke{l,...,n}, let ¢x: R x R = R be continuous with polynomial growth of order p; that is there
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exists K > 0 such that, for all z,y € R, k € {0,...,n},

(2.3) ek (z, y)| < K[+ []” + |y[*].
Suppose also that, for each k € {0,...,n}, the function ¢, is quasi-monotone! in the sense that
(24) cu(@,y) + en(@'y') — cr(z,y) —en(a’,y) >0, forallz <a’,y <y’

For p,v € P,(R™), the bicausal optimal transport problem is then to find

Z ck(xk, fk)] .
k=1

Taking each cost function ¢, in (2.5) to be the p'" power of the Euclidean distance, we define an

(2.5) inf E”

meCply, (p,v)

adapted analogue of the Wasserstein distance (2.1) as follows.

Definition 2.3 (adapted Wasserstein distance — discrete time). Let p > 1 and p,v € P,(R").
Then the adapted Wasserstein distance is defined by

AWP (u,v) = inf E~™
p (1 v) mECPly (1,v)

n
S —xw].
k=1

Remark 2.4. The term adapted appears natural here, since Definition 2.2 constrains the usual
set of couplings to those that satisfy a condition analogous to adaptedness of stochastic processes.
The term causal, introduced in [40], does not necessarily correspond to the notion of causality
in statistics; for example, the product coupling is bicausal. On the other hand, Cheridito and

Eckstein [14] relate causal optimal transport to the causal structure of graphical models.

Example 2.5 (Example 2.1 revisited). For the laws given in Example 2.1, the adapted Wasserstein
distance AW, (u®, 1) is bounded away from 0, for any p > 1. Indeed, under any = € Cply, (u, u°),
FiX° is independent of F5* conditional on Fi¥. Since F{¥ is trivial, F{* and F5X are independent
under 7, without any conditioning. Moreover, X5 is fully determined by X§, so F5* = F{ . Thus
{.F,fa}ke{lvg} is independent of F5* under 7 and, using again that F;¥ is trivial, is independent of
{FX}Ykeq1,2y- Hence the product coupling is the only element of Cply,. (s, u€), and so AWE (u€, 1) =
eP + 2P~1 > 2P~ Recalling that, for the optimal stopping problems in Example 2.1, V¢ 4 V
as € — 0, the adapted Wasserstein distance appears to be better suited to comparing stochastic

processes than the usual Wasserstein distance.

Stability of various optimisation problems with respect to the adapted Wasserstein distance is
shown in Backhoff-Veraguas et al. [5]. Moreover, optimal stopping problems are in fact continuous
with respect to the adapted Wasserstein distance by [6, Lemma 7.1]; cf. [1, Theorem 17.2]. This

confirms our intuition from Examples 2.1 and 2.5.

2.2.2. Optimality of bicausal couplings. Under the following condition of stochastic monotonicity,
Riischendorf [69] identified an optimiser for a bicausal transport problem between the laws of
discrete-time Markov processes. For a measure n on R"™, denote by 7; the first one-dimensional
marginal of 1 and, for each k € {2,...,n}, denote by 1., ., , the k' conditional marginal of 1,

given that the first kK — 1 coordinates are equal to (x1,...,2x_1).

Definition 2.6 (stochastic monotonicity [16]). Let (X,)ne(1,...,n} be a real-valued Markov process
with law g € P. The process X, or the measure pu, is said to be stochastically increasing (resp.
decreasing) if Xy — Ly, .. ., 1S iDcreasing (resp. decreasing) in first order stochastic dominance,
for each k € {1,...,N —1}.

lalso called L-superadditive or supermodular; see Block, Griffith, and Savits [11, Remark 1.1]
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Two such processes or measures are stochastically co-monotone if they are both stochastically
increasing, both stochastically decreasing, or one is stochastically increasing and decreasing while

the other is arbitrary.

As we shall see below, the optimal bicausal coupling under this monotonicity condition is the
Knothe-Rosenblatt rearrangement, introduced independently by Rosenblatt [68] and Knothe [38].
This coupling is a multi-dimensional extension of the monotone rearrangement described in Sec-
tion 2.1.1. Under the Knothe—Rosenblatt rearrangement, the first marginals are coupled monoton-
ically and then, inductively, the conditional marginals are coupled monotonically; see [7, Figure 1]

for an illustration.

Definition 2.7 (Knothe-Rosenblatt rearrangement). Given probability measures p,v on R™, let
Uy, ..., Uy be independent uniform random variables on [0, 1], define X; = F,.}(U1), Y1 = F,,*(U1)

and, for k € {2,...,n}, define inductively the random variables
—1 -1
Xk = Fﬂxl ..... Xp—1 (Uk)7 Yk = FVY1 ,,,,, Y1 (Uk)

The Knothe-Rosenblatt rearrangement between the marginals p and v is then given by
Ty = Law(X1,..., Xy, Y1,..., Vo).

We will make use of the following equivalent definition, which is proved in Backhoff-Veraguas,
Beiglbock, Lin, and Zalashko [4, Proposition 5.8].

Proposition 2.8. A coupling m € Cpl(u,v) is equal to wﬁfj if and only if m = Law(X,Y), where
X = (T1(U1), To(Ug; X1), -+, T (Uns X1y -+, Xi1),
Y= (Sl(U1)7 SQ(U27 Y1)7 ey Sn(Un7 }/17 ey Yn—1)7

for Uy, ..., U, independent uniform random variables on [0,1], and T;,S; co-monotone in U;, for
each i € {1,...,n}.

The following optimality result is a straightforward extension of [7, Proposition 3.5], which

generalises earlier results from Backhoff-Veraguas et al. [4], Riischendorf [69].

Proposition 2.9. Forp>1,n €N, let u,v € Pp(R™) be the laws of Markov processes. If pu and v
are stochastically co-monotone, then the Knothe—Rosenblatt rearrangement is the unique optimiser
of the bicausal optimal transport problem (2.5), with continuous cost functions c;: R x R — R,
ke{l,...,n}, satisfying (2.3) and (2.4).

Remark 2.10. We show in Example 5.11 that, when first order stochastic dominance is replaced
by second order stochastic dominance for one of the marginals in the definition of stochastic co-

monotonicity, optimality of the Knothe—Rosenblatt rearrangement may fail.

2.2.3. Continuous-time bicausal optimal transport. The notions of bicausality and adapted Wasser-
stein distance extend to continuous-time processes. Fix a finite time horizon T > 0, let Q =
C([0,T],R) be the space of real-valued continuous paths on the time interval [0, 7], and equip this
space with the canonical filtration F = (F;)c[0,r)- We consider the product space €2 x 2 equipped
with the product filtration, and let (w,w) = ((w¢,w¢))sepo,7) denote the canonical process on the
product space. As in the discrete-time case, for a random variable X on (Q, Fr) with law 7, the
completion of its natural filtration under 7 is denoted by FX = (F/* )eelo,T]-

Let p,v € Pp(Q2), for some p > 1. We say that a coupling 7 € Cpl(p,v) is bicausal if it
satisfies the continuous-time analogue of Definition 2.2, again writing Cply(u, ) for the set of
bicausal couplings. Note that, by [40, Example 1(v), Lemma 4, and Proposition 2], our definition
is equivalent to Backhoff-Veraguas et al. [5, Definition 1.2] and Lassalle [40, Definition 1].
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Let ¢: [0,7] x R x R — R be a measurable function for which there exists K > 0 and p > 1
such that, for each fixed ¢ € [0,T7], ¢:(-,+): R x R — R is continuous and satisfies (2.3) and (2.4).

Then the continuous-time bicausal transport problem is to find the value

m€CPl, . (p,v

. T —
(BCOT) Ve(p,v) = inf )E l/o ct(we, @r) dt} .

Analogously to the discrete-time setting, we equip the space £ with the L? norm, defined by
Jwllh = fOT |we|P dt for w € Q, and we define the adapted Wasserstein distance in the continuous-

time setting as follows.

Definition 2.11 (adapted Wasserstein distance — continuous time). For p > 1, define the adapted

Wasserstein distance between p, v € Pp(12) as

mECPlyc (v

T
AWIZ;(M, l/) = inf )Eﬂ- l/o |wt — (I)t‘p dt‘| .

Remark 2.12. The adapted Wasserstein distance AWs, in essentially the form of Definition 2.11,
was first studied by Bion-Nadal and Talay [10] via a stochastic control formulation and associated
Hamilton-Jacobi-Bellman equation, and Backhoff-Veraguas et al. [7] studied AW, as defined in
Definition 2.11, for general p > 1. We will see in Section 7 that this distance is amenable to
efficient computation. One could also define the adapted Wasserstein distance with respect to the
L norm on §2; in Theorem 8.1 we apply this distance to robust optimisation. A further alternative
definition of adapted Wasserstein distance between semimartingales is studied in Backhoff-Veraguas
et al. [5], where the authors show stability of various stochastic optimisation problems. This is in
contrast to the discrete-time setting, where there is no loss of generality in choosing the LP norm

in Definition 2.3, since all norms are equivalent on R".

We consider the problem (BCOT) between the laws of stochastic processes that are described by
SDEs. To the best of our knowledge, for such continuous-time problems, Backhoff-Veraguas et al.
[5], Bion-Nadal and Talay [10] were the first to find an explicit optimiser, the so-called synchronous

coupling, which we define after the following preparations.

Definition 2.13. For an adapted process p = (pt):e[o,7) taking values in [—1,1], we call (W, W) a
p-correlated Brownian motion if W, W are each one-dimensional Brownian motions and, for each

t € [0, T, their correlation is given by corr(W;, W) = p;.

Let b,b: [0,7] x R — R and 0,5: [0,7] x R — [0, 00) be measurable functions, and let zo € R.
Suppose that there exists a unique strong solution (X, X) of the system of SDEs

dXt = bt(Xt) dt + O't(Xt) th, X() = 2o,

(2.6) R o
dX; = b (Xy) dt 4 74(X¢) dW;,  Xo = o,

on the time interval [0, 7], where (W, W) is a p-correlated Brownian motion, and write u, v for the
laws of X, X, respectively. It is shown in [7, Proposition 2.2] that the set of bicausal couplings
Cply,. (11, v) is equal to the set of all couplings of the form 7 = Law(X, X), where (2.6) is driven by

some correlated Brownian motion. In particular, the synchronous coupling is defined as follows.

Definition 2.14. Let (X, X) be the unique strong solution of (2.6) with W = W. Then the
synchronous coupling is defined as mY7¢ = Law(X, X), the joint law of the solutions when the
SDEs are driven by a common Brownian motion.

2.3. Numerical methods for SDEs. In order to solve SDEs of the form (1.1) and (2.6), one

usually has to resort to numerical methods. The simplest of these is the Fuler—Maruyama scheme.
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Let N € N, h=T/N, and set X(})L’EM = x9. Then the Euler-Maruyama scheme (XZ;LEM)ke{O,...,N}
is defined for all k € {0,...,N — 1} by

(2.7) X(h;ﬁ%h = X ™M 4 ben (X5 h 4 o (X5 AW,

where AWy 1 = Wgi1yn — Wen ~ N (0, h). Under global Lipschitz conditions on the coefficients,
this scheme converges in the strong LP-sense to the true solution of the SDE; see, for example,
Kloeden and Platen [37]. In recent years, numerical methods for SDEs with irregular (non-globally
Lipschitz continuous) coefficients have been studied intensively. We refer to Remarks 4.4 and 5.2
and Examples 7.3 and 7.4 for references to relevant results.

The monotone Euler-Maruyama scheme is introduced in [7, Definition 3.11]. This scheme is
defined analogously to (2.7) with the Brownian increments AW}, 1 replaced by truncated Brownian

increments AW,?H, which are defined as follows.

Definition 2.15 (truncated Brownian motion; cf. [48, §2.1]). Let (W;):c[o,7) be a standard Brow-
nian motion, let N € N, h = %, Ap, = 4y/—hlogh, and for each k € {0,..., N — 1}, define the
stopping time 7/ == inf{t > kh: |[W; — Wy,| > Ap}. The truncated Brownian motion (W}");c(o 1)
is defined by W = 0 and W¢* := W}y, + W, n — Wiy, for t € (kh, (k+1)h], k € {0,...,N—1}. The
truncated Brownian increments are defined by AW,?Jrl = W(}}H_l)h —Wh = W(k+1)h,\7.£ — Wgh,
ke{0,...,N—1}.

If the coefficients b and o of the SDE (1.1) are time-homogeneous and globally Lipschitz con-
tinuous, [7, Lemma 3.15] shows that, in contrast to (2.7), the monotone Euler-Maruyama scheme
is stochastically increasing for sufficiently small step size, and [7, Lemma 3.17] proves strong LP
convergence of the scheme. Combined with a stability argument, these properties are key to the

proof of optimality of the synchronous coupling in [7, Proposition 3.24].

3. PRELIMINARY RESULTS

We present two general stability results for bicausal optimal transport, which we will use in our
optimality proofs. The first allows us to pass from discrete to continuous time, and the second
allows us to approximate the coefficients of SDEs. As an immediate consequence, we obtain a first
generalisation of [7, Theorem 1.3], which we will later apply in combination with a transformation
of SDEs in order to prove Theorem 5.8. The proofs of the results in this preliminary section are

presented in Appendix A.

Assumption 3.1. For each N € N, h = T/N, suppose that there exist measurable maps
¢", " {0,h,..., T} x C([0,h],R) x R and stochastic processes X" = (X} )keqo,..n}, X" =
(Xgh)ke{O,...,N} such that, for any correlated Brownian motion (W, W), and each k € {0,..., N—1},

Xlerryn = 0" (kb Xin, Winge = Wan)ecion)s  X(krnyn = 0" (kb Xen, Winte — Wen)ieqo,n)-

Suppose further that
(i) the processes (ngh)ke{l,..‘,N} and ()_(,?h)ke{l,“_’N} are stochastically co-monotone (see Def-
inition 2.6);
(ii) for each k € {1,..., N}, X}, and X}, are co-monotone functions of some common random
variable when W = W;

(iii) for some p > 1, the LP-convergence limhﬂoE[Zle

limy 0 B[40, S 1y 18 — Kol ds] = 0 bolds.

kh

(k—1)h | X}, — Xs[Pds| = 0 and

Proposition 3.2. Suppose that there exists a unique strong solution (X,X) to the system of
SDEs (2.6) with laws u = Law(X), v = Law(X). For some p > 1, suppose that there exist X X"
satisfying Assumption 3.1. Let ¢: [0,T] x R x R — R be a measurable function for which there
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exists K > 0 such that, for each fized t € [0,T], ci(+,-): R x R — R is continuous and satisfies

(2.3) and (2.4). Then
T
/ Ct(wt,(:)t) dt] 5
0

and the synchronous coupling attains the infimum on the right hand side.

(3.1) lim inf E™"

h—0 wheCply, (uh,vh) mE€CPlye(1,v)

N
hch(xk,yk)] = inf E™
k=1

Lemma 3.3. Let b,b,b™,0V: [0,T] x R = R and 0,5,0",5V: [0,T] x R — [0,00) be measurable
functions with uniform linear growth in space. For each t € [0,T], suppose that by, bs, 0, 5¢ are

continuous in space and that the following convergence holds uniformly on compact sets as N — oo:
bi\’ — bt, E,{V —)Bt, O’i\’ — O¢, 5’1{\[ —>5’t.

Suppose moreover that, for coefficients (b,o), (b,), there exist unique strong solutions (X, X) of
the SDEs (2.6), and that for coefficients (b™,o™), (bV,5%), N € N, there exist unique strong
solutions (XN, X™N) of the SDEs (2.6), for each N € N. Write u = Law(X),v = Law(X) and
p = Law(X™), v = Law(X).

Letc: [0,T] x R x R — R be a measurable function for which there exists K > 0 and p > 1 such
that, for each fixred t € [0,T], ¢:(,+): R x R = R is continuous and satisfies (2.3). Suppose that,

for each N € N, 7'('2};\?6,/1\; attains the infimum

N T
inf E™ / C¢ (wt, (I)t) de].
7N €CPpl, (uN v N) 0

Then
~ /T T
lim inf E™ / Cy (wt, (A_.Jt) dt| = inf E™ / C (wt, (:Jt) dt y
N—ro0o mNeCply, (uN ) 0 mE€Cply,c(k,v) 0
and mY 3¢ attains the infimum on the right-hand side.

Under the following assumption on both (b, o) and (b, &), the monotone Euler-Maruyama scheme

satisfies Assumption 3.1 and we can apply Proposition 3.2.

Assumption 3.4. Suppose that (b, o) satisfy the following:

(1) t+— bi(z),t — o(x) are Lipschitz uniformly in z € R;
(2) x> by(x),x — o4(x) are Lipschitz uniformly in ¢ € [0, T.

Proposition 3.5. Suppose that the coefficients (b,a) and (b,5) of (2.6) satisfy Assumption 3.4
and write p,v for the laws of the respective strong solutions X, X. Let c: [0,T] x R x R — R be
a measurable function for which there exists K > 0 and p > 1 such that, for each fixed t € [0,T],
ci(-): R x R — R is continuous and satisfies (2.3) and (2.4). Then the synchronous coupling
attains the value V.(u,v) of the bicausal optimal transport problem (BCOT).

Combining Proposition 3.5 with the stability result Lemma 3.3 leads to the following generali-
sation of [7, Theorem 1.3, Remark 4.12] to the case of both time-dependent coefficients and cost

functional.

Assumption 3.6. Suppose that (b, o) satisfy the following:

(1) b,0 are continuous in ¢ and x;
(2) b, 0 have linear growth;
(3) pathwise uniqueness holds for the SDE (1.1) with coefficients (b, o).

Corollary 3.7. Suppose that the coefficients (b,a) and (b,5) of (2.6) satisfy Assumption 3.6.
Then there exist unique strong solutions X, X of the SDEs (2.6), and we let u,v denote their
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laws. Further, let c: [0,T] xR xR — R be a measurable function for which there exists K > 0 and
p > 1 such that, for each fixred t € [0,T], c:(-,-): R x R — R is continuous and satisfies (2.3) and
(2.4).. Then the synchronous coupling attains the value V.(u,v) of the bicausal optimal transport
problem (BCOT).

4. DISCONTINUOUS DRIFT WITH EXPONENTIAL GROWTH

Consider the SDE (1.1) with time-homogeneous coefficients. We allow the drift coefficient b to
exhibit both discontinuities and exponential growth. We will impose only mild piecewise continuity
assumptions on b, and we will assume that the diffusion coefficient ¢ is globally Lipschitz continuous

and that o is non-zero only at the points of discontinuity of b. In this setting we will prove:

— existence and uniqueness of strong solutions of (1.1);
— strong LP-convergence of a transformed semi-implicit Euler—-Maruyama scheme;
— optimality of the synchronous coupling between the laws of two such SDEs for the problem
(BCOT).
To the best of our knowledge, this is the first work to treat SDEs with both discontinuous and

exponentially growing drift. Precisely, we make the following assumptions on the coefficients (b, o).

Assumption 4.1. Let (b, o) be time-homogeneous; i.e. by =b: R - R and 0 = 0: R — [0, 00),
for all t € [0,7]. Suppose that there exists m € NU {0} and &,...,&, € R, with —co = & <
&1 <& < ... &m < &1 = 00, and there exist constants Ly, Ky, Ly, y,n € (0,00) such that (b, o)
satisfy the following:
(A1) on each interval (&x,&k41), k € {0,...,m},
(i) b is absolutely continuous,
(ii) b is one-sided Lipschitz; i.e. (z —y)(b(z) — b(y)) < Ly|x — y|?, for all 2,y € (&, Exr1),
(iii) b is locally Lipschitz with exponential growth; i.e. |b(x) — b(y)| < Kp(exp{7y|z|"} +
exp{y|y["})|x — y| for all 2,y € (&, Ekr1);
(A2) o is globally Lipschitz; i.e. |o(z) — o(y)| < Lo|x — y| for all z,y € R;
(A3) o(&) #0, for all k € {1,...,m}.

Remark 4.2. We note that we do not impose any uniform non-degeneracy condition on the
diffusion coefficient o. This is in contrast to the setting of Dareiotis, Gerencsér, and Lé [18], for

example.

Example 4.3. Consider the introductory example from [32]:

(4.1) dX; = - X2 + dW;, X =m0 €R,

and a modification of the example in [75, Section 2J:

(4.2) dX, = (; — 2sign(X; — 1)) dt + | X | dW;,  Xo = x0 € R.
The coefficients of the SDEs (4.1) and (4.2) each satisfy Assumption 4.1.

Remark 4.4.

(i) In the case that m = 0, the drift coefficient b is continuous, and there is no non-degeneracy
condition on o. In this setting, convergence in probability and almost sure convergence of
the explicit Euler-Maruyama scheme were shown by Gyongy and Krylov [25] and Gyongy
[24], respectively. However, Hutzenthaler et al. [32, Theorem 1] shows that, for the SDE
(4.1), this scheme has unbounded moments and diverges in the strong LP sense. Two
approaches to recover moment bounds and strong convergence have been taken in the

literature.
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(i)

(iii)
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(a) Tamed numerical schemes, in which polynomially growing coefficients are appropri-
ately rescaled, have been studied, for example, by Hutzenthaler, Jentzen, and Kloe-
den [33], Sabanis [70]. These are explicit schemes, which are computationally efficient.
However, the technique of taming does not readily yield a scheme satisfying the mono-
tonicity property Assumption 3.1 (i) and to our knowledge has not been applied to
exponentially growing coefficients.

(b) For a semi-implicit Euler—-Maruyama scheme, Hu [30] proves L2-convergence of order
1/2 at the terminal time. When b has at most polynomial growth, Higham, Mao, and
Stuart [28] prove uniform-in-time L?-convergence at the same rate. Under additional
assumptions, Hutzenthaler and Jentzen [31], Mao and Szpruch [45, 46] also study
strong convergence of this scheme. However, under Assumption 4.1 with m = 0, we
are not aware of any existing results on uniform-in-time LP-convergence.

Strengthening Assumption 4.1 (A1) to piecewise Lipschitz continuity, we are in the setting
of Leobacher and Szolgyenyi [41, 42], who were the first to consider transformation-based
schemes for SDEs with piecewise-Lipschitz drift. Under these assumptions, the authors
proved strong well-posedness of the SDEs and strong LP-convergence of a transformation-
based Euler-Maruyama scheme. Leobacher and Szolgyenyi [44], Miiller-Gronbach and
Yaroslavtseva [50] also prove strong convergence rates for the classical Euler-Maruyama
scheme. Higher-order transformation-based schemes and adaptive schemes have been in-
troduced in Miiller-Gronbach and Yaroslavtseva [51], Neuenkirch, Szolgyenyi, and Szpruch

[55], Przybylowicz, Schwarz, and Szdlgyenyi [66], Yaroslavtseva [80]. Przybylowicz and

Szolgyenyi [63], Przybylowicz, Szolgyenyi, and Xu [64] additionally allow for processes
with jumps. Overviews of this line of research can be found in Leobacher and Szdlgyenyi

[43], Szdlgyenyi [75].

Recent results of Miiller-Gronbach, Sabanis, and Yaroslavtseva [53], Spendier and Szolgyenyi

[73], as well as Hu and Gan [29], prove existence and uniqueness of strong solutions and

convergence of tamed Euler-Maruyama schemes for SDEs with drift coefficients that are
both discontinuous and superlinearly growing. However, these results impose a polyno-
mial growth condition on the drift coefficient, whereas we allow for exponential growth.
We note, however, that [53] allows for both the drift and diffusion coefficient to have

polynomial growth.

4.1. A transformed SDE. In order to remove the discontinuities form the drift coefficient of the

SDE (1.

1), we define a transformation of space G: R — R as in Leobacher and Szdlgyenyi [42].

First we define ¢p: R — R by

o) = (1 +u)?(1—u)® |u <1,

0 lu] > 1.

Then, for constants ¢y € (0,00) and a1, ag,...,qa, € R\ {0}, define ¢: R — R, for each k €

(1,....m}, by
(43) oua) = o( =)o - el - &l froeR
and
(4.4) G(x) =z + i apér(r), forz €R.

=

Before fixing the constants in the definition of G, we make the following remark.
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Remark 4.5. For any k € {1,...,m —1}, the drift b is absolutely continuous on the open interval
(&k, Ek+1), by Assumption 4.1 (A1) (i). Thus, b has an absolutely continuous extension to the closed
interval [£, &r+1] and, in particular, there exist finite one-sided limits b(£§x+) = limg~ ¢, b(z) and
b(§kq1—) = lim, »¢,,, b(x). Similarly, the one-sided limits b(&;—), b(§,+) exist and are finite.

By Remark 4.5 and Assumption 4.1 (A3), for each k € {1,...,m} we can now define

(45) o = 5(6) 2 (6(E) — bE+))

and choose

4.6 i ! A i 1

(4.6) <, _min {Gak|} o™ {2(€k+1 - §k)}~

We will see that this choice of constants ensures that the transformation G acts only locally at
each discontinuity, is strictly increasing, and the drift of the transformed SDE is continuous. We

prove the following properties of the transformation G in Appendix B.

Lemma 4.6. For each k € {1,...,m}, ¢ defined in (4.3) with cy chosen according to (4.6)
satisfies the following:

- ¢k(2) = @ (x) = ¢{(x) = 0 for |z — &| > co,

= Ou(&k) = 9,(&) = 0, ¢} (&) = =2, ¢}(&+) =2,

— ¢)(z) € [=6¢o, 6cl, for all z € R,

— ¢ R — R is Lipschitz with Lipschitz derivative and piecewise Lipschitz almost-everywhere

second derivative.

Lemma 4.7 (Cf. [42, Lemma 2.2)). The transformation G defined by (4.4), (4.5), and (4.6)
satisfies the following:

— G =id on the set R\ Uyeqr, . my (& — o, &k + o),

— G is strictly increasing with strictly increasing inverse G~1: R — R,

— G,G™! are bounded and Lipschitz with Lipschitz constants Lg, Lg—1 € (0,00),

— G,G™! have bounded Lipschitz first derivatives G',(G=1)" and bounded piecewise Lipschitz

almost-everywhere second derivatives G, (G—1)".

Example 4.8. Suppose that m = 1; i.e. there is only a single exceptional point £ € R at which
b is not Lipschitz. Figure 2 illustrates that G is close to linear, increasing, and has Lipschitz first

derivative and Lipschitz-almost-everywhere second derivative.

FIGURE 2. From left to right: the functions G, G —id, G’, and G”, for £ = 0.

Supposing that there exists a strong solution X of (1.1), we define Z; := G(X;), for all t € [0, T.
Applying It6’s formula, we find that Z solves the SDE

(4.7) dZ, = b(Z,) At + 6(Z) AWy, Zo = G(x),
where b: R = R, 6: R — [0, 00) are defined by
b:=(bG) oG + %(UZG") oG,

(4.8)
7= (cG)oG!



14 BICAUSAL OPTIMAL TRANSPORT FOR SDES WITH IRREGULAR COEFFICIENTS

Note that, by Lemma 4.7, b = b and & = o on the set R\ Uk6{17_“7,,L}(§k —¢0,&k + co). That is,
the transformation only affects the coefficients on a neighbourhood of each discontinuity point.

To prove regularity of the transformed coeflicients, we will make use of the following two results.
The first is analogous to [42, Lemma 2.5], the second to [41, Lemma 2.6]. Again we postpone the
proofs to Appendix B.

Lemma 4.9. Suppose that f: R — R satisfies Assumption 4.1 (A1) and g: R — R is Lipschitz
and bounded. Then the product (f - g): R = R also satisfies Assumption 4.1 (Al).

Lemma 4.10. Suppose that a function f: R — R satisfies Assumption 4.1 (A1) and f is contin-
uwous. Then f satisfies Assumption 4.1 (A1) (i)-(iii) globally on R.

We say that coefficients (b, o) satisfy the monotonicity condition if there exists o, 8 > 0 such
that, for all z € R,

(4.9) xb(z) V |o(z)]* < a+ Bz

The proof of the following properties of the transformed coefficients is once again found in Appen-
dix B.

Lemma 4.11. Suppose that (b, o) satisfy Assumption 4.1. Then there exist constants Ly, K;, Ls, 7,1 €
(0,00) such that the transformed coefficients (l~), &) defined in (4.8) satisfy the following:

(i) b is absolutely continuous;

(ii) b is one-sided Lipschitz; i.e. (x — y)(b(z) — b(y)) < Li|lz — y|?, for all z,y € R;

(iii) b satisfies the following exponential growth and local Lipschitz condition: for all zg,z1 € R,
(4.10) 1B(z0) — B(=1)| < K(exp{Flz0/T} + exp{lz1[7})]z0 — 21l;

(iv) & is globally Lipschitz; i.e. |6(x) — o (y)| < Lzlx —y|, for all z,y € R;
(v) (b, &) satisfy the monotonicity condition (4.9).

The following result gives well-posedness of the transformed SDE, as well as moment bounds

and one-step error bounds that will be used in the convergence analysis of the numerical scheme.

Proposition 4.12. Suppose that (b,o) satisfy Assumption 4.1. Then the SDE (4.7) admils a
unique strong solution (Zt).epo,r)- Moreover, for anyp > 1, there exist constants Co(p, T), C1(p,T),
Ca(p,T) > 0 such that

(4.11) E| sup |Z:P

te[0,T)

S CO(pa T)

and, for all s,t € [0,T] with s < t,

(4.12) Elsup | Z, — ZP| < Ci(p, T)(t — 5)%
réels,t]
and
(4.13) B sup [6Z) ~HZ)P| < Calpn D)o =)
rels,t

Proof. By Lemma 4.11, (b,5) satisfy (4.9), b is one-sided Lipschitz, and & is Lipschitz. Under
these conditions, the classical result of Krylov [39, Theorem 1] shows existence and uniqueness of
a strong solution Z of (4.7). The monotonicity condition (4.9) also implies moment bounds (4.11)
on the solution, as shown, for example, in [28, Lemma 3.2].

Given that b also satisfies the exponential growth condition (4.10), we can follow the proofs of
Hu [30, Lemma 3.4, Theorem 3.5] to prove the bounds (4.12) and (4.13). We note that Hu [30]
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assumes that the coefficients (5, &) are continuously differentiable, but an inspection of the proofs
reveals that no such assumptions are necessary; in particular, absolute continuity of b is sufficient

for the fundamental theorem of calculus to hold. O
We now prove our existence and uniqueness result, following the proof of [42, Theorem 2.6].

Theorem 4.13. Suppose that the coefficients (b,o) satisfy Assumption 4.1. Then there exists
a unique strong solution X of (1.1) with coefficients (b,o) and initial condition Xo = xy € R.
Moreover, for any p > 1, there exists a constant C(p,T) > 0 such that

E| sup X"

te[0,T)

< C(p,T).

Proof. By Proposition 4.12, there exists a unique strong solution Z of the SDE (4.7). Now define
Xy = G7Y(Z,), for all t € [0,T]. By Lemma 4.7, G=! is Lipschitz with Lipschitz constant Lg-1,
and by Proposition 4.12, Z satisfies the one-step error bound (4.12). Hence, for p > 1,

E| sup X,

te[0,T)

+ 27z P < Cp, T),

< 2p‘1LglEl sup |Z; — Zo|?
te[0,7]

where C(p,T) = 2P~ LY, ,C1(p, T)T% + 2P~ |z |P.

By Lemma 4.7, G™': R — R is continuously differentiable and has a second derivative almost
everywhere, and so we may apply Itd’s formula (see, e.g. [67, §VI Theorem 1.5 and Remarks]).
Hence X satisfies the SDE (1.1) with coefficients (b, o), and Xy = G(Zp) = x¢. Since Z is a strong
solution, and X is a deterministic transformation of Z at each time, X is also a strong solution.
Conversely, for any strong solution X’ of (1.1) with coeflicients (b,0) and with X{j = z, the
process Z' defined by taking Z; = G(X]) for t € [0,T] is a strong solution of (4.7). By pathwise
uniqueness, Z; = Z; for all t € [0,T] almost surely. Thus, X; = G=%(Z}) = G~Y(Z;) = X; for all
t € [0, 7] almost surely. We conclude that strong existence and pathwise uniqueness hold for (1.1)
with coefficients (b, o). O

4.2. Transformed semi-implicit Euler-Maruyama scheme. We now define a numerical scheme

via the transformation introduced in the previous section.

Definition 4.14 (transformed (monotone) semi-implicit Euler-Maruyama scheme). Fix N € N,
h =T/N. For the SDE (1.1) with coefficients (b, o) satisfying Assumption 4.1, let G be defined as
in (4.4) and (b,5) as in (4.8).

Define the (discrete time) transformed monotone semi-implicit Euler—Maruyama scheme X" by
Xl =29 and for k € {0,...,N — 1},

(410 Xl = GG + (B0 G)(Xipan) - h+ (50 OXAWL, ),

where the AW;? are the truncated Brownian increments from Definition 2.15.
We may define the (discrete time) transformed semi-implicit Fuler—-Maruyama scheme X" anal-

ogously, replacing the truncated increments with the usual Brownian increments AWy.

Remark 4.15.

(i) Similarly to the monotone Euler-Maruyama scheme discussed in Section 2.3, the term
monotone in Definition 4.14 is motivated by the fact that the scheme will be shown to be
stochastically monotone under certain conditions; see Lemma 4.22.

(ii) If b is continuous, then the transformation G is the identity and X" is the classical semi-

implicit (or backward) Euler-Maruyama scheme, as studied for example in [28, 30, 45, 46].

For the scheme defined in Definition 4.14, we will prove moment bounds and strong LP-convergence

for p > 1. In particular, for the semi-implicit Euler-Maruyama scheme, we generalise the moment
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bounds from Higham et al. [28] and the L? convergence from Hu [30]. We note that [28, 30] also
assume continuous differentiability of b and o, but [30] uses this condition only for existence and
uniqueness of solutions, which we have established under Assumption 4.1 in Theorem 4.13. Sim-
ilarly, the result of [28] can be established without the continuous differentiability assumption in
our setting.

We will repeatedly make use of the following lemma.

Lemma 4.16. Suppose that b is one-sided Lipschitz with coefficient Ly, and let h € (0,1/Ly). Then

the map (id — hd) is strictly increasing and invertible with strictly increasing inverse.
Proof. Suppose that =,y € R, x < y. By the one-sided Lipschitz condition,
h(z —y)(b(z) = b(y)) < hlple —yl* < |z —y|*.
Then, since z —y < 0,
h(b(x) — b(y)) > (@ —y) Yo — g2 =z — .
or equivalently
(id — hb)(z) < (id — hd)(y).
Hence (id — hb) is strictly increasing, and thus invertible with strictly increasing inverse. O

Lemma 4.17. Suppose that the coefficients of (1.1) satisfy Assumption 4.1. Then for allh < 1/Ly,

the transformed (monotone) semi-implicit Euler—Maruyama scheme (4.14) is well-defined.
Proof. By Lemma 4.11, b is one-sided Lipschitz with coefficient L; € (0,00). Then, for h < 1/L;,
the map (id — hb) is invertible by Lemma 4.16. We can rewrite (4.14) as
(id — 1) (G(X{js1y)) = G(X{n) + (5 0 G)(Xp) AWy,
and similarly in the case of non-truncated Brownian increments. Since G is also invertible by

Lemma 4.7, we may conclude. O

Proposition 4.18. Suppose that b is one-sided Lipschitz with coefficient Ly, and that the mono-
tonicity condition (4.9) holds with constants «, 8. Let N > 48T V 2L,T and h = T/N. Then, for
any p > 1, there exists a constant C(p,T) > 0 such that

(4.15) E[ sup |X,2‘h|p < C(p,T),
N}

and likewise for X"

Proof. Supposing that (4.15) holds for p = 2, it also holds for p € [1,2) with C(p,T) = C(2,T)%,
by Jensen’s inequality. Now let p > 2. For k € {0,..., N}, define Z}, == G(X}},). By Lemma 4.7,
G~ is Lipschitz with constant Ls—1, and so

sup | Zg [P | +22PVLE, |G 0[P +27 o,

(4.16)1El sup |X,’§hp]§22(”1)L’él]E
ke{0,...,N}

ke{0,...,N}

and so we aim to bound the moments of supycyq,... N3 |z, .
Define K := (1 — 28h)~! < 2. Then, as in [46, Lemma 3.2], the monotonicity condition (4.9)
implies that, for any = € R,

(4.17) |z|? < K(|(id — hb)(z)|* + 2ah).

Therefore it suffices to bound the moments of supycro . ny |Yih|, where Y}, == (id — hb)(Z},), for
k € {0,...,N}. Observe that, for any k € {0,..., N — 1},

(4.18) Y(}éﬂ)h = Ziy +6(Z1) AWy,
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with

Z, = Y, + hb(Z}),
and so (Ykhh)ke{o,__”]v} coincides with the so-called split-step backward Euler method described in
[28, Section 3.3], started from YJ* = z¢ — hi)(mo) and with the increments (AWgy1)keqo,...N—1}

replaced by (AWk+1)ke{0 —13. We now closely follow the proof of [28, Lemma 3.7] to obtain

.....

moment bounds. To ensure ﬁnite moments, for R > 0, define the stopping time
Op ==inf{k € {0,...N}: |V} | > R},

with the convention that inf{) :== co. For k € {0,...,0r — 1}, we have the bound |Y}"| < R. To
bound the moments of |Y}" , | we first note that, by (4.17),

o

|2yl < 25T KR (Y, _y)ul” + (200)%) < 25T KE(RP + (20)%) = C(p, R).

Then, combining (4.18) with Definition 2.15 and the monotonicity condition (4.9) proved in

Lemma 4.11, we have
E[[Yg,nlP) < 2P E[|Z{5, _1)u "] + 2P AVE(IG (Z(gp—1)n) 7]
< 277 'E[|Zfy,, 1y |) + 2771257 AR (0% + BEE[ Z (1))
<27'C(p, R)P(1+ 257185 47) + 2¥ 205 A) = C(p, R).
Hence

(4.19) ke{%up N}EHY(ZAQR)hF] < max{RP,C(p,R)} < c.

Now, combining (4.17) with (4.18) gives
\Y(}Z;H 2 = Zi1* + 22056 (Z1) AWy + 16 (Z) AW P
< KY[L? + 20hK + 22,6 (Z1) AW + |6(Z05) AW P,
for any k € {0,...,N —1}. For all £ € {1,..., N}, noting that K = 1 + 28hK, and summing the

above expressions, we have

INOR—1 INOR—1
|Y(Z/\93)h|2 < |Yg'[? + 280K Z Y|+ 2aTK + 2 Z Zin0 (Zig) AW
k=0 k=0

INOR—1

+ Z Zjhh AW P

We now raise each side to the power p/2 and use the inequality (a; +as +az+as)? < 45 (|ay|? +
lag| % +|as|® + |as|?), for any a1, ag,as,as € R. Setting co(p, T) = 45~ (|zo — hb(x0)|> + 20T K) %,
we have

(4.20)

Z/\GR 1

Z Zkha Zkh AWk-H

(NS}

INOR—1 g
3p _
Vipgunl? < colp, T) + 2% 2<BhK 3 |Ykhh|2) 2
k=0

INOR—1 %
w2 (X lahawlap)
k=0
For all M € {1,..., N}, we seek a bound for E[supsego,.. a1} \Y(;LA@R),LP’]. We will treat each
term in the sum (4.20) in turn. First, by Holder’s inequality with ¢ > 1 satisfying % + % =1,

AR —1 z 1y ORI £—1
(4.21) 272 (ﬂhK > |Ykh2) <a@D)(RT) > VAP <a@DhY Yol
k=0 k=0 k=0

where ¢1(p,T) == 2% ~2(BK)5T51.
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To bound the second term in (4.20), we will apply the Burkholder-Davis—Gundy inequality,
noting that the quadratic variation (W") of the truncated Brownian motion W satisfies the
bound (W"); < (W); =t, for all t > 0. Thus there exists a constant cz(p,T) > 0 such that

INOR—1 2 ENR—1 (k+1)h 2
E| sup > Zhe(Zh)AWE,| | =E| sup / zZh &(Zk,) dwh
ee{0,...M} | 120 ee{0,..M} | ;= Jkh

<C2 p7

MANOR—1 %
( Z h|ZkhU Zkh)|2) ]

Then, by Hélder’s inequality with ¢ > 1 satisfying * st 5 =1,

MANOR—1 % . MANORr—1
El( Z h|ZkhU(Z£h)|2) <Ti Yh7 )1 Z E“Zkha(zllczh”i]
k=0 k=0
M-
T Z ['Zk/\HR (Z(hk/\HR)h)F}‘

k=0
Using the monotonicity condition (4.9) and the inequality a < £(1 + a?) for any a € R, we find a
constant cz(p,T) > 0 such that

p
2

< |Z(hk/\0R)h|g(a + 5\Z(hk/\eRm|2)%
< e3(p, T)|Z(hk/\0R)h‘%(a% + 5%\2&/\013);1&)

1 Oé% D
< c3(p,T) {2 + (7 + 54)|Z(hkA9R)h|p]v

|Z(hk/\9R)h5(Z£lk/\0R)h)|

for all k € {0,..., N}. Combining the previous estimates and setting c4(p, T) := 2~ T % ¢o(p, T)cs(p, T)
and ¢5(p,T) == (27 'a? + BE)TE Ley(p, T)es(p, T), we arrive at

nOR—1 2 M—1
(4.22) El sup Z Zlilh&(Zl?h)AWl?H 1 <calp,T)+es(p, T)h Z ]E[|Z€LkAaR)h|p]~
ee{0,...M}| k=0

For the final term in (4.20), note that

INOR—1 % INOR—1
El sup ( Z |5(Zl}§h)AW£+12> 1<N2_1]E[ sup Z |6(Z1) AWy [P
Le{0,...,M} =0 2e{0,...M}
(4.23)
MAOR—1
P __ ~
= NETL N E[6(Z0)PAWE 7).
k=0

For each k € {0,...,N — 1}, by independence of increments, we have E[|G(Z},,)[P[AW],|P] =
Ell6(Z},)[PIE[|AW}",,|P]. The monotonicity condition (4.9) implies that E[|5(Z},)|P] < cs(p,T) (a5 +
BEE[|Z}|P]), for some constant cg(p, T') > 0. By definition of the truncated Brownian motion W",
there exists a constant c7(p,T’) > 0 such that E[|]AW} | |P] < E[|[AWj41[P] < ez (p, T)h%. Hence,
by (4.23), we get

INOR—1
sup ( 3 |&<Zﬁh>AW£H|2)
¢e{0,...,M} k=0

where cg(p, T) = c6(p, T)cr(p, T)a%T% and co(p, T) = co(p, T)cr(p, T)B2T51,
Combining (4.17) with (4.22) and (4.24) gives

[SIS]

1
(4.24) E Z E[ |Z(hk/\0R)h|p]’

M—
k=0

‘| SCS(p7 +09 p7 h

NG —1 2 M-1

B s | S Zho()AWh| | < e )+ am. 00 S BVl
te{0,.. M} 1 32 k=0
N0 —1 2 M-1

E| sup ( Z o (Zkh)AWk+1|2) 1 cs(p,T) + co(p, T)h EHY(ZAeR)h‘p]a
KE{O,.A.,M} k=0 k=0
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for constants é4(p, T) = ca(p, T) + 25~ (2ahK) 2 Tecs(p, T), &s5(p, T) = 25 'K 5¢5(p, T), &s(p, T) =
cs(p, T) + 251 (2ahK)5Teo(p,T), &5(p, T) = 25 'K 5¢o(p,T). Combining this with (4.20) and
(4.21), we find that

E

M—1
sup |Y(}el/\9R)h|p <é(pT)+c(p, T)h Z E sSup |Y(}]l'/\9R)h|p )
te{0,...,M} k=0 7€{0,...,k}
where éo(p,T) = co(p, T) + 23710_254(])7 T)+2P=26(p,T) and &, (p,T) = c1(p, T) + 237;)_265(17, T)+
20284 (p, T).

In light of (4.19), we can apply the discrete Gronwall inequality (see, e.g. [45, Lemma 3.4]) to
conclude that

E sup ‘Y(}l}/\aR)h|p S 60(}')7 T)eal(p’T)T'
£€{0,...,N}

We can now take the limit R — oo and apply Fatou’s lemma to find

Elsw YALIP | < éop, T)e T

£e{0,...,N}

A further application of (4.17) yields

]El sup }|Ztﬁh|P S2§—1K§(50(p7T>661(p,T)T+(2ah>%).

¢ef{0,...,N

Set Co(p, T) := 251K % (¢o(p, T)eal(p’T)T—&—(%)%) and C(p,T) = 22(p*1)Lg_1(C’o(p, T)+|G(z0)|P)+
2P~ 1xo|P. Applying the bound (4.16) we conclude that

El$m W&ﬂ<cmﬂ.
ke{0,...,N}

The result for X" is proved analogously. |

We prove the following strong convergence rates.

Theorem 4.19. Suppose that the coefficients of (1.1) satisfy Assumption 4.1, and let X be the
unique strong solution of (1.1). For any N € N sufficiently large and h = T /N, denote by X" the
associated transformed monotone semi-implicit Euler—Maruyama scheme defined by (4.14). Then,
for any p > 1 there exists C € (0,00) such that

1
Gl B Ch3 cl1,2
S [ ] <O, rel
k=0 7k

sup  E[| Xk — X/?h|p]% VE N Ch3e—D € [2,00)
plp=1)  p ,00).

ke{1,...,N}

The same estimates hold for the scheme X" defined via non-truncated Brownian increments.

Remark 4.20.

(i) To our knowledge, this is the first result on strong convergence of an implicit scheme in
the presence of both discontinuities and exponential growth in the drift coefficient.
(ii) For p € [1,2], we obtain the strong LP convergence rate of 1/2 that we expect. For p > 2,
we leave the question of improving the strong LP convergence rate for future research.
(iii) In the case that b is continuous, our result still strengthens Hu [30, Theorem 2.4], since we
relax the continuous differentiability assumption on the coefficients and consider general

p € [1,00), not only p = 2.

Proof of Theorem 4.19. As in the proof of Theorem 4.13, X; = G~1(Z;), for all t € [0, T], where Z
is the unique strong solution of (1.1) with coefficients (b, ), as defined in (4.8), and Zy = G(x).
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Now, for k € {0,..., N}, define Z}, == G(X}},), so that
E[|Xin — Xinl?] < LEEl Zkn — Zinl),

(4.25) N=1 L (k+1)h
E Z/ |X, — XPPdt| < L% .E
k=0 kb

(k+1)h

N-1
Z/kh |Zt—Z£h|2dt]v
k=0

using the Lipschitz property of G~! proved in Lemma, 4.7. Therefore it suffices to analyse the L?

error between Z" and Z.
We have Z!' = Zy and, for k € {0,..., N — 1},

(4.26) Z(hk-i—l)h = Zpy + hB(Z(hkﬂ)h) + &(Zl}clh)AWI?—&-l'
For any k € {0,..., N — 1}, we can write
Zgstyn = Zin + b(Zgsryn)h + 5(Z) AW + Bipr + Sipr + Sy + Er,

where we define the error terms

(k+1)h B (k+1)h
By = / (b(Zs) = b(Z(kg1)n))ds, Yyl = / (6(Zs) — 6(Zkn))dWs,
kh kh

S = (6(Zen) =6 (Zp))AWE L, Eksr = 6(Zen) [AWir — AW ],

Note that, if we define Z}jh = G(X'l?h), for k € {0,...,N}, then Z" satisfies the analogue
estimates to (4.25) and also satisfies (4.26) with the truncated increment AW}/, replaced by

AWjy1. Thus we can write
Zesyh = Zin + 0(Zger1yn)h + 6(Z35) AWii1 + Biga + Skg1 + Sk,

with ik+1 = (&(Zkh) — 5(2,};,1))AW;€+1. We can bound the second moment of ik+1 in exactly
the same way as we do for X7 41 below. Thus the estimates that we prove for Z" also hold for Z"
with only a minor modification in the proof.

Now we consider
Zoesvyh = Zlpiyn = Zon — Zin + (0(Zgs1yn) = D20+ Brar + Sen + S + Epr

By Lemma 4.11, bis absolutely continuous and one-sided Lipschitz with constant L. Therefore the
Lebesgue-almost everywhere derivative b exists and satisfies b < L;. The fundamental theorem

of calculus shows that for all x,y € R,
b(z) —bly) = /ﬂf V(s)ds = (/01 b (uz + (1 — u)y)du) (x —y).
y
Hence
1
(1 - h/o B/(uz(kﬂ)h -(1- U)Z(hk+1)h)du) (Zk+1)n — Zflk+1)h)

= (Zin = Zi) + Br1 + Ziepr + iy + Expa

(4.27)

Then, similarly to [30, Proof of Theorem 2.4], since Vo< L; Lebesgue-almost everywhere and

h < 1/L;, the inverse

1
Thtr = (1 - h/ ' (uZpyryn — (1= U)Z(hk+1)h)du> -
0
exists and [Zy11| < (1 — Lyh)~'. Hence, by (4.27),

Z(k+1)h — Z(h]g+1)h = Tis1(Zin — Z%) + Tit1 Bt + o1 Zn1 + L1 Sy + T 1Ek41,
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and iterating gives

k+1 k+1
Z(k+1)h — Z(}L]ﬁl)h = ZIk+1 .. .Iij + ZIk+1 .. .Iij
(4.28) = =
k+1 E+1
Y T LS4 T LE
j=1 j=1
We bound the second moment of the first term, using the Cauchy—Schwarz inequality, by
k+1 5 k+1 k+1 k+1
IEH > Tia - .Iij’ } <Y BT LD EBP < (k+1)(1 = Lh) 2FD Y "R By
j=1 j=1 j=1 j=1
Since Lih < 1, setting ¢1 = 4L; gives
—2(k+1) Lyh
(1—-L;h) < expq 2(k + 1)1 7 < exp{ca1T}.
— Ly

We can also apply the Cauchy—Schwarz inequality to the bound (4.10) from Lemma 4.11 to find a
constant ¢z € (0, 00) such that E[|B;[?] < coh?, for all j € {1,..., N}. Therefore

k+1 )
(429) E H ZIk+1 . I]B]‘ j| é C2T2 exp(clT)h.

Jj=1

To estimate the remaining terms in (4.28), we set Sp = 0 and, for all k € {1,..., N}, denote

k k k
Se=> Tp LS+ Y T LY+ T L
j=1

j=1 j=1

Observe that, for all k € {0,...,N —1},
Skt = Ti(Sk + Sk + 20 4+ &).

By independence of Brownian increments, we have that Sy is independent of ¥, ZZ, and &. Using
Pythagoras’ theorem and then the Cauchy—Schwarz inequality, we see that the second moment is
bounded by

(4.30) E[|Sk+1%] < (1= Lgh) ™ (E[ISk[*] + 4E[|Zx[*] + B[S} ] + 4E[|x[%)).

We note that, in order to iterate this bound, it is essential that no constant appears in front of the
term E[|Sk|?]. Thus the above argument using independence does not directly generalise to p'®
moments for p # 2.

Now, by Lemma 4.11, ¢ is Lipschitz with constant Ls. Therefore, by the Itd isometry,

(k+1)h (k+1)h
E[[Sy|? = E[/kh 16(Z,) — &(Zkh)|2ds} < Lgﬂa[/kh \Z, — Zkh|2ds]

Then the bound (4.12) gives a constant cs € (0, 00) such that
(k+1)h
(4.31) E[|Zr1)?] < c3L§/ |s — kh|ds < c3LZh*.
kh

By the independence of Zy;, from the increments AWy 1 and AW£‘+1, together with the linear
growth of & and the second moment bound from Proposition 4.18, there exists ¢4 € (0,00) such
that

Ell€+1/%] = E[l6(Zun)*] - E| AWy = AW %] < caB[[ AWy — AW [7).

Adapting the proof of [7, Lemma 3.13] gives a bound on the second moment E[| AW} 41 — AW/, 7],
which implies that there exists ¢5 € (0,00) such that

(4.32) E[|Ek11]?] < esh?.
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An application of the triangle inequality then yields the existence of a constant c¢g € (0, 00) such
that E[|AW/, | [?] < 2(E[|Ex+1|*] + E[|AWi41/%]) < cgh. This, the independence of Z, and ZI!,
from the increment AW} ', 1, and the Lipschitz continuity of ¢ yield the bound
(433) E[|Skl?] = Ell6(Zun) — 6(Z) ) - E AW, 7]

' < e LEE[| Zp — Z) 2]

Combining (4.28) with the definition of S, and the bound (4.29) gives
(4.34) E[| Zkn — Z0)%] < 2¢2T? exp(eiT)h + 2E[|Spy1]?).
We now substitute the bounds (4.31), (4.32), and (4.33) into (4.30), to get

B[|Su1[?] < (1 — Lgh) 2(ESul?] + 4esL2h® + Ao LEE] Zge-1y — Zly 1y, I+ dcsh?).
Then (4.34) gives
E[|Skr1/?] < (1 = Lyh)~%(1 + 8¢, L2N)E[|Sk|?] + czh®(1 — Lyh) ™2,

where c7 = 4(c3 L2 + 2cacg L2T? exp(c1T) + c5).

Since Lyh < 1, we can check that 1 < (1 — Lyh)~2(1 +8cgLZh) < 1+ csh, where cg = 32¢6L2,
and we have

E[|Sk+1[°] < (1 + csh)E[|Sy[*] + 4c7h*.

Iterating, we obtain

k k
E[|Sk11]?] < 4erh? Z(l + cgh)? < derh? Zexp(08hN) < 4e7T exp(csT)h.
=0 =0

Finally, combining this with (4.34) gives a constant cg € (0, 00) such that
(4.35) E[|Zin — Z% %] < coh.

Now by (4.12), for k € {0,..., N —1} and t € [kh, (k+ 1)h), there exists a constant cio € (0, 00)
such that E|Z; — Zyp|? < c1oh. Combining this with (4.35) and the triangle inequality, we have

N-1

(k+1)h o N-1 ,(k+1)h ) . )
E / |2 — Zyp " dt| < 2 / El|Z: = Znl") + E[|Z55, — Zin[7]) dt
(4.36) o Jkh e ; k ( hh )

h

S 2Nh(69h + Cloh) = Ch,

for C == 2T (e + c19)-
The estimates (4.25) applied to (4.35) and (4.36) yield

1
sup K[| Xgn — XP|2? < Lg-1c2h?,

ke{l,...,N}
and
N-1 .(k+1)h 2 1.
(4.37) E Z/ |Xt—X,’g'h|2dt] < Lg-1C7h3
k=0 7 kN

Applying Jensen’s inequality, we obtain the same rate of convergence for p € [1,2). For p € (2, 00),

we apply Holder’s inequality to find

N-1 (k+1)h L Nl (k)b 2 (r=2)(p+1) 1
E Z/ |Xt—X1?h|pdt]" =E Z/ [ Xe = X777 - | X = Xy ot dt| >
k=0 kR o Jkh
N-=1 .(k+1)h . N-=1 .(k4+1)h s
<E Z / | Xe — X |* dt |\ DE Z / X, — XP [Pt de| #to
k=0 /Fkh k=0 /Fkh

< Chp(vlfl) ,
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for some constant C € (0, 00), using the L? bound (4.37), combined with the bound on the (p+1)-
moment of the scheme shown in Proposition 4.18, and the bound on the (p + 1)-moment of the
solution of the SDE shown in Proposition 4.12. In the same way, we show that
sup  E[| Xk — X,i‘h|p]% < Chp(pl—n’
ke{l,...,N}

which concludes the proof. O

Remark 4.21 (additive noise). Under the additional assumption that ¢ = 1 we only require
estimates for the error terms By, but not for X, EZ, &k, in the proof of Theorem 4.19 . Repeated
applications of Holder’s inequality yield p*" moment estimates analogous to (4.29) with order ht.
Proceeding as in the proof of Theorem 4.19, we find the strong L? convergence rate 1/2 for all

p > 1 in the case of additive noise.

4.3. Application to optimal transport. We next apply the transformed monotone semi-implicit
Euler-Maruyama scheme from Definition 4.14 to finding the optimiser of (BCOT) between the
laws of SDEs satisfying Assumption 4.1. To this end, we will verify the following properties of the

scheme.

Lemma 4.22. Suppose that the coefficients of (1.1) satisfy Assumption 4.1. Then, for all h suffi-
ciently small, the transformed monotone semi-implicit Euler—Maruyama scheme (4.14) is stochas-

tically increasing and, for k € {0,..., N — 1}, the map AW,?H — X(hk-s-l)h is increasing.

Proof. By Lemma 4.11, & is Lipschitz with coefficient Ls € (0,00). Fix k € {0,...,N — 1} and
z,y € R with 2 < y. Then, using Definition 2.15 of AW™",
T+ (2) AWy = (Y + () AW,) = 2 =y + (5(2) — 5 (y) AW,
< (14 LoAWE) (@ — )
< (1 - LsAp)(z —y).

For h > 0 sufficiently small that 1 — Lz Aj;, > 0, we have that the map (id + AW} ;5) is strictly
increasing with strictly increasing inverse. Let us also take h sufficiently small that (id — hl;)’1 is

well-defined and strictly increasing by Lemma 4.16. Then we can rewrite (4.14) as
(4.38) Xlisyn = G o (id — hb) "o (id + AW, 15) 0 G(XJ,).

Recall that G and G~ are strictly increasing by Lemma 4.7. Thus X (hk +1)h is obtained from X}, by
the concatenation of four strictly increasing maps. This shows that (X}, ) ke{o,...,N} 18 stochastically

increasing. Noting that & is non-negative, the second claim also follows from (4.38). (|

We can now state and prove our optimality result.

Theorem 4.23. Suppose that the coefficients (b,o) and (b,7) of (2.6) satisfy Assumption 4.1 and
write pi,v for the laws of the respective strong solutions X, X. Let c¢: [0,T] x R x R — R be a
measurable function for which there exists K > 0 and p > 1 such that, for each fized t € [0,T],
ct(s): R x R — R is continuous and satisfies (2.3) and (2.4). Then the synchronous coupling
attains the value Vo(u,v) of the bicausal optimal transport problem (BCOT).

Proof. We proved strong existence and pathwise uniqueness in Theorem 4.13. For N € N,
h =T/N, denote by (Xllclh)ke{l,m,N} and (X;?h)ke{l,..i,N} the transformed monotone semi-implicit
Euler-Maruyama scheme for the solutions X and X of (1.1), respectively, as defined in Defi-
nition 4.14. By Lemma 4.22, (X" X") and (X, X) satisfy Assumptions 3.1 (i) and (ii). By
Theorem 4.19, Assumption 3.1 (iii) is also satisfied. We conclude by applying Proposition 3.2. O
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5. SDES WITH BOUNDED MEASURABLE DRIFT

We now consider a second class of irregular coefficients. We only require the drift coefficient to
be bounded and measurable, and we allow the diffusion coefficient to be Holder continuous in space
rather than Lipschitz, but we do require a uniform non-degeneracy condition and boundedness of
the diffusion, which was not needed in Section 4. The coefficients may be time-dependent. In this
setting, we again obtain optimality of the synchronous coupling for (BCOT) between the laws of
SDEs. Similarly to Section 4, the proof relies on a transformation of the SDEs. Here we use the
drift-removing transformation that is defined by Zvonkin [81, Theorem 1]. We solve a transformed
bicausal optimal transport problem, which we show to be equivalent to (BCOT). This is a different
approach from Section 4; in Section 5.1 we give a counterexample to show that the former approach
does not yield such a general result.

We make the following assumptions on the coefficients (b, o) of the SDE (1.1), following Zvonkin
[81].

Assumption 5.1. Suppose that the coeflicients (b, o) satisfy the following:
(i) b is bounded and measurable;
(ii) o is bounded, continuous in time, and a-Holder continuous in space, for some « € [%, 1];

(iii) o is uniformly non-degenerate; that is, for all x € R, o%(z) > C > 0.

Remark 5.2.

(1) Under Assumption 5.1, Zvonkin [81, Theorem 4] proves existence and uniqueness of strong
solutions of the SDE (1.1) via a transformation that removes the drift.

(2) A similar transformation to that of [81] was used by Talay [76] to analyse the numerical
approximation of SDEs. More recently, Backhoff-Veraguas et al. [7], Gerencsér, Lampl,
and Ling [21], Neuenkirch and Szdlgyenyi [54], Ngo and Taguchi [56, 57, 58] use a simi-
lar drift-removing transformation in the numerical approximation of SDEs with irregular
coefficients, under stronger conditions than Assumption 5.1.

(3) For the SDE (1.1) with coefficients satisfying Assumption 5.1, strong convergence rates
for the Euler-Maruyama scheme have been obtained by Gyongy and Rdsonyi [26] under
additional conditions on the drift, and by Dareiotis and Gerencsér [17], Dareiotis et al. [18]

for time-homogeneous coefficients under additional conditions on the diffusion.
Example 5.3. Consider the SDE
dX, = sign(sin(Xy)) + (1 + V| Xe |1y x, j<ay + 20 5, 50y) AW Xo = 20 € R.
The coefficients of this SDE satisfy Assumption 5.1.

Suppose that (b, o) satisfies Assumption 5.1, and let X be the unique strong solution of (1.1)
with coefficients (b, o). Zvonkin [81, Theorem 1] gives the existence of a function u: [0,T] xR — R
that is in the Sobolev space W}([0,T] x D), for any bounded domain D C R and p > 2, and
solves the PDE problem

Opus(x) + Opug(x)be(x) + %amut(x)of(m) =0, (t,z)€[0,T] xR,
ur(z) =z, x€R.

By [81, Theorem 2], there exists an inverse function v: [0, 7] x R — R satisfying (v: o uz)(x) = x
for all t € [0,T], z € R.
Define Z; := u;(Xy) for all ¢ € [0,T]. Then [81, Theorem 3] shows that we can apply It6’s

formula to obtain

(51) dZt = &t(Zt) th, ZO = U0($0),
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where G; = (Ouy - 04) o vy, for all ¢ € [0, T].
We recall the following properties of u and v from [81, Theorem 2] without proof.

Lemma 5.4. Suppose that (b,c) satisfy Assumption 5.1. Then, uniformly in t € [0,T],

(i) x — w(x) and x — vi(x) are strictly increasing and Lipschitz continuous;
(ii) x — Oyu(x) is bounded from above, bounded away from zero, and B-Hélder continuous,
for any B € (0,1);
and, uniformly in x € D, for any bounded domain D C R,

(#i7) t — ug(x), t — ve(x), and t — Oyu(x) are B-Hélder continuous for any B € (0,1).
The following is an immediate consequence of Lemma 5.4.

Corollary 5.5. Suppose that (b,c) satisfies Assumption 5.1. Then the diffusion coefficient & of
the transformed SDE (5.1) is bounded from above and bounded away from zero. Moreover, for any
t € [0,T], z — 6¢(x) is a-Hélder continuous and, for any x € R, t — &,(x) is B-Holder continuous
for any B € (0, ).

Let ¢: [0,7] x R x R — R be a measurable function for which there exists K > 0 and p > 1
such that, for each fixed t € [0,T], ¢:(-,-): R x R — R is continuous and satisfies the polynomial
growth condition (2.3) and the quasi-monotonicity condition (2.4). Suppose that (b, ) and (b, )
satisfy Assumption 5.1, and write p, v for the laws of the solutions X, X of (2.6). For (b,5), define
functions 4, v analogously to u,v and define Z; = u;(X;) for all t € [0, 7).

In order to find the value V.(u,v) of (BCOT), we consider the following auxiliary problem.
Write fi, U for the laws of Z, Z, respectively, and define a cost function ¢: [0,7] x R x R — R by

(5.2) C(z,2) = ci(ve(2), 04(2)).

Consider the problem

T
(5.3) Vi(fp) =  inf BT / & (wn, @) dt |
7€CPl (71,7) 0
We now verify that ¢ inherits the polynomial growth and quasi-monotonicity of properties from c.

Lemma 5.6. Suppose that (b,o) and (b, &) satisfy Assumption 5.1. Let c: [0,T] x R x R — R be
a measurable function for which there exists K > 0 and p > 1 such that, for each fized t € [0,T],
ci(+,-): RxR = R is continuous and satisfies (2.3) and (2.4). Then, there exists K > 0 such that,
for each t € [0,T], the function ¢: R x R defined by (5.2) is also continuous, satisfies (2.3) with
constant K > 0 and power p, and satisfies (2.4).

Proof. For any ¢t € [0,T], ¢ is continuous, since ¢; is continuous and v;, ¥; are Lipschitz by
Lemma 5.4. By assumption, there exist p > 1 and K > 0 such that, for all ¢ € [0,7], ¢; satisfies
the growth bound (2.3). Now fix ¢ € [0,T]. Then

|61(2, 2)| = led(ve(2), 0e(2))| < K(L+ |u(2) [ + [0:(2)[7).

Writing L for the Lipschitz constant of v, we have |v(2)| < L|z| + L|ut(zo)| + |zo|, and similarly
for 7,(Z). Thus the growth bound (2.3) holds for & with a constant K independent of ¢, and with
power p. It remains to prove that ¢ satisfies (2.4). Since vy, Uy are increasing by Lemma 5.4, this

follows immediately from the fact that ¢, satisfies (2.4). O
Now we show that (5.3) is equivalent to (BCOT).

Lemma 5.7. Suppose that (b, o) and (b, &) satisfy Assumption 5.1. Let c: [0,T] x R x R — R be
V)

a measurable function. Then V.(u,v) = Va(fi, D).



26 BICAUSAL OPTIMAL TRANSPORT FOR SDES WITH IRREGULAR COEFFICIENTS

Proof. Let m € Cply, (i, v). By [7, Proposition 2.2], 7 = Law(X, X), where (X, X) is the unique
strong solution of the system of SDEs (2.6) driven by some correlated Brownian motion (W, W).
Now define (Z,Z) by Z; = us(Xy), Zs = us(Xy), for all t € [0,T]. Then Z is the unique strong
solution of the SDE (5.1) driven by W, and Z of the analogous transformed SDE for (b, &) driven
by W. Hence, by [7, Proposition 2.2] again, we can define a bicausal coupling by 7 := Law(Z, Z) €

/OT ct(we, @) dt] .

Starting from an arbitrary 7 € Cply.(fi, 7), we can construct = € Cply.(p, V) in a similar manner,

Cply (i1, 7). By the definition of &, we can write

(54) ]Eﬁ— /0 Et(wt7wt)dt =K /O Ct(Ut(Zt),ﬁt(Zt))dt =FE"

via the inverse transform v. Thus, taking the infimum on both sides of (5.4),we obtain V,(u,v) =
Vel v). 0

Combining the preceding results, we obtain optimality of the synchronous coupling for (BCOT).

Theorem 5.8. Suppose that (b,c), (b,5) satisfy Assumption 5.1, and write p,v for the laws of
X, X, respectively. Let c: [0,T] x R x R — R be a measurable function for which there exists
K >0 and p > 1 such that, for each fired t € [0,T], ¢t(-,-): Rx R — R is continuous and satisfies
(2.3) and (2.4). Then the synchronous coupling attains the value Ve(u,v) of the bicausal optimal
transport problem (BCOT).

Proof. Thanks to Lemma 5.7, it suffices to prove that the synchronous coupling 77> attains the
value Vz(fi,7), where i, are the laws of solutions of transformed SDEs of the form (5.1). By
Corollary 5.5, the coefficients of these SDEs are bounded and continuous, and pathwise uniqueness
holds by Yamada and Watanabe [79, Theorem 1]. Thus the coeflicients of each of the transformed
SDEs satisfy Assumption 3.6. By Lemma 5.6, ¢ satisfies the conditions of Corollary 3.7, and
applying this result completes the proof. O

5.1. Lack of monotonicity and counterexamples. In the proof of Theorem 5.8, we consider
transformed SDEs with Holder continuous diffusion coefficients that may not be Lipschitz. Recall
the monotone Euler-Maruyama scheme from Section 2.3 that was introduced in [7, Definition 3.11].
We show that this scheme is not stochastically monotone for SDEs whose diffusion coefficient is not
Lipschitz. Thus we could not apply Proposition 3.2 with the monotone Euler-Maruyama scheme

to prove optimality in this case.

Proposition 5.9. Let 0: R — (0,00) be a-Hdélder continuous for some « € [%7 1), bounded from
above, and bounded away from zero. Consider the SDE dZ; = o(Z;) AWy, with Zg = z0 € R. If o
1s not Lipschitz continuous, then the monotone Euler—-Maruyama scheme for Z is not stochastically

monotone for any step size.

Remark 5.10. In the setting of Proposition 5.9, the monotone Euler-Maruyama scheme coincides

with the transformed monotone semi-implicit Euler—-Maruyama scheme, since there is no drift term.

Proof of Proposition 5.9. The conditions of the proposition are sufficient to guarantee the existence
of a unique strong solution Z of the SDE by, e.g. [81, Theorem 4]. For any N € N and h = %,
let Z" denote the monotone Euler-Maruyama scheme for Z with step size h, and let A; be the
truncation level given in Definition 2.15. Note that, since ¢ is not Lipschitz continuous, there exist
z,Z € R with z < Z such that

(5.5) 0(2) — o(2)| > A7 (2 — 2) > 0.



BICAUSAL OPTIMAL TRANSPORT FOR SDES WITH IRREGULAR COEFFICIENTS 27

Now consider the random variables Y := z+0(2)é", Y := 2+ 0(2)&", where ¢/ is a random variable

with the same law as an increment of the truncated Brownian motion W". For all a € R, we have
0, a<z— Apo(z),
PlY <a] = P{gh < 4= Z] = 2<I>(h_% “_Z), a € (z— Apo(z),z+ Apo(z)),
1, a>z+ Apo(z),

where ®: R — [0, 1] is the distribution function of a standard Gaussian, which is strictly increasing.
The same holds for Y with z replaced by zZ. We aim to show that there exist a,,a* € R such that
PY < a,] < P[Y < a,] and P[Y < a*] < P[Y < @*]. This would imply that Z" is neither
stochastically decreasing nor increasing. Suppose first that o(Z) > o(z). Then rearranging (5.5)
gives

zZ— Apo(zZ) < z— Apo(z).

So there exists a* € (z — Apo(Z),z — Apo(z)), and we see that
PlY < a*] =0, while P[Y <a*]>0.

Set a. = 2+ Apo(z) and note that a. < z+ Apo(z). Therefore P[Y < a,] =1 and P[Y < a,] < 1.

On the other hand, if o(2) < o(z), then Z + A,0(Z) < z + Apo(z), and so there exists a*
such that P[Y < a*] = 1 and P[Y < a*] < 1. Now setting a, = z — Apo(Z) > z — Apo(z) gives
P[Y < a,] =0 and P[Y < a.] > 0. Hence Z" is not stochastically monotone. O

A natural generalisation of stochastic monotonicity is monotonicity with respect to second order
stochastic dominance. We now provide an example to show that, for two marginals that are
increasing in second order stochastic dominance, the Knothe-Rosenblatt rearrangement may fail
to be optimal for the bicausal transport problem, if one of the marginals is not stochastically

increasing.

Example 5.11 (second order stochastic dominance is insufficient for optimality). Consider the
discrete-time Markov processes X = (X1, X3), Y = (Y1, Y2), with first marginals given by P[X; =
-1/2] =P[X; =1/2] = P[Y; = —1/2] = P[Y; = 1/2] = 1/2, and conditional second marginals by
PXo=2|X1=-1/2]=PXo=-2|X1=-1/2] =1/2,P[Xo =0 | X; =1/2] = 1, and P[Y> =
2| Yh=-1/2]=PYo=0|Y1=-1/2]=PYoa=-2 |1 =1/2] =P} =2 | Y1 =1/2] =1/2.
We claim that X is increasing with respect to second order stochastic dominance, but not

with respect to first order stochastic dominance. Denote by F_, F,: R — [0,1] the distribution

functions of the second marginal of X, conditional on X; = f% and X; = %, respectively; that is
0, z< -2
0, =<0,
Fo(r)=93, z€[-22), Filr)=
1, =z>0.
1, =2>2

We see that, for any « € [0,2), F_(z) < Fy(z), and so X is not stochastically increasing. However,
integrating, we find that

0, T < =2,
x 42 >0, z€[-2,0),
|- =4 2= 2.0
> QTm >0, ze [032)7
0, x > 2.

Hence X is increasing with respect to second order stochastic dominance. By inspection of the
conditional distribution functions for Y, we see that Y is stochastically monotone, and therefore

also increasing with respect to second order stochastic dominance. Thus X and Y are co-monotone
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(B) The laws of X and Y coupled with an alternative bicausal coupling mar.

F1GURE 3. Two couplings of the laws of X and Y. In each case, paths with the
same colour and line style are coupled with each other.

with respect to second order stochastic dominance, but they are not stochastically co-monotone
(i.e. co-monotone with respect to first order stochastic dominance).

We now show that second order monotonicity is not sufficient for optimality of the Knothe—
Rosenblatt rearrangement. We aim to solve (BCOT) for the quadratic cost; that is we want to
find

AWQQ(}L,V) = Eﬂ— UXl 7Y1|2+|X27Y2|2].

in
meCply, (u,v)

We first compute the cost induced by the Knothe-Rosenblatt rearrangement wxg (14, V), shown
in Figure 3a. Under this coupling, the first marginals are coupled monotonically, and so we have
E[|X; — Y1/%] = 0. Now, conditional on the event that (X7,Y;) = (1, 3), we couple the second
marginals monotonically and compute E[| X5 — Y3|?] = 1(|0 — 2|2 + |0 4 2|?) = 4. Conditional on
the complementary event (X1,Y7) = (=3, —3), we find E[| X, — Y2|?] = £(|2—0]2+|—2+2|?) = 2.
We conclude that

1
Em<rt)[1X) —Vi)2 + | Xo — Ya2] = 0+ 5(44—2) =3.

Now consider an alternative bicausal coupling o (u, V), defined by taking the antitone coupling
between the first marginals (i.e. the opposite of the monotone coupling) and then proceeding as in
the Knothe-Rosenblatt rearrangement by coupling the conditional second marginals monotonically,
as shown in Figure 3b. Under this coupling there is a non-zero contribution to the cost from the first
marginals: E[|X; = Y7|%] = 1. Conditional on (X1,Y;) = (%, —%), we have E[| Xy — Y3|?] = %(|O -
0|2 +|0+2[%) = 2, and conditional on the complement, E[| X, —Y2[*] = 1(|2— 2>+ |—2+2%) = 0.

This gives a total cost of
1
ETr]|X) - Vil + Xz - Vo] =14 5(2+0) =2 <3.

Hence the Knothe-Rosenblatt rearrangement is not optimal.
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6. GENERAL OPTIMALITY OF THE SYNCHRONOUS COUPLING

In the previous sections we have identified different classes of coefficients of the SDEs (2.6) for
which the synchronous coupling is optimal for (BCOT). In fact, the same optimality result holds for
SDEs whose coefficients belong to two different classes; that is they satisfy one of Assumptions 3.6,
4.1, and 5.1.

Theorem 6.1. Suppose that (b, o) and (b,&) each satisfy any one of Assumptions 3.6, 4.1, and 5.1,
where the two pairs of coefficients may each satisfy a different assumption. Write u,v for the laws
of X, X, respectively. Let c: [0,T] x R x R — R be a measurable function for which there exists
K >0 and p > 1 such that, for each fized t € [0,T], ¢(+,+): Rx R — R is continuous and satisfies
(2.3) and (2.4). Then the synchronous coupling attains the value Ve(u,v) of the bicausal optimal
transport problem (BCOT).

Proof. First suppose that (b, o) satisfies either the global Lipschitz condition Assumption 3.4 (this
implies Assumption 3.6) or Assumption 4.1. Then take X" to be the monotone Euler-Maruyama
scheme defined in [7, Definition 3.11], or the transformed monotone semi-implicit Euler—Maruyama
scheme defined in Definition 4.14, respectively. If (b, &) also satisfies one of the above conditions,
then taking X" to be the respective numerical scheme, Assumption 3.1 is satisfied by (X, X) and
(X" X"). Then we can conclude by Proposition 3.2. If (b,5) satisfies Assumption 3.6, but not
necessarily a global Lipschitz condition, then we can approximate (b, &) locally uniformly in space
by a sequence of Lipchitz functions that have uniform linear growth. Then we conclude by applying
the stability result Lemma 3.3 to the previous case.

Now suppose that (b, o) satisfies either Assumption 3.6 or Assumption 4.1, and (b,5) satisfies
Assumption 5.1. Then we adapt the proof of Theorem 5.8 as follows. Take the transformation @
to be as in the proof of Theorem 5.8, and replace the transformation v with the identity. Then,
following the proof of Theorem 5.8, we show that (BCOT) is equivalent to a bicausal transport
problem between the laws of transformed SDEs, whose coefficients satisfy either Assumption 3.6
or Assumption 4.1. From the cases considered above, we know that the synchronous coupling is
optimal for the transformed problem, and by equivalence of the problems, the synchronous coupling
is also optimal for (BCOT).

Noting that the roles of u and v are interchangeable, all remaining cases are covered by Corol-
lary 3.7 and Theorems 4.23 and 5.8. ]

7. COMPUTATION OF THE ADAPTED WASSERSTEIN DISTANCE

Our results immediately suggest an efficient method for computing the value of a bicausal
optimal transport problem. This is in sharp contrast to the general situation in classical and
constrained optimal transport problems, when the optimiser is not known. Therefore our results
contribute to the efficiency of computations in applications, such as in the calculation of robust
bounds in mathematical finance, as discussed in Section 8.

In classical optimal transport, entropic regularisation is used in computation. Sinkhorn’s al-
gorithm can be used to efficiently compute the value of the regularised problem, but not of the
original unregularised problem; see Cuturi [15], Peyré and Cuturi [59]. For bicausal optimal trans-
port in discrete time, Eckstein and Pammer [19], Pichler and Weinhardt [62] introduce two different
adapted analogues of Sinkhorn’s algorithm. However, each of these algorithms either include a dis-
cretisation of the marginal measures or work only on a discrete state space, and generalising them
to both continuous time and space would be prohibitively costly. Under rather strong assumptions
on the coefficients, Bion-Nadal and Talay [10] consider a stochastic control problem for SDEs,

which is shown to be equivalent to finding the adapted 2-Wasserstein distance in [7, Proposition
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2.2]. This control formulation gives rise to a Hamilton-Jacobi-Bellman equation, which one could

solve numerically.

7.1. Computation via the synchronous coupling. Let ¢: [0,7] x R x R — R be a measurable
function for which there exists K > 0 and p > 1 such that, for each fixed ¢t € [0,T], ¢;(+,+): RxR —
R is continuous and satisfies (2.3) and (2.4). Suppose that (b, o) satisfies one of Assumptions 3.6,
4.1, and 5.1, and that (b, &) also satisfies one of these assumptions. Then, by Theorem 6.1, the
synchronous coupling is optimal for V.(u,v). Writing (X, X) for the solution of the SDEs (2.6)

driven by a common Brownian motion W, we thus have

T
Vc(HvV):E/ ce (X, Xy) dt
0

In particular, taking ¢;(x,y) = |z —y|?, for all t € [0,T], z,y € R, the adapted Wasserstein distance

T —
/ X, — X, dt} .
0

For N € N, set h = T/N and take X", X" to be cadlag processes adapted to the natural
filtration of W such that X" (resp. X") approximates X (resp. X) strongly in LP. Define S" :=
E[f, | X} — X} dt]7. Then

is given by

AWE(u,v) =E

T
(1) AW (np) - S <B| [ X~ X}t 4B
0

T
/ X, — Xth|pdt] 5 220 0,
0

Note that each term in the sum on the right hand side of (7.1) depends on only one of the
processes X, X and so these terms can be estimated separately. Thus the problem of computing the
adapted Wasserstein distance is reduced to the well-studied problem of numerically solving two one-
dimensional SDEs. Monte Carlo methods can then be applied to compute these approximations.
There are now two error sources to consider in the numerical computation of AW, (u,v): the
convergence rate of the schemes X", X" and the computational cost of Monte Carlo estimation
for S. Given numerical schemes for which we have strong convergence rates, one can efficiently
implement a multi-level Monte Carlo (MLMC) method to reduce the overall computational cost;

see, for example, Giles and Szpruch [23].

Remark 7.1. The bound (7.1) shows that, for each SDE, we may take any numerical scheme that
converges strongly in LP. For example, for any SDE with Lipschitz coefficients, we can apply the
Euler-Maruyama scheme defined in Section 2.3. In the case of discontinuous and exponentially
growing drift, we proved strong L? convergence of the transformed (monotone) semi-implicit Euler—
Maruyama scheme in Theorem 4.19, which allows us to compute the adapted Wasserstein distance
when one of the SDEs has coefficients satisfying Assumption 4.1. When additional conditions
hold, however, we may exploit the existing convergence results that are discussed in Remark 4.4
to improve computational efficiency. While stochastic monotonicity of the scheme is essential to
the proof of optimality in Theorem 4.23, this condition is not needed for the computation of the
adapted Wasserstein distance. Under Assumption 5.1, suitable numerical schemes are discussed in
Remark 5.2.

Example 7.2. As a toy example, consider the situation that b, b are Lipschitz and o, & are strictly
positive constants. In this case, taking X*, X" as the standard Euler-Maruyama schemes for X,
X, respectively, (7.1) implies that |AW,(u,v) — S"| < C(p, T)N~1. This follows from the order
1 strong convergence of the Euler-Maruyama scheme in the case of Lipschitz drift and additive

noise, where it is equivalent to the Milstein scheme [47].
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7.2. Numerical examples. In each of the examples below, we consider an SDE with solution X
and, for k € N, the solution X*) of an SDE obtained by some perturbation of the coefficients of
the original SDE, where the magnitude of the perturbation increases with the parameter k. We fix
the terminal time 7" = 1 and consider the adapted Wasserstein distance AW, (s, V(k)), where 1 and
v*) denote the laws of X and X(¥) | respectively. Supposing that the coefficients of the SDEs for
X and X®) satisfy the assumptions of Theorem 6.1, this distance is attained by the synchronous
coupling. For h > 0, let X" (resp. X(*)) denote numerical approximations of X (resp. X))
that converge strongly in L? with known rates and are each driven by a common one-dimensional
Brownian motion. We fix the step size h = 2712 for the numerical approximations and average
over 2!2 sample paths. In light of the bound (7.1), we can then approximate the squared adapted
Wasserstein distance AW3Z (i, v*)) by the Monte Carlo estimate

212 212
——2 1 - (k),h
(7.2) AWy ) = gy 22 2 G wi) = K @ .
i=1 j=0

—2
In each example below, we plot AW, (1, u(k)) against the size of the perturbation k.

Example 7.3 (An SDE with discontinuous drift). Consider SDEs

dX; = dWW,, Xy = x,
(73) ax® = %sign()zt(k))dt—i— awy, X\ =, ke{1,...,10}.
The solution X of the first SDE in (7.3) can be approximated by the Euler-Maruyama scheme with
strong convergence order 1. For the SDEs in the second line of (7.3), however, Ellinger, Miiller-
Gronbach, and Yaroslavtseva [20], Miller-Gronbach and Yaroslavtseva [52], Przybylowicz, Schwarz,
and Szolgyenyi [65] show an upper bound of 3/4 for the strong convergence rate of any numerical
scheme that uses finitely many approximations of the driving Brownian motion (such as the Euler—
Maruyama scheme). This is one of the structural properties that distinguishes the class of SDEs
with discontinuous drift. For the adapted Wasserstein distance between the induced measures,
however, we observe no gap comparable to the gap between the strong convergence rates. Each
of the SDEs in (7.3) satisfies Assumption 4.1, and so Theorem 6.1 implies that the synchronous
coupling attains the adapted Wasserstein distance between the laws of the solutions. Thus, we can
estimate this distance by (7.2), taking X", X (k):h to be the respective Euler-Maruyama schemes,
each driven by a common Brownian motion. The relationship between this approximation of the

adapted Wasserstein distance and the size of the jump in the drift is shown in Figure 4.

06
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adapted Wasserstein
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02 0.4 06 0.8 10
perturbation

FIGURE 4. Approximation of the adapted Wasserstein distance for the SDEs (7.3).
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Example 7.4 (CIR model). Consider a CIR process (X¢)e[o,7], solving the SDE
(7.4) AXy = k(n — Xy) dt + VX, dW,,  Xo = a0,

for some k € R, n € [0,00), 7,70 € (0,00). We suppose that 2xkn > 2, so that X; > 0 for
all t € [0,7] by Feller’s test; see, for example, [36, Theorem 5.29]. We call the parameter 7 the
mean reversion level, k the mean reversion speed, and -y the diffusion parameter. Such a process
is commonly used to model interest rates.

Here we have a Lipschitz-continuous drift coefficient and a 1/2-Hélder continuous diffusion
coefficient. The classical result of Yamada and Watanabe [79, Theorem 1] gives pathwise uniqueness
for (7.4). Thus the coefficients of (7.4) satisfy Assumption 3.6. Consider also the process X (*)

ék) = x¢. Since the coefficients

solving the same SDE (7.4) with perturbed parameters &, 7, 7 and X
of this SDE also satisfy Assumption 3.6, we have by Theorem 6.1 that the synchronous coupling
attains the adapted Wasserstein distance between their laws.

Since the CIR process remains positive, its approximation requires a modification to the standard
Euler—-Maruyama scheme. For example, we can take the symmetrised Euler—-Maruyama scheme
that is defined in Berkaoui, Bossy, and Diop [9] by taking the absolute value at each step of
the Euler-Maruyama scheme. Under the condition that 2kn > ~2, [9, Theorem 2.2] shows that
the symmetrised Euler-Maruyama scheme converges strongly in L? at rate 1/2. Note that [27,
Theorem 1.1] shows that this convergence rate does not hold when 2xn < 2. In this example
we fix the parameters k = n = v = 1 for the process X, and for the process X*) we perturb
each of these parameters in turn, fixing the other two equal to those of the process X. For each
perturbation, we approximate X, X*) by the numerical scheme described above, taking the same
Brownian increments in both X" and X(*)-» We then estimate the adapted Wasserstein distance
between the laws of X and X®*) by (7.2).

Figure 5 shows an approximation of the adapted Wasserstein distance plotted against the abso-
lute size of the perturbation for each parameter on the left-hand side, and the same on a log-scale
on the right-hand side. As expected, we observe clearly in Figure 5 that increasing the perturba-
tion in each of the parameters increases the adapted Wasserstein distance between the reference
measure and the measure induced by the process with perturbed parameters. We observe that a
perturbation of the diffusion parameter has a bigger effect than that of the mean reversion level,
which has a much bigger effect than a perturbation of the mean reversion speed. This behaviour
depends, however, on the choice of the parameters for the process X. As the log-plot confirms, the
adapted Wasserstein distance grows exponentially in the size of the perturbation. This observation
confirms that the adapted Wasserstein distance successfully captures the difference between CIR

models with different parameters.
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FIGURE 5. Approximation of the adapted Wasserstein distance for the CIR pro-
cess; the dotted black line shows the effect of a perturbed diffusion parameter -,
the solid blue line shows the effect of a perturbed mean reversion level 7, and the
dashed green line shows the effect of a perturbed mean reversion speed k.
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8. APPLICATION TO ROBUST OPTIMISATION

We finally turn to applications in the robust approach to stochastic optimisation. For the
discrete-time adapted Wasserstein distance, several results have been proven on stability of various
stochastic optimisation problems [5], continuity of optimal stopping problems [1, 6], and model-
sensitivity of multi-period optimisation problems [3, 8]. Fully extending such results to continuous
time remains open.

In this section, we equip the space 2 = C([0,77,R) with the L norm [|w|[oc = sup;cjo,77 [wtl,
instead of the L? norm, and we define the adapted Wasserstein distance with respect to the L>°
norm, analogously to Definition 2.11. We prove Lipschitz continuity of optimal stopping problems
with respect to the adapted 1-Wasserstein distance on P3(£2). We thus extend [6, Lemma 7.1] from

discrete-time processes to one-dimensional continuous-time processes with continuous paths.

8.1. Optimal stopping. For any measurable function f: R — R, define the value vf: Py(Q) — R
of the optimal stopping problem for f by

() = inf B {F )

for all u € P2(f2), where w is again the canonical process on 2, and the infimum is taken over
all stopping times with respect to the completion of the canonical filtration under u. We restrict
ourselves to such Markovian optimal stopping problems for simplicity of the presentation, but note

that one can prove the following result in more generality, following the same strategy.

Theorem 8.1. Let f: R — R be Lipschitz with Lipschitz constant L € (0,00). Then, for any
w, v € Pa(QY), we have the bound
(8.1) [of (1) — v (V)| < L - inf E’r[ sup |w; — @tq.
w€CPL, . (1,v) 0<t<T
We have the following immediate corollary, using only the fact that the synchronous coupling

is bicausal by [7, Proposition 2.2].

Corollary 8.2. Let f: R — R be Lipschitz with Lipschitz constant L € (0,00). Then, for any
W, v € P2(Q), we have the bound
) o ) < LB sup o~
0<t<T

Proof of Theorem 8.1. Let m € Cpl,(u,v) and let (X,Y) be a pair of random variables on © x
with joint law 7. As before, let 7X and F¥ denote the completions of the natural filtrations of X
and Y under the measures p and v, respectively. Fix ¢ > 0, and take an e-optimal FY -stopping
time 75 i.e. E[f(Y,v)] < vf(v) +e.

For each u € [0,1], define 6, := inf{t > 0: w(r¥ <t|F) > u}. We claim that 6, is an FX-
stopping time. By continuity of the paths of processes X and Y, we know that, for any u € [0, 1]
and ¢t € [0,T7,

{0 <t} ={x(7" <t|F7) > u}
So it suffices to show that, for each t € [0,7], the conditional probability =(7¥ < t | F5X) is
Fi¥-measurable. Since m € Cpl,(u,v), the causality condition (2.2) states that, under w, FY
is conditionally independent of F3X, given F;X. An equivalent formulation of this conditional

independence condition (see, e.g. Kallenberg [34, Proposition 5.6]) is that for any F € FY,
(8.2) ©(F | Fy vFS) ==n(F | FY).

In fact, F¥ C F&X, and so FX V FX = FX. By the definition of a stopping time, {7¥ <t} € FY.
Therefore (8.2) gives us
w(r" <t Fr) =n(rt <t FY),
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which is then F;X-measurable. This proves our claim that 6, is an FX-stopping time for each
u € [0,1]. Thus

Vi) < it BT < [ BTG, du
0

u€l0,1]
Applying the tower property of conditional expectation and Fubini’s theorem to exchange the order

of integration, we arrive at

(8.3) o () < B [ / B (X)) | F du].

Now fix a path w € Q of the process X. We can define a probability measure P, on [0,7] by
P,([0,t)) = n(r¥ <t | F¥)(w), for all t € [0,T]. Then u ~ 6, (w) is the quantile function of Py,

and we see that

1
B0 17910 = [ 10t = [ senwan= [ B | F
0
Taking the expectation with respect to = and substltutlng into (8.3), we find
vl (1) SET[ET[f(X,v) | FF 1] = E7[f(X0v)).

Hence v/ (p) — vf (v) < E™[f(X,v) — f(Yov)]+ . Since f is Lipschitz with Lipschitz constant L,

we have
v () =/ (W) <L E"| X,y —Y,v||[+e < L-E"[||X - Y|loo]+¢
/’(‘ T T

Exchanging the roles of p and v and noting that € > 0 and = € Cpl.(u, v) were chosen arbitrarily
completes the proof. O

Remark 8.3. The quantity on the right-hand side of (8.1) is the adapted 1-Wasserstein distance
with respect to the L® norm on 2. In general, such a bound does not hold for AW, defined
with respect to the L' norm on €2, as in Definition 2.11. For example, take f to be the identity
and v concentrated on the constant zero function. Choose p such that, for some ¢ € (0,1),
E“[fOT |wi|dt] < e and, for some § € [0,T], ws = 1 p-almost surely. Then |vf(y) — v/ (v)| =
|vf ()] > 1, while AW (i, v) < e. Therefore the bound (8.1) does not hold when the right-hand
side is replaced by AW); defined as in Definition 2.11.

In the case of SDEs with sufficiently regular coefficients, however, continuity of optimal stopping
does hold for the adapted Wasserstein distance AW, defined with respect to the LP norm on 2 for
any p > 1. For A > 0, define P* := {Law(X): X solves (1.1) with some A-Lipschitz (b,0)}.

Corollary 8.4. Let f: R — R be Lipschitz and let A > 0. Then v/ is continuous on P™ with
respect to AW, for any p > 1.

Proof. By [7, Theorem 1.5], the adapted Wasserstein distance defined with respect to the L> norm
on ) induces the same topology as AW, for all p > 1. Thus the result follows from Theorem 8.1. [

Establishing conditions for optimality of the synchronous coupling for the adapted Wasserstein
distance defined with respect to the L* norm on ) is an open problem. Thus, the right-hand
side of (8.1) is not computationally tractable. In contrast to that, the bound in Corollary 8.2 does
admit an efficient numerical approximation, following the approach of Section 7.1. Hence, our
methods provide computationally feasible bounds on the values of optimisation problems, making

such problems tractable for applications.

APPENDIX A. PROOFS FROM SECTION 3

Proof of Proposition 3.2. For h > 0, Assumption 3.1 (i) implies that the Knothe-Rosenblatt re-
arrangement is optimal for (2.5) between p and v", by Proposition 2.9. Supposing that the
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discretised processes (X", X) are driven by a common Brownian motion, Assumption 3.1 (ii)
implies that the Knothe-Rosenblatt rearrangement is equal to Law(X", X"), by Proposition 2.8.
This together with Assumption 3.1 (iii) allows us to conclude that the limit (3.1) holds and the
synchronous coupling attains the value (BCOT) of the continuous-time bicausal transport prob-
lem. This final step follows along the same lines as in the proof of [7, Proposition 3.24], and we
omit the details here. |

Proof of Lemma 3.3. Let m € Cpl,.(i, ). Then by [7, Proposition 2.2] on the relation between
bicausal couplings and correlated Brownian motions, there exists a correlated Brownian motion
(W, W) such that 7 = Law(X,X) when (2.6) is driven by (W, W). Taking the same driving
Brownian motion, we write 7V = Law(X¥ XV) € Cpl,.(uV,vV), for each N € N. Inter-
preting each such system of SDEs as a two-dimensional SDE, the stability result of Stroock

N 5 1 as N = co. More-

and Varadhan [74, Theorem 11.1.4] implies the weak convergence 7
over, the uniform linear growth bound implies that, for any p > 1, there exists a constant
C > 0 such that E™" [sup;eqo,r [(we, @e)[P] < C for all N € N; see, e.g. [22, Lemma 3.8]. Thus
E™" [¢(w,@)] = E™[p(w,®)], for any functional ¢: Q x  — R that is continuous with order p poly-
nomial growth with respect to the uniform norm on Q x Q; see, e.g. [78, Definition 6.8]. We claim
that (w,®) — fOT ct(wy, wy) dt satisfies these conditions. Indeed the polynomial growth of order
p follows immediately from the bound (2.3), which holds uniformly in ¢. Continuity follows from
(2.3) and the continuity of the maps (z,y) — ci(x,y) for each ¢ € [0,T] via the Lebesgue—Vitali

dominated convergence theorem. Hence

T T
/ Ct(wt7@t) dt‘| N~>—oo> E™ l/ ct(wt, (Dt) dt] .
0 0

Now take a common one-dimensional Brownian motion driving (2.6) for each set of coefficients.

(A1) g

Then we have
sync % N—oo Y sync
s n = Law(X N, XN) == Law(X, X) = mpc.
Given that 7723;\? v minimises the left-hand side of (A.1) over Cply,. (N, ) for each N € N, we
have that 7Y} minimises the right-hand side of (A.1) over Cply,.(p, v) and the required convergence

holds. 0

Proof of Proposition 3.5. Under Assumption 3.4, we can show that the monotone Euler—-Maruyama
scheme satisfies Assumption 3.1, following the proofs of [7, Lemma 3.15, 3.16, 3.17]. The result

then follows from Proposition 3.2. (]

Proof of Corollary 3.7. For each SDE, existence of a weak solution is guaranteed by Skorokhod [72,
Chapter 3, Section 3], and given that we assumed pathwise uniqueness, Yamada and Watanabe
[79, Corollary 1] implies that there exists a unique strong solution. We can approximate the
coefficients (b, o) and (b,&) locally uniformly in space by coefficients satisfying Assumption 3.4

and the conditions of Lemma 3.3. We conclude by combining Proposition 3.5 and Lemma 3.3. O

APPENDIX B. PROOFS FROM SECTION 4.1

Proof of Lemma 4.6. Direct computation of the first and second derivatives of ¢, yield the first
three points. We also observe that the first derivative is continuous and bounded, and hence ¢y, is
Lipschitz. The second derivative is defined almost everywhere and is continuous and bounded on
(—00, &)U(&L, 00). Combined with the fact that the one-sided second derivatives at &, exist and are
finite, this shows that ¢/, is Lipschitz. Finally, differentiating ¢} once again on (—o0, &) U (&, 00)

gives a bounded third derivative, and hence _% is piecewise Lipschitz. O
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Proof of Lemma 4.7. By Lemma 4.6, ¢(x) = 0 for |z — &| > ¢ for each k € {1,...,m}, and so
we have G(z) = x for € R\ Uyeqr, . my (& — o, &k + co). Moreover, for any k € {1,...,m}
and z € [§ — ¢o,&k + co), G(z) = x + argr(z) and G'(x) = 1 + ax@}(z), implying that G'(z) €
[1—6co|ag|, 1+ 6colak|] by Lemma 4.6. Thus, as in [42, Lemma 2.2], we observe that our choice of
¢o in (4.6) guarantees that G is strictly increasing on R and therefore admits a strictly increasing
inverse G™1: R — R. From the definition of G and the properties proved in Lemma 4.6, we
immediately deduce that G is bounded and Lipschitz with bounded Lipschitz first derivative G’
and bounded piecewise Lipschitz almost-everywhere second derivative G”. By the inverse function

theorem, G~ has the same properties. O

Proof of Lemma 4.9. As in Assumption 4.1, let Ly, Kf,v,n € (0,00) denote the constants that
appear in the one-sided Lipschitz condition, local Lipschitz condition and exponential growth
condition for f. Write Ly € (0,00) for a Lipschitz constant of g, and M, = sup,cp |g(z)| < oo.
Let k € {0,...,m}. By Assumption 4.1 (Al) (i), f is absolutely continuous on (&, &;+1) and,
as noted in Remark 4.5, the one-sided limits f(&x—), f({x+) exist and are finite, and so My =
SUDgc ey rss) |/ (@)] < 00. Therefore, (f - g): (§:8k+1) — R is absolutely continuous, as the
product of bounded absolutely continuous functions. Now, for any z,y € (k, Ext1)s

(z —y)(f(@)g(z) = f(¥)g()) = (x —y)(f(x) = f(¥)g(x) + (. —y)(9(z) — 9(y)) f(y)
< (LfMy + LgMy)|z — y?,
and also

|f(@)g(x) = f(y)gW)] < |f(x) = FW)llg(@)] + [f W)llg(x) — 9(y)
< KypMg(exp{n|z|"} + exp{y|y["})]x — y[ + Ly My|z — y|
< (KM + LgMy)(exp{v||"} + exp{rly["})|z — y].

Thus, (f - g): R — R satisfies Assumption 4.1 (A1). O

Proof of Lemma 4.10. By Assumption 4.1 (A1) and the continuity of f, Assumption 4.1 (A1) (i)-
(iii) also hold on the closed intervals [&, k1], for all k € {1,...,m — 1}. By absolute continuity
on the closed intervals, we can define f € L*(R) that agrees with the almost-everywhere derivative
of f on each open interval. Linearity of the integral then implies that f’ is the almost-everywhere
derivative of f on R. Therefore f is absolutely continuous on R. In this spirit, it is straightforward
to show that Assumption 4.1 (A1) (ii) and (iii) also extend to the whole of R. O

Proof of Lemma 4.11. First, as in [42], we note that the constants oy, k € {1,...,m} are chosen in
(4.5) such that bG’ 4+ 1/202G" is continuous on R. Indeed by Lemma 4.6, for each k € {1,...,m},
G (&) = 14 ardl (&) = 1, G (Ex+) = ard}(Ex+) = 204, G"(&x—) = —2ay, and so

(bG + %oﬁa")(gﬁ) e %HG”)(@C—) = b(Eet) — b(Er—) + 2002(Ex) = 0.

Continuity on R then follows from Lemma 4.7. Also by Lemma 4.7, G’ is bounded and Lipschitz.
Therefore, by Lemma 4.9, bG’ satisfies Assumption 4.1 (A1). The product o2G” is zero on R\
Uke{L,,_,m}(fk —co, &k +¢p), and 02 and G”, and hence their product, are bounded and Lipschitz on
each interval [£, — co, & + co], K € {1,...,m}. Thus 02G” satisfies Assumption 4.1 (A1). Taking
the sum, bG’ + 1/202G" satisfies Assumption 4.1 (A1), is continuous on R, and hence satisfies
Assumption 4.1 (A1) (i)—(iii) globally on R, by Lemma 4.10. Taking the composition with G~1,
which is also Lipschitz by Lemma 4.7, preserves these properties, and we conclude that b satisfies
statements (i)—(iii) of the lemma.

Now, oG’ is globally Lipschitz, as the product of the Lipschitz function o and the bounded

Lipschitz function G’ that is zero on R\ Uke{l my (& — €0, &k + co). Taking the composition

.....
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with the Lipschitz function G~! preserves the Lipschitz property, and this concludes the proof of

statement (iv).

Finally, statement (v) of the lemma follows from statements (ii) and (iv). O
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