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Preface

Preface to the second edition

Nearly every Ph.D. student in mathematics needs to pass a
preliminary or qualifying examination in real analysis. The purpose
of this book is to teach the material necessary to pass such an
examination.

I had three main goals in writing this text:
(1) present a very clear exposition;
(2) provide a large collection of useful exercises;
(3) make the text affordable.

Let me discuss each of these in more detail.

(1) There are a large number of real analysis texts already in
existence. Why write another? In my opinion, none of the exist-
ing texts are ideally suited to the beginning graduate student who
needs to pass a “prelim” or “qual.” They are either too hard, too
advanced, too encyclopedic, omit too many important topics, or
take a nonstandard approach to some of the basic theorems.

Students who are starting their graduate mathematics educa-
tion are often still developing their mathematical sophistication and
find that the more details that are provided, the better (within rea-
son). I have tried to make the writing as clear as possible and to
provide the details. For the sake of clarity, I present the theorems
and results as they will be tested, not in the absolutely most general
abstract context. On the other hand, a look at the index will show
that no topics that might appear on a preliminary or qualifying
examination are omitted.

All the proofs are “plain vanilla.” I avoid any clever tricks,
sneaky proofs, unusual approaches, and the like. These are the

xiii



xiv PREFACE

proofs and methods that most experts grew up on.

(2) There are over 400 exercises. I tried to make them inter-
esting and useful and to avoid problems that are overly technical.
Many are routine, many are of moderate difficulty, but some are
quite challenging. A substantial number are taken from prelimi-
nary examinations given in the past at major universities.

I thought long and hard as to whether to provide hints to the
exercises. When I teach the real analysis course, I give hints to the
harder questions. But some instructors will want a more challeng-
ing course than I give and some a less challenging one. I leave it
to the individual instructor to decide how many hints to give.

(3) T have on my bookshelf several books that I bought in the
early 1970’s that have the prices stamped in them: $10-$12. These
very same books now sell for $100-$200. The cost of living has
gone up in the last 40 years, but only by a factor of 5 or 6, not
a factor of 10. Why do publishers make textbooks so expensive?
This is particularly troublesome when one considers that nowadays
authors do their own typesetting and frequently their own page
layout.

My aim was to make the soft cover version of this text cost less
than $20 and to provide a version in .pdf format for free. To do
that, I am self-publishing the text.

At this point I should tell you a little bit about the subject
matter of real analysis. For an interval contained in the real line or
a nice region in the plane, the length of the interval or the area of
the region give an idea of the size. We want to extend the notion of
size to as large a class of sets as possible. Doing this for subsets of
the real line gives rise to Lebesgue measure. Chapters 2—4 discuss
classes of sets, the definition of measures, and the construction of
measures, of which one example is Lebesgue measure on the line.
(Chapter 1 is a summary of the notation that is used and the
background material that is required.)

Once we have measures, we proceed to the Lebesgue integral.
We talk about measurable functions, define the Lebesgue integral,
prove the monotone and dominated convergence theorems, look at
some simple properties of the Lebesgue integral, compare it to the
Riemann integral, and discuss some of the various ways a sequence
of functions can converge. This material is the subject of Chapters



XV

5-10.

Closely tied with measures and integration are the subjects of
product measures, signed measures, the Radon-Nikodym theorem,
the differentiation of functions on the line, and L? spaces. These
are covered in Chapters 11-15.

Many courses in real analysis stop at this point. Others also in-
clude some or all of the following topics: the Fourier transform, the
Riesz representation theorem, Banach spaces, and Hilbert spaces.
We present these in Chapters 16-19.

Topology and probability are courses in their own right, but
they are something every analyst should know. The basics are
given in Chapters 20 and 21, resp.

Chapters 2226 include a number of topics that are sometimes
included in examinations at some universities. These topics are
harmonic functions, Sobolev spaces, singular integrals, spectral
theory, and distributions.

The first edition of this text, which was titled Real analysis
for graduate students: measure and integration theory, stopped at
Chapter 19. The main comments I received on the first edition
were that I should cover additional topics. Thus, the second edition
includes Chapters 20 to 26. This increased the length from around
200 pages to around 400 pages.

The prerequisites to this text are a solid background in un-
dergraduate mathematics. An acquaintance with metric spaces is
assumed, but no other topology. A summary of what you need to
know is in Chapter 1. All the necessary background material can
be learned from many sources; one good place is the book [7].

At some universities preliminary or qualifying examinations in
real analysis are combined with those in undergraduate analysis or
complex analysis. If that is the case at your university, you will
have to supplement this book with texts in those subjects.

Further reading is always useful. T have found the books [4], [6],
and [8] helpful.

I would like to thank A. Baldenko, I. Ben-Ari, K. Bharath, K.
Burdzy, D. Ferrone, E. Giné, M. Gordina, E. Hsu, G. Lawler, L.
Lu, K. Marinelli, J. Pitman, M. Poehlitz, H. Ren,and L. Rogers
for some very useful suggestions. I would particularly like to thank
my colleague Sasha Teplyaev for using the text in his class and
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suggesting innumerable improvements.

If you have comments, suggestions, corrections, etc., I would be
glad to hear from you: r.bass@uconn.edu. I cannot, however,
provide hints or solutions to the exercises.

Good luck with your exam!

Preface to Version 2.1

Version 2.1 corrects all the errors in the second edition that I am
aware of. In addition I reorganized Section 4.2 to be more efficient.

I would like to thank all who pointed out errors and made
suggestions, especially Iddo Ben-Ari, Evarist Giné, and Sonmez
Sahutoglu.

There is a web page of errata that I plan to keep current:
www.math.uconn.edu/~bass/errata.html



Chapter 1

Preliminaries

In this short chapter we summarize some of the notation and ter-
minology we will use and recall a few definitions and results from
undergraduate mathematics.

1.1 Notation and terminology

We use A€, read “A complement,” for the set of points not in A.
To avoid some of the paradoxes of set theory, we assume all our
sets are subsets of some given set X, and to be precise, define

A={ze X :x ¢ A}.
We write
A—-B=AnNnB*
(it is common to also see A\ B) and
AAB=(A—-B)U(B—A).

The set AAB is called the symmetric difference of A and B and

is the set of points that are in one of the sets but not the other. If
I is some non-empty index set, a collection of subsets {4y }acr is
disjoint if A, N Ag = () whenever o # 3.

We write A; 1Tif Ay C Ay C --- and write A; T A if in addition
A = U2, A;. Similarly A; | means A; D Ay D --- and 4; | A
means that in addition A = N2, A;.

1



2 CHAPTER 1. PRELIMINARIES

We use Q to denote the set of rational numbers, R the set of
real numbers, and C the set of complex numbers. We use

x Vy = max(z,y) and x Ay =min(x,y).

We can write a real number x in terms of its positive and negative
parts: x =+ — x~, where

rt=z2Vv0 and = =(—z)VO0.

If z is a complex number, then Z is the complex conjugate of z.
The composition of two functions is defined by f o g(x) = f(g(z)).

If f is a function whose domain is the reals or a subset of the
reals, then lim, ., f(y) and lim, ,,_ f(y) are the right and left
hand limits of f at x, resp.

We say a function f : R — R is increasing if x < y im-
plies f(z) < f(y) and f is strictly increasing if x < y implies
f(z) < f(y). (Some authors use “nondecreasing” for the former
and “increasing” for the latter.) We define decreasing and strictly
decreasing similarly. A function is monotone if f is either increas-
ing or decreasing.

Given a sequence {a,} of real numbers,

lim sup a,, = inf sup a,,
n—oo " m>n

liminf a,, = sup inf a,,.

n—00 n m>n
For example, if
1, n even;
an =
—1/n, mn odd,

then limsup,,_, . an = 1 and liminf, ,. a, = 0. The sequence
{a,} has a limit if and only if limsup,,_, ., a, = liminf,, . a, and
both are finite. We use analogous definitions when we take a limit
along the real numbers. For example,

limsup f(y) = }Hf sup  f(y).
y—x >0y —z|<s

1.2 Some undergraduate mathematics

We recall some definitions and facts from undergraduate topology,
algebra, and analysis. The proofs and more details can be found
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in many places. A good source is [7]. Some of the results from
topology can also be found in Chapter 20.

A set X is a metric space if there exists a function d : X x X —
R, called the metric, such that
(1) d(z,y) = d(y,x) for all z,y € X;
(2) d(z,y) > 0 for all z,y € X and d(z,y) = 0 if and only if z = y;
(3) d(z,2z) < d(z,y) +d(y, z) for all z,y,z € X.

Condition (3) is called the triangle inequality.

Given a metric space X, let
B(z,r)={y € X : d(z,y) <r}

be the open ball of radius r centered at x. If A C X, the interior
of A, denoted A°, is the set of x such that there exists r, > 0 with
B(x,r,) C A. The closure of A, denoted A, is the set of x € X
such that every open ball centered at x contains at least one point
of A. A set Ais open if A = A°, closed if A=A. If f: X = R,
the support of f is the closure of the set {z : f(z) # 0}. f is
continuous at a point x if given € > 0, there exists § > 0 such
that |f(z) — f(y)| < e whenever d(z,y) < 0. f is continuous if
it is continuous at every point of its domain. Omne property of
continuous functions is that f~1(F) is closed and f~1(G) is open
if f is continuous, F' is closed, and G is open.

A sequence {z,} C X converges to a point z € X if for each
€ > 0 there exists N such that d(z,,z) < € whenever n > N. A
sequence is a Cauchy sequence if for each £ > 0 there exists N such
that d(z,, z,) < € whenever m,n > N. If every Cauchy sequence
in X converges to a point in X, we say X is complete.

An open cover of a subset K of X is a non-empty collection
{Ga}acr of open sets such that K C UyerGy. The index set T
can be finite or infinite. A set K is compact if every open cover
contains a finite subcover, i.e., there exists Gy,...,Gy € {Ga}acr
such that K C U ;G;.

We have the following two facts about compact sets.

Proposition 1.1 If K is compact, F C K, and F is closed, then
F' is compact.

Proposition 1.2 If K is compact and f is continuous on K, then
there exist x1 and xo such that f(r1) = infyex f(x) and f(x2) =



4 CHAPTER 1. PRELIMINARIES

sup,cx f(x). In other words, f takes on its mazimum and mini-
mum values.

Remark 1.3 If x # y, let r = d(z, y) and note that B(x,r/2) and
B(y,r/2) are disjoint open sets containing  and y, resp. Therefore
metric spaces are also what are called Hausdorff spaces.

Let F be either R or C. X is a vector space or linear space if
there exist two operations, addition (+) and scalar multiplication,
such that
Dz+y=y+zforal z,y € X,

(2) (z4+y) +z=a+ (y+2) forall z,y,z € X;

(3) there exists an element 0 € X such that 0 + z = z for all
z € X;

4) for each = in X there exists an element —z € X such that
xz+ (—x) = 0;

(5) c(z+y)=cx+cyforalz,ye X, ceF;

(6) (c+d)x=cx+dxforal x € X, ¢,d € F;

(7) e(dz) = (ed)x for all x € X, ¢,d € F;

(8) lz =z forall z € X.

We use the usual notation, e.g., z —y = = + (—y).

X is a normed linear space if there exists a map x — ||z|| such
that
(1) |lz]| > 0 for all x € X and ||z|| = 0 if and only if z = 0;
(2) |lex|| = |¢| ||z]| for all ¢ € F and z € X;
@) [l +yll < [lz]| + [lyl| for all 2,y € X.

Given a normed linear space X, we can make X into a metric
space by setting d(x,y) = ||z — y||.

A set X has an equivalence relationship “~7 if
(1) x ~x for all x € X;
(2) if ¢ ~ gy, then y ~ x;
(3)if z ~y and y ~ z, then z ~ z.

Given an equivalence relationship, X can be written as the
union of disjoint equivalence classes. = and y are in the same
equivalence class if and only if x ~ y. For an example, let X = R
and say x ~ y if z — gy is a rational number.

A set X has a partial order “<” if
(1) z <z forall z € X;
(2) if x <y and y < x, then x = y;
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(3)if x <y and y < z, then z < z.

Note that given z,y € X, it is not necessarily true that =z <y
or y < x. For an example, let Y be a set, let X be the collection
of all subsets of Y, and say A< Bif A,B€ X and A C B.

We need the following three facts about the real line.

Proposition 1.4 Suppose K C R, K is closed, and K is contained
in a finite interval. Then K is compact.

Proposition 1.5 Suppose G C R is open. Then G can be written
as the countable union of disjoint open intervals.

Proposition 1.6 Suppose f : R — R is an increasing function.
Then both limy_,+ f(y) and lim,_,,_ f(y) exist for every x. More-
over the set of x where f is not continuous is countable.

For an application of Hilbert space techniques to Fourier series,
which is the last section of Chapter 19, we will use the Stone-
Weierstrass theorem. The particular version we will use is the
following.

Theorem 1.7 Let X be a compact metric space and let A be a
collection of continuous complex-valued functions on X with the
following properties:

(1) If f,g € A and c € C, then f+g, fg, and cf are in A;

(2) If f € A, then f € A, where f is the complex conjugate of f;
(3) If x € X, there exists f € A such that f(x) # 0;

(4) If x,y € X with x # y, there exists f € A such that f(x) #
fy).

Then the closure of A with respect to the supremum norm is the
collection of continuous complex-valued functions on X.

The conclusion can be rephrased as saying that given f contin-
uous on X and € > 0, there exists g € A such that

sup [f(z) — g(z)] <e.
reX

When (3) holds, A is said to vanish at no point of X. When (4)
holds, A is said to separate points. In (3) and (4), the function f
depends on x and on x and y, resp.

For a proof of Theorem 1.7 see [4], [7], or Section 20.12.
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Chapter 2

Families of sets

2.1 Algebras and o-algebras

When we turn to constructing measures in Chapter 4, we will see
that we cannot in general define the measure of an arbitrary set.
We will have to restrict the class of sets we consider. The class of
sets that we will want to use are o-algebras (read “sigma algebras”).

Let X be a set.

Definition 2.1 An algebra is a collection A of subsets of X such
that

(1) D€ Aand X € A;

(2) if A€ A, then A° € A;

(3)if Aq,..., A, € A, then Ul A, and N_, A; are in A.

A is a o-algebra if in addition
(4) whenever Ap, Ag, ... are in A, then U2, A; and N2, A; are in

A.

In (4) we allow countable unions and intersections only; we do
not allow uncountable unions and intersections. Since N2, A4; =
(US2, AS)¢, the requirement that N2, A; be in A is redundant.

The pair (X, A) is called a measurable space. A set A is measurable
or A measurable if A € A.
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Example 2.2 Let X = R, the set of real numbers, and let A be
the collection of all subsets of R. Then A is a o-algebra.

Example 2.3 Let X =R and let
A={ACR: Ais countable or A is countable}.

Verifying parts (1) and (2) of the definition is easy. Suppose
Ay, As, ... are each in A. If each of the A; are countable, then
U;A; is countable, and so is in A. If Af is countable for some iy,
then

(UiAi)C = ﬂiAf C Afo

is countable, and again U;A; is in A. Since NA; = (U;AS)¢, then
the countable intersection of sets in A is again in A.

Example 2.4 Let X = [0,1] and let A = {0, X,[0,4],(5,1]}.
Then A is a o-algebra.

Example 2.5 Let X = {1,2,3} and let A = {X,0,{1},{2,3}}.
Then A is a o-algebra.

Example 2.6 Let X = [0,1], and let By,..., Bg be subsets of X
which are pairwise disjoint and whose union is all of X. Let A be
the collection of all finite unions of the B;’s as well as the empty
set. (Thus A consists of 2% elements.) Then A is a o-algebra.

Lemma 2.7 If A, is a o-algebra for each o in some non-empty
index set I, then NyerAg s a o-algebra.

Proof. This follows immediately from the definition. O

If we have a collection C of subsets of X, define
o(C) = N{Aq : A, is a o-algebra,C C A, },

the intersection of all g-algebras containing C. Since there is at
least one g-algebra containing C, namely, the one consisting of all
subsets of X, we are never taking the intersection over an empty
class of o-algebras. In view of Lemma 2.7, 0(C) is a o-algebra. We
call o(C) the o-algebra generated by the collection C, or say that
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C generates the o-algebra o(C). It is clear that if C; C Ca, then
0(Cy) C o(C2). Since o(C) is a g-algebra, then o(c(C)) = o(C).

If X has some additional structure, say, it is a metric space,
then we can talk about open sets. If G is the collection of open
subsets of X, then we call o(G) the Borel o-algebra on X, and this
is often denoted B. Elements of B are called Borel sets and are
said to be Borel measurable. We will see later that when X is the
real line, B is not equal to the collection of all subsets of X.

We end this section with the following proposition.

Proposition 2.8 If X = R, then the Borel o-algebra B is gener-
ated by each of the following collection of sets:

(1) € ={(a,b):a,beR};

(2) Cy={[a,b]:a,beR};

(3) Cs={(a,b]:a,beR};

(4) Cy={(a,00):a€R}.

Proof. (1) Let G be the collection of open sets. By definition,
o(G) is the Borel o-algebra. Since every element of C; is open,
then C; C G, and consequently o(C1) C 0(G) = B.

To get the reverse inclusion, if G is open, it is the countable
union of open intervals by Proposition 1.5. Every finite open in-
terval is in C. Since (a,00) = US2,(a,a + n), then (a,00) € o(Cy)
if @ € R and similarly (—oc0,a) € o(C1) if a € R. Hence if
G is open, then G € o¢(Cy). This says G C o(Cy1), and then
B=0(G) Co(c(C1)) =0(Cr).

(2) If [a,b] € Ca, then [a,b] = MSZy(a — 2,0+ 1) € o(G).
Therefore C; C 0(G), and hence o(C2) C o(0(G)) = 0(G) = B.

If (a,b) € Cq, choose ng > 2/(b — a) and note

. 1.1
(a,b) = U2, [a +ob- ﬁ] € o(Ca).

Therefore C; C 0(Cz), from which it follows that B = o(C1) C
a(o(Cs)) = a(Ca).

(3) Using (a,b] = N2, (a,b+ 1), we see that C3 C o(C1), and
as above we conclude that o(Cs) C o(C;) = B. Using (a,b) =
U, (a,b — %], provided mg is taken large enough, C; C o(C3),

and as above we argue that B = o(C;) C (C3).



10 CHAPTER 2. FAMILIES OF SETS

(4) Because (a,b] = (a,00) — (b,00), then C3 C 0(Cy4). Since
(a,00) = U2, (a,a+n], then Cqy C 0(C3). As above, this is enough
to imply that o(Cy) = B. O

2.2 The monotone class theorem
This section will be used in Chapter 11.

Definition 2.9 A monotone class is a collection of subsets M of
X such that

(1) if A; T A and each A; € M, then A € M,

(2) if A; | A and each A; € M, then A € M.

The intersection of monotone classes is a monotone class, and
the intersection of all monotone classes containing a given collection
of sets is the smallest monotone class containing that collection.

The next theorem, the monotone class theorem, is rather tech-
nical, but very useful.

Theorem 2.10 Suppose Ag is an algebra, A is the smallest o-
algebra containing Ao, and M is the smallest monotone class con-
taining Ag. Then M = A.

Proof. A o-algebra is clearly a monotone class, so M C A. We
must show A C M.

Let M7 = {A € M : A € M}. Note N is contained in M and
contains Ag. If A; t A and each A; € N, then each A € M and
A¢ | Ac. Since M is a monotone class, A° € M, and so A € N;.
Similarly, if A; | A and each A; € N7, then A € N;. Therefore N
is a monotone class. Hence N7 = M, and we conclude M is closed
under the operation of taking complements.

Let N\ = {4 e M: AnB € Mforal B € Ay}. Note
the following: N3 is contained in M and N5 contains Ay because
A is an algebra. If A; T A, each 4; € N5, and B € Ag, then
ANB = U2, (A;NB). Because M is a monotone class, ANB € M,
which implies A € N3. We use a similar argument when A; | A.
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Therefore N5 is a monotone class, and we conclude N5 = M. In
other words, if B € Ag and A € M, then AN B € M.

Let N3 = {A e M: ANB € Mforall B € M}. As in
the preceding paragraph, N3 is a monotone class contained in M.
By the last sentence of the preceding paragraph, N3 contains Ag.
Hence N3 = M.

We thus have that M is a monotone class closed under the
operations of taking complements and taking finite intersections.
If Ay, As,... are elements of M, then B, = A1 N---NA4, €¢ M
for each n and B, | N2, A4;. Since M is a monotone class, we
have that N2, A; € M. This shows that M is a o-algebra, and so
AC M. O

2.3 Exercises

Exercise 2.1 Find an example of a set X and a monotone class
M consisting of subsets of X such that § € M, X € M, but M is
not a o-algebra.

Exercise 2.2 Find an example of a set X and two o-algebras A;
and As, each consisting of subsets of X, such that A; U Ay is not
a o-algebra.

Exercise 2.3 Suppose A; C Ay C --- are g-algebras consisting
of subsets of a set X. Is U2, .A; necessarily a o-algebra? If not,
give a counterexample.

Exercise 2.4 Suppose M; C My C --- are monotone classes.
Let M = U2, M,,. Suppose A; 1 A and each 4; € M. Is A
necessarily in M? If not, give a counterexample.

Exercise 2.5 Let (Y,.A) be a measurable space and let f map
X into Y, but do not assume that f is one-to-one. Define B =
{f71(A) : A € A}. Prove that B is a o-algebra of subsets of X.

Exercise 2.6 Suppose A is a o-algebra with the property that
whenever A € A is non-empty, there exist B, C' € A with BNC =,
BUC = A, and neither B nor C is empty. Prove that A is
uncountable.
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Exercise 2.7 Suppose F is a collection of real-valued functions on
X such that the constant functions are in F and f + g, fg, and cf
are in F whenever f,g € F and ¢ € R. Suppose f € F whenever
fn — [ and each f, € F. Define the function

(2) 1, ze€ A
€Tr) =
XA 0, z¢A.

Prove that A={A C X : x4 € F} is a o-algebra.

Exercise 2.8 Does there exist a o-algebra which has countably
many elements, but not finitely many?



Chapter 3

Measures

In this chapter we give the definition of a measure, some examples,
and some of the simplest properties of measures. Constructing
measures is often quite difficult and we defer the construction of
the most important one, Lebesgue measure, until Chapter 4

3.1 Definitions and examples

Definition 3.1 Let X be a set and A a o-algebra consisting of
subsets of X. A measure on (X,.A) is a function p : A — [0, 00]
such that

(1) p(0) = 0;
(2)if A; € A,i=1,2,..., are pairwise disjoint, then

(U2 A) = ZM(AJ

Saying the A; are pairwise disjoint means that A;NA; = 0 if i # j.

Definition 3.1(2) is known as countable additivity. We say a set
function is finitely additive if p(U';A;) = 7 | p(A;) whenever
Ay, ..., A, are in A and are pairwise disjoint.

The triple (X, A, i) is called a measure space.

13
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Example 3.2 Let X be any set, A the collection of all subsets of
X, and p(A) the number of elements in A. pu is called counting
measure.

Example 3.3 Let X = R, A the collection of all subsets of R,
r1,T3,... € R, and a1, as,... > 0. Set

n(A) = Z Q.

{i:x;€A}

Example 3.4 Let 0,(4) = 1 if z € A and 0 otherwise. This
measure is called point mass at x.

Proposition 3.5 The following hold:

(1) If A, B € A with A C B, then u(A) < u(B).

(2) If Ay € A and A = U2 A;, then p(A) < 3072 u(Ay).

(3) Suppose A; € A and A; 1+ A. Then p(A) = limy, 00 1(Ay)-

(4) Suppose A; € A and A; | A. If u(A41) < oo, then we have

Proof. (1) Let Al = A, A2 = B—A, and A3 = A4 = -
Now use part (2) of the definition of measure to write

Il
=

w(B) = p(A) + u(B = A)+0+0+--- = u(A).
(2) Let Bl = Al, BQ = A2 - Al, Bg = Ag - (A1 UAQ), B4 =
Ay — (A1 U A3 U Aj3), and in general B; = A; — (U;;llAj). The B;
are pairwise disjoint, B; C A; for each ¢, U} | B; = U, A, for each
n, and U2, B; = U2 A;. Hence

o0

p(A) = p(U2,By) = > pu(By) < Z,U(Ai)'

=1

(3) Define the B; as in (2). Recall that if a; are non-negative real
numbers, then >, a; is defined to be lim, o Y i, a;. Since
U, B; =U  A;, then

oo

p(A) = (U2, Ay) = p(U2, By) = > u(By)
i=1

= lim ;u(Bi) = lim p(UyBi) = lim (U A).
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(4) Apply (3) to the sets A1 — A;, i = 1,2,.... The sets A; — 4;
increase to A1 — A, and so

(A1) — i(A) = p(Ar — A) = Tim_ p(A; — A,)

n—oo

= lim [u(A1) — p(An)]-

n—oo

Now subtract p(A;) from both sides and then multiply both sides
by —1. O

Example 3.6 To see that pu(A;) < oo is necessary in Proposition
3.5, let X be the positive integers, y counting measure, and A; =
{i,i+ 1,...}. Then the A; decrease, u(A;) = oo for all 4, but

1(NiA;) = p(0) = 0.

Definition 3.7 A measure p is a finite measure if p(X) < co. A
measure 4 is o-finite if there exist sets E; € A fori =1,2,... such
that p(E;) < oo for each i and X = U52, E;. If 11 is a finite measure,
then (X, A, ) is called a finite measure space, and similarly, if u
is a o-finite measure, then (X, A, p) is called a o-finite measure
space.

Suppose X is o-finite so that X = U2, E; with u(E;) < oo and
E; € Afor each i. If we let F,, = U E;, then pu(F,) < oo for each
n and F,, T X. Therefore there is no loss of generality in supposing
the sets F; in Definition 3.7 are increasing.

Let (X, A, ) be a measure space. A subset A C X is a null
set if there exists a set B € A with A C B and u(B) = 0. We
do not require A to be in A. If A contains all the null sets, then
(X, A, p) is said to be a complete measure space. The completion
of A is the smallest o-algebra A containing A such that (X, A, 1)
is complete, where 77 is a measure on A that is an extension of y,
that is, (B) = p(B) if B € A. Sometimes one just says that A is
complete or that p is complete when (X, A, u) is complete.

A probability or probability measure is a measure p such that
w(X) = 1. In this case we usually write (Q,F,P) instead of
(X, A, 1), and F is called a o-field, which is the same thing as
a o-algebra.
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3.2 Exercises

Exercise 3.1 Suppose (X, .A) is a measurable space and p is a
non-negative set function that is finitely additive and such that
wu(®) = 0 and u(B) is finite for some non-empty B € A. Sup-
pose that whenever A; is an increasing sequence of sets in A, then
w(U;A;) = lim; 00 p1(4;). Show that u is a measure.

Exercise 3.2 Suppose (X, .A) is a measurable space and p is a
non-negative set function that is finitely additive and such that
(@) =0 and p(X) < co. Suppose that whenever A; is a sequence
of sets in A that decrease to (), then lim;_,o, u(A;) = 0. Show that
1 18 a measure.

Exercise 3.3 Let X be an uncountable set and let A be the collec-
tion of subsets A of X such that either A or A€ is countable. Define
u(A) = 0if A is countable and p(A) = 1 if A is uncountable. Prove
that p is a measure.

Exercise 3.4 Suppose (X, A, 1) is a measure space and A, B € A.
Prove that

p(A) + u(B) = n(AU B) + (AN B).

Exercise 3.5 Prove that if uq, po,... are measures on a measur-
able space and ag,as,... € [0,00), then Y 0 | anp, is also a mea-
sure.

Exercise 3.6 Prove that if (X,.A, ) is a measure space, B € A,
and we define v(A) = u(A N B) for A € A, then v is a measure.

Exercise 3.7 Suppose p1, fi2,... are measures on a measurable
space (X, A) and p,,(A) 1 for each A € A. Define

p(A) = lim g, (A).

Is p necessarily a measure? If not, give a counterexample. What
if 1, (A) | for each A € A and p(X) < 00?

Exercise 3.8 Let (X, A, u) be a measure space, let A/ be the col-
lection of null sets with respect to A and p, and let B = o(AUN).
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Show that B € B if and only if there exists A € A and N € N/
such that B = AU N. Define i(B) = p(A) it B = AU N with
A€ Aand N € N. Prove that 7z(B) is uniquely defined for each
B € B, that @ is a measure on B, that (X, B, f) is complete, and
that (X, B,n) is the completion of (X, A, u).

Exercise 3.9 Suppose X is the set of real numbers, B is the Borel
o-algebra, and m and n are two measures on (X,5) such that
m((a,b)) = n((a,b)) < co whenever —oco < a < b < oo. Prove that
m(A) = n(A) whenever A € B.

Exercise 3.10 Suppose (X,.A) is a measurable space and C is an
arbitrary subset of A. Suppose m and n are two o-finite mea-
sures on (X,.A) such that m(A) = n(A) for all A € C. Is it true
that m(A) = n(A4) for all A € ¢(C)? What if m and n are finite

measures?
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Chapter 4

Construction of
measures

Our goal in this chapter is to give a method for constructing mea-
sures. This is a complicated procedure, and involves the concept
of outer measure, which we introduce in Section 4.1.

Our most important example will be one-dimensional Lebesgue
measure, which we consider in Section 4.2. Further results and
some examples related to Lebesgue measure are given in Section
4.3.

One cannot define the Lebesgue measure of every subset of the
reals. This is shown in Section 4.4.

The methods used to construct measures via outer measures
have other applications besides the construction of Lebesgue mea-
sure. The Carathéodory extension theorem is a tool developed in
Section 4.5 that can be used in constructing measures.

Let us present some of the ideas used in the construction of
Lebesgue measure on the line. We want the measure m of an open
interval to be the length of the interval. Since every open subset
of the reals is the countable union of disjoint open intervals (see
Proposition 1.5), if G = U$2, (a;, b;), where the intervals (a;, b;) are
pairwise disjoint, we must have

o0
m(G) = (b — a;).

=1

19
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We then set
m(E) = inf{m(G) : G open, E C G}

for arbitrary subsets £ C R. The difficulty is that m is not a
measure on the o-algebra consisting of all subsets of the reals; this
is proved in Section 4.4. We resolve this by considering a strictly
smaller g-algebra. This is the essential idea behind the construction
of Lebesgue measure, but it is technically simpler to work with
intervals of the form (a, b] rather than open intervals.

4.1 Owuter measures

We begin with the notion of outer measure.

Definition 4.1 Let X be a set. An outer measure is a function
w* defined on the collection of all subsets of X satisfying

(1) p(0) = 0;

(2) if A C B, then p*(A) < p*(B);

(3) pH (U2 Ai) < 372, (A Z) whenever Ay, As, ... are subsets of
X.

A set N is a null set with respect to p* if u*(N) = 0.

A common way to generate outer measures is as follows.

Proposition 4.2 Suppose C is a collection of subsets of X such
that § and there exist Dy, Da,... in C such that X = U2, D;.
Suppose £ : C — [0, 00] with £(0)) = 0. Define

= inf { ié(Ai) : A; € C for each i and E C UfilAi}.

(4.1)
Then p* is an outer measure.

Proof. (1) and (2) of the definition of outer measure are obvious.
To prove (3), let Aj, Ay, ... be subsets of X and let ¢ > 0. For
each i there exist C;1,Cja,... € C such that A; C U32,Cyj and
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22 UCy) < pr(Ai) + /2%, Then U2, A; C U; U;j Cy5 and
pr(UZAi) <> U(Cy) = Z (ZK(CM))
i j j
< Z +Ze/2l

=1

8 S

3

I
i
=

Since ¢ is arbitrary, p* (U2, A;) < >ooq w*(As). O

Example 4.3 Let X = R and let C be the collection of intervals
of the form (a,b], that is, intervals that are open on the left and
closed on the right. Let {(I) = b—a if I = (a,b]. Define p* by
(4.1). Proposition 4.2 shows that p* is an outer measure, but we
will see in Section 4.4 that p* is not a measure on the collection
of all subsets of R. We will also see, however, that if we restrict
u* to a g-algebra £ which is strictly smaller than the collection of
all subsets of R, then p* will be a measure on £. That measure is
what is known as Lebesgue measure. The o-algebra L is called the
Lebesgue o-algebra.

Example 4.4 Let X = R and let C be the collection of intervals
of the form (a,b] as in the previous example. Let o : R — R
be an increasing right continuous function on R. Thus a(z) =
limy .4 a(y) for each z and a(z) < a(y) if 2 < y. Let () =
a(b) — afa) if I = (a,b]. Again define p* by (4.1). Again Propo-
sition 4.2 shows that p* is an outer measure. Restricting u* to
a smaller o-algebra gives us what is known as Lebesgue-Stieltjes
measure corresponding to . The special case where a(z) = x for
all = is Lebesgue measure.

In general we need to restrict u* to a strictly smaller o-algebra
than the collection of all subsets of R, but not always. For example,
if a(z) =0 for z < 0 and 1 for z > 0, then the corresponding
Lebesgue-Stieltjes measure is point mass at 0 (defined in Example
3.4), and the corresponding o-algebra is the collection of all subsets
of R.
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Definition 4.5 Let p* be an outer measure. A set A C X is
w*-measurable if

W(E) = p*(ENA) + ' (BN A°) (4.2)

for all F C X.

Theorem 4.6 If u* is an outer measure on X, then the collection
A of p*-measurable sets is a o-algebra. If i is the restriction of p*
to A, then i is a measure. Moreover, A contains all the null sets.

This is sometimes known as the Carathéodory theorem, but do
not confuse this with the Carathéodory extension theorem in Sec-
tion 4.5.

Proof. By Definition 4.1,
W (B) < 1 (B0 A) 4 (B 1 A9)

for all E C X. Thus to check (4.2) it is enough to show
W (E) > 1 (B 1 A) + (B 1 A%,

This will be trivial in the case p*(E) = oo.

Step 1. First we show A is an algebra. If A € A, then A° € A by
symmetry and the definition of A. Suppose A,B € A and F C X.
Then

p(E) = (ENA)+p (BN A°)
= [ (ENANB)+p*(ENANB°)]
+ [ (ENA°N B)+ p*(EN AN B)].

The second equality follows from the definition of A with E first
replaced by ENA and then by FNA€. The first three summands on
the right of the second equals sign have a sum greater than or equal
to p*(EN(AUB)) because AUB C (ANB)U(ANB°)U(A°NB).
Since AN B¢ = (AU B)¢, then

W (E) > u*(EN (AUB)) + " (EN (AU B)°),

which shows AU B € A. Therefore A is an algebra.
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Step 2. Next we show A is a o-algebra. Let A; be pairwise disjoint
sets in A, let B, = U ;A;, and B =U2,4;. If EC X,

w(ENB,)=p(ENB,NA,)+u (ENB,NA)
=u (ENA,)+u (ENBy_1).

Similarly, p*(E N By—1) = p*(EN Ap—1) + p*(E N B,_2), and
continuing, we obtain

“(ENB,) Z (ENA;)
Since B, € A, then
1 (E) = " (ENBy) + p* (ENBE) Z (ENA;) +p*(ENB°).

Let n — co. Recalling that p* is an outer measure,

M2

() > 3 (B0 A + (B0 B) (4.3)

3

v
= = =
*

(UZi(ENA) + " (ENBY)
“(ENB)+p*(ENB°
“(E).

Y

This shows B € A.

Now if Cy,Cs,... are sets in A, let Ay = C1, Ay = Cy — Ay,
As = C5 — (A1 U Az), and in general A; = C; — (U;;llAj). Since
each C; € A and A is an algebra, then A; = C;NC{_; € A. The
A; are pairwise disjoint, so from the previous paragraph,

U{’ilOi = UfilAz’ € A

Also, N$2,C; = (U2, C7)° € A, and therefore A is a o-algebra.

Step 3. We now show p* restricted to A is a measure. The only way
(4.3) can hold is if all the inequalities there are actually equalities,
and in particular,

pH(E) = p*(ENA)+p (ENB°).
i=1
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Taking F = B, we obtain

Recalling that B = U2, A;, this shows that p* is countably additive
on A.

Step 4. Finally, if u*(A) =0 and E C X, then
p(ENA)+p"(ENAS) =p"(ENA%) < p'(E),

which shows A contains all the null sets. O

4.2 Lebesgue-Stieltjes measures

Let X = R and let C be the collection of intervals of the form (a, b],
that is, intervals that are open on the left and closed on the right.
Let a(z) be an increasing right continuous function. This means
that a(z) < a(y) if z < y and lim,_,,1 a(z2) = «a(z) for all x. We
do not require « to be strictly increasing. Define

£((a, b)) = a(b) — ala).
Define

m*(E) = inf { ZE(Ai) :A; €C foreach i and E C U;’ilAl}.
i=1

(In this book we usually use m instead of p when we are talking
about Lebesgue-Stieltjes measures.) We use Proposition 4.2 to tell
us that m* is an outer measure. We then use Theorem 4.6 to show
that m* is a measure on the collection of m*-measurable sets. Note
that if K and L are adjacent intervals, that is, if K = (a,b] and
L = (b,¢], then KUL = (a,c|] and

U(K) + (L) = [a(b) — a(a)] + [alc) — a(b)] (4.4)
=ac) —ala) =L(KUL)
by the definition of /.

We first want to show that the measure of a half-open interval
(e, f] is what it is supposed to be. We need the following lemma.
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Lemma 4.7 Let Jy, = (ar,br), k=1,...,n, be a finite collection
of finite open intervals covering a finite closed interval [C, D]. Then

z”: (b)) — a(ar)] = a(D) — a(C). (4.5)
k=1

Proof. Since {J;} is a cover of [C, D], there exists at least one
interval, say, Ji,, such that C' € Jy,. If Ji, covers [C, D], we stop.
Otherwise, by, < D, and there must be at least one interval, say,
Jky, such that by, € Ji,. If [C, D] C Ji, UJy,, we stop. If not, then
by, < by, < D, and there must be at least one interval, say, Ji, that
contains by,. At each stage we choose Jk; so that by, _, € Ji,;. We
continue until we have covered [C, D] with intervals Jg,, ..., Ji
Since {Ji} is a finite cover, we will stop for some m < n.

m*

By our construction we have

ap, < C < by, ar,, <D < by

m?

and for 2 < j < m,
ak; < bkj—l < by..

J

Then

a(D) — a(C) < afby,,) — alar,)

= [a(b,,) — alby,, )] + [a(bk,, ) — a(br,, )]+

+ [o(bg,) — a(by, )] + [a(br,) — alak, )]

< la(by,,) — alak,,)] + [a(bk,, ) — alak,, )]+
+ [a(br,) — a(akz)] + [a(br,) — a(ax,)].

Since {Jk,, ..., Ik, } € {J1,...,Jn}, this proves (4.5). O

Proposition 4.8 Ife and f are finite and I = (e, f], then m*(I) =

((I).
Proof. First we show m*(I) < ¢(I). This is easy. Let A; = I and
Ay = A3 =---=(. Then I C U®, A;, hence

<3 04 = () = €(D)
i=1
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For the other direction, suppose I C U2, A;, where A; = (¢;, d;].
Let € > 0 and choose C' € (e, f) such that a(C) — a(e) < €/2.
This is possible by the right continuity of a. Let D = f. For
each i, choose d, > d; such that a(d}) — a(d;) < /2" and let
Bi = (Ci, d;)

Then [C, D] is compact and {B;} is an open cover for [C, D].
Use compactness to choose a finite subcover {Jy,...,J,} of {B;}.
We now apply Lemma 4.7. We conclude that

(I) < a(D)—a +8/2<Z alck) +5/2<Z€

=1

Taking the infimum over all countable collections {4;} that
cover I, we obtain
oI) <m*(I) +e.

Since ¢ is arbitrary, £(I) < m*(I). O

The next step in the construction of Lebesgue-Stieltjes measure
corresponding to « is the following.

Proposition 4.9 FEvery set in the Borel o-algebra on R is m*-
measurable.

Proof. Since the collection of m*-measurable sets is a o-algebra,
it suffices to show that every interval J of the form (¢, d] is m*-
measurable. Let F be any set with m*(FE) < oco; we need to show

m*(E) > m*(ENJ)+m*(En Jo). (4.6)

Choose I3, I, . .., each of the form (a;, b;], such that E C U;I; and
> Z -« al — €.

Since F C U;I;, we have

m (ENJ) <Y m*(L;n.J)

and
m*(ENJ) <Y m*(L;nJ°).
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Adding we have

m*(ENJ)+m*(ENJ) <> [m*(I;NJ) +m*([;N.J°)].

Let K1 = (—o0,c] and Ky = (d,00). Now I; N J is an interval
(possibly empty) that is open on the left and closed on the right.
Both I;N K7 and I;N K> are also of this form, although it is possible
that either I;NK; or I;N K5 or both might be empty, depending on
the relative locations of I; and J. Using (4.4) twice and Proposition
4.8 three times, we see that

m*(L;NJ)+m*(I; N J°)
<m*(LNKy)+m*(I;NJ)+m*(I; N Ks)
=0 (LNKy) + (LN JT) + (1N Ky)
=L(IL;) = m*(I;).

Thus

m* (ENJ)+m*(ENJ¢) <> m*([;) <m*(E) +e.
Since ¢ is arbitrary, this proves (4.6). O

We now drop the asterisks from m™* and call m Lebesgue-Stieltjes
measure. In the special case where a(x) = x, m is Lebesgue mea-
sure. In the special case of Lebesgue measure, the collection of m*-
measurable sets is called the Lebesgue o-algebra. A set is Lebesque
measurable if it is in the Lebesgue o-algebra.

Given a measure g on R such that p(K) < oo whenever K is
compact, define a(x) = p((0,z]) if x > 0 and a(z) = —p((x,0]) if
x < 0. Then « is increasing, right continuous, and Exercise 4.1 asks
you to show that p is Lebesgue-Stieltjes measure corresponding to
a.

4.3 Examples and related results

Example 4.10 Let m be Lebesgue measure. If z € R, then {z}
is a closed set and hence is Borel measurable. Moreover

m({e}) = Tim m((x — (1/n),2)) = lm [z~ (z— (1/n))] =0.

n—oo
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We then conclude
m([a,b)) = m((a,b) + m({a}) =b—a+0=b—a
and

m((a,b)) =m((a,b])) —mH{db}) =b—a—-0=>b—a.

Since o-algebras are closed under the operation of countable
unions, then countable sets are Borel measurable. Adding 0 to
itself countably many times is still 0, so the Lebesgue measure of
a countable set is 0.

However there are uncountable sets which have Lebesgue mea-
sure 0. See the next example.

Example 4.11 Recall from undergraduate analysis that the Can-
tor set is constructed as follows. Let Fj be the interval [0,1]. We
let F1 be what remains if we remove the middle third, that is,

Fl:Fof(%ag)'

F consists of two intervals of length % each. We remove the middle
third of each of these two intervals and let

Fy=F —[(3,2)U(

O
©|0o

)l-

We continue removing middle thirds, and the Cantor set F'is N, F,.
Recall that the Cantor set is closed, uncountable, and every point
is a limit point. Moreover, it contains no intervals.

)

The measure of Fy is 2(3), the measure of Fj is 4(5), and the

measure of F, is (2)". Since the Cantor set C is the intersection

of all these sets, the Lebesgue measure of C' is 0.

Suppose we define fy to be % on the interval (1, 2), to be i on

3’3
the interval (%, 2), to be 2 on the interval (£, §), and so on. Define

flx) = mf{foly) : vy > z,y ¢ C} for x 2 El) Define f(1) = 1.
Notice f = fy on the complement of the Cantor set. f is increasing,
so it has only jump discontinuities; see Proposition 1.6. But if it
has a jump continuity, there is a rational of the form k/2" with
k < 2™ that is not in the range of f. On the other hand, by the
construction, each of the values {k/2" : n > 0,k < 2"} is taken by
fo for some point in the complement of C, and so is taken by f.
The only way this can happen is if f is continuous. This function
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f is called the Cantor-Lebesgue function or sometimes simply the
Cantor function. We will use it in examples later on. For now,
we note that it is a function that increases only on the Cantor set,
which is a set of Lebesgue measure 0, yet f is continuous.

Example 4.12 Let g1, ¢2,... be an enumeration of the rationals,
let € > 0, and let I; be the interval (¢; — /2%, ¢; +&/2%). Then the
measure of I; is /271, so the measure of U;I; is at most 2¢. (It is
not equal to that because there is a lot of overlap.) Therefore the
measure of A = [0,1] — U;I; is larger than 1 — 2¢. But A contains
no rational numbers.

Example 4.13 Let us follow the construction of the Cantor set,
with this difference. Instead of removing the middle third at the
first stage, remove the middle fourth, i.e., remove (2,2). On each
of the two intervals that remain, remove the middle sixteenths. On
each of the four intervals that remain, remove the middle interval

of length &, and so on. The total that we removed is

L) A = b

The set that remains contains no intervals, is closed, every point
is a limit point, is uncountable, and has measure 1/2. Such a set
is called a generalized Cantor set. Of course, other choices than i,
%, etc. are possible.

Let A C [0,1] be a Borel measurable set. We will show that
A is “almost equal” to the countable intersection of open sets and
“almost equal” to the countable union of closed sets. (A similar
argument to what follows is possible for subsets of R that have
finite measure; see Exercise 4.2.)

Proposition 4.14 Suppose A C [0,1] is a Borel measurable set.
Let m be Lebesgue measure.

(1) Given e > 0, there exists an open set G so that m(G—A) < e
and A C G.

(2) Given e > 0, there exists a closed set F' so that m(A—F) < e
and F C A.

(3) There exists a set H which contains A that is the countable
intersection of a decreasing sequence of open sets and m(H — A) =
0.
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(4) There exists a set F which is contained in A that is the
countable union of an increasing sequence of closed sets which is
contained in A and m(A — F) = 0.

Proof. (1) There exists a set of the form E = Uj2,(ay;,b;] such
that A C E and m(E — A) <&/2. Let G = U532, (a;,b; +e27771).
Then G is open and contains A and

m(G—E) < iﬁ_j_l =¢e/2.

j=1
Therefore

m(G@—A) <m(G—E)+m(E—-A) <e.

(2) Find an open set G such that A’ C G and m(G — 4') < e,
where A’ =[0,1]— A. Let F =[0,1] —G. Then F is closed, F C A,
and m(A—F) <m(G—-A") <e.

(3) By (1), for each i, there is an open set G; that contains A
and such that m(G; — A) < 27°. Then H; = N%_,G; will contain
A, is open, and since it is contained in G, then m(H; — A) < 27
Let H = N$2, H;. H need not be open, but it is the intersection of
countably many open sets. The set H is a Borel set, contains A,
and m(H — A) < m(H; — A) < 27 for each i, hence m(H — A) = 0.

(4)If A’ =10,1] — A, apply (3) to A’ to find a set H containing
A’ that is the countable intersection of a decreasing sequence of
open sets and such that m(H — A’) = 0. Let J =[0,1] — H. Tt is
left to the reader to verify that J has the desired properties. O

The countable intersections of open sets are sometimes called
Gy sets; the G is for geoffnet, the German word for “open” and
the § for Durchschnitt, the German word for “intersection.” The
countable unions of closed sets are called F, sets, the F' coming
from fermé, the French word for “closed,” and the ¢ coming from
Summe, the German word for “union.”

Therefore, when trying to understand Lebesgue measure, we
can look at G or F, sets, which are not so bad, and at null sets,
which can be quite bad but don’t have positive measure.
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4.4 Nonmeasurable sets

Theorem 4.15 Let m* be defined by (4.1), where C is the collec-
tion of intervals that are open on the left and closed on the right
and £((a,b]) = b—a. m* is not a measure on the collection of all
subsets of R.

Proof. Suppose m* is a measure. Define x ~ y if x — y is rational.
It is easy to see that this is an equivalence relationship on [0, 1].
For each equivalence class, pick an element out of that class (we
need to use the axiom of choice to do this). Call the collection of
such points A. Given a set B, define B+z = {y+z :y € B}. Note
that £((a +¢q,b+ q]) = b—a = £((a, b)) for each a,b, and ¢, and so
by the definition of m*, we have m*(A + ¢q) = m*(A) for each set
A and each q. Moreover, the sets A + ¢ are disjoint for different
rationals q.

Now
[0,1] C Uge-1,1]n0(A + q),

where the union is only over rational ¢, so

1< Y mi(A+a),

q€(-1,1],q€Q

and therefore m*(A) > 0. But
Ugel-1,1)ne(A +¢) C [-1,2],

where again the union is only over rational g, so if m* is a measure,

then
3> Y m'(A+g),
q€[0,1],q€Q
which implies m*(A) = 0, a contradiction. O

4.5 The Carathéodory extension theo-
rem

We prove the Carathéodory extension theorem in this section. This
theorem abstracts some of the techniques used above to give a tool
for constructing measures in a variety of contexts.
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Let Ay be an algebra but not necessarily a o-algebra. Saying
¢ is a measure on Ay means the following: (1) of Definition 3.1
holds and if Ay, A, ... are pairwise disjoint elements of Ay and
also U2  A; € Ay, then £(U2,A;) = >, (A;). Sometimes one
calls a measure on an algebra a premeasure. Recall o(Aj) is the
o-algebra generated by Aj.

Theorem 4.16 Suppose Ay is an algebra and £ : Ay — [0,00] is
a measure on Ag. Define

— inf{if(/li) :each A; € Ag, E C UfilAi}

for EC X. Then

(1) p* is an outer measure;

(2) wp*(A)=L(A) if Ae Ay;

(3) every set in Ay and every p*-null set is p*-measurable;
(4) if € is o-finite, then there is a unique extension to o(Ap).

Proof. (1) is Proposition 4.2. We turn to (2). Suppose E € Aj.
We know p*(E) < £(E) since we can take Ay = F and A, As, ...
empty in the definition of p*. If B C U2 A; with A; € Ay, let
B, = EN (A, — (UZ}'A;)). Then the B, are pairwise disjoint,
they are each in Ay, and their union is E. Therefore

(B =3 0By <3 1A

Taking the infimum over all such sequences Ay, Ao, ... shows that
UE) < i*(E).

Next we look at (3). Suppose A € Ag. Let € > 0 and let E C
X. Pick By, Bs,... € Ag such that £ C U2, B; and ), 4(B;) <
p*(E) 4+ ¢e. Then

I \/

=1

A) +pr(ENA°).

i ZEB NA) +Z£B N A°)
=1
(e

| \

Since ¢ is arbitrary, p*(E) > p*(ENA) + p*(E N A°). Thus A is
p*-measurable. That p*-null sets are p*-measurable follows by the
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definition of p*-measurable and the fact that p* satisfies Definition
4.1(2).

Finally, we look at (4). Suppose we have two extensions to
0(Ap), the smallest o-algebra containing Ag. One is p* and let the
other extension be called v. We will show that if E is in o(Ap),
then p*(E) = v(E).

Let us first assume that p* is a finite measure. The p*-measur-
able sets form a o-algebra containing Ag. Because E € o(Ap), E
must be p*-measurable and

w*(E) = inf { if(Ai) :E C U2 A;, each A; € .Ao}.
i=1

But ¢ = vonAg,s0) , l(A;) =, v(A;). Thereforeif E C U2, A;
with each A; € Ag, then

V() <Y v(di) =D U4,

7

which implies
V(E) < u* (). (4.7)

Since we do not know that v is constructed via an outer measure,
we must use a different argument to get the reverse inequality. Let
e > 0 and choose A; € Ay such that p*(E) +¢ > >, ¢(A;) and
E C U;A;. Let A=UA; and By, = U¥_| A;. Observe

W(E) +e 2 3 UA) = 3 () = 1T (i) = 7 (A),

hence p*(A — E) < e. We have

p(A) = lim gi*(By) = lim v(By) = v(A),

k—o0
Then
1 () < 1" (A) = v(A) = v(E) + V(A — E)
< U(E) + ' (A— B) < W(E) +<,

using (4.7) in the next to last inequality. Since € is arbitrary, this
completes the proof when £ is finite.

It remains to consider the case when ¢ is o-finite. Write X =
U; K, where K; 1 X and ¢(K;) < oo for each i. By the preceding
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paragraph we have uniqueness for the measure ¢; defined by ¢;(A) =
(ANK;). If p and v are two extensions of £ and A € o(Ap), then

w(A) = lim p(ANK;) = lim 4;(A) = lim v(AN K;) = v(A4),
11— 00

1—00 11— 00

which proves p = v. O

4.6 Exercises

Exercise 4.1 Let y be a measure on the Borel g-algebra of R such
that p(K) < oo whenever K is compact, define a(x) = p((0,z])
if x > 0 and a(z) = —pu((x,0]) if z < 0. Show that p is the
Lebesgue-Stieltjes measure corresponding to «.

Exercise 4.2 Let m be Lebesgue measure and A a Lebesgue mea-
surable subset of R with m(A) < oo. Let € > 0. Show there exist
G open and F closed such that F C A C G and m(G — F) < e.

Exercise 4.3 If (X, A, i) is a measure space, define
w'(A) =inf{u(B): AC B,B € A}

for all subsets A of X. Show that p* is an outer measure. Show
that each set in A is p*-measurable and p* agrees with the measure
uon A.

Exercise 4.4 Let m be Lebesgue-Stieltjes measure corresponding
to a right continuous increasing function «. Show that for each =,

m({z}) = a(z)

- Jim a(y).

Exercise 4.5 Suppose m is Lebesgue measure. Define x + A =
{t+y:y€ A and cA = {cy : y € A} for x € R and c a
real number. Show that if A is a Lebesgue measurable set, then
m(x + A) = m(A) and m(cA) = |c|m(A).

Exercise 4.6 Let m be Lebesgue measure. Suppose for each n,
A,, is a Lebesgue measurable subset of [0, 1]. Let B consist of those
points x that are in infinitely many of the A,,.
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(1) Show B is Lebesgue measurable.

(2) If m(Ay,) > > 0 for each n, show m(B) > .

(3) If -0, m(A,) < oo, prove that m(B) = 0.

(4) Give an example where >~° | m(A,) = oo, but m(B) = 0.

Exercise 4.7 Suppose ¢ € (0,1) and m is Lebesgue measure. Find
a measurable set E C [0, 1] such that the closure of E is [0, 1] and
m(E) =e.

Exercise 4.8 If X is a metric space, B is the Borel o-algebra, and
u is a measure on (X, B), then the support of p is the smallest
closed set F' such that u(F¢) = 0. Show that if F' is a closed subset
of [0,1], then there exists a finite measure on [0, 1] whose support
is F.

Exercise 4.9 Let m be Lebesgue measure. Find an example of
Lebesgue measurable subsets Ay, Ag, . .. of [0, 1] such that m(A4,,) >
0 for each n, m(A,AA,) > 0if n # m, and m(4, N A,,) =
m(Ap)m(Ay,) if n #m.

Exercise 4.10 Let € € (0,1), let m be Lebesgue measure, and

suppose A is a Borel measurable subset of R. Prove that if
m(ANI) < (1—e)m(I)

for every interval I, then m(A) = 0.

Exercise 4.11 Suppose m is Lebesgue measure and A is a Borel
measurable subset of R with m(A) > 0. Prove that if

B={x—y:z,y€ A},

then B contains a non-empty open interval centered at the origin.
This is known as the Steinhaus theorem.

Exercise 4.12 Let m be Lebesgue measure. Construct a Borel
subset A of R such that 0 < m(AN1I) < m(I) for every open
interval I.

Exercise 4.13 Let N be the non-measurable set defined in Section
4.4. Prove that if A C N and A is Lebesgue measurable, then
m(A) = 0.
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Exercise 4.14 Let m be Lebesgue measure. Prove that if A is a
Lebesgue measurable subset of R and m(A) > 0, then there is a
subset of A that is non-measurable.

Exercise 4.15 Let X be a set and A a collection of subsets of X
that form an algebra of sets. Suppose £ is a measure on A such
that ¢(X) < co. Define p* using ¢ as in (4.1). Prove that a set A
is p*-measurable if and only if

i (A) = £(X) — i (4°).

Exercise 4.16 (1) Give an example of a set X and a finite outer
measure p* on X, subsets A, T A of X, and subsets B,, | B of X
such that p*(A,) does not converge to u*(A) and p*(B,,) does not
converge to p*(B).

(2) Let (X, .A,u) be a finite measure space, and define p* as in
Exercise 4.3. Show that if A,, T A for subsets A,,, A of X, then

1 (An) T p(A).

Exercise 4.17 Suppose A is a Lebesgue measurable subset of R
and
B =Ugealz — 1,2+ 1].

Prove that B is Lebesgue measurable.



Chapter 5

Measurable functions

We are now ready to move from sets to functions.

5.1 Measurability

Suppose we have a measurable space (X, A).

Definition 5.1 A function f : X — R is measurable or A measur-
able if {x : f(z) > a} € Aforalla € R. A complex-valued function
is measurable if both its real and imaginary parts are measurable.

Example 5.2 Suppose f is real-valued and identically constant.
Then the set {x : f(x) > a} is either empty or all of X, so f is
measurable.

Example 5.3 Suppose f(z) =1 if 2 € A and 0 otherwise. Then
the set {x : f(z) > a} is either ), A, or X. Hence f is measurable
if and only if A is in A.

Example 5.4 Suppose X is the real line with the Borel o-algebra
and f(xz) = z. Then {z: f(z) > a} = (a,00), and so f is measur-
able.

Proposition 5.5 Suppose f is real-valued. The following condi-
tions are equivalent.

37
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(1) {z: f(z) >a} € A for all a € R;
(2) {z: f(z) <a} € A for all a € R;
(3){z: f(z) <a} €A foralacR;
(4) {z: f(z) > a} € A for all a € R.

Proof. The equivalence of (1) and (2) and of (3) and (4) follow
from taking complements, e.g., {z : f(z) < a} = {z: f(z) > a}“.
If f is measurable, then

{z: f2) 2 a} =mpZi{z: f(2) > a—1/n}
shows that (4) holds if (1) does. If (4) holds, then (1) holds by
using the equality

{o: f(z) > a} = U {o: f(z) > a+1/n}.

This completes the proof. O

Proposition 5.6 If X is a metric space, A contains all the open
sets, and f: X — R is continuous, then f is measurable.

Proof. Note that {z : f(z) > a} = f~!((a,00)) is open, and hence
in A. |

Proposition 5.7 Let c € R. If f and g are measurable real-valued
functions, then so are f +g, —f, cf, fg, max(f,g), and min(f, g).

Proof. If f(x) + g(z) < a, then f(z) < a — g(x), and there exists
a rational r such that f(z) < r < a — g(x). Hence

{z: f(x)+g(x) <a} =Ureq({z: f(x) <r}n{z:glx) <a—r}).
This proves f 4 g is measurable.

Since {x : —f(x) > a} = {z : f(z) < —a}, then —f is measur-
able using Proposition 5.5.

If ¢ > 0, then {z : ¢f(x) > a} = {x : f(z) > a/c} shows cf is
measurable. When ¢ = 0, c¢f is measurable by Example 5.2. When
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¢ < 0, write ¢f = —(Jc|f), which is measurable by what we have
already proved.

f? is measurable since for a < 0, {z : f(x) > a} = X, while for
a>0,

{z: f(2)* >a) ={z: f(z) > Va} U{z: f(z) < —Va}.

The measurability of fg follows since
fg=350f+9)* = f*—¢%.
The equality
{z: max(f(z),9(x)) > a} ={z: f(z) > a} U{z: g(z) > a}

shows max(f, g) is measurable, and the result for min(f, g) follows
from min(f, g) = —max(—f, —g). O

Proposition 5.8 If f; is a measurable real-valued function for
each i, then so are sup; f;, inf; f;, limsup,_, . fi, and liminf;_, f;,
provided they are finite.

Proof. The result will follow for limsup and liminf once we
have the result for the sup and inf by using the definitions since
limsup; f; = inf; sup;>; f; and similarly for the liminf. We have
{z :sup, fi(x) > a} = N2 {z : fi(x) > a}, so sup, f; is measur-
able, and the proof for inf f; is similar. O

Definition 5.9 We say f = g almost everywhere, written f = g
a.e., if {z : f(z) # g(x)} has measure zero. Similarly, we say
fi = [ a.e. if the set of & where f;(x) does not converge to f(x)
has measure zero.

If X is a metric space, B is the Borel o-algebra, and f: X — R
is measurable with respect to B, we say f is Borel measurable. If
f : R — R is measurable with respect to the Lebesgue o-algebra,
we say f is Lebesgue measurable.

We saw in Proposition 5.6 that all continuous functions are
Borel measurable. The same is true for increasing functions on the
real line.
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Proposition 5.10 If f : R — R is monotone, then f is Borel
measurable.

Proof. Let us suppose f is increasing, for otherwise we look at
—f. Given a € R, let g = sup{y : f(y) < a}. If f(zo) < a, then
{z : f(z) > a} = (zg,0). If f(xo) > a, then {z : f(z) > a} =
[0,00). In either case {z : f(x) > a} is a Borel set. O

Proposition 5.11 Let (X, A) be a measurable space and let f :
X — R be an A measurable function. If A is in the Borel o-algebra
on R, then f~1(A) € A.

Proof. Let B be the Borel o-algebra on R and C = {A € B :
f~YA) € A}. If Ay, As, ... € C, then since

FHUA) = Ui fHA) € A,

we have that C is closed under countable unions. Similarly C is
closed under countable intersections and complements, so C is a
o-algebra. Since f is measurable, C contains (a,o0) for every real
a, hence C contains the o-algebra generated by these intervals, that
is, C contains B. O

The above proposition says that if f is measurable, then the
inverse image of a Borel set is measurable.

Example 5.12 Let us construct a set that is Lebesgue measur-
able, but not Borel measurable. Recall the Lebesgue measurable
sets were constructed in Chapter 4 and include the completion of
the Borel o-algebra.

Let f be the Cantor-Lebesgue function of Example 4.11 and
define

F(x) =inf{y: f(y) > z}.

Although F' is not continuous, observe that F' is strictly increasing
(hence one-to-one) and maps [0, 1] into C, the Cantor set. Since F
is increasing, F~' maps Borel measurable sets to Borel measurable
sets.
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Let m be Lebesgue measure and let A be the non-measurable
set we constructed in Proposition 4.15. Let B = F(A). Since
F(A) C Cand m(C) = 0, then F(A) is a null set, hence is Lebesgue
measurable. On the other hand, F/(A) is not Borel measurable, be-
cause if it were, then A = F~1(F(A)) would be Borel measurable,
a contradiction.

5.2 Approximation of functions

Definition 5.13 Let (X,A) be a measurable space. If E € A,
define the characteristic function of E by

(2) 1, xz€kF,
) =
e 0, z¢E.

A simple function s is a function of the form
n
s(x) =Y aixe, (x)
i=1
for real numbers a; and measurable sets E;.

Proposition 5.14 Suppose f is a non-negative and measurable
function. Then there exists a sequence of non-negative measurable
simple functions s, increasing to f.

Proof. Let

Epi = {z: (i — 1)/2" < f(z) < i/2"}

and
Fo={z: f(z) > n}
form=1,2,...and i =1,2,...,n2" Then define

1—1
Sn = Z 2n XEn'L' + nXFn'

In words, s,(z) =n if f(z) > n. If f(z) is between (i — 1)/2"
and /2" for /2" < n, we let s, (x) = (1 — 1)/2".

It is easy to see that s,, has the desired properties. O
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5.3 Lusin’s theorem

The following theorem is known as Lusin’s theorem. It is very
pretty but usually other methods are better for solving problems.
Example 5.16 will illustrate why this is a less useful theorem than
at first glance.

We use m for Lebesgue measure. Recall that the support of a
function f is the closure of the set {x : f(z) # 0}.

Theorem 5.15 Suppose f : [0,1] — R is Borel measurable, m is
Lebesque measure, and € > 0. There exists a closed set F C [0,1]
such that m([0,1] — F) < e and the restriction of f to F is a
continuous function on F.

This theorem can be loosely interpreted as saying every measurable
function is “almost continuous.”

Proof. First let us suppose that f = xa, where A is a Borel
measurable subset of [0,1]. By Proposition 4.14 we can find E
closed and G open such that E C A C G and m(G — A) < /2
and m(A — FE) <¢e/2. Let § = inf{|lz —y| : € E,y € G°}. Since
E cC AcC|0,1], E is compact and ¢ > 0. Letting

o) = (1- LT
where y* = max(y,0) and d(z,E) = inf{|lz —y| : y € E}, we
see that g is continuous, takes values in [0, 1], is equal to 1 on
E, and equal to 0 on G°. Take F = (E U G° N [0,1]. Then
m([0,1] = F) <m(G—-FE) <e,and f =gon F.

Next suppose f = Zf\il a;x 4, is simple, where each A4; is a
measurable subset of [0, 1] and each a; > 0. Choose F; closed such
that m([0,1] — F;) < ¢/M and x4, restricted to F; is continuous.
If we let F' = NM,F;, then F is closed, m([0,1] — F) < ¢, and f
restricted to F' is continuous.

Now suppose f is non-negative, bounded by K, and has support
in [0,1]. Let
A ={x:(i-1)/2" < f(z) <i/2"}.

Then
K2"+1

@)= Y X @)

i=1
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are simple functions increasing to f. Note that

hn(x) = fn-‘rl(x) - fn(x)

is also a simple function and is bounded by 27™. Choose Fj closed
such that m([0, 1] —Fp) < £/2 and fj restricted to Fy is continuous.
For n > 1, choose F}, closed such that m([0,1] — F,,) < ¢/2"*! and
hy, restricted to F}, is continuous. Let F' = NS F,,. Then F, being
the intersection of closed sets, will be closed, and

m([0,1] — F) < i m([0,1] — F,) < e.
n=0

On the set F, we have that fo(z)+ oo hn(z) converges uniformly
to f(x) because each h,, is bounded by 27". The uniform limit of
continuous functions is continuous, hence f is continuous on F.

If f >0, let Bk = {z: f(x) < K}. Since f is everywhere finite,
B 110,1] as K — o0, hence m(Bg) > 1 —¢/3 if K is sufficiently
large. Choose D C By such that D is closed and m(Bx—D) < /3.
Now choose E C [0,1] closed such that f - xp restricted to E is
continuous and m([0,1] — E) < ¢/3. Then F = D N E is closed,
m([0,1] — F) < e, and f restricted to F is continuous.

Finally, for arbitrary measurable f write f = f™ — f~ and find
F* and F~ closed such that m([0,1]—F*) < /2, m([0,1]-F~) <
g/2, and f¥ restricted to FT is continuous and similarly for f~.
Then F = F* N F~ is the desired set. O

Example 5.16 Suppose f = xp, where B consists of the irra-
tionals in [0, 1]. f is Borel measurable because [0,1] — B is count-
able, hence the union of countably many points, and thus the union
of countably many closed sets. Every point of [0,1] is a point of
discontinuity of f because for any = € [0, 1], there are both ratio-
nals and irrationals in every neighborhood of z, hence f takes the
values 0 and 1 in every neighborhood of z.

Recall Example 4.12. f restricted to the set A there is identi-
cally one, hence f restricted to A is a continuous function. A is
closed because it is equal to the interval [0, 1] minus the union of
open intervals.

This does not contradict Lusin’s theorem. No claim is made
that the function f is continuous at most points of [0,1]. What is
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asserted is that there is a closed set F' with large measure so that
f restricted to F' is continuous when viewed as a function from F
to R.

5.4 Exercises

Exercise 5.1 Suppose (X,.A) is a measurable space, f is a real-
valued function, and {x : f(z) > r} € A for each rational number
r. Prove that f is measurable.

Exercise 5.2 Let f : (0,1) — R be such that for every € (0,1)
there exist r > 0 and a Borel measurable function g, both depend-
ing on z, such that f and g agree on (x — r,z +r) N (0,1). Prove
that f is Borel measurable.

Exercise 5.3 Suppose f,, are measurable functions. Prove that
A={z: lim f,(x) exists}
n—oo

is a measurable set.

Exercise 5.4 If f : R — R is Lebesgue measurable, prove that
there exists a Borel measurable function g such that f = g a.e.

Exercise 5.5 Give an example of a collection of measurable non-
negative functions {f,}aca such that if ¢ is defined by g(z) =
Supye fal(x), then g is finite for all z but g is non-measurable. (A
is allowed to be uncountable.)

Exercise 5.6 Suppose f : R — R is Lebesgue measurable and
g : R — R is continuous. Prove that g o f is Lebesgue measurable.
Is this true if ¢g is Borel measurable instead of continuous? Is this
true if g is Lebesgue measurable instead of continuous?

Exercise 5.7 Suppose f : R — R is Borel measurable. Define A
to be the smallest o-algebra containing the sets {z : f(z) > a} for
every a € R. Suppose g : R — R is measurable with respect to
A, which means that {z : g(z) > a} € A for every a € R. Prove
that there exists a Borel measurable function h : R — R such that

g=hof.
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Exercise 5.8 One can show that there exist discontinuous real-
valued functions f such that

flx+y) = fx)+ f(y) (5.1)

for all z,y € R. (The construction uses Zorn’s lemma, which is
equivalent to the axiom of choice.) Prove that if f satisfies (5.1)
and in addition f is Lebesgue measurable, then f is continuous.
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Chapter 6

The Lebesgue integral

In this chapter we define the Lebesgue integral. We only give the
definition here; we consider the properties of the Lebesgue integral
in later chapters.

6.1 Definitions

Definition 6.1 Let (X, A, 1) be a measure space. If

n
S = E a; X E;
=1

is a non-negative measurable simple function, define the Lebesgue
integral of s to be

/sdu = Zaiu(Ei). (6.1)
i=1
Here, if a; = 0 and wu(E;) = oo, we use the convention that

a;p(E;) = 0. If f > 0is a measurable function, define

/fdu:sup{/sdu:Ogsgf,s simple}. (6.2)

Let f be measurable and let f* = max(f,0) and f~ = max(—f,0).
Provided [ f*dp and [ f~ du are not both infinite, define

[tau=[rran= [ 1 an (6.3)
47
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Finally, if f = u+ iv is complex-valued and [(|u| + |v]) dy is finite,
define
/fd,u:/udqui/vdﬂ. (6.4)

A few remarks are in order. A function s might be written
as a simple function in more than one way. For example s =
XAauB = XA + xB if A and B are disjoint. It is not hard to check
that the definition of [ sdu is unaffected by how s is written. If
5= 01 aixa, = Y5 bjxp,, then we need to show

D ain(Ai) =3 biu(B;). (6.5)

We leave the proof of this to the reader as Exercise 6.1.

Secondly, if s is a simple function, one has to think a moment
to verify that the definition of [ sdu by means of (6.1) agrees with
its definition by means of (6.2).

Definition 6.2 If f is measurable and [|f|du < oo, we say f is
integrable.

The proof of the next proposition follows from the definitions.

Proposition 6.3 (1) If f is a real-valued measurable function with
a < f(z) < b for all x and p(X) < oo, then ap(X) < [ fdu <
bu(X);

(2) If f and g are measurable, real-valued, and integrable and
f(z) < g(x) for all z, then [ fdu < [ gdpu.

(3) If f is integrable, then [cf du=c [ fdup for all complex c.

(4) If u(A) = 0 and f is integrable, then [ fxadp = 0.

The integral [ fxadp is often written [, fdu. Other nota-
tion for the integral is to omit the p and write [ f if it is clear
which measure is being used, to write [ f(z)pu(dz), or to write

[ f(@) du().
When we are integrating a function f with respect to Lebesgue
measure m, it is usual to write [ f(z)dx for [ f(z)m(dz) and to
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define .
/ fdr= [ s)mia)

Proposition 6.4 If f is integrable,

YEEI

Proof. For the real case, this is easy. f < |f],so [ f < [|f]. Also
—f <|fl,so — [ f < [|f|. Now combine these two facts.

For the complex case, [ f is a complex number. If it is 0, the
inequality is trivial. If it is not, then [ f = re'? for some r and 6.

Then
‘/f‘:r:e*w/f:/e*wf.

From the definition of [ f when f is complex, it follows that
Re ([ f) = [Re(f). Since | [ f]| is real, we have

[i]=re([er)= [reen < [1n

as desired. 0

We do not yet know that [(f+g) = [ f+ [ g. We will see this
in Theorem 7.4.

6.2 Exercises
Exercise 6.1 Verify (6.5).

Exercise 6.2 Suppose f is non-negative and measurable and p is
o-finite. Show there exist simple functions s, increasing to f at
each point such that pu({z : s,(zr) # 0}) < co for each n.

Exercise 6.3 Let f be a non-negative measurable function. Prove
that

lim (f/\n):/f.

n—roo
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Exercise 6.4 Let (X, A, 1) be a measure space and suppose p is
o-finite. Suppose f is integrable. Prove that given e there exists §
such that

/ (@) p(dz) <
A
J.

whenever p(A) <

Exercise 6.5 Suppose u(X) < oo and f,, is a sequence of bounded
real-valued measurable functions that converge to f uniformly.

Prove that
[ win [ £

This is sometimes called the bounded convergence theorem.

Exercise 6.6 If f, is a sequence of non-negative integrable func-
tions such that f,(x) decreases to f(z) for every x, prove that

[ fodp— [ fdp.

Exercise 6.7 Let (X, A, ) be a finite measure space and sup-
pose f is a non-negative, measurable function that is finite at each
point of X, but not necessarily integrable. Prove that there ex-
ists a continuous increasing function g : [0,00) — [0, 00) such that
lim, 0 g(2) = 00 and g o f is integrable.



Chapter 7

Limit theorems

The main reason the Lebesgue integral is so much easier to work
with than the Riemann integral is that it behaves nicely when
taking limits. In this chapter we prove the monotone convergence
theorem, Fatou’s lemma, and the dominated convergence theorem.
We also prove that the Lebesgue integral is linear.

7.1 Monotone convergence theorem

One of the most important results concerning Lebesgue integration
is the monotone convergence theorem.

Theorem 7.1 Suppose f, is a sequence of non-negative measur-
able functions with fi(x) < fo(x) < --- for all x and with

lim f,(z) = f(x)

n—oo

for all z. Then [ f,dp— [ fdpu.

Proof. By Proposition 6.3(2), [ f, is an increasing sequence of
real numbers. Let L be the limit. Since f, < f for all n, then
L < [ f. We must show L > [ f.

Let s = Y.i" a;xp, be any non-negative simple function less
than or equal to f and let ¢ € (0,1). Let A, = {z : fn(z) > ecs(z)}.

51
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Since f,,(z) increases to f(z) for each x and ¢ < 1, then 4, 1T X.

For each n,
/fn Z/ fn > C/ Sn
A, A,

m
= C/A ZaiXEi

n =1
= cZaiu(Ei NAy).
i=1

If we let n — oo, by Proposition 3.5(3) the right hand side con-

verges to
m
cZaiu(Ei) = c/s.
i=1

Therefore L > ¢ [ s. Since c¢ is arbitrary in the interval (0, 1), then
L > [s. Taking the supremum over all simple s < f, we obtain
L= 0

Example 7.2 Let X = [0,00) and f,(z) = —1/n for all z. Then
[ fn = —00, but f, 1t f where f =0 and [ f = 0. The reason the
monotone convergence theorem does not apply here is that the f,
are not non-negative.

Example 7.3 Suppose f, = nx(,1/n).- Then f, >0, f, — 0 for
each z, but f fn = 1 does not converge to f 0 = 0. The reason the
monotone convergence theorem does not apply here is that the f,
do not increase to f for each x.

7.2 Linearity of the integral

Once we have the monotone convergence theorem, we can prove
that the Lebesgue integral is linear.

Theorem 7.4 If f and g are non-negative and measurable or if f
and g are integrable, then

[+ odu= [ rau+ [gdn
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Proof. First suppose f and g are non-negative and simple, say,
f =" aixa, and g = Z" bjxs,;. Without loss of generality
we may assume that Aj,... Am are pairwise disjoint and that
By, ..., B, are pairwise disjoint. Since a; = 0 and b; = 0 are
permissible, we may also assume U"; A; = X = UJ_; B;. Then

f+g—zz (ai +bj)xa:nB;,

=1 j=1

and we have

/(f+g)=ZZ(az+b) (A; N Bj)
i=1 j=1
:ii aip(A; N B)) +ZZZWA N B;))

Thus the theorem holds in this case.

Next suppose f and g are non-negative. Take s, non-negative,
simple, and increasing to f and ¢, non-negative, simple, and in-
creasing to g. Then s, +1t,, are simple functions increasing to f+g,
so the result follows from the monotone convergence theorem and

/(f+g) = nler;o/(sn+tn) = lim sn+n1er;o/tn = /f+/g.

Suppose now that f and g are real-valued and integrable but
take both positive and negative values. Since

Jir+a< [an+ia= [ 11+ [1ol <

then f 4 g is integrable. Write
S+ -+~ =f+g=F"—f"+g" -y,
so that

f+9)" "+ +g =f"+9"+(f+9).
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Using the result for non-negative functions,

/f+g /f +/ =/f++/g++/(f+g)‘

Rearranging,

/(f+9)=/(f+9)+—/(f+g)‘
fr-frefe- ]
i+

If f and g are complex-valued, apply the above to the real and
imaginary parts. O

Proposition 7.5 Suppose f,, are non-negative measurable func-

tions. Then - -
Jrm=xfn

Proof. Let Fy = . f,. Since 0 < Fyo(z) T 3°°, fulx), we

can write

/Zn/mnin

n=1

:/ lim Fy = hm Fn (7.1)

N—oco

:Q&Z/nfzfm

n=1 n=1

using the monotone convergence theorem and the linearity of the
integral. O

7.3 Fatou’s lemma

The next theorem is known as Fatou’s lemma.
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Theorem 7.6 Suppose the f, are non-negative and measurable.

Then
/hm inf f, < hm mf/fn
n—oo

Proof. Let g, = inf;>, f;. Then the g, are non-negative and
gn increases to liminf, f,. Clearly g, < f; for each i > n, so

J gn < [ fi- Therefore
/gn < inf/fi. (7.2)
i>n

If we take the limit in (7.2) as n — oo, on the left hand side we
obtain [liminf, f, by the monotone convergence theorem, while
on the right hand side we obtain liminf,, [ f,. O

A typical use of Fatou’s lemma is the following. Suppose we
have f, — f and sup,, [ |fn] < K < co. Then |f,| = |f|, and by
Fatou’s lemma, [ |f| < K.

7.4 Dominated convergence theorem

Another very important theorem is the dominated convergence the-
orem.

Theorem 7.7 Suppose that f, are measurable real-valued func-
tions and fn(x) — f(x) for each x. Suppose there erxists a non-
negative integrable function g such that |fn(z)| < g(x) for all x.
Then

lim [ f,dp— /fd,u.

n—

Proof. Since f,, + g > 0, by Fatou’s lemma,

[+ [a=[+9 <tmint [(5u+9) timint [ 7.+ [

Since g is integrable,

n—oo

£ < liminf / . (7.3)
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Similarly, g — f, >0, so

[o-[ 1= [@-n <timint [@g=p) = [g+timint (1),

and hence
—/fgliminf (—=fn) :—hmsup/fn
n—00 n— 00
Therefore
£ = tmsuwp [ 1,
n—oo
which with (7.3) proves the theorem. O

Exercise 7.1 asks you to prove a version of the dominated con-
vergence theorem for complex-valued functions.

Example 7.3 is an example where the limit of the integrals is not
the integral of the limit because there is no dominating function g.

If in the monotone convergence theorem or dominated conver-
gence theorem we have only f,(z) — f(z) almost everywhere, the
conclusion still holds. For example, if the f,, are measurable, non-
negative, and f, 1 f ae., let A = {z : f,(z) — f(z)}. Then
faxa(x) 1 fxa(z) for each . Since A° has measure 0, we see from
Proposition 6.3(4) and the monotone convergence theorem that

i [ g, =t [ fixa= [ fra= [ £

7.5 Exercises

Exercise 7.1 State and prove a version of the dominated conver-
gence theorem for complex-valued functions.

Exercise 7.2 The following generalized dominated convergence
theorem is often useful. Suppose f,,gn, f, and g are integrable,
fn = [ ae, g, — g ae., |fu] < gy for each n, and [g, = [g.
Prove that [ f, — [ f.

Exercise 7.3 Give an example of a sequence of non-negative func-
tions f, tending to 0 pointwise such that [ f, — 0, but there is no
integrable function g such that f,, < g for all n.
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Exercise 7.4 Suppose (X, A, ) is a measure space, each f, is
integrable and non-negative, f, — f a.e., and [ f, — [ f. Prove

that for each A € A
/ Jndp — / fdp.
A A

Exercise 7.5 Suppose f, and f are integrable, f, — f a.e., and
J1fal = [1f]. Prove that

[1t.=11-0

Exercise 7.6 Suppose f : R — R is integrable, a € R, and we
define

ro) = [ " f(w)dy.

Show that F' is a continuous function.

Exercise 7.7 Let f, be a sequence of non-negative Lebesgue mea-
surable functions on R. Is it necessarily true that

lim sup/fn dx < /lim sup fr, dx?

n— oo n—oo

If not, give a counterexample.

Exercise 7.8 Find the limit

n —

lim (1 + %) ! log(2 + cos(xz/n)) dx

n—oo 0

and justify your reasoning.

Exercise 7.9 Find the limit

n

lim (1 - %)n log(2 + cos(xz/n)) dz

n—oo 0

and justify your reasoning.

Exercise 7.10 Prove that the limit exists and find its value:

1 2
1
nli_{I;o A i sz)n log(2 + cos(z/n)) dz.
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Exercise 7.11 Prove the limit exists and determine its value:

o0

lim ne” " sin(1/z) dx.
n—oo 0

Exercise 7.12 Let g : R — R be integrable and let f : R — R be
bounded, measurable, and continuous at 1. Prove that

n
lim f(1 + %)g(z) dz
n—oo J_ n
exists and determine its value.
Exercise 7.13 Suppose pu(X) < 00, f, converges to f uniformly,

and each f, is integrable. Prove that f is integrable and [ f,, —
J f- Is the condition p(X) < co necessary?

Exercise 7.14 Prove that

> 1 Logp
—_— = — 1 d
bt h)? /0 1_xogx T

k=1
for p > 0.

For this problem you may use the fact that if f is continuous
on [a,b] and F is differentiable on [a,b] with derivative f, then
fab f(x)dz = F(b) — F(a). This follows by the results of the next
chapter and the fundamental theorem of calculus.

Exercise 7.15 Let {f,} be a sequence of real-valued functions on
[0,1] that is uniformly bounded.

(1) Show that if A is a Borel subset of [0, 1], then there exists a
subsequence n; such that [, fn, (x)dz converges.

(2) Show that if {A;} is a countable collection of Borel subsets of
[0,1], then there exists a subsequence n; such that [ A, fn;(2) dz
converges for each 1.

(3) Show that there exists a subsequence n; such that [, f,, () dz
converges for each Borel subset A of [0, 1].

Exercise 7.16 Let (X, A, u) be a measure space. A family of
measurable functions {f,} is uniformly integrable if given e there
exists M such that

/ )| dpt < &
{z:| fn(z)|>M}



7.5. EXERCISES 59

for each n. The sequence is uniformly absolutely continuous if given
€ there exists § such that
’ / fn dp‘ <e
A

Suppose p is a finite measure. Prove that {f,} is uniformly
integrable if and only if sup,, [ |fn|dp < oo and {f,} is uniformly
absolutely continuous.

for each n if u(A) < 4.

Exercise 7.17 The following is known as the Vitali convergence
theorem. Suppose 4 is a finite measure, f, — f a.e., and {f,} is
uniformly integrable. Prove that [ |f, — f| — 0.

Exercise 7.18 Suppose u is a finite measure, f, — f a.e., each
fn is integrable, f is integrable, and [|f, — f| — 0. Prove that
{fn} is uniformly integrable.

Exercise 7.19 Suppose p is a finite measure and for some € > 0
sup [ 1f.[7du < oc.
n
Prove that {f,} is uniformly integrable.

Exercise 7.20 Suppose f, is a uniformly integrable sequence of
functions defined on [0,1]. Prove that there is a subsequence n;,
such that fol Jn;g dz converges whenever g is a real-valued bounded
measurable function.

Exercise 7.21 Suppose p, is a sequence of measures on (X, .A)
such that p,(X) =1 for all n and p,(A) converges as n — oo for
each A € A. Call the limit p(A).

(1) Prove that p is a measure.

(2) Prove that [ fdp, — [ fdup whenever f is bounded and mea-
surable.

(3) Prove that

/fdugliminf/fd,un
n—oo

whenever f is non-negative and measurable.



60 CHAPTER 7. LIMIT THEOREMS

Exercise 7.22 Let (X, A, 1) be a measure space and let f be non-
negative and integrable. Define v on A by

V(A):/Afdu.

(1) Prove that v is a measure.
(2) Prove that if g is integrable with respect to v, then fg is inte-
grable with respect to p and

/gdl/=/fgdu-

Exercise 7.23 Suppose p and v are positive measures on the Borel
o-algebra on [0,1] such that [ fdp = [ fdv whenever f is real-
valued and continuous on [0,1]. Prove that pu = v.

Exercise 7.24 Let B be the Borel o-algebra on [0, 1]. Let u,, be a
sequence of finite measures on ([0, 1], B) and let p be another finite
measure on ([0,1],B). Suppose p,([0,1]) — ([0, 1]). Prove that
the following are equivalent:

(1) f fdu, — f fdp whenever f is a continuous real-valued func-
tion on [0, 1];

(2) limsup,,_, o n(F) < u(F) for all closed subsets F of [0, 1];

(3) liminf,, 00 n(G) > 1(G) for all open subsets G of [0, 1];

(4) limy 00 ptn(A) = p(A) whenever A is a Borel subset of [0, 1]
such that p(0A) = 0, where 04 = A — A° is the boundary of A4;
(5) limp, 00 10 ([0, 2]) = p([0, z]) for every x such that p({z}) = 0.

Exercise 7.25 Let B be the Borel o-algebra on [0, 1]. Suppose
pn, are finite measures on ([0, 1], B) such that [ fdu, — fol fdz
whenever f is a real-valued continuous function on [0, 1]. Suppose
that ¢ is a bounded measurable function such that the set of dis-
continuities of g has measure 0. Prove that

1
/gdun—>/ gdz.
0

Exercise 7.26 Let B be the Borel o-algebra on [0, 1]. Let u,, be a
sequence of finite measures on ([0, 1], B) with sup,, 11, ([0,1]) < co.
Define ay,(z) = pn ([0, z]).

(1) If r is a rational in [0, 1], prove that there exists a subsequence
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{n;} such that a,,(r) converges.

(2) Prove that there exists a subsequence {n;} such that a,(r)
converges for every rational in [0, 1].

(3) Let @(r) = limy, 00 vy (1) for r rational and define

= 1l a(r).
a(x) r%x{ir-{lre(@a(r)

This means, since clearly @(r) < @(s) if r < s, that
a(z) = inf{a(r) : r > z,r € Q}.

Let u be the Lebesgue-Stieltjes measure associated with «. Prove

that
[t [ s

whenever f is a continuous real-valued function on [0, 1].
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Chapter 8

Properties of Lebesgue
integrals

We present some propositions which imply that a function is zero
a.e. and we give an approximation result.

8.1 Criteria for a function to be zero a.e.

The following two propositions are very useful.
Proposition 8.1 Suppose f is real-valued and measurable and for

every measurable set A we have fA fdu=0. Then f =0 almost
everywhere.

Proof. Let A= {z: f(z) > ¢}. Then

0—/f>/6—6u( )

since fxa > exa. Hence pu(A) = 0. We use this argument for
e=1/nand n=1,2,... to conclude

pla s f(x) >0} = p(UpZ{z : f(z) > 1/n})
Z z)>1/n}) =0.
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Similarly p{x : f(z) <0} =0. O

Proposition 8.2 Suppose f is measurable and non-negative and
f fdu=0. Then f =0 almost everywhere.

Proof. If f is not equal to 0 almost everywhere, there exists an n
such that u(A,) > 0 where A,, = {z : f(z) > 1/n}. But since f is

non-negative,
1
o= [z [ = quca.
An n

a contradiction. O

As a corollary to Proposition 8.1 we have the following.

Corollary 8.3 Let m be Lebesgue measure and a € R. Suppose
f: R — R is integrable and f; fly)dy =0 for all xz. Then f =0
a.e.

Proof. For any interval [c, d],

[s=[-[s

By linearity, if GG is the finite union of disjoint intervals, then
fG f = 0. By the dominated convergence theorem and Proposi-
tion 1.5, fG f = 0 for any open set G. Again by the dominated
convergence theorem, if GG,, are open sets decreasing to H, then

fozlimnfan:O.

If F is any Borel measurable set, Proposition 4.14 tells us that
there exists a sequence G,, of open sets that decrease to a set H
where H differs from E by a null set. Then

[r=[txe=[ru=[ =0

This with Proposition 8.1 implies f is zero a.e. O
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8.2 An approximation result

We give a result on approximating a function on R by continuous
functions.

Theorem 8.4 Suppose f is a Borel measurable real-valued inte-
grable function on R. Let € > 0. Then there exists a continuous
function g with compact support such that

/If—g|<8-

Proof. If we write f = fT — f—, it is enough to find continuous
functions g1 and g, with compact support such that [ [ft —g1| <
g/2 and [|f~ — g2 < e/2 and to let g = g1 — go. Hence we may
assume f > 0.

By the monotone convergence theorem, f [+ X[=n,n) increases
to [ f, so by taking n large enough, the difference of the integrals
will be less than £/2. If we find g continuous with compact support
such that [ |f-x[—n.n — 9l <&/2, then [|f—g| < e. Therefore we
may in addition assume that f is 0 outside some bounded interval.

Suppose f = x4, where A is a bounded Borel measurable set.
We can choose G open and F' closed such that F € A C G and
m(G — F) < ¢ by Proposition 4.14. Without loss of generality, we
may assume G is also a bounded set. Since F' is compact, there is
a minimum distance between F' and G°, say, 0. Let

o) = (1 B dist(asc,F))-*'.

Then g is continuous, 0 < g <1,gis1on F, gis 0 on G, and g
has compact support. We have
lg — xal < xc¢ — xF,
SO
J1a=xal < [ =xe) =m(G- ) <.
Thus our result holds for characteristic functions of bounded sets.

If f=37" a;xa,, where each A; is contained in a bounded
interval and each a; > 0, and we find g; continuous with compact
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support such that [|xa, — ¢;| < €/a;p, then g = 37 | a;g; will
be the desired function. Thus our theorem holds for non-negative
simple functions with compact support.

If f is non-negative and has compact support, we can find simple
functions s,, supported in a bounded interval increasing to f whose
integrals increase to [ f. Let s, be a simple function such that
$m < fand [s, > [f—e¢/2. We choose continuous g with
compact support such that [ [s,, — g| < €/2 using the preceding
paragraphs, and then [|f —g| <e. |

The method of proof, where one proves a result for characteristic
functions, then simple functions, then non-negative functions, and
then finally integrable functions, is very common.

8.3 Exercises

Exercise 8.1 This exercise gives a change of variables formula in
two simple cases. Show that if f is an integrable function on the
reals and a is a non-zero real number, then

/Rf(x—i—a)dx:/Rf(x)dx

and
Af@ﬂ@:w*éﬂmm.

Exercise 8.2 Let (X, A, 1) be a o-finite measure space. Suppose
f is non-negative and integrable. Prove that if € > 0, there exists
A € A such that p(A) < co and

5+Af@>/f@.

Exercise 8.3 Suppose A is a Borel measurable subset of [0, 1], m
is Lebesgue measure, and ¢ € (0,1). Prove that there exists a
continuous function f : [0,1] — R such that 0 < f <1 and

m({z: f(z) # xalx)}) <e.
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Exercise 8.4 Suppose f is a non-negative integrable function on
a measure space (X, A4, ). Prove that

Jim ¢ p({z: f(z) > 1}) = 0.

Exercise 8.5 Find a non-negative function f on [0, 1] such that

lim tm({z: f(z) >t})=0

t—o0

but f is not integrable, where m is Lebesgue measure.

Exercise 8.6 Suppose p is a finite measure. Prove that a measur-
able non-negative function f is integrable if and only if

S ul{e s (@) 2 n}) < oo,

n=1

Exercise 8.7 Let p be a measure, not necessarily o-finite, and
suppose f is real-valued and integrable with respect to p. Prove
that A = {x: f(z) # 0} has o-finite measure, that is, there exists
F, 1 A such that u(F,) < oo for each n.

Exercise 8.8 Recall that a function f: R — R is convex if

fOAz 4+ (1= Ny) <Af(@)+ (1= A)f(y)

whenever z <y € R and X € [0, 1].

(1) Prove that if f is convex and = € R, there exists a real number
¢ such that f(y) > f(z) + ¢(y — z) for all y € R. Graphically, this
says that the graph of f lies above the line with slope ¢ that passes
through the point (z, f(z)).

(2) Let (X, A, 1) be a measure space, suppose u(X) = 1, and let
f R — R be convex. Let g : X — R be integrable. Prove Jensen’s

inequality:
f(/gdu) S/ fogdu.
X

Exercise 8.9 Suppose f is a real-valued function on R such that

1([ o) < [ oy ae

whenever g is bounded and measurable. Prove that f is convex.
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Exercise 8.10 Suppose g : [0,1] — R is bounded and measurable
and

/ f(2)g(x) dz =0
0

whenever f is continuous and fol f(z)dx = 0. Prove that g is equal
to a constant a.e.



Chapter 9

Riemann integrals

We compare the Lebesgue integral and the Riemann integral. We
show that the Riemann integral of a function exists if and only if
the set of discontinuities of the function have Lebesgue measure
zero, and in that case the Riemann integral and Lebesgue integral
agree.

9.1 Comparison with the Lebesgue in-
tegral

We only consider bounded measurable functions from [a, b] into R.
If we are looking at the Lebesgue integral, we write [ f, while, tem-
porarily, if we are looking at the Riemann integral, we write R(f).
Recall that the Riemann integral on [a,b] is defined as follows: if
P ={zg,21,...,2,} with o = a and z,, = b is a partition of [a, b],
let

UPf)= i ( sup f(x)) (i — 1)

i=1 zi—1<z<z;

and
=55t ) )
i=1 i—1 [

Set
R(f) = inf{U(P, f) : P is a partition}

69
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and
R(f) =sup{L(P, f) : P is a partition}.

The Riemann integral exists if R(f) = R(f), and the common value
is the Riemann integral, which we denote R(f).

Theorem 9.1 A bounded Borel measurable real-valued function f
on [a,b] is Riemann integrable if and only if the set of points at
which f is discontinuous has Lebesgue measure 0, and in that case,
the Riemann integral is equal in value to the Lebesque integral.

Proof. Step 1. First we show that if f is Riemann integrable, then
[ is continuous a.e. and R(f) = [ f. If P is a partition, define

To@) =32 swp 1) Xorrrn@)

i=1 zi—1Sy<w;

and

.Z (961 1H<1£<3r:7 y))X[IFl’zi)@j).

i=1
We observe that [Tp = U(P, f) and [ Sp = L(P, f).

If f is Riemann integrable, there exists a sequence of parti-
tions @Q; such that U(Q;, f) 4 R(f) and a sequence @} such that
L(Q%, f) T R(f). It is not hard to check that adding points to a par-
tition increases L and decreases U, so if we let P; = U;<;(Q; UQ),
then P; is an increasing sequence of partitions, U(P;, f) | R(f)
and L(P;, f) T R(f). We see also that Tp,(z) decreases at each
point, say, to T'(z), and Sp,(x) increases at each point, say, to
S(z). Also T'(x) > f(x) > S(z). By the dominated convergence
theorem (recall that f is bounded)

1—> 00 1—> 00

ﬂTﬂFﬁm(Mf$Mmemj%M&ﬂF

We conclude T'= S = f a.e.

If 2 is not in the null set where T'(x) # S(z) nor in U; P;, which is
countable and hence of Lebesgue measure 0, then T'p, () | f(z) and
Sp,(z) T f(x). We claim that f is continuous at such z. To prove
the claim, given ¢, choose i large enough so that Tp, (x)—Sp,(z) < €
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and then choose § small enough so that (z — §, 2 4 4) is contained
in the subinterval of P; that contains z. Finally, since

i—00

R(f) = lim U(P, f) = hm/TP _/f

by the dominated convergence theorem, we see that the Riemann
integral and Lebesgue integral agree.

Step 2. Now suppose that f is continuous a.e. Let € > 0. Let P;
be the partition where we divide [a,b] into 2¢ equal parts. If z is
not in the null set where f is discontinuous, nor in U2, F;, then

Tp,(z) | f(z) and Sp,(z) T f(x). By the dominated convergence

theorem7
U(Pi,f):/Tpi —>/f
and
L(P, f) :/Spi —>/f.
This does it. m|

Example 9.2 Let [a,b] = [0,1] and f = x4, where A is the set of
irrational numbers in [0,1]. If z € [0, 1], every neighborhood of
contains both rational and irrational points, so f is continuous at
no point of [0, 1]. Therefore f is not Riemann integrable.

Example 9.3 Define f(x) on [0, 1] to be 0 if z is irrational and to
be 1/q if z is rational and equals p/q when in reduced form. f is
discontinuous at every rational. If z is irrational and € > 0, there
are only finitely many rationals r for which f(r) > ¢, so taking
0 less than the distance from = to any of this finite collection of
rationals shows that |f(y) — f(z)| < € if |y — x| < §. Hence f is
continuous at x. Therefore the set of discontinuities is a countable
set, hence of measure 0, hence f is Riemann integrable.

9.2 Exercises

Exercise 9.1 Find a measurable function f : [0,1] — R such that

£) # fo f(z)dz and R(f) # [y f(z)da
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Exercise 9.2 Find a function f : (0,1] — R that is continuous,
is not Lebesgue integrable, but where the improper Riemann inte-
gral exists. Thus we want f such that fol |f(z)|m(dz) = oo but
limg 04 R(fX[a,1)) exists.

Exercise 9.3 Suppose f : [0,1] — R is integrable, f is bounded
on (a, 1] for each a > 0, and the improper Riemann integral

al_l)f(r]l+ R(fX(a,l])

exists. Show that the limit is equal to fol f(x)dx.

Exercise 9.4 Divide [a,b] into 2" equal subintervals and pick a
point x; out of each subinterval. Let i, be the measure defined by

on

pn(d) = 277 5, (do),

i=1

where d, is point mass at y. Note that if f is a bounded measurable
real-valued function on [a, b], then

on

b
/ £(&) (o) = 3 Fla)2 " (9.1)

is a Riemann sum approximation to R(f).

(1) Prove that ([0, z]) — m([0,z]) for every x € [0,1]. Conclude
by Exercise 7.24 that [ fdu, — fol f dz whenever f is continuous.
(2) Use Exercise 7.25 to see that if f is a bounded and measurable
function on [a, b] whose set of discontinuities has measure 0, then
the Riemann sum approximation of f given in (9.1) converges to
the Lebesgue integral of f. This provides an alternative proof of
Step 2 of Theorem 9.1.

Exercise 9.5 Let f be a bounded, real-valued, and measurable
function. Prove that if

f = lim sup ),
020y —g|<5,a<y<b

then i: T a.e., where we use the notation of Theorem 9.1. Con-
clude f is Lebesgue measurable.
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Exercise 9.6 Define f = lims_,oinf,_;|<5a<y<s f(y) and let f
be defined as in Exercise 9.5.
(1) Suppose that the set of discontinuities of a bounded real-valued
measurable function f has positive Lebesgue measure. Prove that
there exists € > 0 such that if

A= {w e8] : T(x) — f(2) > ).

then m(A.) > 0.
(2) Prove that U(P, f) — L(P, f) > em(A.) for every partition P
on [a,b], using the notation of Theorem 9.1. Conclude that f is

not Riemann integrable. This provides another proof of Step 1 of
Theorem 9.1.

Exercise 9.7 A real-valued function on a metric space is lower
semicontinuous if {x : f(z) > a} is open whenever ¢ € R and
upper semicontinuous if {z : f(x) < a} is open whenever a € R.
(1) Prove that if f,, is a sequence of real-valued continuous functions
increasing to f, then f is lower semicontinuous.

(2) Find a bounded lower semicontinuous function f : [0,1] = R
such that f is continuous everywhere except at z = 1/2.

(3) Find a bounded lower semicontinuous real-valued function f
defined on [0, 1] such that the set of discontinuities of f is equal to
the set of rationals in [0, 1].

(4) Find a bounded lower semicontinuous function f : [0,1] = R
such that the set of discontinuities of f has positive measure.

(5) Does there exist a bounded lower semicontinuous function f :
[0,1] — R such that f is discontinuous a.e.?

Exercise 9.8 Find a sequence f,, of continuous functions mapping
[0,1] into [0,1] such that the f, increase to a bounded function f
which is not Riemann integrable. Such an example shows there
is no monotone convergence theorem or dominated convergence
theorem for Riemann integrals.

Exercise 9.9 Let M > 0 and let B be the o-algebra on [—M, M]?
generated by the collection of sets of the form [a,b] X [¢,d] with
—M<a<b<Mand —M <c¢<d< M. Suppose u is a measure
on ([—M, M]?, B) such that

u(la,B] x [e,d)) = (b — a)(d - ).

(We will construct such a measure p in Chapter 11.) Prove that
if f is continuous with support in [—M, M]?, then the Lebesgue
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integral of f with respect to u is equal to the double (Riemann)
integral of f and the two multiple (Riemann) integrals of f.



Chapter 10

Types of convergence

There are various ways in which a sequence of functions f, can
converge, and we compare some of them.

10.1 Definitions and examples

Definition 10.1 If ;4 is a measure, we say a sequence of mea-
surable functions f, converges almost everywhere to f and write
fn — f a.e. if there is a set of measure 0 such that for  not in
this set we have f,(z) — f(x).

We say f,, converges in measure to f if for each € > 0
p{z | fu(z) — f(@)] >€}) =0
as nm — 0o.

Let 1 < p < oo. We say f, converges in LP to f if

[15a=swdu—o

as n — oQ.

Proposition 10.2 (1) Suppose p is a finite measure. If f,, = f
a.e., then f, converges to f in measure.

(2) If u is a measure, not necessarily finite, and f, — f in
measure, there is a subsequence nj; such that f,, — f a.e.

75
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Proof. Let € > 0 and suppose f, — f a.e. If
An = {:L' : ‘fn(z) - f(l‘)‘ > E}’

then x4, — 0 a.e., and by the dominated convergence theorem,

H(A,) = / xan () p(de) — 0.

This proves (1).

To prove (2), suppose f, — f in measure, let ny = 1, and
choose n; > n;_; by induction so that

W5 1y @) = F@) > 1)) <277,
Let Aj = {x :|fy,(x) — f(z)| > 1/j}. If we set
A= e, Uy Ay,

then by Proposition 3.5

RT 00 _ . ] . —k+1

p(A) = Tim p(U52A;) < Tim Zku(Ag) < lim 27+ =0,
=

Therefore A has measure 0. If 2 ¢ A, then x ¢ U2, A; for some

k, and so |fn,(z) — f(z)] < 1/j for j > k. This implies f,, — f on

Ac. O

If A=ng2, U5, Aj, then z € A if and only if z is in infinitely
many of the A;. Sometimes one writes A = {4, i.0.}.

Example 10.3 Part (1) of the above proposition is not true if
pu(X) = co. To see this, let X =R and let f, = X(n,n+1). We have
fn — 0 a.e., but f, does not converge in measure.

The next proposition compares convergence in LP to conver-
gence in measure. Before we prove this, we prove an easy prelimi-
nary result known as Chebyshev’s inequality.

Lemma 10.4 If1 <p < oo, then

J1117 dp

aP

p{z: |f(2)] = a}) <
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Proof. Let A= {z:|f(x)| > a}. Since x4 < |f|Pxa/a?, we have

1 /
< - < — Pdu.
_/A < — [ £ dp

This is what we wanted. O

Proposition 10.5 If f,, converges to f in LP, then it converges in
measure.

Proof. If ¢ > 0, by Chebyshev’s inequality

p{z = [ fn() = f(@)] > €}) = p({z - [fulz) = f(2)]7 > ")
flfn R

ep

as required. O

Example 10.6 Let f, = n®x(0,1/5) on [0,1] and let 11 be Lebesgue
measure. This gives an example where f, converges to 0 a.e. and
in measure, but does not converge in L? for any p > 1.

Example 10.7 We give an example where f,, — f in measure and
in LP, but not almost everywhere. Let S = {e¢?® : 0 < 6 < 27} be
the unit circle in the complex plane and define

w(A) =m({0 € [0,27) : ¥ € A})

to be arclength measure on S, where m is Lebesgue measure on
[0, 27).

Let X = S and let f,,(x) = xF, (z), where

n+1

Fn:{ Z <9<Z }

Jj= 1
Let f(e?) = 0 for all 6.

Then pu(F,) < 1/(n+1) = 0, so f, — f in measure. Also,
since fy, is either 1 or 0,

=g dn= [ o, du= ntn) o
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But because Z;’il 1/j = oo, each point of S is in infinitely many
F,,, and each point of S is in S — F,, for infinitely many n, so f,
does not converge to f at any point.

The F,, are arcs whose length tends to 0, but such that U,>,, F},
contains S for each m.

The following is known as Egorov’s theorem.

Theorem 10.8 Suppose u is a finite measure, € > 0, and f, — f
a.e. Then there exists a measurable set A such that u(A) < € and
fn — [ uniformly on A°.

This type of convergence is sometimes known as almost uniform
convergence. Fgorov’s theorem is not as useful for solving problems
as one might expect, and students have a tendency to try to use it
when other methods work much better.

Proof. Let

Ang = Ui {2 = [fm(2) = f(2)] > 1/k}

For fixed k, A, decreases as n increases. The intersection N, A,
has measure 0 because for almost every z, |f(z) — f(z)] < 1/k if
m is sufficiently large. Therefore u(Anr) — 0 as n — co. We can
thus find an integer ny such that p(A,,x) < e27F. Let

A= Ul?;]Anklw

Hence pu(A) <e. If x ¢ A, then x ¢ A, 1, and so |f,(x) — f(z)] <

1/k if n > ng. Thus f,, — f uniformly on A€. |

10.2 Exercises

Exercise 10.1 Suppose that f,, is a sequence that is Cauchy in
measure. This means that given € and a > 0, there exists N such
that if m,n > N, then

/.L({.I‘ : |f’ﬂ('r) - fm(x)‘ > a}) < €.

Prove that f,, converges in measure.
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Exercise 10.2 Suppose p(X) < oo. Define

_ [ _If =4
d(f.g) = /mdﬂ-

Prove that d is a metric on the space of measurable functions,
except for the fact that d(f,g) = 0 only implies that f = g a.e.,
not necessarily everywhere. Prove that f,, — f in measure if and
only if d(fn, f) — 0.

Exercise 10.3 Prove that if f, — f in measure and each f, is

non-negative, then
/f < hminf/fn.
n—oo

Exercise 10.4 Prove that if A, is measurable, u(4,) < oo for
each n, and x4, converges to f in measure, then there exists a
measurable set A such that f = x4 a.e.

Exercise 10.5 Suppose for each € there exists a measurable set F'
such that u(F€) < € and f,, converges to f uniformly on F. Prove
that f, converges to f a.e.

Exercise 10.6 Suppose that f, and f are measurable functions
such that for each € > 0 we have

D ul{@: | falz) = f(z)] > €}) < oo
n=1
Prove that f,, — f a.e.

Exercise 10.7 Let f,, be a sequence of measurable functions and
define

gn(x) = sup |fm(x) = fu(z)].

m>n

Prove that if g,, converges in measure to 0, then f, converges a.e.

Exercise 10.8 If (X, A, 1) is a measure space and f, is a sequence
of real-valued measurable functions such that [ f,gdu converges
to 0 for every integrable g, is it necessarily true that f, converges
to 0 in measure? If not, give a counterexample.

Exercise 10.9 Suppose (X, A, ) is a measure space and X is a
countable set. Prove that if f, is a sequence of measurable func-
tions converging to f in measure, then f,, also converges to f a.e.
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Chapter 11

Product measures

We have defined Lebesgue measure on the line. Now we give a
method for constructing measures on the plane, in n-dimensional
Euclidean spaces, and many other product spaces. The main theo-
rem, the Fubini theorem, which allows one to interchange the order
of integration, is one of the most important theorems in real anal-
ysis.

11.1 Product o-algebras

Suppose (X, A, 1) and (Y, B, v) are two measure spaces and suppose
also that p and v are o-finite measures. A measurable rectangle is
a set of the form A x B, where A € A and B € B.

Let Cy be the collection of finite unions of disjoint measurable
rectangles. Thus every element of Cy is of the form U, (A; x B;),
where A; € A, B; € B, and if i # j, then (A; x B;)N(A; x B;) = 0.
Since (A x B)® = (A x B°) U (A° x Y) and the intersection of two
measurable rectangles is a measurable rectangle, it is easy to check
that Cy is an algebra of sets. We define the product o-algebra

A x B = O'(C()).
If E € A x B, we define the x-section of E by
so(E) ={y €Y :(z,y) € E}
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and similarly define the y-section:

t,(E) = {z: (v.y) € E}.

Given a function f : X XY — R that is A x B measurable, for each
z and y we define S, f : Y — Rand Ty, f : X — R by

Sef(y) = fx,y),  T,f(x) = f(z,y).

Lemma 11.1 (1) If E € A x B, then s,(F) € B for each x and
ty(E) € A for each y.

(2) If f is A x B measurable, then S, f is B measurable for each x
and Ty f is A measurable for each y.

Proof. (1) Let C be the collection of sets in A x B for which
sz (E) € B for each x. We will show that C is a o-algebra containing
the measurable rectangles, and hence is all of A x B.

If F = A x B, then s,(F) is equal to B if x € A and equal to
0 if x ¢ A. Hence s,(E) € B for each  when E is a measurable
rectangle.

If £ € C, then y € s,(F°) if and only if (z,y) € E°, which
happens if and only if y ¢ s, (E). Therefore s, (F€) = (s, (E))¢, and
C is closed under the operation of taking complements. Similarly,
it is easy to see that s, (U2, E;) = U2, s, (E;), and so C is closed
under the operation of countable unions.

Therefore C is a o-algebra containing the measurable rectangles,
and hence is equal to A x B. The argument for ¢,(F) is the same.

(2) Fix . If f = xg for E € A x B, note that S;f(y) =
Xs. (E)(y), which is B measurable. By linearity, S, f is B measurable
when f is a simple function. If f is non-negative, take A x B
measurable simple functions r,, increasing to f, and since S,r, 1
S, f, then S, f is B measurable. Writing f = f* — f~ and using
linearity again shows that S, f is B measurable. The argument for
Ty f is the same. O

Let £ € A x B and let

hz) =v(s.(E),  k(y) = ulty(E)).
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Proposition 11.2 (1) h is A measurable and k is B measurable.
(2) We have

/ h(x) uldr) = / k(y) v(dy). (11.1)

Since X, (m)(y) = Sxe(y) for all  and y, (11.1) could be
written as

/ [ / Suxe(y) v(dy)| pldr) = / [ / T, xs(z) p(dz)] v(dy).

We will usually write this as

[ [ xetwvianao) = [ [ e ue) vidy).

Proof. First suppose p and v are finite measures. Let C be the
collection of sets in .4 x B for which (1) and (2) hold. We will prove
that C contains Cy and is a monotone class. This will prove that C
is the smallest o-algebra containing Cy and hence is equal to A x B.

If E=Ax B, with A € Aand B € B, then h(z) = xa(z)v(B),
which is A measurable, and [ h(z) u(dzx) = p(A)v(B). Similarly,
k(y) = u(A)xp(y) is B measurable and [ k(y) v(dy) = u(A)v(B).
Therefore (1) and (2) hold for measurable rectangles.

If E = U} E;, where each E; is a measurable rectangle and the
E; are disjoint, then s,(E) = U™ s, (E;), and since the s,(E;) are
disjoint, then

n

h(z) = v(s:(B)) = v(Ulys0(Ei) = Y v(sa(E)).

i=1

This shows that h is A measurable, since it is the sum of A mea-
surable functions. Similarly k(y) is B measurable. If we let h;(x) =
v(s;(E;)) and define k;(y) similarly, then

/hl(x) p(dz) = /kzl(y) v(dy)

by the preceding paragraph, and then (2) holds for E by linearity.
Therefore C contains Cg.

Suppose E,, T E and each E,, € C. If we let h,(x) = v(s:(En))
and let k,(y) = p(ty(Ey)), then hy, T h and k, T k. Therefore h is
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A measurable and k is B measurable. We have (11.1) holding when
h and k are replaced by h,, and k,, resp. We let n — oo and use
the monotone convergence theorem to see that (11.1) holds with h
and k.

If £, | E with each E, € C, almost the same argument shows
that h and k are measurable with respect to A and B, and that
(11.1) holds. The only difference is that we use the dominated con-
vergence theorem in place of the monotone convergence theorem.
This is where we need p and v to be finite measures.

We have shown C is a monotone class containing Cy. By the
monotone class theorem (Theorem 2.10), C is equal to o(Cy), which

is Ax B.

Finally suppose p and v are o-finite. Then there exist F; T X
and G; T Y such that each F; is A measurable and has finite p
measure and each G; is B measurable and has finite v measure.
Let p;i(A) = p(AN F;) for each A € A and v;(A) = v(ANG;) for
each B € B. Let hi(z) = vi(s(F)) = v(sz(F) N G;) and similarly
define k;(y). By what we have proved above, h; is A measurable,
k; is B measurable, and (11.1) holds if we replace h and k by h; and
k;, resp. Now h; T h and k; 1 k, which proves the measurability of
h and k. Applying the monotone convergence theorem proves that
(11.1) holds with h and k. O

We now define 1 x v by

pxu(B) = [hw)ude) = [Kwvay). (12

Clearly p x v(0) = 0. If Fy,..., E, are disjoint and in A4 x B and
E = U, E;, then we saw in the proof of Proposition 11.2 that
v(sz(E)) =Y i v(s.(E;)). We conclude that

i x v(E) = / V(5o () = / (50(E2)) ()

or p X v is finitely additive. If F,, 1 E with each F,, € A x B
and we let h,(x) = v(sz(Ey)), then h,, T h, and by the monotone
convergence theorem, u X v(E,) 1T u X v(E). Therefore u x v is a
measure.
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Note that if F = A x B is a measurable rectangle, then h(z) =
Xxa(z)v(B) and so

i x v(A x B) = p(A)u(B),

which is what it should be.

11.2 The Fubini theorem

The main result of this chapter is the Fubini theorem, which allows
one to interchange the order of integration. This is sometimes
called the Fubini-Tonelli theorem.

Theorem 11.3 Suppose f : X XY — R is measurable with respect
to AxB. Suppose p and v are o-finite measures on X andY , resp.
If either

(a) f is non-negative, or

(6) T 1£ e,y (e x v)(z,y) < o,
then
(1) for each x, the function y — f(z,y) is measurable with respect
to B;
(2) for each y, the function x — f(x,y) is measurable with respect
to A;

(3) the function g(z) = [ f(z,y) v(dy) is measurable with respect
to A;

(4) the function h(y) = [ f(z,y) u(dx) is measurable with respect
to B;

(5) we have

/fwy (1 xv)(z,y) //fxydu dv(y)  (11.3)
~ [ [t vt ntao).

The last integral in (11.3) should be interpreted as

1] et vty utae)

and similarly for the second integral in (11.3). Since no confusion
results, most often the brackets are omitted in (11.3).
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Proof. If f is the characteristic function of a set in A x B, then
(1)—(5) are merely a restatement of Lemma 11.1 and Proposition
11.2. By linearity, (1)—(5) hold if f is a simple function. Since the
increasing limit of measurable functions is measurable, then writing
a non-negative function as the increasing limit of simple functions
and using the monotone convergence theorem shows that (1)—(5)
hold when f is non-negative. In the case where [ |f|d(uxv) < oo,
writing f = fT — f~ and using linearity proves (1)—(5) for this
case, too. |

Observe that if we know

[ [ 1 wlutdz) i) < 0

then since |f(x,y)| is non-negative the Fubini theorem tells us that

/Ifwylduxv //Ifwy\u(dw) (dy) <

We can then apply the Fubini theorem again to conclude

[rewduxn = [ [ reydudr= [ [ 1w dvin

Thus in the hypotheses of the Fubini theorem, we could as well
assume [ [ |f(z,y)|dpdv < oo or [ [|f(z,y)|dvdp < co.

When f is measurable with respect to A x B, we sometimes say
that f is jointly measurable.

Even when (X, A, u) and (Y, B,v) are complete, it will not be
the case in general that (X x Y, A x B, X v) is complete. For
example, let (X, A,u) = (Y,B,v) be Lebesgue measure on [0, 1]
with the Lebesgue o-algebra. Let A be a non-measurable set in
[0,1] and let E = A x {1/2}. Then FE is not a measurable set with
respect to Ax B, or else A = t; /5(F) would be in A by Lemma 11.1.
On the other hand, F C [0,1] x {1/2}, which has zero measure with
respect to pu X v, so E is a null set.

One can take the completion of (X X Y, A x B, u X v) without
great difficulty. See [8] for details.

There is no difficulty extending the Fubini theorem to the prod-
uct of n measures. If we have uq, ..., u, all equal to m, Lebesgue
measure on R with the Lebesgue o-algebra £, then the completion
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of (R", L X ---x L,ym X ---xm) is called n-dimensional Lebesgue
measure.

For a general change of variables theorem, see [4].

11.3 Examples

We give two examples to show that the hypotheses of the Fubini
theorem are necessary.

Example 11.4 Let X = Y = [0,1] with p and v both being
Lebesgue measure. Let g; be continuous functions with support
in (1/(i+1),1/i) such that fol gi(z)dr =1,i=1,2,.... Let

oo

fa,y) =Y lgi(@) = giva (2)]gi (v)-

i=1

For each point (z,y) at most two terms in the sum are non-zero, so
the sum is actually a finite one. If we first integrate with respect
to y, we get

o0

/O fy) dy =S o) — gira (@)].

i=1

This is a telescoping series, and sums to g;(x). Therefore

/ol/olf(x’y) dy dz = /0191(1?) de = 1.

On the other hand, integrating first with respect to x gives 0, so

/01 /olf(ac,y)dxdy:&

This doesn’t contradict the Fubini theorem because

/01/01|f($,y)|dxdy:oo_

Example 11.5 For this example, you have to take on faith a bit of
set theory. There exists a set X together with a partial order “<”
such that X is uncountable but for any y € X, the set {x € X :
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x < y} is countable. An example is to let X be the set of countable
ordinals. The o-algebra is the collection of subsets A of X such
that either A or A€ is countable. Define p on X by p(A4) = 0 if
A is countable and 1 if A is uncountable. Define f on X x X by
f(z,y) = 1if x <y and zero otherwise. Then [ [ f(z,y)dydx =1
but [ [ f(z,y)dzdy = 0. The reason there is no contradiction is
that f is not measurable with respect to the product o-algebra.

11.4 Exercises

Exercise 11.1 State and prove a version of the Fubini theorem
for complex-valued functions.

Exercise 11.2 Let (X,.A) and (Y, B) be two measurable spaces
and let f > 0 be measurable with respect to A x B. Let g(z) =
sup,cy f(x,y) and suppose g(x) < oo for each x. Is g necessarily
measurable with respect to A7 If not, find a counterexample.

Exercise 11.3 Prove the equality

/ @) de = / T e | f(@)] > 1)) dr,

— 00

where m is Lebesgue measure.

Exercise 11.4 Let A be a Lebesgue measurable subset of [0, 1]2
with mo(A) = 1, where mg is two-dimensional Lebesgue measure.
Show that for almost every x € [0,1] (with respect to one di-
mensional Lebesgue measure) the set s,(A) has one-dimensional
Lebesgue measure one.

Exercise 11.5 Let f : [0,1]2 — R be such that for every z € [0, 1]
the function y — f(z,y) is Lebesgue measurable on [0,1] and for
every y € [0,1] the function z — f(x,y) is continuous on [0, 1].
Prove that f is measurable with respect to the the completion of
the product o-algebra £ x £ on [0,1]2. Here £ is the Lebesgue
o-algebra on [0, 1].

Exercise 11.6 Suppose f is real-valued and integrable with re-
spect to two-dimensional Lebesgue measure on [0, 1] and

/Oa/Obf(x,y)dydx 0
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for all @ € [0,1] and b € [0, 1]. Prove that f =0 a.e.

Exercise 11.7 Prove that

/ / v _y3/4log(4—|—sina:)dydx

// e 3/410g(4+smx)dxdy

Exercise 11.8 Let X = Y = [0,1] and let B be the Borel o-
algebra. Let m be Lebesgue measure and p counting measure on
[0, 1].

() If D ={(x,y) : = y}, show that D is measurable with respect
to B x B.

(2) Show that

/X/YXD(x’y)u(dy)m(dx)#/}//XXD(%?J)m(dx)u(dy).

Why does this not contradict the Fubini theorem?

Exercise 11.9 Let X =Y =R and let B be the Borel o-algebra.
Define

1, z>0and z <y <z+1;
fle,y)=¢ -1, z>0anda+1<y<z+2
0, otherwise.

[ [ reavis [ [ 5w dsdy

Why does this not contradict the Fubini theorem?

Show that

Exercise 11.10 Find a real-valued function f that is integrable
on [0,1]? such that

/Oa/olf(fc,y)dyd:czo, /Ol/obf(%y)dydx:()

for every a,b € [0,1], but f is not zero almost everywhere with
respect to 2-dimensional Lebesgue measure.
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Exercise 11.11 Let u be a finite measure on R and let f(z) =
w((—o0, x]). Show

/ @ +e) - f(z)] dz = cu(R).

1 oo
- = / e Yy
T 0

and the Fubini theorem to calculate

b roo
/ / e”sinx dy dr
0o Jo

two different ways. Then prove that

Exercise 11.12 Use

b sing T

lim
b—o0 Jq T

Recall that

au : _
/ea“ sinudu < € (asinu — cosu) L
1+ a?

Exercise 11.13 Let X = {1,2,...} and let u be counting measure
on X. Define f: X x X — R by

L z=y
f(xvy): -1, x=l/+17
0, otherwise.

Show that

/X/Xf(x,y)u(dfv)ﬂ(dy)#/X/Xf(m,y)u(dy)u(dx).

Why is this not a contradiction to the Fubini theorem?

Exercise 11.14 Let {a, } and {r,} be two sequences of real num-
bers such that Y.~ |a,| < co. Prove that

2:: le_Tn|

converges absolutely for almost every =z € R.
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Exercise 11.15 Let (X, A, u) and (Y,B,v) be measure spaces.
Prove that if A is a measure on A x B such that

A(A x B) = p(A)v(B)

whenever A € A and B € B, then A= p x v on A x B.

Exercise 11.16 Let S be the unit circle {¢® : 0 < § < 27} and
define a measure p on S by u(A) = m({0 : e € A}), where m is
Lebesgue measure on [0, 27). Let ms be two-dimensional Lebesgue
measure. Show that if A is a Borel subset of S and R > 0, then

ma({re?? : 0 < r < R, e € A}) = u(A)R?/2.

Exercise 11.17 Use Exercise 11.16 to prove that if f is a continu-
ous real-valued function with support in the ball B(0, R) = {(x,y) :
z? + y* < R?}, then

27 R
// f(x,y)dydx:/ / f(rcosf,rsinf)rdrdf.
B(0,R) o Jo

Exercise 11.18 Prove that
> 712/2 .
e de =+/7/2
0

by filling in tI%e missing steps and making rigorous the following.
IfI= [ e™ /2 dz, then

oo oo 5 o /2 oo 2
2 / / @2 gy — / / e dr df = 7 /2.
0 0 0 0

Exercise 11.19 If M = (M;;)7';_; is a n X n matrix and z =
(z1,...,7,) € R, define Mz to be the element of R™ whose i*"
coordinate is 3 7_; M;jxz;. (This is just the usual matrix multipli-
cation of a n x n matrix and a n x 1 matrix.) If A is a Borel subset
of R, let M(A) = {Mz:z € A}.
(1) If ce R and

c, 1=j5=1;

Mij =L i=j#1L
0, @#Jj;
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show
ma(M(A)) = [c|my(A) = | det M|my(A),

where we use m,, for n-dimensional Lebesgue measure. (Multipli-
cation by M multiplies the first coordinate by c.)
(2)If1<k<nand

i=1and j =k;

j=1andi=k;

M;; = . .
i = j and neither equals k;

O = ==

otherwise;

show
mp(M(A)) = my,(A) = |det M|m,,(A).
(Multiplication by M interchanges the first and k' coordinates.)
(3) If ce R and
1, ©1=17;
Mij=<¢c, i=1,7=2;

0, otherwise,

show
My (M(A)) = m,(A) = | det M|m,,(A).

(Multiplication by M replaces x1 by z1 + cxa.)

(4) Since every n x n matrix can be written as the product of ma-
trices each of which has the form given in (1), (2), or (3), conclude
that if M is any n X n matrix, then

mn(M(A)) = | det M|m,(A).

(5) If M is an orthogonal matrix, so that M times its transpose
is the identity, show m, (M (A)) = m,(A4). (Multiplication by an
orthogonal matrix is a rotation of R™.)



Chapter 12

Signed measures

Signed measures have the countable additivity property of mea-
sures, but are allowed to take negative as well as positive val-
ues. We will see shortly that an example of a signed measure is
v(A) = [, fdu, where f is integrable and takes both positive and
negative values.

12.1 Positive and negative sets

Definition 12.1 Let A be a c-algebra. A signed measure is a
function p : A — (—o00,00] such that u(f) = 0 and if A, As, ...
are pairwise disjoint and all the A; are in A, then u(U2,A;) =
Yoo, 1(A;), where the series converges absolutely if (U2, A;) is
finite.

When we want to emphasize that a measure is defined as in
Definition 3.1 and only takes non-negative values, we refer to it as
a positive measure.

Definition 12.2 Let i be a signed measure. A set A € A is called
a positive set for p if u(B) > 0 whenever B C A and B € A. We
say A € A is a negative set if u(B) < 0 whenever B C A and
B e A. A null set A is one where u(B) = 0 whenever B C A and
Be A

93
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Note that if u is a signed measure, then

p(UZ4;) = lim p(Uis, 4;).

n—oo

The proof is the same as in the case of positive measures.

Example 12.3 Suppose m is Lebesgue measure and

u(A) :/Afdm

for some integrable f. If we let P = {« : f(z) > 0}, then P
is easily seen to be a positive set, and if N = {z : f(z) < 0},
then N is a negative set. The Hahn decomposition which we give
below is a decomposition of our space (in this case R) into the
positive and negative sets P and N. This decomposition is unique,
except that C = {x : f(z) = 0} could be included in N instead
of P, or apportioned partially to P and partially to N. Note,
however, that C is a null set. The Jordan decomposition below is
a decomposition of p into p* and p~, where ut(A) = [, fTdm
and p=(A) = [, f~dm.

Proposition 12.4 Let p be a signed measure which takes values
in (—oo,00]. Let E be measurable with u(E) < 0. Then there exists
a measurable subset F' of E that is a negative set with u(F) < 0.

Proof. If E is a negative set, we are done. If not, there exists a
measurable subset with positive measure. Let n; be the smallest
positive integer such that there exists Ey C E with u(Eq) > 1/n;.
We then define pairwise disjoint measurable sets Es, F3, ... by in-
duction as follows. Let & > 2 and suppose Fjy,..., Er_1 are pair-
wise disjoint measurable sets with p(E;) > 0 fori=1,...,k — 1.
If F,=EFE — (E1U---UFE,_1) is a negative set, then

e

-1

p(Fy) = p(E) = > p(E;) < p(E) <0

.
Il

and Fj is the desired set F. If F} is not a negative set, let ny be
the smallest positive integer such that there exists Ey C Fj with
E) measurable and p(Ey) > 1/ng.
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We stop the construction if there exists k such that Fj is a
negative set with p(Fg) < 0. If not, we continue and let F =
NFy = E — (UpEy). Since 0 > p(E) > —oo and p(Ey) > 0, then

o0

WE) = u(F) + Y p(Ey).
k=1

Then pu(F) < u(E) < 0, so the sum converges.

It remains to show that F' is a negative set. Suppose G C F'is
measurable with ¢(G) > 0. Then u(G) > 1/N for some N. But
this contradicts the construction, since for some k, ny > N, and
we would have chosen the set G instead of the set Ej at stage k.
Therefore F' must be a negative set. O

12.2 Hahn decomposition theorem

Recall that we write AAB for (A— B)U (B — A). The following is
known as the Hahn decomposition.

Theorem 12.5 (1) Let p be a signed measure taking values in
(—o00,00]. There exist disjoint measurable sets E and F in A whose
union is X and such that E is a negative set and F is a positive
set.

(2) If E' and F' are another such pair, then EAE" = FAF’ is
a null set with respect to p.

(3) If p is not a positive measure, then u(E) < 0. If —u is not
a positive measure, then u(F) > 0.

Proof. (1) Let L = inf{u(A) : A is a negative set}. Choose
negative sets A, such that p(A4,) — L. Let B = U2 A,. Let
B, =A,—(B1U---UB,_1) for each n. Since A, is a negative set,
so is each B,. Also, the B,, are disjoint and U, B, = U, A, = E.
If C C E, then

n—oo

p(C) = lim p(C N (UL, By)) = lim Z;/J(C NB;) <0.

Thus F is a negative set.
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Since F is a negative set,
w(E) = p(An) + p(E — An) < p(Ay).
Letting n — oo, we obtain u(E) = L.

Let FF = E°. If F were not a positive set, there would exist
B C F with u(B) < 0. By Proposition 12.4 there exists a negative
set C' contained in B with u(C) < 0. But then F U C would be a
negative set with u(E U C) < pu(E) = L, a contradiction.

(2) To prove uniqueness, if E’, F’ are another such pair of sets
and ACE—FE CFE,then u(A)<0. Bt ACE—-E =F'—-FC
F’, so u(A) > 0. Therefore u(A) = 0. The same argument works if
A C E' — E, and any subset of EAE’ can be written as the union
of Ay and Ay, where Ay CE — E' and Ay C E' — E.

(3) Suppose p is not a positive measure but u(E) = 0. If A € A,
then

1w(A) = p(ANE) + w(ANF) > p(E) + u(ANF) >0,

which says that g must be a positive measure, a contradiction. A
similar argument applies for —y and F. O

Let us say two measures p and v are mutually singular if there
exist two disjoint sets E and F' in A whose union is X with u(E) =
v(F) = 0. This is often written p L v.

Example 12.6 If 4 is Lebesgue measure restricted to [0, 1/2], that
is, u(A) = m(ANJ0,1/2]), and v is Lebesgue measure restricted to
[1/2,1], then p and v are mutually singular. We let E = (1/2,1]
and F' = [0,1/2]. This example works because the Lebesgue mea-
sure of {1/2} is 0.

Example 12.7 A more interesting example is the following. Let f
be the Cantor-Lebesgue function where we define f(z) =1ifx > 1
and f(x) =0if z < 0 and let v be the Lebesgue-Stieltjes measure
associated with f. Let p be Lebesgue measure. Then p 1L v. To
see this, we let E = C, where C'is the Cantor set, and F' = C¢. We
already know that m(E) = 0 and we need to show v(F) = 0. To do
that, we need to show v(I) = 0 for every open interval contained
in F. This will follow if we show v(J) = 0 for every interval of the
form J = (a,b] contained in F. But f is constant on every such
interval, so f(b) = f(a), and therefore v(J) = f(b) — f(a) = 0.
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12.3 Jordan decomposition theorem

The following is known as the Jordan decomposition theorem.

Theorem 12.8 If i is a signed measure on a measurable space
(X, A), there exist positive measures pu* and p~ such that p =
ut—p~ and pt and p~ are mutually singular. This decomposition
18 Unique.

Proof. Let E and F be negative and positive sets, resp., for u
so that X = FUF and ENF = 0. Let pt(A) = u(ANF),
1 (A) = —u(AN E). This gives the desired decomposition.

If w = vT — v~ is another such decomposition with v*,v~
mutually singular, let E’ be a set such that v*(E’) = 0 and
v ((E")¢) =0. Set F' = (E')°. Hence X = E'UF’" and E'NF’ = 0.
If AC F', then v=(A) < v (F') =0, and so

H(A) = v (A) = v (A) = v (4) 2 0,

and consequently F” is a positive set for p. Similarly, E’ is a nega-
tive set for p. Thus E’, F’ gives another Hahn decomposition of X.
By the uniqueness part of the Hahn decomposition theorem, FAF”
is a null set with respect to p. Since vT(E') = 0 and v~ (F') = 0,
if A€ A, then
vI(A)=vH(ANF)=vT(ANF) —v (AN F)
=pu(ANF) = p(ANF) = pu*(A),

and similarly v— = p~. O

The measure
ul =" +u (12.1)
is called the total variation measure of p and |u|(X) is called the
total variation of w.

12.4 Exercises

Exercise 12.1 Suppose p is a signed measure. Prove that A is a
null set with respect to p if and only if |u|(A) = 0.
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Exercise 12.2 Let y be a signed measure. Define

[tan= [ sau =~ [ .
| [rau| < [1r1dl

Exercise 12.3 Let p be a signed measure on (X, .A). Prove that

Prove that

|m<A>=sup{\/Afdu\ "

Exercise 12.4 Let (X,.A) be a measurable space. Suppose A =
u — v, where p and v are finite positive measures. Prove that
wu(A) > AT (A) and v(A) > A~ (A) for every A € A.

Exercise 12.5 Let (X,.A) be a measurable space. Prove that if u
and v are finite signed measures, then |+ v|(A) < |u|(A) + |v|(A)
for every A € A.

Exercise 12.6 Suppose that p is a signed measure on (X,.A).
Prove that if A € A, then

ut(A) =sup{u(B): B€ A, B C A}

and
u (A)=—inf{u(B): B€ A, B C A}

Exercise 12.7 Suppose that p is a signed measure on (X,.A).
Prove that if A € A, then

|1/ (A) = sup { S Iu(B))| : cach B; € A,
j=1

the B; are disjoint, U7_; B; = A}.



Chapter 13

The Radon-Nikodym
theorem

Suppose f is non-negative and integrable with respect to u. If we
define v by

V(A):/Afdu, (13.1)

then v is a measure. The only part that needs thought is the
countable additivity. If A,, are disjoint measurable sets, we have

v(UnAy) :/ ) fdu = Z/A fdu= Zu(An)
UnAn n=1 n n=1

by using Proposition 7.5. Moreover, v(A) is zero whenever p(A)
is.

n

In this chapter we consider the converse. If we are given two
measures p and v, when does there exist f such that (13.1) holds?
The Radon-Nikodym theorem answers this question.

13.1 Absolute continuity

Definition 13.1 A measure v is said to be absolutely continuous
with respect to a measure p if ¥(A) = 0 whenever u(A) = 0. We
write v < p.
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Proposition 13.2 Let v be a finite measure. Then v is absolutely
continuous with respect to p if and only if for all € there exists 6
such that p(A) < 6 implies v(A) < €.

Proof. Suppose for each ¢, there exists § such that pu(A4) < 6
implies v(A4) < e. If u(A) = 0, then v(A) < ¢ for all €, hence
v(A) =0, and thus v < p.

Suppose now that v < p. If there exists an € for which no
corresponding § exists, then there exists Ej, such that u(Ey) < 27F
but v(Ey) > e. Let F=N22, U2 Ei. Then

= i 00 < 1l k=
p(F) = lim p(UR2, Br) < lim ;2 0,

but
v(F) = lim v(UZ, Ex) > &;
n—oo
This contradicts the absolute continuity. O

13.2 The main theorem

Lemma 13.3 Let i and v be finite positive measures on a mea-
surable space (X, A). Either u L v or else there exists ¢ > 0 and
G € A such that u(G) > 0 and G is a positive set for v — ep.

Proof. Consider the Hahn decomposition for v — % . Thus there
exists a negative set F, and a positive set Fj, for this measure,
FE,, and F,, are disjoint, and their union is X. Let F = U,F;,, and
E =nyE,. Note E° =U,E. =U,F, =F.

For each n, E C F,,, so
v(B) < V() < Lp(B,) < Lp(X).
Since v is a positive measure, this implies v(E) = 0.

One possibility is that p(E°) = 0, in which case p L v. The
other possibility is that p(E°) > 0. In this case, u(F,) > 0 for
some n. Let ¢ = 1/n and G = F,,. Then from the definition of F,,
G is a positive set for v — ep. O
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We now are ready for the Radon-Nikodym theorem.

Theorem 13.4 Suppose i is a o-finite positive measure on a mea-
surable space (X, A) and v is a finite positive measure on (X, A)
such that v is absolutely continuous with respect to p. Then there
exists a p-integrable non-negative function f which is measurable
with respect to A such that

v(4) = /Afdu

for all A € A. Moreover, if g is another such function, then f =g
almost everywhere with respect to .

The function f is called the Radon-Nikodym derivative of v with
respect to p or sometimes the density of v with respect to u, and
is written f = dv/du. Sometimes one writes

dv = fdu.

The idea of the proof is to look at the set of f such that
Ju fdp < v(A) for each A € A, and then to choose the one such
that [, fdu is largest.

Proof. Step 1. Let us first prove the uniqueness assertion. Sup-
pose f and g are two functions such that

/fdu=V(A)=/gdu
A A
for all A € A. For every set A we have
[ =9 = v(a) = v(a) =0,

By Proposition 8.1 we have f — g = 0 a.e. with respect to pu.
Step 2. Let us assume g is a finite measure for now. In this step
we define the function f. Define

F = {g measurable : g > O,/ gdu <v(A) forall A e A}.
A

F is not empty because 0 € F. Let L = sup{[gdu : g € F},
and let g, be a sequence in F such that [ g,dp — L. Let h,, =
max(g1, ..., gn)-



102 CHAPTER 13. THE RADON-NIKODYM THEOREM

We claim that if g1 and g are in F, then hy = max(g1, g2) is
also in F. To see this, let B = {z : ¢1(z) > ¢g2(2)}, and write

/hngZ/ hzd/H-/ ho du
A ANB ANBc¢

= / g1 dp + / g2 dp
ANB ANBe
<v(ANB)+v(ANB°)

=v(A).

Therefore hy € F.
By an induction argument, h,, is in F.

The h,, increase, say to f. By the monotone convergence theo-
rem,

/ fdu <v(A) (13.2)
A

for all A € A and

/EWZ/mwz/%w

for each n, so [ fdu = L.

Step 3. Next we prove that f is the desired function. Define a
measure \ by

AMA)=v(A) - /A fdu.

A is a positive measure since f € F.

Suppose A is not mutually singular to p. By Lemma 13.3, there
exists € > 0 and G such that G is measurable, u(G) > 0, and G is
a positive set for A — eu. For any A € A,

o)~ [ Fau=XA) = NANG) > eu(An ) = [ exc .

or

o) = [ 7+ exo) du

Hence f +exg € F. But

[+ exa)du=L+ente) > L.
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a contradiction to the definition of L.

Therefore A L p. Then there must exist H € A such that
u(H) =0 and A(H®) = 0. Since v < p, then v(H) = 0, and hence

A(H) = v(H) — /H Fdp=0.

This implies A = 0, or v(A) = [, fdu for all A.

Step 4. We now suppose p is o-finite. There exist F; T X such
that u(F;) < oo for each i. Let p; be the restriction of u to Fj,
that is, u;(A) = u(A N F;). Define v;, the restriction of v to Fj,
similarly. If u;(A) = 0, then u(AN F;) = 0, hence v(AN F;) =0,
and thus v;(A) = 0. Therefore v; < p;. If f; is the function such
that dv; = f; du;, the argument of Step 1 shows that f; = f; on F;
if i <j. Define f by f(z) = fi(x) if z € F;. Then for each A € A,

Letting ¢ — oo shows that f is the desired function. O

13.3 Lebesgue decomposition theorem

The proof of the Lebesgue decomposition theorem is almost the
same as the proof of the Radon-Nikodym theorem.

Theorem 13.5 Suppose i is a o-finite positive measure and v is
a finite positive measure. There exist positive measures \,p such
that v = X+ p, p is absolutely continuous with respect to p, and A
and p are mutually singular.

Proof. As in the proof of Theorem 13.4 we reduce to the case
where p is a finite measure. Define F and L and construct f as
in the proof of the Radon-Nikodym theorem. Let p(A4) = fA fdu
and let A = v — p. Our construction shows that

/A fdu < v(4),
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so A(A) > 0 for all A. We have p+ X\ = v. We need to show p and
A are mutually singular.

If not, by Lemma 13.3, there exists € > 0 and F' € A such that
u(F) > 0 and F is a positive set for A —eu. We get a contradic-
tion exactly as in the proof of the Radon-Nikodym theorem. We
conclude that A L pu. O

13.4 Exercises

Exercise 13.1 This exercise asks you to prove the Radon-Niko-
dym theorem for signed measures. Let (X,.4) be a measurable
space. Suppose v is a finite signed measure, p is a finite positive
measure, and v(A) = 0 whenever p(A) = 0 and A € A. Show there
exists an integrable real-valued function f such that v(A) = f 4 fdp
for all A € A.

Exercise 13.2 State and prove a version of the Lebesgue decom-
position theorem for signed measures.

Exercise 13.3 We define a compler measure p on a measurable
space (X,.A) to be a bounded map from A to C such that (@) =0
and p(U2,A;) = >, u(A;) whenever the A; are in A and are
pairwise disjoint. Note that this implies that p(A) is finite for each
measurable set A. Formulate and prove a Radon-Nikodym theorem
for complex measures.

Exercise 13.4 Let u be a complex measure on a measurable space
(X, A). The total variation measure is defined to be a positive
measure |u| such that d|u| = |f| dp, where p is a positive measure
and f is a measurable function such that du = f dp. The quantity
|| (X) is called the total variation of . Prove that the definition of
|¢2| is independent of the choice of p, that is, if du = f1 dp1 = fa dpa,
then |f1]dp1 = |f2| dpa.

Exercise 13.5 Let (X,.A) be a measurable space and let p and v
be two finite measures. We say p and v are equivalent measures if
u << vand v < pu. Show that p and v are equivalent if and only if
there exists a p-integrable function f that is strictly positive a.e.
with respect to p such that dv = f du.
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Exercise 13.6 Suppose p and v are two finite measures such that
v is absolutely continuous with respect to u. Let p = u + v. Note
that p(A) < p(A) and v(A) < p(A) for each measurable A. In
particular, ¢ < p and v < p. Prove that if f = du/dp and
g = dv/dp, then f is strictly positive for almost every z with
respect to p, f+g=1, and dv = (g/f) dp.

Exercise 13.7 If u is a signed measure on (X, A) and |u| is the
total variation measure, prove that there exists a real-valued func-
tion f that is measurable with respect to A such that |f| =1 a.e.
with respect to u and dp = f d|p|.

Exercise 13.8 Suppose pu,v, and p are signed measures, v < pu,
and p < v. Prove that p < pu and
dp dp dv

dpu  dv dp’

Exercise 13.9 Let u be a positive measure and v a signed mea-
sure. Prove that v < p if and only if v+ < p and v~ < p.

Exercise 13.10 Suppose A, is a sequence of positive measures
on a measurable space (X,.A) with sup, \,(X) < oo and p is
another finite positive measure on (X, .A4). Suppose A, = f,, du+vy,
is the Lebesgue decomposition of A,; in particular, v, L p. If
A=3>""" \, is a finite measure, show that

A= (ifn)d,quiVn
n=1

n=1

is the Lebesgue decomposition of .

Exercise 13.11 The point of this exercise is to demonstrate that
the Radon-Nikodym derivative can depend on the o-algebra.

Suppose X is a set and £ C F are two g-algebras of subsets of
X. Let p, v be two finite positive measures on (X, F) and suppose
v < p. Let @ be the restriction of p to (X, €) and ¥ the restriction
of v to £. Find an example of the above framework where dv/dpn #
dv/dp, that is, where the Radon-Nikodym derivative of 7 with
respect to 7 (in terms of £) is not the same as the Radon-Nikodym
derivative of v with respect to u (in terms of F).
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Exercise 13.12 Let (X, F, 1) be a measure space, and suppose £
is a sub-o-algebra of F, that is, £ is itself a o-algebra and & C F.
Suppose f is a non-negative integrable function that is measurable
with respect to F. Define v(A) = [, fdu for A € £ and let 7@ be
the restriction of p to €.

(1) Prove that v < &

(2) Since v and [ are measures on &, then g = dv/dfi is measurable
with respect to £. Prove that

Agdﬂ=Afdu (13.3)

whenever A € €. ¢ is called the conditional expectation of f with
respect to £ and we write ¢ = E[f | £]. If f is integrable and
real-valued but not necessarily non-negative, we define

E[f [E]=E[f"[E]-E[f | €]

3) Show that f = g if and only if f is measurable with respect to
E.

(4) Prove that if h is & measurable and [, hdu = [, fdu for all
A € &, then h = g a.e. with respect to p.



Chapter 14

Differentiation

In this chapter we want to look at when a function from R to R is
differentiable and when the fundamental theorem of calculus holds.
Briefly, our results are the following.
(1) The derivative of f; fly)dy is equal to f a.e. if f is integrable
(Theorem 14.5);
(2) Functions of bounded variation, in particular monotone func-
tions are differentiable (Theorem 14.8);

f f'(y)dy = f(b)— f(a) if f is absolutely continuous (Theorem
14 15).

Our approach uses what are known as maximal functions and
uses the Radon-Nikodym theorem and the Lebesgue decomposition
theorem. However, some students and instructors prefer a more
elementary proof of the results on differentiation. In Sections 14.5,
14.6, and 14.7 we give an alternative approach that avoids the
use of the Radon-Nikodym theorem and Lebesgue decomposition
theorem.

The definition of derivative is the same as in elementary calcu-
lus. A function f is differentiable at x if

h—0 h

exists, and the limit is called the derivative of f at x and is denoted
f'(x). I f:a,b] = R, we say f is differentiable on [a,d] if the
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derivative exists for each = € (a,b) and both

lim M and lim
h—0+ h h—0—

fo+h) - f(b)
h

exist.

14.1 Maximal functions

In this section we consider real-valued functions on R™. Let B(z,r)
be the open ball with center x and radius r.

The following is an example of what is known as a covering
lemma. We use m for Lebesgue measure on R™ throughout this
section.

Proposition 14.1 Suppose E C R"™ is covered by a collection of
balls {B,} and there exists a positive real number R such that the
diameter of each B, is bounded by R. Then there exists a disjoint
sequence By, Ba, ... of elements of {B,} such that

m(E) <5" > m(By).
k

Proof. Let d(B,) be the diameter of B,. Choose By such that

d(By) > §supd(By,).

Once By, ..., By are chosen, choose By disjoint from By, ..., By
such that

d(By41) > %sup{d(Ba) : B, is disjoint from By, ..., By}

The procedure might terminate after a finite number of steps or it
might not.

If >, m(By) = oo, we have our result. Suppose ), m(By) <
oo. Let B} be a ball with the same center as By but 5 times the
radius. We claim F C U, Bj;. Once we have this,

m(E) < m(UxB;) <Y m(B}) =5">_ m(By).
k k
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To show E C U, B}, it suffices to show each B, C Uy B}, since
{Ba} is a cover of E. Fix a. If B, is one of the By, we are done.

If >, m(By) < oo, then d(B) — 0. Let k be the smallest
integer such that d(Bj11) < 2d(Ba). B, must intersect one of
By, ..., By, or else we would have chosen it instead of By41. There-
fore B, intersects B;, for some jo < k. We know 3d(B,) < d(Bj,),
and some simple geometry shows that B, C Bj . In fact, let z;,
be the center of Bj, and y a point in B, N Bj,. If x € B, then

|.Z‘ - mj0| < |aj - yl + |y - xj0| < d(BOé) + d(Bjo)/2 < gd(Bj0)7

or z € B} . Therefore B, C Bj,, and the proof is complete. O

We say f is locally integrable if [, |f(x)|dz is finite whenever
K is compact. If f is locally integrable, define

1
Mf(x) =sup ———— / dy.
T@) = b B ) Jon T
Note that without the supremum, we are looking at the average of

|f] over B(z,r). The function M f is called the mazimal function
of f.

We now prove a weak 1-1 inequality, due to Hardy and Little-
wood. It is so named because M does not map integrable functions
into integrable functions, but comes close in a certain sense to doing
S0.

Theorem 14.2 If f is integrable, then for all B > 0

m({x: Mf(z) > ) < % / ()] d.

Proof. Fix fandlet Eg = {z : M f(z) > }. If x € Eg, then there
exists a ball B, centered at x such that fBz |f(z)|dz > Bm(B;)
by the definition of M f(x). Then

i < 117

so {B;} is a cover of Eg by balls whose diameters are bounded
by some number independent of xz. Extract a disjoint sequence
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By, By, ... such that m(Eg) < 5", m(By). Then
n 5n
m(B) <5 Y mB) < T3 [ 11
k k7B

5n 57L
=5 L =5 0

as desired. 0

If we look at the function f(x) = xp, where B is the unit ball,
note that M f(x) is approximately a constant times |z|™" for z
large, so M f is not integrable. Hence M does not map the class of
integrable functions into the class of integrable functions.

Theorem 14.3 Let

1
fr(z) = Tn’(B(':E?r))/B(x,T)f(y) dy. (14.1)

If f is locally integrable, then f.(x) = f(x) a.e. asr — 0.

Proof. It suffices to prove that for each N, f.(x) — f(x) for
almost every z € B(0, N). Fix N. We may suppose without loss of
generality that f is 0 outside of B(0,2N), and thus we may suppose
f is integrable.

Fix 8 > 0. Let ¢ > 0. Using Theorem 8.4, take g continuous
with compact support such that [ |f — g|dm < e. If g, is defined
analogously to f, using (14.1),

Igr(a:)—g(a:)lz‘mé( )[Q(y)—g(x)]dy (14.2)
1
€ ) o, 190 =@y 0

as r — 0 by the continuity of g. We have
limsup |f,(x) — f(z)| < limsup | f-(z) — g, (2)]
r—0 r—0
+ limsup |g;(z) — g(z)]
r—0
+ lg(z) — f()].
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The second term on the right is 0 by (14.2). We now use Theorem
14.2 and Lemma 10.4 to write

m({z : 11r;ljgp|fr(w) — [(@)] > B})
<m({z: fimn sup |fr(z) = 90 (x)| > B/2})

+m({z: |f(z) —g(x)| > B/2})

< mif (S 9)(w) > g2y + LA
2(5" + 1)

<2 [1r -y

- 2(5”6—&— 1)5,

where we use the definition of the maximal function to see that

|fr(x) - gr(x” < M(f - g)(x)

for all r. This is true for every €, so
m({x : lim sup |fr(2) = f(x)] > B}) = 0.
r—

We apply this with § = 1/j for each positive integer j, and we
conclude

m({z : lir:félplfr(w) — f(z)| > 0})

<

s

m({x : lim sup |fr(@) = f(x)] > 1/j}) = 0.

j=1

This is the result we seek. O

We can get a stronger statement:

Theorem 14.4 For almost every x

1
m(B(fW))/B@,r) [f(y) = f(@)ldy =0

asr — 0.
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Proof. For each rational ¢ there exists a set N, of measure 0 such

that
1

m(B(z,r)) /B(I’T) If(y) —c|dy — |f(z) — ¢

for ¢ N.; we see this by applying Theorem 14.3 to the function
|f(z) —¢|. Let N = UceqN, and suppose © ¢ N. Let £ > 0 and
choose ¢ rational such that |f(x) — ¢| < e. Then

1
—_— — f(z)|d
TG Jo O~ Ty
1
< B Jo W el
1
B oy 1) I
e [ @) eyt 1f@) ¢
m(B(m, T)) B(z,r)
and hence
lim su ¥/ If(y) — f(z)|dy < 2|f(x) —c| < 2¢
0" m(B@m) Jpn T = ‘
Since ¢ is arbitrary, our result follows. O

If we apply the above to the function f = xg, then for almost

alz e £
1

mwmwéwﬁ“”’
m(E N B(z,r))
mB@,)

and similarly, for almost all ¢ E, the ratio tends to 0. The points
where the ratio tends to 1 are called points of density for E.

or

14.2 Antiderivatives

For the remainder of the chapter we consider real-valued functions
on the real line R. We can use the results on maximal functions
to show that the derivative of the antiderivative of an integrable
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function is the function itself. A ball B(z,h) in R is merely the
interval (x —h, z+h). We use m for Lebesgue measure throughout.

Define the indefinite integral or antiderivative of an integrable
function f by

F(z) = / oL

Recall by Exercise 7.6 that F' is continuous.

Theorem 14.5 Suppose f : R — R is integrable and a € R. De-
fine

) - [ " fy) dy.

Then F is differentiable almost everywhere and F'(z) = f(z) a.e.

Proof. If h > 0, we have

x+h
F(z+h) - F(z) = / £(v) dy,

. B " z+h
F( +th F( )ff(x)‘:%‘/ (f(y)*f(w))dy‘
1 z+h
< [ 1) - @)y

By Theorem 14.4, the right hand side goes to 0 as h — 0 for almost
every x, and we conclude the right hand derivative of F' exists and
equals f for almost every x. The left hand derivative is handled
similarly. O

14.3 Bounded variation

In this section we show that functions of bounded variation are
differentiable almost everywhere. We start with right continuous
increasing functions.
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Lemma 14.6 Suppose H : R — R is increasing, right continuous,
and constant for x > 1 and x < 0. Let A be the Lebesgue-Stieltjes
measure defined using the function H and suppose \ and m are
mutually singular. Then

lim A(B(z, 7))

r—0m(B(z,r)) =0

for almost every x (with respect to the measure m ).

Proof. This is clear if z < 0 or z > 1. Since A L m, there exist
measurable sets E and F such that A\(F) = 0, m(E) = 0, and
F=FE° Let e >0.

Step 1. The first step of the proof is to find a bounded open set
G such that F C G and A(G) < . By the definition of Lebesgue-
Stieltjes measure, there exist a; < b; such that F C U2, (a4, by

and
oo

> [H(bi) — H(a)] < e/2.

=1

Since H is right continuous, for each i there exists b} > b; such that
H()) — H(b;) < /2"

If G = U2, (a;, b]

), then G’ is open, G’ contains F', and

o0

MG') <37 M(ai b)) < D0 A, 0]) = Y [H (b)) — Hai)] <.
i=1 =1

i=1
Since H is constant on (—oo,0] and [1,00), we can take G to be
the set G = G' N (-1,2).
Step 2. If B >0, let
) A B(z, 1))
Ag=1<z€ FNI[0,1] : limsup ———%
G ey

The second step is to show that m(Ag) = 0. If z € Ag, then
x € F C G, and there exists an open ball B, centered at z and
contained in G such that A(B,)/m(B,) > 8. Use Proposition 14.1
to find a disjoint subsequence By, Bs, ... such that

>ﬂ}.

m(Ag) <5 m(B;).
i=1
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Then
m(Ag) <5 m(B;) <
=1

Since ¢ is arbitrary, and our construction of G did not depend on
B, then m(Ag) = 0.

Since m(Ay ;) = 0 for each k, then

m({z € FN[0,1] : limsup A\(B(z,r))/m(B(z,r)) > 0}) = 0.

r—0

Since m(FE) = 0, this completes the proof. O

Proposition 14.7 Let F : R — R be an increasing and right con-
tinuous function. Then F' exists a.e. Moreover, F' is locally inte-

grable and for every a < b, f: F'(z)dx < F(b) — F(a).

Proof. We will show F is differentiable a.e. on [0, 1]. Once we have
that, the same argument can be used to show that F' is differen-
tiable a.e. on [—N, N] for each N, and that proves that F' is differ-
entiable a.e. on R. If we redefine F' so that F(x) = lim,_o4 F'(y)
itz <0and F(z) = F(1) if z > 1, then F is still right continuous
and increasing, and we have not affected the differentiability of F'
on [0, 1] except possibly at the points 0 and 1.

Let v be the Lebesgue-Stieltjes measure defined in terms of F.
By the Lebesgue decomposition theorem, we can write v = A + p,
where A L. m and p < m. Note

p(0.1)) < 1([0,1]) = F(1) — F(0).

By the Radon-Nikodym theorem there exists a non-negative inte-
grable function f such that p(A4) = [ 4 [ dm for each measurable
A.

Let
H(z) = A((0,2]) = v((0,2]) — p((0, z]) = F(ﬂf)—F(O)—/OI f(y)dy.

By Exercise 7.6, the function =z — fom f(y)dy is continuous, so
H is right continuous, increasing, and A is the Lebesgue-Stieltjes
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measure defined in terms of H. By Lemma 14.6,

H(z+h)— H(z) H(x+h)—H(z—h)

lim sup < lim sup
h—0+ h—0+ h
AM(z—h h
= lim sup (e =h 2+ h)
h—0-+ h
B(x,2
< 4limsup 2 BE21) _ g
h—0+ 4h

for almost every . The same is true for the left hand derivative,
so H' exists and equals 0 for almost every . We saw by Theo-
rem 14.5 that the function z — fom f(y) dy is differentiable almost
everywhere, and we conclude that F' is differentiable a.e.

We have shown that F' = f a.e. If a < b,

b b
/ F/(2) de = / J(@) dz = p((a,b]) < v((a.8]) = F(b) — F(a).

This completes the proof. O

Here is the main theorem on the differentiation of increasing
functions.

Theorem 14.8 If F : R — R is increasing, then F' exists a.e.
and

/Zﬂ@mgF@—F@ (14.3)

whenever a < b.

Proof. Let G(x) = lim,_,,4 F(y). Since F is increasing, there
are at most countably many values of x where F' is not continuous
(Proposition 1.6), so F(x) = G(x) a.e. Since G is increasing and
right continuous, G is differentiable a.e. by Proposition 14.7. We
will show that if x is a point where G is differentiable and at the
same time F(z) = G(x), then F'(z) exists and is equal to G'(z).

Let = be such a point, let L = G'(z) and let € > 0. Because F'
and G are increasing, for any h > 0 there exists a point zy, strictly
between z + h and z + (1 4 €)h where F and G agree, and so

F(z+h) < F(zp) = G(zp) < Gz + (14 ¢)h).
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Then
fmsuplEHR = F@) o Gt (L+2)h) = Gla)
h—0+ h—0+ h
: Gz + (1+¢)h) — G(x)
= (1+¢)limsu
( ) h%0+p (1+¢e)h

=(1+¢)L.

Similarly, liminf;, o4 [F(z 4+ h) — F(z)]/h > (1 —€)L. Since €
is arbitrary, the right hand derivative of F' exists at  and is equal
to L. That the left hand derivative equals L is proved similarly.

Since F’ = G’ a.e., then F’ is locally integrable. If a < b, take
an J a and b, 1 b such that F' and G agree on a, and b,. Then
using Proposition 14.7,

F(b) — F(a) > F(b,) — F(an)

bn
= Gby) — Glay) > / & (x) da

bn
= / F'(z)du.

Now let n — oo and use the monotone convergence theorem. [

Remark 14.9 Note that if F' is the Cantor-Lebesgue function,
then F'(z) = 0 a.e., in fact at every point of C¢, where C is the
Cantor set. Thus

1
1=F(1) - F(0) > 0:/ F'(z) dz,
0
and we do not in general have equality in (14.3).

A real-valued function f is of bounded variation on [a, b] if

sup { Z F (@) = flaien)l}

is finite, where the supremum is over all partitions a = zg < 1 <
<<z =bof [a,b].
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Lemma 14.10 If f is of bounded variation on [a,b], then [ can be
written as f = f1 — fo, the difference of two increasing functions
on [a,b].

Proof. Define

and i
£2(9) = sup{ D[ (@) = (i)},
i=1
where the supremum is over all partitions a = 29 < 21 < -+ <

xk =y for y € [a,b]. f1 and fy are measurable since they are both
increasing. Since

k k

D (@) = fle)]t =D [f (@) = fle)]™ + fy) = fla),

i=1 i=1

taking the supremum over all partitions of [a,y] yields

fi(y) = f2(y) + f(y) — fla).

Clearly f1 and fy are increasing in y, and the result follows by
solving for f(y). |

Using this lemma and Theorem 14.8, we see that functions of
bounded variation are differentiable a.e. Note that the converse
is not true: the function sin(1/z) defined on (0, 1] is differentiable
everywhere, but is not of bounded variation.

Remark 14.11 If we write a function f of bounded variation as
the difference of two increasing functions f; and f, as in Lemma
14.10, then the quantity (f1(b)+ f2(b)) —(fi(a)+ f2(a)) is called the
total variation of f on the interval [a,b]. We make the observation
that if f is of bounded variation on the interval [a,b] and on the
interval [b, ¢], then it is of bounded variation on the interval [a, c|.

Remark 14.12 If f is an increasing function [a, b] that is continu-
ous from the right, we can write f = f; — f2, where f; is continuous
and
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Only countably many of the summands in the definition of fy can be
non-zero in view of Proposition 1.6, each summand is non-negative,
and the sum is finite because it is bounded by f(x) — f(a). Using
Lemma 14.10, we can similarly decompose any function of bounded
variation that is continuous from the right.

14.4 Absolutely continuous functions

A real-valued function f is absolutely continuous on [a, b] if given &
there exists § such that Zle |f(b;)— f(a;)| < e whenever {(a;,b;)}
is a finite collection of disjoint intervals with Zle |b; —a;| < 6.

It is easy to see that absolutely continuous functions are con-
tinuous and that the Cantor-Lebesgue function is not absolutely
continuous.

Lemma 14.13 If f is absolutely continuous, then it is of bounded
variation.

Proof. By the definition of absolutely continuous function with
¢ = 1, there exists ¢ such that Zle |f(b;) = f(a;)| < 1 whenever
Zf 1(bi—a;) < 6 and the (a;, b;) are disjoint open intervals. Hence
for each j the total variation of f on [a + jd,a + (j + 1)d] is less
than or equal to 1. Using Remark 14.11, we see the total variation
of f on [a,b] is finite. O

Lemma 14.14 Suppose f is of bounded variation and we decom-
pose f as f = f1 — fo as in Lemma 14.10, where fi and fa are
increasing functions. If f is absolutely continuous, then so are fi
and fs.

Proof. Given ¢ there exists § such that Zle [£(b;) — fla;)] <
¢ whenever Zle(bi —a;) < ¢ and the (a;,b;) are disjoint open
intervals. Partitioning each interval (a;,b;) into subintervals with
a; = S0 < 81 < -0 < 8y, :bi, then

Ji—

Z Z Sij+1 = Sij) Z(bz —a;) < 0.

i=1 j=0 i=1

—
e
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Hence
Ji

k
Z |f(sij+1) = f(sij)] < e.

=1 j

I
—

I§
o

Taking the supremum over all such partitions,

k

S A f2) ) = (fL+ f2) ()] <e,

i=1

and our conclusion follows. O

Here is the main theorem on absolutely continuous functions.

Theorem 14.15 If F is absolutely continuous, then F' exists a.e.,
and

Proof. By Lemma 14.14 it suffices to suppose F' is increasing and
absolutely continuous. Let v be the Lebesgue-Stieltjes measure de-
fined in terms of F'. Since F is continuous, F(d) — F(c) = v((c, d)).

Taking a limit as k — oo, we see that given ¢ there exists d such
that > :° [F(b;) — F(a;)| < e whenever {(a;,b;)} is a collection of
disjoint intervals with Y .2, (b; —a;) < é. Since any open set G can
be written as the union of disjoint intervals {(a;, b;)}, this can be
rephrased as saying, given € there exists J such that

= ZV((aiabi)) = Z(F(bl) — F(a;)) <¢
i=1 i=1

whenever G is open and m(G) < §. If m(A) < ¢ and A is Borel
measurable, then there exists an open set G containing A such that
m(G) < 4, and then v(A) < v(G) < e. We conclude that v < m.

Hence there exists a non-negative integrable function f such

that
:/ fdm
A

for all Borel measurable sets A. In particular, for each x € [a, b,

Fo) - F(@) = vl(a.)) = | " ) dy
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By Theorem 14.5, F’ exists and is equal to f a.e. Setting z = b we
obtain

as desired. 0

14.5 Approach 2 — differentiability

In this and the following two sections we give an alternative ap-
proach to Theorems 14.5, 14.8, and 14.15 that avoids the use of
the Radon-Nikodym theorem, and instead proceeds via a covering
lemma due to Vitali.

Let m be Lebesgue measure. Let £ C R be a measurable set
and let G be a collection of intervals. We say G is a Vitali cover of
E if for each € E and each € > 0 there exists an interval G € G
containing x whose length is less than ¢.

The following is known as the Vitali covering lemma, and is a
refinement of Proposition 14.1.

Lemma 14.16 Suppose E has finite measure and let G be a Vitali
cover of E. Given e > 0 there exists a finite subcollection of disjoint
intervals I, ..., I, € G such that m(E — U 1,) < e.

Proof. We may replace each interval in G by a closed one, since
the set of endpoints of a finite subcollection will have measure 0.

Let G be an open set of finite measure containing E. Since G is
a Vitali cover, we may suppose without loss of generality that each
set of G is contained in G. Let

ap = sup{m(I) : I € G}.
Let I; be any element of G with m(I1) > ag/2. Let
ar = sup{m(I) : I € G, I disjoint from I},

and choose I € G disjoint from I such that m(l2) > a1/2. Con-
tinue in this way, choosing I,,+1 disjoint from I,...,I, and in G
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with length at least one half as large as any other such interval in
G that is disjoint from Iy, ..., I,.

If the process stops at some finite stage, we are done. If not, we
generate a sequence of disjoint intervals Iy, I, ... Since they are
disjoint and all contained in G, then > =, m(l;) < m(G) < .
Therefore there exists N such that .° \ ., m(I;) < /5.

Let R = E—UXYI;. We claim m(R) < €. Let I be the interval
with the same center as I,, but five times the length. Let x € R.
Since we supposed each interval in G was to be modified so as to
include its endpoints, then U} ,I; is closed. Hence there exists
an interval I € G containing z with I disjoint from Iy,...,In.
Since ), m(I,) < oo, then > a, <23 m(l,) < oo, and a, —
0. Hence I must either be one of the I, for some n > N or at
least intersect it, for otherwise we would have chosen I at some
stage. Let n be the smallest integer such that I intersects I,,; note
n > N. We have m(I) < an—1 < 2m(I,). Since z is in I and I
intersects I,,, the distance from x to the midpoint of I,, is at most
m(I) +m(l,)/2 < (5/2)m(I,). Therefore xz € I\.

Thus we have R C U2 I, s0

m(R) < Z m(I}) =5 Z m(l;) < e.
i=N+1 i=N+1
This completes the proof. O

Given a real-valued function f, we define the derivates of f at
x by

D+f(£li) = lim sup fla+ h})L - f(f)’
h—0+

D~ f(z) = limsup flath) - f(a:)’
h—0— h

D, f(x) = lim inf w

D@ = Imit =,

If all the derivates are equal, then f is differentiable at x and f'(z)
is the common value.
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Theorem 14.17 Suppose f is increasing on |a,b]. Then f is dif-
ferentiable almost everywhere, f' is integrable, and

b
/ f(x) dz < £(b) — f(a). (14.4)

Proof. We will show that the set where any two derivates are
unequal has measure zero. Let us consider the set

E={a: D*f(z) > D_f()},
the other sets being similar. Let
By ={z:D"f(z) >v>u>D_f(z)}.

If we show m(E,,) = 0, then observing that E C Uy veq,u<vPuo
will show that m(E) = 0.

Let s = m(Eyy), let € > 0, and choose an open set G such
that E,, C G and m(G) < s + €. For each = € E,, there exists
an arbitrarily small interval [z — h, ] contained in G such that
f(x) — f(x — h) < uh. Use Lemma 14.16 to choose I1,..., Iy
which are disjoint and whose interiors cover a subset A of F,, of
measure greater than s —e. Write I, = [x,, — hp, x,]. Thus

A= E., N (ﬂf:[:l(fﬂn - hn,iﬂn))

Taking a sum,

N

Y U (@n) = flan —ha)] <u o < um(G) < uls +¢),

n=1 n=1

Each point y in the subset A is the left endpoint of an arbitrarily
small interval (y,y + k) that is contained in some I,, and for which
fly+k)— f(y) > vk. Using Lemma 14.16 again, we pick out a
finite collection Ji, ..., Jy; whose union contains a subset of A of
measure larger than s — 2e. Summing over these intervals yields

M M

S i+ k) — F)] >0 Y ki > o(s - 22).

i=1 i=1

Each interval J; is contained in some interval I,,, and if we sum
over those ¢ for which J; C I,, we find

> Wit k) = f)] < flan) = fl@n —ha),

{i:J;CI,}
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since f is increasing. Thus

M
> (@) = fan — )] = Z[f(yi + ki) — f(y)),

and so u(s + &) > v(s — 2¢). This is true for each e, so us > wvs.
Since v > wu, this implies s = 0.

We prove similarly that DY f = D, f a.e.and D™ f = D_f a.e.
and conclude that

= 1'
9(z) = lim

flx+h) = fz)
h

is defined almost everywhere and that f is differentiable wherever
g is finite.

Define f(z) = f(b) if x > b. Let

gn(2) = n[f(z+ 1/n) — f(2))].

Then g,(x) — g(x) for almost all x, and so g is measurable. Since
f is increasing, g, > 0. By Fatou’s lemma and the fact that f is

increasing,
b b
/ ggliminf/ In
a a b
—hmlnfn/ [f(x+1/n) = f(x)]

= hmmf [ /b+1/n n/a+1/n f]

= limin [£(b) / e /]
< f(0) — f(a).

We used a change of variables in the second equality. This shows
that g is integrable and hence finite almost everywhere. O

We refer the reader to Lemma 14.10 to see that a function of
bounded variation is differentiable almost everywhere.
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14.6 Approach 2 — antiderivatives

Continuing the alternative approach, we look at when the deriva-

tive of N
:/ f(t)dt (14.5)

Theorem 14.18 If f is integrable and F is defined by (14.5), then
F'(z) = f(x) for almost every x.

is equal to f(z) a.e

Proof. By writing f = f* — f~, it suffices to consider the case
where f is non-negative. In this case F is increasing, and so F”
exists a.e. By Exercise 7.6 we know F' is continuous.

Suppose for the moment that f is bounded by K. Then

‘F(m + 1/n ’ ‘ /3:+1/n dt
1/n B

is also bounded by K. By the dominated convergence theorem,
/ F'(z)dz = limn / [F(z+1/n) — F(z)] dz
c+1/n a+tc
= lim [n/ F(z)dx — n/ F(x) dm]

=F(c)— Fl(a) = /c f(z)dx

We used a change of variables for the second equality and the fact
that F'is continuous for the third equality. Therefore

[ 1@ - sl =0

for all ¢, which implies F’ = f a.e. by Corollary 8.3.

We continue to assume f is non-negative but now allow f to be
unbounded. Since f — (f A K) > 0, then

GK(z):/I[f*(f/\K)]dI
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is increasing, and hence has a derivative almost everywhere. More-
over,

Glo(x) = lim Gk(z+1/n) — Gk (z)

>0
n—o00 1/n

at points x where G’ exists since G is increasing. By the preceding
paragraph, we know the derivative of

x
Hk(z) :/ (fANK)dx
is equal to f A K almost everywhere. Therefore
F'(x) = G (x) + Hi(z) > (f ANK)(2), a.e.

Since K is arbitrary, F’ > f a.e., and so

/abF’z/abf:F(b)—F(a).

Combining with (14.4) we conclude that f:[F’ — f] = 0. Since
F' — f >0 a.e., this tells us that F' = f a.e. O

14.7 Approach 2 — absolute continuity

Finally, we continue the alternative approach to look at when
b
J. F'(y)dy = F(b) — F(a).
We refer the reader to Lemma 14.13 for the proof that if f is
absolutely continuous, then it is of bounded variation.

Lemma 14.19 If f is absolutely continuous on [a,b] and f'(x) =0
a.e., then f is constant.

The Cantor-Lebesgue function is an example to show that we
need the absolute continuity.

Proof. Let ¢ € [a,b], let E = {z € [a,c] : f'(x) = 0}, and let
e > 0. Choose J such that Zszl |f(b;) — f(a;)] < e whenever
Zfil |b; — a;| < ¢ and the (a;,b;) are disjoint intervals. For each
point © € EN[a, ¢) there exist arbitrarily small intervals [z, z+h] C
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[a, c] such that |f(z + h) — f(z)| < eh. By Lemma 14.16 we can
find a finite disjoint collection of such intervals that cover all of
E except for a set of measure less than §. We label the intervals
[ai,b;] so that a; < b; < a;41. Except for a set of measure less
than §, E is covered by U;(a;,b;). This implies that U;(b;, a;+1)
has measure less than 0, or ). |a;11 — b;| < 6. By our choice of ¢
and the definition of absolute continuity,

3" Fai) — £ < e.

%

On the other hand, by our choice of the intervals (a;, b;),
Z|f al|<EZb—al <e(c—a).

Adding these two inequalities together,

1£0) = @] = | Yo (asa) = (b)) + ML

<e+e(c—a).

Since ¢ is arbitrary, then f(¢) = f(a), which implies that f is
constant. 0

Theorem 14.20 If I is absolutely continuous, then

Proof. Suppose F is absolutely continuous on [a,b]. Then F is of
bounded variation, so F' = Fj — F5 where F; and F5 are increasing,
and F exists a.e. Since |F'(x)| < F{(z) + F5(x), then

/\F'(x)l de < (F1(b) + F(b)) — (Fi(a) — Fa(a)),
and hence F” is integrable. If

7) = /m FU) dt

then G is absolutely continuous by Exercise 14.2, and hence F — G
is absolutely continuous. Then (F —G) =F -G =F - F' =0
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a.e., using Theorem 14.18 for the second equality. By Lemma 14.19,
F — G is constant, and thus F(z) — G(z) = F(a) — G(a). We
conclude

F(z) = /m F'(t)dt + F(a).

If we set x = b, we get our result. O

14.8 Exercises

Exercise 14.1 (1) Show that if f and g are absolutely continuous
on an interval [a, ], then the product fg is also.
(2) Prove the integration by parts formula:

b b
ﬁw@—fwmwzjfuwum%y/fummm.

Exercise 14.2 If f is integrable and real-valued, a € R, and

F(x) = / fy) dy,
prove that F' is of bounded variation and is absolutely continuous.

Exercise 14.3 Suppose that f is a real-valued continuous function
on [0,1] and that ¢ > 0. Prove that there exists a continuous
function g such that ¢’(z) exists and equals 0 for a.e.  and

sup |f(z) - g(x)] < e.
z€[0,1]

Exercise 14.4 Suppose f is a real-valued continuous function on
[0,1] and f is absolutely continuous on (a, 1] for every a € (0,1). Is
f necessarily absolutely continuous on [0, 1]?7 If f is also of bounded
variation on [0, 1], is f absolutely continuous on [0, 1]? If not, give
counterexamples.

Exercise 14.5 A real-valued function f is Lipschitz with constant
M if

|f(z) = f(y)l < Mz —y]
for all z,y € R. Prove that f is Lipschitz with constant M if and
only if f is absolutely continuous and |f'| < M a.e.
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Exercise 14.6 Suppose F), is a sequence of increasing non-nega-
tive right continuous functions on [0, 1] such that sup,, F,,(1) < oo.
Let F =77, F, and suppose F(1) < co. Prove that

F'(x) =Y Fy(x)
n=1
for almost every .

Exercise 14.7 Suppose f is absolutely continuous on [0,1] and
for A C [0,1] we let f(A) = {f(z) : © € A}. Prove that if A has
Lebesgue measure 0, then f(A) has Lebesgue measure 0.

Exercise 14.8 If f is real-valued and differentiable at each point
of [0,1], is f necessarily absolutely continuous on [0, 1]? If not, find
a counterexample.

Exercise 14.9 Find an increasing function f such that f' = 0 a.e.
but f is not constant on any open interval.

Exercise 14.10 If f : [a,b] — R is continuous, let M (y) be the
number of points x in [a,b] such that f(z) = y. M(y) may be
finite or infinite. Prove that M is Borel measurable and [ M (y) dy
equals the total variation of f on [a, b].

Exercise 14.11 Let a € (0,1). Find a Borel subset E of [—1,1]
such that 5

lim —m( ni=rr)) = a.

r—0+ 2r

Exercise 14.12 Suppose f is a real-valued continuous function
on [a,b] and the derivate DT f is non-negative on [a, b]. Prove that

f(b) > f(a). What if instead we have that D, f is non-negative on
[a, b]?

Exercise 14.13 Let
2
oo e—my
= —dy.
fa) = [ ey

(1) Find the derivative of f.

(2) Find an ordinary differential equation that f solves. Find the
solution to this ordinary differential equation to determine an ex-
plicit value for f(z).
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Exercise 14.14 Let (X, A, 1) be a measure space where p(X) > 0
and let f be a real-valued integrable function. Define

o(x) = / 1F@) — 2] u(dy)

for x € R.

(1) Prove that g is absolutely continuous.

(2) Prove that lim, o g(z) = oo and lim,, . g(z) = co.

(3) Find ¢'(x) and prove that g(z) = inf,cg g(x) if and only if

n({y : f(y) > xo}) = u({y : fy) < zo}).

Exercise 14.15 Suppose A C [0, 1] has Lebesgue measure zero.
Find an increasing function f : [0,1] — R that is absolutely con-

tinuous, but
i L&)~ f@)
h—0

for each z € A.

Exercise 14.16 Suppose that p is a measure on the Borel o-
algebra on [0, 1] and for every f that is real-valued and continuously
differentiable we have

| [ r@uan|< ([ fwrds)”

(1) Show that u is absolutely continuous with respect to Lebesgue
measure on [0, 1].

(2) If g is the Radon-Nikodym derivative of u with respect to
Lebesgue measure, prove that there exists a constant ¢ > 0 such
that

l9(z) —g(y)| < clz —y|*%,  z,ye[0,1].

Exercise 14.17 Let p > 1 and f,g € LP(R). Define
1) = [ 1)+ tga)p ds

for t € R. Prove that H is a differentiable function and find its
derivative.



Chapter 15
LP spaces

We introduce some spaces of functions, called the L? spaces. We
define the LP norm of a function, prove completeness of the norm,
discuss convolutions, and consider the bounded linear functionals
on LP. We assume throughout this chapter that the measure p is
o-finite.

15.1 Norms

Let (X, A, 1) be a o-finite measure space. For 1 < p < oo, define
the LP norm of f by

1/p
110 = ( [ 17l an) ™" (15.1)
For p = oo, define the L norm of f by
[flloo = inf{M : p({z : |f(z)| = M}) = 0}. (15.2)
Thus the L*> norm of a function f is the smallest number M such
that |f| < M a.e.

For 1 < p < oo the space L? is the set {f : ||f]l, < oo}. One
can also write LP(X) or LP(u) if one wants to emphasize the space
or the measure. It is clear that || f||, = 0 if and only if f =0 a.c.

If 1 < p < oo, we define g by
1 1
4+ =1
p q

131
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and call g the conjugate exponent of p.

Basic to the study of LP spaces is Holder’s inequality. Note that
when p = ¢ = 2, this is the Cauchy-Schwarz inequality.

Proposition 15.1 If1 <p,q<oo and p~ ' +q ! =1, then

[1751d < 1fllgl

This also holds if p= o0 and g = 1.

Proof. If M = ||f|le, then |f| < M ae. and [|fg| < M []g|.
The case p = oo and g = 1 follows.

Now let us assume 1 < p,q < co. If ||f|l, =0, then f =0 a.e.
and [|fg| = 0, so the result is clear if ||f||, = 0 and similarly if

lglly = 0. Let F(z) = [f(z)|/[|f]l, and G(z) = [g(x)]/|gll,- Note
|F|l, =1 and |G||; =1, and it suffices to show that [ FGdu < 1.

The second derivative of the function e” is again e”, which is
everywhere positive. Any function whose second derivative is ev-
erywhere non-negative is convex, so if 0 < A < 1, we have

=N < Nt 4 (1 — N)eb (15.3)

for every pair of reals a < b. If F(z),G(x) # 0, let a = plog F(z),
b= gqlogG(x), A =1/p, and 1 — A = 1/q. We then obtain from
(15.3) that

Fx)G(z) <
Clearly this inequality also holds if F'(z) = 0 or G(z) = 0. Inte-

grating,
r\y Gllg 1 1
/FGduSHHP+|”q=—|—:1.
D q p q

This completes the proof. O

One application of Holder’s inequality is to prove Minkowski’s
inequality, which is simply the triangle inequality for LP.

We first need the following lemma:

Lemma 15.2 Ifa,b>0 and 1 < p < oo, then
(a+Db)P < 2P~ 1gP 4 2P~ 1pP. (15.4)
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Proof. The case a = 0 is obvious, so we assume a > 0. Dividing
both sides by a?, letting x = b/a, and setting

flz) =271 4 2P~ 2P — (1 4+ )P,
the inequality we want to prove is equivalent to showing f(x) > 0
for x > 0. Note f(0) > 0, f(1) = 0, limz— o f(x) = 00, and the

only solution to f’(z) =0 on (0,00) is z = 1. We conclude that f
takes its minimum at = 1 and hence f(z) > 0 for z > 0. O

Here is Minkowski’s inequality.

Proposition 15.3 If 1 < p < oo, then

1f 4+ gllp < [If1lp + llgllp-
Proof. Since |(f + g)(z)| < |f(x)] + |g(x)]|, integrating gives the
case when p = 1. The case p = oo is also easy. Now let us suppose
1 <p<oo. If|fllpor|glpis infinite, the result is obvious, so we

may assume both are finite. The inequality (15.4) with a = |f(z)|
and b = |g(z)| yields, after an integration,

/ (F + @) ()P du < 20 / @)+ 207! / l9(@)IP dp.

We therefore have || f+g||, < co. Clearly we may assume || f+gl|, >
0.

Now write

f+alP <IfIIf+glP "+ gl I f + 97!

and apply Holder’s inequality with ¢ = (1 — %)_1. We obtain

Jisa < s ( [ 15617700 gl ([ 17+910-00) ",

Since p~! 4+ ¢! =1, then (p — 1)g = p, so we have
1+ gl < (171l + lglly ) 11£ + g2/,

Dividing both sides by ||f+g||£/q and using the fact that p—(p/q) =
1 gives us our result. O
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Recall the definition of normed linear space from Chapter 1.
We would like to say that by virtue of Minkowski’s inequality, LP
is a normed linear space. This is not quite right. The L? norm of a
function satisfies all the properties of a norm except that || f||, =0
does not imply that f is the zero function, only that f = 0 a.e.
The procedure we follow to circumvent this is to say two functions
are equivalent if they differ on a set of measure 0. This is an
equivalence relation for functions. We then define the space LP to
be the set of equivalence classes with respect to this equivalence
relation, and define || f||,, to be the L” norm of any function in the
same equivalence class as f. We then have that || - ||, is a norm on
LP. We henceforth keep this interpretation in the back of our minds
when we talk about a function being in LP; the understanding is
that we identify functions that are equal a.e.

Recall Definition 10.1: f,, converges to f in L? if [ |f,— f|P — 0
asn — 00. In terms of LP norms, this is equivalent to || f, — f||5 — 0
as n — oo.

Related to the definition of L is the following terminology.
Given a real-valued measurable function f, the essential supremum
and essential infimum are defined by

ess sup f =inf{M : p({z: f(z) > M}) =0}

and
ess inf f = sup{m : p({z : f(x) <m})=0}.

15.2 Completeness
We show that the space LP viewed as a metric space is complete.

Theorem 15.4 If1 < p < oo, then LP is complete.

Proof. We will do only the case p < co and leave the case p = o
as Exercise 15.1.

Step 1. Suppose f, is a Cauchy sequence in LP. Our first step is
to find a certain subsequence. Given ¢ = 20U+ there exists n;
such that if n,m > n;, then || f, — fml, < 27UTY. Without loss
of generality we may assume n; > n;_; for each j.
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Step 2. Set ng = 0 and define fj to be identically 0. Our candidate
for the limit function will be > (fn,, — fn,._,). In this step we
show absolute convergence of this series.

Set g;(x) = in:l | fr (@) = fn,._.(x)]. Of course, g;(x) in-
creases in j for each x. Let g(z), which might be infinite, be the
limit. By Minkowski’s inequality

J
195l < >~ 1frm = Frmsllp
m=1

J
<l for = Frollp + > 27

m=2

< fuullp + 3

By Fatou’s lemma,

[ 19 utde) < lim [ 1g5(2)P o)
— 1i ||P
= lim g
<3+l

Hence ¢ is finite a.e. This proves the absolute convergence for
almost every x.

Step 3. We define our function f. Set

F@) =Y [ (@) = frp, (@)

m=1

We showed in Step 2 that this series is absolutely convergent for
almost every z, so f is well defined for a.e. z. Set f(x) = 0 for any
= where absolute convergence does not hold. We have

K
flz) = Klgnoo Z [frm (@) = frpy (2)] = Klgnoo frx ()
m=1

since we have a telescoping series. By Fatou’s lemma,

19 = fully = [18 =l <timint [ 15 = 1o,

— Timi —j+1
=l inf [|fo,c — fo, I} < 207407,
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Step 4. We have thus shown that ||f — f,, ||, = 0 as j — oco. It is
standard that a Cauchy sequence with a convergent subsequence
itself converges. Here is the proof in our case. Given € > 0, there
exists N such that ||f, — fmllp < € if m,n > N. In particular,
| fr; — fmllp <€ if j is large enough. By Fatou’s lemma,

If = fmll? < liminf || fo, — frallZ < &P
J]—00

if m > N. This shows that f,, converges to f in LP norm. O

Next we show:

Proposition 15.5 The set of continuous functions with compact
support is dense in LP(R) for 1 < p < oo.

Proof. Suppose f € LP. We have [ |f — fx[—nn|? = 0asn — oo
by the dominated convergence theorem, the dominating function
being |f|P. Hence it suffices to approximate functions in LP that
have compact support. By writing f = fT — f~ we may suppose
f > 0. Consider simple functions s,, increasing to f; then we
have [|f — sm|P — 0 by the dominated convergence theorem, so
it suffices to approximate simple functions with compact support.
By linearity, it suffices to approximate characteristic functions with
compact support. Given F, a Borel measurable set contained in
a bounded interval, and £ > 0, we showed in Proposition 8.4 that
there exists g continuous with compact support and with values in
[0,1] such that [ |g—xg| < e. Since [g—xg| < 1, then [|g—xg|P <
Jlg — xE| < e. This completes the proof. |

The same proof shows the following corollary.

Corollary 15.6 The set of continuous functions on [a,b] are dense
in the space L*(|a,b]) with respect to L*([a,b]) norm.

15.3 Convolutions

The convolution of two measurable functions f and g is defined by

[rg(z) = /f(x —y)9(y) dy,
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provided the integral exists. By a change of variables, this is the
same as [ f(y)g(z —y)dy,so f+xg=gx*f.

Proposition 15.7 If f,g € L', then f x g is in L' and

1f =gl < If NIl (15.5)

Proof. We have
/ f * gla) de < / / (@ — ) 19(w)] dy d. (15.6)

Since the integrand on the right is non-negative, we can apply the
Fubini theorem to see that the right hand side is equal to

/ / (& — )] de |g(y)] dy = / / F@)dzlg()dy  (15.7)
— Il

The first equality here follows by a change of variables (see Exercise
8.1). This together with (15.6) proves (15.5). From (15.5) we
conclude that f x g is finite a.e. O

15.4 Bounded linear functionals

A linear functional on LP is a map H from LP to R satisfying

H(f+9)=H(f)+H(9),  H(af)=aH(f)

whenever f,g € LP and a € R. (One can also have complex-valued
linear functionals, but we do not consider them in this section. See,
however, Exercise 15.28.) H is a bounded linear functional if

[H| = sup{|H f] : [|f]l, <1} (15.8)

is finite. The dual space of L? is the collection of all bounded linear
functionals with norm given by (15.8). Our goal in this section is
to identify the dual of LP.

We define the signum function or sign function by
-1, z<0;
sgn(z) =40, x=0;
1, x> 0.
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Note z sgn (z) = |x|.

The following is very useful.
Theorem 15.8 For 1 <p<oo andp™ ' +¢ ' =1,

171 =suw{ [ Fadu gl <1}, (15.9)

When p =1, (15.9) holds if we take q = oo, and if p = oo, (15.9)
holds if we take g = 1.

Proof. The right hand side of (15.9) is less than the left hand
side by Holder’s inequality. Thus we need only show that the right
hand side is greater than the left hand side.

Case 1: p = 1. Take g(z) = sgn f(x). Then |g| is bounded by 1
and fg = |f|. This takes care of the case p = 1.

Case 2: p = oo. If ||f]lcc = 0, the result is trivial, so suppose
[Iflloc > 0. Since p is o-finite, there exist sets F,, increasing up to
X such that u(F,) < oo for each n. If M = ||f||0, let a be any
finite real less than M. By the definition of L° norm, the measure
of A, = {z € F, : |f(x)| > a} must be positive if n is sufficiently
large. Let

_ sgn(f(z))xa, (7)
9a(2) = plAn)
Then the L' norm of g,, is 1 and [ fg, = [, |f|/#(An) > a. Since

a is arbitrary, the supremum on the right hand side of (15.9) must
be M.

Case 8: 1 < p < oco. We may suppose ||f|l, > 0. Let F, be
measurable sets of finite measure increasing to X, ¢, a sequence of
non-negative simple functions increasing to f, r, a sequence of
non-negative simple functions increasing to f~, and

sn(2) = (gn(2) = rn(2))xF, (7).

Then s,(x) — f(z) for each z, |s,(x)| increases to |f(z)| for each
x, each s, is a simple function, and |[|s,||, < oo for each n. Then
[Isnllp = |If]lp by the monotone convergence theorem, whether or
not || f||, is finite. For n sufficiently large, |/s, ||, > 0.

Let
[sn (@) P!

(e

gn(x) = (sgn f(x))
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gn is again a simple function. Since (p — 1)q = p, then

([ |sa|@=DO)/a s, |50

(e (e

”gan =

On the other hand, since |f| > |s,/,

P |50 [P _
/fgn: f > f _ ||Sn||§ (p/a)

IsalB/T 7 llsall/

Since p — (p/q) = 1, then [ fgn, > ||sn|lp, which tends to || f]|,.
This proves the right hand side of (15.9) is at least as large as the
left hand side. |

The proof of Theorem 15.8 also establishes

Corollary 15.9 For1<p<oo andp ' +q ' =1,

I£1s =su{ [ o+ gl < 1. simple}.

Proposition 15.10 Suppose 1 < p < oo, p~t + ¢! = 1, and
g € L1. If we define H(f) = [ fg for f € L?, then H is a bounded
linear functional on LP and || H|| = ||g||4-

Proof. The linearity is obvious. That |H| < |g|l, follows by
Holder’s inequality. Using Theorem 15.8 and writing

1= s 1#(NI= sw | [ o] sw [ fo=1al,

7l <1 I £llp<1 LFllp<

completes the proof. 0

Theorem 15.11 Suppose 1 < p < oo, p~t+q ' =1, and H is
a real-valued bounded linear functional on LP. Then there exists

g€ L7 such that H(f) = [ fg and |g]l, = ||H].

This theorem together with Proposition 15.10 allows us to iden-
tify the dual space of LP with L9.
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Proof. Suppose we are given a bounded linear functional H on
LP. First suppose u(X) < oo. Define v(A) = H(xa). We will
show that v is a measure, that v < p and that g = dv/dp is the
function we seek.

If A and B are disjoint, then

v(AUB) = H(xaup) = H(xa + xB)
_ H(xa) 1 H(xs) = v(A) + v(B).

To show v is countably additive, it suffices to show that if A, T A,
then v(A,) — v(A), and then use Exercise 3.1. But if A, 1T A,
then x4, — xa in LP, and so v(4,) = H(xa,) = H(xa) = v(A4);
we use here the fact that u(X) < co. We conclude that v is a
countably additive signed measure. Moreover, if pu(A) = 0, then
x4 =0 a.e., hence v(A) = H(xa) = 0. Using Exercise 13.1, which
is the Radon-Nikodym theorem for signed measures, we see there
exists a real-valued integrable function g such that v(A4) = [ 4 g for
all sets A.

If s =), a;xa, is a simple function, by linearity we have

H(s) = Zaz‘H(XAi) = ZGiV(Ai) = Zai /QXAi = /gs.

(15.10)
By Corollary 15.9 and (15.10),

lalls = sup{ [ g5 1l < 1.5 simple}
= sup{H(s) sl < 1,5 simple} < |1

If s, are simple functions tending to f in L? (see Exercise 15.2),
then H(s,) — H(f), while by Holder’s inequality

‘/Sng_/fg‘:‘/(sn_f)g‘SHSn_prHqu_)Q

so [ sng — [ fg. We thus have H(f) = [ fg for all f € LP, and
lgllq < IH]]. By Hélder’s inequality, [|H|| < [|glq-

In the case where p is o-finite, but not necessarily finite, let
F, 1 X so that p(F,) < oo for each n. Define functionals H,, by
H,(f) = H(fxr,). Clearly each H, is a bounded linear functional
on LP. Applying the above argument, we see there exist g, such
that H,(f) = [ fgn and ||gnllq = ||Hn| < || H||. It is easy to see
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that g, is 0 if x ¢ F,. Moreover, by the uniqueness part of the
Radon-Nikodym theorem, if n > m, then g, = g,, on F,,. Define
g by setting g(x) = g,(x) if z € F,,. Then g is well defined. By
Fatou’s lemma, ¢ is in L? with a norm bounded by ||H||. Note
fxr, — fin L? by the dominated convergence theorem. Since H
is a bounded linear functional on LP, we have H,,(f) = H(fxF,) —
H(f). On the other hand

Hy(f) = fgn=/nfg—>/fg

Fy

by the dominated convergence theorem. Thus H(f) = [ fg. Again
by Hélder’s inequality ||H|| < ||g|l4- O

15.5 Exercises
Exercise 15.1 Show that L is complete.

Exercise 15.2 Prove that the collection of simple functions is
dense in LP.

Exercise 15.3 Prove the equality

Jis@rds = [t @) =

forp > 1.

Exercise 15.4 Consider the measure space ([0, 1], B, m), where B
is the Borel o-algebra and m is Lebesgue measure, and suppose f
is a measurable function. Prove that || f|l, = ||f]lc as p — oc.

Exercise 15.5 When does equality hold in Hélder’s inequality?
When does equality hold in the Minkowski inequality?

Exercise 15.6 Give an example to show that LP ¢ L7 in general
if 1 < p<q< oco. Give an example to show that L? ¢ LP in
general if 1 < p < ¢ < c0.
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Exercise 15.7 Define

gn(x) = NX[0,n—3] (.’L‘)
(1) Show that if f € L?([0,1]), then

1
f(@)gn(x)dz — 0
0

as n — o0.

(2) Show that there exists f € L'([0,1]) such that fol f(@)gn(x) dx
# 0.

Exercise 15.8 Suppose pu is a finite measure on the Borel subsets
of R such that

fa) = / fa+ud),  ae.

whenever f is real-valued, bounded, and integrable. Prove that

n({0}) = 1.

Exercise 15.9 Suppose p is a measure with u(X) =1and f € L”
for some r > 0, where we define L" for r < 1 exactly as in (15.1).
Prove that

Lim | fllp = exp (/loglfldu),

where we use the convention that exp(—oo) = 0.

Exercise 15.10 Suppose 1 < p < oo and ¢ is the conjugate expo-
nent to p. Suppose f, = f a.e. and sup,, || fnllp < co. Prove that
if g € L9, then

i [ fug= [ so

n—oo
Does this extend to the case where p = 1 and ¢ = co? If not, give
a counterexample.

Exercise 15.11 If f € L'(R) and g € LP(R) for some p € [1,0),
prove that
1+ gllp < [1fllullgllp-

Exercise 15.12 Suppose p € (1,00) and ¢ is its conjugate expo-
nent. Prove that if f € LP(R) and g € L4(R), then fxg is uniformly
continuous and f * g(z) — 0 as x — oo and as x — —o0.
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Exercise 15.13 Show that if f and g are continuous with compact
support, then f x g is continuous with compact support.

Exercise 15.14 Suppose f € L*°(R), fn(x) = f(x + h), and
Jim {1 = flloo = 0.

Prove that there exists a uniformly continuous function g on R such
that f =g a.e.

Exercise 15.15 Let p € [1,00) and suppose p is a finite measure.
Prove that f € LP(u) if and only if

o0

Y@ u{z: | f(@)] > 2"}) < co.

n=1

Exercise 15.16 Suppose u(X) =1 and f and g are non-negative
functions such that fg > 1 a.e. Prove that

([ £an)( [oau)=1

Exercise 15.17 Suppose f : [1,00) = R, f(1) = 0, f’ exists and is
continuous and bounded, and f’ € L?([1,00)). Let g(z) = f(z)/=.
Show g € L?([1,00)).

Exercise 15.18 Find an example of a measurable f : [1,00) = R
such that f(1) =0, f’ exists and is continuous and bounded, f’ €
L'([1,00)), but the function g(x) = f(z)/z is not in L.

Exercise 15.19 Prove the generalized Minkowski inequality: If
(X, A, ) and (Y, B,v) are measure spaces, f is measurable with
respect to A X B, and 1 < p < oo, then

(] ([ 1rtemivan)” uaa)”

< [ ([ it utan) " vidy).

This could be rephrased as

15121

< |1 lzeo|
()

L L)
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Does this extend to the cases where p = 1 or p = co? If not, give
counterexamples.

IfY = {1,2}, v(dy) = 61(dy)+92(dy), where 0, and 2 are point
masses at 1 and 2, resp., and we let g1 (x) = f(z,1), g2(z) = f(x,2),
we recover the usual Minkowski inequality, Proposition 15.3.

Exercise 15.20 Let o € (0,1) and K(z) = |z|~ for # € R. Note
that K is not in L? for any p > 1. Prove that if f is non-negative,
real-valued, and integrable on R and

(@) = [ fla - 0K @D
then g is finite a.e.

Exercise 15.21 Suppose p > 1 and ¢ is its conjugate exponent,
f is an absolutely continuous function on [0, 1] with f’ € LP, and
f(0) = 0. Prove that if g € L7, then

! 1\1/p
dr < (= ! .
| 1sa1ae < () 1710l

Exercise 15.22 Suppose f : R — R is in LP for some p > 1 and
also in L. Prove there exist constants ¢ > 0 and a € (0,1) such
that

/ 1 (@)| dx < em(A)®
A

for every Borel measurable set A C R, where m is Lebesgue mea-
sure.

Exercise 15.23 Suppose f : R — R is integrable and there exist
constants ¢ > 0 and « € (0, 1) such that

/ 1 (@)|dx < em(A)®
A

for every Borel measurable set A C R, where m is Lebesgue mea-
sure. Prove there exists p > 1 such that f € LP.

Exercise 15.24 Suppose 1 <p < o0, f:(0,00) = R, and f € LP
with respect to Lebesgue measure. Define

g(x) = ;/OI f(y) dy.
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Prove that »
lgllp < pfl”f“p'

This is known as Hardy’s inequality.

Exercise 15.25 Suppose (X, A, 1) is a measure space and suppose
K : X x X — R is measurable with respect to A x A. Suppose
there exists M < oo such that

/ K (2,9)| u(dy) < M
X

for each z and
[ Il utdo) < 21

for each y. If f is measurable and real-valued, define

Tf(z) = /X K (x,y) /() uldy)

if the integral exists.
(1) Show that [|Tf|ly < M]|f]]x.
(2) If 1 < p < o0, show that ||Tf]|, < M| fllp.

Exercise 15.26 Suppose A and B are two Borel measurable sub-
sets of R, each with finite strictly positive Lebesgue measure. Show
that x 4 *xp is a continuous non-negative function that is not iden-
tically equal to 0.

Exercise 15.27 Suppose A and B are two Borel measurable sub-
sets of R with strictly positive Lebesgue measure. Show that

C={z+y:x€Aye B}

contains a non-empty open interval.

Exercise 15.28 Suppose 1 < p < oo and ¢ is the conjugate ex-
ponent of p. Prove that if H is a bounded complex-valued lin-
ear functional on LP, then there exists a complex-valued measur-
able function g € L7 such that H(f) = [ fg for all f € LP and

IH = llgllq-
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Chapter 16

Fourier transforms

Fourier transforms give a representation of a function in terms of
frequencies. There is a great deal known about Fourier transforms
and their applications. We give an introduction here.

16.1 Basic properties

If fis a complex-valued function and f € L!(R"), define the
Fourier transform f to be the function with domain R™ and range
C given by

flw) = /n e f(x) da, u e R™ (16.1)

We are using u - x for the standard inner product in R™. Various
books have slightly different definitions. Some put a negative sign
and/or 27 before the iu - x, some have a (27)~! or a (27)~'/2 in
front of the integral. The basic theory is the same in any case.

Some basic properties of the Fourier transform are given by

Proposition 16.1 Suppose f and g are in L'. Then
(1) f is bounded and continuous;

(2) (F +9)(w) = Flu) + §(u);

(3) (af)(u) = af(u) if a € C; R o
(4) if a € R™ and f,(x) = f(x + a), then f,(u) = e "™ f(u);

147
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glu+a);

(5) if a € R™ and g,(z) = €' g(x), then go(u) =
() = f(ax), then hy(u) =

(6) if a is a non-zero real number and hy,

a~"f(u/a).

Proof. (1) f is bounded because f € L' and |¢®*| = 1. We have
f(u +h)— A(u) = / (ei(“+h)'z - ei“'z)f(x) dx.

Then
Pty = Ful < [leme] | -1 (@) da.

The integrand is bounded by 2|f(z)|, which is integrable, and

e"® 1 = 0as h — 0. Thus the continuity follows by the domi-
nated convergence theorem.

(2) and (3) are easy by a change of variables. (4) holds because

Falu) = /ei“'xf(z +a)dr = /ei“'(zfa)f(m) dz = e ™ f(u)
by a change of variables. For (5),

) = [ @y de = [ 0 @) de = flua),
Finally for (6), by a change of variables,

haw) = [ v fa)de = a [ e fg)ay
= [ ) dy =0 flu/a),

as required. o

One reason for the usefulness of Fourier transforms is that they
relate derivatives and multiplication.

Proposition 16.2 Suppose f € L' and x; f(x) € L', where x; is
the j*" coordinate of x. Then

gufj( u) = i/ei“'“’xjf(x) dx
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Proof. Let e¢; be the unit vector in the 4t direction. Then

~

flu+ he};‘) — f(w) _ % / (ei(“”wj)'z — ei"m)f(x) dx

_ / Jin (6”“’2*1) fz) d.

1 itha;
(e =) <
and z; f(z) € L', the right hand side converges to [ e™®iz; f(z) dx
by the dominated convergence theorem. Therefore the left hand
side converges. The limit of the left hand side is 0f/0u,. |

Since

Proposition 16.3 Suppose f : R — R is integrable, f is absolutely
continuous, and [’ is integrable. Then the Fourier transform of f'

is —iuf(u).
The higher dimensional version of this is left as Exercise 16.4.

Proof. Since [’ is integrable,

If(y) — f(z)] < /y\f’(z)|dz—>0

as z,y — oo by the dominated convergence theorem. This implies
that f(y,) is a Cauchy sequence whenever y,, — oo, and we con-
clude that f(y) converges as y — co. Since f is integrable, the only
possible value for the limit is 0. The same is true for the limit as
Yy — —o0.

By integration by parts (use Exercise 14.1 and a limit argu-
ment),

F(u) = /_OO e f!(x) dr = — /_OO iue™® f(x) d

~

= _Zuf(u)7

as desired. O

Recall the definition of convolution given in Section 15.3. Recall
also (15.7), which says that

/ / F@ - o)l lg@) dedy = If gl (162)
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Proposition 16.4 If f,g € L', then the Fourier transform of fxg
is f(u)g(u).

Proof. We have
Frglu) = /ei“'“’/f(xfy)g(y) dy dx
N / / Y f o —y) eV g(y) de dy
— [ Fwergty) dy = Fruygo).

We applied the Fubini theorem in the second equality; this is valid
because as we see from (16.2), the absolute value of the integrand
is integrable. We used a change of variables to obtain the third
equality. O

16.2 The inversion theorem

We want to give a formula for recovering f from ]? First we need
to calculate the Fourier transform of a particular function.

Proposition 16.5 (1) Suppose f1 : R — R is defined by

fi(z) = \/12?6_332/2.

Then fi(u) = e=%*/2.
(2) Suppose f, : R — R is given by

1 2
- —l=I7/2
fu(2) (277)”/2 € :

Then fn(u) = e lul?/2,
Proof. (1) may also be proved using contour integration, but let’s

give a (mostly) real variable proof. Let g(u) = fe“”e_”jz/2 dx.
Differentiate with respect to u. We may differentiate under the
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integral sign because (e!(*t")* — @) /h is bounded in absolute

value by |z| and |z|e=*"/2 is integrable; therefore the dominated

convergence theorem applies. We then obtain
g'(u) = i/e““ﬁxeﬂﬂ/2 dz.
By integration by parts (see Exercise 14.1) this is equal to

—u/ei“"ﬂe*z?/2 dx = —ug(u).

Solving the differential equation ¢’(u) = —ug(u), we have
g'(u)
logg u ! = = —U7
oz g(u) =

so log g(u) = —u?/2 + ¢1, and then
g(u) = cpe™ /2, (16.3)

By Exercise 11.18, g(0) = [ e~ /2dx = /27, s0 ¢y = v/27. Sub-
stituting this value of ¢ in (16.3) and dividing both sides by v/27
proves (1).

For (2), since f(z) = fi(x1) - fi(zn) f 2 = (z1,...,2,), then

Fu(w) :/.../eiZjujl‘jfl(ml)...fl(xn)dxl... d,,
= fiw) - fulug) = e 2,

This completes the proof. 0

One more preliminary is needed before proving the inversion
theorem.

Proposition 16.6 Suppose ¢ is in L' and [¢(x)dx = 1. Let
ps(x) =0 "p(x/d).

(1) If g is continuous with compact support, then gxps converges
to g pointwise as 6 — 0.

(2) If g is continuous with compact support, then gxps converges
togin L' as 6 — 0.

(3) If f € LY, then || f xos — fll1 — 0 as § — 0.
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Proof. (1) We have by a change of variables (Exercise 8.1) that
J ¢s(y)dy = 1. Then

9+ 03(0) ~ 9() = | [ (ol ~ ) = @) sl ]
= | [ (9t~ 6) ~ g(a)) el
< 1ot = 59) - 9@ lo(w)] dy.

Since g is continuous with compact support and hence bounded and
© is integrable, the right hand side goes to zero by the dominated
convergence theorem, the dominating function being 2||g|co -

(2) We now use the Fubini theorem to write

[la<est@) - g@lda= [ | [tate =) - 900D pstw) o] da
— [ [ 6t = 50) - gt oty o o
< [ [ 1ota = ) = s@)l fo(w)l dy dz
— [ [l -5 - g(@l de (o)l do

y) = / g — 6y) — g(x)| d.

By the dominated convergence theorem, for each y, G5(y) tends to
0 as § — 0, since g is continuous with compact support. Moreover
G5 is bounded in absolute value by 2||g||1. Using the dominated
convergence theorem again and the fact that ¢ is integrable, we see
that [ Gs(y) |¢(y)| dy tends to 0 as § — 0.

Let

(3) Let ¢ > 0. Let g be a continuous function with compact
support so that ||f —g|/1 <e. Let h = f —g. A change of variables
shows that ||¢s|l1 = ||¢]l1. Observe

If*ws = flln < llg* @5 — glln + |+ ps — R
Also

[hxps = hlly <[|Bll+[[Rxpslls < [[Rlla+ Al lleslls < e(T+lell)
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by Proposition 15.7. Therefore, using (2),

limsup || f * @5 — fll1 < limsup [|h x5 —hlls < e(1+ [lol1).
6—0 §—0

Since ¢ is arbitrary, we have our conclusion. O

Now we are ready to give the inversion formula. The proof seems
longer than one might expect it to be, but there is no avoiding the
introduction of the function H, or some similar function.

Theorem 16.7 Suppose f and f are both in L'. Then

fly) = /e_m'yﬂU) du, a.e.

(2r)"

Proof. If g(x) = a "k(x/a), then the Fourier transform of g is
k(au). Hence the Fourier transform of

i 1 6_$2/2a2
am (27‘()"/2

is e=@""*/2 Tf we let

we have

We write
/ Flu)e=1 H, (u) du = / / ¢ F(2)e= Y H (u) dar du
= / / T H (u) du f(x) da

:/ﬁa(xfy)f(x)dm. (16.4)

We can interchange the order of integration because

[ [1i@lH i b < o
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and |e"*®| = 1. The left hand side of the first line of (16.4) con-
verges to

ry [ Fue v ay

as a — oo by the dominated convergence theorem since H,(u) —
(2r)~™ and f € L'. The last line of (16.4) is equal to

[ Buly~ f(a) dz = f < B, (16.5)

using that f[a is symmetric. But by Proposition 16.6, setting § =

a~', we see that f x H, converges to f in L' as a — oo. O

16.3 The Plancherel theorem

The last topic that we consider is the Plancherel theorem.

Theorlam 16.8 Suppose f is continuous with compact support.
Then f € L? and R
1fll2 = 2m) 72| fl|2- (16.6)

Proof. First note that if we combine (16.4) and (16.5), then

~

[ Fae ) du= 1 (o)
Now take y = 0 and use the symmetry of I;Ta to obtain

/f(u)Ha(u) du = f * Hy(0). (16.7)

Let g(x) = f(—z), where @ denotes the complex conjugate of a.

Since ab = ab,

gu) = /ei“'xmdx = /e‘““ﬂf(—x) dx
= /ez’u~wf(x) dx = f(u).



16.4. EXERCISES 155

The third equality follows by a change of variables. By (16.7) with
f replaced by f * g,

/m(u)HG(u) du = f*gx ﬁa(O). (16.8)

Observe that f * g(u) = f(u)§(u) = |f(u)[?. Thus the left hand
side of (16.8) converges by the monotone convergence theorem to

(2m) / Fw)? du

as a — oo. Since f and g are continuous with compact support,
then by Exercise 15.13, f % ¢ is also, and so the right hand side

of (16.8) converges to f * g(0) = [ f(y)g(—y)dy = [|f(y)|* dy by
Proposition 16.6(2). O

Remark 16.9 We can use Theorem 16.8 to define fwhen feL?
so that (16.6) will continue to hold. The set of continuous functions
with compact support is dense in L? by Proposition 15.5. Given a
function f in L?, choose a sequence {f,,} of continuous functions
with compact support such that f,,, — fin L?. Then || f,, — fnll2 —
0 as m,n — oo. By (16.6), {fm} is a Cauchy sequence in L?, and
therefore converges to a function in L2, which we call f

Let us check that the limit does not depend on the choice of
the sequence. If {f/ } is another sequence of continuous functions
with compact support converging to f in L2, then {f,, — f/,} is a
sequence of continuous functions with compact support converging
to 0 in L2. By (16.6), f,, — f., converges to 0 in L?, and therefore
f/’\m has the same limit as fm. Thus f is defined uniquely up to
almost everywhere equivalence. By passing to the limit in L? on
both sides of (16.6), we see that (16.6) holds for f € L.

16.4 Exercises

Exercise 16.1 Find the Fourier transform of x|, and in partic-
ular, find the Fourier transform of x(_ .

Exercise 16.2 Find a real-valued function f € L' such that f¢
L'
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Exercise 16.3 Show that if f € L' and f is everywhere strictly

~ ~

positive, then |f(y)| < f(0) for y # 0.

Exercise 16.4 If f is integrable, real-valued, and all the partial
derivatives f; = Of/Ox; are integrable, prove that the Fourier

transform of f; is given by J:";(u) = —zu]f(u)

Exercise 16.5 Let S be the class of real-valued functions f on R
such that for every k > 0 and m > 0, |z|™|f*) (x)| — 0 as |z| — oo,
where f() is the k*" derivative of f when k > 1 and f(®) = f. The
collection § is called the Schwartz class. Prove that if f € S, then
fes.

Exercise 16.6 The Fourier transform of a finite signed measure p
on R” is defined by

fiw = [ € (o).

Prove that if p and v are two finite signed measures on R” (with
respect to the completion of £ x --- x L, where L is the Lebesgue
o-algebra on R) such that fi(u) = U(u) for all uw € R™, then p = v.

Exercise 16.7 If f is real-valued and continuously differentiable
on R, prove that

(/'f\zdm)z S4(/\xf<x)\2dw) (/|f’|2dx).

Exercise 16.8 Prove Heisenberg’s inequality (which is very useful
in quantum mechanics): there exists ¢ > 0 such that if a,b € R
and f is in L2, then

([@-arit@pas) ( [-bpifwp ) = o [1r@P ).

Find the best constant c.



Chapter 17

Riesz representation

In Chapter 4 we constructed measures on R. In this chapter we
will discuss how to construct measures on more general topological
spaces X.

If X is a topological space, let B be the Borel o-algebra and
suppose p is a o-finite measure on (X, B). Throughout this chap-
ter we will restrict our attention to real-valued functions. If f is
continuous on X, let us define

L(f) = /X fdp.

Clearly L is linear, and if f > 0, then L(f) > 0. The main topic
of this chapter is to prove a converse, the Riesz representation
theorem.

We need more hypotheses on X than just that it is a topological
space. For simplicity, throughout this chapter we suppose X is
a compact metric space. In fact, with almost no changes in the
proof, we could let X be a compact Hausdorff space, and with only
relatively minor changes, we could even let X be a locally compact
Hausdorff metric space. See Remark 17.1. But here we stick to
compact metric spaces.

We let C(X) be the collection of continuous functions from X
to R. Recall that the support of a function f is the closure of
{z: f(z) # 0}. We write supp (f) for the support of f. If G is an

157
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open subset of X, we define F¢ by
Fo={feC(X):0< f<1,supp(f) CG}.

Observe that if f € Fg, then 0 < f < xg, but the converse
does not hold. For example, if X = [-2,2], G = (-1,1), and
f(x) = (1 —22)T, then 0 < f < xg, but the support of f, which is
[—1,1], is not contained in G.

17.1 Partitions of unity

The reason we take our set X to be a metric space is that if K C
G C X, where K is compact and G is open, then there exists
f € Fg such that fis 1 on K. If we let

o) = (1- 252

where d(z, K) = inf{d(z,y) : y € K} is the distance from z to K
and § = inf{d(z,y) : « € K,y € G}, then this f will do the job.

Remark 17.1 If X is a compact Hausdorff space instead of a com-
pact metric one, we can still find such an f, that is, f € Fg with
f > xx when K C G, K is compact, and G is open. Urysohn’s
lemma is the result from topology that guarantees such an f exists;
see Section 20.6. (A Hausdorfl space X is one where if z,y € X,
x # 7, there exist disjoint open sets G, and G, with z € G, and
y € Gy. An example of a compact Hausdorff space that is not a
metric space and cannot be made into a metric space is [0, 1]® with
the product topology.) See Chapter 20 for details.

We will need the following proposition.

Proposition 17.2 Suppose K is compact and K C Gy U---UG,,
where the G; are open sets. There exist g; € Fq, fori=1,2,...,n
such that Y gi(x) =1ifx € K.

The collection {g;} is called a partition of unity on K, subordi-
nate to the cover {G;}.

Proof. Let x € K. Then z will be in at least one G;. Single points
are always compact, so there exists h, € Fg, such that h,(z) = 1.
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Let N, = {y : hy(y) > 0}. Since h, is continuous, then N, is open,
r € N, and N, C G;.

The collection {N,} is an open cover for the compact set K, so
there exists a finite subcover {N,,,..., N, }. For each i, let

Fy = U{Ny, : N;; C Gi}.
Each F; is closed, and since X is compact, F; is compact. We have

F; C G;. Let us choose f; € Fg, such that f; is 1 on F;.
Now define

g1 = f17
g2 = (1= f1)fa,

gn=010—-f1)A—=f2) - (1= fa1)fn-

Clearly g; € Fg,. Note g1 + g2 =1 — (1 — f1)(1 — f3), and an
induction argument shows that

gt tgn=1-01-fA)A = fo) (1= fn)

If z € K, then x € N, for some j, so x € F; for some i. Then
fi(z) =1, which implies >"}_; gi(z) = 1. O

17.2 The representation theorem

Let L be a linear functional mapping C(X) to R. Thus L(f 4 g) =
L(f)+ L(g) and L(af) = aL(f) if f,g e C(X)and a €R. Lisa
positive linear functional if L(f) > 0 whenever f > 0 on X.

Here is the Riesz representation theorem. B is the Borel o-
algebra on X, that is, the smallest o-algebra that contains all the
open subsets of X.

Theorem 17.3 Let X be a compact metric space and L a positive
linear functional on C(X). Then there exists a measure p on (X, B)
such that

L(f) = / S uldy),  fec(X). (17.1)
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We often write Lf for L(f). Since X is compact, taking f identi-
cally equal to 1 in (17.1) shows that u is a finite measure.

Proof. If G is open, let
U(G) =sup{Lf: f € Fa}
and for £ C X, let
w*(E) =inf{{(G) : E C G,G open}.

Step 1 of the proof will be to show p* is an outer measure. Step
2 is to show that every open set is p*-measurable. Step 3 is to
apply Theorem 4.6 to obtain a measure u. Step 4 establishes some
regularity of u and Step 5 shows that (17.1) holds.

Step 1. We show p* is an outer measure. The only function in Fy
is the zero function, so £(Q)) = 0, and therefore p* (@) = 0. Clearly
w*(A) <up*(B)if AC B.

To show the countable subadditivity of p*, first let Gy, Go, ...
be open sets. For any open set H we see that u*(H) = ¢(H). Let
G = U;G; and let f be any element of Fg. Let K be the support of
f. Then K is compact, {G;} is an open cover for K, and therefore
there exists n such that K C U ,G;. Let {g;} be a partition of
unity for K subordinate to {G;}?_,. Since K is the support of f,
we have f = Y"1 | fg;. Since g; € Fg, and f is bounded by 1, then
fgi € Fa,. Therefore

n n o0
Lf = L(fg:) <Y _ p'(Gi) <> " (Ga).
i=1 i=1 i=1
Taking the supremum over f € Fg,

p(G) = 4G) < Zu*(Gi)-

If Ay, Ag, ... are subsets of X, let ¢ > 0, and choose G; open
such that £(G;) < p*(G;) +€27%. Then

W32 A < (U246 < 307 (G) < 3 (4i) +e.
=1 =1

Since ¢ is arbitrary, countable subadditivity is proved, and we con-
clude that p* is an outer measure.



17.2. THE REPRESENTATION THEOREM 161

Step 2. We show that every open set is p*-measurable. Suppose G
is open and F C X. It suffices to show

p(E) Z p (ENG) 4+ p* (ENGE), (17.2)

since the opposite inequality is true by the countable subadditivity
of p*.

First suppose E is open. Choose f € Fgng such that
L(f) > UENG)—¢/2.

Let K be the support of f. Since K¢ is open, we can choose
g € Frnke such that L(g) > ¢(ENK°) —¢/2. Then f+g € Fg,
and

UE)>L(f+9g)=Lf+Lg>0ENG)+{ENK") —¢
=p"(ENG)+p (ENK°) —¢
>p(ENG)+ " (ENGe) —e.
Since ¢ is arbitrary, (17.2) holds when F is open.

If E C X is not necessarily open, let € > 0 and choose H open
such that E C H and ¢(H) < p*(E) + e. Then

pH(E)+ez(H)=p"(H) 2 p"(HNG) +p"(HNG)
> (ENG) + p* (ENGY).

Since € is arbitrary, (17.2) holds.

Step 8. Let B be the Borel o-algebra on X. By Theorem 4.6,
the restriction of p* to B, which we call y, is a measure on B. In
particular, if G is open, u(G) = p*(G) = £(Q).

Step 4. In this step we show that if K is compact, f € C(X), and
f > xx, then L(f) > pu(K). Let € > 0 and define

G={x:f(z)>1—-¢},
which is open. If g € F¢, then g < xg < f/(1 —¢), so
(1-e)~'f-g>0.
Because L is a positive linear functional,

L(1-e)7'f-g) >0,



162 CHAPTER 17. RIESZ REPRESENTATION

which leads to Lg < Lf/(1 —¢). This is true for all g € F¢, hence
Lf

1—¢

u(K) < u(G) <
Since € is arbitrary, u(K) < Lf.

Step 5. We now establish (17.1). By writing f = f* — f~ and
using the linearity of L, to show (17.1) for continuous functions
we may suppose f > 0. Since X is compact, then f is bounded,
and multiplying by a constant and using linearity, we may suppose
0<f<L

Let n > 1 and let K; = {z: f(x) > i/n}. Since f is continuous,
each K is a closed set, hence compact. Ky is all of X. Define

0, x e Kf
fil) =9 flz) - =L, ve Ky — K
L x € K.

n’

Note f=>"", f; and xk, <nfi < xk,_,. Therefore

ug/fidug'uii_l)7
n n

n n—1
1 1
S (K < / Fu< =3 u(Ko). (17.3)
i=1 i=0
Let € > 0 and let G be an open set containing K, _; such that
w(G) < w(K;—1)+¢e. Then nf; € Fg, so
L(nf;) < Q) < u(Ki—1) +e.

Since ¢ is arbitrary, L(f;) < p(K;—1)/n. By Step 4, L(nf;) >
1(K;), and hence

1< 1«
— K; — 17.4
2 Doul) < ng (17.4)
Comparing (17.3) and (17.4) we see that
D= [ s < M0 =) )

-on

and so

Since, as we saw above, p(X) = L(l) < oo and n is arbitrary, then
(17.1) is established. |
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Example 17.4 If f is continuous on [a,b], let L(f) be the Rie-
mann integral of f on the interval [a,b]. Then L is a positive linear
functional on C([a, b]). In this case, the measure whose existence is
given by the Riesz representation theorem is Lebesgue measure.

Remark 17.5 Let X be a metric space, not necessarily compact.
A continuous function f wvanishes at infinity if given € > 0 there
exists a compact set K such that |f(z)| < e if # ¢ K. Co(X) is
the usual notation for the set of continuous functions vanishing at
infinity. There is a version of the Riesz representation theorem for
Co(X). See [4] for details.

17.3 Regularity

We establish the following regularity property of measures on com-
pact metric spaces.

Proposition 17.6 Suppose X is a compact measure space, B is
the Borel o-algebra, and p is a finite measure on the measurable
space (X,B). If E € B and € > 0, there exists K C E C G such
that K is compact, G is open, u(G — E) < ¢, and u(E — K) < €.
(K and G depend on € as well as on E.)

Proof. Let us say that a subset F € B is approximable if given € >
0 there exists K C E C G with K compact, G open, u(G—FE) < ¢,
and pu(E—F) < e. Let H be the collection of approximable subsets.
We will show H contains all the compact sets and H is a o-algebra,
which will prove that H = B, and thus establish the proposition.

If K is compact, let G,, = {z : d(z, K) < 1/n}. Then the G,, are
open sets decreasing to K, and if n is large enough, u(G, —K) < e.
Thus every compact set is in H.

If Fisin ‘H and € > 0, then choose K C F C G with K compact,
G open, u(E—K) < e,and u(G—F) < e. Then G° C E° C K¢, G°
is closed, hence compact, K€ is open, u(K¢—E°) = uy(E—-K) < ¢,
and p(E° — G°) = pu(G — E) < e. Therefore H is closed under the
operation of taking complements.

Suppose E1, Es,... € H. For each i choose K; compact and G;
open such that K; C E; C Gy, u(G;—E;) < e27% and u(E; — K;) <



164 CHAPTER 17. RIESZ REPRESENTATION

€27+ Then U2, G, is open, contains UL, F;, and
/J(UiGi — UZ'EZ‘) < Z’U(Gl — El> < €.
i=1

We see that U2, K; is contained in U2, F; and similarly,

p(U2y By — U2y Z ) <e/2.

Since U} K; increases to U2, K;, we can choose n large so that

N(U?in-&-lKi) < 5/2

Then U}, K;, being the finite union of compact sets, is compact,
is contained in U2, F;, and

p(UZ B — UL KG) <&

This proves that U; E; is in H.

Since H is closed under the operations of taking complements
and countable unions and M E; = (U;Ef)¢, then H is also closed
under the operation of taking countable intersections. Therefore H
is a o-algebra. O

A measure is called regular if
w(E) = inf{u(G) : G open, E C G}

and
w(E) = sup{u(K) : K compact, K C E}

for all measurable E. An immediate consequence of what we just
proved is that finite measures on (X, B) are regular when X is a
compact metric space.

17.4 Bounded linear functionals

We have proved the Riesz representation theorem for positive linear
functionals on C(X). In Chapter 25 we will need a version for
complex-valued bounded linear functionals. We do the real-valued
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case in this section; the complex-valued case follows relatively easily
and is Exercise 17.10.

The following proposition is key. We set || f|| = sup,cx |f(2)]
for f € C(X) and if I is a bounded linear functional on C(X), we
let [[1]] = supy =1 1(f)]-

Proposition 17.7 Suppose I is a bounded linear functional on
C(X). Then there exist positive bounded linear functionals J and
K such that I =J — K.

Proof. For g € C(X) with g > 0, define

J(g) =sup{I(f): feC(X),0< f<g}

Since 1(0) = 0, then J(g) > 0. Since [I(f)] <[]/ |[f]| < [IZ]|{|g]l if
0< f<g,then |J(g)| <[] llgll- Clearly J(cg) = cJ(g) if ¢ = 0.

We prove that
J(g1 + g2) = J(g1) + J(g2) (17.5)

if 1,92 € C(X) are non-negative. If 0 < f; < g; and 0 < fo < go
with each of the four functions in C(X), we have 0 < f1 + f2 <
g1 + g2, SO

J(g1 +92) > I(f1 + f2) = I(f1) + I(f2).

Taking the supremum over all such f; and fo,

J(g1 +92) > J(g1) + J(g2). (17.6)

To get the opposite inequality, suppose 0 < f < g7 + go with
each function non-negative and in C(X). Let f; = f A g¢g; and
fo = f— fi. Note f1,fo € C(X). Since f; < f, then fo >
0. If f(z) < gi(z), we have f(z) = fi(x) < fi(zx) + go(z). If
f(x) > g1(x), we have f(z) < g1(z) +g2(2) = f1(x) +g2(z). Hence
J < fit+g2, 80 fa=f— fi <go. Thus

I(f) = 1(f1) +1(f2) < J(g1) + J(g2)-

Taking the supremum over f € C(X) with 0 < f < g1 + go,

J(g1 +92) < J(g1) + J(g2)-
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Combining with (17.6) proves (17.5).
If f €C(X),define J(f)=J(f*)— J(f). We have
-+ —f=h+tfh=h+f"—(h+f),

S0
A+ +(h+f) =+ +f+fs
Hence
T+ I+ T((fr+ f2)7) = T((fr+ f) ) + T (D) + T(f2)-
Rearranging,
J(f1+ f2) = J(f1) + J(f2).
Showing J(cf) = ¢J(f) is easier, and we conclude J is a linear

functional on C(X).
We write
[T(AI = 1T = TN < TV IF)
< (DY QLI
= 21 ALV LD
< NI
Thus J is a bounded linear functional.

If f >0, then J(f) > 0. Set K = J—1. If f > 0, then
I(f) < J(f), so K(f) >0, and K is also a positive operator. 0O

We now state the Riesz representation theorem for bounded
real-valued linear functionals.

Theorem 17.8 If X is a compact metric space and I is a bounded
linear functional on C(X), there exists a finite signed measure p on
the Borel o-algebra such that

1) = [ fau
for each f € C(X).

Proof. Write I = J — K as in Proposition 17.7. By the Riesz
representation theorem for positive linear functionals there exist
positive finite measures x4 and p~ such that J(f) = [ fdut and
K(f) = [ fdu~ for every f € C(X). Then p = pt — p~ will be
the signed measure we seek. O
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17.5 Exercises

Exercise 17.1 Suppose F is a closed subset of [0, 1] and we define

1
L(f):/o fxrdx

for real-valued continuous functions f on [0,1]. Prove that if 4 is
the measure whose existence is given by the Riesz representation
theorem, then p(A) = m(A N F), where m is Lebesgue measure.

Exercise 17.2 Suppose X is a compact metric space and u is a
finite regular measure on (X, B), where B is the Borel o-algebra.
Prove that if f is a real-valued measurable function and € > 0,
there exists a closed set F' such that pu(F°) < € and the restriction
of f to F' is a continuous function on F'.

Exercise 17.3 Let C''([0,1]) be the set of functions whose deriva-
tive exists and is continuous on [0,1]. Suppose L is a linear func-
tional on C1([0, 1]) such that

LD < eallfll + el £l

for all f € C([0,1]), where ¢; and ¢ are positive constants and the
norm is the supremum norm. Show there exists a signed measure
w1 on the Borel subsets of [0,1] and a constant K such that

L(y) :/f'du+Kf<o>, f e c((0.1)).

Exercise 17.4 Suppose X and Y are compact metric spaces and
F: X — Y is a continuous map from X onto Y. If v is a finite
measure on the Borel sets of Y, prove that there exists a measure
w1 on the Borel sets of X such that

/ fdv = / foFdu
Y X
for all f that are continuous on Y.

Exercise 17.5 Let X be a compact metric space. Prove that C(X)
has a countable dense subset.
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Exercise 17.6 Let X be a compact metric space and let B be the
Borel o-algebra on X. Let u, be a sequence of finite measures
on (X, B) and let p be another finite measure on (X, 8). Suppose
tn(X) = pu(X). Prove that the following are equivalent:

(1) [ fdpn — [ fdu whenever f is a continuous real-valued func-
tion on X;

(2) limsup,,_, o pn(F) < u(F) for all closed subsets F' of X;

(3) liminf,, 00 ptn(G) > 1(G) for all open subsets G of X;

(4) limy, s 00 ftn(A) = p(A) whenever A is a Borel subset of X such

that u(0A) =0, where 0A = A — A° is the boundary of A.

Exercise 17.7 Let X be a compact metric space and let B be the
Borel o-algebra on X. Let u, be a sequence of finite measures on
(X, B) and suppose sup,, iin(X) < 0.

(1) Prove that if f € C(X), there is a subsequence {n,} such that
J f dpin,; converges.

(2) Let A be a countable dense subset of C(X). Prove that there
is a subsequence {n;} such that [ f dpin,; converges for all f € A.
(3) With {n;} as in (2), prove that [ f du,, converges for all f €
C(X).

(4) Let L(f) = limy,, oo [ fdpn,. Prove that L(f) is a positive
linear functional on C(X). Conclude that there exists a measure u

such that
[, = [

for all f € C(X).

Exercise 17.8 Prove that if X is a compact metric space, B is the
Borel o-algebra, and p and v are two finite positive measures on

(X, B) such that
[tau= [ rav

for all f € C(X), then p=v.

Exercise 17.9 Prove that if X is a compact metric space, B is
the Borel o-algebra, and p and v are two finite signed measures on

(X, B) such that
[tan=[rav

for all f € C(X), then p=v.
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Exercise 17.10 State and prove a version of the Riesz represen-
tation theorem for complex measures.

Exercise 17.11 Prove that if X is a compact metric space, B is
the Borel o-algebra, and p is a complex measure on (X, B), then
the total variation of pu, defined in Exercise 13.4, equals

sup ‘/fd,u‘.
fec(x)
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Chapter 18

Banach spaces

Banach spaces are normed linear spaces that are complete. We
will give the definitions, discuss the existence of bounded linear
functionals, prove the Baire category theorem, and derive some
consequences such as the uniform boundedness theorem and the
open mapping theorem.

18.1 Definitions

The definition of normed linear space X over a field of scalars F,
where F' is either the real numbers or the complex numbers, was
given in Chapter 1. Recall that a normed linear space is a metric
space if we use the metric d(z,y) = ||z — y||.

Definition 18.1 We define a Banach space to be a normed lin-
ear space that is complete, that is, where every Cauchy sequence
converges.

A linear map is a map L from a normed linear space X to a
normed linear space Y satisfying L(z + y) = L(x) + L(y) for all
xz,y € X and L(az) = aL(z) for all z € X and « € F. We will
sometimes write Lz for L(x). Since L(0) = L(0+0) = L(0)+ L(0),
then L(0) = 0.

171
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Definition 18.2 A linear map f from X to R is a real linear func-
tional, a linear map from X to C a complex linear functional. f is
a bounded linear functional if

[f1l = sup{[f ()] : # € X, [|=[| < 1} < oo.

Proposition 18.3 The following are equivalent.
(1) The linear functional f is bounded.

(2) The linear functional [ is continuous.

(3) The linear functional f is continuous at 0.

Proof. [£(z)— f(3)| = |/ (@ —y)| < £l lz—yl, s0 (1) implies (2).
That (2) implies (3) is obvious. To show (3) implies (1), if f is not

bounded, there exists a sequence z, € X such that ||z,| = 1 for
each n, but |f(z,)| — oco. If we let y, = x,/|f(xy)], then y, — 0
but |f(yn)| =1 4 0, contradicting (3). O

18.2 The Hahn-Banach theorem

We want to prove that there are plenty of linear functionals. First
we state Zorn’s lemma, which is equivalent to the axiom of choice.

If we have a set Y with a partial order “<” (defined in Chapter
1), a linear ordered subset X C Y is one such that if z,y € X, then
either z < y or y < x (or both) holds. A linearly ordered subset
X CY has an upper bound if there exists an element z of ¥ (but
it is not necessary that z € X) such that < z for all x € X. An
element z of Y is maximal if z < y for y € Y implies y = z.

Here is Zorn’s lemma.

Lemma 18.4 If Y is a partially ordered set and every linearly
ordered subset of Y has an upper bound, then Y has a maximal
element.

A subspace of a normed linear space X is a subset M C X such
that M is itself a normed linear space.

We now give the Hahn-Banach theorem for real linear function-
als.
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Theorem 18.5 If M is a subspace of a normed linear space X and
f is a bounded real linear functional on M, then f can be extended
to a bounded linear functional F' on X such that ||F|| = || f||-

Saying that F' is an extension of f means that the domain of F’
contains the domain of f and F(z) = f(z) if « is in the domain of

1.

Proof. 1If ||f|| = 0, then we take F' to be identically 0, so we
may assume that || f|| # 0, and then by multiplying by a constant,
that || f|| = 1. We first show that we can extend f by at least one
dimension.

Choose o € X — M and let M; be the vector space spanned
by M and xy. Thus M; consists of all vectors of the form = + Axg,
where z € X and A is real.

We have for all x,y € M

fx) = fly) = fle—y) < llz—yll < llz — zoll + [ly — 20l|-
Hence
f@) = llz = ol < fy) + [ly — ol
for all z,y € M. Choose o € R such that

f(@) =l = zoll <o < f(y) + lly — ol

for all z,y € M. Define fi(x + Azg) = f(z) + Aa. This is clearly
an extension of f to M;.

We need to verify that the norm of f; is less than or equal to
1. Let x € M and X € R. By our choice of «, f(z) — ||z — zo|| < ¢,
or f(z) — a < ||z — zoll, and a < f(z) + |z = oll, or f(z) —a >
—|lz — xo||. Thus
(&) — af <l = |-

Replacing « by —z/A and multiplying by |\|, we get
AL = F(@)/A = o] <A = 2/A = @ol],
or
|fi(z + Azo)| = |f(z) + Aal < [lz + Azo,
which is what we wanted to prove.

We now establish the existence of an extension of f to all of X.
Let F be the collection of all linear extensions F' of f satisfying
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||F|| < 1. This collection is partially ordered by inclusion. That is,
if f1 is an extension of f to a subspace M7 and f, is an extension of
f to a subspace Ms, we say f1 < fo if My C Ms. Since the union of
any increasing family of subspaces of X is again a subspace, then
the union of a linearly ordered subfamily of F lies in F. By Zorn’s
lemma, F has a maximal element, say, F;. By the construction
of the preceding two paragraphs, if the domain of F} is not all of
X, we can find an extension, which would be a contradiction to Fj
being maximal. Therefore F} is the desired extension. O

To get a version for complex valued linear functionals is quite
easy. Note that if f(x) = u(z) + iv(x), then the real part of f,
namely, v = Re f, is a real valued linear functional. Also, u(ix) =
Re f(iz) = Reif(z) = —v(z), so that v(x) = —u(ix), and hence
f(@) = u(x) — iu(iz).

Theorem 18.6 If M is a subspace of a normed linear space X
and f is a bounded complex linear functional on M, then f can be
extended to a bounded linear functional F' on X such that |F|| =

I1£1I-

Proof. Assume without loss of generality that ||f|| = 1. Let
u = Re f. Note |u(x)| < |f(z)] < ||z|. Now use the version of the
Hahn-Banach theorem for real linear functionals to find a linear
functional U that is an extension of u to X such that ||U]| < 1. Let
F(x) =U(x) —iU(iz).

It only remains to show that the norm of F' is at most 1. Fix
z, and write F(z) = re’. Then

|F(z)] =7 =e"“F(z) = Fe ).
Since this quantity is real and non-negative,
|F(z)| =Ule"z) < Ul |e™ 7| < ||z].
This holds for all z, so ||F|| < 1. O

As an application of the Hahn-Banach theorem, given a sub-
space M and an element ¢ not in M such that inf, e [[x—0| > 0,
we can define f(x + Azg) = A for z € M, and then extend this lin-
ear functional to all of X. Then f will be 0 on M but non-zero at
Zo.
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Another application is to fix xg # 0, let f(Azg) = Al|zo]|, and
then extend f to all of X. Thus there exists a linear functional f
such that f(xg) = ||zo|| and ||f|| = 1.

18.3 Baire’s theorem and consequences

We turn now to the Baire category theorem and some of its con-
sequences. Recall that if A is a set, we use A for the closure of A
and A° for the interior of A. A set A is dense in X if A = X and

A is nowhere dense if (A)° = ().

The Baire category theorem is the following. Completeness of
the metric space is crucial to the proof.

Theorem 18.7 Let X be a complete metric space.

(1) If G,, are open sets dense in X, then N,G,, is dense in X.
(2) X cannot be written as the countable union of nowhere dense
sets.

Proof. We first show that (1) implies (2). Suppose we can write
X as a countable union of nowhere dense sets, that is, X = U, F,,
where (E,)° = (. We let F,, = E,,, which is a closed set, and then
F?=(and X = U,F,. Let G,, = F¢, which is open. Since F? = 0),
then G,, = X. Starting with X = U, F}, and taking complements,
we see that § = N, G, a contradiction to (1).

We must prove (1). Suppose G1,Ga, ... are open and dense in
X. Let H be any non-empty open set in X. We need to show there
exists a point in H N (N,G,). We will construct a certain Cauchy
sequence {z,} and the limit point, z, will be the point we seek.

Let B(z,r) = {y € X : d(z,y) < r}, where d is the metric. Since
G is dense in X, HNG; is non-empty and open, and we can find x
and ry such that B(z1,71) C HN Gy and 0 < 71 < 1. Suppose we
have chosen z,,_1 and r,,_1 for some n > 2. Since G,, is dense, then
G, NB(xp—_1,7,—1) is open and non-empty, so there exists x,, and
rn, such that B(x,,r,) C G, N B(zp—1,7n—1) and 0 < r,, < 27"
We continue and get a sequence z, in X. If m,n > N, then z,,
and x,, both lie on B(zx,7x), and so d(xm, z,) < 2ry < 27NFL
Therefore x,, is a Cauchy sequence, and since X is complete, x,
converges to a point z € X.
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It remains to show that x € H N (N,G,). Since x, lies in
B(zy,rn) if n > N, then x lies in each B(zy,ry), and hence in
each Gn. Therefore x € N,,G,. Also,

x € B(xp, ) C B(tp-1,"n-1) C -+ C B(x1,m) C H.

Thus we have found a point  in H N (N, Gy,). O

A set A C X is called meager or of the first category if it is
the countable union of nowhere dense sets; otherwise it is of the
second category.

A linear map L from a normed linear space X into a normed
linear space Y is a bounded linear map if

L] = sup{[|[Lz| : [|z]| = 1} (18.1)
is finite.

An important application of the Baire category theorem is the
Banach-Steinhaus theorem, also called the uniform boundedness
theorem.

Theorem 18.8 Suppose X is a Banach space and Y is a normed
linear space. Let A be an index set and let {Lo : o € A} be a
collection of bounded linear maps from X into Y. Then either
there exists a positive real number M < oo such that | L] < M
for all a € A or else sup,, || Loz|| = oo for some x.

Proof. Let {(z) = sup,cy || Laz|. Let G, = {z : {(z) > n}.
We argue that G, is open. The map = — ||Lyz| is a continuous
function for each « since L, is a bounded linear functional. This
implies that for each «, the set {z : ||Loz| > n} is open. Since
x € Gy, if and only if for some o € A we have |[|[Lyz| > n, we
conclude G, is the union of open sets, hence is open.

Suppose there exists N such that Gy is not dense in X. Then
there exists zg and r such that B(zg,7) N Gy = 0. This can
be rephrased as saying that if ||z — x¢|] < 7, then |[Lo(z)]] < N
for all @ € A. If |ly| < r, we have y = (29 + y) — 0. Then
[(xo +y) — zol| = |lyll < r, and hence || Ly (zo + y)|| < N for all a.
Also, of course, ||zg — zg|| =0 < r, and thus || L, (z0)]| < N for all
a. We conclude that if ||y|| <r and « € A,

[Layll = [[La((zo +y) = zo)l| < [|Lalzo + y)|| + [[Lazol < 2N.
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Consequently, sup,, ||Lq|| < M with M = 2N/r.

The other possibility, by the Baire category theorem, is that
every (G, is dense in X, and in this case N,G,, is dense in X. But
¢(x) = oo for every z € N, Gy O

The following theorem is called the open mapping theorem. It is
important that L be onto. A mapping L : X — Y is open if L(U)
is open in Y whenever U is open in X. For a measurable set A, we
let L(A) = {Lz:x € A}.

Theorem 18.9 Let X and Y be Banach spaces. A bounded linear
map L from X onto Y is open.

Proof. We need to show that if B(z,r) C X, then L(B(x,r)) con-
tains a ball in Y. We will show L(B(0,r)) contains a ball centered
at 0 in Y. Then using the linearity of L, L(B(x,r)) will contain
a ball centered at Lz in Y. By linearity, to show that L(B(0,7))
contains a ball centered at 0, it suffices to show that L(B(0,1))
contains a ball centered at 0 in Y.

Step 1. We show that there exists r such that B(0,72™") C
L(B(0,2—™)) for each n. Since L is onto, Y = U2, L(B(0,n)).
The Baire category theorem tells us that at least one of the sets
L(B(0,n)) cannot be nowhere dense. Since L is linear, L(B(0,1))
cannot be nowhere dense. Thus there exist yo and r such that
B(yo,4r) € L(B(0,1)).

Pick y1 € L(B(0,1)) such that |ly1 — yol| < 2r and let 2z €
B(0,1) be such that y; = Lz;. Then B(y1,2r) C B(yo,4r) C
L(B(0,1)). Thus if ||y|]| < 2r, then y + y1 € B(y1,2r), and so

y=—Lazi+ (y+u) € L(—2 + B(0,1)).
Since z; € B(0,1), then —z; + B(0,1) C B(0,2), hence

y € L(—z + B(0,1)) € L(B(0,2)).

By the linearity of L, if ||y|| < r, then y € L(B(0,1)). It follows
by linearity that if ||y|| < »27™, then y € L(B(0,27")). This can
be rephrased as saying that if ||y|| < r27™ and € > 0, then there
exists x such that ||z|| < 27" and ||y — Lz|| < e.

Step 2. Suppose |ly|| < r/2. We will construct a sequence {z;} by
induction such that y = L(3°7, z;). By Step 1 with ¢ = 7/4, we
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can find z; € B(0,1/2) such that ||y — Lz1|| < r/4. Suppose we
have chosen x1,...,x,_1 such that

n—1
Hy — Z ij
j=1

Let e = 2=+, By Step 1, we can find z,, such that ||z, | < 2~
and

<r2™ ",

< r2~ (1),

n n—1
=20 = = X 22 — £
Jj=1 j=1

We continue by induction to construct the sequence {z;}. Let
wy, = Z?Zl z;. Since ||| < 277, then w,, is a Cauchy sequence.
Since X is complete, w, converges, say, to z. But then ||z| <
Z;’;l 277 = 1, and since L is continuous, y = Lzx. That is, if
y € B(0,7/2), then y € L(B(0,1)). O

Remark 18.10 Suppose X and Y are Banach spaces and L is the
collection of bounded linear maps from X into Y. If we define
(L+ M)x = Le + Mx and (cL)x = ¢(Lz) for LM € L, xz € X,
and ¢ € F, and if we define ||L|| by (18.1), then L itself is a normed
linear space. Exercise 18.7 asks you to prove that £ is a Banach
space, i.e., that £ with the norm given by (18.1) is complete.

When Y = F, either the set of real numbers or the set of com-
plex numbers, then £ is the set of bounded linear functionals on X.
In this case we write X* instead of £ and call X* the dual space
of X.

18.4 Exercises

Exercise 18.1 Find a measure space (X, A, i), a subspace Y of
L' (u), and a bounded linear functional f on Y with norm 1 such
that f has two distinct extensions to L' (1) and each of the exten-
sions has norm equal to 1.

Exercise 18.2 Show that L?([0,1]) is separable, that is, there is a
countable dense subset, if 1 < p < co. Show that L*([0, 1]) is not
separable.
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Exercise 18.3 For k > 1 and functions f : [0,1] — R that are k
times differentiable, define

Fllox = 1F oo + 1 oo + - - + 115 P loo,

where f(*) is the k*" derivative of f. Let C*([0, 1]) be the collection
of k times continuously differentiable functions f with ||f|lcx < oo.
Is C*(0,1]) complete with respect to the norm || - ||cx?

Exercise 18.4 Let o € (0,1). For f a real-valued continuous
function on [0, 1] define

[fllce = sup [f(z)|+ sup M.
z€[0,1] z,y€[0,1],x#y |z — vyl

Let C*([0,1]) be the set of functions f with [|f]ce < oco. Is
C*([0,1]) complete with respect to the norm || - ||¢a?

Exercise 18.5 For positive integers n let

A, = {f e LY([0,1]) : /01 ()2 dz < n}

Show that each A, is a closed subset of L!([0,1]) with empty inte-
rior.

Exercise 18.6 Suppose L is a linear functional on a normed linear
space X. Prove that L is a bounded linear functional if and only
if the set {z € X : L(z) = 0} is closed.

Exercise 18.7 Prove that £ as defined in Remark 18.10 is a Ba-
nach space.

Exercise 18.8 A set A in a normed linear space is convez if
A+ (1-Nyed

whenever z,y € A and A € [0, 1].

(1) Prove that if A is convex, then the closure of A is convex.

(2) Prove that the open unit ball in a normed linear space is convex.
(The open unit ball is the set of = such that ||z < 1.)



180 CHAPTER 18. BANACH SPACES

Exercise 18.9 The unit ball in a normed linear space X is strictly
convez if [[Azx + (1 — N)y|| < 1 whenever ||f|| =gl =1, f # g,
and A € (0,1).

(1) Let (X,.A, 1) be a measure space. Prove that the unit ball in
LP(u) is strictly convex.

(2) Prove that the unit balls in L!(u), L*(u), and C(X) are not
strictly convex provided X consists of more than one point.

Exercise 18.10 Let f, be a sequence of continuous functions on
R that converge at every point. Prove there exist an interval and a
number M such that sup,, |f| is bounded by M on that interval.

Exercise 18.11 Suppose || -||; and || - ||2 are two norms such that
lz]i < |jz||2 for all z in a vector space X, and suppose X is
complete with respect to both norms. Prove that there exists a
positive constant ¢ such that

2]z < eflzflx

for all z € X.

Exercise 18.12 Suppose X and Y are Banach spaces.
(1) Let X x Y be the set of ordered pairs (z,y) with

(1 + 22,91 +y2) = (z1,91) + (22,92)

for each 1,22 € X and y1,y2 € Y and ¢(z,y) = (cz,cy) if z € R.
Define ||(z,y)|| = ||z|| + ||y||. Prove that X x Y is a Banach space.
(2) Let L be a linear map from X into Y such that if z,, — z in
X and Lz, — yin Y, then y = Lz. Such a map is called a closed
map. Let G be the graph of L, defined by G = {(x,y) : y = La}.
Prove that G is a closed subset of X x Y, hence is complete.

(3) Prove that the function (z,Lz) — x is continuous, one-one,
linear, and maps G onto X.

(4) Prove the closed graph theorem, which says that if L is a linear
map from one Banach space to another that is a closed map, then
L is a continuous map.

Exercise 18.13 Let X be the space of continuously differentiable
functions on [0, 1] with the supremum norm and let Y = C([0, 1]).
Define D : X — Y by Df = f’. Show that D is a closed map but
not a bounded one.
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Exercise 18.14 Let A be the set of real-valued continuous func-
tions on [0, 1] such that

1/2 1
(x)dx — f(z)dx =1.
0 1/2

Prove that A is a closed convex subset of C([0,1]), but there does
not exist f € A such that

= inf [|g]-
171l = inf [l

Exercise 18.15 Let A,, be the subset of the real-valued continu-
ous functions on [0, 1] given by

A, = {f : there exists x € [0,1] such that
|f(z) = f(y)| < n|z —y| for all y € [0,1]}.

(1) Prove that A,, is nowhere dense in C([0, 1]).
(2) Prove that there exist functions f in C([0, 1]) which are nowhere

differentiable on [0, 1], that is, f'(x) does not exist at any point of
[0,1].
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Chapter 19

Hilbert spaces

Hilbert spaces are complete normed linear spaces that have an inner
product. This added structure allows one to talk about orthonor-
mal sets. We will give the definitions and basic properties. As an
application we briefly discuss Fourier series.

19.1 Inner products

Recall that if a is a complex number, then @ represents the complex
conjugate. When a is real, @ is just a itself.

Definition 19.1 Let H be a vector space where the set of scalars
F is either the real numbers or the complex numbers. H is an
inner product space if there is a map (-,-) from H x H to F such
that
(1) (y,x) = (z,y) for all 2,y € H;
Y{x+y,z) = (x,2) + (y, 2) for all z,y,z € H;
3) (ax,y) = alzx,y), for x,y € H and « € F;
) (
) (

xz,z) >0 for all x € H;
z,z) = 0 if and only if x = 0.

We define ||| = (z,2)"/?, so that (z,z) = ||z||?. From the
definitions it follows easily that (0,y) = 0 and (z, ay) = @(z, y).

The following is the Cauchy-Schwarz inequality. The proof is
the same as the one usually taught in undergraduate linear algebra

183
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classes, except for some complications due to the fact that we allow
the set of scalars to be the complex numbers.

Theorem 19.2 For all x,y € H, we have

[z o) <l lyll-

Proof. Let A = ||z||?, B = |(z,y)|, and C = ||y||®. If C = 0, then
y = 0, hence (z,y) = 0, and the inequality holds. If B = 0, the
inequality is obvious. Therefore we will suppose that C' > 0 and
B #0.

If (z,y) = Re”, let a = €, and then |a| = 1 and a{y,z) =
{z,y)| = B. Slnce B is real, we have that a(x,y) also equals
(2, ).

We have for real r

0< [l —ray|?
= (z —ray,x — ray)
= <{L‘7.T> - TOé<y,(E> - Ta<$7y> + 7’2<y,y>
= [lz)|* = 2rl(z, y)| + |yl
Therefore

A—2Br+Cr?>0

for all real numbers r. Since we are supposing that C' > 0, we may
take r = B/C, and we obtain B? < AC. Taking square roots of
both sides gives the inequality we wanted. O

From the Cauchy-Schwarz inequality we get the triangle in-
equality:

Proposition 19.3 For all x,y € H we have

2 +yll < ll=ll + [lyll-

Proof. We write

lz+yll> =(x+y,z+y) = (2,2) + (z,y) + (y,2) + (y, )
< lzl® + 2/l Iyl + Iyl = (=] + llyl)?,
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as desired. O

The triangle inequality implies
o =zl < [lz = yll + [ly — =]

Therefore || - || is a norm on H, and so if we define the distance
between z and y by ||z — yl||, we have a metric space.

Definition 19.4 A Hilbert space H is an inner product space that
is complete with respect to the metric d(z,y) = ||z — y||.

Example 19.5 Let u be a positive measure on a set X, let H =
L?(u), and define
() = [ radn.

As is usual, we identify functions that are equal a.e. H is easily seen
to be a Hilbert space. To show the completeness we use Theorem
15.4.

If we let p be counting measure on the natural numbers, we
get what is known as the space £2. An element of ¢2 is a sequence
a = (a1,asz,...) such that Y 07, |a,|> < oo and if b = (by,bs,...),

then -
(a,by = Z b,
n=1

We get another common Hilbert space, n-dimensional Euclidean
space, by letting p be counting measure on {1,2,...,n}.

Proposition 19.6 Let y € H be fized. Then the functions r —
(x,y) and x — ||z|| are continuous.

Proof. By the Cauchy-Schwarz inequality,

[z, y) = (&' 9)] = [z — 2", 9)] < [lo = 2"y,

which proves that the function z — (z,y) is continuous. By the
triangle inequality, ||z|| < ||z — «'|| + ||2/]], or

2l =l < [l — 2.
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The same holds with x and 2’ reversed, so
il = [l < flz — "],

and thus the function  — ||z|| is continuous. O

19.2 Subspaces

Definition 19.7 A subset M of a vector space is a subspace if
M is itself a vector space with respect to the same operations of
addition and scalar multiplication. A closed subspace is a subspace
that is closed relative to the metric given by (-, -).

For an example of a subspace that is not closed, consider ¢2
and let M be the collection of sequences for which all but finitely
many elements are zero. M is clearly a subspace. Let z, =
(1,L...,10,0,...) and = = (1,3,1,...). Then each x, € M,

’» 9 [ 199 3
x ¢ M, and we conclude M is not closed because

oo

1
len —2?= ) 70

j=n+1
as n — oo.
Since ||z +y||? = (z + y,z + y) and similarly for ||z —y||?, ||=|?,

and ||y||?, a simple calculation yields the parallelogram law:

Iz +yl* + llz =yl = 2[l2]* + 2[lyll*. (19.1)

Aset E C H is conver if A\x+(1—Az) € E whenever 0 < A <1
and z,y € E.

Proposition 19.8 FEach non-empty closed convex subset E of H
has a unique element of smallest norm.

Proof. Let § = inf{||z| : « € E'}. Dividing (19.1) by 4, if z,y € E,
then

.13+yH2

Lo =yl = S22 + Hllyll® - || =5
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Since E is convex, if z,y € E, then (z +y)/2 € E, and we have

lz = yl* < 2[ll® + 2[lyl|* — 46°. (19.2)

Choose y, € E such that |ly,|| — ¢. Applying (19.2) with x
replaced by y, and y replaced by y,,, we see that

1Y = ymll* < 2lynll® + 2llyml|* — 462,

and the right hand side tends to 0 as m and n tend to infinity.
Hence y, is a Cauchy sequence, and since H is complete, it con-
verges to some y € H. Since y,, € E and F is closed, y € E. Since
the norm is a continuous function, ||y|| = lim ||y,| = 4.

If 3 is another point with [|y/|| = d, then by (19.2) with x
replaced by y’ we have ||y —¢'|| = 0, and hence y = ¢/. O

We say = L y, or x is orthogonal to y, if (z,y) = 0. Let 2, read
“z perp,” be the set of all y in X that are orthogonal to z. If M is a
subspace, let M+ be the set of all 3 that are orthogonal to all points
in M. The subspace M is called the orthogonal complement of
M. Tt is clear from the linearity of the inner product that = is a
subspace of H. The subspace ' is closed because it is the same
as the set f~1({0}), where f(z) = (z,y), which is continuous by
Proposition 19.6. Also, it is easy to see that M= is a subspace,
and since

MJ_ = mmGMxJ_7

M+ is closed. We make the observation that if z € M N M=, then
||ZH2 = <Z7Z> =0,
so z = 0.

Lemma 19.9 Let M be a closed subspace of H with M # H. Then
M contains a non-zero element.

Proof. Choose z € H withx ¢ M. Let E={w—z:we M}. It
is routine to check that E is a closed and convex subset of H. By
Proposition 19.8, there exists an element y € E of smallest norm.

Note y + 2 € M and we conclude y # 0 because x ¢ M.
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We show y € M+ by showing that if w € M, then (w,y) = 0.
This is obvious if w = 0, so assume w # 0. We know y +x € M,
so for any real number ¢ we have tw + (y + x) € M, and therefore
tw+y € E. Since y is the element of E of smallest norm,

(W) = llyl? < [ltw +y|?
= (tw + y, tw + y)
= t*(w, w) + 2tRe (w, y) + (¥, y),

which implies
t2(w, w) + 2tRe (w,y) >0

for each real number ¢. Choosing t = —Re (w, y)/(w, w), we obtain
2
Retwsl
(w,w) — —

from which we conclude Re (w,y) = 0.

Since w € M, then 1w € M, and if we repeat the argument with
w replaced by iw, then we get Re (iw,y) = 0, and so

Im (w,y) = —Re (i{w,y)) = —Re (iw,y) = 0.

Therefore (w,y) = 0 as desired. |

If in the proof above we set Px = y + = and Qx = —y, then
Pz € M and Qz € M, and we can write x = Pz + Qz. We call
Pz and Qz the orthogonal projections of x onto M and M=, resp.
If 2 = 2+ 2 where z € M and 2/ € M+, then Pz — 2z = 2/ — Qx is
in both M and M*, hence is 0, so z = Pz and 2’ = Qz. Therefore
each element of H can be written as the sum of an element of M
and an element of M~ in exactly one way.

The following is sometimes called the Riesz representation theo-
rem, although usually that name is reserved for Theorem 17.3. To
motivate the theorem, consider the case where H is n-dimensional
Euclidean space. Elements of R™ can be identified with n x 1
matrices and linear maps from R™ to R™ can be represented by
multiplication on the left by a m x n matrix A. For bounded linear
functionals on H, m = 1, so A is 1 x n, and the y of the next
theorem is the vector associated with the transpose of A.

Theorem 19.10 If L is a bounded linear functional on H, then
there exists a unique y € H such that Lx = (x,y).
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Proof. The uniqueness is easy. If Lz = (z,y) = (x,y'), then
(x,y —y') = 0 for all z, and in particular, when z =y — ¢/’

We now prove existence. If Lz = 0 for all x, we take y = 0.
Otherwise, let M = {z : Lz = 0}, take z # 0 in M+, and let
y = az where o = Lz/{z,z). Notice y € M+,

L
Ly = <Z’Z> Lz =|L2*/{z,2) = (y,9),
and y # 0.
If x € H and
Lx
W=z - —y,
(Y, v)

then Lw = 0, so w € M, and hence {(w,y) = 0. Then
(v,y) = (x —w,y) = La

as desired. O

19.3 Orthonormal sets

A subset {uqg}aca of H is orthonormal if ||us| = 1 for all @ and
(tq,ug) = 0 whenever o, f € A and o # S.

The Gram-Schmidt procedure from linear algebra also works in
infinitely many dimensions. Suppose {z,}52, is a linearly inde-
pendent sequence, i.e., no finite linear combination of the z,, is 0.
Let uy = z1/||z1|| and define inductively

n—1
on =an = Y (TN, ui)u,
i=1
un = vn/|[vn|]-
We have (vy,u;) =0if i < N, 80 uq,...,uy are orthonormal.

Proposition 19.11 If {us}aca s an orthonormal set, then for
each x € H,

> e ua)l? < ). (19.3)

a€cA
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This is called Bessel’s inequality. This inequality implies that
only finitely many of the summands on the left hand side of (19.3)
can be larger than 1/n for each n, hence only countably many of
the summands can be non-zero.

Proof. Let F be a finite subset of A. Let

Y= Z (T, U YUy -

aEF
Then
0 < llz =yl = o> = (z,9) — (4,2 + l9]I*
Now
o) = (3 (o uadua, @) = 3 (ua) (g, ) = 3 (o, ua) 2

acF acF aclF

Since this is real, then (x,y) = (y,x). Also

92 = () = (D @ ua)ua, Y (o ughug)

acF BEF
= Z (@, ua)(z, ug)(ta; ug)
a,BEF
= laua)l,
acF

where we used the fact that {u,} is an orthonormal set. Therefore

0< lly ==l = lll* = > Kz, ua)l®

acl

Rearranging,

> Heua)® <l

aEF

when F is a finite subset of A. If N is an integer larger than n||xz||?,
it is not possible that |(z,u,)|?> > 1/n for more than N of the a.
Hence [(x,us)[? # 0 for only countably many «. Label those a’s
as aq,Qs,.... Then

J

D Haua)P =D e, uay) P = lim Y [(z,ua)* <l

J—o0

acA j=1 j=1

which is what we wanted. O
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Proposition 19.12 Suppose {uq}aca is orthonormal. Then the
following are equivalent.
(1) If (x,uq) = 0 for each a € A, then z = 0.

(2) |lzl|* = X e (@, ua)l? for all x.
(3) For eachx € H, x =) 4 (T, Uq)Uq.

We make a few remarks. When (1) holds, we say the orthonor-
mal set is complete. (2) is called Parseval’s identity. In (3) the
convergence is with respect to the norm of H and implies that only
countably many of the terms on the right hand side are non-zero.

Proof. First we show (1) implies (3). Let © € H. By Bessel’s
inequality and the remarks following the statement of Proposition
19.11 there can be at most countably many « such that |(x, uq)|* #
0. Let aj,qs,... be an enumeration of those . By Bessel’s in-
equality, the series Y, |(x, uq,)|* converges. Using that {u,} is an
orthonormal set,

n 2
H Z (T, Ua; ) Ua,
j=m

s

(T, oy (2, Uay ) (o, Yoy )

J m

i

=) & ua,)l* =0

j=m
as m,n — oo. Thus Z?zl (T,Uq,;)uq; is a Cauchy sequence, and
hence converges. Let z = Z;’il (T, Uq; )Ua,;. Then (z —x,uq,;) =0
for each «;. By (1), this implies z — 2 = 0.
We see that (3) implies (2) because

n
llz||* — Z| T, U )| = H Z T, U, YU

2
— 0.

That (2) implies (1) is clear. O

Example 19.13 Take H = (? = {z = (z1,22,...) : D |2;|* < o0}
with (x,y) = >, 2;7;. Then {e;} is a complete orthonormal sys-
tem, where e¢; = (0,0,...,0,1,0,...), i.e., the only non-zero coor-
dinate of e; is the i** one.
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If K is a subset of a Hilbert space H, the set of finite linear
combinations of elements of K is called the span of K.

A collection of elements {e,} is a basis for H if the set of finite
linear combinations of the e, is dense in H. A basis, then, is a
subset of H such that the closure of its span is all of H.

Proposition 19.14 Fvery Hilbert space has an orthonormal basis.

This means that (3) in Proposition 19.12 holds.

Proof. If B = {u,} is orthonormal, but not a basis, let V' be the
closure of the linear span of B, that is, the closure with respect to
the norm in H of the set of finite linear combinations of elements
of B. Choose = € V*, and if we let B’ = BU {z/||z||}, then B’ is
a basis that is strictly bigger than B.

It is easy to see that the union of an increasing sequence of
orthonormal sets is an orthonormal set, and so there is a maximal
one by Zorn’s lemma. By the preceding paragraph, this maximal
orthonormal set must be a basis, for otherwise we could find a
larger basis. O

19.4 Fourier series

An interesting application of Hilbert space techniques is to Fourier
series, or equivalently, to trigonometric series.  For our Hilbert
space we take H = L2([0,27)) and let

for n an integer. (n can be negative.) Recall that

27

(f9) = ; f(z)g(z)dx

and || f|% = 7 |f(2)]? da.

It is easy to see that {u,} is an orthonormal set:

2T ) 2r
/ PP - / 6z(n7m)a: dr =0
0 0
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if n # m and equals 27 if n = m.

Let F be the set of finite linear combinations of the u,, i.e.,
the span of {u,}. We want to show that F is a dense subset of
L3([0,27)). The first step is to show that the closure of F with
respect to the supremum norm is equal to the set of continuous
functions f on [0,27) with f(0) = f(27). We will accomplish this
by using the Stone-Weierstrass theorem, Theorem 1.7.

We identify the set of continuous functions on [0, 27) that take
the same value at 0 and 27 with the continuous functions on the
circle. To do this, let S = {e? : 0 < § < 27} be the unit circle in C.
If f is continuous on [0,27) with f(0) = f(2n), define f : § — C
by f(e) = f(6). Note Uy (e?) = e™?.

Let F be the set of finite linear combinations of the U,. Sis a
compact metric space. Since the complex conjugate of u,, is u_,,,
then F is closed under the operation of taking complex conjugates.
Since Uy, Uy, = Up4m, it follows that F is closed under the operation
of multiplication. That it is closed under scalar multiplication and
addition is obvious. wg is identically equal to 1, so F vanishes at
no point. If 61,05 € S and 6 # 05, then 0; — 05 is not an integer
multiple of 27, so

u1(6h)
u1(62)
or uy(61) # u1(f2). Therefore F separates points. By the Stone-
Weierstrass theorem (Theorem 1.7), the closure of F with respect

to the supremum norm is equal to the set of continuous complex-
valued functions on S.

If f € L*([0,27)), then

— ei(91—92) # 1’

/‘f - fX[l/m,27r71/m]|2 —0

by the dominated convergence theorem as m — oo. By Corollary
15.6 any function in L?([1/m, 27 — 1/m]) can be approximated
in L? by continuous functions which have support in the interval
[1/m, 27 —1/m]. By what we showed above, a continuous function
with support in [1/m, 2w —1/m]| can be approximated uniformly on
[0,27) by elements of F. Finally, if ¢ is continuous on [0, 27) and
gm — g uniformly on [0,27), then g,, — ¢ in L?([0,27)) by the
dominated convergence theorem. Putting all this together proves
that F is dense in L?([0,27)).
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It remains to show the completeness of the u,,. If f is orthogonal
to each u,, then it is orthogonal to every finite linear combination,
that is, to every element of F. Since F is dense in L2([0,27)), we
can find f,, € F tending to f in L?. Then

LA = 1CF D < [ = fas DI+ 1{Fas -

The second term on the right of the inequality sign is 0. The first
term on the right of the inequality sign is bounded by || f — fu|l | £l
by the Cauchy-Schwarz inequality, and this tends to 0 as n —
oo. Therefore || f||> = 0, or f = 0, hence the {u,} are complete.
Therefore {u,} is a complete orthonormal system.

Given f in L?([0,27)), write

2m 2m
1 _
cn = {f,up) = Updr = —— x)e " dx,
=t = [ = o= [ g
the Fourier coefficients of f. Parseval’s identity says that
IF1P =D lenl.

For any f in L? we also have

> ety = f

In|<N

as N — oo in the sense that

Hf — E Cpn|l — 0
2
[n|<N
as N — oo.
Using e*"* = cosnx + isinnz, we have
o0 o0 o0
E cne'™ = Ag + E B,, cosnzx + E Cpsinnzx,
n=—oo n=1 n=1

where Ay = ¢g, By, = ¢p + ¢y, and C,, = i(c,, — ¢—y,). Conversely,
using cosnz = (™ + ¢~"%) /2 and sinnx = (% — e7"T) /24,

o0 o0 o0

Ag + Z B,, cosnx + Z Cpsinnx = Z Cpe™®

n=1 n=1 n=-—oo
if we let ¢g = Ao, ¢n = Bp/2+ C,/2i for n >0 and ¢, = B, /2 —
Cy/2i for n < 0. Thus results involving the w,, can be transferred
to results for series of sines and cosines and vice versa.
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19.5 Exercises

Exercise 19.1 For f,g € L*([0,1]), let ( fo g(x) dz.
Let H = C([0,1]) be the functions that are contlnuous on [0 1] Is
H a Hilbert space with respect to the norm defined in terms of the
inner product (-,-)? Justify your answer.

Exercise 19.2 Suppose H is a Hilbert space with a countable ba-
sis. Suppose ||z, || = ||z]| as n — oo and (,,y) — (z,y) asn — oo
for every y € H. Prove that ||z, — z|| = 0 as n — oo.

Exercise 19.3 Prove that if M is a closed subspace of a Hilbert
space H, then (M*)* = M. Is this necessarily true if M is not
closed? If not, give a counterexample.

Exercise 19.4 Give an example of a subspace M of a Hilbert
space H such that M # H but M+ = {0}.

Exercise 19.5 Prove that if H is infinite-dimensional, that is, it
has no finite basis, then the closed unit ball in H is not compact.

Exercise 19.6 Suppose a,, is a sequence of real numbers such that

o0
Zanbn < 00

n=1

< 0o. Prove that >°7 a2 < oo.

whenever > >° o an

nln

Exercise 19.7 We say z,, — x weakly if (z,,y) — (x,y) for every
y in H. Prove that if z,, is a sequence in H with sup,, ||z.| < 1,
then there is a subsequence {n;} and an element x of H with
llz|| <1 such that x,, converges to x weakly.

Exercise 19.8 If A is a measurable subset of [0, 27], prove that

lim e dx = 0.
n— oo A

This is special case of the Riemann-Lebesgue lemma.
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Exercise 19.9 The purpose of Exercise 13.6 was to show that in
proving the Radon-Nikodym theorem, we can assume that v(A) <
u(A) for all measurable A. Assume for the current problem that
this is the case and that p and v are finite measures. We use this
to give an alternative proof of the Radon-Nikodym theorem.

For f real-valued and in L? with respect to u, define L(f) =
J fdv.
(1) Show that L is a bounded linear functional on L?(1).
(2) Conclude by Theorem 19.10 that there exists a real-valued
measurable function g in L?(p) such that L(f) = [ fgdu for all
f € L?(u). Prove that dv = gdpu.

Exercise 19.10 Suppose f is a continuous real-valued function on
R such that f(x + 1) = f(x) for every z. Let v be an irrational
number. Prove that

i,
RIEEOE;JC(JV)— /0 f(x) da.

Exercise 19.11 If M is a closed subspace of a Hilbert space, let
e+ M={z+y:ye M}
(1) Prove that = + M is a closed convex subset of H.
(2) Let Qz be the point of x4+ M of smallest norm and Pz = z—Qx.
P is called the projection of x onto M. Prove that P and @ are
mappings of H into M and M=, respectively.
(3) Prove that P and @ are linear mappings.
(4) Prove that if x € M, then Pz =z and Qz = 0.
(5) Prove that if z € M+, then Px =0 and Qz = x.
(6) Prove that
2] = [ Px|* + [|Qz|*.

Exercise 19.12 Suppose {e,} is an orthonormal basis for a sep-
arable Hilbert space and {f,} is an orthonormal set such that
> llen — full < 1. Prove that {f,} is a basis.



Chapter 20

Topology

I have assumed up until now that you are familiar with metric
spaces. This chapter studies more general topological spaces. Top-
ics include compactness, connectedness, separation results, embed-
dings, and approximation results.

20.1 Definitions

Definition 20.1 Let X be an arbitrary set. A topology T is a
collection of subsets of X such that

(1) X,0eT;

(2)if G, € T for each « in a non-empty index set I, then Uye G, €
T;

(3)if Gy,...,G,, € T, then NG, € T.

A topological space is a set X together with a topology 7T of subsets
of X.

Property (2) says that T is closed under the operation of arbi-
trary unions, while (3) says that 7 is closed under the operation
of finite intersections.

An open set G is an element of 7. A set F'is a closed set if F'°
is open.

Example 20.2 Let X be a metric space with a metric d. A subset
G of X is open in the metric space sense if whenever z € G, there

197
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exists r depending on z such that B(z,r) C G, where B(z,r) =
{y : d(z,y) < r}. A metric space becomes a topological space if
we let T be the collection of open sets. We call T the topology
generated by the metric d.

Example 20.3 If X is an arbitrary set and 7 is the collection of
all subsets of X, then the topology T is called the discrete topology.

Example 20.4 If X is an arbitrary set and 7 = {0, X}, then the
topology 7T is called the trivial topology.

There are a large number of terms associated with topology.
Let us start with some that have a geometric interpretation. Let
A be a subset of a topological space (X, T), but not necessarily an
element of 7. A point z is an interior point of A if there exists
G € T such that  C G C A. The interior of A, frequently denoted
by A°, is the set of interior points of A.

A point z, not necessarily an element of A, is a limit point of
A if every open set that contains z contains a point of A other
than z. The set of limit points of A is sometimes denoted A’.
Another name for limit point is accumulation point. The closure
of A, frequently denoted A, is the set A U A’.

The boundary of A, sometimes written A, is A — A°. A point
z € A is an isolated point of A if v € A — A’, that is, it is a point
of A that is not a limit point of A.

If X is the real line, with the topology coming from the usual
metric d(z,y) = |z — y| and A = (0,1], then A° = (0,1), A’ =
[0,1], A = [0,1], and DA = {0,1}. A has no isolated points. If
B=1{1,3,%,4,...}, then B° =0, B’ = {0}, B=1{0,1,3,%,...},
and OB = B. Each point of B is an isolated point of B. If C is the
set of rationals in [0, 1], then C' = [0, 1], C° = (), and C = [0, 1].

A set A is a neighborhood of x if x € A°, that is, if there exists
an open set G such that x € G C A. Some authors require a
neighborhood to be open, but this is not common usage. We will
call A an open neighborhood when A is both a neighborhood and
an open set.

Let us prove two propositions which will give some practice with
the definitions.
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Proposition 20.5 (1) If Fy,..., F, are closed sets, then U, F;
is closed.

(2) If F, is a closed set for each « in a non-empty index set I,
then NacrFe is closed.

Proof. (1) Since each F; is closed, then each Ff is open. Hence
(Ui Fi)© = Miy FY

is open. Therefore U}, F; is closed.

(2) is similar. O

Proposition 20.6 (1) If A is a subset of X, then
A=n{F:F closed, A C F}. (20.1)

(2) A is closed.

Proof. Let B denote the right hand side of (20.1). We first show
that A C B by showing that if z ¢ B, then x ¢ A. If z ¢ B, there
exists a closed set F' containing A such that « ¢ F. Then F° is an
open set containing x which is disjoint from A. Since x € F¢, then
x ¢ A and z is not a limit point of A, hence z ¢ A.

We finish the proof of (1) by showing B ¢ A. Let z € B.
One possibility is that = € A, in which case x € A. The second
possibility is that ¢ A. Let G be an open set containing x. If
G is disjoint from A, then G€¢ is a closed set containing A that
does not contain the point z, a contradiction to the definition of
B. Therefore, in this second case where z ¢ A, every open set
containing x intersects A, which says that x is a limit point of A,
hence = € A.

This proves (1). Since the intersection of closed sets is closed,
(2) follows. O

Next let us discuss some situations where there are several
topologies present. Let (X,7T) be a topological space and let YV
be a subset of a set X. If we defineld = {GNY : G € T}, then it
is routine to check that U is a topology of subsets of Y. The space
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(Y,U) is a subspace of (X, T). We say an element of U is relatively
open and call U the relative topology.

As an example, let X = [0,1] with the usual metric and let
Y =[1/2,1]. The set A = [1/2,3/4) is relatively open but is not
an open subset of X.

Given two topologies 7 and 77 on a set X with 7 C T, we say
T is weaker or coarser than T’ and T is stronger or finer than T.
A stronger topology has more open sets.

Suppose (X, T) is a topological space and ~ is an equivalence
relation for X. Let X be the set of equivalence classes and let
E : X — X be defined by setting E(z) equal to the equivalence
class containing x. Define Y = {A C X : E7'(A) € T}, where
E=1(A) = {z : E(x) C A}. Then U is called the quotient topology
on X.

Next we discuss bases, subbases, and the product topology.

A subcollection B of T is an open base if every element of T
is a union of sets in B. A subcollection S of T is a subbase if the
collection of finite intersections of elements of S is an open base for

T.

As an example, consider R? with the topology generated by the

metric
d((xl,yl)a (anyQ)) = (|(E1 - x2|2 + ‘yl - y2|2)1/27

the usual Euclidean metric. If B(z,r) = {y € R? : d(x,y) < r},
then the collection of balls {B(z,7) : z € R r > 0} forms an open
base for 7. The set of rectangles {(z,y) : a < 2 < b,c <y < d}
where a < b, ¢ < d also forms an open base. To give an example of
a subbase, let

Ci={(z,y):a<z<byeR} Co={(z,y): 2R, c<y<d}

and then let S = C;UCs. Every set in S is open, and any rectangle is
the intersection of an element of C; with an element of C5. Therefore
the finite intersections of elements in S form a base, and therefore
S is a subbase.

Any collection C of subsets of a set X generates a topology
T on X by letting T be the smallest topology that has C as a

subbase. This means that we first take the collection B of all finite
intersections of elements of C, and then let 7 be the collection of
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arbitrary unions of elements of B. It is easy to see that T is a
topology which has C as a subbase.

Suppose I is a non-empty index set and for each « € I, (X, Ts)
is a topological set. (We will always take our index sets to be
non-empty.) Let X =[] .; Xa, the product set. Let 7, be the
projection of X onto X,.

acl

When all the X, are equal to the same space X, we use the nota-
tion X7 for [],.; Xo. We remark that just as n-tuples (z1,...,2,)
can be viewed as functions from {1,...,n} into a set and sequences
can be viewed as functions from {1,2,...} into a set, then elements
of X! can be viewed as functions from I into X.

Let {X,}, @ € I, be a non-empty collection of topological
spaces, let T, be the topology on X,, let X = []_ .; Xa, and
let 7, be the projection of X onto X,. Set

Co = {m-1(A): A€ To).

a€cl

The product topology is the topology generated by U,e;Ce-

This is a bit confusing, so let us look at the special case where
I ={1,2,...,n}. Then X is the set of n-tuples {x1,zs,...,2,},
where z; € X;. If v = (21,22,...,2,), then 7;(z) = x;, the i
coordinate. The collection C; is the collection of sets of the form

i—1 n
(HX]) x A x ( H Xj),

j=1 j=it1
where A is open in X;. Let § = U} ;C; and let B be the collection
of finite intersections of elements of S. A set in B will be of the
form Ay x --- x A,,, where A; is open in X; for each i. (Nothing
prevents some of the A4; being all of X;.) The product topology is
then the set of arbitrary unions of sets in B.

A subcollection B, of open sets containing the point x is an
open base at the point x if every open set containing x contains an
element of B,.

We discuss some terms connected to infinite sets. A set A C X
is dense in X if A = X. The set A is nowhere dense if the closure
of A has empty interior, that is, (A)° = (. A space X is separable if
there exists a countable subset of X that is dense in X. A space X
is second countable if it has a countable base. A topological space

is first countable if every point = has a countable open base at x.
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A sequence {1, xs,...} converges to a point y if whenever G
is an open set containing y, there exists N such that x, € G if
n > N. If there exists a subsequence of {z1, z3, ...} that converges
to a point y, then y is called a subsequential limit of the sequence.
Another name for a subsequential limit point is cluster point.

Proposition 20.7 Let X be a metric space. Then X is second
countable if and only if it is separable.

Proof. Suppose X is second countable, and B = {G1,Ga,...} is a
countable base. Pick a point x; € G; for each i. Clearly A = {z;} is
countable, and we claim that it is dense in X. If y € X and H is an
open set containing y, then by the definition of base, y € G; C H
for some j. Therefore H contains x;, and so intersects A. Since H
is arbitrary, this shows y € A. Since y is arbitrary, X = A. Note
that this part of the proof did not use the fact that X is a metric
space.

Now suppose X is a separable metric space with {z;} a count-
able dense subset of X. Let

B ={B(x;,r) : r rational,r > 0,i =1,2,...}.

Note that B is countable and we show that B is a base. It suffices
to show that if y € X and G is an open set of X containing y,
then there exists an element of B containing y and contained in
G. Since G is open, there exists s such that y € B(y,s) C G.
Since {z;} is separable, there exists j such that B(y, s/4) contains
xj. Take r rational with s/4 < r < s/2. Then B(xj,r) € B.
Since d(zj,y) < s/4, then y € B(z;,r). Since d(z;,y) < s/4 and
B(y,s) C G, then B(zj,r) C G. O

We next define nets. A set I is a directed set if there exists an
ordering “<” satisfying
(1) a<aforal ael,
(2)if a < B and § <7, then a < 7;
(3) if &« and B are in I, there exists v € I such that o < v and
B <.

Here are two examples. For the first, let T = {1,2,...} and
say j < k if j is less than or equal to k in the usual sense. For the
second, let x be a point in a topological space, let I be the collection
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of open neighborhoods of z, and say N; < N, if Ny C N;. Note
that this ordering is the reverse of the usual inclusion ordering.

A net is a mapping from a directed set I into a topological space
X. A net (z,), a € I, converges to a point y if for each open set G
containing y there is an ag € I such that x, € G whenever a > «y.

If I is the first example of directed sets, namely, the positive in-
tegers, the notion of convergence is the same as that for a sequence
to converge.

Proposition 20.8 Let E be a subset of a topological space. If
there is a net consisting of infinitely many different points in E
that converges to y, then y is a limit point of E. If y is a limit
point of E, then there is a net taking values in E that converges to

Y.

Proof. It is easy to see that if there is an infinite net {x,} taking
values in F that converges to y, then y is a limit point of F. Sup-
pose y is a limit point of £. We take as a directed set I our second
example, the collection of all open neighborhoods of y, ordered by
reverse inclusion. For each G, in this collection, we choose (the
axiom of choice is used here) an element z, of G, N E different
than z. Such a point z, exists because y is a limit point of E.

It now remains to show that (z,) converges to y, and that is a
matter of checking the definitions. If G is an open set containing y,
then G is equal to G, for some ag € I. If & > v, then G, C Gy,
SO T € Go C G4, = G. This is what it means for the net (z,) to
converge to the point y. O

Exercise 20.19 shows why the convergence of nets is more useful
for general topological spaces than the convergence of sequences.

Remark 20.9 We have talked quite a bit in this book about al-
most every convergence. One might ask whether one can construct
a topology which is in some sense consistent with this type of con-
vergence. The answer is no.

To see this, recall Example 10.7 where we had a sequence of
bounded measurable functions {f,} converging to 0 in measure
but not almost everywhere. If there were a topology consistent
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with almost everywhere convergence, then there would be a neigh-
borhood A of the function 0 such that f, ¢ A for infinitely many
n. We can thus extract a subsequence {f,,} such that no f,; is in
A. However the subsequence { f,,; } still converges in measure to 0,
hence there is a further subsequence { fn].k } which converges almost
everywhere to 0 by Proposition 10.2. This implies that f,, € A
for all k sufficiently large, contradicting the fact that no f,; is in
the neighborhood A of 0.

Finally we talk about continuous functions. Suppose (X,T)
and (Y,U) are two topological spaces. A function f : X — Y is
continuous if f~*(G) € T whenever G € U. The function f is
open if f(H) is in U whenever H € T. A homeomorphism between
X and Y is a function f that is one-to-one, onto, continuous, and
open. In this case, since f is one-to-one and onto, then f~! exists,
and saying f is open is the same as saying f~! is continuous.

Suppose f is a continuous function from X into Y and F is
closed in Y. Then (f~1(F))¢ = f~1(F°) will be open in X since
F¢ is open in Y, and therefore f~1(F) is closed in X. Thus the
inverse image of a closed set under a continuous function is closed.

Conversely, suppose the inverse image of every closed set in Y
is closed in X and G is open in Y. Then (f~1(G))¢ = f~1(G*) will
be closed in X, and so the inverse image of GG is open in X. This
implies that f is continuous.

Given a topological space (Y,U) and a non-empty collection of
functions {f,}, @ € I, from X to Y, the topology on X generated
by the f, is defined to be the topology generated by

{fHG):Gel,acI}.
Proposition 20.10 Suppose f is a function from a topological

space (X, T) to a topological space (Y,U). Let S be a subbase for
Y. If f~1(GQ) € T whenever G € S, then f is continuous.

Proof. Let B be the collection of finite intersections of elements
of §. By the definition of subbase, B is a base for Y. Suppose
H=G NGyN---NG, with each G; € S. Since f_l(H) =
FHGy) NN f71(G,) and T is closed under the operation of
finite intersections, then f~!(H) € 7. If J is an open subset of
Y, then J = UgerH,, where I is a non-empty index set and each
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H, € B. Then f~(J) = Uaerf~*(H,), which proves f~(J) € T.
That is what we needed to show. O

20.2 Compactness

Let X be a topological space. Let A be a subset of X. An open
cover of A is a non-empty collection {G4},« € I, of open subsets
of X such that A C UaerGq. A subcover is a subcollection of {G }
that is also a cover of A. A is compact if every open cover of A has
a finite subcover.

We will develop several characterizations of compactness. For
now, observe that every finite set is compact.

It is easier to give examples of sets that are not compact. If
X =R with the usual metric, then X is not compact. To see this,
notice that {(n,n+ 2)}, n an integer, covers R, but any finite sub-
collection can cover at most a bounded set. For another example,
let A= (0,1/4]. If we let G; = (27972,27%), i = 1,2,..., then
{G,} covers A but if {G,,,...G;, } is any finite subcollection, the
interval (0,27172] will not be covered, where I =iy V -+ -V iy,.

Proposition 20.11 If A C B, B is compact, and A is closed, then
A is compact.

Proof. Let G = {G,}, @ € I, be an open cover for A. Add
to this collection the set A€, which is open. This larger collection,
H = GU{A*}, will be an open cover for B, and since B is compact,
there is a finite subcover H'. If A° is in H’, discard it, and let
G’ = H'—{A°}. Then G’ is finite, is a subset of G and covers A. O

Proposition 20.12 Let X and Y be topological spaces, f a con-
tinuous function from X into Y, and A a compact subset of X.
Then f(A) = {f(z):z € A} is a compact subset of Y.

Proof. Let {G,}, @ € I, be an open cover for f(A). Then
{f~YG.)}, a € I, will be an open cover for A. We used here
the fact that since f is continuous, the inverse image of an open
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set is open. Since A is compact, there exist finitely many sets
{f"HGay), .-, [7HG4y,)} that cover A. Then {Gg,,...,Ga,} is
a finite subcover for f(A). O

A collection of closed subsets of X has the finite intersection
property if every finite subcollection has non-empty intersection.

Proposition 20.13 A topological space X is compact if and only
if any collection of closed sets with the finite intersection property
has non-empty intersection.

Proof. Suppose X is compact and {F,}, a € I, is a non-empty
collection of closed sets with the finite intersection property. If
NaecrFo = 0, then {F<} is an open cover for X. Thus there exist
finitely many sets {Fy ,..., 5 } which form a finite subcover for
X. This means that N}, F,, = 0, which contradicts the finite
intersection property.

Conversely, suppose any collection of closed sets with the fi-
nite intersection property has non-empty intersection. If {G,},
a € I, is an open cover for X, then {G¢} has empty intersection.
Hence there must exist {G¢, ,...,G¢, } which has empty intersec-

tion. Then {Ga,,...,Gq,} is a finite subcover. Therefore X is
compact. 0

Here are a few more definitions. A set A is precompact if A is
compact. A set A is o-compact if there exist K1, Ko, ... compact
such that A = U2, K;. A set A is countably compact if every
countable cover of A has a finite subcover.

A set A is sequentially compact if every sequence of elements in
A has a subsequence which converges to a point of A. A set A has
the Bolzano-Weierstrass property if every infinite subset of A has
a limit point in A.

20.3 Tychonoff’s theorem

Tychonoft’s theorem says that the product of compact spaces is
compact. We will get to this theorem in stages. We will need Zorn’s
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lemma to prove Tychonoft’s theorem; this cannot be avoided, since
it is known that Tychonoff’s theorem implies the axiom of choice.

Let (X,7T) be a topological space, let B be a basis for T, and
let S be a subbasis. Naturally enough, if A is a subset of X and
{G4} is an open cover for A such that each G, € B, then {G,}
is called a basic open cover, while if each G, € S, then {G,} is a
subbasic open cover .

Proposition 20.14 Suppose A is a subset of X and every basic
open cover of A has a finite subcover. Then A is compact.

Proof. Let {G,} be an open cover for A; we only assume here that
G, € T. If x € A, there exists o, such that z € G, and by the
definition of basis, there exists B, € B such that z € B, C G,,.
Then {B,}, x € A, is a basic open cover of A. By hypothesis there
is a basic open subcover {B,,... By, }. Since B;, C G, , then
{Ga,, s, Ga,, } will be a finite subcollection of {G } that covers
A. Thus every open cover of A has a finite subcover, and hence A
is compact. O

Much harder is the fact that for A to be compact, it suffices
that every subbasic open cover have a finite subcover. First we
prove the following lemma, which is where Zorn’s lemma is used.

Lemma 20.15 Let A be a subset of X. Suppose C C £ are two
collections of open subsets of X and suppose that no finite subcol-
lection of C covers A. Then there exists a mazximal subset D of €
that contains C and such that no finite subcollection of D covers A.

Saying that D is maximal means that if D C D’ C £ and no finite
subcollection of D’ covers A, then D’ must equal D.

Proof. Let B be the class of all subcollections B of £ such that
B contains C and no subcollection of B covers A. We order B by
inclusion. If we prove that every totally ordered subset of B has an
upper bound in B, our lemma will follow by Zorn’s lemma.

Let B’ be a totally ordered subset of B. Let

B=U{B,: B, €B'}.
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Clearly C C B C &, and we must show that no finite subcollection
of B covers A.

Suppose there exist Bj,...,B, in B such that A C U}, B;.
For each i, there exists «; such that B; € B,, for some B,, € B'.
Since B’ is totally ordered, one of the B,, contains all the others.
Let us suppose it is B,,,, since otherwise we can relabel. But then
B; € By, C B,, for each ¢, contradicting that B,, has no finite
subcollection that covers A. We conclude that B is an upper bound
for B'. O

Theorem 20.16 Suppose A is a subset of X and every subbasic
open cover of A has a finite subcover. Then A is compact.

Proof. Let B be a basis for 7, the topology on X, and let S be
a subbasis. We will show that every basic open cover of A has a
finite subcover and then apply Proposition 20.14. We will achieve
this by supposing that C is a basic open cover of A having no finite
subcover and show that this leads to a contradiction.

Step 1. The first step is to enlarge C. Since C C B and no finite
subcover of C covers A, by Lemma 20.15 there exists a maximal D
such that C C D C B and no finite subcover of D covers A.

Step 2. We write D = {B, : a € I}, where [ is an index set and
each B, € B. Fix a for now. By the definition of subbase, we can
find n > 1 and Sy,...,S, € S such that B, =S N---NS,.

We claim that at least one of the S; in in D. Suppose not. Let
1 < n. Since S; is a subbasic open set, it is also a basic open set,
and therefore C C D U{S;} C B. By the maximality property of
D, the collection D U {S;} must have a finite subcover of A. Thus
there exist B;1, ..., Bk, € D such that

AC SZ‘UBHU'-'UBZ']%. (202)

This holds for each 7.

If x € A, one possibility is that € B;; for some i <n, j < k;.
The other possibility is that @ ¢ B;; for any ¢ < n, j < k;. In
this second case, (20.2) implies that x € S; for each 4, and hence
zeSN---NS, = B,.
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Under either possibility we have that {B;; : i < n,j < k;} U
{B.} is a finite subcollection of D that covers A. This is a con-
tradiction. We conclude that at least one of the S; is in D. We
rename S; as S,.

Step 3. Now we no longer fix « and we do the above argument for
each «, obtaining a collection of subbasic open sets {S,}. Since
{S.} C D, then {S,} has no finite subcover of A. On the other
hand, B, C Sa, s0 A C UyaBs C UySs. Therefore {S,} is a
subbasic open cover of A. By the hypothesis of the theorem, {S,}
has a finite subcover. This is our contradiction. We conclude that
{By} must have a finite subcover, and thus A4 is compact. 0

We now state and prove the Tychonoff theorem.

Theorem 20.17 The non-empty product of compact topological
spaces is compact.

Proof. Suppose we have a non-empty family {X,}, a € I, of
compact topological spaces, and we let X =[], .; Xo. A subbase
for X is the collection {r;1(G,)}, where a € I, G, is an open
subset of X, and 7, is the projection of X onto X,.

Let H = {Hpg} be a collection of subbasic open sets for X that
covers X. Assume that H has no finite subcover.

Fix « for the moment. Let H, = H N C,, where
Co = {7,'(Gs) : Gy is open in X, }.

Thus Hg € H,, if Hg € H and there exists an open set G5 in X,
such that Hg = 7,1 (Gap).

If {ro(Hp) : Hz € Ha} covers X,, then since X, is compact,
there exists a finite subcover {mo(Hpg,),...,ma(Hga,)} of X,. But
then {Hg,,...,Hg,} is a finite cover of X, a contradiction. There-
fore there exists x, € X such that zo ¢ Up,en, ma(Hp).

We do this for each a. Let 2 be the point of X whose at”
coordinate is x4, that is, m,(x) = z, for each a. If x € Hp for
some Hg € H, then z € n,'(Gap) for some a € I and some Gop
open in X,. But then z, = mo(z) € Gup, a contradiction to the
definition of x,. Therefore x ¢ Up,e3Hp, or H is not a cover of
X, a contradiction.
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We conclude that our assumption that H had no finite subcover
is wrong, and a finite subcover does indeed exist. Then X is com-
pact by Theorem 20.16. 0

Remark 20.18 Consider X = [-1,1]N] where N = {1,2,...}.
This means X = [[;2; X; where each X; = [0,1]. By the Ty-
chonoff theorem, X is compact when furnished with the product
topology.

This does not contradict Exercise 19.5, which says that the
closed unit ball in an infinite-dimensional Hilbert space is never
compact. The reason is that there are two different topologies in-
volved. If we consider [—1,1]N as a Hilbert space, the metric is
given by

> 1/2

dw,y) = (D o — wil?)

=1

Let e, be the point whose coordinates are zero except for the n**
coordinate, which is 1. Then {e, } is a sequence in X that does not
converge to 0 when X has the topology inherited as a metric space
with the metric d. However, m;(e,) — 0 as n — oo for each i, and
so by Exercise 20.18, e,, — 0 in the product topology. Therefore
the two topologies are different.

20.4 Compactness and metric spaces

Most undergraduate classes do not deal with compactness in metric
spaces in much detail. We will provide that detail here.

Let X be a metric space with metric d. A set A is a bounded
set if there exists g € X and M > 0 such that A C B(xg, M).

Proposition 20.19 If A is a compact subset of a metric space X,
then A is closed and bounded.

Proof. To show boundedness, choose rg € A and notice that
{B(z9,n)}, n > 1, is an open cover for X and hence for A. Since
A is compact, it has a finite subcover, and boundedness follows.
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To show A is closed, let x be a limit point of A and suppose
x ¢ A. Foreachy € A, let r, = d(z,y)/4. Observe that {B(y,ry)},
y € A, is an open cover for A, and hence there is a finite subcover

{B(ylvryl)a"'aB(ynaryn)}' Then
F= U?:lB(yiaTyi)

will be a closed set (recall C' is the closure of C) containing A but
not containing x. Therefore F'¢ is an open set containing x but no
point of A, contradicting that x is a limit point of A. O

Recall that A has the Bolzano-Weierstrass property if every
infinite set in A has a limit point in A and A is sequentially compact
if every sequence in A has a subsequence which converges to a point
in A.

Proposition 20.20 Let X be a metric space. A subset A has the
Bolzano-Weierstrass property if and only if it is sequentially com-
pact.

Proof. First suppose that A has the Bolzano-Weierstrass property.
If {x;} is a sequence in A, one possibility is that there are only
finitely many distinct points. In that case one of the points must
appear in the sequence infinitely often, and those appearances form
a subsequence that converge to a point in A. The other possibility
is that {z;} is an infinite set. Then there exists y that is a limit
point of this set. Let i1 = 1. For each n, choose i,, > i,_1 such
that d(z;,,y) < 27". It is possible to choose such a number i,
because if not, we can find r < 27" small enough so that B(y,r)
does not contain any point of {z;} other than possibly y itself,
which contradicts that y is a limit point. The subsequence {z;_ }
is the subsequence we seek.

Now suppose that A is sequentially compact. Let B be an

infinite subset of A. We can choose distinct points 1, o, ... in B.
If y is a subsequential limit point of this sequence that is in A, then
y will be a limit point of B that is in A. O

A bit harder is the following theorem.

Theorem 20.21 Let X be a metric space and let A be a subset of
X. The following are equivalent.
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(1) A is compact;
(2) A is sequentially compact;
(3) A has the Bolzano-Weierstrass property.

Proof. We already know (2) and (3) are equivalent. We first prove
that (1) implies (3). Let B be an infinite subset of A. If B has
no limit point in A, then for each y € A we can find r, such that
B(y,ry) contains no point of B except possibly y itself. Choose
a finite subcover B(y1,7y,),...,B(Yn,7y,) of A. Then B C A C
Ul B(y;,1y,), but at the same time, the union contains at most n
points of B, contradicting that B is infinite.

We next prove (2) implies (1). Let {G4}, o € I, be an open
cover of A. First we show that there exists ¢ > 0 with the property
that if z € A, then there exists o, € I such that z € B(z,¢) C Gq,.
If not, for all n large enough there exist x,, such that B(x,,1/n)
is not contained in any G,. Let y be a subsequential limit point of
{z,}. yisin some Gg, and since Gg is open, there exists ¢ > 0 such
that y € B(y,d) C Gg. However y is a subsequential limit point of
{zy}, and so there exists m > 2/§ such that d(x.,,y) < /2. Then

Tm € B(xm,1/m) C B(zy,,0/2) C B(y,d) C Gg,

a contradiction to how the x,, were chosen.

Now we can prove that if (2) holds, then A is compact. Let
{G4} be an open cover of A and let € be chosen as in the previous
paragraph. Pick 1 € A. If B(x1,¢) covers A, stop. If not, choose
x2 € A— B(xy,e). If {B(z1,¢), B(xa,€)} covers A, stop. If not,
choose x5 € A—B(z1,¢)—B(z2,¢). Continue. This procedure must
stop after finitely many steps, or else we have an infinite sequence
{z,,} such that d(z;,z;) > ¢ if i # j, and such a sequence cannot
have a convergent subsequence. Therefore we have a collection
{B(z1,¢€),...,B(zn,e)} that covers A. For each x; choose G,
such that z; € B(xz,e) C G,; this is possible by our choice of ¢.
Then {Ga,,...,Gq, } is the desired subcover. O

As a corollary we get the Heine-Borel theorem, although there
are easier proofs.

Theorem 20.22 A subset of R™ is compact if and only if it is
closed and bounded.
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Proof. We have already shown that compact sets are closed and
bounded. Since closed subsets of compact sets are compact, to
show the converse it suffices to show that [—M, M]™ is compact for
each integer M, since any bounded set A will be contained in such
a set if M is large enough. By the Tychonoff theorem, it suffices
to show [—M, M] is compact in R.

Let B be an infinite subset of [-M, M]. Let J; = [a1,b1] =
[-M, M]. One of the two intervals [ay, (a1 +b1)/2], [(a1+b1)/2, b1]
must contain infinitely many points of B (perhaps both inter-
vals do). Choose one that has infinitely many points and call
it Jo = [ag,ba]. At least one of the intervals [ag, (ag + b2)/2],
[(az + b2)/2,bs] contains infinitely many points of B. Choose it
and call it J3 = [a3,b3]. Continue. The sequence aq,asq,as, ... is
an increasing sequence of real numbers bounded by M, and so this
sequence has a least upper bound z. Let £ > 0. Since B(z,¢) con-
tains J, for all n sufficiently large, then B(z,e) contains infinitely
many points of B, and hence z is a limit point of B. Therefore
[— M, M] has the Bolzano-Weierstrass property, and so is compact.
O

Given a set A, an e-net for A is a subset {x1,z2,...} such that
{B(x;,e)} covers A. A is totally bounded if for each € there ex-
ists a finite e-net. Recall that a set A is complete if every Cauchy
sequence in A converges to a point in A. (The notion of Cauchy
sequence makes sense only in metric spaces, not in general topo-
logical spaces.)

Theorem 20.23 A subset A of a metric space is compact if and
only if it is both complete and totally bounded.

Proof. First suppose A is compact. If ¢ > 0, then {B(z,¢)},
x € A, is an open cover of A. Choosing a finite subcover shows
that A has a finite e-net. Since € is arbitrary, A is totally bounded.

Let {z,} be a Cauchy sequence in A. Since A is compact, by
Theorem 20.21 there is a subsequence {z,,} that converges, say
toy € A. If € > 0, there exists N such that d(x,,z,) < €/2 if
n,m > N. Choose n; > N such that d(z,,,y) < €/2. Then if
n> N,

d(In7y) S d(ITL?xnj) + d(xn]‘ay) <&
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Therefore the entire sequence converges to y, which proves that A
is complete.

Now suppose that A is totally bounded and complete. We let B
= {x1,x9,...} be asequence in A. If the set is finite, clearly there is
a convergent subsequence, so we suppose there are infinitely many
distinct points. Since A is totally bounded, it has a finite 1/2-net,
and there exist balls B(y11,1/2), ..., B(y1n,,1/2) that cover A.
Choose one, call it B, that contains infinitely many of the z; and
let C; = B{ N B. Since A is totally bounded, it has a finite 1/4-
net and there exist balls B(ya21,1/4),..., B(y2n,,1/4) that cover
A. At least one of these, call it Bj, must contain infinitely many
points of C1; let Cy = B, N Cy. Continue to obtain a sequence
C1 D Cy D --- so that each C; contains infinitely many points of
B. Choose n; > n;_1 such that x,, € C;.

We claim {z,,} is a Cauchy sequence. Let £ > 0 and choose N
such that 2= N*+! < e, If N <4 < j, then Tn,; € C; C Cy, oy, € Cy,
and C; is contained in a ball of radius 27*, hence

d(an,7xnj) S 2. 271‘ S 2*N+1 <e.

Therefore {z,, } is a Cauchy sequence.

Since A is complete, then {z,,} converges to a point in A. This
implies that B has a subsequence that converges, and we conclude
by Theorem 20.21 that A is compact. |

If X and Y are metric spaces with metrics dx and dy, resp.,
then f: X — Y is uniformly continuous if given ¢, there exists ¢
such that dy (f(z), f(y)) < € whenever dx(z,y) <.

Proposition 20.24 If X is a compact metric space, Y is a metric
space, and f: X — Y is continuous, then f is uniformly continu-
ous.

Proof. Let ¢ > 0. For each z € X, there exists r, such that if
y € B(x,2ry), then dy (f(z), f(y)) < £/2. Choose a finite subcover

{B(z1,7r%,) - B(xn,r2,)}

of X. Let § = min(ry,,...,ry,). If 2,2/ € X with dx(z,2') < 6,
then z € B(x;,r,,) for some i. By our choice of §, 2 € B(x;,2rs,).
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Then

dy (f(2), f(z) < dy(f(2), (@) + dy (f(2:), f(2')) <,

which is what we wanted. O

The final topic we discuss in this section is the completion of a
metric space. If X and Y are metric spaces, a map p: X — Y is
an isometry if dy (p(z),p(y)) = dx(z,y) for all z,y € X, where
dx is the metric for X and dy the one for Y. A metric space X*
is the completion of a metric space X is there is an isometry ¢ of
X into X* such that ¢(X) is dense in X* and X* is complete.

Theorem 20.25 If X is a metric space, then it has a completion
X,

Of course, if X is already complete, its completion is X itself and
 is the identity map.

Proof. Step 1. We define X* and a metric d*. To do this, we
introduce the set X’ consisting of the set of Cauchy sequences in
X. Thus {z,} € X' if {x,} is a Cauchy sequence with respect to
the metric d of X. Let us say {x,} ~ {yn} if lim, o0 d(Zpn, yn) = 0.
It is routine to check that this is an equivalence relation between
elements of X’. We let X* be the set of equivalence classes in X”.
We denote the equivalence class containing {x,,} € X’ by T,.

Let us define

A" (Tr, ) = lm d(xn,yn).

n—oo

This will be our metric for X*, but before we prove that it is a
metric, we first need to make sure that the limit in the definition
exists. If {z,,} and {y,} are Cauchy sequences in X, given ¢ there
exists N such that d(z,,z,) < & and d(ym,yn) < € if m,n > N.
For m,n > N,

d(@pn,yn) < d(xp, on) +d(@n,yn) + dYn, yn) < 26 +d(xn, yN)

and

d(l'Na yN) < d(IN,xn) + d(xnvyn) =+ d(ymyN) <2+ d(l‘n, yn)
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Thus
|d($n, yn) - d(.’l?N, yN)' < 257

and the same holds with n replaced by m. Therefore

+ |d(xn7yn) - d(xNayNN
< 4e.

This proves that {d(z,, yn)} is a Cauchy sequence of real numbers.
Since R is complete, then d(z,,y,) has a limit as n — oco.

Step 2. We prove that d* is a metric. First of all, if {x,} ~ {z,},
then

lim |d(zn, yn) — d(z),, yn)| < limd(z,,z),) =0,
and the definition of d* does not depend on what representative of
T, we choose.

It is routine to check that d*(%,,7,) > 0, that d* (T, Jn) equals
d*(Yn, ZTn), and that

d*(Tn, Zn) < d° (T, Un) + d"(Yn, Zn)-

If d*(Z,,yn) = 0, then limd(z,,y,) = 0, so {z,} ~ {y,}, and
hence T,, = ¥,,. Therefore d* is a metric.

Step 3. We define the isometry ¢ and show that ¢(X) is dense
in X*. If z € X, let ¢(x) be the equivalence class containing the
sequence (z,z,...), that is, the sequence where each element is .
It is clear that this is a map from X into X* and that it is an
isometry.

If 7, is an element of X* and & > 0, then {z,} is a Cauchy
sequence in X and there exists N such that d(x,,z,) < /2 if
n,n’ > N. We see that

d*(p(xN),Tn) = li_>m dxn,z,) < e/2.

Therefore the ball of radius € about Z;, contains a point of p(X).
Since T,, and € were arbitrary, ¢(X) is dense in X*.

Step 4. It remains to show that X* is complete. Let {z,} be a
Cauchy sequence in X*. By Step 3, for each n there exists y,, €
©(X) such that d*(z,,yn) < 1/n. Since

A" (Y, Yn) < d*(Yms 2m) + A" (2m, 2n) + d" (20, Yn)

1 1
Sd*(zm7zn)+ +77
m n
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we conclude that {y,} is also a Cauchy sequence in X*.

Each element y,, € ¢(X) is of the form y, = (z,,zy,...) for
some x, € X. Because ¢ is an isometry, then {z,} is a Cauchy
sequence in X. Given ¢ there exists N such that d(xn,,z,) < € if
m,n > N. Let x =7, € X*. We have

d* (Ym,z) = lm d(zp,z,) <€
n—oo
if m > N. Thus y,, converges to x with respect to the metric d*.
Finally,

limsup d* (2, ) < limsup d*(z,, yn) + limsup d*(y,, x) = 0,
n—oo n—oo n—oo

and we conclude that z,, converges to x with respect to the metric
d*. Therefore X* is complete. O

20.5 Separation properties

We define some types of topological spaces. FEach successive defi-
nition implies the existence of a larger class of open sets and con-
sequently are spaces that can be the domain of more continuous
functions.

A topological space X is a 17 space if whenever x # y, there
exists an open set G such that € G and y ¢ G. X is a Hausdorff
space if whenever z = y, there exist open sets G and H such that
r€G,ye H,and GN H = (). We say that x and y are separated
by the open sets G and H.

A space X is a completely regular space if X is a Ty space and
whenever F' is a closed subset of X and & ¢ F, there exists a
continuous real-valued function f taking values in [0, 1] such that
f(@)=0and f(y) =1 for ally € F. Finally, a space X is a normal
space if X is a T} space and whenever E and F' are disjoint closed
sets in X, there exist disjoint open sets G and H such that £ C G
and F C H.

Clearly Hausdorff spaces are T; spaces. If X is completely reg-
ular and x and y are distinct points, let F = {y}. We will see
in a moment that F is closed. Let f be a continuous function
such that f(z) = 0 and f =1 on F, ie, f(y) = 1. If we let
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G = fY((~00,1/2)) and H = f~1((1/2,00)), then G and H are
open sets separating x and y. Therefore, except for showing that F’
is closed, we have shown that completely regular spaces are Haus-
dorff spaces. Finally, as a consequence of Urysohn’s lemma in Sec-
tion 20.6, we will see that normal spaces are completely regular
spaces.

Let us develop a few of the properties of these spaces.

Proposition 20.26 If X is a Ty space and y € X, then {y} is a
closed set.

Proof. Let F = {y}. If z € F°, there exists an open set G such
that z € G and y ¢ G. Therefore z is not a limit point of F. This
proves F is closed. O

If X is a metric space and z,y € X, set r = d(x,y) and then
G = B(z,r/2) and H = B(y,r/2) are open sets separating = and
y. Therefore metric spaces are Hausdorff spaces.

Proposition 20.27 The product of a non-empty class of Haus-
dorff spaces is a Hausdorff space.

Proof. Let {X,}, a € I, be a non-empty collection of Hausdorff
spaces and let X = [[,c; Xo. If 2,y € X are distinct points,
then 7, () # ma(y) for at least one index «, where we recall that
T, 18 the projection of X onto X,. Then there exist open sets
Go, Hp in X, that separate m,(z) and 7, (y). The sets 7,1 (Go)
and 7, !(Hy) are open sets in X, in fact they are subbasic open
sets, which separate z and y. O

Proposition 20.28 Let X be a Hausdorff space, F' a compact sub-
set of X, and x ¢ F. There exist disjoint open sets G and H such
that x € G and F C H.

Proof. For each y € F' choose disjoint open sets G, and H, such
that « € G, and y € H,. The collection {H,}, y € F, is an
open cover for F. Let {Hy,,...,H,, } be a finite subcover. Then
FCH=U_,H, and H is open, and z € G =N}_;G,, and G is
open. Moreover G and H are disjoint. |
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Corollary 20.29 Compact subsets of a Hausdorff space are closed.

Proof. If F is compact and = ¢ F, construct G and H as in
Proposition 20.28. Then G is an open set containing x disjoint
from F, hence x is not a limit point of F. It follows that F is
closed. 0

Finally we prove

Theorem 20.30 If X is a compact Hausdorff space, then X is a
normal space.

Proof. Let E and F be disjoint closed subsets of X. Since X
is compact, then F and F' are compact. Using Proposition 20.28,
if € F, find disjoint open sets G, and H, such that z € G,
and F C H,. Then {G,}, z € E, is an open cover for E. Let
{Gy,,...,Gy, } be afinite subcover. Then G = U™, G, is an open
set containing F that is disjoint from the open set H = N}, H,,
which contains F'. 0

Compact Hausdorff spaces, and their close cousins locally com-
pact Hausdorff spaces, share many of the same properties as metric
spaces and are often as useful.

20.6 Urysohn’s lemma

We prove Urysohn’s lemma, which shows that normal spaces have
a plentiful supply of continuous functions. In particular, disjoint
closed subsets of compact Hausdorff spaces can be separated by
continuous functions. Another consequence is that normal spaces
are completely regular spaces.

Lemma 20.31 Let E and F be disjoint closed subsets of a nor-
mal space X . There exists a continuous real-valued function taking

values in [0,1] such that f =0 on E and f =1 on F.

Proof. By the definition of normal space, there exist disjoint open
sets G and H such that £ C G and F' C H. Let Ny, = G. Notice
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that no point of F' is a limit point of Ny /5, so Ny C F°. We thus
have
ECN1/2 CN1/2 C Fe©.

Now similarly, £ and Ny,, are disjoint closed sets, so there
exists an open set, call it Ny /4, such that

EC N1/4 C N1/4 C N1/2.
In the same way there exists an open set called N34 such that

N1/2 - N3/4 - N3/4 C F°.

We continue in this way, finding N; for each dyadic rational
t (that is, each rational of the form m/2™ for some n > 1 and
1 <m < 2™ — 1) such that if s < ¢ are dyadic rationals, then

EcCN,CcN,CN,CN;C Fe°.

Define f(z) =0 if z is in every N, and
f(z) = sup{t <1:t a dyadic rational, z ¢ N}

otherwise. Clearly f takes values in [0,1], f is 0 on F and f is 1
on F. We need to show that f is continuous.

We show that {z : f(z) < a} = U;< Ny, where the union is over
the dyadic rationals. First, suppose f(x) < a. If there does not
exist a dyadic rational ¢ less than a with z € N¢, then « ¢ N, for
all t < a and then f(x) > a, a contradiction. Thus {z : f(z) < a}
is contained in U;<,/N;. On the other hand, if x € N; for some
t < a, then f(z) <t < a. We then have

FH(=00,0)) = {z: f(2) < a} = UrcaNy,

which is the union of open sets, and therefore f~1((—o0,a)) is an
open set.

If f(2) > a, then ¢ N, for some t > a, hence z ¢ N, for some
s> a. If x ¢ Ny for some t > a, then z ¢ N, and so f(x) > a.
Therefore

FH(a,00)) = {z : f(2) > a} = Ursa(N1)°,

which again is open.
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The collection of sets of the form (—oo,a) and (a,c0) form a
subbase for the topology of the real line. That f is continuous
follows by Proposition 20.10. O

One may think of dN; as being the contour line of level ¢ for
the graph of f.

Corollary 20.32 If X is a compact Hausdorff space, K is a com-
pact subset of X, and G is an open subset of X containing K, then
there exists a continuous function f that is 1 on K and such that
the support of f is contained in G.

Recall that the support of a function f is the closure of the set

{y: fly) # 0}

Proof. K and G° are disjoint compact subsets of X, and by
Urysohn’s lemma there exists a continuous function f; that is 0 on
G¢and 1 on K. If we let f =2(fo—3)", then fis1on K.

If z is in the support of f, then every neighborhood of z in-

tersects the set {y : f(y) > 0} = {y : fo(y) > 1}. Since fo is
continuous, then fo(z) > %, which implies z is not in G¢. Thus, if
x is in the support of f, then z € G. O

Remark 20.33 If we want our function to take values in [a, b] and
be equal to a on E and b on F', we just let f be the function given
by Urysohn’s lemma and then use

g(z) = (b—a)f(z) +a.

Remark 20.34 In Chapter 17 we proved the Riesz representation
theorem, which identifies the positive linear functionals on C(X).
We proved the theorem there under the assumption that X was
a compact metric space. In fact, the theorem still holds if X is
a compact Hausdorff space. We use Corollary 20.32 to guarantee
that given a compact set K contained in an open set G, there exists
a continuous function f with support in G that is equal to 1 on K.
Once we have the existence of such functions, the rest of the proof
in Chapter 17 goes through without change.
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20.7 Tietze extension theorem

Let C be the Cantor set and let A = C' x C. If f is a continuous
function mapping A to [0,1], can we extend f to a continuous
function mapping [0,1]? to [0,1]? In this case, one can construct
an extension by hand, but what about similar extensions in more
abstract settings? This question arises frequently in analysis, and
the Tietze extension theorem is a result that allows one to do this
extension in many cases.

Theorem 20.35 Let X be a normal space, F a closed subspace,
and f : F — [a,b] a continuous function. There exists a continuous
function f : X — [a,b] which is an extension of f, that is, flp = f.

Proof. The proof is trivial if a = b, and we may therefore suppose
a < b and also that [a,b] is the smallest closed interval containing
the range of f. By considering the function

b—a
we may without loss of generality assume a = —1 and b = 1.

We will define f as the limit of an infinite sum of functions g;.
To define the sum, let fo = f and let Ag = {x € F: f(z) < —1/3},
By ={x € F: f(x) > 1/3}. Since F is closed and f is a continuous
function on F', then Ay and By are disjoint closed subsets of X.
By Urysohn’s lemma and Remark 20.33, there exists a continuous
function go : X — [—1/3,1/3] such that gg is equal to —1/3 on Ay
and gp is equal to 1/3 on By.

Define f; = fo — go on F. Then f; is continuous on F' and
observe that f; : F — [-2/3,2/3]. Let A; be the set {x € F :
fi(x) < =2/9}, let By = {ax € F: fi(x) > 2/9}, and use Remark
20.33 to find ¢1 : X — [—2/9,2/9] that is continuous and such that
g1 equals —2/9 on A; and g; equals 2/9 on Bj.

Let fo = fi —g1 = fo — (90 +g1) on F. Note fo : F' —
[—4/9,4/9]. We define As, By and continue. We observe that
the function g2 we obtain from Remark 20.33 will take values in
[—4/27,4/27]. We set f3 = fo — g2 = fo — (g0 + g1 + g2).

We obtain a sequence gg, g1, go, - - . of continuous functions on
X such that |g;(z)| < (1/3)(2/3)". Therefore Y ;- g; converges
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uniformly on X. The uniform limit of continuous functions is con-
tinuous, so the sum, which we call f, is continuous on X. Since

Yoo %(%) =1, f takes values in [—1,1].

It remains to prove that f is an extension of f. We had |f;(z)| <

2/3, |f2(z)| < 4/9, and in general |f;(z)| < (2/3)" for each ¢ and
each x € F'. Since

fi=fo—(go+ag1+-+gi-1)

and |f;(z)] — 0 uniformly over z € F, then we conclude f =
Yoicogi=fo=fonF. O

The condition that F' be closed cannot be omitted. For example,
if X =10,1], F = (0,1], and f(z) = sin(1/x), there is no way to
extend f continuously to X.

20.8 Urysohn embedding theorem

We alluded earlier to the fact that compact Hausdorff spaces can
sometimes substitute for metric spaces. In fact, a second countable
compact Hausdorff space can be made into a metric space. That
is the essential content of the Urysohn embedding theorem, also
known as the Urysohn metrization theorem.

Let (X, T) be a topological space. X is metrizable if there exists
a metric d such that a set is open with respect to the metric d if
and only if it is in 7. To be a bit more precise, if x € G € T, there
exists r such that B(z,r) C G and also B(x,r) € T for each x and
7> 0.

We will embed second countable normal spaces into [0, 1]Y,
where N = {1,2,...}. We define a metric on [0, 1]N by

oo

p(z,y) =D 27 i — yil (20.3)

i=1
if x = (21, 22,...) and y = (y1,92,--.).
Theorem 20.36 Let X be a second countable normal space. There

exists a homeomorphism @ of X onto a subset of [0,1]N. In partic-
ular, X is metrizable.
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Proof. The proof is almost trivial if X is finite; just take a fi-
nite subset of [0,1]"Y. Therefore we assume X is infinite. Let
{G1,G3,...} be a countable base. We may assume none of these
is equal to ) or X. The set of pairs (Gj, G;) such that G; C G
is countably infinite, and we label these pairs P;, Ps,.... For each
pair P, there exists a continuous function f,, taking values in [0, 1]
such that f,, is 0 on G; and 1 on G¢%; this follows by Urysohn’s
lemma. If z € X, define ¢(x) = (f1(x), f2(z),...). Clearly ¢ maps
X into [0, 1]V

If & # y, there exists an open set G in the countable base such
that x € G and y ¢ G. Since X is normal, there exist disjoint
open sets H; and Hj such that {z} C H; and G° C Hy. Then
x ¢ Ho and there exists K in the countable base such that » € K
and KN Hy = (. If follows that K NHy =0, or K C H§. If z € K,
then 2 € HS = HS C G, using the fact that HS is closed. We then
have K C G, and the pair (K, G) will be a P, for some n. Since

fo(x) =0 and f,(y) =1, then ¢(x) # ¢(y), or ¢ is one-to-one.

We next prove that ¢ is continuous. Let ¢ > 0 and let x € X.
By Exercise 20.9 it suffices to prove that there exists an open set G
containing x such that if y € G, then p(¢(z), ¢(y)) < . Choose M
large enough so that ZZO:M_H 27" < ¢/2. Tt therefore is enough
to find G such that |f,(z) — fn(y)] < €/2 if n < M. Each f, is
continuous, so there exists G, open and containing x such that
|fn(z) — fuly)| < e/2 if y € G,,. We then let G =M G,,.

Finally we need to show that ¢~! is continuous on p(X). It

suffices to show that if x € X and G is an open set containing z,
there exists ¢ such that if p(¢(z), o(y)) < d, then y € G. We may
suppose that there is a pair P, = (G;,G;) such that z € G; C
G; C Gj C G. If we choose § small enough so that 2§ < 1/2, then
|fn(z) — fn(y)| < 1/2. Since z € G, then f,(z) = 0. Since f, =1
on G, then we cannot have y € Gy, or else [fn(z) — fu(y)| > 1/2.
Therefore y € G; C G. O

Remark 20.37 Exercise 20.17 asks you to prove that the topology
on [0,1]N arising from the metric p is the same as the product
topology. By the Tychonoff theorem, [0, 1]" is compact. Therefore
our proof additionally shows that we can embed X as a subset of
[0, 1], a compact set. This is often useful. For example, every
metric space is normal (Exercise 20.28) and every separable metric
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space is second countable, so every separable metric space can be
embedded in a compact metric space.

20.9 Locally compact Hausdorff spaces

A topological space is locally compact if each point has a neigh-
borhood with compact closure. In this section we consider locally
compact Hausdorff spaces, often abbreviated as LCH . We will show
that one can add a point at infinity to make these into compact
Hausdorff spaces. This allows one to provide more general versions
of the Riesz representation theorem, the Ascoli-Arzela theorem,
and the Stone-Weierstrass theorem; see [4] for details as to these
applications.

Let (X, T) be a locally compact Hausdorff space. Let co denote
a point not in X and let X* = X U {oco}. Define 7* to consist of
X*, all elements of 7, and all sets G C X* such that G is compact
in (X, 7). We can easily check that 7* is a topology.

Theorem 20.38 (X*,7*) is a compact Hausdorff space.

The space X* is known as the Alexandroff one-point compacti-
fication of X. Sometimes it is called simply the one-point compact-
ification of X. The point oo is referred to as the point at infinity.

Proof. First we show X* is compact. We make the observation
that if G is open in (X*,7*), then GN X is open in (X, 7). If
{G4} is an open cover for X*, there will be at least one 8 such
that co € Gig. Then G§ will be compact with respect to (X, 7).
The collection {G, N X} will be an open cover (with respect to
(X, T)) of G§, so there is a finite subcover {Go, N X, ..., Gq, N X}
of X. Then {Gg,Gaq,,...,Ga,} is an open cover for X*.

Secondly we show X* is Hausdorff. Any two points in X can
be separated by open sets in 7, which are open in 7*. Thus we
need only to show that we can separate any point z € X and the
point co. If z € X, then x has a neighborhood A whose closure
is compact. Then (A)¢ will be an open set in (X*,7*) containing
oo which is disjoint from A. Since A is a neighborhood of z, there
exists a set G that is open in 7 such that 2 € G C A. Then (A)°
and G are open sets in T* separating x and co. O
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20.10 Stone-Cech compactification

In this section we give another, more complicated, compactifica-
tion. Given a completely regular space X, we find a compact
Hausdorff space X such that X is dense in X and every bounded
continuous function on X can be extended to a bounded continuous
function on X. The space X is called the Stone-Cech compactifi-
cation of X, and is traditionally written S(X).

This is an amazing theorem. Suppose X = (0, 1]. This is a met-
ric space, hence a normal space, hence a completely regular space.
The function f(x) = sin(1/z) cannot be extended to have domain
[0,1], so evidently 3(X) # [0,1]. Yet there is a compactification of
(0, 1] for which sin(1/z) does have a continuous extension.

Here is the theorem.

Theorem 20.39 Let X be a completely reqular space. There exists
a compact Hausdorff space B(X) and a homeomorphism ¢ mapping
X into a dense subset of B(X) such that if f is a bounded continu-
ous function from X to R, then fo¢~! has a bounded continuous
extension to S(X).

Before proving this theorem, let us sort out what the theorem
says. Let Y = ¢(X) C B(X). Since ¢ is a homeomorphism, every
bounded continuous function f on X corresponds to a bounded
continuous function f on Y. The relatlonshlp is given by f ( ) =
foe@ y). The assertion is that f has a bounded continuous
extension to S(X).

Proof. Let I be the collection of bounded continuous functions on
X and if f € I, let Jy = [—infyex f(2),sup,ex f(2)], the range
of f. Each Jy is a finite closed interval. Let X* =[], J¢. Then
X* will be a compact Hausdorff space. Define ¢ : X — X* by
7¢(p(z)) = f(z); in other words, ¢(z) is in the product space, and
its f** coordinate is f(z). Thinking through the definitions, note
that we have

Trop = f.
Finally, let 3(X) be the closure of (X ) in X*. Since X* is compact

and B(X) is closed, then B8(X) is compact. Subspaces of Hausdorff
spaces are Hausdorff.
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Now that we have defined 3(X), the rest of the proof will follow
fairly easily from the definitions. First we prove that ¢ is one-to-
one. If z # y, then since X is completely regular, there exists f €
such that f(x) # f(y). This means my(¢(x)) # 7¢(e(y)), which
proves ¢(z) # ¢(y).

Next we show ¢ is continuous. We let G be a subbasic open set
in X* and prove that ¢~!(GN (X)) is open in X. The continuity
will then follow by Proposition 20.10. If G is a subbasic open set
in X*, then G = 7r]71(H) for some open set in R. Note

e HGNe(X)={zeX :p(z)eG}={re X :mjop(x)ec H}
={reX:f(x)e H} = f'(H).

However, f~1(H) is open because H is open in R and f is contin-
uous.

We show ¢! is continuous on p(X). Let ¢(z) € p(X) and

let H be an open set in X containing . To prove continuity, we
show there exists an open set G in X* such that if p(y) € G, then
y € H. We will then apply Exercise 20.9.

Let x be a point in X and H€ a closed set in X not containing x.
Since X is completely regular, there exists f € I such that f(x) =0
and f =1on H. Let G = {z € X* : m¢(x) < 1/2}. Since the
projection 7 is continuous and (—o0,1/2) is an open set in R, then
G is open in X*. If ¢(y) € G, then f(y) = 75 o p(y) < 1/2. This
implies that y ¢ H€, hence y € H, which is what we wanted.

It remains to prove the assertion about the extension. We have
f = mrop. Therefore on p(X), we have fop™! = mpopop=t = ;.
Clearly 7y has a bounded continuous extension to X*, hence to

B(X). O

We remark that there can only be one bounded continuous ex-
tension of each function in I because X (or more precisely, its image
©(X)) is dense in B(X).

20.11 Ascoli-Arzela theorem

Let X be a compact Hausdorff space and let C(X) be the set of
continuous functions on X. Since X is compact, f(X) is compact
and hence bounded if f € C(X).
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We make C(X) into a metric space by setting

d(f,g) = sup |f(z) — g(z)],

zeX

the usual supremum norm. In this section we characterize the
compact subsets of C(X).

A subset F of C(X) is equicontinuous if given € and x there
is an open set G containing x such that if y € G and f € F,
then |f(y) — f(z)| < e. What makes equicontinuity stronger than
continuity is that the same € works for every f € F.

Here is the Ascoli-Arzela theorem. You may have seen this in
an undergraduate analysis; the novelty here is that we allow X to
be a compact Hausdorff space and the proof avoids the use of the
“diagonalization procedure.”

Theorem 20.40 Let X be a compact Hausdorff space and let C(X)
be the set of continuous functions on X. A subset F of C(X) is
compact if and only if the following three conditions hold:

(1) F is closed;

(2) supser | f(@)] < oo for each x € X;

(8) F is equicontinuous.

In (2), we require sup ;x| f ()] to be finite, but the size can depend
on x.

Proof. First we show that if (1), (2), and (3) hold, then F is com-
pact. Since C(X) is a metric space, which is complete by Exercise
20.23, and F is a closed subset of C(X), then F is complete. We
will show F is compact by showing it is totally bounded and then
appealing to Theorem 20.23.

Let € > 0. For each € X there is an open set G, such that if
y € Gy and f € F, then |f(y)— f(z)| < &/3. Since {G;}, z € X, is
an open cover of X and X is compact, we can cover X by a finite
subcover {Gy,, ..., Gy, }. Since sup;c x| f(;)] is bounded for each
i, we can find M such that

sup |f(@i)] < M.
feF,1<i<n

Let ay,...,a, be real numbers such that every point in [—M, M|
is within /3 of one of the a;. If {a;,,...,a;,} is a subset of
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{ay,...,a.}, let
H(aj,,...,a;,)={f€F:|f(x;) —a;,| <e/3,1 <i<n}.

There are at most r™ sets of this form. For each one that is non-
empty, select an element go; . .a; € H(aj,,...,a;,). We claim
this collection of functions is an e-net for F.

If f € F, choose aj,,...,a;, such that |a;, — f(z;)] < /3 for
each 1 < ¢ < n. The set H(a;,,...,a;,) is non-empty because it
contains f. If y € X, then y € G, for some ig. Then

|f (W) = 9ay, vooas, O S NFY) = (i) + £ (i) = Gas, ... 0y, (Tig)]
+ |gaj1 yeres @y, (‘TZO) - gajl yeens @y, (y)|

The first and third terms on the right hand side of the inequality
are less than £/3 because f and Gaj,,....a;, are in F and y € Gzio-
The second term is less than /3 because ga;. .....a;, (7i,) = a;, and
we chose aj, to be within €/3 of f(z;,). This proves that

sup |f(y) — 9y, .....a;, (V)| <.
yeX

Therefore {gaj1,~~~»ajn} is a finite e-net, and hence F is totally
bounded.

Now suppose F is compact. (1) follows because C(X) is a metric
space and compact subsets of a metric space are closed. Fix x. The
map 7, : C(X) — R given by 7,.f = f() is continuous, so {f(z)},
f € F, is the image under 7, of F. Since F is compact and 7,
is continuous, then 7,(F) is compact and hence bounded, which
proves (2).

Finally, let ¢ > 0. Since F is a compact subset of a metric
space, there exists a finite £/3-net: {f1,...,fn}. If z € X, for
some i between 1 and n there exists an open set G; such that
|fily) — fi(x)] < e/3 ity € G;. Let G = NG, Ify € G and
g € F, there exists i such that d(g, f;) < £/3, and so

l9(y) —g(x)| < lg(y) — fi(y)| + | fi(y) — fi(x)| + | fi(z) — g(z)| <e.

This proves that F is equicontinuous. O

The most useful consequence of the Ascoli-Arzela theorem is
that if (2) and (3) hold for a family F, then any sequence in F has a
subsequence which converges uniformly (the limit is not necessarily
in F unless we also assume F is closed).
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20.12 Stone-Weierstrass theorems

The Stone-Weierstrass theorems are a pair of theorems, one for real-
valued functions and one for complex-valued functions, that allow
one to approximate continuous functions. They are very useful; we
have seen one application already in Section 19.4.

First we prove the Weierstrass approximation theorem, which
allows one to approximate real-valued functions on a compact in-
terval.

There are a number of different proofs. We give one that uses
some ideas from Section 15.3, although we prove what we need here
from scratch.

Theorem 20.41 Let [a,b] be a finite subinterval of R, g a contin-
uous function on [a,b], and e > 0. Then there exists a polynomial
P(z) such that

sup |g(z) — P(z)| <e.
z€la,b]

Proof. Let )
— —? /2%
) = e .
pp(x) NoTT:
We saw in Exercise 11.18 that [, ¢1(x)dz = 1, and by a change of
variables, [, ¢g(z)dz =1 for every > 0. Also, again by a change
of variables and the dominated convergence theorem, if § > 0,

/ pp(z)dr = / p1(x)dr — 0
[—d,0]° |z|>5/8

as 8 — 0.

Without loss of generality we may assume that ¢ is not identi-
cally zero. Extend g to all of R by setting g(z) = 0if z <a—1
or z > b+ 1 and letting g be linear on [a — 1,a] and on [b,b + 1].
Then g has compact support and is continuous on R.

Step 1. We prove that

g*pp(r) = /9(95 —y)es(y) dy

will be close to g(z), uniformly over x € R, if 8 is small enough.
Let € > 0 and choose ¢ such that |g(z) —g(2')| < e/4 if |z —2'| < §.
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Since the integral of ¢z is 1, we have
9+ 05(a) — 9@l = | [lole—) - g@loatw)as] (20
<[ o= - g@lestw)dy
ly|>6
+ / l9(z —y) — 9()l¢s(y) dy
ly|<é

The term on the second line of (20.4) is less than or equal to

2glloc / 05 (y) dy,
[y|>d

which will be less than ¢/4 if we take 8 small enough. The term
on the last line of (20.4) is less than or equal to

€0 [ ety < /1) [ eato)dy =</
ly|<é R
by our choice of . Therefore

lg % pp(x) —g(z)| <e/2
uniformly over x € R if we take 8 small enough.

Step 2. Next we approximate @g(z) by a polynomial. Let N =
2[la| + 6] + 1]. For every M > 0, the Taylor series for e about
0 converges uniformly on [—M, M]. To see this, we see that the
remainder term satisfies
o0 T o0
PEE Z
k=n-+

k=n+1

as n — oo. Thus, by replacing x by —z%/23? in the Taylor series
for e* and taking n large enough, there is a polynomial @) such that

S — < —.
w;lnglQ(x) wp()] INol~

€

Now

9+ 05(@) 9+ Q@) = | [ e~ v)lestv) - Qudy| (209
< [late =)l lesv) = Q) do
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If z € [a,b], then g(x—y) will be non-zero only if t—y € [a—1,b+1],
which happens only if |y| < 2[|a|] + |b] + 1]. Thus the last line of
(20.5) is bounded by

N
lglleo / leas) — QU dy < </2.

Step 3. Finally, by a change of variables,

g% Q(z) = / o(0)Qx — ) dy.

Since @ is a polynomial, then Q(z — y) is a polynomial in x and y,
and we can write

Qz—y) = > cpaly

=0 k=0

for some constants c;;. Then

9*Q(z) = i (/Zn:%ykg(y) dy) @,
§=0 k=0

which is a polynomial. Therefore we have approximated g on [a, b]
by a polynomial g *x ) to within e, uniformly on the interval [a, b].
[l

For an alternate proof, see Theorem 21.13.

Let X be a topological space and let C(X) be the set of real-
valued continuous functions on X. Let A be a subset of C(X).
We say A is an algebra of functions if f + g, cf, and fg are in A
whenever f,g € A and c is a real number. We say A is a lattice
of functions if f A g and fV g are in A whenever f,g € A. Recall
fAg(w) =min(f(z),9(z)) and fV g(z) = max(f(z), g(x)).

We say A separates points if whenever x # y are two points in
X, there exists f € A (depending on z and y) such that f(x) #
f(y). We say A vanishes at no point of X if whenever x € X, there
exists g € A (depending on z) such that g(z) # 0.

Lemma 20.42 Suppose A is an algebra of functions in C(X) such
that A separates points and vanishes at no point. If x and y are
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two distinct points in X and a,b are two real numbers, there exists
a function f € A (depending on x,y,a,b) such that f(z) = a and
fly)=b.

Proof. Let g be a function in A4 such that g(x) # ¢g(y). Let h, and
hy be functions in A such that hy(x) # 0 and hy(y) # 0. Define u
and v € A by

and

a b
z) = u(z) + v(2).
) = Zsu(e) + 70(e)
This f is the desired function. |

Theorem 20.43 Let X be a compact Hausdorff space and let A be
a lattice of real-valued continuous functions with the property that
whenever x # y and a,b € R, then there exists f € A (depending
on x,y,a, and b) such that f(z) = a and f(y) = b. Then A is
dense in C(X).

Saying A is dense in C(X) is equivalent to saying that if € > 0
and f € C(X), there exists g € A such that sup,cx |f(z) —g(z)| <
e. Thus we can approximate any continuous function in C(X) by
an element of A.

Proof. Let ¢ > 0 and let f € C(X). Fix € X for the moment.
If y # x, let hy be an element of A such that hy(z) = f(z) and
hy(y) = f(y). Choose an open set G, containing y such that
hy(z) < f(z) +¢€ for all z € G,. This is possible because f and
hy are continuous; we use Exercise 20.9. The collection {G,},

y € X, is an open cover for X, hence there is a finite subcover
{Gy,,...,Gy,}. Define

kp(2) = hy, (2) A A by, (2).

Note that k, € A, k.(x) = f(z), and k.(2) < f(2) + € for every
z € X. We used the fact that A is a lattice of functions.
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We construct such a function k, for each x € X. Let H, be an
open set containing x such that k,(z) > f(z) — e for each z € H,.
This is possible because k, and f are continuous, k.(z) = f(z),
and Exercise 20.9. The collection {H,}, x € X, is an open cover
of X. Let {H,,,...,H,,} be a finite subcover. Let

9(2) = ke, (2) V- Vg (2).

Then g € A and g(z) > f(z) — ¢ for each z. Moreover, since
kg, < f+ € for each 4, then g(z) < f(z) + ¢ for each z. Therefore
sup,cx |9(z) — f(2)| < e. This proves A is dense in C(X). O

Here is the version of the Stone-Weierstrass theorem for real-
valued functions.

Theorem 20.44 Suppose X is a compact Hausdorff space and
A is an algebra of real-valued continuous functions that separates
points and vanishes at no point. Then A is dense in C(X).

Proof. We make the observation that if A4 is an algebra, then A,
the closure of A, is also an algebra. In view of Theorem 20.43, we
need only show A is also a lattice of functions. Since A is closed,
if it is dense in C(X), it must equal C(X).

Thus we need to show that if f1, f2 € A, then fiAfy and f1V fo
are also in A. Since

finfo=3(A+f2—1fi—Fol), five=3(A+fo+1fi—Fl),
it is enough to show that if f € A, then |f| € A.

Let ¢ > 0 and suppose f € A. Then there exists g € A such
that sup,cx |f(z) — g(z)] < /4. Let M = ||g|lsc. Since the
function  — |x| is continuous, by the Weierstrass approximation
theorem (Theorem 20.41), there exists a polynomial P such that
supyei—ar, ) [P(y) — [yl | < /4. In particular, |P(0)] < /4. If we
let R(y) = P(y) — P(0), then R is a polynomial with zero constant
term such that

sup |R(y) — |y|| <e/2.
y€[—M,M]

Since A is an algebra, then g, g2, g3, etc. are in A, and hence
R(g) € A. Here R(g) is the function defined by R(g)(z) = R(g(x)).
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We have
sup |R(g)(z) ~lg(a)|] < /2

We know that |f(z) — g(x)| < ¢/4 for all x € X, hence

(@) = lg(@)[| <e/4.

We conclude that

sup |R(g)(x) — | f(z)]] <e.
reX

We have thus found an element of A, namely, R(g), that is within
e of |f], uniformly over x € X. Since ¢ is arbitrary, we conclude
that |f| € A, and the proof is complete. |

The above theorem has an extension to complex-valued func-
tions. Let C(X,C) be the set of complex-valued continuous func-
tions on a topological space X. As usual we use f for the complex
conjugate of f. When we say that A is an algebra of complex-
valued functions, we require that f + g, fg, and c¢f be in A when
f,9 € A and c is a complex number.

We now present the version of the Stone-Weierstrass theorem
for complex-valued functions.

Theorem 20.45 Suppose X is a compact Hausdorff space and
C(X,C) is the set of complex-valued continuous functions on X.
Let A be an algebra of continuous complex-valued functions that
separates points and vanishes at no point. Suppose in addition that
f is in A whenever f is in A. Then the closure of A is C(X,C).

Proof. Let R be the set of real-valued functions in A. Clearly R
is an algebra of continuous functions, that is, f + g, fg, and cf are
in R whenever f,g € R and c is a real number. If f € A, then
f € A, and therefore Re f = (f + f)/2 and Im f = (f — f)/2i are
in A. Hence if f € A, then the real part and imaginary parts of f
are in R.

If z € X, there exists f € A such that f(z) # 0. This means
that either Re f or Im f (or both) are non-zero, and hence R van-
ishes at no point of X. If x # y are two points in X, there ex-
ists a function g such that g(z) # g¢(y). Therefore at least one
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Reg(z) # Reg(y) or Img(z) # Img(y) (or perhaps both hold).
This implies that R separates points.

By the real-valued version of the Stone-Weierstrass theorem,
Theorem 20.44, R is dense in the collection of real-valued contin-
uous functions on X. If f € C(X,C), we can approximate Re f to
within £/4/2 by a function k; € R and also Im f to within £/1/2 by
a function ko € R. Then ki + ike will be in A and approximates f
to within e. O

Example 20.46 The assumption that the complex conjugate of
every function in A be in A cannot be eliminated. To see this, you
need to know the following fact from complex analysis. This can
be proved in a number of ways. Using Morera’s theorem (see, e.g.,
[8]) gives a quick proof.

If fr, is a sequence of complez-valued functions that are analytic
in the open unit disk in the complex plane and continuous on the
closed unit disk and f, converges uniformly to a function f on the
closed unit disk, then f is analytic in the open unit disk as well.

To see why this example shows that the inclusion of complex
conjugates is necessary, let A be the collection of complex-valued
functions that are analytic in the open unit disk in the plane and
continuous on the closed unit disk. Since the function 1 and the
function z are in A, then A vanishes at no point and separates
points. Clearly A is an algebra of functions. The function Z is
not in the closure of A4 because it is not analytic in the open unit
disk (or anywhere else); it doesn’t satisfy the Cauchy-Riemann
equations.

20.13 Connected sets

If X is a topological space, X is disconnected if there exist two
disjoint non-empty open sets G and H such that X = GU H. The
space X is connected if X is not disconnected. A subset A of X
is connected if there do not exist two disjoint open sets G and H
such that ACGUH, ANG # 0, and AN H # 0.

A subset A is connected if A, viewed as a topological space with
the relative topology, is connected.
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The most obvious example of connected sets are intervals in R,
but there is something to prove. Note that J being an interval can
be characterized by the fact that if x < z are in J and x < y < z,
then y € J.

Proposition 20.47 A subset A of the real line with the usual
topology is connected if and only if A is an interval.

Proof. First we prove that if A is not an interval, then A is not
connected. If A is not an interval, there exists x < z € A and
y ¢ Asuch that z < y < z. If welet G = (—o0,y) and H = (y, ),
the sets G and H are our two disjoint open sets that show A is not
connected.

Now we show that if A is an interval, then A is connected.
Suppose not. Then there exist disjoint open sets G and H whose
union contains A and which each intersect A. Pick a point x € ANG
and a point y € AN H. We may assume z < y, for if not, we
reverse the labels of G and H. Let t = sup{s : s € [z,y] N G}.
Since ¢ <t <y, then t € A. If t € G, then since G is open, there
exists a point u € (¢,y) that is in G. Since A is an interval and
r <t<u<y,then u € A. This contradicts ¢ being an upper
bound. If ¢t € H, then since H is open, there exists € < t — x such
that (¢t —e,t] € H. This contradicts ¢ being the least upper bound.
Therefore we have found a point t € A that is not in GU H, a
contradiction, and therefore A is connected. 0

Analogously to the situation with compact spaces, continuous
functions map connected spaces to connected spaces.

Theorem 20.48 Suppose f is a continuous function from a con-
nected topological space X onto a topological space Y. Then'Y is
connected.

Proof. If Y is not connected, there exist disjoint open sets G
and H whose union is Y. Then since f is continuous, f~*(G) and
f71(H) are disjoint open sets whose union is X, contradicting that
X is connected. Therefore Y must be connected. |

A corollary of Theorem 20.48 and Proposition 20.47 is the in-
termediate value theorem.
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Corollary 20.49 Suppose f is a continuous function from a con-
nected topological space X into the reals, a < b € R, and there exist
points x and y in X such that f(z) =a and f(y) =b. Ifa<c<b,
there exists a point z € X such that f(z) = c.

Proof. By Theorem 20.48, f(X) is connected. By Proposition
20.47, f(X) must be an interval. Since a,b € f(X) and a < ¢ < b,
then ¢ € f(X). O

We now prove that the product of connected topological spaces
is connected. We begin with a lemma.

Lemma 20.50 Suppose {A,}, a € I, is a non-empty collection of
connected subsets of X such that NgerAq # 0. Then A = UgerAg
is connected.

Proof. If A is not connected, there exist disjoint open sets G and
H which both intersect A and whose union contains A. Let x be
any point of NgerAy. Suppose x € G, the other case being similar.
If @ € I, then A, is connected and x € A, NG. Since A, C A C
GUH, we must have A, C G, or else we get a contradiction to A,
being connected. This is true for each a € I, s0 A = UgerAn C G.
This contradicts A having a non-empty intersection with H, and
we conclude that A is connected. O

We do the case of finite products of connected topological spaces
separately; we will need this result for the general proof.

Lemma 20.51 Suppose X1,...,X,, are finitely many connected
topological spaces. Then X = H;-lzl X is connected.

Proof. Suppose X is not connected. Then there exist disjoint non-
empty open sets G and H whose unionis X. Pickx € Gandy € H.

For k = 0,...,n, let 2 be the point whose first k coordinates
are the same as those of x and whose remaining coordinates are
the same as y. Thus if 2¥ = (2¥,...,2%), 2 = (21,...,2,), and

Y= (Y1,---,Yn), then zF = x; if i <k and 2F = y; if i > k.
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Since 2 =z € G and 2" = y € H, there exists k < n such that
¥ € G and 2 € H. Let

F={x1} x x{zp} x Xp+1 X {yra2} X - X {yn}.

It is routine to check that F' is homeomorphic to X1, so there
exists a continuous function f such that F = f(Xy11), and by
Theorem 20.48, F is connected. But z¥ € FNG and 2! € FNH,
so FFNG and FNH are two non-empty disjoint relatively open sets
whose union is F', contradicting that F' is connected. O

Theorem 20.52 Suppose {X,}, a € I, is a non-empty collection

of connected topological spaces. Then X = [],c; Xao is connected.

Proof. The idea of the proof is to find a set E that is a connected
subset of X and such that F is equal to X.

Fix ¢ € X. Define D(z;a;,,...q;,) to be the set of points
y of X all of whose coordinates agree with the corresponding co-
ordinates of x except for the a;,,...,«;, ones. That is, if o ¢
{ai,,...,q;, }, then mo(z) = mo(y). Note that D(z;a4,,...,q;,)
is homeomorphic to (H;.L:1 Xa,) % (Ha;‘éail,.--,aq,n X4). As in the
proof of Lemma 20.51, D(x, o, ..., ;) is connected.

Let
En(],‘) = Uai17.._,ain E[D(J); Ozil yese ,Oéin).

We see that E,(z) is the set of points y in X such that at most
n coordinates of y differ from the corresponding coordinates of x.
Since z is in each D(z; a4, ..., a;, ), then by Lemma 20.50, E,,(x)
is connected. Let E = U,>1E,(z). By Lemma 20.50 again, since
x € E,(z) for each n, then E is connected.

We now show that E' is dense in X. Let z € X and let G be an
open set containing . We must prove that GG contains a point of F.
By the definition of the product topology, there exists a basic open
set H such that © € H C G, where H = 7} (K1) N .- Nwy L (Ky),
n > 1, each o; € I, and each K is open in X,,. Pick y,, € K, for
each 7, and let y be the point whose aﬁh coordinate is y,, fori <n
and all its other coordinates agree with the corresponding coordi-
nates of . Thus 7, (y) = Yo, for i < n and if @ # aq,...,an,
then 74 (y) = mo(z). The point y is thus in E,(z) and also in H,
therefore y € H C G and y € E,(z) C E.
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We finish the proof by showing X is connected. If not, X =
G U H, where G and H are disjoint non-empty open subsets of X.
Since FE is connected, either ENG or ENH is empty; let us assume
the latter. Choose € H. Then H is an open set containing z
that does not intersect G, hence x ¢ E. However E is dense in X,
a contradiction. We conclude X is connected. O

20.14 Exercises

Exercise 20.1 If X is a non-empty set and 7; and 75 are two
topologies on X, prove that 77 N 75 is also a topology on X.

Exercise 20.2 If G is open in a topological space X and A is
dense in X, show that G = G N A.

Exercise 20.3 Let X be R? with the usual topology and say that
x ~y if x = Ay for some matrix A of the form

cosf —sinf
A= (sin@ cos 6 ) ’
with § € R. Geometrically, x ~ y if = can be obtained from y by a
rotation of R? about the origin.
(1) Show that ~ is an equivalence relationship.

(2) Show that the quotient space is homeomorphic to [0, c0) with
the usual topology.

Exercise 20.4 Prove that every metric space is first countable.

Exercise 20.5 Let X be an uncountable set of points and let 7
consist of all subsets A of X such that A€ is finite and let 7 also
contain the empty set. Prove that X is a topological space that is
not first countable.

Exercise 20.6 Give an example of a metric space which is not
second countable.

Exercise 20.7 Prove that a subset A of X is dense if and only if
A intersects every open set.
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Exercise 20.8 Let X =[], .; Xa, where I is a non-empty index
set. Prove that a net (zg) in X converges to z if and only if the
net (my(zg)) converges to m,(x) for each a € I.

Exercise 20.9 Let f map a topological space X into a topological
space Y. Prove that f is continuous if and only if whenever z € X
and G is an open set in Y containing f(z), there exists an open set
H is X such that f(y) € G whenever y € H.

Exercise 20.10 Let X and Y be topological spaces and yo € Y.
Prove that X x{yo}, with the relative topology derived from X xY,
is homeomorphic to X.

Exercise 20.11 Let X,Y, and Z be topological spaces. Suppose
f:X =Y and g:Y — Z are continuous functions. Prove that
go f is a continuous function from X to Z.

Exercise 20.12 Suppose that X and Y are topological spaces and
f: X — Y such that f(z,) converges to f(x) whenever z, con-
verges to x. Is f necessarily continuous? If not, give a counterex-
ample.

Exercise 20.13 Prove that f : X — Y is continuous if and only if
the net (f(z4)) converges to f(x) whenever the net (z,) converges
to x.

Exercise 20.14 Let X be the collection of Lebesgue measurable
functions on [0, 1] furnished with the topology of pointwise conver-
gence. Say that f ~ g for f,g € X if f = g a.e. Describe the
quotient topology.

Exercise 20.15 A set A has the Lindeldf property if every open
cover of A has a countable subcover. Prove that a metric space X
has the Lindel6f property if and only if X is separable.

Exercise 20.16 Find an example of a compact set that is not
closed.

Exercise 20.17 Show that the product topology on [0,1]N and
the topology generated by the metric p of (20.3) in Section 20.8
are the same.
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Exercise 20.18 Let {X,}, @ € I be a non-empty collection of
topological spaces and let X = [],.; Xo. A sequence {z,} in X
converges pointwise to x if wo(x,) — 7o (z) for each a € I. Prove
that z,, converges to x pointwise if and only if z,, converges to x
with respect to the product topology of X.

Exercise 20.19 This exercise illustrates why the notion of se-
quences is not that useful for general topological spaces. Let X
be the space of real-valued bounded functions on [0,1]. X can be
identified with RI%! and we furnish X with the product topology.
Let E be the set of Borel measurable functions on [0, 1].

(1) Show that FE is dense in X.

(2) Let N be a set in [0,1] that is not Borel measurable. Let
f = xn. Prove that there does not exist a sequence in E that
converges to f, but that every neighborhood of f contains points
of E.

Exercise 20.20 Prove that if I is a non-empty countable set and
each X,, a € I, is second countable, then Hael X, is second
countable.

Exercise 20.21 If X is a metric space, define
A° = {z € X,d(x, A) < 6},
where d(x, A) = infyca d(z,y). For closed subsets of X, define
dy(E,F) =inf{§: E C F° and F C E°}.
(1) Prove that dy is a metric. (This is called the Hausdorff metric.)

(2) Suppose X is compact. Is the set of closed subsets with metric
dp necessarily compact? Prove, or else give a counterexample.

Exercise 20.22 Prove that if {z,} is a Cauchy sequence in a met-
ric space X and a subsequence of {x,,} converges to a point x, then
the full sequence converges to x.

Exercise 20.23 Prove that if X is a topological space, then C(X)
is a complete metric space.
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Exercise 20.24 Prove that a sequence {x,} converges to a point
x if and only if every subsequence {x,,} has a further subsequence
which converges to x.

Exercise 20.25 Let A be a subset of a metric space X. Prove
that if A is totally bounded, then A is also totally bounded.

Exercise 20.26 Let X be a topological set such that the set {y}
is closed for each y € X. Prove that X is a T} space.

Exercise 20.27 Find two disjoint closed subsets £ and F' of R
such that infycp yer |z — y| = 0.

Exercise 20.28 Prove that every metric space is a normal space.

Exercise 20.29 Prove that a space X is a Hausdorff space if and
only if every net converges to at most one point.

Exercise 20.30 Show that a closed subspace of a normal space is
normal.

Exercise 20.31 Prove that [0, 1] with the product topology is
not metrizable.

Exercise 20.32 Prove that if X is metrizable and I is countable
and non-empty, then X' is metrizable.

Exercise 20.33 Let X be a locally compact Hausdorff space and
X* its one point compactification. A continuous function f map-
ping X to R is said to vanish at infinity if given € > 0 there exists
a compact set K such that |f(z)| < € for z ¢ K. Prove that f van-
ishes at infinity if and only if f is the restriction of a continuous
function f: X* — R with f(co) = 0.

Exercise 20.34 Prove that the one-point compactification of R"”
is homeomorphic to the n-sphere {x € R"*! : ||z|| = 1}.

Exercise 20.35 A sequence {f,} in C(X) is said to converge uni-
formly on compact sets to a function f € C(X) if {f,} converges
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to f uniformly on K whenever K is a compact subset of X.

(1) Give an example of a sequence {f,} in C(R) that converges uni-
formly to 0 on compact sets but such that {f,,} does not converge
uniformly to 0 on R.

(2) Let X be a o-compact locally compact Hausdorff space, M > 0,
and {f,} an equicontinuous sequence in C(X) such that |f,(z)| <
M for all x € X and all n. Prove there exists a subsequence that
converges uniformly on compact sets.

Exercise 20.36 Show that RY is not locally compact.
Exercise 20.37 Show that C([0,1]) is not locally compact.

Exercise 20.38 Prove that if {X,}, a € I, is a non-empty col-
lection of Hausdorff spaces such that [] ., X is locally compact,
then each X, is also locally compact.

Exercise 20.39 A real-valued function f on a subset X of R is
Hélder continuous of order « if there exists M such that

|f(z) = f(y)| < M|z —y|*

for each z,y € X. Suppose 0 < o < 1 and let X = [0,1]. Prove
that

{recap: swp lf@ <1, sp DZTON )
2€[0,1] oyel0 oty 1T —Y|*

is compact in C(]0, 1]).

Exercise 20.40 Let K : [0,1]2> — R be continuous and let L
be the set of Lebesgue measurable functions f on [0, 1] such that
[fllo < 1. For f € L, define Tf(x) = fol K(z,y)f(y)dy. Prove
that {T'f; f € L} is an equicontinuous family in C(]0, 1]).

Exercise 20.41 Prove that if X is a compact metric space, then
C(X) is separable.

Exercise 20.42 Let X = [0, oo] be the one point compactification
of [0, 00), the non-negative real numbers with the usual metric. Let
A be the collection of all finite linear combinations

n

-z
E ase 7,
=1
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where the a; are real and each A; > 0.

(1) Prove that A is a dense subset of C(X).

(2) Prove that if f; and f> are two continuous integrable functions
from [0,00) to R that vanish at infinity and which have the same
Laplace transform, that is, [~ e fi(x = [ e fa(x) da
for all A > 0, then fi(x) = fo(x) for all .

Exercise 20.43 Suppose X and Y are compact Hausdorff spaces.
Let A be the collection of real-valued functions in C(X x Y') of the

form
Z aigi(x)hi(y
i=1

where n > 1, each a; € R, each g; € C(X), and each h; € C(Y).
Prove that A is dense in C(X x Y).

Exercise 20.44 Let X be a compact Hausdorff space and suppose
A is an algebra of continuous functions that separates points. Prove
that either A is dense in C(X) or else there exists a point z € X
such that A= {f € C(X) : f(z) = 0}.

Exercise 20.45 Prove that if f:[0,1] = R and ¢ : [0,1] — R are
continuous functions such that

/01 f(@)z" dx = /01 g(z)a™ dx

forn=0,1,2,..., then f =g.

Exercise 20.46 Let X be the closed unit disk in the complex
plane. A polynomial in z and Z is a function of the form

n n
=D amrz,
=0 k=0

where a;;, are complex numbers. Prove that if f is a function in
C(X,C), then f can be uniformly approximated by polynomials in
z and Z.

Exercise 20.47 Prove that if B is a Banach space, then B is con-
nected.



246 CHAPTER 20. TOPOLOGY

Exercise 20.48 Prove that if A is a convex subset of a Banach
space, then A is connected.

Exercise 20.49 A topological space X is arcwise connected if
whenever z,y € X, there exists a continuous function f from [0, 1]
into X such that f(0) =z and f(1) =y.

(1) Prove that if X is arcwise connected, then X is connected.

(2) Let Ay = {(z,y) € R? : y = sin(1/2),0 < z < 1} and
Ay ={(z,y) €eR? : 2 =0,-1 <y <1}. Let X = A; U A, with the
relative topology derived from R2. Prove that X is connected but
not arcwise connected.

Exercise 20.50 If X is a topological space, a component of X is a
connected subset of X that is not properly contained in any other
connected subset of X. Prove that each x € X is contained in a
unique component of X.

Exercise 20.51 A topological space X is totally disconnected if
the components are all single points.

(1) Prove that the Cantor set with the relative topology derived
from the real line is totally disconnected.

(2) Prove that if {X,}, @ € I, is a non-empty collection of totally

disconnected spaces, then X = Hae 1 X is totally disconnected.

Exercise 20.52 Prove that a topological space X is connected if
and only if for each pair x,y € X there is a connected subspace of
X containing both x and y.

Exercise 20.53 Let X be a connected space. Suppose f: X — R
is continuous and non-constant. Prove that X is uncountable.

Exercise 20.54 Suppose {A,}, a € I, is a non-empty collection of
connected subsets of a topological space X with the property that
Ay N Ap # 0 for each , 8 € I. Prove that U,er A, is connected.



Chapter 21

Probability

Although some of the terminology and concepts of probability the-
ory derive from its origins in gambling theory and statistics, the
mathematical foundations of probability are based in real analysis.
For example, a probability is just a measure with total mass one,
and one of the main theorems, the strong law of large numbers, is
an assertion about almost everywhere convergence.

In this chapter we introduce some of the major concepts of prob-
ability theory, including independence, the laws of large numbers,
conditional expectation, martingales, weak convergence, character-
istic functions, and the central limit theorem. We finish by con-
structing two different types of probabilities on infinite dimensional
spaces.

21.1 Definitions

A probability space is a triple (Q, F,P), where 2 is an arbitrary set,
F is a o-field of subsets of €, and P is a probability on (Q,P). A
o-field is exactly the same thing as a o-algebra. A probability or
probability measure is a positive measure whose total mass is 1, so
that P(Q2) = 1. Elements of F are called events. Elements of ) are
often denoted w.

Instead of saying a property occurs almost everywhere, we talk
about properties occurring almost surely, written a.s. Real-valued

247
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measurable functions from €2 to R are called random variables and
are usually denoted by X or Y or other capital letters. Often one
sees “random variable” abbreviated by “r.v.”

The Lebesgue integral of a random variable X with respect to
a probability measure P is called the expectation or the expected
value of X, and we write EX for [ X dP. The notation E [X; A]
is used for [, X dP.

The random variable 1 4 is the function that is one if w € A and
zero otherwise. It is called the indicator of A since the term char-
acteristic function in probability refers to the Fourier transform.
Events such as {w : X(w) > a} are almost always abbreviated by
(X > a). An expression such as

(X >a,Y >0
means {w : X (w) > a and Y (w) > b}; the comma means “and.”

Given a random variable X, the o-field generated by X, denoted
o(X) is the collection of events (X € A), A a Borel subset of
R. If we have several random variables: Xq, X, ..., X, we write
o(X1,...,X,) for the o-field generated by the collection of events

{(X; € A): A aBorel subset of R,i =1,...,n.}

This definition is extended in the obvious way when there are in-
finitely many random variables X;.

Given a random variable X, we can define a probability on
(R, B) where B is the Borel o-field on R, by

Px(A)=P(X € A), AeB. (21.1)

The probability Px is called the law of X or the distribution of X.
We define Fx : R — [0,1] by

Fx(z) = Px((—00,2]) = P(X < z). (21.2)

The function Fx is called the distribution function of X. Note
that Fx is an increasing function whose corresponding Lebesgue-
Stieltjes measure is Px.

Proposition 21.1 The distribution function Fx of a random vari-
able X satisfies:

(1) Fx is increasing;

(2) Fx is right continuous with limits from the left existing;

(8) lim, 00 Fx(x) =1 and lim,_,_ o Fx(x) = 0.
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Proof. These follow directly from elementary properties of mea-
sures. For example, if 2 < gy, then (X < 2) C (X < y), and
(1) follows. If z, | =, then (X < xz,) | (X < z), and so
Fx(zp) =P(X <z,) > P(X <z)=Fx(z),since P(X < x;) <1.
This proves that Fx is right continuous. Since F'x is increasing,
limy,_,»— Fx(y) exists. This proves (2). The proof of (3) is left to
the reader. O

Any function F : R — [0,1] satisfying (1)-(3) of Proposition
21.1 is called a distribution function, whether or not it comes from
a random variable.

Proposition 21.2 Suppose F is a distribution function. There
exists a random variable X such that F' = Fx.

Proof. Let Q = [0,1], F the Borel o-field, and P Lebesgue mea-
sure. Define X(w) = sup{y : F(y) < w}. If X(w) < z, then
F(y) > w for all y > x. By right continuity, F(z) > w. On the
other hand, if w < F(x), then = ¢ {y : F(y) < w}, so X(w) < z.
Therefore {w: X(w) <z} ={w:0 <w < F(z)}, and we conclude
Fx(z) = F(x). O

In the above proof, essentially X = F~!. However F may have
jumps or be constant over some intervals, so some care is needed
in defining X.

Certain distributions or laws appear very often. We list some
of them.

(1) Bernoulli. A random variable X is a Bernoulli random variable
with parameter p if P(X = 1) = p, P(X = 0) = 1 — p for some
p € [0,1].

(2) Binomial. A random variable X is a binomial random variable

with parameters n and p if P(X = k) = (Z) pF(1 — p)"~*, where

n is a positive integer, 0 < k < n, and p € [0,1]. Here (Z) =
nl/k(n — k).

(3) Geometric. A random variable X is a geometric random vari-
able with parameter p if P(X = k) = (1 — p)p*, where p € (0,1)
and k is a non-negative integer.
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(4) Poisson. If P(X = k) = e *\¥/k! for k a non-negative inte-
ger and A > 0, then X is called a Poisson random variable with
parameter .

If F' is absolutely continuous, we call f = F’ the density of F.
Some examples of distributions characterized by densities are the
following.

(5) Exponential. Let A > 0. For > 0 let f(z) = Ae™*. If X has
a distribution function whose density is equal to f, then X is said
to be an exponential random variable with parameter .

(6) Standard normal. Define f(z) = \/%e*IQ/Q. If the distribu-
tion function of X has f as its density, then X is a standard normal
random variable. Thus

P(X € A) = Px(A) = —— [ e==*/2 gz
2w Ja

Exercise 11.18 shows that Px has total mass 1 and so is a proba-
bility measure.

We can use the law of a random variable to calculate expecta-
tions.

Proposition 21.3 Suppose g is Borel measurable and suppose g
is either bounded or non-negative. Then

Eg(X) = / o) Px (d).

Proof. If g is the indicator of an event A, this is just the definition
of Px. By linearity, the result holds for simple functions g. By
approximating a non-negative measurable function from below by
simple functions and using the monotone convergence theorem, the
result holds for non-negative functions g, and by linearity again, it
holds for bounded and measurable g. O

If Fx has a density fx, then Px(dz) = fx(x)dz. If X is
integrable, that is, E|X| < co, we have

IEX:/fo(o:)dx
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and in any case we have

EX? = /foX(x) dz,

although both sides of the equality might be infinite.

We define the mean of a random variable to be its expectation,
and the variance of a random variable is defined by

Var X = E(X - EX)%

The square root of the variance of X is called the standard deviation
of X. From the definition of variance, it is clear that Var (X +¢) =
Var X for any constant c.

Note
Var X =RE[X? -2X -EX +(EX)?)|=EX? - (EX)?. (21.3)

Immediate consequences of this are that Var X < E X? and that
Var (¢X) = ¢*Var X for any constant c.

It is an exercise in calculus to see that the mean of a standard
normal random variable is zero and its variance is one; use the fact
that ze~7/2 is an odd function to see that the mean is zero and
use integration by parts to calculate the variance.

An equality that is useful is the following.
Proposition 21.4 If X >0 a.s. and p > 0, then

EXP = / pAPTIP(X > \)d).
0

The proof will show that this equality is also valid if we replace
P(X > A) by P(X > \).

Proof. Use the Fubini theorem and write

/0 PN TIP(X > \)d\=E /0 PAP T 00y (X) dA

X
=E / pAPLd\ =E XP.
0

This completes the proof. O
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We have already seen the Chebyshev inequality in Lemma 10.4.
In probability notation, the Chebyshev inequality says

EX
P(X >a) < ——
a

if X >0.

If we apply this to X = (Y —EY)?, we obtain

P(Y —EY|>a) =P((Y —EY)? > d?) < VarY/a®>. (21.4)
Remark 21.5 Observe that if g is a convex function and and xg
is in the domain of g, then there is a line through (zg, g(xo)) such
that the graph of g lies above this line. When g is differentiable at

xg, the tangent line is the one we want, but such a line exists even
at points where g is not differentiable.

This remark allows us to prove Jensen’s inequality, not to be
confused with the Jensen formula of complex analysis.

Proposition 21.6 Suppose g is conver and X and g(X) are both
integrable. Then
9(EX) < Eg(X).

Proof. If g € R, we have

g(x) > g(xo) + c(z — o)

for some constant ¢ by Remark 21.5. Set z = X(w) and take
expectations to obtain

Eg(X) > g(zo) + c(EX — zp).

Now choose zg equal to E X. 0

21.2 Independence

Let us say two events A and B are independent if P(A N B) =
P(A)P(B). The events Ay, ..., A, are independent if

P(Ah n Ai2 n---nN Ai]) = P(Ail)P(AZQ) e ]P(AZ])
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whenever 1 <4y < ... <¢; <n. When n is three, for example, not
only must P(4; N A2N Aj3) factor properly, but so must P(A; N As),
]P(Al N 143)7 and ]P)(AQ n Ag)

Proposition 21.7 If A and B are independent, then A and B
are independent.

Proof. We write

P(A° N B) = P(B) — P(AN B) = P(B) — P(A)P(B)
— P(B)(1 - P(4)) = F(B)B(A),

which proves the proposition. O

We say two o-fields F and G are independent if A and B are
independent whenever A € F and B € G. Two random variables
X and Y are independent if the o-field generated by X and the o-
field generated by Y are independent. We define the independence
of n o-fields or n random variables in the obvious way.

If we have an infinite sequence of events {4, }, we say they
are independent if every finite subset of them is independent. We
define independence for an infinite sequence of random variables
similarly.

Remark 21.8 If f and g are Borel functions and X and Y are
independent, then f(X) and ¢g(Y) are independent. This follows
because the o-field generated by f(X) is a sub-o-field of the one
generated by X, and similarly for g(Y).

If {A,} is a sequence of events, define (A, i.0.), read “A, in-
finitely often,” by

(A, 10.) =N, UZ, A;.
This set consists of those w that are in infinitely many of the A,,.

We now state one of the most useful tools in probability theory,
the Borel-Cantelli lemma. Note for the first part of the lemma that
no assumption of independence is made. Also note that we have
used the proof of the first part of the Borel-Cantelli lemma several
times already without calling it by that name; see, e.g., the proofs
of Proposition 13.2 and Theorem 15.4.
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Lemma 21.9 (Borel-Cantelli lemma) Let {A,} be a sequence of
events.

(1) If 5, P(A,) < oo, then P(A, i.0.) = 0.

(2) Suppose in addition that the A, are independent events. If
> P(Ay) = o0, then P(A, i0.) = 1.

Proof. (1) We have

P(A, i.0.) = lim P(U2, A;).

n—oo

However,
oo

i=n

and the right hand side tends to zero as n — oo.

(2) Write
N
PUN, A) =1—-P(NY, A%) =1— H]P’ (AS) = H(1 —P(A4)).

By the mean value theorem, 1 —e ™™ < x,or 1 — 2z < e 7%, so we
have that the right hand side is greater than or equal to

1 —exp ( - iv:IP(Ai)).

As N — oo, this tends to 1, so P(U2,,A;) = 1. This holds for all
n, which proves the result. O

The following is known as the multiplication theorem.

Theorem 21.10 If X, Y, and XY are integrable and X and Y
are independent, then E[XY] = (EX)(EY).

Proof. First suppose that X and Y are both non-negative and
bounded by a positive integer M. Let

Man

k
Xo=) o Lk/2m (k1) /20) (X)),
k=0
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and define Y,, similarly. We see that 1[k/2n7(k+1)/2n)(X) is inde-
pendent of 1f;/an (j+1)/27)(Y) for each j and k by Remark 21.8.
Then

E[X,Y,]
M2"™ M2"™ ]
=202 g onE lpzn ey (X1 2 (1) 2y (V)
k=0 j=0
M2™ M2" k _]
- g g P(X € [k/27, (k +1)/27),
k=0 j=0
Y elj/2",(+1)/2%)
M2"™ M2™ k .
= o SRP(X € k2", (k + 1)/2"))
k=0 j=0
xP(Y € [j/2", (j +1)/2"))
M2" k
= ( > o U[k/znxkﬂ)/zn)(X)])
k=0
M2" ]
x ( > 27E[1[1/2",(j+1)/2n)(Y)]>
j=0
= (EX,)(EY,).

If we let n — oo, by the dominated convergence theorem, we ob-

tain our theorem in the case when X and Y are non-negative and
bounded by M.

If X and Y are non-negative but not necessarily bounded, use
Remark 21.8 to see that X A M and Y A M are independent, so

E[(X AM)(Y AM)] =E[X AM]E[Y AM].

Letting M — oo and using the monotone convergence theorem,
we have E[XY] = (EX)(EY) when X and Y are non-negative.
Finally, writing X = X7 — X~ and Y = YT — Y, we obtain the
multiplication theorem for the general case by linearity. O

Remark 21.11 If X4,..., X, are independent, then so are the
random variables X; — EXy,... X, — EX,. Assuming all the
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random variables are integrable,

E[(X1 —EXy)+-- (X, —EX,)
=E(X;-EX1)?’+---+E(X, -EX,)?

using the multiplication theorem to show that the expectations of
the cross product terms are zero. We have thus shown

Var (X1 + -+ X,,) =Var Xy +--- + Var X,,. (21.5)

In words, if the X; are independent, then the variance of the sum
is equal to the sum of the variances.

21.3 Weak law of large numbers

Suppose X, is a sequence of independent random variables. Sup-
pose also that they all have the same distribution, that is, Px, =
Py, for all n. This situation comes up so often it has a name,
independent and identically distributed, which is abbreviated i.7.d.
In this case, P(X,, € A) = P(X; € A) for all n and all Borel sets
A. We also see that E X,, = E Xy, Var X,, = Var X, and so on.

Define S,, = Z;;l X;. Sy is called a partial sum process. Sp/n
is the average value of the first n of the X;’s. We say a sequence of
random variables {Y,,} converges in probability to a random vari-
able Y if it converges in measure with respect to the measure P.
Recall that this means that for each ¢ > 0,

P(lY,—-Y|>¢)—0

as n — oQ.

The weak law of large numbers (we will do the strong law of
large numbers in Section 21.4) is a version of the law of averages.

Theorem 21.12 Suppose the X; are i.i.d. and EX? < oo. Then
Sn/n — E X1 in probability.

Proof. Since the X; are i.i.d., they all have the same expectation,
and so E S,, = nE X;. Hence E (S, /n — E X;)? is the variance of
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Sp/n. If € >0, by (21.4),

P(|S,/n —EX | >¢) =P((S,/n —EX1)? > £?) (21.6)
< Var (Sn/n)
S—=
Using Remark 21.11, the right hand side is equal to

Yoo VarX; nVarX;
L (21.7)

Since E X7 < oo, then Var X; < oo, and the result follows by
letting n — oo. |

A nice application of the weak law of large numbers is a proof of
the Weierstrass approximation theorem. Recall from undergradu-
ate probability that the sum of n i.i.d. Bernoulli random variables
with parameter p is a binomial random variable with parameters n
and p. To see this, if S, is the sum of i.i.d. Bernoulli random vari-
ables X1,..., X, then S, is the number of the X; that are equal to
1. The probability that the first k of the X;’s are 1 and the rest 0
is p¥(1 — p)"~*, using independence. The probability that the last
k of the X;’s are 1 and the rest 0 is the same, and we get the same
probability for any configuration of k£ ones and n — k zeroes. There

are (Z) such configurations, so P(S,, = k) = (Z) pF(1 — p)nFk.
For another proof of this fact, see Remark 21.42.

An easy computation shows that Var X; = p(1 — p), and so,
using Remark 21.11, Var S,, = np(1 — p).

Theorem 21.13 Suppose [ is a continuous function on [0,1] and
€ > 0. There exists a polynomial P such that

sup |f(z) — P(r)] <e.
z€[0,1]

Proof. Let

Pata) = 3 10/ () a1 =

k=0

Clearly P is a polynomial. Since f is continuous, there exists M
such that |f(z)] < M for all z € [0,1] and there exists ¢ such that
|f(z) — f(y)] < &/2 whenever |z —y| < 4.
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Let X; be i.i.d. Bernoulli random variables with parameter x.
Then S,,, the partial sum, is a binomial random variable, and hence
P,(z) =E f(S,/n). The mean of S,,/n is z. We have

[P () = f(2)] = [E f(Sp/n) — f(EX3)]
SE[f(Sn/n) — f(E X))
=E[|f(Sn/n) — fF(EX1)];|Sn/n —EX1| < ]
+E[|f(Sn/n) — fEX1)];|Sn/n —EX1] > 0]
<e/24 2MP(|S,/n — x| > 9).

By (21.6) and (21.7) the second term on the last line will be less
than or equal to

2M Var X1 /né* < 2Mz(1 — x)/né* < 2Mné?,

which will be less than /2 if n is large enough, uniformly in z. O

In the next section we prove the strong law of large numbers.
There we get a stronger result than Theorem 21.12 with weaker
hypotheses. There are, however, versions of the weak law of large
numbers that have weaker hypotheses than Theorem 21.16.

21.4 Strong law of large numbers

The strong law of large numbers is the mathematical formulation
of the law of averages. If one tosses a fair coin over and over,
the proportion of heads should converge to 1/2. Mathematically,
if X; is 1 if the i'" toss turns up heads and 0 otherwise, then we
want S, /n to converge with probability one to 1/2, where S, =
X+ + X,

Before stating and proving the strong law of large numbers, we
need three facts from calculus. First, recall that if b,, — b are real
numbers, then

by +---+ by

. 21.
- —b (21.8)

Second, there exists a constant ¢; such that

> 1 C1
— < —. 21.



21.4. STRONG LAW OF LARGE NUMBERS 259

(To prove this, recall the proof of the integral test and compare the
sum to f:il 272 dx when n > 2.) Third, suppose a > 1 and k,, is
the largest integer less than or equal to a™. Note k,, > a™/2. Then

1 4 4 1
Y. @S D P R p—— (21.10)
{n:kp,>} " {n:am>j}

by the formula for the sum of a geometric series.

We also need two probability estimates.

Lemma 21.14 If X >0 a.s. and EX < oo, then

iP(XZn) < 0.

n=1

Proof. Since P(X > ) increases as x decreases,

iIP’(X>n)<i/n P(X > x)dx
n=1 n=17/n-1

:/ P(X > «)dz =EX,
0

which is finite. O

Lemma 21.15 Let {X,} be an i.i.d. sequence with each X, > 0
a.s. and E X7 < co. Define

Y, = Xolix,<n)-

Then
= \%IY%

k2

k=1

Proof. Since VarY, < EY}?,

S~ VarY, =EY? =1 )
5 <D = ) B X Xk <A
k=1 k=1 k=1
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[eS) 1 0o
= Z E/ Le<i)22P(Xy > x) do
0

1
oo X 1
0 k=1
>*1
< cl/ — - 22P(Xy > z)dx
O x
:201/ P(X; > a)dr = 2aE X5 < 0.
0

We used the fact that the X} are i.i.d., the Fubini theorem, Propo-
sition 21.4, and (21.9). O

We now state and prove the strong law of large numbers.

Theorem 21.16 Suppose {X;} is an i.i.d. sequence with E|X;|
< oo. Let S, = >, X;. Then

Sn
— - E Xy, a.s.
n

Proof. By writing each X,, as X,;5 — X, and considering the
positive and negative parts separately, it suffices to suppose each
X, >0. Define Y3, = X;1(x,<k) and let T, = 7" | V;. The main

part of the argument is to prove that T,,/n — E X a.s.

Step 1. Let a > 1 and let k,, be the largest integer less than or
equal to a™. Let € > 0 and let

~ (|Tk, —ET},
An—(T>E).
By (21.4)
Var (Ty, k) VarTi, iy Vary;
Hb) s =" =g =~ &2
Then
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1 & 1
:6—22 Z k—QVarYj

§=1{n:kn>j} "
B e ;
< 41 —-a%) Z Va.rY]

e2 ,72

Jj=1

by (21.10). By Lemma 21.15, 7 | P(A,,) < 0o, and by the Borel-
Cantelli lemma, P(A,, i.0.) = 0. This means that for each w except
for those in a null set, there exists N (w) such that if n > N(w), then
|T%, (w)— ETy,|/kn < e. Applying this withe = 1/m,m =1,2,...,

we conclude
Ty, —ETy,

o — 0, a.s.
Step 2. Since
EY} :E[Xj;Xj S]] :E[Xl;Xl SJ} _>IEX1

by the dominated convergence theorem as j — oo, then by (21.8)

k
r EY;
Ean _ Z]_kl I L EX,.

Therefore Ty, /k, — E X3 a.s.
Step 3. If k, <k < kpq1, then

k — kn+1 kn

E < Tk”“ . Fnt1

since we are assuming that the X are non-negative. Therefore

Tk
lim sup Zk < alE X3, a.s.
k—o0

Similarly, iminfy_, o, Tx/k > (1/a)E X; a.s. Since a > 1 is arbi-
trary,

T,
?k—HEXl, a.s.

Step 4. Finally,

oo

P(Y, # X,) = iP(Xn >n)= iﬂ”()ﬁ >n) < oo
n=1 n=1

n=1
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by Lemma 21.14. By the Borel-Cantelli lemma, P(Y,, # X,, i.0.) =
0. In particular, Y;, — X,, — 0 a.s. By (21.8) we have

Tn_ n - Y;_Xz
=S g Wim X)L
n — n

i=1

hence S, /n — E X; a.s. O

21.5 Conditional expectation

It is fairly common in probability theory for there to be more than
one o-field present. For example, if X1, Xo,... is a sequence of
random variables, one might let F,, = o(X1, ..., X, ), which means
that F,, is the o-field generated by the collection of sets (X; € A)
fori=1,2,...,n and A a Borel subset of R.

If F C G are two o-fields and X is an integrable G measurable
random variable, the conditional expectation of X given F, written
E[X | F] and read as “the expectation (or expected value) of
X given F.” is any F measurable random variable Y such that
E[Y; A] = E[X; 4] for every A € F. The conditional probability
of A € G given F is defined by P(A | F) = E[14 | F]. When
F =o0(Y), one usually writes E[X | Y] for E[X | F].

If Y7,Y5 are two F measurable random variables such that
E[Y1; A] = E[Ya; A] for all A € F, then Y7 = Y3 a.s. by Proposi-
tion 8.1. In other words, conditional expectation is unique up to
a.s. equivalence.

In the case X is already F measurable, E[X | F] = X. This
follows from the definition.

If X is independent of F, E[X | F] = EX. To see this, if
A € F, then 14 and X are independent, and by the multiplication
theorem

EX;A=E[X14]=(EX)(E1ls) =E[EX;A].
For another example which ties this definition with the one used

in elementary probability courses, suppose {A;} is a finite collection
of disjoint sets whose union is Q, P(4;) > 0 for all 4, and F is the
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o-field generated by the A;’s. Then

This follows since the right-hand side is F measurable and its ex-
pectation over any set A; is P(AN A;) because

e {; WlAﬁAJ} = IED(];l(z;;lj)]E[1A,.;Aj] =P(AN A;).

For a very concrete example, suppose we toss a fair coin inde-
pendently 5 times and let X; be 1 or 0 depending whether the ‘"
toss was a heads or tails. Let A be the event that there were 5 heads
and let F; = 0(X1,...,X;). Then P(A) = 1/32 while P(A | F1) is
equal to 1/16 on the event (X; = 1) and 0 on the event (X; = 0).
P(A | F2) is equal to 1/8 on the event (X7 = 1,X3 = 1) and 0
otherwise.

Proposition 21.17 If F C G and X is integrable and G measur-
able, then
EE[X|F]]=EX.
Proof. We write
EEX|F]=EE[X|[F;Q=E[X;Q =EX,

using the definition of conditional expectation. |

The following is easy to establish and is left to the reader.

Proposition 21.18 (1) If X > Y are both integrable, then
EX|F]>E[Y|F], a.s.
(2) If X and Y are integrable and a € R, then
EeX+Y | F]l=aE[X | F]+E[Y | F], a.s.
It is easy to check that limit theorems such as the monotone con-
vergence and dominated convergence theorems have conditional ex-

pectation versions, as do inequalities like Jensen’s and Chebyshev’s
inequalities. Thus, for example, we have the following.
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Proposition 21.19 (Jensen’s inequality for conditional expecta-
tions) If g is conver and X and g(X) are integrable,

Elg(X) | Fl = g(E[X | F]), as.
A key fact is the following.
Proposition 21.20 If X and XY are integrable and Y is mea-

surable with respect to F, then

E[XY | F] = YE[X | F). (21.11)

Proof. If A € F, then for any B € F,
EMAE[X | F;B]=E [E[X | F;ANB] =E[X; AN B]
=E[1.X;B).
Since 14E[X | F] is F measurable, this shows that (21.11) holds
whenY =14 and A € F.

Using linearity shows that (21.11) holds whenever Y is F mea-
surable and is a simple random variable. Taking limits and using
the dominated convergence theorem, the equality holds when Y is
non-negative, F measurable, and X and XY are integrable. Fi-
nally, using linearity again, we have (21.11) when Y is F measur-
able and X and XY are integrable. |

We have two other equalities.

Proposition 21.21 If £ C F C G, then
EE[X[F] €] =E[X |E]=E[E[X [£] | F].

Proof. The second equality holds because E [X | £] is £ measur-
able, hence F measurable. To show the first equality, let A € £.
Then since A is also in F,

EEE[X |F] [€;Al=E[E[X | F];A] = E[X; 4]
—E[E[X | £]; A].

Since both sides are £ measurable, the equality follows. O

To show the existence of E [X | F], we proceed as follows.
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Proposition 21.22 If X is integrable, then E[X | F] exists.

Proof. Using linearity, we need only consider X > 0. Define a
measure Q on F by Q(A4) = E[X; A] for A € F. This is clearly
absolutely continuous with respect to P|z, the restriction of P to
F. Let Y = E[X | F] be the Radon-Nikodym derivative of Q with
respect to P| 7. Recalling the statement of the Radon-Nikodym the-
orem (Theorem 13.4), we see that the Radon-Nikodym derivative
of Q with respect to P|x is F measurable. Then if A € F,

E[X;A]:Q(A):/AYdIP’|f:/AYdIP:E[Y;A].

The third equality holds because both Y and A are F measurable.
Thus Y is the desired random variable. O

21.6 Martingales

In this section we consider martingales. These are a very useful
tool in probability. They also have applications to real analysis,
and they are fundamental to the theory of financial mathematics.

Let F be a o-field and let {F,} be an increasing sequence of
o-fields, each of which is contained in F. That is, F; C Fo C ---
and F,, C F for each n. A sequence of random variables M, is
adapted to {F,} if for each n, M, is F,, measurable.

M, is a martingale with respect to an increasing family of o-
fields {F,} if M, is adapted to F,, M, is integrable for each n,
and

E Myt | Fn] = My, a.s., n=12.... (21.12)

When the o-fields are not specified and we talk about M,, being a
martingale, it is understood that F,, = o(Mj,..., My,).

If X, is a sequence of adapted integrable random variables with
E[Xnt1 | Fo] = X, a.s., n=12,..., (21.13)
we call X,, a submartingale. If instead we have

E[Xn+1|f7l}SXna a.S., n:1,2,...,
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we call X,, a supermartingale.

Let us look at some examples. If X; is a sequence of mean zero
integrable i.i.d. random variables and S,, is the partial sum process,
then M, = S, is a martingale, since

E[Mpt1 | Fnl = My + E[Myy1 — M, | Fal
= Mn +E [MnJrl - Mn] = Mn7
using independence and the fact that S, is measurable with respect
to F,.

If the X;’s have variance one and M,, = S? — n, then

E [572;-5-1 | }—n} =K [(Sn—H - Sn)2 | ]:n] +25,E [Sn—H | ]:n]
— 52
=1+52

using independence. It follows that M, is a martingale.

Another example is the following: suppose X € L! and define
M, =E[X | F,]. Then M, is a martingale.

If M, is a martingale, ¢g is a convex function, and g(M,) is
integrable for each n, then by Jensen’s inequality for conditional
expectations,

E[g(Mpt1) | Fal = g(E[Mpy1 | Fal) = g(My),

or g(M,) is a submartingale. Similarly if g is convex and increasing
on [0,00) and M, is a positive submartingale, then g(M,) is a
submartingale because

Elg(Mpy1) | Ful = g(E[Mpy | Fu]) > g(M,,).

We next want to talk about stopping times. Suppose we have an
increasing sequence of o-fields {F,,} contained in a o-field F. Let
Foo = (U2, Fp). A random variable N (which is F measurable)
from Q to {0,1,2,...} U{oc} is called a stopping time if for each
finite n, (N <n) € F,. A stopping time is also called an optional
time .

The intuition is that if F,, is what you know at time n, then at
each n you know whether to stop or not. For example, if X7, X5, ...
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is a sequence of random variables adapted to the increasing family
of o-fields F,, and A is a Borel subset of R, then

N =min{k >0: X, € A}

is a stopping time. In words, NV is the first time that one of the X,
is in the set A. To show that N is a stopping time, we write

(N < n) =Ur_,(Xi € A).

On the other hand, if L = max{k < 9 : X, € A} A9, the last
time Xy is in A up to time 9, and F,, = o(X1,...,X,,), it can be
shown that L is not a stopping time. The intuition here is that one

cannot know whether (L < 2) without looking into the future at
Xs, ..., Xo.

Proposition 21.23 (1) Fized times n are stopping times.

(2) If N1 and Ny are stopping times, then so are Ny A Na and
N1V Ns.

(3) If N,, is an increasing sequence of stopping times, then so is
N =sup,, N,,.

(4) If Ny, is a decreasing sequence of stopping times, then so is
N = inf, N,

(5) If N is a stopping time, then so is N + n.

Proof. We prove (2) and (3) and leave the remaining assertions
to the reader. Since

(Nl/\NQSn):(ngn)U(Nggn)
and
(N1VN2§n):(N1§n)ﬂ(N2§n),

then (N1 A No < n) and (N7 V Ny < n) are in F, for each n, and
we obtain (2). We see (3) holds because

(sup N; <n)=n;(N; <n) e F,
for each n. O

Note that if one takes expectations in (21.12), one has E M,, =
E M,,_1, and by induction E M,, = E My. The optional stopping
theorem of Doob says that the same is true if we replace n by a
stopping time N. When we write My, we first evaluate N(w), and
then we look at M, (w) if n = N(w).
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Theorem 21.24 Let {F,,} be an increasing family of o-fields, each
contained in a o-field F. Let M, be a martingale with respect to
{Fn} and let N be a stopping time bounded by a positive integer
K. Then IEMN = EMK.

Proof. We write
K K
EMy =Y E[My;N =k => E[M;N =kl
k=0 k=0
Note (N =k) = (N <k)— (N <k—1)is F; measurable if j > k,
SO

E[My; N = k] = E[Myy1; N = k]

= E[Mgio; N = K]
=...=E[Mg;N =k
Hence
K
EMy =Y E[Mg;N =kl =EMg =EM,.
k=0
This completes the proof. O

The assumption that N be bounded cannot be entirely dis-
pensed with. For example, let M, be the partial sums of a se-
quence of i.i.d. random variable that take the values +1, each with
probability % If N = min{i : M; = 1}, we will see in Remark
21.30 later on that N < oo a.s., but EMy =1#£0=E M,.

The same proof as that in Theorem 21.24 gives the following
corollary.

Corollary 21.25 If N is bounded by K and M, is a submartin-
gale, then EMy <E Mg.

The first interesting consequence of the optional stopping the-
orems is Doob’s inequality. If M, is a martingale, denote M) =
maxign |Mz|

Theorem 21.26 If M, is a martingale or a positive submartin-
gale,
P(M; > a) <E|M,|/a.
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Proof. Let N = min{j : |M;| > a} An. Since g(z) = z is convex,
|M,,| is a submartingale. If A = (M} > a), then by the optional
stopping theorem,

E|M,| > E|My| > E[|My|; A] > aB(A).

Dividing both sides by a gives the desired inequality. |

Note that if |M,,| is bounded by a real number K, then
|Mn71| S EHMn' | -anl] S K)

and by induction |M;| < K for each j. Hence || M}||co < || My ||oo-
By the Marcinkiewicz interpolation theorem (Theorem 24.1, which
we will prove in Chapter 24) and Theorem 21.26, we see that for
each p € (1, 00) there exists a constant ¢, such that

Ml < cpll M- (21.14)

This can also be proved by a variation of the proof of Theorem
21.26. The inequalities (21.14) are also referred to as Doob’s in-
equalities.

The martingale convergence theorem is another important con-
sequence of optional stopping. The main step is the upcrossing
lemma. The number of upcrossings of an interval [a, b] is the num-
ber of times a sequence of random variables crosses from below a
to above b.

To be more exact, let
S1 =min{k : Xy <a}, T =min{k > S;: Xy > b},
and
Sit1 =min{k > T; : X3, <a}, Tiy1 =min{k > S;y1: X > b}
The number of upcrossings U,, before time n is

U, =max{j: T; < n}.
Lemma 21.27 (Upcrossing lemma) If X is a submartingale,

E[(X, — )]

EU,
" b—a

IN
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Proof. The number of upcrossings of [a,b] by X}, is the same as
the number of upcrossings of [0,b—a| by Yy = (X;—a)™. Moreover
Y}, is still a submartingale. If we obtain the inequality for the the
number of upcrossings of the interval [0,b — a] by the process Yy,
we will have the desired inequality for upcrossings of X.

Thus we may assume a = 0. Fix n and define Y,,11 =Y,,. This
will still be a submartingale. Define the S;, T; as above, and let
Si=5;ANn+1), T =T; AN(n+1). Since T; 1 > Siy1 > T;, then
T =n+1.

We write
n+1 n+1
EY,p =EYs + > E[Yp —Ys]+ Y E[Ys  — Yl
i=0 i=0

All the summands in the third term on the right are non-negative
since Y} is a submartingale. For the j** upcrossing, Yy =Yg >
b—a, while YTJ{ fYSj( is always greater than or equal to 0. Therefore

Z(YT; — YS:) Z (b — a)Un,
i=0
and then
EU, <EYn41/(b—a) (21.15)
as desired. O

This leads to the martingale convergence theorem.

Theorem 21.28 If X,, is a submartingale such that sup, E X, <
oo, then X,, converges a.s. as n — 00.

Proof. Let U(a,b) = lim,_,o Uy,. For each a,b rational, by the
monotone convergence theorem,

EU(a,b) <supE (X, —a)t/(b—a) < co.

Thus U(a,b) < 0o a.s. If Ny is the set of w such that U(a, b) = oo,
then P(N,p) = 0. Let N = Ug pega<tNap- If w ¢ N, then the
sequence X, (w) cannot have lim sup X,,(w) > lim inf X, (w); if this
held, we could find rationals a and b such that liminf X,,(w) < a <
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b < limsup X, (w), and then the number of upcrossings of [a, D]
would be infinite. Therefore X, converges a.s., although we still
have to rule out the possibility of the limit being infinite. Since X,
is a submartingale, E X,, > E X, and thus

E|X,|=EX+EX, =2EX} —-EX, <2EX;} —EX,.

By Fatou’s lemma, E lim,, | X,| < sup,, E|X,| < oo, or X,, con-
verges a.s. to a finite limit. O

We show how one can use martingales to find certain hitting
probabilities. If one is gambling and wins $1 with probability 1/2
and loses $1 with probability 1/2 on each play, what are the chances
that one will reach $1,000 before going broke if one starts with $107

Proposition 21.29 Suppose the Y1,Ys, ... are i.i.d. with
P(Y1=1)=1/2, P(Y, =-1)=1/2,
and S, = 2?21 Y;. Suppose a and b are positive integers. Let
N_, =min{k : S}, = —a}, Ny = min{k : Sy, = b},

and N = N_qo N Ny. Then
b
P(N_g < Np) = ——, P(N, < N_,) = ——
(Neo <Ny) = —— (Ny < N_qa)
In addition, EN = ab.

Proof. S2 — n is a martingale, so
ES?, v =E(nAN)

by the optional stopping theorem. Let n — oco. The right hand
side converges to [E N by the monotone convergence theorem. Since
Snan is bounded in absolute value by a + b, the left hand side
converges by the dominated convergence theorem to E S%;, which
is finite. It follows that E IV is finite, hence N is finite almost surely.

S, is a martingale, so ES,ny = ESy = 0. By the domi-
nated convergence theorem and the fact that N < oo a.s., we have
Sauan — SN, and so E Sy =0, or

—a]P’(SN = —a) + bP(SN = b) =0.
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We also have
P(SN = —CL) —l—P(SN = b) =1.

Solving these two equations for P(Sy = —a) and P(Sy = b) yields
our first result. Since

EN =ES3 = a®P(Sy = —a) + b*P(Sy = b),

substituting gives the second result. O

Remark 21.30 Based on this proposition, if we let a — oo, we
see that P(N, < o0) =1 and E N}, = 0.

21.7 Weak convergence

We will see in Section 21.9 that if the X; are i.i.d. random variables
that are mean zero and have variance one and S,, = ELI X;, then
Sn/+/m converges in the sense that

P(Sy/v/n € la,b]) = P(Z € [a, b)),

where Z is a standard normal random variable. We want to set up
the framework for this type of convergence.

We say distribution functions F;, converges weakly to a distribu-
tion function F' if F},(z) — F(x) for all x at which F' is continuous.
We say X,, converges weakly to X if Fx, converges weakly to Fx.
We sometimes say X,, converges in distribution or converges in law
to X. Probabilities p,, on R with the Borel o-field converge weakly
if their corresponding distribution functions converges, that is, if
F,, () = pn(—00,z] converges weakly. If z is a point at which F
is continuous, then x is called a continuity point of F. A warning:
weak convergence in probability is not the same as weak conver-

gence in functional analysis; see Exercise 21.28.

An example that illustrates why we restrict the convergence
to continuity points of F' is the following. Let X,, = 1/n with
probability one, and X = 0 with probability one. Then Fx, (z) is
0if x < 1/n and 1 otherwise. Fx, (x) converges to Fx (z) for all
except x = 0.
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Proposition 21.31 The random variables X,, converge weakly to
X if and only if Eg(X,,) = Eg(X) for all g bounded and continu-
ous.

The idea that E g(X,,) converges to E g(X) for all g bounded
and continuous makes sense for any metric space and is used as
a definition of weak convergence for X,, taking values in general
metric spaces.

Proof. First suppose E g(X,,) converges to E g(X) for all bounded
and continuous g. Let = be a point where Fx is continuous, let
e > 0, and choose ¢ such that |F(y) — F(x)| < e if |y — x| < §.
Choose g continuous such that g is one on (—oo, x], takes values
between 0 and 1, and is 0 on [z + §,00). Then

limsup Fx, (z) < limsupE g(X,,)

n— oo n—oo
=Eg(X) < Fx(x +9)
< F(z) +e.

Similarly, if h is a continuous function taking values between 0
and 1 that is 1 on (—oo,2 — §] and 0 on [z, 00),

liminf Fx, (z) > liminf Eh(X,) = Eh(X) > Fx(z—9) > F(z)—-¢.

n— oo n—oo
Since ¢ is arbitrary, Fx, () — Fx(z).

Now suppose X,, converges weakly to X. If ¢ and b are points
at which F' and also each of the Fx, are continuous, then

El(ay(Xn) =Pla < X, <b) =P(X, <b) - P(X, <a)
= Fx, (b) — Fx, (a) = F(b) — F(a)
=P(X <b)—P(X <a)
=P(a < X <b) =E1,4(X).

By taking linear combinations, we have E g(X,,) — E g(X) for ev-
ery g which is a step function where the end points of the intervals
are continuity points for all the Fx, and for Fx. The set of points
that are not a continuity point for some Fx, or for Fx is countable.
Since we can approximate any continuous function uniformly on an
interval by step functions which jump only at points that are con-
tinuity points for all the F;, and for F, we have E g(X,,) = E g(X)
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for all g such that the support of g is contained in a closed interval
whose endpoints are continuity points of Fx and g is continuous
on its support.

Let € > 0 and choose M large such that Fx(M) > 1 — ¢ and
Fx(—M) < € and so that M, M + 1, —M, and —M — 1 are conti-
nuity points of F'x and of the Fx, . Let h be a bounded continuous
functions that agrees with g on [—M, M], has support contained
in [-M —1,M + 1], and ||h]lcc < ||g||co- By the above argument,
ER(X,) — Eh(X). The difference between Eh(X) and E g(X) is
bounded by

gl P(X & [-M, M]) < 2¢]|g|oo-
Similarly, when X is replaced by X,,, the difference is bounded by
19llccP(Xn & [=M, M]) = ||gllocP(X & [-M, M]).

So for n large, the difference between E g(X,,) and E g(X) is less
than
3ellglloo + -

Since ¢ is arbitrary, E g(X,) — E g(X) whenever g is bounded and
continuous. O

Let us examine the relationship between weak convergence and
convergence in probability.

Proposition 21.32 (1) If X,, converges to X in probability, then
X,, converges weakly to X.

(2) If X,, converges weakly to a constant, then X, converges in
probability.

(3) If X,, converges weakly to X and Y, converges weakly to a
constant c, then X, + Y, converges weakly to X + ¢ and X,,Y,
converges weakly to cX.

Part (3) is known as Slutsky’s theorem.

Proof. To prove (1), let g be a bounded and continuous function.
If n; is any subsequence, then there exists a further subsequence
such that X(n;,) converges almost surely to X. (We sometimes
write X (n) for X,, here.) Then by the dominated convergence
theorem, E g(X(n;,)) — Eg(X). That suffices to show E g(X,,)



21.7. WEAK CONVERGENCE 275

converges to E g(X). Hence by Proposition 21.31 we see that X,
converges weakly to X.

For (2), if X,, converges weakly to c,

P(X,—c>e)=P(X,, >c+e)=1-P(X, <c+e¢)
—-1-Plc<c+e)=0.

We use the fact that if Y is identically equal to ¢, then ¢ + € is
a point of continuity for Fy. Similarly P(X,, —c¢ < —&) — 0, so
P(| X, —c|>¢) — 0.

We now prove the first part of (3), leaving the second part for
the reader. Let x be a point such that x — ¢ is a continuity point of
Fx. Choose € so that  — ¢ + ¢ is again a continuity point. Then

P(X,+Y,<z)<PX,+c<z+e)+P(|Y,—¢|>¢)
—-PX <z-c+e).

Thus limsupP(X,, + Y, < z) <P(X + ¢ < x+¢€). Since € can be
as small as we like and x — ¢ is a continuity point of Fx, then

limsupP(X,, +Y, <z) <P(X +c<x).

The lim inf is done similarly. O

Example 21.33 We give an example where X,, converges weakly
but does not converge in probability. Let {X,,} be an i.i.d. sequence
of Bernoulli random variable with parameter 1/2. Clearly X,, con-
verges weakly to a Bernoulli random variable with parameter 1/2
since F, is constant in n. If X, converges in probability, then
there exists a subsequence {X,,} that converges a.s by Proposi-
tion 10.2. But if A; = (X,,;, = 0, X,,,,, = 1), the independence
of the X,,’s tells us that P(A;) = 1/4 for each j. By the definition
of A;, we see that the A; are independent, so by the Borel-Cantelli
lemma, P(A4; i.0.) = 1. This contradicts the assertion that X,
converges a.s.

We say a sequence of distribution functions {F,} is tight if
for each € > 0 there exists M such that F,(M) > 1 — ¢ and
F.(—M) < ¢ for all n. A sequence of random variables is tight
if the corresponding distribution functions are tight; this is equiv-
alent to P(|X,| > M) < e. The following theorem is known as
Helly’s theorem.



276 CHAPTER 21. PROBABILITY

Theorem 21.34 Let F,, be a sequence of distribution functions
that is tight. There exists a subsequence nj and a distribution func-
tion F' such that F,; converges weakly to F'.

If X, is identically equal to n, then Fx, — 0. However, the
constant function 0 is not a distribution function. This does not
contradict Helly’s theorem since the X,, are not tight.

Proof. Let g be an enumeration of the rationals. Since F,(qx) €
[0, 1], any subsequence has a further subsequence that converges.
Use Cantor’s diagonalization method (see Remark 21.35) so that
Fy,(qx) converges for each ¢ and call the limit F(qz). F' is in-
creasing, and define F'(z) = infy.q, >3 F(qx). We see that I is
right continuous and increasing.

If x is a point of continuity of F' and € > 0, then there exist r
and s rational such that r < z < sand F(s)—¢e < F(x) < F(r)+e.
Then

liminf £}, (z) > liminf F, (r) = F(r) > F(z) — ¢

Jj—o00 Jj—o0
and

limsup F,, (z) < limsup F,, (s) = F(s) < F(z) + €.

j—o0 j—o0
Since ¢ is arbitrary, I, (z) — F(x).

Since the F), are tight, there exists M such that F,,(—M) < e.
Then F(—M) < e, which implies lim, , - F(z) = 0. Showing
lim, oo F'(x) = 1 is similar. Therefore F' is in fact a distribution
function. |

Remark 21.35 Cantor’s diagonalization method may be familiar
to you from the proof of the Ascoli-Arzela theorem from under-
graduate analysis. In our context it works as follows. The se-
quence {F,(q1)} is a sequence of real numbers bounded between 0
and 1, and so {F,} has a subsequence, which we label as {F} ;},
j=1,2,..., such that F} ;(q1) converges as j — co. Next the sub-
sequence {F} ;(g2)} is a sequence of real numbers bounded between
0 and 1, so there exists a further subsequence {F5 ;}, j =1,2,...
such that F; ;(ge) converges. Since {F;;} is a subsequence of
{Fi ;}, then Fy j(g1) still converges. Take a further subsequence
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of {F5 ;}, which we will call {F3;}, such that F3 ;(g3) converges.
Continue.

We note that F,, ;(g;) converges whenever i < m. We now con-
sider the subsequence { F},, ,n, }. This is a subsequence of our original
sequence {F,}. Furthermore, for each k, {F,, .}, m =k, k+1,...,
is a subsequence of {Fj ;}. (The first k — 1 elements of {F,, n}
might not be elements of {Fj ;}.) Therefore F,, ,,(gx) converges.
We have thus found a subsequence of our original sequence {F),}
that converges at each ¢.

We conclude this section by giving an easily checked criterion
for tightness.

Proposition 21.36 Suppose there exists ¢ : [0,00) — [0,00) that
is increasing and o(x) — 0o as x — oo. If sup,, Eo(|X,|) < oo,
then the X,, are tight.

Proof. Let ¢ > 0 and let ¢ = sup,, E ¢(]X,,|). Choose M such that
o(x) > ¢/e if © > M. Then

(1 Xn £
P> 00) < [ EE 1 e < SR <

Thus the X,, are tight. O

21.8 Characteristic functions

We define the characteristic function of a random variable X by
ox(u) =Ee™® for u € R.

Note that ¢x(u) = [ €"“*Px(dz). Therefore if X and Y have
the same law, they have the same characteristic function. Also,
if the law of X has a density, that is, Px(dz) = fx(x)dz, then

= e™® fx(x) dw, so in this case the characteristic function
is the same as the Fourler transform of fx.

Proposition 21.37 ¢(0) = 1, |p(u)| < 1, o(—u) = ¢(u), and ¢
is uniformly continuous.
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Proof. Since |e!**| < 1, everything follows immediately from the
definitions except the uniform continuity. For that we write

lp(u+h) = p(u)| = [EHIY —E X
< E‘eiuX(eihX o 1)| — EleihX _ 1|

Observe that |e?"X — 1| tends to 0 almost surely as h — 0, so the
right hand side tends to 0 by the dominated convergence theorem.
Note that the right hand side is independent of w. O

The definitions also imply

Pax (u) = px(au)
and
oxb(u) = e Ppx (u).

Proposition 21.38 If X and Y are independent, then

ox+y(u) = px(u)py (u).

Proof. We have

]Eeiu(X+Y) - [eiuXeiuY] — (E eiuX)(E eiuY)

by the multiplication theorem. O

Let us look at some examples of characteristic functions.

(1) Bernoulli: By direct computation, this is pe™ + (1 — p) =
1—p(1—e).

(2) Poisson: Here we have

oo

E eiuX :Z uk —/\)‘k

k=0

—)\ Ae“‘

6)\(81,11,71).



21.8. CHARACTERISTIC FUNCTIONS 279

(3) Binomial:

n

U u n n—
Bet = Y et (7) - gt
k=0
n

=y <Z> (pe™) (1 =p)"~* = (pe™ + 1 —p)"
k=0

by the binomial theorem.
(4) Ezponential:

/ AT eTAT dp = )\/ =Nz gy — —.
0 0 A —

(5) Standard normal: We evaluated the Fourier transform of
1 —z?/2
—=€

Ve in Proposition 16.5, and obtained

1 Rl
o(u) = Nor / e /2 o = o~v7/2,

We proceed to the inversion formula, which gives a formula for
the distribution function in terms of the characteristic function.

Theorem 21.39 Let u be a probability measure and let p(u) =
[ e u(dz). If a < b, then

1 T —iua _ ,—iub
lim —/ C C swdu (21.16)
T mu

= p(a,b) + pu({a}) + 3u({b}).

If 41 is point mass at 0, so ¢(u) = 1, then the integrand in this
case is 2sinu/u, which is not integrable. This shows that taking a
limit cannot be avoided.

Proof. By the Fubini theorem,

T _—iua _ ,—iub T —iua _ ,—iub
[ = [ [ e )
—-T m

-T (A%
T _—iua —iub
e — € .
:// Te“””dup(dx).
=T
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To justify this, we bound the integrand by b — a, using the mean
value theorem.

—iub and e—tua

0

Expanding e in terms of sines and cosines using
Euler’s formula, that is, e’ = cos @ +isin 8, and using the fact that
cosine is an even function and sine an odd one, we are left with

[a] [ o), [T D) ]

u

By Exercise 11.12 and the dominated convergence theorem, this
tends to

[ sgn (@ — a) — wsgn (¢ — b)) p(da),

which is equal to the right hand side of (21.16). |

A corollary to the inversion formula is the uniqueness theorem.

Corollary 21.40 If px(u) = vy (u) for all u, then Px = Py.

Proof. If ¢ and b are points such that Px({a}) = 0, Px({b}) =
0, and the same for Py, then the inversion formula shows that
Px((a,b]) = Py ((a, b)), which is the same as saying

Fx(b) - Fx(a) = Fy(b) - Fy(a).

Taking a limit as a — —oo but avoiding points that are not conti-
nuity points of both F'x and Fy (there are only countably many of
these), we have Fx (b) = Fy () if b is a continuity point of both Fx
and Fy. Since Fx and Fy are right continuous, given x, we can
take b decreasing to x but avoiding points that are not continuity
points of both Fx and Fy, and we obtain Fx(z) = Fy(z) for all
x. Since Py is the Lebesgue-Stieltjes measure associated with Fx
and this is uniquely determined by Fx, we conclude Px =Py . O

A random variable X is a normal random variable with mean
p and variance o2 if it has the density

(271,02)71/261'#9:71:2/202.

A normal random variable is also known as a Gaussian random
variable. Some calculus shows if X is a normal random variable
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with mean z and variance o2, then (X —p) /o is a standard normal
random variable, and conversely, if Z is a standard normal random
variable, then pu 4+ oZ is a normal random variable with mean p
and variance o2. If X is a normal random variable with mean y
and variance o2, then X has characteristic function

wX . _iu W(uo)Z __ _iu —o2u?/2
Ee = MM i (1) 2 — giun /2,

where Z is a standard normal random variable.

The following proposition can be proved directly, but the proof
using characteristic functions is much easier.

Proposition 21.41 (1) If X and Y are independent, X is a nor-
mal random variable with mean a and variance b, and Y is a
normal random variable with mean ¢ and variance d?, then X +Y
is normal random variable with mean a + ¢ and variance b* + d>.
(2) If X and Y are independent, X is a Poisson random vari-
able with parameter A1, and Y 1is a Poisson random variable with
parameter Ao, then X +Y is a Poisson random variable with pa-
rameter \1 + As.

(3) If X and Y are independent, X is a binomial random variable
with parameters m and p, and'Y is a binomial random variable with
parameters n and p, then X +Y 1is a binomial random variable with
parameters m +n and p.

Proof. For (1), using Proposition 21.38,
) 2 2 . 2,2
<PX+Y(U) _ SOX(U)(PY(U) _ eiau—b u /2€1cu—c u®/2
_ ei(a+c)u7(b2+d2)u2/2.

Now use the uniqueness theorem.

Parts (2) and (3) are proved similarly. O

Remark 21.42 Since a Bernoulli random variable with parameter
p is the same as a binomial random variable with parameters 1
and p, then Proposition 21.41 and an induction argument shows
that the sum of n independent Bernoulli random variables with
parameter p is a binomial random variable with parameters n and
.
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We will need the following result in our proof of the central limit
theorem.

Proposition 21.43 IfE|X|¥ < co for an integer k, then px has
a continuous derivative of order k and

o) (u) = / (ix)F e Py (da).

In particular,
©®)(0) = i*E X*. (21.17)

Proof. Write

(p(u + h) _ SO(UJ) B / ei(quh)m _ piuz

Y - P(dx).

The integrand on the right is bounded by |z|. If [|z|Px(dz) <
o0, we can use the dominated convergence theorem to obtain the
desired formula for ¢’(u). As in the proof of Proposition 21.37, we
see ¢’ (u) is continuous. We do the case of general k by induction.
Evaluating ¢*) at 0 gives (21.17). |

We will use the following theorem in the proof of the central
limit theorem.

Theorem 21.44 Suppose { X, } is a tight sequence of random vari-
ables, X is another random variable, and vx, (u) — px(u) for each
u € R asn — oco. Then X,, converges weakly to X.

Proof. If X, does not converge weakly to X, there is a con-
tinuity point x for Fx such that Fx, (z) does not converge to
Fx(z). Helly’s theorem, Theorem 21.34, shows there is subse-
quence {X,,} which converges weakly, say to the random vari-
able Y. By Proposition 21.31, ¢x,, (u) = E exp(iuXy,,) converges
to E exp(iuY) = @y (u) for each u. Therefore ¢y (u) = px(u)
for all u, and by the uniqueness theorem, Fy = Fx. But then
Fx,, (x) = Fx(x), a contradiction. O

An n-dimensional vector X = (Xy,...,X,) is a random vec-
tor if X : 0 — R" is a measurable map. Here this means that
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X~1(A) € F whenever A € B,,, where B,, is the Borel o-field of
R™. The joint law or joint distribution is the probability Px on
(R™, B,,) given by Px(A) =P(X € A) for A € B,,. As in Proposi-
tion 21.31, we have

Bg(X) = [ g(e)Bx(dr)

whenever ¢ is measurable and either non-negative or bounded.

If X is a random vector, ¢x(u) = Ee!*X for u € R" is called
the joint characteristic function of X, where x -y denotes the usual
inner product in R™.

If X* is an n-dimensional random vector for each k and each
coordinate X¥ of X* converges to Y; in probability, then the dom-
inated convergence theorem shows that

oxr(u) = EeX" 5 EeY = oy (u) (21.18)

for each u, where Y = (Y1,...,Y,).

Proposition 21.45 Suppose that X = (X1,...,X,,) is an n-dim-
ensional random vector. Then

@X(u) = HQOXj(Uj)a U = (ula---aun)a (2119)

for all w € R™ if and only if the X; are independent.

Proof. If the X; are independent, then we see that the characteris-
tic function of X factors into the product of characteristic functions
by using the multiplication theorem and writing

ox(u) =EeX =EelXi=1%Xi = | [H ei“jxf} (21.20)
j=1
= [TEe = TLex, )
j=1 j=1

Suppose (21.19) holds for all u. Let Y7,...,Y, be independent
random variables such that Y; has the same law as X; for each i; see
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Exercise 21.39 for how to construct such Y;. Let Y = (Y1,...,Y,).
Then using the independence as in (21.20) we have

n

oy (u) = [ ov, (u)).

Jj=1

Since Y; has the same law as X, then this is equal to H?=1 ox; (uj).
By (21.19) this in turn is equal to ¢x(u). Therefore py(u) =
ox (u) for all u.

If f is a C'*° function with compact support, then f, the Fourier
transform of f, will be integrable by Exercise 16.5. By the Fubini
theorem,

By a limit argument, P(X € A) =E14(X)=E14(Y) =P(Y € A4)
when A is a rectangle of the form (a1,b1) X --+ X (an,b,). The
collection of sets A for which P(X € A) =P(Y € A) is easily seen
to be a o-field, and since it contains rectangles of the above form,
it contains all Borel subsets of R®. Thus X and Y have the same
law. In particular, the X; are independent because the Y; are. O

A collection {X7,..., X, } of random variables is called jointly
normal or jointly Gaussian if there exist i.i.d. standard normal
random variables Z1,. .., Z,, and real numbers b;; and a; such that

Xi=Y bijZj+a, i=12...,n

j=1

Given two random variables X and Y, the covariance of X and
Y is defined by

Cov(X,Y)=E[X —EX)(Y —EY)].
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In the case of a random vector X, we define the covariance matriz
¥ by letting ¥ be the matrix whose (4, j) entry is Cov (X;, X;). In
the case of jointly normal random variables,

Cov (Xi,Xj) =K [Z Zbikbngng} = Z bz‘kbjk7
k=1

k=1/¢=1

using the fact that E ZxZ, is zero unless k = ¢, in which case it is
one. If we let B be the matrix whose (i, j) entry is b;; and use CT
to denote the transpose of a matrix C', we obtain

> = BBT.

Let us compute the characteristic function of a jointly normal
random vector when all the a; are zero. If Z = (Zy,...,Z,,) are
i.i.d. standard normal random variables, then

m

m » o
@Z(U)ZHSQZJ(UJ'):H@ i/2 — el |/2’
J=1

j=1

where u = (ug, ..., up) and |u| = (372, u3)"/2. When all the a;
are 0, we then have

ox(u) = EewBZ _ ol o1 2200y usbsnZ (21.21)

— EeiuB)Z _ 07 (uB) = e~ uBBTuT /2.

21.9 Central limit theorem

The simplest case of the central limit theorem (CLT) is the case
when the X; are i.i.d. random variables with mean zero and vari-
ance one, and then the central limit theorem says that S,/v/n
converges weakly to a standard normal. We prove this case. The
more complicated cases consider when the random variables are no
longer identically distributed or independent.

We need the fact that if ¢, are complex numbers converging
to ¢, then (1 + (¢,/n))™ — €. We leave the proof of this to the
reader, with the warning that any proof using logarithms needs to
be done with some care, since log z is a multi-valued function when
z is complex.
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We also use the fact that if f : R — R is twice continuously

differentiable, then

f@) = f@) =@ - @E=a®/2 o

(r —a)?

as * — a. This follows, for example, by applying 'Hopital’s rule
twice.

Theorem 21.46 Suppose the X; are i.i.d. random variables with
mean zero and variance one and S, = Y. X;. Then S,/\/n
converges weakly to a standard normal random variable.

Proof. Since X; has finite second moment, then ¢x, has a con-
tinuous second derivative by Proposition 21.43. By (21.22),

px, (1) = x, (0) + @y, (0)u+ ¢, (0)u®/2 + R(u),
where |R(u)|/u? — 0 as |u| — 0. Hence using (21.22)
ox,(u) =1—1%/2+ R(u).
Then
s, vi(u) =BT = o5 (u/\/n) = (px, (u/v/n)"

= [1- L s Ry

where we used (21.17). Since u/y/n converges to zero as n — 0o,
we have

®s, /ym(u) = e /2,

Now apply Theorem 21.44. O

If the X; are i.i.d., but don’t necessarily have mean 0 with

variance 1, we have
S, —ES,

Vv Var X1/n

converges weakly to a standard normal random variable. This
follows from Theorem 21.46 by looking at the random variables

(Xz - IEXl)/\/Vaer.

We give another example of the use of characteristic functions
to obtain a limit theorem.
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Proposition 21.47 Suppose that {X,} is a sequence of indepen-
dent random variables such that X,, is a binomial random variable
with parameters n and p,. If np, — X, then X,, converges weakly
to a Poisson random variable with parameter \.

Proof. We write
ex, (W) = (14 pale™ 1))

_ (1 + nPn (eiu _ 1)) N e)\(e“‘fl).
n

Now apply Theorem 21.44. O

21.10 Kolmogorov extension theorem

The goal of this section is to show how to construct probability mea-
sures on RY = RxRx---. We may view RY as the set of sequences
(1,22, ...) of elements of R. Given an element x = (x1,z2,...) of
RN we define 7,(z) = (z1,...,2,) € R". A cylindrical set in RY
is a set of the form A x RN, where A4 is a Borel subset of R™ for
some n > 1. Another way of phrasing this is to say a cylindrical
set is one of the form 7,,1(A), where n > 1 and A is a Borel sub-
set of R™. We furnish R™ with the product topology; see Section
20.1. Recall that this means we take the smallest topology that
contains all cylindrical sets. We use the o-field on RY generated
by the cylindrical sets. Thus the o-field we use is the same as the
Borel o-field on RY. We use B,, to denote the Borel o-field on R™.

We suppose that for each n we have a probability measure .,
defined on (R™,B,). The u, are consistent if p,11(A x R) =
tn(A) whenever A € B,,. The Kolmogorov extension theorem is
the following.

Theorem 21.48 Suppose for each n we have a probability measure
tn on (R™ B,). Suppose the p,, are consistent. Then there exists
a probability measure p on RY such that u(A x RY) = p, (A) for
all A € B,,.

Proof. Define u on cylindrical sets by u(A x RY) = p,,(A) if
A € B,,. By the consistency assumption, p is well defined. If
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Ay is the collection of cylindrical sets, it is easy to see that Ay is
an algebra of sets and that p is finitely additive on Ag. If we can
show that pu is countably additive on Ag, then by the Carathéodory
extension theorem, Theorem 4.16, we can extend p to the o-field
generated by the cylindrical sets. By Exercise 3.2 it suffices to show
that whenever A, | 0 with A,, € Ag, then u(A,) — 0.

Suppose that A,, are cylindrical sets decreasing to () but u(A,)
does not tend to 0; by taking a subsequence we may assume without
loss of generality that there exists € > 0 such that p(A,) > € for
all n. We will obtain a contradiction.

It is possible that A, might depend on fewer or more than n
coordinates. It will be more convenient if we arrange things so that
A,, depends on exactly n coordinates. We want A,, = 7,,1(A,,) for
some A, a Borel subset of R"™. Suppose A, is of the form

-1
Ap = Tin (D)

for some D,, C RJ»; in other words, A, depends on j, coordi-
nates. By letting Ag = RY and replacing our original sequence by
Ao, . ,Ao, 1417 . 7A17 Ag, e ,Ag, caay where we repeat each Ai
sufficiently many times, we may without loss of generality suppose
that j, < mn. On the other hand, if j, <n and 4, = Tj:Ll (D), we
may write A,, = Tn_l(ﬁn) with ﬁn = D,, x R*7», Thus we may
without loss of generality suppose that A, depends on exactly n
coordinates.

We set gn = 71,(4,). For each n, choose En C Avn so that
B, is compact and pu(A, — B,) < /2. To do this, first we
choose M such that p,(([—M, M]")¢) < /272, and then we use
Proposition 17.6 to find a compact subset B, of A, N [—M, M|
such that u(A, N [-M,M]" — B,) < £/2"*2. Let B, = 7, *(B,)
and let C,, = BiN...NB,. Hence C,, C B,, C A,,, and C,, | 0,
but

n

1(Cn) > u(An) = > u(A; — Bi) > /2,

i=1

and én = 7,(Cy), the projection of C,, onto R"™, is compact.
We will find z = (21,...,2Z,,...) € N,C, and obtain our con-
tradiction. For each n choose a point y(n) € C,. The first co-

ordinates of {y(n)}, namely, {y1(n)}, form a sequence contained
in C4, which is compact, hence there is a convergent subsequence
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{y1(ng)}. Let x1 be the limit point. The first and second coordi-
nates of {y(nx)} form a sequence contained in the compact set Cs,
so a further subsequence {(y1(n,),y2(nk;))} converges to a point
in Cy. Since {ng,} is is a subsequence of {n;}, the first coordinate
of the limit is z1. Therefore the limit point of {(y1(nx;), y2(n;))}
is of the form (z1,2), and this point is in Cy. We continue this

procedure to obtain z = (x1,x2,...,%y,...). By our construction,
(z1,...,2y) € C, for each n, hence x € C,, for each n, or x € N,,C,,,
a contradiction. O

A typical application of this theorem is to construct a count-
able sequence of independent random variables. We construct
Xi,...,X, to be an independent collection of n independent ran-
dom variables using Exercise 21.39. Let pu, be the joint law of
(X1,...,X,); it is easy to check that the u, form a consistent
family. We use Theorem 21.48 to obtain a probability measure u
on RY. To get random variables out of this, we let X;(w) = w; if
w = (wy,ws,...).

21.11 Brownian motion

In this section we construct Brownian motion and define Wiener
measure.

Let (2, F,P) be a probability space and let B be the Borel o-
field on [0,00). A stochastic process, denoted X (t,w) or X;(w) or
just X3, is a map from [0,00) X © to R that is measurable with
respect to the product o-field of B and F.

Definition 21.49 A stochastic process X; is a one-dimensional
Brownian motion started at 0 if

(1) Xo =0 a.s.;

(2) for all s <t, X; — X, is a mean zero normal random variable
with variance t — s;

(3) the random variables X,., — X,.,_,, 4 =1,...,n, are independent
whenever 0 <7 <7y < <1y

(4) there exists a null set N such that if w ¢ N, then the map
t — X;(w) is continuous.

Let us show that there exists a Brownian motion. We give the
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Haar function construction, which is one of the quickest ways to
the construction of Brownian motion.

Fori=1,2,....,5=1,2,...,271 let pi; be the function on
[0,1] defined by

i—1)/2 -2 2j-11),
2(2 )/ ) T E |: 2t ]21‘ )7
Pij = i—1)/2 2j—1 2.
—oli-1)/2 4 ¢ [ = ’2%)7
0, otherwise.

Let @go be the function that is identically 1. The ;; are called
the Haar functions If ( ) denotes the inner product in L*([0, 1]),
that is, (f, g fo x)dx, note the ¢;; are orthogonal and
have norm 1 It is also easy to see that they form a complete
orthonormal system for L?: ¢go = 1; 1j9,1/2) and 1j1,2,1) are both
linear combinations of pgo and 115 1j9,1/4) and 11 4,1/2) are both
linear combinations of 1jg 1/9), 21, and ¢22. Continuing in this
way, we see that 1j;/on (x41)/2n) 18 a linear combination of the ¢;;
for each n and each k < 2™. Since any continuous function can
be uniformly approximated by step functions whose jumps are at
the dyadic rationals, linear combinations of the Haar functions are
dense in the set of continuous functions, which in turn is dense in
L2([0,1).

Let 9, (t) fo @i;(r)dr. Let Y;; be a sequence of independent

identically distributed standard normal random variables. Set

2'L—1

Vo(t) = Yootboo(?), Vi(t) = Z Yiiii(t), i > 1.
J=1

We need one more preliminary. If Z is a stzandard normal ran-
dom variable, then Z has density (27)~'/2e=* /2. Since

/xe */de<oo,

then E Z* < co. We then have
E Z*4

P(|Z] > \) =P(z* >\ < R

(21.23)

Theorem 21.50 > ° V;(t) converges uniformly in t a.s. If we
call the sum Xy, then X; is a Brownian motion started at 0.
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Proof. Step 1. We first prove convergence of the series. Let
A; = (|Vi(t)| > i~2 for some t € [0,1]).

We will show Y2 P(A;) < co. Then by the Borel-Cantelli lemma,
except for w in a null set, there exists ig(w) such that if i > ig(w), we
have sup, |V;(t)(w)| < i~2. This will show Ef:o Vi(t)(w) converges
as I — oo, uniformly over ¢ € [0, 1]. Moreover, since each 1;;(t) is
continuous in ¢, then so is each V;(¢)(w), and we thus deduce that
X;(w) is continuous in ¢.

Now for ¢ > 1 and j; # jo, for each t at least one of ¢;;, (¢t) and
iz, (1) is zero. Also, the maximum value of 1;; is 2~ (F1/2. Hence
P(|V;(t)| > i~2 for some ¢ € [0, 1])
< P(|Y;5|1ij(t) > i~ 2 for some t € [0,1], some 0 < j < 2'71)
< P(|Y;5]27 02 > 572 for some 0 < j < 2071
2’i71
< 3 P( g2 2 5 i)
3=0
= (271 + DP(|Z] > 20+1/272)
where Z is a standard normal random variable. Using (21.23), we
conclude P(A;) is summable in i.

Step 2. Next we show that the limit, X, satisfies the definition of
Brownian motion. It is obvious that each X; has mean zero and
that Xo = 0. In this step we show that X; — X, is a mean zero
normal random variable with variance t — s.

If f € L?([0,1]), Parseval’s identity says that

<faf>zz<%'j,f>2-

Let

Fix s < t and set d2 = Var (W} — WF). We will use the notation
S, >, to mean that the sum over j is from 1 to 2°~! when i > 0
and the sum over 5 is from 0 to 0, i.e., a single summand with
j =0, when ¢ = 0. Since

Vi (t) — Vi () = (pij, Us,a))
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then
k
=D Yiilwip Lsa)-
i=0 j

Since the Y;; are independent with mean zero and variance one,
E[Y;;Yen]) = 1if ¢ = £ and j = m and otherwise is equal to 0.
Thus

2 =E(WF —wk)? (21.24)
k
= {ZZE] <le7 [s,t] Zznm Pem, st]>
=0 3 =0 m
k 0o
:Z:Z<SDW’:I'[976 %ZZ Solja et]
=0 j i=0 j

= (Ls,es L) =t — s

Since W — WF is a finite linear combination of standard normal
random variables, it is normal random variable with mean zero and

. 2 . .. . . 7d2u2/2
variance dy, and therefore its characteristic function is e™% .
Since W} — W* — X, — X, a.s. and d7 — t — s, then by (21.18),
the characteristic function of X; — X is e~ (t=9)u®/2  Thig proves
that X; — X, is a normal random variable with mean zero and
variance t — S.

Step 8. We prove that if 0 < rg <r; < --- < ry,, then the random
variables X, — X,,,...,X,, — X,,_, are independent.

For f,g € L*([0,1]) we have f = 3, (pij, f)wij and g =
Zi,j (©ij, 9)@ij, hence

(f,9) = Z<<Pijvf><§0ijvg>'

,J
Therefore for 1 < I,J <mn,

E [XTI _XTI—1)<XTJ - X”'J—l)]
=E [(Zyéj(%j, 1[7«,,1,”])) (ZYM<<Pkb 1[7~J,1,7~J]>)}
i k.t
= (i Ly (P Ly )
1,J

= <1[7'171,7'1]7 1[T'J717T'J]>'
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This last inner product is 0, and the covariance of X,., — X,, , and
X,, — X,,_, is zero, unless I = J, in which case the covariance is

the same as the variance and is equal to r; — ry_q.

Let UF = (WFk —wk ... Wk —WE ). This is a collection
of jointly normal random variables, each with mean zero. Its joint

characteristic function will be

pur(u) = e B2,

where ¥, is the covariance matrix for U*. As in Step 2, we see
that ¥, — 3, where ¥ is a diagonal matrix whose (j,j) entry is
Tj —Tj—1. Since U converges almost surely to

U= (X, — Xrgyo oy Xo, — Xrp 1),
then the joint characteristic function of U is

o) = =002
Since ¢y (u) factors as [}, X, ~Xr, (u;), then the components
of U are independent by Proposition 21.45. O

The stochastic process X; induces a measure on C([0,1]). We
say A C C([0,1]) is a cylindrical set if

A=A{feC(0,1]) : (f(r1),..., f(ra)) € B}

for some n > 1, r; < --- <r,, and B a Borel subset of R". For
A a cylindrical set, define pu(A4) = P({X.(w) € A}, where X is a
Brownian motion and X.(w) is the function ¢ — X;(w). We extend
1 to the o-field generated by the cylindrical sets. If B is in this
o-field, then u(B) = P(X. € B). The probability measure p is
called Wiener measure.

We defined Brownian motion for ¢ € [0,1]. To define Brownian
motion for ¢ € [0, 00), take a sequence {X]'} of independent Brow-
nian motions on [0, 1] and piece them together as follows. Define
Xy =X} for 0<t<1. Forl<t<2, define X; = X; +X? ;. For
2<t<3, let Xy =X+ X} 5, and so on.

21.12 Exercises

Exercise 21.1 Show that if X has a continuous distribution func-
tion Fx and Y = Fx(X), then Y has a density fy(z) = 1j,1j().
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Exercise 21.2 Find an example of a probability space and three
events A, B, and C such that P(ANBNC) = P(A)P(B)P(C), but
A, B, and C' are not independent events.

Exercise 21.3 Suppose that
P(X <z,Y <y =PX <z)P(Y <y)

for all z,y € R. Prove that X and Y are independent random
variables.

Exercise 21.4 Find a sequence of events {A,} such that
oo
> P(4,) =0
n=1

but P(A, i.0.) = 0.

Exercise 21.5 A random vector X = (Xi,...,X,) has a joint
density fx if P(X € A) = [, fx(x)dx for all Borel subsets A of
R™. Here the integral is with respect to n dimensional Lebesgue
measure.

(1) Prove that if the joint density of X factors into the product of
densities of the Xj, ie., fx(z) = [[j_; fx,(z;), for almost every
x = (21,...,%n), then the X, are independent.

(2) Prove that if X has a joint density and the X; are independent,
then each X; has a density and the joint density of X factors into
the product of the densities of the Xj.

Exercise 21.6 Suppose {4, } is a sequence of events, not necessar-
ily independent, such that > > P(A,) = co. Suppose in addition
that there exists a constant ¢ such that for each N > 1,

N N 2
3 P(4N4y) < C(ZIP’(AZ-)) .
Q=1 i=1

Prove that P(4, i.0.) > 0.

Exercise 21.7 Suppose X and Y are independent, E|X|P < oo
for some p € [1,00), E|Y] < 00, and EY = 0. Prove that

E (X +Y[?) > E|XP.
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Exercise 21.8 Suppose that X; are independent random variables
such that Var X;/i — 0 as ¢ — oco. Suppose also that EX; —
a. Prove that S, /n converges in probability to a, where S, =
Z;;l X;. We do not assume that the X; are identically distributed.

Exercise 21.9 Suppose {X;} is a sequence of independent mean
zero random variables, not necessarily identically distributed. Sup-
pose that sup,; E X} < oco.

(1) If S, = ", X;, prove there is a constant ¢ such that E S} <
en?.

(2) Prove that S,,/n — 0 a.s.

Exercise 21.10 Suppose {X;} is an i.i.d. sequence of random vari-
ables such that S, /n converges a.s., where S,, = 2?21 X;.

(1) Prove that X, /n — 0 a.s.

(2) Prove that ) P(|X,| > n) < cc.

(3) Prove that E | X;| < occ.

Exercise 21.11 Suppose {X;} is an i.i.d. sequence of random vari-
ables with E|X;| < co. Prove that the sequence {S,/n} is uni-
formly integrable; see Exercise 7.16 for the definition of uniformly
integrable. Conclude by Theorem 7.17 that E S, /n converges to
E X;.

Exercise 21.12 Suppose {X;} is an i.i.d. sequence of random vari-
ables with E|X;| < oo and E X7 = 0. Prove that

WaXi<k<n 9k ‘Sk| — 0 a.s
, .S.
n

Exercise 21.13 Suppose that {X;} is a sequence of independent
random variables with mean zero such that ), Var X; < co. Prove
that S, converges a.s. as n — oo, where S,, = > 1 | X;.

Exercise 21.14 Let {X;} be a sequence of random variables. The
tail o-field is defined to be T = Np>10(Xp, Xpt1,...). Let S, =
Z?:l Xi.

(1) Prove that the event (S, converges) is in 7.

(2) Prove that the event (S, /n > a) is in T for each real number
a.
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Exercise 21.15 Let {X;} be a sequence of independent random
variables and let 7 be the tail o-field.

(1) Prove that if A € T, then A is independent of o(Xy,...,X,)
for each n.

(2) Prove that if A € T, then A is independent of itself, and hence
P(A) is either 0 or 1. This is known as the Kolmogorov 0-1 law.

Exercise 21.16 Let {X;} be an ii.d. sequence. Prove that if
EX; = co and EX| < oo, then S,,/n — +00 a.s., where S, =

. 3

Exercise 21.17 Let F C G be two o-fields. Let H be the Hilbert
space of G measurable random variables Y such that EY? < oo
and let M be the subspace of H consisting of the F measurable
random variables. Prove that if Y € H, then E[Y | F] is equal to
the projection of Y onto the subspace M.

Exercise 21.18 Suppose F C G are two o-fields and X and Y are
bounded G measurable random variables. Prove that

EXE[Y | F]]=E[YE[X | F]].

Exercise 21.19 Let F C G be two o-fields and let X be a bounded
G measurable random variable. Prove that if

EXY]|=E[XE[Y | F]]

for all bounded G measurable random variables Y, then X is F
measurable.

Exercise 21.20 Suppose F C G are two o-fields and that X is
G measurable with E X? < co. Set Y = E[X | F]. Prove that if
EX?2=EY? then X =Y as.

Exercise 21.21 Suppose F; C Fo C --- C Fn are o-fields. Sup-
pose A; is a sequence of random variables adapted to {F;} such
that A; < Ay <--- and A;41 — A; <1 as. for each i. Prove that
if E[Ay — A; | Fi] <1 as. for each i, then E A% < oco.

Exercise 21.22 Let {X;} be an i.i.d. sequence of random variables
with P(X; = 1) = P(X; = —1) = L. TLet S, = ", X;. The
sequence {S,} is called a simple random walk. Let

L=max{k<9:S, =1} A9.
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Prove that L is not a stopping time with respect to the family of
o-fields F,, = 0(S1,...,Sn).

Exercise 21.23 Let F; C F2 C --- be an increasing family of
o-fields and let Foo = o(US2 1 F,,). If N is a stopping time, define

Fn={A€Fu: AN(N <n) € F, for all n}.

(1) Prove that Fy is a o-field.

(2) If M is another stopping time with M < N a.s., and we define
Funr analogously, prove that Fpy C Fy.

(3) If X,, is a martingale with respect to {F,,} and N is a stopping
time bounded by the real number K, prove that E [X,, | Fn] = Xn.

Exercise 21.24 Let {X;} be a sequence of bounded i.i.d. random
variables with mean 0. Let S,, = > 1 | X;.

(1) Prove that there exists a constant ¢; such that M, = eS»—"
is a martingale.

(2) Show there exists a constant ¢z such that

P( max S, > \) < 22X /n
1<k<n

for all A > 0.

Exercise 21.25 Let {X;} be a sequence of i.i.d. standard normal
random variables. Let S, = > | X

(1) Prove that for each a > 0, M,, = €292 =a"n/2 ig a martingale.
(2) Show

< —2%2/2n
]P’(lrgnkagn S, >A) <e

for all A > 0.

Exercise 21.26 Let {X,,} be a submartingale. Let
=Y (Xi—E[X; | Fioa).
i=2

Prove that M,, = X,, — A, is a martingale. This is known as the
Doob decomposition of a submartingale.
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Exercise 21.27 Suppose M, is a martingale. Prove that if

supEMTZL < 00,

n

then M,, converges a.s. and also in L.

Exercise 21.28 Set (2, F,P) equal to ([0, 1], B, m), where B is the
Borel o-field on [0, 1] and m is Lebesgue measure. Define

1, wE€ [;—f, %) for some k < 271:

Xn(w) =

-1, we {2’;‘[1, 2’;—;’;2) for some k < 271,

(1) Prove that X,, converges weakly (in the probabilistic sense) to
a non-zero random variable.

(2) Prove that X,, converges to 0 with respect to weak convergence
in L?(m), that is, E[X,,Y] — 0 for all Y € L%

Exercise 21.29 Suppose X,, is a sequence of random variables
that converges weakly to a random variable X. Prove that the
sequence {X,,} is tight.

Exercise 21.30 Suppose X,, — X weakly and Y,, — 0 in proba-
bility. Prove that X,,Y;, — 0 in probability.

Exercise 21.31 Given two probability measures P and Q on [0, 1]
with the Borel o-field, define

a®.Q =intf] [ sa2- [ 1ag|: 1€ O\ flw < 1,1 < 1)

Here C! is the collection of continuously differentiable functions
and f’ is the derivative of f.

(1) Prove that d is a metric.

(2) Prove that P,, — P weakly if and only if d(P,,,P) — 0.

This metric makes sense only for probabilities defined on [0, 1].
There are other metrics for weak convergence that work in more
general situations.

Exercise 21.32 Suppose F,, — F weakly and every point of F is
a continuity point. Prove that F), converges to F' uniformly over
rz e R:

sup | Fp(z) — F(z)| — 0.
z€R
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Exercise 21.33 Suppose X,, — X weakly. Prove that ¢x, con-
verges uniformly to ¢x on each bounded interval.

Exercise 21.34 Suppose {X,,} is a collection of random variables
that is tight. Prove that {¢x, } is equicontinuous on R.

Exercise 21.35 Suppose X,, — X weakly, Y,, — Y weakly, and
X, and Y,, are independent for each n. Prove that X,,+Y,, —» X+Y
weakly.

Exercise 21.36 X is said to be a gamma random variable with
parameters A and t if X has density

1 -1 _—Xz
ﬁt)/\tmt le=A L(0,00) (),
where I'(t) = [;° y'~'e™¥ dy is the Gamma function.

(1) Prove that an exponential random variable with parameter A
is also a gamma random variable with parameters 1 and .

(2) Prove that if X is a standard normal random variable, then X2
is a gamma random variable with parameters 1/2 and 1/2.

(3) Find the characteristic function of a gamma random variable.
(4) Prove that if X is a gamma random variable with parameters
s and A, Y is a gamma random variable with parameters ¢ and ),
and X and Y are independent, then X 4Y is also a gamma random
variable; determine the parameters of X + Y.

Exercise 21.37 Suppose X, is a sequence of independent ran-
dom variables, not necessarily independent, with sup,, E|X,|® < co
and EX,, = 0 and Var X,, = 1 for each n. Prove that S,/\/n
converges weakly to a standard normal random variable, where

Sp=Y 0 X

Exercise 21.38 Suppose that X,, a Poisson random variable with
parameter n for each n. Prove that (X,, —n)/y/n converges weakly
to a standard normal random variable as n — oc.

Exercise 21.39 In this exercise we show how to construct a ran-
dom vector whose law is a given probability measure on R™.

(1) Let P be a probability measure on the Borel subsets of R™. If
w=(w1,...,wp) € R" define X,,(w) = wy,. Let X = (X1,...,Xp).
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Prove that the law Px of X is equal to P.
(2) If P is a product measure, prove that the components of X are
independent.

Exercise 21.40 Prove that if X; is a Brownian motion and «a is a
non-zero real number, then Y; = aX,2; is also a Brownian motion.

Exercise 21.41 Let X; be a Brownian motion. Let n > 1 and let
My = Xpjon.
(1) Prove that M} is a martingale.
(2) Prove that if a € R, then e*M»—a”(8/2")/2 i5 a martingale.
(3) Prove that
P(sup X; > A) < e N /2,

t<r

Exercise 21.42 Let X; be a Brownian motion. Let

A, =( sup X;> /4 -2"loglog2n).

tS2n+1

(1) Prove that >~ | P(A4,) < oco.
(2) Prove that

. Xt
lim sup

t—oo Vtloglogt

This is part of what is known as the law of the iterated logarithm
or LIL for Brownian motion.

< 00, a.s.

Exercise 21.43 Let X; be a Brownian motion. Let M > 0, t; >
0, and
Bn = (Xto_;’_z—n - Xt0+2*"*1 > MQ_”_I).

(1) Prove that >~ P(B,) = occ.

(2) Prove that the function t — X;(w) is not differentiable at ¢ = t;.
(3) Prove that except for w in a null set, the function ¢ — X;(w)
is not differentiable at almost every ¢ (with respect to Lebesgue
measure on [0,00).)

This can actually be strengthened, via a different proof, to the fact
that except for a set of w in a null set, the function t — X;(w) is
nowhere differentiable.
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Exercise 21.44 Let X; be a Brownian motion and let h > 0.
Prove that except for w in a null set, there are times ¢t € (0, h)
for which X¢(w) > 0. (The times will depend on w.) This says
that Brownian motion started at 0 cannot stay negative for a time.
Similarly it cannot stay positive for a time; the path of X; must
oscillate quite a bit near 0.

Exercise 21.45 Let X; be a Brownian motion on [0,1]. Prove
that Y; = X7 — X _; is also a Brownian motion.
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Chapter 22

Harmonic functions

Harmonic functions are important in complex analysis, partial dif-
ferential equations, mathematical physics, and probability theory,
as well as in real analysis. In this chapter we present some of their
basic properties.

22.1 Definitions

Recall that a C? function is one whose second partial derivatives
are continuous and a domain is an open set in R™. If f is a C?
function in a domain D, the Laplacian of f, written Af, is the
function
n_ 92
Af(z) = 8—{(37), z€D.
i=1 O

A real-valued function h is harmonic on a domain D if h is C? in
D and Ah(xz) =0 for all z € D.

In one dimension, the linear functions h(xz) = ax + b are har-
monic in any interval, and any harmonic function is linear in each
open interval on which it is defined, since h”(z) = 0.

When we turn to two dimensions, we can identity R? with the
complex plane C. If D is a domain in C and f is analytic in D,
that is, f is differentiable at each point of D, then the real and
imaginary parts of f are harmonic in D. This is a consequence of

303
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the Cauchy-Riemann equations. If f = u + v, then the Cauchy-
Riemann equations from complex analysis say that du/0x = dv/dy
and Qu/Qy = —0v/dx. Since an analytic function is infinitely
differentiable, it follows that

8%u @ 0%v 9%v B

Ay=2Y _Jv _
YT o2 + oy2  Oxdy Oyox ’

and similarly Av(z) = 0.

In particular, the real part of the logarithm function is harmonic
as long as we are not at 0. If z = re?® € C — {0}, then logz =
logr + 46, so the real part of f(z) =logz is u(z) = logr = log|z|.
We conclude that the function f(x) = log|z| is harmonic for = €
R? — {0}, where |z| = (22 + x3)'/2. Alternatively, this can be
verified by computing the Laplacian of log |z|.

When the dimension n is greater than or equal to 3, the function
h(x) = |z|>~™ is seen by a direct calculation of the partial deriva-
tives to be harmonic in R™ — {0}, where |z| = (23 + --- + x2)1/2.
When doing the calculation, it is helpful to write

o _ 9 . 2\1/2 _ = —.
5z = Bz It ) = s T iR T T

22.2 The averaging property

Recall the divergence theorem from undergraduate analysis: if D
is a nice domain such as a ball, then

/ div F(z) dz = F -n(y) o(dy), (22.1)
D oD

where ' = (F1,...,F,) : R® — R"™ is a vector field, divF =
S OF;/0x; is the divergence of F, 8D is the boundary of D,
n(y) is the outward pointing unit normal vector at y, and o(dy) is
surface measure on 9D.

If u and v are two real-valued functions on R™ and we let ' =
uVv, where Vv is the gradient of v, then

. "0 Ov " 0% " Ou v
W F =3 5 (V5) =" G+ 2 5 o

=ulAv+ Vu-Vou
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and

0
F-n:u—v,

on

where Ov/0n is the normal derivative. Substituting into the diver-
gence theorem we get Green’s first identity:

/uAvdx—i—/ Vu~Vvdx:/ u@do. (22.2)
D D op On

If we reverse the roles of w and v in Green’s first identity and
take the difference, we get Green’s second identity:

/D(uAv —vAu)dx = /aD (u% — v%) do. (22.3)

Each of the two following theorems are known as the mean value
property or the averaging property of harmonic functions.

Theorem 22.1 Suppose h is harmonic in a domain D, xo € D,
and r < dist (zg, D). Then

h(wo) = / h(y) o (dy), (22.4)
OB (zo,r)

where o is surface measure on OB (xq,T).

Proof. By looking instead at h(x — z9) — h(xg), we may suppose
without loss of generality that zo = 0 and h(zo) = 0.

If s < r and we apply Green’s first identity with v = h and u
identically equal to one, we see that

/8 Oh () o(dy) =0, (22.5)

B(0,s) %

since Vu = 0 and Av =0 in B(0, s).

Now let ¢ > 0 and choose § such that |h(z)| < € if |z| < §.
This can be done because h is continuous at 0 and h(0) = 0. If
n > 3, let v be a C? function on R™ such that v(z) = |z|*>~" if
|z| > 6/2. If n =2, let v be a C? function such that v(x) = log |z
if |z| > /2. We now apply Green’s second identity with v = h
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and v as just described in each of the balls B(0,r) and B(0,¢) and
take the difference:

0= / (uAv — vAw)
B(0,r)—B(0,9)
Oou

v
= /{)B(O’r) U(y)%(y) o(dy) — /E?B(o,r) v(y)%(y) dy

v ou
- uyfyoder/ v(y)5-(y) o(dy
Ly W @o@ s [ G ot
— I — Iy —Is+ I,

We used that Au = 0 and Av = 0 in B(0,r) — B(0,6). We then
have
L =0L+13—14.

For y € 0B(0,r) and for y € 0B(0, §), we see that n(y) = y/|y|.
A calculation shows that Vou(y) = c1y/|y|™ for y on the boundary
of either of those sets, where c; is a constant depending only on
the dimension n, and we conclude

ov o
on') =y

on the boundary of either of those sets. Therefore

C2
I :—/ u(y) o(dy
Pt aB(0,r) W) oldy)

is equal to a constant times the right hand side of (22.4). We also

have c
2-0(0B(0,6)) < cse.

< swp July)] 5
y€OB(0,6)

I> and I are both zero by (22.5) and the fact that v is constant
on 0B(0,r) and is constant on B(0, §). We conclude that the right
hand side of (22.4) is bounded in absolute value by a constant times
€. Since € is arbitrary, this proves that fBB(O,r) h(y)o(dy) = 0,
which yields the theorem. O

The previous theorem says that the value of a harmonic function
at the center of a ball contained in the domain is equal to the
average of the values of the harmonic function on the boundary
of the ball. The next theorem says that the value at the center is
equal to the average of the values inside the ball.



22.3. MAXIMUM PRINCIPLE 307

Theorem 22.2 Suppose h is harmonic in D, zg € D, and r <
dist (zg, D). Then

1
h(zo) = (B0, /B(xm h(y) dy, (22.6)

where m is Lebesque measure.

Proof. This result follows easily from Theorem 22.1 by changing to
polar coordinates. Again we may suppose zg = 0. If y € B(0,r), we
may write y = sv, where s = |y| € (0,7) and v = y/|y| € 0B(0, 1).
If 05(dy) is surface measure on 9B(0, s), then

/B(:ro,r) h(y) dyz/or /aB(O’S) h(vs) os(dv) ds
:/r h(0) 05 (8B(0, 5)) ds

0
= h(0)m(B(0, 7)),

where we used Theorem 22.1 for the second equality. O

22.3 Maximum principle

The following theorem is known as the mazimum principle for har-
monic functions.

Theorem 22.3 Suppose D is a connected domain and h is har-
momnic in D. If h takes its mazximum inside D, then h is constant
in D.

Proof. Let M = sup,cph(z). Suppose h(zg) = M for some
2o € D and let r < dist (z, D). If h(x) < M for some x € B(xg,r),
then by the continuity of i, we see that h < M for a ball contained
in B(xg,r). Then

1
m(B(zo,r)) /B(:zzo,r) ily) dy = h{zo),

a contradiction. Therefore h is identically equal to M on B(xq, )

if h(zg) = M and B(xzg,r) C D. Thus {y € D : h(y) = M} is

h(.ZQ) =M >
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open. Since h is continuous, then {y € D : h(y) < M} is also open.
Since D is connected, either {y € D : h(y) = M} must be empty
or must be equal to D. 0

If D is a bounded connected domain, A is harmonic in D, and
h is continuous on D, then Theorem 22.3 says that h takes its
maximum on dD. The hypothesis that D be bounded is essential.
If we consider

D = {(z,y) € R*: y > 0}

and let h(z,y) = y, then h is harmonic, but does not takes its
maximum on 0D.

22.4 Smoothness of harmonic functions

In this section we prove that harmonic functions are C°° in the
domain in which they are defined, and then show that functions
satisfying the averaging property are harmonic.

Theorem 22.4 Suppose D is a domain and h is bounded on D
and satisfies the averaging property (22.6) for each xo € D and
each r < dist (xg, D). Then h is C* in D.

Remark 22.5 Suppose for each x € D there is an open subset N,
of D containing x on which h is bounded. We can apply the above
theorem to N, and conclude that h is C°° on each set N,, and
hence is C*° on D.

Since harmonic functions are C? functions and satisfy the aver-
aging property, they are C* in their domain.

Proof. Suppose zyp € D, 8r < dist (29, D°), € B(z0,2r), 2’ €
B(zg,3r), and r > |e| > |x — z'|. Suppose |h| is bounded by M.
Applying the averaging property,
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and similarly with z replaced by z’. Taking the difference,
1
(@) = b £ = | Ih)l dy
m(B(Ov T)) B(z,r)AB(x',r)
ClM
<

m(B(z,r)AB(z',r)),

rn
where AAB = (A— B)U(B — A). Some easy geometry shows that
B(z,r)AB(z',r) C B(z,r +¢) — B(z,r —¢),

&)

|h(x) — h(z")| < csMr~"m(B(z,r +¢€) — B(x,7 — ¢))

=cMr "[(r+e)" —(r—e)m,
which in turn is bounded by
csMr="(r"le).

We used here the inequality

(a—b)"=(a—0b)(a" ' +a" 2+ +ab" 2+ ")

< n(a—"0b)(aVb)"

This is true for each |e| > |z — 2’|, and therefore

[h(z) = h(z)] M (22.7)

| — /| r
One conclusion we draw from this is that h is continuous.

Now let e; = (1,0,...,0) be the unit vector in the z; direction.
Let

h(z +eer) — h(x) .

We have seen that |F.(x)| is bounded by ecs M /r if € B(z, 2r) and
le] < r. Applying the averaging property and doing some algebra,

F.(z)=

Fe(z) = m(B(W/B(x,r) F.(y)dy. (22.8)

Just as in the derivation of (22.7),

M
|F.(z) — F.(2)] < C47|{L‘ —a|.
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This implies that {F.(z)} is an equicontinuous family of functions
of x on B(z, 7).

Fix za,...,2,. In view of (22.7),
H(xy) = h(zy,...,2,)

is of bounded variation in the z; variable, and hence is differentiable
for almost every 1. Therefore Go(z1) = Fo(21,...,zy) has a limit
as e — 0 for almost every x; such that (z1,...,2,) € B(2o,r). This
and the equicontinuity of the family {F.} imply that G.(z1) has
a limit for every such x;. Thus, for each (z1,...,2,) € B(zo,r),
the partial derivative of h with respect to x; exists. Moreover,
Oh/0z; is bounded in B(zp,r). Since zgp € D is arbitrary, we see
that 0h/0z, exists at each point of D and a compactness argument
shows that it is bounded on each bounded subdomain D’ of D such
that D’ C D.

Passing to the limit in (22.8), we obtain

oh B 1 ﬁ
90, ") = (B0, /B(x,r) By ) -

Thus 0h/0x; also satisfies the averaging property and is bounded
in each bounded subdomain D’ of D such that D’ C D. Hence
it is continuous. These facts also apply to each of the first partial
derivatives of h.

Repeating the argument and using Remark 22.5, we see each
second partial derivative 02h/dx; Ox; satisfies the averaging prop-
erty, hence is continuous, and so on. Therefore h is a C'*°° function
in D. O

We now have the following converse of the averaging property.

Theorem 22.6 If D is a domain and h is bounded on D and sat-
isfies (22.6), then h is harmonic in D.

Proof. Let g € D. We may take zop = 0 and h(0) = 0 without
loss of generality. By Taylor’s theorem,

", Oh " 9%h
h(y) = h(0) + Z %(O)yi +3 Z D7 0m.
i=1 v ij=1

0z, (0)yiy; + R(y),
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where the remainder R satisfies |R(y)|/|y|*> — 0 as |y| — 0. Inte-
grating over B(0,r) and using that the integrals of y; and of y;y;
over B(0,r) are zero unless i = j, we obtain

0)y; dy+/ R(y) dy.
Z/ B(0,r) 3$ B(0,r) )

Therefore given ¢,

1| AR(0)] < € / W2 dy
B(0,r)

if r is small enough. Dividing both sides by 73, we have
|AR(0)] < coe,
and since ¢ is arbitrary, then Ah(0) = 0. O

Now that we know that harmonic functions are C*° in their
domain, then Oh/dx; € C? and

Ay =22 @) <o

so Oh/Ox; is also harmonic. This could also be deduced from the
fact that Oh/Ox; satisfies the averaging property by the proof of
Theorem 22.4.

22.5 Poisson kernels

Let H C R™"*! be defined by H = R™ x (0,00) and denote points
of H by (z,y). Define

_ <y
P(x,y) = (|2 +y2)(n+1)/2’
where
_D((n+1)/2)
T p(nt1)/2

and I' is the Gamma function:

F(x):/ t* et dt.
0

P(z,y) is called the Poisson kernel for the half space H.
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Proposition 22.7 The function (z,y) — P(x,y) is harmonic in
H. Moreover, for each vy,

P(z,y)dr = 1.
R"'L

Proof. This is just calculus. Calculating derivatives shows that
the Laplacian is zero. A trigonometric substitution shows that the
integral is equal to one. O

If 1 <p<ooand f € LP(R"), define

ul(e,y) = / P(z — t,y)f(t) dt.

u is called the Poisson integral of f and also the harmonic extension
of f.

Proposition 22.8 (1) If 1 < p < oo and f € LP(R™), then the
harmonic extension of f in H is harmonic.
(2) If f is bounded and continuous, then

lim u(zo,y) = f(zo)

y—0
for each zy € R™.
Proof. The first follows from Proposition 22.7 and the dominated
convergence theorem. To prove (2), by looking at f(z—xo) — f(zo)

and using the fact that [ P(z,y)dz = 1, it suffices to prove this
when xo = 0 and f(0) = 0.

Given €, choose 0 such that |f(z)| < e if |z| < d. We have

u(0,y) = ltKéP(t,y)f(t)dH ltl>6P(t,y)f(t)dt~

The first integral on the right is bounded in absolute value by

s/P(t,y) dt =e.

The second integral on the right is bounded in absolute value by

sup | f ()] P(t,y)dt.
teRn [t]>6
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By a change of variables,

C
P(t,y dt:/ S
/t|>5 (t:9) >0y (1+12)(nFD/2

which tends to 0 as y — 0 by the dominated convergence theorem.
Since € is arbitrary,

lim sup [u(0, )| = 0,
y—0

which proves (2). O

If D = B(0,r), the Poisson kernel for the ball D is given by

r? — |z|?

P.(z,y)=c r€e€D, yeaiD,

rle =yl
where ¢ = 1/0(90B(0, 1)) and o(dy) is surface area on 9D.

If f is a continuous function on 9B(0,r), then
u(w) = [ Pula,y)f(w) olay)

is harmonic in D, u has a continuous extension to B(0,) and

lim  u(x) = f(y), y € 0B(0,r).
r—y,u€D
These facts can be shown by some not-so-easy calculus, and an
argument similar to the proof of (2) of Proposition 22.8.

How does one arrive at the formula for the Poisson kernel for
the ball? If you are good at calculations, you can show by tedious
calculations that if h is harmonic in a domain E not containing zero,
then |z|>~"h(z/|z|?) is harmonic in the domain {y € R" : y/|y|? €
E}. The Poisson kernel formula is obvious when z =0 and r = 1.
By a simple change of variables, one can get the Poisson kernel for
E = B(es, 1), where e; is the unit vector in the z; direction. We
then apply the transformation y — y/|y|? to get the Poisson kernel
for the half space H' = {y : y1 > 1/2} with x = e;. By another
simple change of variables we get the Poisson kernel for H' with z
any point of H'. Finally we do another inversion  — z/|x|? to get
the Poisson kernel for the unit ball, and do yet another change of
variables to get the Poisson kernel for the ball of radius r. See [2]
or [3] for details.
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Remark 22.9 The Dirichlet problem for a ball D = B(0,r) from
partial differential equations is the following: given a continuous
function f on the boundary of the ball, find a function u that is
C? in D and continuous on D such that Au(z) = 0 for x € D and
u(z) = f(z) for x € OD. By the above,

u() = /@ o, DI o)

provides the solution.

22.6 Harnack inequality
The following theorem is known as the Harnack inequality.

Theorem 22.10 Suppose h > 0 is harmonic in B(0,R) and r <
R. There exists a constant ¢; depending only on r and R such that

h(z) < erh(z'), x, 2’ € B(0,r).

Proof. If ¢ < R —r, then
s@)= [ Pa(eh)aldy)
8B(0,R—e)

is harmonic in B(0, R — ¢), agrees with h on dB(0, R — ¢), and so
g — h is harmonic in B(0, R —¢) and equal to 0 on the boundary of
B(0, R—¢). By the maximum principle, g is identically equal to h.

If z,2’' € B(0,r) and y € 0B(0, s) with s > r, then
ca(r, ) Ps(,y) < Po(2',y) < cs(r, 5)Pa(z, y)

with ) ) )
st —r s

CQ(TaS)—mv 03(7"75)—W-

Setting s = R — &, multiplying the Poisson kernel by h(y), and

integrating over y € dB(0, R — ¢) proves our result for the balls

B(0,r) and B(0, R—¢). Letting ¢ — 0 yields our inequality for the

balls B(0,r) and B(0, R). O
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22.7 Exercises

Exercise 22.1 Suppose h is harmonic in a domain and g(z) =
x - Vh(z). Prove that g is harmonic in the domain.

Exercise 22.2 Prove that if u,v are harmonic in a domain D,
then wv is harmonic in D if and only Vu(z) - Vu(z) =0 in D.

Exercise 22.3 Suppose D connected and h and h? are harmonic
in D. Prove that h is constant in D.

Exercise 22.4 Let D be a bounded connected domain. Suppose
that h is harmonic in D and C! in D. Prove that if dh/On = 0
everywhere on the boundary of D, then h is constant.

Exercise 22.5 Suppose that h is bounded and harmonic in a do-
main D, g € D, and r > dist(zg, D). Prove there exists a
constant ¢, depending only on k such that if ¢ is any of the k'"
partial derivatives of h, then

Ck
|9(z0)| < — sup |h(z)].
™ zeD

Exercise 22.6 Prove that if h is harmonic in a domain D not
containing 0 and

g(z) = |z[*""h(z/|2]?),
then g is harmonic in {y : y/|y|? € D}.

Exercise 22.7 Prove that if f is continuous on dB(0, ) and
W)= [ Pty
9B(0,r)

where P,.(z,y) is the Poisson kernel for the ball, then

lim h(z) = f(2), z € 0B(0,r).

z—z,2€B(0,r)

Exercise 22.8 Prove that if A is harmonic in R", then A has a
Taylor series that converges everywhere.
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Exercise 22.9 Suppose that D is a bounded connected domain,
xo € D, and that h and all of its partial derivatives are equal to 0
at xg. Prove that h is identically zero.

Exercise 22.10 (1) Show that the constant ¢; in Theorem 22.10
can be taken to be equal to

R? (R +r ) n
c1=—5——=5(=—) .
R2—r2\R—r

(2) Prove Liouwille’s theorem: if h is harmonic and non-negative
in R™, then h is constant.



Chapter 23

Sobolev spaces

For some purposes, particularly when studying partial differential
equations, one wants to study functions which only have a deriva-
tive in the weak sense. We look at spaces of such functions in this
chapter, and prove the important Sobolev inequalities.

23.1 Weak derivatives

Let C'% be the set of functions on R™ that have compact support

and have partial derivatives of all orders. For j = (j1,...,Jn), write
pi+tin f
ool

and set |j| = j1 + -+ j,. We use the convention that 8°f/9z9 is
the same as f.

Let f, g be locally integrable. We say that D’ f = g in the weak
sense or g is the weak j** order partial derivative of f if

[ H@ D gt do = ()1 [ gla)pta) da

for all ¢ € C%. Note that if ¢ = D’ f in the usual sense, then
integration by parts shows that g is also the weak derivative of f.

Let
WHhP(R™) = {f: f € LP, DI f € L? for each j such that |j| < k}.

317
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Set 4
[fllwee = D> 11D fllp,

{5:0<lj|<k}

where we set Df = f.

Theorem 23.1 The space W*P is complete.

Proof. Let f,, be a Cauchy sequence in W*P. For each j such
that |j| < k, we see that D7 f,,, is a Cauchy sequence in LP. Let g;
be the LP limit of D7 f,,. Let f be the LP limit of f,,. Then

[ tnDio= (=001 [(Diga)o = (<1 [ 56
for all ¢ € C¢. On the other hand, [ f,, D'¢ — [ f Di¢p. There-

fore
—l)lj‘/gjs@:/ijap

for all ¢ € C3. We conclude that g; = D7 f a.e. for each j such
that |j| < k. We have thus proved that D’ f,, converges to D7 f
in L? for each j such that |j| < k, and that suffices to prove the
theorem. O

23.2 Sobolev inequalities

Lemma 23.2 If k> 1 and f1,..., fr >0, then

Jareere ()" ()"

Proof. We will prove

/fl/k : 1/’“ /fl /fk). (23.1)

We will use induction. The case k = 1 is obvious. Suppose (23.1)
holds when k is replaced by k — 1 so that

/fl/(k 1) 1/(k 1) k—1 /fl (/fk_l), (23.2)



23.2. SOBOLEV INEQUALITIES 319

Let p=Fk/(k—1) and q = k so that p~* 4+ ¢! = 1. Using Holder’s
inequality,

k k k
Jut gl

< (/fll/(kfl)_” ;i(f,l))(kfl)/k(/fk)uk.

Taking both sides to the k" power, we obtain

(furenn™y
< (/ﬁ/(kq)._.fgi(lkfl))(kfl)(/fk).

Using (23.2), we obtain (23.1). Therefore our result follows by
induction. |

Let C} be the continuously differentiable functions with com-
pact support. The following theorem is sometimes known as the
Gagliardo-Nirenberg inequality.

Theorem 23.3 There exists a constant c¢1 depending only on n
such that if u € C}, then

[ulln/(n-1y < exll [Vul 1.

We observe that v having compact support is essential; oth-
erwise we could just let u be identically equal to one and get a
contradiction. On the other hand, the constant ¢; does not depend
on the support of .

Proof. For simplicity of notation, set s =1/(n —1). Let Kj,..;,.

be the integral of |Vu(xy,...,2,)| with respect to the variables
Zjyy..., T4, Thus

K, =/|Vu(x1,...7xn)|dx1

and

K23://|Vu(z1,...,:cn)|dx2dz3.
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Note K; is a function of (za,...,z,) and Koz is a function of
(1?1,334, . ,In).
If ¢ = (x1,...,2,) € R™, then since u has compact support,

“r Ou
|_‘/ y17x27"'7l‘n)dyl

g/|w<y1,x2,...,xn>|dy1
R
= K;.
The same argument shows that |u(z)| < K; for each 4, so that

Ju(@)[ Y = fu(e)[™ < K{KS - K,
Since K7 does not depend on z;, Lemma 23.2 shows that
/|u(x)|"s day < K /K2 K day

gKf(/Kgdxl)sm (/Kndxl)s
Note that
/Kgdxl :/(/|Vu(:z:1,...,xn)|dz2) dr, = K9,

and similarly for the other integrals. Hence

/ " diy < K3KG, - K

Next, since K15 does not depend on xs,

/|u(x)|”sd:£1dx2 gKfQ/Kfongfnde

SKfz(/Kldxg)s(/K13dx2>s...(/Klndm)S

_ s s s s
- K12K12K123 ! "K12n'

We continue, and get

/ |u(z)|"* dxy dzg drg < K93 KT93 K1o3 Kigzs - - Kiagy,
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and so on, until finally we arrive at

J @ do - da, < (K,.)" = K5

If we then take the ns = n/(n — 1) roots of both sides, we get the
inequality we wanted. O

From this we can get the Sobolev inequalities.

Theorem 23.4 Suppose 1 <p <n andu € C}. Then there exists
a constant c¢1 depending only on n such that

”anp/(n—p) < Cl” ‘VU| HP

Proof. The case p =1 is the case above, so we assume p > 1. The
case when w is identically equal to 0 is obvious, so we rule that case
out. Let )
n—
PP =1
n—p
and note that r > 1 and

Let w = |u|". Since r > 1, then & — |z|" is continuously differen-
tiable, and so w € C'. We observe that

|Vw| < calu|""Vul.

Applying Theorem 23.3 to w and using Holder’s inequality with

_ P ;
q= ;5 we obtain

([ )" < [ v

< 64/|u|(np—n>/(n—p>|w|

<05(/|unp/(n—p))ppl(/|vu|p)l/1?.

The left hand side is equal to

n

(/ |u|np/<nfp>)%.
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Divide both sides by

p—1

(/an/(n—p)) .

n—1 p—1

Since

1
n p p
we get our result. |

S|
3
S

We can iterate to get results on the LP norm of f in terms of the
L% norm of D*f when k > 1. The proof of the following theorem
is left as Exercise 23.8.

Theorem 23.5 Suppose k > 1. Suppose p < n/k and we define q

L_—1_ % Then there exists ¢; such that

Ya=05
17y <e| > 1041

{3:13l=k}

Remark 23.6 It is possible to show that if p > n/k, then f is
Holder continuous.

23.3 Exercises

Exercise 23.1 Prove that if p1,...,p, > 1,

n

Di

i=1

and p is a o-finite measure, then

/uynmwuswwm~wmmw

This is known as the generalized Hélder inequality.

Exercise 23.2 Suppose 1 < p < co. Prove that if there exist f,,
such that

(1) fm € C}){o’

) 1f = fully = 0;

(3) for all |j| < k, D? f,, converges in L?,

then f € Wk,
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Exercise 23.3 Suppose 1 < p < co. Prove that if f € W*P, then
there exist f,, such that

(1) fm S C}){oa

@) 1 — fullp = 0

(3) for all |j| < k, D? f,, converges in LP.

Exercise 23.4 Suppose % = % + % — 1. Prove that

1 *glle < I £llpllgllq-

This is known as Young’s inequality.

Exercise 23.5 (1) Prove that W*2 can be regarded as a Hilbert
space. (It is common to write H* for Wk:2.)
(2) Suppose k > 1. Prove that f € W*2 if and only if

[ P du < .
Exercise 23.6 If s is a real number, define
H® = {f : /(1 + [u?)*| F(w)? du < oo}.

Prove that if s > n/2, then f is in L!. Conclude that f is contin-
uous.

Exercise 23.7 Does the product formula hold for weak deriva-
tives? That is, if p > 2 and f,g € WP, is fg € W'P/2 with
D(fg) = f(Dg) + (Df)g? Prove or give a counterexample.

Exercise 23.8 Prove Theorem 23.5.

Exercise 23.9 Let ¢ be a O function on R? that is equal to one
on B(0,1) and let

i

2 2"
r{ + 5

f(z1,22) = Y(21, 72)

Prove that f € W1P(R?) for 1 < p < 2, but that f is not con-
tinuous. (The function v is introduced only to make sure f has
compact support.)
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Exercise 23.10 Suppose the dimension n = 1.

(1) Prove that if f € WH1(R), then f is continuous.

(2) Prove that if f € WP(R) for some p > 1, then f is Holder
continuous, that is, there exist ¢; > 0 and « € (0,1) such that
() — F@)] < crle — y|* for all = and 3.

Exercise 23.11 Prove that if f € C}, then

—CIZ/&TJ Wdya

where ¢; ! is equal to the surface measure of dB(0,1).
Exercise 23.12 Suppose n > 3. Prove the Nash inequality:

(Jie)"™ " <a( fros)( [1m)"

if f € CL(R™), where the constant ¢; depends only on n. (The
Nash inequality is also true when n = 2.)



Chapter 24

Singular integrals

This chapter is concerned with the Hilbert transform, which is the
prototype for more general singular integrals. The Hilbert trans-
form of a function f is defined by

Hf(z)= lim 1 Md%
e—>0,N—oco T e<|y|l<N Y

and is thus a principal value integral. Remarkably, H is a bounded
operator on LP(R) for 1 < p < oo.

In preparation for the study of the Hilbert transform, we also in-
vestigate the Marcinkiewicz interpolation theorem and delve more
deeply into properties of the maximal function, which was defined
in Chapter 14.

24.1 DMarcinkiewicz interpolation theo-
rem

Let (X, A, u) be a measure space. An operator T' mapping a col-
lection of real-valued measurable functions on X to real-valued
measurable functions on X is sublinear if

T(f +9) (@) < [Tf(x)]+ [Tg(x)]

325
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for all z € X and for all measurable functions f and g in the
collection. Recall that the LP norm of a function is given by

161 = ([ 157 ntan)) "

if 1 <p < oo. We say that an operator T is bounded on LP or is
of strong-type p-p if there exists a constant ¢; such that

ITFllp < el fllp

for every f € LP. We say that an operator T is of weak-type p-p if
there exists a constant cg such that

1715
\P

p{z | Tf(@)[ = A}) < ¢

for all A > 0. An operator that is bounded on LP is automatically
of weak-type p-p. This follows by Chebyshev’s inequality (Lemma
10.4):

plfe  IT)| > A) = e [TH@)P > )
< Ap / (T () ()
iy < s,

The Marcinkiewicz interpolation theorem says that if 1 < p <
r < q < oo and a sublinear operator T is of weak-type p-p and of
weak-type ¢-¢, then T is a bounded operator on L™. A more general
version considers operators that are what are known as weak-type
p-q, but we do not need this much generality.

Theorem 24.1 Suppose 1 < p<r < qg<oo. LetT be a sublinear
operator defined on {f : f = f1 + fa, f1 € LP, fo € L1}.

(1) If T is of weak-type p-p and T is a bounded operator on L,
then T is a bounded operator on L".

(2) If ¢ < oo, T is of weak-type p-p, and T is of weak-type q-q,
then T is a bounded operator on L".

Proof. (1) Suppose [|[Tg]lcc < c1]lg]loo if g € L. Let f € L”
and define fi(x) = f(z) if |f(x)] > A/(2¢1) and 0 otherwise. Let
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f2 = f — f1. This implies that |f2(x)| is bounded by A\/2¢; and

[in@pra= [ PP da
|F(@)|>X/2e1
< (%)Tﬁp/v(mﬂrda& < .

Because T is a bounded operator on L, then |T f2(z)| is bounded
by A\/2. By the sublinearity of T,

Tf(@)] < [Tfi(@)| + |Tf2(x)] < [T fi(@)] +A/2,
and hence
{z:|Tf(@)] > A} <z [Thi(z)] > A/2}).
We therefore have
p{z | Tf(2)] > A}) < p({z: |Tfi(x)] > A/2}).

Since T is of weak-type p-p, there exists a constant ¢, not depending
on f such that the right hand side is bounded by

I f115 022 022
= p = — p d .
23 2) /|f1 )P 1 o/ |f(2)|P p(dz)

We then write, using Exercise 15.3 and the Fubini theorem,
i@l ) = [ ot 1@ > Apax
00 P
<[ oeer | F(@)IP p(da) dA
AP 1150/ (2e0)
e [T [ e @@ ) ay
2CI|f
=y 2Pr / / )\T*”*IdM f(@)|P p(de)
0

20 TP f(x)|P p(de
_p/lf(:v>| @) p(d)

=c

-
2Pr

—a " [ 17(@)

This is exactly what we want.
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(2) Let A > 0, let f € L", and let f; = f(z) if |f(z)] > A
and 0 otherwise, and let fa(x) = f(z) — fi(z). Since |Tf(z)| <
[T f1(2)| + |T fa()], we have

{Tf (@) > A} AT fr(@)] > A2} ULIT fa()| > A/2}.

Since T is of weak-type p-p and weak-type ¢-q, there exist constants
c3 and ¢4 so that

pITf (@) > A}) < u({ITfl( ) > A/2}*) +u({IT fa(x)] > A/2})

< o [ 1A+ o [ 180

:c32p)\_p/ |f|P+c42qA—4/ |£]9.
[FI>A [FI<A

Therefore

[ 1rs@ i) - / TN F ()] > A} dA

§032pr/ )\r_p_l/ [ £|P p(dax) dX
0 [£1>X
+c42qr/ AHH/ |19 pu(dz) dX
0 [F1<A

£ (@)]
= c32Pr / IfIP / NP g\ p(de)
0
+C42qr/|f|q/ N9 g\ pu(dx)
o)

[f(
I ude) +c4 / LT ulde)

— s / \fl"u(de

where ¢5 = ¢32Pr/(r — p) + 4297 /(q — 7). u

An application of the Marcinkiewicz interpolation theorem is
the following, although a proof using Holder’s inequality is also
possible; cf. Exercise 15.11.

Theorem 24.2 Suppose 1 < p < oo. There exists a constant c
such that if g € L* and f € LP, then fxg € LP and ||f = g||, <
cllfllplgllr-
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Proof. By linearity we may suppose ||g|[t = 1. The case p =1 is
Proposition 15.7. If f € L*°, then

£ro)l < [ 176 -llo)dy < 1l [ o)l dy = 1]l

which takes care of the case p = oco. If we define the operator
Tf = f xg, then we have shown T is a bounded operator on
L' and on L*>. Therefore it is a bounded operator on LP for all
1 < p < oo by the Marcinkiewicz interpolation theorem. O

24.2 Maximal functions

In Chapter 14 we defined

1
M f(x) =S B ) /B(zyr)lf(y)ldy (24.1)

for locally integrable functions on R™ and called M f the maximal
function of f. Here m is n-dimensional Lebesgue measure. Note
Mf >0 and M f(x) might be infinite.

The main goal in this section is to relate the size of M f as
measured by the LP norm to the size of f.

Theorem 24.3 The operator M is of weak-type 1-1 and bounded
on LP for1 < p < oo. More precisely,

(1) m({z : M f(z) > A}) < c1||flli/X for A > 0 and f € L*. The
constant ¢y depends only on the dimension n.

(2) If 1 < p < oo, then |Mfl|, < c2||fllp. The constant ca depends
only on p and the dimension n.

In this theorem and the others that we will consider, it is im-
portant to pay attention to the range of p for which it holds. Fre-
quently theorems hold only for 1 < p < co. In this theorem, we
have boundedness on L? for p > 1 and including p = co. For the
p =1 case we only have a weak-type 1-1 estimate.

In the course of the proof of Theorem 24.3 we will show that
M f(x) exists for almost every z if f € LP for some 1 < p < oo.

Recall from Section 14.1 that M is not a bounded operator on
L'
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Proof. (1) This is just Theorem 14.2.

(2) It is obvious from the definition that M f(xz) < || f|lec, and
so M is a bounded operator on L*°. It is clear that M is sublinear.
If we write f € LP as fx(s>1) + fXx(<1), then the first summand
isin L' and the second is in L®°; the sublinearity then shows that
M f is finite almost everywhere.

By Theorem 24.1(1), assertion (2) follows. O

24.3 Approximations to the identity

Let ¢ be integrable on R™ and let ¢,(x) = r~%p(x/r). Let 1 :
[0,00) — [0,00) be a decreasing function and suppose

= Y(|z]) de < .
Rn
Suppose also that |¢(z)] < 9(|z|) for all . Recall that the convo-
lution of f and g is defined by f * g(z) = [ f(z — y)g(y) dy. We
continue to let m be n-dimensional Lebesgue measure.

Theorem 24.4 (Approximation to the identity) (1) If f € L?,
1 <p< oo, then

sup [ f * @p(2)] < er M f(z).
r>0

(2)Iff € LP,1 < p < o0, and [ p(z)dx = 1, then || fxo,—fl, — 0
asr — 0.
(3)If feLP, 1 <p<ocoand [¢(x)dx =1, then

lin(f * 0)(2) = f(2),  ae

Proof. In proving (1), by a change of variables, we need only show
that |f * ©(0)| < e; M £(0). First suppose v is piecewise constant:
there exist a1 < a2 < ... < qr and A; > Ay > ... > A, such

that ¥(y) = Ay for y € [0,a1], ¥(y) = A; for y € (a;—1,0a,], and
¥(y) =0 for |z| > aj. Then

100 = | [ F@)e(-a) da
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< [15@le(jal) ds

:Al/ |f|+A2/ ]+
B(0,a1) B(0,a2)—B(0,a1)

A / £l

B(0,ar)—B(0,ax—1)
~a [ A=A [ ]
B(0,a1) B(0,a2) B(0,a1)
O Ly RS Y|
B(0,a) B(0,ar—1)
:(Al—AQ)/ |f|+(A2—A3)/ |£]
B(0,a1) B(0,a2)

e (A — Ay) /B A /B o M
< [(A1 — A)m(B(0,a1)) + - + (Ap1 — A )m(B(0, ap_1))

+ Aem(B(0, )| M 1(0)
— [Alm(B(o, a1)) + Aom(B(0, as) — B(0,ay)) + - - -

+ Akm(B(O7ak) — B(O, ak,1)) Mf(O)

Observe that the coefficient of M f(0) in the last expression is just
J ¥ (|z|) dz. To handle the general case where 1) is not piecewise
constant, we approximate ¢ by piecewise constant 1; of the above
form and take a limit.

Turning to (2), by a change of variables

fpn(e) — flz) = / fa—y) - f@)le)dy,  (242)
- / (@ —ry) — F@)oy) dy.

Let ¢ > 0 and write f = g + h where g is continuous with com-
pact support and ||h||, < e. By (24.2) with f replaced by g,
g * ¢r(x) — g(z) — 0 as r — 0 by the dominated convergence
theorem. Using that g is bounded with compact support and the
dominated convergence theorem again, |g * ¢, — g||, — 0. By
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Theorem 24.2

1hx o = Rllp < |[Pllpller(ls + [IAll,
= [Allpllells + (1Al
< E(l + Cl).

Therefore
lim sup 1f*er = fllp < el + ).
r—

Since ¢ is arbitrary, (2) follows.

Finally we prove (3). If p < oo, we proceed exactly as in the
proof of Theorem 14.3, using part (1). We let 8 > 0 and let € > 0.
We write f = g + h, where g is continuous with compact support
and ||h|, < e. As in the proof of (2), g * ¢,(z) — g(x) — 0. For
each r we have

sup [+ or(2) — h(@)| < sup [hox or (2)] + [7(2)] < exMh(z) + |7 (z)]

by (1). Therefore by Theorem 14.2 and Chebyshev’s inequality
(Lemma 10.4),

m({z :lir:;sgp |h o (x) — h(z)| > B})

<m({z: e Mh(z) > /2}) + m({z : |h(z)| > B/2})
oo 0l Il

- T B2 B2

< (2c1c2 +2)e/,

where co is a constant depending only on the dimension n. Since
limsup |f * ¢, (z) — f(z)| <limsup |h * ¢, (z) — h(x)]
r—0 r—0

and ¢ is arbitrary, then limsup,_,, | f*¢-(z) — f(z)] < S for almost
every x. Since [ is arbitrary, we conclude f x ¢,.(z) — f(x) a.e.

There remains the case p = co. It suffices to let R be arbitrary
and to show that f x ¢.(x) — f(z) a.e. for x € B(0,R). Write
f = fXB((LQR) +fXB(072R)“' Since f iS bounded, fXB(0,2R) iS in Ll
and we obtain our result for this function by the p = 1 result. Set
h = fxB(,2r)- If € B(0, R), then h(x) =0, and

@] =| [ e -yt < [ )yl

ly|>R
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since h(x —y) = 0 if € B(0,R) and |y| < R. Note now that
[Plloe < [Iflloc and

/ or(y)dy = / o(y)dy — 0
ly|>R ly|>R/r

as r — 0 by the dominated convergence theorem. O

We will need the following in Section 24.4.

For each integer k, let Ry be the collection of closed cubes
with side length 2% such that each coordinate of each vertex is an
integer multiple of 27%. If x € R", z = (1,...,2,), and 5;/2F <
x; < (j; +1)/2% for each i, let

Sk(x) = [1/2%, (G +1)/25] x - [jn /2", (jn + 1) /2"].

Thus Sk(x) is an element of Ry, containing x.

Theorem 24.5 If f € L', then

1

e /S Wy 1@

as k — oo for a.e. x.

Proof. The proof is similar to that of Theorems 14.3 and 24.4.
First we show that there exists ¢; not depending on f such that

1
(k@) /Sk(x) |f(y)|dy < et M f(x). (24.3)

Note Sk(z) C B(x,27%\/n). Hence the left hand side of (24.3)
is bounded by

m(B(z,2""v/n)) 1
m(Sk(z)) m(B(z,2-%\/n)) /B(M_kﬁ) |f(y)l dy
< o1 Mf(z),

where ¢; = m(B(x,27%y/n))/m(Sk(z)) does not depend on z or k.

Once we have (24.3), we proceed as in Theorems 14.3 and 24.4.
We let § > 0 and € > 0 and we write f = ¢g + h, where ¢ is
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continuous with compact support and ||hly < e. The average of
g over Si(x) converges to g(z) since g is continuous, while (24.3)
guarantees that the averages of h are small. Since the proof is so
similar to those of Theorems 14.3 and 24.4 we leave the details to
the reader. O

Here is an important application of Theorem 24.4. Recall from
Chapter 22 that for z € R™ and y > 0, we defined

y . _T(n+1)/2)
(|x|2 + y2)(n+1)/2’ n m(nt1)/2

P(z,y) =cy (24.4)

We will also write Py(x) for P(z,y). We called P, the Poisson
kernel. If f € LP for some 1 < p < 00, define

u(z,y) = / Py(t)f(z —t)dt.
u is called the Poisson integral of f and is sometime denoted by

P, f(x).
u is also sometimes called the harmonic extension of f.

Obviously Pj(x) as a function of z is radially symmetric, de-
creasing as a function of |z|, and Py(z) = y~%Pi(z/y). Therefore
by Theorem 24.4 we see that P, f(z) — f(z) a.e. if z € LP for some
1<p< oo

24.4 The Calderon-Zygmund lemma

The following theorem, known as the Calderon-Zygmund lemma, is
very important to the theory of singular integrals.

Theorem 24.6 Suppose f >0, f is integrable, and A > 0. There
exists a closed set F' such that
(1) f(x) < X almost everywhere on F.
(2) F° is the union of open disjoint cubes {Q;} such that for each
7 1
_— < 2™\ .
/\<m(Qj) 0, (x)dz <27\ (24.5)

(3) m(F¢) < |[fll1/A.
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Proof. Let R, be defined as in Section 24.3. Choose kg to be a
negative integer such that || f|[;2"%0 < A. Then if Q € Ry,,

B T
Q) /Qf S i@ =2

The idea is that we look at each cube in Ry, and divide it into
2" equal subcubes. If the average of f over a subcube is greater
than A, then we include that subcube in our collection {Q;}. If
the average of a subcube is less than or equal to A, we divide that
subcube into 2" further subcubes and look at the averages over
these smaller subcubes.

To be precise, we proceed as follows. Let Q, = (). For k > ko
we define Qj, inductively. Suppose we have defined Q,, ..., Qr_1.
We let Q). consist of those cubes R in Ry such that
(1) the average of f over R is greater than A:

(2) R is not contained in any element of Q,, Oko+1,-- - Qk—1-

We then let {Q;} consist of the interiors of the cubes that are
in Ug>k,Qr. The Q; are open cubes. For each k the interiors of
the cubes in Ry are disjoint, while two cubes, one in Ry and the
other in Ry with k # k', either have disjoint interiors or else one
is contained in the other. The fact that we never chose a cube R
in Ry that was contained in any of the cubes in Uf;klo Q; implies
that the Q); are disjoint.

Suppose R is one of the ; and its closure is in Ry. Let S be
the cube in Ry_; that contains R. Since R is one of the ();, then

ﬁ/}%f>>\.

Since S is not one of the Q; (otherwise we would not have chosen

R), then
1
@ i <

From this we deduce

Lo 1,
m<R>/Rfm<R> m<s>/sf§“
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Consequently (24.5) holds.

Let G be the union of the @;’s and let F' = G°. G is open, so
F is closed. If x € F' and z is not on the boundary of any of the
cubes in any of the Ry, then there exists a sequence of cubes S;(z)
decreasing to « with S;(x) € R; for which m fSi(m) f <A\ By
Theorem 24.5, for almost every such = we have

. 1
@) = Jim < / PRIGLE

Since the union of the boundaries of all the cubes has Lebesgue
measure 0, (2) is proved.

We have fQj f/m(Qj) > X for each j, hence

1
m(Q;) < 3 o, I

Since the @; are disjoint, then

This proves (3). |

24.5 Hilbert transform

A function is in C! if it has a continuous derivative. If in addition
f has compact support, we say that f € Ck.

The Hilbert transform is an operator on functions defined by

Hfz)= lim f@=y g, (24.6)
e—>0,N—oco T N>|y|>e Y

Of course, 1/y is not absolutely integrable, so even when f is iden-
tically constant, fN1>y>€1 dy/y will not have a limit as e; — 0 or
N1 — oo. It is important, therefore, to take integrals over sym-
metric intervals. Let us show the limit exists for each x if f € Ck.



24.5. HILBERT TRANSFORM 337

Proposition 24.7 If f € C},

lim / 7}"(3: ) dy
e—0,N—o00 N>|y|>e Yy

exists for every x.

Proof. Fix z. Since f has compact support, f(z —y) will be 0 if
ly| is large enough. Hence for each fixed e we see that

Jim flx—y)/ydy
O JN>|y|>e

exists. We now consider

flz—y) d

ly|>e Yy

lim
e—0

Y. (24.7)
Observe that if €1 < €9, then

/ flz—y) dy:/ fe=—y) = /@),
>yl>ea Y e2>lyl>e1 y ’

using the fact that f82>|y|>51 dy/y = 0 because 1/y is an odd func-
tion. By the mean value theorem, |f(x —y) — f(z)| < || lo|yls

and so
flz—y) flz—y)
‘/|y>51 % W /Iy>az % dy‘

[f(z —y) = f(z)]
= A22|y|>51 |y| W

<1 e / dy
ea>|y|>e1

< 2le2 — 1| | f]] oo

Hence f|y|>6 f(x —y)/ydy is a Cauchy sequence in ¢. This implies

that the limit in (24.7) exists. O

The Hilbert transform turns out to be related to conjugate har-
monic functions. To see the connection, let us first calculate the
Fourier transform of H f.
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Rbemark 24.8 We will need the fact that the absolute value of
fa % dx is bounded uniformly over 0 < a < b < co. To see this,
since sinz/xz — 1 as  — 0, there is no difficulty as a — 0 and it is

enough to bound
b .
‘ / sinx d;v‘.
0 X

If A, = fk(fH)W % dz, then )", Ay is an alternating series with
Ar — 0 as k — oo, hence the series converges. This implies
Zivzl Ay, is bounded in absolute value independently of N. Now if
N is the largest integer less than or equal to b/m, write

b sinx =
/ dr = Z Ay +/
o 7 k=1 (

N-)x T

b sinx

dr.

The last term is bounded in absolute value by Ay, and this proves
the assertion.

Proposition 24.9 If f € Ck, then

o~

Hf(u) = isgn (u) f(u).

Proof. Let 1

Hen(2) = —X(>al>e)- (24.8)

and let us look at fIEN. Since 1/z is an odd function,

eiur . sin(ux
/ der =21 g dr.
N>lz|>e T N>z>e €

sin(Julx)/z dx if u < 0.

This is 0 if w is 0, and is equal to —2¢
Also

fN>z>a

si si
/ in(|u|z) e — / nz
N>zxz>e z [u|N>z>|ule x

This converges to the value /2 as N — oo and ¢ — 0; see Exercise
11.12. Moreover,

g
Sup‘ / de’ < 0o
&N ' JIN>|z|>e z

by Remark 24.8. Therefore H.y(u) — isgn(u) pointwise and
boundedly.
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By the Plancherel theorem, Theorem 16.8,

I\Halle—HEQsz\@:(27T)71/|ﬁelzvl( )= Heyn, (w) 1 (w) Pdu.

This tends to 0 as 1,69 — 0 and Ny, NQA_> oo by the dominated
convergence theorem and the fact that || f|a = (27)Y2||f|2 < oo.
Therefore H, y f convergesin L? ase — 0 and N — oo. Since H.y f
converges pointwise to H f by Proposition 24.7, it converges to H f
in L?. By the Plancherel theorem again, the Fourier transform of
H_.nf converges in L? to the Fourier transform of H f. The Fourier

o~

transform of H.n f is fAIEN(u)f(u), which converges pointwise to
isgn (u) f(u). O

Proposition 24.10 Suppose f € C}. Let U be the harmonic ex-
tension of f and let V be the harmonic extension of Hf. Then U
and V are conjugate harmonic functions.

Proof. We will show that U and V satisfy the Cauchy-Riemann
conditions by looking at their Fourier transforms. By Exercise 24.4,
P,(u), the Fourier transform of the Poisson kernel in x with y held
fixed, is e ¥Iul.

In each of the formulas below the Fourier transform is in the
2 variable only, with y considered to be fixed. We have U(z,y) =
(P, f)(z). Then the Fourier transform of U is

U(u,y) = Py(u) f(u) = e f(u). (24.9)
Also, by Exercise 16.4,
aa—U(u, y) = iul (u,y) = iue‘ylu‘f(u) (24.10)
x
and o
ou ~
— = —Jule™YI" f(u). 24.11
G (1) = —lule ™ Fa) (24.11)

We obtain (24.11) by differentiating (24.9). Similarly,

V(u,y) = e M H f(u) = isgn (w)e 1" f(u),

hence o
Z—Z(u, y) = iue ¥ sgn () f(u) (24.12)
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and

v -

Gy () = —lule™isgn (u) Fw (24.13)

Comparing (24.10) with (24.13) and (24.10) with (24.12) and
using the inversion theorem for Fourier transforms (Theorem 16.7),
we see that the Cauchy-Riemann equations hold for almost all pairs
(x,y). Since Py(z) is continuous in z and y for y > 0, then U and
V are both continuous, and hence the Cauchy-Riemann equations
hold everywhere. O

24.6 LP boundedness

Throughout this section we let m be one-dimensional Lebesgue
measure. We say a function K satisfies the Hormander condition
if

/ |K(x —y) — K(z)|dx < ¢q, ly| > 0,
|z|>2]y|

where ¢y does not depend on y.
As an example, consider the Hilbert transform. Here K(x) =

1/7zx, and

1 1‘_1‘ Y ‘
r—y zl wla(z—y)l

Kz —y) - K@) = |

If |z| > 2|y|, then |z —y| > |z|/2, so the right hand side is bounded
by 2|y|/7|x|?. Then

2 1 2
[ Ke-p K@<yl [ des
|z >2]y] T Ja>apy) 2] ™

IN

Theorem 24.11 Define H f(x) by (24.6) when f € Ck. If 1 <
p < 00, then there exists a constant ¢, such that

IH fllp < cpllfllp

for f € Ch.
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Since the C'} functions are dense in LP, we can use this theorem
to extend the definition of H to all of LP as follows. If f € LP,
choose f,, € C} such that ||f — fi|l, — 0. Then

1 fon = H fillp < epll fm = Frllp = 0,

and we let H f be the limit of the Cauchy sequence H f,,. If {fm}
and {g,, } are two sequences of C}. functions converging to f in L?,
then

||Hfm - Hgme < Cp”fm - gm”:n — 0.

Thus the definition of H f is independent of which sequence we
choose to approximate f by.

This theorem is not true for p = oo. Let f = xo,1). If z <0,

/f(x—y)dy:/ dg:log‘ x
Y z—1 Y z—1

which is not bounded on [—1,0). Exercise 24.6 shows that the
theorem is not true for p =1 either.

)

Proof. Step 1: p=2. Let

1
K(z) = —X(N>[z[><)

and define T f(z) = [ K(z—y)f(y) dy. By the proof of Proposition
24.9 we saw that K is bounded in absolute value by a constant c;
not depending on N or . Moreover, Exercise 24.8 asks you to
show that K satisfies Hormander’s condition with a constant cs

not depending on € or N. By the Plancherel theorem, Theorem
16.8,

ITflla = 2m) " Y2|TFl2 = (27) V2K flla
< a1 2m) V2| fll2 = e1|| fll2-

Step 2: p = 1. We want to show that T is of weak-type 1-1. Fix
A and use the Calderon-Zygmund lemma for |f|. We thus have
disjoint open intervals @); with G = U;Q; and a closed set £ = G*
on which |f| < X a.e. Also, m(G) < ||f|l1/A

Define
#Qj)fQj flz)dz, x€ Q.
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Note |g(x)] < A a.e. on F and

< @y o 1Fwldr =)

on ;. Let h = f —g. Then h(z) =0 on F and

J

for each @);.
We have T'f =Tg+ Th, so

h(z)dx = o f(z)dx/QJ [m(le) 0 f(y)dy} dr =0

J

m({z : [Tf(z)] > A}) <m({z: [Tg(x)] > A/2})
+m({z : [Th(z)] > \/2}).

If we show
m({e: [Tg(@)| > 3/2)) < TIIf |

for some constant ¢z with a similar estimate for Th, then we will
have that T is of weak-type 1-1.

Step 3. We look at Tg. Since |g| = |f] < A on F and

1
G | @l <2

Qj

by Theorem 24.6, we have

ol = [ 4+ [ o
- [ [m(fQj) Q_f(y)dyfdx
< [ If@lde+ a3 m@,)

< A fll +4X°m(G)

1
27
< (A a3 171
= 5AIIh.
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Therefore

m({z : [Tg(x)| > A\/2}) < m({z : [Tg(x)]* > X*/4})

4 C1
< 5 ITgll3 < gl

ca\ ca|l flla
< Ifll =
)\2

A

/\

for some constants c1, co. This provides the required inequality for
Tg.

Step 4. We now turn to Th. Define h;(x) to be equal to h(x) if
z € ) and to be zero otherwise. Let Q7 be the interval with the
same center as (; but with length twice as long. Let G* = U;Qj
and F* = (G*)°. Note that

m(G) <Y m(@;) =23 m(@;) = 2m(G).

If y; is the center of @}, r; is the length of Q;, = ¢ Q7. and y € @,
then

[z —y;l =75 > 20y —y;l-
Since [ h;(y)dy = fQ y)dy =0,

|Th;(z \—‘/Kx— y) dy
— | [ 1K@~ )~ Ko = )5 ) dy
< [ 1K@ -1) - Ko=)l 1wl do

J

Therefore, since F* = (G*)¢ = N;(Q})¢ C (Q)° for each j,

/F*|Th(:c)| dr < zj:/F \Th, ()] dx
< zj:/@;)c |Th(z)| dz
< Z/(Q)/ K —y) = Ko =)l Ihy(y)] dy do
—;/j/@ﬁc K~ ) — K (e — )| de [y ()| dy
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: Z/ /£ /|>2ly-y;| K(@" = (y = ;) = K@) da’|h; (y)| dy
éczZ/Qmj(y)my.

In the next to the last inequality we made the substitution z’ =
x —y; and in the last inequality we used the fact that K satisfies
Hormander’s condition.

Now h = hj on @Q; and h = f — g, so

mwldy< [ 1f@ldy+ [ [—o [ 1f@)lde] ay
; Qi Q, tm(Q;) Jo,

J J

=2 [ 1wy

J

We therefore conclude

/|Th |<2CQZ/ Wldy < 26|If 1.

By the Chebyshev inequality,

m({z € F* : [Th(x)| > A/2}) = m({z : |Th(z)|xr- (x) > A/2})

_ JITh@) e () da
= A2

2
= X/ |Th(x)|dx

202
BULIALE

\ /\

We also have
m({z € G* : |Th(z)| > A/2}) < m(G") < 2m(G) < %IIfHL

Combining gives the required inequality for Th.

Step 5: 1 < p < 2. The operator T is linear, is of weak-type 1-1 and
is bounded on L?. By the Marcinkiewicz interpolation theorem, T
is bounded on L' N LP for 1 < p < 2.

Step 6: 2 < p < co. We obtain the boundedness of T" on L? for
p > 2 by a duality argument. Suppose p > 2 and choose ¢ so that
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pl4+qgl=1TIfelnLr,

1741, =sup { [ )Ty lglars < Cc}
since the C'} functions are dense in L?. But

/ o(Tf)dy = / () K (y — ) f () dzdy = - / f(2)(Tg)(z) dz.

By Holder’s inequality, the absolute value of the last integral is less
than or equal to

[l Tglle < call Fllnllglla

for a constant c4. The inequality here follows from Step 5 since
1 < ¢ < 2. Taking the supremum over g € L4 N C}, with [|g|l, <1,
we obtain by the duality of LP and L7 that

ITFllp < call fllp-

Step 7. We have proved the boundedness of T'f where we chose ¢
and N and then left them fixed, and obtained

”Tpr < Cp”f”pa (24.14)

where ¢, does not depend on € or N. If we apply (24.14) for f € C},
and let € - 0 and N — oo, we obtain by Fatou’s lemma that

I fllp < cpll Fllo-

This is what we were required to prove. O

Remark 24.12 An examination of the proof shows that the es-
sential properties of the Hilbert transform that were used are that
its Fourier transform is bounded, that it satisfies Hormander’s con-
dition, and that H f exists for a sufficiently large class of functions.
Almost the same proof shows LP boundedness for a much larger
class of operators. See [9] for an exposition of further results in
this theory.
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24.7 Exercises

Exercise 24.1 Let f € LP(R™) for some 1 < p < oo. Define I'(x)
to be the cone in R™ x [0, 00) defined by

I(z) ={(z,y) : 2 €R",y € (0,00), |z — x| <y}
(1) Prove that there exists a constant ¢; such that

sup |B,f(z)| < aaMf(z).
(2,9)€l(z)

(2) Prove that

t B z)= z), a.e.
(2,9)ED(2),(2,y) =z wf(x) = f(x)

The assertion in (2) is known as Fatou’s theorem and the conver-
gence is called nontangential convergence.

Exercise 24.2 Let A be a bounded open set in R™ and let rA+z =
{ry+xz:y e A} for r >0 and = € R™. Suppose f is an integrable
function on R™ and m is Lebesgue measure. Prove that

. 1
}}_ﬁ% m /TA_M fy)dy = f(x), a.e.

Exercise 24.3 Suppose f is in LP(R?) for 1 < p < oo. Let Rpy
be a rectangle whose sides are parallel to the = and y axes, whose
base is h, and whose height is h. Prove that

1
1i — = .e.
W L fy)dy=f(z), ae,
where Rpr, + 2 ={y+z:y € Rpi}.

Exercise 24.4 Let P, be defined by (24.4) where we take the di-
mension n to be 1.

(1) Prove that the Fourier transform of e~/*l is a constant times
1/(1 + u?).

(2) FIDT y > 0. Prove that the Fourier transform of h(x) = P(x,y)
is e” %Y,
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Exercise 24.5 Prove that if y1,y2 > 0 and f € LP for some 1 <
p < oo, then Py, (Py,f) = Py, 4y, f. This shows that the family
{P,} is an example of what is known as a semigroup of operators.

Exercise 24.6 Let P, be defined by (24.4) where we take the di-
mension n to be 1.

(1) Prove that the Hilbert transform of P, is equal to the function
a/(@® +y?).

(2) Conclude that the Hilbert transform is not a bounded operator
on L'(R).

Exercise 24.7 Suppose that f € C} and f > 0. Prove that the
Hilbert transform of f is not in L!(R).

Exercise 24.8 Let H.y be defined by (24.8). Prove that H.y
satisfies Hérmander’s condition with a constant not depending on
gor N.

Exercise 24.9 Let f be a C}( function on R™ and for 1 < j <n
prove that the limit

. Yj
Rif = Jwm [ f@ - y)dy
! €20,N=00 Joc|z|<N |y|n+1

exists. R; is a constant multiple of the jt" Riesz transform.

Exercise 24.10 Show that the Fourier transform of R; defined in
Exercise 24.9 is a constant multiple of u;/|ul.

Exercise 24.11 Prove that R; defined in Exercise 24.9 satisfies

[ Ryllp < cpllfllp

for all C}( functions f , where 1 < j < n, 1 < p < o0, and ¢,
depends only on n and p.

Exercise 24.12 Suppose 1 < p < oo and 1 <4i,j <n.
(1) Prove there exists a constant c¢o such that if f is C*° with
compact support, then

0% f
8$¢6$€j

=co i RjAf,
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where R; and R; are Riesz transforms, and Af = Zk 13 o f is the

Laplacian.
(2) Prove there exists a constant ¢, such that

Haxzax H <ol Afllp

for f € C? with compact support.

Exercise 24.13 Suppose K is an odd function, K € L?(R), we
have |K(x)| < 1/]z| for each x # 0, and K satisfies Hormander’s
condition. Prove that K is bounded.

Exercise 24.14 Let f € L?(R) and set u(x,y) = P, f(z), where
P, f is the Poisson integral of f. Define

oo ) 1/2
o) = ( [ uivutPay) "
0
Here
du2 | Ou
2 _ | YY" —
[Vl 7‘8y Jr;’@xk

g(f) is one of a class of functions known as Littlewood-Paley func-
tions. Prove there exists a constant ¢; such that

1£ll2 = cllg(f)ll2-



Chapter 25

Spectral theory

An important theorem from undergraduate linear algebra says that
a symmetric matrix is diagonalizable. Our goal in this chapter is
to give the infinite dimensional analog of this theorem:.

We first consider compact symmetric operators on a Hilbert
space. We prove in this case that there is an orthonormal basis of
eigenvectors. We apply this to an example that arises from partial
and ordinary differential equations.

We then turn to general bounded symmetric operators on a
Hilbert space. We derive some properties of the spectrum of such
operators, give the spectral resolution, and prove the spectral the-
orem.

Throughout this chapter we assume our Hilbert space is sepa-
rable, that is, there exists a countable dense subset. We also only
consider Hilbert spaces whose scalar field is the complex numbers.

25.1 Bounded linear operators

Let H be a Hilbert space over the complex numbers. Recall that
a linear operator A : H — H is bounded if
[All = sup{[[Az]| : [|=]] < 1}

is finite. Given two linear operators A and B and a complex number
¢, we define (A + B)(z) = Az + Bz and (cA)(x) = cA(z). The set

349
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L of all bounded linear operators from H into H is a linear space,
and by Exercise 18.7, this linear space is a Banach space. We can
define the composition of two operators A and B by

(AB)(z) = A(Bx).
Note that
I(AB)(2)[| = [A(B2)|| < Al B[l < [AIllIBI ||zl
and we conclude that
IAB] < [|A]{IB]]- (25.1)

In particular, | A%|| < (|| Al|)* and [|A*] < ([|A]))".

The operator of composition is not necessarily commutative
(think of the case where H is C™ and A acts by matrix multi-
plication), but it is associative and the distributive laws hold; see
Exercise 25.1. The space of bounded linear operators from a Ba-
nach space to itself is an example of what is known as a Banach
algebra, but that is not important for what follows.

Let A be a bounded linear operator. If z is a complex number
and [ is the identity operator, then zI — A is a bounded linear
operator on H which might or might not be invertible. We define
the spectrum of A by

o0(A) ={z € C: zI — A is not invertible}.

We sometimes write z — A for zI — A. The resolvent set for A is
the set of complex numbers z such that z — A is invertible. We
define the spectral radius of A by

r(A) =sup{|z| : z € 0(4)}.

We say « € H with = # 0 is an eigenvector corresponding to an
eigenvalue X € C if Az = Az. If X is an eigenvalue, then A € o(A).
This follows since (A — A)z = 0 while z # 0, so A — A is not
one-to-one.

The converse is not true, that is, not every element of the spec-
trum is necessarily an eigenvalue.
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Example 25.1 Let H = ¢? and let e,, be the sequence in ¢2 which
has all coordinates equal to 0 except for the n** one, where the
coordinate is equal to 1. Define

A(al,ag,ag, . ) = (al,a2/2,a3/3, . )

Clearly A is a bounded operator. On the one hand, A does not
have an inverse, for if it did, then A='e,, = ne,, and A~ would
not be a bounded operator. Therefore 01 — A is not invertible, or
0 is in the spectrum. On the other hand, we do not have Az = Oz
for any non-zero x, so 0 is not an eigenvalue.

Proposition 25.2 If B is a bounded linear operator from H to H
with ||B|| < 1, then I — B is invertible and

(o]
(I-B)'=> B, (25.2)
i=0
with the convention that B® = I.

Proof. If || B|| < 1, then

|2

which shows that S, = > B is a Cauchy sequence in the Ba-
nach space L of linear operators from H to H. By the complete-
ness of this space, S, converges to S = E;ﬁo B!, We see that
BS =37 B"=5—1,s0 (I —B)S=1I. Similarly we show that
S(I-B)=1. =]

SRS LR

1=m

Proposition 25.3 If A is an invertible bounded linear operator
from H to H and B is a bounded linear operator from H to H with
|B|| < 1/||A~Y|, then A — B is invertible.

Proof. We have ||[A7'B|| < ||[A7Y|||B|| < 1, so by Proposition
25.2 we know that I—A~! B is invertible. If M and N are invertible,
then

(NT'M Y (MN)=1=(MN)(N"'M™1),
so MN is invertible. We set M = A and N = I — A™'B, and
conclude that A — B is invertible. O



352 CHAPTER 25. SPECTRAL THEORY

Proposition 25.4 If A is a bounded linear operator from H into
H, then o(A) is a closed and bounded subset of C and r(A) < ||A].

Proof. If z ¢ o(A), then zI — A is invertible. By Proposition 25.3,
if |w — 2| is small enough, then

wl—A=(zI—A)—(z—w)l

will be invertible, and hence w ¢ o(A). This proves that o(A)° is
open, and we conclude that o(A) is closed.

We know from (25.2) that
(2l —A)t=2tT - AN = ZA”zfnfl
n=0
converges if [[Az7|| < 1, or equivalently, |z| > ||A4]. In other

words, if |z| > ||A||, then z ¢ o(A). Hence the spectrum is con-
tained in the closed ball in H of radius ||A| centered at 0. O

If A is a bounded operator on H, the adjoint of A, denoted A*,
is the operator on H such that (Az,y) = (x, A*y) for all z and y.

It follows from the definition that the adjoint of cA is ¢A* and
the adjoint of A™ is (A*)". If P(z) = >7_ja;a’ is a polynomial,
the adjoint of P(A) = >>7_ja; A7 will be

P(A*) =) a;P(AY).
j=0
The adjoint operator always exists.

Proposition 25.5 If A is a bounded operator on H, there exists
a unique operator A* such that (Axz,y) = (x, A*y) for all x and y.

Proof. Fix y for the moment. The function f(x) = (Ax,y) is a
linear functional on H. By the Riesz representation theorem for
Hilbert space, Theorem 19.10, there exists z, such that (Az,y) =
(@, zy) for all z. Since

<I?Zy1+y2> = <A{E,y1 + y2> = <A1‘7y1>+<AI,y2> = <x72y1>+<zazy2>
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for all z, then 2y, 4y, = 2y, + 2y, and similarly z., = czy,. If we
define A*y = z,, this will be the operator we seek.

If A; and As are two operators such that (x, A1y) = (Az,y) =
(x, Aoy) for all  and y, then A;y = Asy for all y, so A; = As.
Thus the uniqueness assertion is proved. O

25.2 Symmetric operators

A bounded linear operator A mapping H into H is called symmetric
if

(Az,y) = (x, Ay) (25.3)

for all z and y in H. Other names for symmetric are Hermitian or
self-adjoint. When A is symmetric, then A* = A, which explains
the name “self-adjoint.”

Example 25.6 For an example of a symmetric bounded linear op-
erator, let (X, A, 1) be a measure space with p a o-finite measure,
let H = L*(X), and let F(z,y) be a jointly measurable function
from X x X into C such that F(y,x) = F(z,y) and

[ [ e utds) i) < . (25.4)
Define A: H — H by
Af@) = [ Fla.)f) uldy). (25.5)

Exercise 25.4 asks you to verify that A is a bounded symmetric
operator.

We have the following proposition.

Proposition 25.7 Suppose A is a bounded symmetric operator.
(1) (Az, z) is real for all x € H.

(2) The function x — (Ax,x) is not identically 0 unless A = 0.
(3) [|A]l = supyjz =y [{Az, 2)|.
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Proof. (1) This one is easy since

(Az,z) = (z, Ax) = (Az, z),
where we use Z for the complex conjugate of z.

(2) If (Az,z) = 0 for all x, then

0= (A(z +y),z+y) = (Az,z) + (Ay,y) + (Az,y) + (Ay, z)
= <A'7;ay> + <y,Ax> = <A'Tay> + <A$,y>

Hence Re (Az,y) = 0. Replacing x by iz and using linearity,
Im ((Az,y)) = —Re (i{Azx,y)) = —Re ((A(iz),y)) = 0.

Therefore (Az,y) = 0 for all z and y. We conclude Az = 0 for all
z, and thus A = 0.

(3) Let B = sup| =1 [(Az,z)|. By the Cauchy-Schwarz inequal-
ity,
[(Az, 2)| < || Az| || < [|A]| [|=]%,

so < || Al

To get the other direction, let ||z|| = 1 and let y € H such that
lly] =1 and (y, Azx) is real. Then

(y, Az) = 1({z +y, Az +y)) — (& —y, Az — y))).
We used that (y, Az) = (Ay,x) = (Az,y) = (x, Ay) since (y, Az)
is real and A is symmetric. Then
16/(y, Az)|* < B*(lz +y[|* + = — yl*)

= 437 (|l=l* + lyll*)?

=163
We used the parallelogram law (equation (19.1)) in the first equal-
ity. We conclude [(y, Az)| < 5.

If |y|| = 1 but (y, Az) = re is not real, let y' = e~y and
apply the above with 3’ instead of y. We then have

[y, Az)| = [(y', Az)| < 5.

Setting y = Az/||Az||, we have ||Az| < . Taking the supremum
over z with ||z|| = 1, we conclude || A|| < 5. O
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25.3 Compact symmetric operators

Let H be a separable Hilbert space over the complex numbers and
let B; be the open unit ball in H. We say that K is a compact
operator from H to itself if the closure of K(B) is compact in H.

Example 25.8 The identity operator on H = ¢? is not compact;
see Exercise 19.5.

Example 25.9 Let H = ¢2, let n > 0, let A1,..., A\, be complex
numbers, and define

K(al,ag,...,) = ()\1(11,)\2(12,...,/\”an,o,o,...).

Then K(Bj) is contained in F' = E x {(0,0,...)}, where F =
[T, B(0,);). The set F is homeomorphic (in the topological
sense) to E, which is a closed and bounded subset of C™. Since
C™ is topologically the same as R?", the Heine-Borel theorem says
that F is compact, hence F is also. Closed subsets of compact sets

are compact, so the closure of K(Bj) is compact.

Before we can give other examples of compact operators, we
need a few facts.

Proposition 25.10 (1) If K1 and Ka are compact operators and
c is a complex number, then cK1 + K5 is a compact operator.

(2) If L is a bounded linear operator from H to H and K is a
compact operator, then KL and LK are compact operators.

(3) If K,, are compact operators and lim,_, || K, — K| = 0, then
K is a compact operator.

Proof. (1) Since (K1 + KQ)(Bl) C Kl(Bl) —|—K2(Bl), (1) follows
by Exercise 25.5. The proof for cK; is even easier.

(2) The closure of M L(B;) will be compact because the closure
of L(By) is compact and M is a continuous function, hence M
maps compact sets into compact sets.

L(B;) will be contained in the ball B(0, ||L||). Then ML(B)
will be contained in ||L||M (By), and the closure of this set is com-
pact.
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(3) Recall from Theorem 20.23 that a subset A of a metric space
is compact if and only if it complete and totally bounded. Saying
A is totally bounded means that given € > 0, A can be covered
by finitely many balls of radius €. Let € > 0. Choose n such that
|IK, — K| < /2. Since K, is compact, the closure of K,,(B;) can
be covered by finitely many balls of radius /2. Hence the closure of
K (By) can be covered by the set of balls with the same centers but
with radius €. Therefore the closure of K(Bj) is totally bounded.
Since H is a Hilbert space, it is complete. We know that closed
subsets of complete metric spaces are complete. Hence the closure
of K(B) is complete and totally bounded, so is compact. |

We now give an example of a non-trivial compact operator.

Example 25.11 Let H = ¢? and let
K(ai,a2,as,...) = (a1/2,a2/2%, a3/23,...).
Note K is the limit in norm of K, where
Kn(ay,as,...) = (a1/2,a2/2%,...,a,/2",0,0,...).

Each K, is compact by Example 25.9. By Proposition 25.10, K is
a compact operator.

Here is another interesting example of a compact symmetric
operator.

Example 25.12 Let H = L?([0,1]) and let F : [0,1]> - R be a
continuous function with F(x,y) = F(y,«) for all  and y. Define
K:H — H by

Kf(z) = / Fz,9)1(y) dy.

We discussed in Example 25.6 the fact that K is a bounded sym-
metric operator. Let us show that it is compact.

If fe L2([0,1]) with || f|| <1, then
1
Kf@) = K1) =] [ (Pl - el )

< ([ e - raraw) i)
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using the Cauchy-Schwarz inequality. Since F is continuous on
[0, 1]%, which is a compact set, then it is uniformly continuous there.
Let € > 0. There exists § such that

sup sup|F(z,y) — F(z',y)| <e.
|z—z'|<6 Y

Hence if |z — 2’| < 6, then |K f(x) — K f(2')| < € for every f with
[fIl < 1. In other words, {Kf : ||f]| < 1} is an equicontinuous
family.

Since F' is continuous, it is bounded, say by IV, and therefore

1
K f(z)] < / N\ ()] dy < N f1,

again using the Cauchy-Schwarz inequality. If K f, is a sequence
in K(B;), then {K f,,} is a bounded equicontinuous family of func-
tions on [0,1], and by the Ascoli-Arzela theorem, there is a sub-
sequence which converges uniformly on [0,1]. It follows that this
subsequence also converges with respect to the L? norm. Since
every sequence in K (Bj) has a subsequence which converges, the
closure of K(B1) is compact. Thus K is a compact operator.

We will use the following easy lemma repeatedly.

Lemma 25.13 If K is a compact operator and {x,} is a sequence
with ||z,|| < 1 for each n, then {Kx,} has a convergent subse-
quence.

Proof. Since ||lz,|| < 1, then {3z,} C B;. Hence {$Kuz,} =

{K(3zn)} is a sequence contained in K(Bj), a compact set and
therefore has a convergent subsequence. O

We now prove the spectral theorem for compact symmetric op-
erators.

Theorem 25.14 Suppose H is a separable Hilbert space over the
complex numbers and K is a compact symmetric linear operator.
There exist a sequence {zn} in H and a sequence {\,} in R such
that

(1) {zn} is an orthonormal basis for H,
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(2) each z, is an eigenvector with eigenvalue X\, that is, Kz, =
AnZn,

(3) for each A\, # 0, the dimension of the linear space {x € H :
Kz = \,a} is finite,

(4) the only limit point, if any, of {A\n} is 0; if there are infinitely
many distinct eigenvalues, then 0 is a limit point of {\,}.

Note that part of the assertion of the theorem is that the eigenval-
ues are real. (3) is usually phrased as saying the non-zero eigen-
values have finite multiplicity.

Proof. If K = 0, any orthonormal basis will do for {z,} and all
the A\, are zero, so we suppose K # 0. We first show that the
eigenvalues are real, that eigenvectors corresponding to distinct
eigenvalues are orthogonal, the multiplicity of non-zero eigenvalues
is finite, and that 0 is the only limit point of the set of eigenvalues.
We then show how to sequentially construct a set of eigenvectors
and that this construction yields a basis.

If A\, is an eigenvalue corresponding to a eigenvector z, # 0, we
see that

)\n<2nazn> = <>\nzn7zn> = <K2n,2n> = <Zn7KZn>
- <Zn7 )\nzn> - Xn <Zn» Zn>7
which proves that A, is real.

If A\, # A, are two distinct eigenvalues corresponding to the
eigenvectors z, and z,,, we observe that

)\n<2nazm> = <>\nzn72m> = <Kzn72m> = <Zn7sz>
= (2ny Amzm) = Am(2n, 2m),
using that A, is real. Since \,, # A, we conclude (zy,, z;m) = 0.

Suppose A, # 0 and that there are infinitely many orthonormal
vectors xj such that Kxp = A\,xr. Then

lwr — 2511 = (zn — x5, 2% — 5) = [Jal]® — 2k, 25) + ||z =2

if j # k. But then no subsequence of \,x; = Kx) can converge, a
contradiction to Lemma 25.13. Therefore the multiplicity of A, is
finite.

Suppose we have a sequence of distinct non-zero eigenvalues
converging to a real number A # 0 and a corresponding sequence
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of eigenvectors each with norm one. Since K is compact, there is
a subsequence {n;} such that K 2zpn, converges to a point in H, say

w. Then
1 Ko o 1
Zn, = — Kz, = —w,
;4 )\n]_ Mg )\
or {zy, } is an orthonormal sequence of vectors converging to A tw.
But as in the preceding paragraph, we cannot have such a sequence.

Since {A,} C B(0,7(K)), a bounded subset of the complex
plane, if the set {\,,} is infinite, there will be a subsequence which
converges. By the preceding paragraph, 0 must be a limit point of
the subsequence.

We now turn to constructing eigenvectors. By Lemma 25.7(3),
we have

K| = sup |[(Kw,z)|

llzll=1

We claim the maximum is attained. If sup|, -, (Kz,z) = [|K],
let A = ||K||; otherwise let A = —||K||. Choose x,, with ||z,| =1
such that (Kxz,,x,) converges to A\. There exists a subsequence
{n;} such that Kz, converges, say to z. Since A # 0, then z # 0,
for otherwise A = lim; o (Kp,, Z,,;) = 0. Now

I = AD2[ = lim (K = ALK, |

<|IK|? lim [[(K = M)y, ||”
j—o0

and

(K = AD)zn, |2 = [ Kz, 2 + X[, |2 = 2X (0, , K, )
< K|? + A% = 2XMzn,, Ky,
— A 4% - 207 =0.

Therefore (K — M)z = 0, or z is an eigenvector for K with corre-
sponding eigenvalue A.

Suppose we have found eigenvectors z1, 23, ..., 2z, with corre-
sponding eigenvalues Aj,...,\,. Let X, be the linear subspace
spanned by {z1,...,2,} and let Y = X,;- be the orthogonal com-
plement of X,,, that is, the set of all vectors orthogonal to every
vector in X,,. If x € Y and k < n, then

(Kz,21,) = (w, K21,) = M, z1) = 0,
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or Kz € Y. Hence K maps Y into Y. By Exercise 25.6, K|y is a
compact symmetric operator. If Y is non-zero, we can then look
at K|y, and find a new eigenvector z,1.

It remains to prove that the set of eigenvectors forms a basis.
Suppose y is orthogonal to every eigenvector. Then

<Ky’zk> = <y7KZk> = <y7Aka> =0

if zj; is an eigenvector with eigenvalue Ag, so Ky is also orthogonal
to every eigenvector. Suppose X is the closure of the linear sub-
space spanned by {z;}, Y = X+, and Y # {0}. If y € Y, then
(Ky,z,) = 0 for each eigenvector zj, hence (Ky,z) = 0 for every
z€X,or K:Y — Y. Thus K|y is a compact symmetric opera-
tor, and by the argument already given, there exists an eigenvector
for K|y. This is a contradiction since Y is orthogonal to every
eigenvector. O

Remark 25.15 If {z,} is an orthonormal basis of eigenvectors for
K with corresponding eigenvalues \,,, let E,, be the projection onto
the subspace spanned by z,, that is, E,z = (z,2,)z,. A vector x
can be written as Y (z,zn)2n, thus Kz = > A, (2, 2,)2,. We

can then write
K=Y M\E,.

For general bounded symmetric operators there is a related expan-
sion where the sum gets replaced by an integral; see Section 25.6.

Remark 25.16 If z, is an eigenvector for K with corresponding
eigenvalue \,, then Kz, = A\, z,, so

K22, = K(Kz,) = K(Anzn) = MKz, = ()220

More generally, K7z, = (\,)?2,. Using the notation of Remark
25.15, we can write

K'=Y (Ay)En.

n

If @ is any polynomial, we can then use linearity to write

QUK) = Q(\n)En.
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It is a small step from here to make the definition
FK) =" f(\n)En

for any bounded and Borel measurable function f.

25.4 An application

Consider the ordinary differential equation

—f"(x) = g(x) (25.6)

with boundary conditions f(0) =0, f(27) = 0. We put the minus
sign in front of f” so that later some eigenvalues will be positive.

When g is continuous, we can give an explicit solution as follows.
Let

G(z,y) =

{xm —y)/2m, 0<z<y<om 257

y(2r —x)/27, 0<y<z <27

Recall that a function is in C? if it has a continuous second
derivative. We then have

Proposition 25.17 If g is continuous on [0, 2], then

27
f(a) = / G, y)a(y) dy

is a C? function, f(0) = f(27) =0, and —f"(z) = g(x).

Proof. Clearly f(0) = f(2m) = 0 by the formula for G. We see
that

0

h h
2
- H(zx,y)dy
0
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as h — 0 by the dominated convergence theorem, where

Hiz.y) = {(% —y)/2m @<y

—y/2m, T > .
Thus

T 27 T —
f’(ﬂc)=/0 %g(y)der/ 2 Yo(y) dy.

2 2

By the fundamental theorem of calculus, f’ is differentiable and

1) = S gt -

g(x) = —g(x)

as required. O

The function G is called the Green’s function for the operator
Lf = f”. The phrase “the Green’s function” is awkward English,
but is nevertheless what people use.

By Examples 25.6 and 25.12 the operator
Kf@) = [ Gan) 1wy

is a bounded compact symmetric operator on L?([0,27]), so there
exists an orthonormal basis of eigenvectors {z, } with corresponding
eigenvalues {\,}. If A\, = 0, then z,, = A\, Kz, is continuous since
K maps L? functions to continuous ones. By Proposition 25.17
we can say more, namely that z, € C?  2,(0) = 2,(27) = 0,
and —2/ = X\;'z,. The solutions to this differential equation,
or equivalently 2/ + A\, 'z, = 0, with 2,(0) = 2,(27), are z, =
712 sin(nx/2) with A, = 4/n.

We note that 0 is not an eigenvalue for K because if Kz =
0, then z is equal to the second derivative of the function that

is identically 0, hence z is identically 0. Therefore z is not an
eigenvector.

A function f € L%(]0,27]) can be written as

[= Z <fa Zn>zna

n=1
where z,(z) = 7~ /?sin(nz/2) and the sum converges in L?. This
is called a Fourier sine series.
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We can use the above expansion to solve the partial differential

equation
ou 0%u
ot b = 022 922 H %)

with w(¢,0) = u(t,2m) = 0 for all ¢ and u(0,2) = f(z) for all
z € [0,27], where f € L*([0,2]). This partial differential equation
is known as the heat equation. Write f = >">° | (f, zn)2p. It is then
a routine matter to show that the solution is

o0
Z frzn)e Az,

This formula may look slightly different from other formulas you
may have seen. The reason is that we are using A, for the eigenval-
ues of K; {1/, } will be the eigenvalues for the operator Lf = — f”.

25.5 Spectra of symmetric operators

When we move away from compact operators, the spectrum can
become much more complicated. Let us look at an instructive
example.

Example 25.18 Let H = L?([0,1]) and define A : H — H by
Af(z) = xf(x). There is no difficulty seeing that A is bounded
and symmetric.

We first show that no point in [0, 1]¢ is in the spectrum of A. If z
is a fixed complex number and either has a non-zero imaginary part
or has a real part that is not in [0, 1], then z — A has the inverse
Bf(z) = 2 f(z). It is obvious that B is in fact the inverse of
z — A and it is a bounded operator because 1/|z — x| is bounded
on z € [0,1].

If z € [0,1], we claim z — A does not have a bounded inverse.
The function that is identically equal to 1 is in L?([0, 1]). The only
function g that satisfies (z — A)g =11is g = 1/(z — x), but g is not
in L?([0,1]), hence the range of z — A is not all of H.

We conclude that o(A) = [0,1]. We show now, however, that no
point in [0, 1] is an eigenvalue for A. If z € [0, 1] were an eigenvalue,
then there would exist a non-zero f such that (z — A)f = 0. Since
our Hilbert space is L?, saying f is non-zero means that the set of
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x where f(z) # 0 has positive Lebesgue measure. But (z—A)f =0
implies that (z — z)f(z) = 0 a.e., which forces f = 0 a.e. Thus A
has no eigenvalues.

We have shown that the spectrum of a bounded symmetric op-
erator is closed and bounded. A bit more difficult is the fact that
the spectrum is never empty.

Proposition 25.19 If A is a bounded symmetric operator, then
o(A) contains at least one point.

Proof. Suppose not. Then for each z € C, the inverse of the
operator z — A exists. Let us denote the inverse by R,. Since z — A
has an inverse, then z — A is one-to-one and onto, and by the open
mapping theorem, z — A is an open map. This translates to R,
being a continuous operator, hence a bounded operator.

Let z,y € H and define f(z) = (R.z,y) for z € H. We want to
show that f is an analytic function of z. If w # z,

w—A=(z-A)—(z—w)l=(z—A)I - (z—w)R,).

If |z — w| < 1/||R. |, then
Ry = (w—A)"" =R (( - w)R.)").
=0

=

Therefore
lim ———= = —R?, (25.8)

woz W — 2 Z

It follows that
L Tw) - f(2)

w—z w—z

= —<R§I7 y>7
which proves that f has a derivative at z, and so is analytic.
For z > ||A|| we have
R.=(-A)t=11-214)""1

and using Proposition 25.2, we conclude that f(z) = (R,x,y) — 0
as |z| — oo.
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We thus know that f is analytic on C, i.e., it is an entire func-
tion, and that f(z) tends to 0 as |z| — oo. Therefore f is a bounded
entire function. By Liouville’s theorem from complex analysis (see
[1] or [8]), f must be constant. Since f tends to 0 as |z| tends
to infinity, that constant must be 0. This holds for all y, so R,z
must be equal to 0 for all  and z. But then for each z we have
x = (z— A)R,z = 0, a contradiction. O

Before proceeding, we need an elementary lemma.

Lemma 25.20 If M and N are operators on H that commute and
M N is invertible, then both M and N are also invertible.

Proof. If M has a left inverse A and a right inverse B, that is,
AM =1 and MB =1, then A = A(MB) = (AM)B = B and so
M has an inverse. It therefore suffices to prove that M has both a
left and right inverse, and then to apply the same argument to V.

Let L = (MN)~'. Then M(NL) = (MN)L = I and M has a

right inverse. Using the commutativity, (LN)M = L(MN) = 1,
and so M has a left inverse. Now use the preceding paragraph. O

Here is the spectral mapping theorem for polynomials.

Theorem 25.21 Suppose A is a bounded linear operator and P is
a polynomial. Then o(P(A)) = P(o(A)).

By P(0(A)) we mean the set {P(\) : A € o(A)}.

Proof. We first suppose A € o(P(A)) and prove that A € P(o(A4)).
Factor

A—Px)=clzr—a1) - (z—am).
Since A € o(P(A)), then A—P(A) is not invertible, and therefore for
at least one 7 we must have that A—a; is not invertible. That means
that a; € o(A). Since a; is a root of the equation A — P(z) = 0,
then A = P(a;), which means that A € P(c(A)).

Now suppose A € P(g(A)). Then A = P(a) for some a € g(A).
We can write
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for some coefficients b;, and then

n

P(x) = P(a) =) bi(z' —d') = (z — a)Q(x)

i=1

for some polynomial @, since z — a divides x* — a® for each i > 1.
We then have

P(A) — A = P(A) — P(a) = (A — a)Q(A).

If P(A) — X were invertible, then by Lemma 25.20 we would have
that A — a is invertible, a contradiction. Therefore P(A) — X is not
invertible, i.e., A € o(P(A)). O

A key result is the spectral radius formula. First we need a
consequence of the uniform boundedness principle.

Lemma 25.22 If B is a Banach space and {x,} a subset of B
such that sup,, | f(zn)] s finite for each bounded linear functional
f, then sup,, ||z, is finite.

Proof. For each x € B, define a linear functional L, on B*, the
dual space of B, by

Lo(f) = f(=),  feB
Note [Ly(f)] = |f(@)] < [[f[H2l], so [ L] < [l2]]-

To show equality, let M = {cx : ¢ € C} and define f(cz) =
c|lz||. We observe that f is a linear functional on the subspace M,
|f(z)| = ||z||, and || f]] = 1. We use the Hahn-Banach theorem,
Theorem 18.6, to extend f to a bounded linear functional on B,
also denoted by f, with || f|| = 1. Then |L,(f)| = |f(z)| = ||z||, so
|Lell > |lz]). We conelude [|Lq| = |z

Since sup,, |Ls, (f)| = sup,, |f(z,)| is finite for each f € B*, by
the uniform boundedness principle (Theorem 18.8),

sup || L, || < oo.
n

Since || Ly, || = ||zn||, we obtain our result. O

Here is the spectral radius formula.
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Theorem 25.23 If A is a bounded linear operator on H, then
1 n|l/n
r(A) = lim A"
Proof. By Theorem 25.21 with the polynomial P(z) = 2", we
have (o(A))™ = 0(A™). Then

(r(A))" = ( sup |z[)" = sup [2"|

z€0(A) z€a(A)
= sup fw[=r(A") <[lA"] <[lA]".
weo(A™)

We conclude
r(A) < liminf ||A™||*/".
n— 00

For the other direction, if z € C with |z| < 1/r(A), then [1/z| >
r(A), and thus 1/z ¢ o(A) by the definition of r(A). Hence I —
zA = 2(27'I — A) if invertible if z # 0. Clearly I — zA is invertible
when z = 0 as well.

Suppose B is the set of bounded linear operators on H and f
a linear functional on B. The function F(z) = f((I — zA)™!) is
analytic in B(0,1/r(A)) C C by an argument similar to that in
deriving (25.8). We know from complex analysis that a function
has a Taylor series that converges absolutely in any disk on which
the function is analytic. Therefore F' has a Taylor series which
converges absolutely at each point of B(0,1/r(A)).

Let us identify the coefficients of the Taylor series. If |z| <
1/]|A]|, then using (25.2) we see that

F(z) = f( 3 z"A”) =3 fama, (25.9)
n=0 n=0

Therefore F(™(0) = n!f(A"), where F(™) is the n*" derivative of
F. We conclude that the Taylor series for F' in B(0,1/r(A)) is

F(z)=>_ f(A")z" (25.10)

The difference between (25.9) and (25.10) is that the former is valid
in the ball B(0,1/||A||) while the latter is valid in B(0,1/r(A)).
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It follows that > f(2™A™) converges absolutely for z in the
ball B(0,1/r(A)), and consequently
lim |f(z"A™)] =0
n—oo
if |[z2| < 1/r(A). By Lemma 25.22 there exists a real number K

such that
sup |2 A" || < K
n

for all n > 1 and all z € B(0,1/r(A)). This implies that
2| A < K

and hence
| 2| lim sup || A" ||}/ < 1
n— oo

if |z| < 1/r(A). Thus

lim sup HA"Hl/" <r(A),

n—r oo

which completes the proof. O

We have the following important corollary.

Corollary 25.24 If A is a symmetric operator, then
[All = r(A).

Proof. In view of Theorem 25.23, it suffices to show that ||A™] =
[|A||™ when n is a power of 2. We show this for n = 2 and the
general case follows by induction.

On the one hand, ||42%|| < ||A||>. On the other hand,
JA]I* = ( sup [|Az[)* = sup |lAz]?*

llzll=1 [[=]=1
= sup (Az, Az) = sup (A%z,z)
lzll=1 =]=1
<47
by the Cauchy-Schwarz inequality. O

The following corollary will be important in the proof of the
spectral theorem.
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Corollary 25.25 Let A be a symmetric bounded linear operator.
(1) If P is a polynomial with real coefficients, then

[P(A)|l = sup [P(z)].
z€o(A)

(2) If P is a polynomial with complex coefficients, then

[P(A) <2 sup |P(2)].
z€o(A)

Proposition 25.27 will provide an improvement of assertion (2).

Proof. (1) Since P has real coefficients, then P(A) is symmetric
and

[P(A)[| =r(P(A)) = sup |[z]
z€a(P(A))
= sup [z]= sup [P(w)],
z€P(o(A)) weo(A)

where we used Corollary 25.24 for the first equality and the spectral
mapping theorem for the third.

(2) If P(z) = E?:o(aj +ibj)z7, let Q(z) = Z?:o a;z" and
R(z) = 3510 ;2" By (1),

IP(AI < QA+ [R(A)] < sup Q)]+ sup [R(z)],

z€o(A) z€0(A)

and (2) follows. |

The last fact we need is that the spectrum of a bounded sym-
metric operator is real. We know that each eigenvalue of a bounded
symmetric operator is real, but as we have seen, not every element
of the spectrum is an eigenvalue.

Proposition 25.26 If A is bounded and symmetric, then o(A) C
R.

Proof. Suppose A = a + ib, b # 0. We want to show that A is not
in the spectrum.
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If r and s are real numbers, rewriting the inequality (r — s)? >
0 yields the inequality 2rs < 72 + s2. By the Cauchy-Schwarz
inequality

2a(z, Az) < 2|a| |lz| [[Az| < a®[lz]? + || Az]*.
We then obtain the inequality

(A = A)z||? = ((a + bi — A)z, (a + bi — A)z)
= (a® +0°)[[«]|* + || Az||* — (a + bi){Az, z)
— (a — bi)(x, Ax)
= (a® +b?)||z||* + || Az|* — 2a(Az, z)
> b2||z||2. (25.11)

This inequality shows that A— A is one-to-one, for if (A—A)z; =
(A — A)z,, then
0=[[(A=A) (@1 — z2)|I* = b*[ler — 2o*.
Suppose A is in the spectrum of A. Since A — A is one-to-one

but not invertible, it cannot be onto. Let R be the range of A — A.
We next argue that R is closed.

If yp = (A — A)zy, and yr — v, then (25.11) shows that
b llak — zmll® < llye — yml®,
or xj, is a Cauchy sequence. If z is the limit of this sequence, then

n—oo

n—oo

Therefore R is a closed subspace of H but is not equal to H.
Choose z € R*. For all x € H,

0= (A= A)x,z) = (z,(A— A)z).

This implies that (A — A)z = 0, or X is an eigenvalue for A with
corresponding eigenvector z. However we know that all the eigen-
values of a bounded symmetric operator are real, hence X is real.
This shows A is real, a contradiction. 0
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25.6 Spectral resolution

Let f be a continuous function on C and let A be a bounded sym-
metric operator on a separable Hilbert space over the complex num-
bers. We describe how to define f(A).

We have shown in Proposition 25.4 that the spectrum of A is a
closed and bounded subset of C, hence a compact set. By Exercise
20.46 we can find polynomials P, (with complex coefficients) such
that P, converges to f uniformly on o(A). Then

sup |(Pn — Pp)(2)] =0
z€o(A)

as n,m — oo. By Corollary 25.25
(P = Pr)(A)] = 0

as n,m — 00, or in other words, P,(A) is a Cauchy sequence in
the space £ of bounded symmetric linear operators on H. We call
the limit f(A).

The limit is independent of the sequence of polynomials we
choose. If @, is another sequence of polynomials converging to
f uniformly on o(A), then

lim [P, (A) = @n(A)[| <2 sup [(Pr—@n)(z)| =0,
n—oo z€0(A)

s0 Qn(A) has the same limit P, (A) does.

We record the following facts about the operators f(A) when f
is continuous.

Proposition 25.27 Let f be continuous on o(A).

(1) {[(A)z,y) = (o, F(A)y) for all 2,y € H.

(2) If f is equal to 1 on o(A), then f(A) =1, the identity.

(3) If f(z) =z on o(A), then f(A) = A.

(4) f(A) and A commute.

(5) If f and g are two continuous functions, then f(A)g(A) =
(f9)(4).

(6) [F (A < sup.eqa) 1 (2)]-

Proof. The proofs of (1)-(4) are routine and follow from the cor-
responding properties of P,(A) when P, is a polynomial. Let us
prove (5) and (6) and leave the proofs of the others to the reader.



372 CHAPTER 25. SPECTRAL THEORY

(5) Let P, and @, be polynomials converging uniformly on
o(A) to f and g, respectively. Then P,Q, will be polynomials
converging uniformly to fg. The assertion (5) now follows from

(f9)(A) = lim (PaQu)(A) = lim_ P, (A)Qn(A) = f(A)g(A).

The limits are with respect to the norm on bounded operators on
H.

(6) Since f is continuous on o(A), sois g = |f|?. Let P, be poly-
nomials with real coefficients converging to g uniformly on o(A).
By Corollary 25.25(1),

lg(A)l = lim_ [|[Po(A)]| < Tim - sup |Pu(2)| = sup |g(z)]-
n—oo n—oo ZEO’(A) ZEO'(A)

If ||z|| = 1, using (1) and (5),
1£(A)zl* = (f(A)z, f(A)z) = (&, f(A) f(A)z) = (z,9(A)x)

<l lg(A)zl < llg(A)l < sup [g(2)|
z€o(A)
= sup [f(2)]".
z€o(A)
Taking the supremum over the set of  with ||z|| = 1 yields
IF(A)? < sup [£(2)P,
z€o(A)

and (6) follows. O

We now want to define f(A) when f is a bounded Borel mea-
surable function on C. Fix z,y € H. If f is a continuous function
on C, let

Loy f = (f(A)z,y). (25.12)
It is easy to check that L,, is a bounded linear functional on
C(c(A)), the set of continuous functions on o(A). By the Riesz
representation theorem for complex-valued linear functionals, Ex-
ercise 17.10, there exists a complex measure fi  , such that

(f(A)z,y) = Loy f = " f(2) pay (dz) (25.13)

for all continuous functions f on o(A). Now use the right hand
side of (25.13) to define L, , f for all f that are bounded and Borel
measurable.

We have the following properties of piz 4.
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Proposition 25.28 (1) iy, is linear in x.

(2) By,e = Hay-
(8) The total variation of pg.,, is less than or equal to ||zl ||ly||-

Proof. (1) The linear functional L, , defined in (25.12) is linear
in z and

/fd(ﬂw,y +pary) = Loy f + Lot yf = Loy yf = /dex+x’,y~

By the uniqueness of the Riesz representation (see Exercise 17.9),

Hata’y = Mz,y + e +y. The proof that jice ., = cpig y is similar.
(2) follows from the fact that if f is continuous on o(A), then

/ f bty = Lyof = (f(A)y.2) = (. F(A)z)

= FA)er) = Lo = [ T,

/ f iz,

Now use the uniqueness of the Riesz representation.

(3) For f continuous on o(A) we have

| [ o] = 1Laf| = (5 (A)2.0)
< WA ol Bl < 3 el o,

where ¢ = sup,eq(a|f(2)]. Taking the supremum over f €
C(o(A)) with v <1 and using Exercise 17.11 proves (3). O

If f is a bounded Borel measurable function on C, then LWJ is
linear in y. By the Riesz representation theorem for Hilbert spaces,
Theorem 19.10, there exists w, € H such that Ly,gj = (y,w,) for
all y € H. We then have that for all y € H,

Laoyf = f(2) prz y(dz) = f(z )Nv, (dz)

o(A) a(A)

= f(z) Ny,fc(dz) = Ly,m.f
o(A)

= (Y, we) = (W, Y)-
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Since

<y’ ww1+12> = Ly@ﬁ-wz? - Lvalf + Ly,wz? = <y’ ww1> + <y’ wftz>
for all y and

<y7 wcac> = Ly,cz? = 6Ly,z? = 6<y, wz> = <ya Cwm>
for all y, we see that w,, is linear in . We define f(A4) to be the
linear operator on H such that f(A)x = w,.

If C is a Borel measurable subset of C, we let

E(C) = xc(4). (25.14)
Remark 25.29 Later on we will write the equation

fA) = | 1) E@de). (25.15)
o(A)

Let us give the interpretation of this equation. If x,y € H, then

(B(C)z,1) = (xo(A)z,y) = / PRECIES

Therefore we identify (E(dz)z,y) with p, ,(dz). With this in mind,
(25.15) is to be interpreted to mean that for all z and v,

<f(A)JZ, y> = f(Z) Mm,y(d'z)'
o(A)

Theorem 25.30 (1) E(C) is symmetric.

(2) |E(C)] < 1.

(3) E(0) = 0, E(o(A)) = I.

(4) If C, D are disjoint, E(C UD) = E(C) + E(D).

(5) E(CND)=E(C)E(D).

(6) E(C) and A commute.

(7) E(C)? = E(C), so E(C) is a projection. If C, D are disjoint,
then E(C)E(D) = 0.

(8) E(C) and E(D) commute.

Proof. (1) This follows from

(@ E(CYy) = TBTOw2) = [ xelz) myald)

B /XC(Z) pay(d2) = (E(C)z,y).
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(2) Since the total variation of i, 4 is bounded by ||z ||y||, we
obtain (2).

(3) pzy(®) =0, s0 E(0) = 0. If f is identically equal to 1, then
f(A) =1, and

() = / ) = (B A)2.0).

This is true for all y, so x = E(o(A))z for all x.
(4) holds because ji5, is a measure, hence finitely additive.

(5) We will first prove that

f(A)g(A) = (fg)(A) (25.16)

if f and g are bounded and Borel measurable on o(A).

Now

<fn(A)gm(A)1'7y> = <(fngm)(A)x7y> (2517)

when f,, and g,, are continuous. The right hand side equals

/ (Fn) (2) i (d2),

which converges to

/ (Fa9)(2) tiay (d2) = ((fag)(A) 1)

when g,, — g boundedly and a.e. with respect to p, . The left
hand side of (25.17) equals

(92, T2(A0) = [ 9m ()17, (210, (02),

which converges to

[ 9@ 17, 00.02) = (o212, T ()

as long as g,, also converges a.e. with respect to I (A)ay- So we
have " 7

(fn(A)g(A)z,y) = ((fng)(A)z,y). (25.18)
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If we let f, converge to f boundedly and a.e. with respect to
ey, the right hand side converges as in the previous paragraph to
((f9)(A)x,y). The right hand side of (25.18) is equal to

(9(A)z, [, (A)y) = ([,.(A)y, g(A)z). (25.19)

If f, converges to f a.e with respect to Hy,g(A)z, the right hand
side of (25.19) converges by arguments similar to the above to

(f(A)y, g(A)z) = (g(A)z, f(A)y) = (f(A)g(A)z,y).

Assertion (5) now follows by letting f = x¢ and ¢ = xp and
noticing that fg = xcnp-

(6) Let h(z) = z. Note that h is bounded on o(A) since o(A) is
compact. We first apply (25.16) with f = x¢ and g = h and then
with f = h and g = x¢ to get that E(C)A = (fg)(4) = AE(C).

(7) Setting C = D in (5) shows E(C) = E(C)?, so E(C) is a
projection. If CND = @, then E(C)E(D) = E()) = 0, as required.

(8) Writing
E(C)E(D)=E(CNnD)=E(DNC)=E(D)E(C)

proves (8). O

The family {F(C)}, where C ranges over the Borel subsets of
C is called the spectral resolution of the identity. We explain the
name in just a moment.

Here is the spectral theorem for bounded symmetric operators.

Theorem 25.31 Let H be a separable Hilbert space over the com-
plex numbers and A a bounded symmetric operator. There exists
a operator-valued measure E satisfying (1)-(8) of Theorem 25.30
such that

fay = [ 5 B, (25.20)

o(A)

for bounded Borel measurable functions f. Moreover, the measure
FE is unique.

Remark 25.32 When we say that E is an operator-valued mea-
sure, here we mean that (1)—(8) of Theorem 25.30 hold. We use
Remark 25.29 to give the interpretation of (25.20).
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Remark 25.33 If f is identically one, then (25.20) becomes

I= / E(dN),
o (A)

which shows that {E(C)} is a decomposition of the identity. This
is where the name “spectral resolution” comes from.

Proof of Theorem 25.31. Given Remark 25.32, the only part
to prove is the uniqueness, and that follows from the uniqueness of
the measure i . O

25.7 Exercises

Exercise 25.1 Prove that if A, B, and C are bounded operators
from a Hilbert space to itself, then

(1) A(BC) = (AB)C;

(2) ABB+C)=AB+ AC and (B+ C)A = BA+ CA.

Exercise 25.2 Prove that if A is a bounded symmetric operator,
then so is A™ for each n > 1.

Exercise 25.3 Suppose H = C" and Az is multiplication of the
vector x € H by a nxn matrix M. Prove that A*x is multiplication
of = by the conjugate transpose of M.

Exercise 25.4 Let (X, A, i) be a o-finite measure space and F' :
X x X — C a jointly measurable function such that F(y,z) =
F(z,y) and (25.4) holds. Prove that if A is defined by (25.5), then
A is a bounded symmetric operator.

Exercise 25.5 If C, (s are subsets of a Hilbert space whose clo-
sures are compact, prove that the closure of

Ci+Co={z+y:xzeC,yeCs}

is also compact.
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Exercise 25.6 Prove that if H is a Hilbert space, K is a compact
symmetric operator on H, and Y is a closed subspace of X, then
the map K|y is compact.

Exercise 25.7 Suppose K is a bounded compact symmetric oper-
ator with non-negative eigenvalues Ay > Ay > ... and correspond-
ing eigenvectors z1, ..., z,. Prove that for each n,

(Kz,x)

Ap = max -
" xlzlv"'vzn—l Hl’”Q

This is known as the Rayleigh principle.

Exercise 25.8 Let K be a compact bounded symmetric operator
and let z1,...,z, be eigenvectors with corresponding eigenvalues
A1 > A2 > - > X,. Let X be the linear subspace spanned by
{#1,...,2n}. Prove that if y € X, we have (Ky,y) > A\, (y,y).

Exercise 25.9 Prove that the n*" largest non-negative eigenvalue
for a compact bounded symmetric operator satisfies

Ap = max{ min M

T : Sy, is a linear subspace
TESH X

of dimension n}
This is known as Fisher’s principle.

Exercise 25.10 Prove that the n*" largest non-negative eigen-
value for a compact bounded symmetric operator satisfies
(Kx,x)

Ap = min{ max ———o— S,,_1 is a linear subspace
vest ;=

of dimension n — 1}.

This is known as Courant’s principle.

Exercise 25.11 We say A is a positive operator if (Ax,x) > 0 for
all z. (In the case of matrices, the term used is positive definite.)
Suppose A and B are compact positive symmetric operators and
that B — A is also a positive operator. Suppose A and B have
eigenvalues «y, O, resp., each arranged in decreasing order, i.e.,
a1 > ag > - -+ and similarly for the §;. Prove that oy < i for all
k.
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Exercise 25.12 Let A be a compact symmetric operator. Find
necessary and sufficient conditions on a continuous function f such
that f(A) is a compact symmetric operator.

Exercise 25.13 Let A be a bounded symmetric operator, suppose
zyw € 0(A)°, R, = (2 — A)7!, and R, = (w — A)~!. Prove the
resolvent identity

Ry, —R,=(z—w)RyR..

Exercise 25.14 Suppose A is a bounded symmetric operator and
f is a continuous function on o(A). Let P, be polynomials which
converge uniformly to f on o(A). Suppose A € C and suppose that
there exists € > 0 such that d(\,o(P,(A))) > ¢ for each n. Prove
that A\ & o(f(A)).

Exercise 25.15 Prove that K is a compact symmetric positive
operator if and only if all the eigenvalues of K are non-negative.

Exercise 25.16 Let A be a bounded symmetric operator, not nec-
essarily compact. Prove that if A = B? for some bounded sym-
metric operator B, then A is a positive operator..

Exercise 25.17 Let A be a bounded symmetric operator whose
spectrum is contained in [0, 00). Prove that A has a square root,
that is, there exists a bounded symmetric operator B such that
A= D2

Exercise 25.18 Let A be a bounded symmetric operator, not nec-
essarily compact. Prove that A is a positive operator if and only if
o(A) C [0, 00).

Exercise 25.19 Let A be a bounded symmetric operator. Prove
that p, . is a real non-negative measure.

Exercise 25.20 Suppose that A is a bounded symmetric opera-
tor, C4,...,C,, are disjoint Borel measurable subsets of C, and
ai,...,a, are complex numbers. Prove that

H in(ci)

= max |¢.
1<i<n
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Exercise 25.21 Prove that if A is a bounded symmetric operator
and f is a bounded Borel measurable function, then

1F(A)? = / PG o a(d).

o(A

Exercise 25.22 Prove that if A is a bounded symmetric operator
and {s,} is a sequence of simple functions such that s,, converges
uniformly to a bounded Borel measurable f on o(A), then

1£(A) = sn(A)]| = 0.



Chapter 26

Distributions

Mathematical physicists often talk about the Dirac delta function,
which is supposed to be a function that is equal to 0 away from 0,
equal to infinity at 0, and which has integral equal to 1. Of course,
no measurable function can have these properties. The delta func-
tion can be put on a solid mathematical footing through the use
of the theory of distributions. The term generalized function is
also used, although there are other notions of generalized functions
besides that of distributions.

For simplicity of notation, in this chapter we restrict ourselves to
dimension one, but everything we do can be extended to R™, n > 1,
although in some cases a more complicated proof is necessary. See
[5] for the n dimensional case.

26.1 Definitions and examples

We use C'% for the set of C'*° functions on R with compact support.
Let Df = f’, the derivative of f, D?f = ", the second derivative,
and so on, and we make the convention that D°f = f.

If f is a continuous function on R, let supp (f) be the support
of f, the closure of the set {« : f(z) # 0}. If f;,f € C%, we
say f; — f in the C'® sense if there exists a compact subset K
such that supp (f;) C K for all j, f; converges uniformly to f, and
D™ f; converges uniformly to D™ f for all m.

381
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We have not claimed that C'% with this notion of convergence
is a Banach space, so it doesn’t make sense to talk about bounded
linear functionals. But it does make sense to consider continuous
linear functionals. A map F' : Cg¥ — C is a continuous linear
functional on C3 if F(f +g) = F(f) + F(g) whenever f,g € C%,
F(cf) = cF(f) whenever f € C% and c € C, and F(f;) — F(f)
whenever f; — f in the C% sense.

A distribution is defined to be a complex-valued continuous lin-
ear functional on C%.

Here are some examples of distributions.

Example 26.1 If g is a continuous function, define

Gylf) = /R f@)g(e)de,  feCE. (26.1)

It is routine to check that G is a distribution.

Note that knowing the values of Gy(f) for all f € C% deter-
mines g uniquely up to almost everywhere equivalence. Since g is
continuous, g is uniquely determined at every point by the values

of Gy4(f).

Example 26.2 Set 6(f) = f(0) for f € C5¢. This distribution is
the Dirac delta function.

Example 26.3 If g is integrable and k > 1, define

F(f) = /R D*f(x)g(x)de,  fE€CE.

Example 26.4 If k > 1, define F(f) = D*f(0) for f € C$5.

There are a number of operations that one can perform on dis-
tributions to get other distributions. Here are some examples.

Example 26.5 Let h be a C* function, not necessarily with com-
pact support. If F' is a distribution, define M, (F) by

My(F)(f) = F(fn),  feCg.

It is routine to check that M}, (F) is a distribution.
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Example 26.1 shows how to consider a continuous function g as
a distribution. Defining G, by (26.1),

Ma(Gy)(f) = Gy () = / (fh)g = / F(hg) = G ().

Therefore we can consider the operator M} we just defined as an
extension of the operation of multiplying continuous functions by
a C'* function h.

Example 26.6 If F is a distribution, define D(F') by
D(F)(f) =F(-Df),  feCg.

Again it is routine to check that D(F) is a distribution.

If ¢ is a continuously differentiable function and we use (26.1)
to identify the function g with the distribution G, then

D(Gy)(f) = Go(-Df) = [ (-DP)@g(x) ds
- [ #@Dg)(e)d =Gny(1), fECR
by integration by parts. Therefore D(G) is the distribution that
corresponds to the function that is the derivative of g. However,
D(F) is defined for any distribution F. Hence the operator D

on distributions gives an interpretation to the idea of taking the
derivative of any continuous function.

Example 26.7 Let a € R and define T, (F) by
T.(F)(f) = F(f-a),  feCF,
where f_,(z) = f(z + a). If G, is given by (26.1), then
1,(Go)(f) = Gylf-0) = [ f-alg(o) do
— [ f@o - a)de =Gy (1), 1 CF,

by a change of variables, and we can consider T, as the operator
that translates a distribution by a.
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Example 26.8 Define R by
R(F)(f)=F(Rf), [eCg,
where Rf(x) = f(—x). Similarly to the previous examples, we can

see that R reflects a distribution through the origin.

Example 26.9 Finally, we give a definition of the convolution of
a distribution with a continuous function h with compact support.
Define C(F) by

Cn(F)(f) = F(f«Rh),  feCFf,

where Rh(z) = h(—x). To justify that this extends the notion of
convolution, note that

Ch(Go)(f) = Gyl » Rb) = / ol@)(f + ) (o) d

// _@dydx:/f(y)(g*h)(y)dy

= Gg*h f)

or C}, takes the distribution corresponding to the continuous func-
tion g to the distribution corresponding to the function g * h.

One cannot, in general, define the product of two distributions
or quantities like §(z?).

26.2 Distributions supported at a point

We first define the support of a distribution. We then show that a
distribution supported at a point is a linear combination of deriva-
tives of the delta function.

Let G be open. A distribution F' is zero on G if F(f) = 0 for
all C%? functions f for which supp (f) C G.

Lemma 26.10 If F is zero on G1 and Ga, then F is zero on
G1 UGs.

Proof. This is just the usual partition of unity proof. Suppose f
has support in G1 UG4. We will write f = f1 + f2 with supp (f1) C
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G1 and supp (f2) C Go. Then F(f) = F(f1) + F(f2) = 0, which
will achieve the proof.

Fix « € supp (f). Since G1,G4 are open, we can find h, such
that hg is non-negative, hy(z) > 0, hy is in C%2, and the support of
h, is contained either in Gy or in Ga. The set B, = {y : h.(y) > 0}
is open and contains .

By compactness we can cover supp f by finitely many sets, say,
{Bgy;---, Bz, }. Let hy be the sum of those h,, whose support is
contained in G; and let hy be the sum of those h,, whose support
is contained in G5. Then let

o o h
_h1+h2f’ fz_hﬁ—hg

h I
Clearly supp (f1) C G, supp (f2) C Ga, f1 + f2 > 0 on G1 U Go,
and f = f1 + fo. O

If we have an arbitrary collection of open sets {G, }, F is zero on
each G,, and supp (f) is contained in U, G, then by compactness
there exist finitely many of the G, that cover supp (f). By Lemma
26.10, F(f) =0.

The union of all open sets on which F is zero is an open set
on which F' is zero. The complement of this open set is called the
support of F.

Example 26.11 The support of the Dirac delta function is {0}.
Note that the support of D*§ is also {0}.

Define

_ k
I flleyxy = o1, SUp |D" f(z)].

Proposition 26.12 Let F' be a distribution and K a fixed compact
set. There exist N and ¢ depending on F' and K such that if f €
C% has support in K, then

()] < el fllen x)-

Proof. Suppose not. Then for each m there exists f,, € C¥ with
support contained in K such that F'(f,,) = Land || f|cmx) < 1/m.
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Therefore f,,, — 0 in the sense of C%. However F(f,,) = 1 while
F(0) =0, a contradiction. O

Proposition 26.13 Suppose F is a distribution and supp (F) =
{0}. There exists N such that if f € C3¢ and D7 f(0) = 0 for
j <N, then F(f)=0.

Proof. Let ¢ € C* be 0 on [-1,1] and 1 on || > 2. Let
g=(1—¢)f. Note pf =0 on [-1,1], so F(¢f) = 0 because F is
supported on {0}. Then

F(g)=F(f) = F(ef) = F(f).

Thus is suffices to show that F'(g) = 0 whenever g € C%2, supp (g)
C [-3,3], and Dig(0) =0 for 0 < j < N.

Let K = [-3,3]. By Proposition 26.12 there exist N and
¢ depending only on F such that [F(g)| < cllgllc~ (k). Define
gm(x) = p(ma)g(x). Note that g, (z) = g(z) if |z| > 2/m.

Suppose |z| < 2/m and g € CF with support in [—3,3] and
Dig(0) =0 for j < N. By Taylor’s theorem, if j < N,

aN—i

Dig(z) = D7g(0) + D' g(0)z + -+ + DNg(O)W +R
=R,
where the remainder R satisfies
Bl < sup DN“g(y)l(Jlfxflﬂ__;)!-
Since |z| < 2/m, then
|Dig(x)] = |R| < cymd 17N (26.2)

for some constant c;.

By the definition of g,, and (26.2),

N-1

|gm ()] < calg(@)] < em™7 7,
where ¢ and c3 are constants. Again using (26.2),

|Dgm ()| < |o(ma)||Dg(x)| +mlg(z)| [ Dp(maz)| < cam™.
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Continuing, repeated applications of the product rule show that if
k < N, then

|Dkgm(:v)| < csmk—l—N
for k < N and |z| < 2/m, where c5 is a constant.
Recalling that g,,(z) = g(z) if |z| > 2/m, we see that D7 g,,(x)
— DJg(x) uniformly over z € [—3,3] if j < N. We conclude

F(gm — g) = F(gm) — F(g) — 0.

However, each g,, is 0 in a neighborhood of 0, so by the hypothesis,
F(gm) = 0; thus F'(g) = 0. O

By Example 26.6, D76 is the distribution such that D/§(f) =
(—1)? D7 f(0).

Theorem 26.14 Suppose F is a distribution supported on {0}.
Then there exist N and constants c; such that

N
F = Z ¢; D'6.
=0

Proof. Let P;(x) be a C% function which agrees with the poly-
nomial z* in a neighborhood of 0. Taking derivatives shows that
DI P;(0) = 0if i # j and equals i! if i = j. Then DI§(P;) = (—1)%!
if = j and 0 otherwise.

Use Proposition 26.13 to determine the integer N. Suppose
f € C¥. By Taylor’s theorem, f and the function

N

g(z) = D'f(0)Pi(x)/i!

=0

agree at 0 and all the derivatives up to order N agree at 0. By the
conclusion of Proposition 26.13 applied to f — g,

(13 708) <o

1=0
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Therefore
= Dif(0) i Do)
F(f) =3 SRR = Y (-1 =S R
7,;0 | 1=0
= _aD's(f)
i=0

if we set ¢; = (—1)*F(P;)/i! Since f was arbitrary and the ¢; do
not depend on f, this proves the theorem. 0

26.3 Distributions with compact
support

In this section we consider distributions whose supports are com-
pact sets.

Theorem 26.15 If F' has compact support, there exist a non-
negative L and continuous functions g; such that

F=) DiG,, (26.3)

J<L

where G, is defined by Example 26.1.

Example 26.16 The delta function is the derivative of h, where
his 0 for x < 0 and 1 for x > 0. In turn h is the derivative of g,
where g is 0 for z < 0 and g(z) = z for x > 0. Therefore § = D*G,,.

Proof. Let h € C%¢ and suppose h is equal to 1 on the support of
F. Then F((1—h)f) =0, or F(f) = F(hf). Therefore there exist
N and c; such that

[E(hf)| < cillhfllev -

By the product rule,

[D(hf)] < |M(DF)+ (DR f] < eall Fllew i)
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and by repeated applications of the product rule,

Ihfllen k) < esllfllen k-

Hence
(E(O) = [F(R)] < callfllev x)-

Let K = [—x0, zo] be a closed interval containing the support of
F. Let CN(K) be the N times continuously differentiable functions
whose support is contained in K. We will use the fact that CV(K)
is a complete metric space with respect to the metric || f —g|lo~ (k).

Define

e = (X [Dtspan) ™, reck,

k<M

and let HM be the completion of {f € C% : supp (f) C K} with
respect to this norm. It is routine to check that H™ is a Hilbert
space.

Suppose M = N + 1 and x € K. Then using the Cauchy-
Schwarz inequality and the fact that K = [—zg, 2],

D @) = D) - DI f(-a) = | [ D7 p(a)ay

—x0

< 20l 2( [ 107+ )P ay)
<ol [ 107 P ay) "

This holds for all 7 < N, hence

llullen (k) < collull g (26.4)

Recall the definition of completion from Section 20.4. If g €
HM | there exists g,, € CV(K) such that ||g,, —g||gm — 0. In view
of (26.4), we see that {g,,} is a Cauchy sequence with respect to
the norm || - ||ox (k). Since CV(K) is complete, then gy, converges
with respect to this norm. The only possible limit is equal to g a.e.
Therefore we may assume g € CN (K) whenever g € HM,

Since |F(f)| < callfllen (k) < cacs|| f]|gar, then F can be viewed
as a bounded linear functional on H*. By the Riesz representation
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theorem for Hilbert spaces (Theorem 19.10), there exists g € HM
such that

F(f):<fvg>HM: Z<Dkf7Dkg>v feH]w'

k<M

Now if g,, — g with respect to the H* norm and each g,, €
CN(K), then

(D"f,D*g) = lim (D*f,D*gyn) = lim (~1)"(D*f, gn)

= (-DND*f.g) = (-1)"G,(D**f)
_ (_1)kD2ng(f)

if f € CF, using integration by parts and the definition of the
derivative of a distribution. Therefore

F=>Y (-1)"D*G,,,

k<M

which gives our result if we let L = 2M, set g; = 0 if j is odd, and

set gor = (—1)*g. O

26.4 Tempered distributions

Let S be the class of complex-valued C'*° functions u such that
|27 D*u(x)] — 0 as |z| — oo for all k > 0 and all j > 1. S is called
the Schwartz class. An example of an element in the Schwartz class
that is not in CF is e

Define 4
[l = sup x| D*u(z)].
z€eR

We say u,, € S converges to u € S in the sense of the Schwartz
class if ||u, — ul|jr — 0 for all 7, k.

A continuous linear functional on S is a function F' : § — C
such that F(f +g) = F(f) + F(9) if f,g € S, F(cf) = cF(f) if
feSandceC, and F(f,,) — F(f) whenever f,, — f in the
sense of the Schwartz class. A tempered distribution is a continuous
linear functional on S.
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Since C C S and f, — f in the sense of the Schwartz class
whenever f, — f in the sense of C%, then any continuous lin-
ear functional on S is also a continuous linear functional on C.
Therefore every tempered distribution is a distribution.

Any distribution with compact support is a tempered distribu-
tion. If g grows slower than some power of |z| as |z| — oo, then
G, is a tempered distribution, where G4(f) = [ f(z)g(x) d

For f € S, recall that we defined the Fourier transform F f = f

by
Flu) = / flz)e™™ da.

Theorem 26.17 F is a continuous map from S into S.

Proof. For elements of S, D¥(Ff) = F((iz)*)f). If f € S,
|z¥ f ()| tends to zero faster than any power of |z| ™1, so 2* f(x) €
L'. This implies D* Fu is a continuous function, and hence Ff €
Cc™=.

We see by Exercise 26.11 that
W DF(Ff)(u) = i* T F(DI (2% £)) (u). (26.5)

Using the product rule, D7(z*f) is in L'. Hence w/ D*Ff(u) is
continuous and bounded. This implies that every derivative of

F f(u) goes to zero faster than any power of |u|~!. Therefore Ff €
S.

Finally, if f,, — f in the sense of the Schwartz class, it fol-
lows by the dominated convergence theorem that F(f,)(u) —
F(f)(u) uniformly over v € R and moreover |ul¥DJ(F(f,)) —
|u|* D7 (F(f)) uniformly over R for each j and k. O

If F is a tempered distribution, define FF' by

FF(f)=F(f)
for all f € S. We verify that G, = G5 if g € S as follows:

F@Mﬁ:%ﬁzfﬂmwm

[/Wf D)y = [ F)3w) dy

= Gy(f
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if fes.

Note that for the above equations to work, we used the fact
that F maps S into S. Of course, F does not map C%¥ into CF.
That is why we define the Fourier transform only for tempered
distributions rather than all distributions.

Theorem 26.18 F is an invertible map on the class of tempered
distributions and F~' = (2m)Y/2FR. Moreover F and R commute.

Proof. We know
f@) = @02 [ flrwean,  pes.

so f = (2n)"Y2FRFf, and hence FRF = (2m)'/%I, where I is
the identity. Then if H is a tempered distribution,

(2m)"Y2FRFH(f) = RFH((2r)"'/2F f) = FH((2x)"'?RF )
= H((2r)"Y2FRFf) = H(f).

Thus
(2m)~Y2FRFH = H,

or
(2m)Y*FRF =1.

We conclude A = (27)"'/2FR is a left inverse of F and B =
(27)"Y/2RF is a right inverse of F. Hence B = (AF)B = A(FDB)
= A, or F has an inverse, namely, (27r)_1/ 2FR, and moreover
RF = FR. |

26.5 Exercises

Exercise 26.1 Can C7° be made into a metric space such that
convergence in the sense of C¥ is equivalent to convergence with
respect to the metric? If so, is this metric space complete? Can it
be made into a Banach space?
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Exercise 26.2 We define a metric for S by setting

L - gl
d = — . =
19 =2 57 T 7 - gl

Prove that this is a metric for S. Prove that a sequence converges
in the sense of the Schwartz class if and only if it converges with
respect to the metric. Is § with this metric complete?

Exercise 26.3 Prove that if f € C'%, then

F(f) = lim @dx

e—0 |I‘>E X

exists. Prove that I is a distribution.

Exercise 26.4 Suppose U is a continuous linear map from C¥
into CF. If F is a distribution, define T'F' by

TE(f)=FUf), [feCF.

(1) Prove that T'F' is a distribution.

(2) Suppose V is a continuous linear map from C§ into itself such
that [g(Uf) = [(Vg)f for every f,g € C2. Prove that if g € CF2,
then

TG, = Gy,

Exercise 26.5 If y is a finite measure defined on the Borel o-
algebra, prove that F' given by F(f) = [ fdu is a distribution.

Exercise 26.6 Suppose g is a continuously differentiable function
and h is its derivative in the classical sense. Prove that DG, = G},.

Exercise 26.7 A positive distribution F is one such that F'(f) > 0
whenever f > 0. Prove that if K is a compact set and F' is a positive
distribution, then there exists a constant ¢ such that

[F(f)] < csup |f(2)]
reK

for all f supported in K.
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Exercise 26.8 Prove that if F' is a positive distribution with com-
pact support, then there exists a measure p such that F(f) =

J fdufor feCy.

Exercise 26.9 Suppose

F(f) = lim @d:c.

20 1> 2> T

Show that F is a distribution with compact support. Find ex-
plicitly L and the functions g; guaranteed by Theorem 26.15, and
prove that F' has the representation given by (26.3).

Exercise 26.10 Let g1(z) = ¢* and go(x) = e* cos(e”). Prove
that Gy, is a tempered distribution but G, is not.

Exercise 26.11 Prove (26.5).

Exercise 26.12 Determine FG4, F6§, and FD’§ for j > 1.
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absolutely continuous

function, 119
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accumulation point, 198

adapted, 265
adjoint, 352

Alexandroff one-point
compactification, 225

algebra, 7

algebra of functions, 232
almost everywhere, 39
almost surely, 247
antiderivative, 113

arcwise connected, 246
Ascoli-Arzeld theorem, 228
averaging property, 305

Baire category theorem, 175

Banach algebra, 350

Banach space, 171

Banach-Steinhaus theorem, 176

basic open cover, 207

basis, 192

Bessel’s inequality, 190

Bolzano-Weierstrass
property, 206

Borel o-algebra, 9

Borel measurable, 9

Borel sets, 9

Borel-Cantelli lemma, 253

boundary, 198

bounded convergence
theorem, 50

bounded linear
functional, 137

bounded linear map, 176

bounded set, 210

bounded variation, 117

Brownian motion, 289

Calderon-Zygmund lemma, 334
Cantor function, 29
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Cantor set, 28 in LP, 75

generalized, 29 in measure, 75
Cantor-Lebesgue function, 29 convergence in distribution, 272
Carathéodory extension convergence in law, 272

theorem, 31 convergence in probability, 256
Carathéodory theorem, 22 convergence of a net, 203
Cauchy sequence, 3 convex
Cauchy-Schwarz inequality, 183 function, 67, 186
central limit theorem, 285 set, 179
characteristic function, 41, 277 strictly, 180
Chebyshev inequality, 252 convolution, 136
Chebyshev’s inequality, 76 countable additivity, 13
closed, 3 countably compact, 206
closed graph theorem, 180 counting measure, 14
closed map, 180 Courant’s principle, 378
closed set, 197 covariance, 284
closure, 3, 198 covariance matrix, 285
CLT, 285 covering lemma, 108
cluster point, 202 cylindrical set, 287, 293
coarser topology, 200
compact, 205 decreasing, 2
compact operator, 355 strictly, 2
complete dense, 201

measure space, 15 density, 101, 250

metric space, 3 derivates, 122

orthonormal set, 191 derivative, 107
completely regular space, 217 differentiable, 107
completion, 15, 215 Dirac delta function, 382
component, 246 directed set, 202
conditional disconnected, 236

expectation, 106, 262 discrete topology, 198
conditional probability, 262 distribution, 248, 382
conjugate exponent, 132 positive, 393
connected, 236 tempered, 390
consistent, 287 divergence theorem, 304
continuity point, 272 dominated convergence
continuous, 204 theorem, 55
continuous linear functional on Doob decomposition, 297

Cy, 382 Doob’s inequality, 268, 269

convergence dual space, 178

almost everywhere, 75
almost uniform, 78 Egorov’s theorem, 78
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eigenvalue, 350
eigenvector, 350

e-net, 213

equicontinuous, 228
equivalence relationship, 4
equivalent measures, 104
essential infimum, 134
essential supremum, 134
expectation, 248

expected value, 248

Fatou’s lemma, 54
Fatou’s theorem, 346
finer topology, 200

finite intersection property, 206

finitely additive, 13

first category, 176

first countable, 201
Fisher’s principle, 378
Fourier series, 192

Fourier sine series, 362
Fubini theorem, 85
Fubini-Tonelli theorem, 85

Gagliardo-Nirenberg inequality,

319
gamma distribution, 299
Gaussian, 280
Gel’fand’s spectral radius
formula, 366
generalized Cantor
set, 29
generalized function, 381
generalized Holder
inequality, 322
generates the o-algebra, 9
graph, 180
Green’s first identity, 305
Green’s function, 362
Green’s second identity, 305

Holder continuous, 244
Holder inequality
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generalized, 322
Hoérmander condition, 340
Hahn decomposition, 95
Hahn-Banach theorem, 172
Hardy’s inequality, 145
harmonic, 303
harmonic extension, 312, 334
Harnack inequality, 314
Hausdorff metric, 242
Hausdorff space, 217
heat equation, 363
Heine-Borel theorem, 212
Heisenberg’s inequality, 156
Helly’s theorem, 275
Hermitian, 353
Hilbert space, 185
Hilbert transform, 336
Holder’s inequality, 132
homeomorphism, 204

iid., 256
increasing, 2
strictly, 2
indefinite integral, 113
independent and identically
distributed, 256
indicator, 248
infinitely often, 253
inner product space, 183
integrable, 48
integration by parts, 128
interior, 3, 198
interior point, 198

intermediate value theorem, 237

inversion formula, 279
isolated point, 198
isometry, 215

Jensen’s inequality, 67, 252

joint characteristic function, 283

joint density, 294
joint distribution, 283
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joint law, 283

jointly Gaussian, 284

jointly measurable, 86

jointly normal, 284

Jordan decomposition theorem,
97

Kolmogorov 0-1 law, 296
Kolmogorov extension theorem,

287

Laplace transform, 245

lattice of functions, 232

law, 248

law of the iterated
logarithm, 300

LCH, 225

Lebesgue decomposition
theorem, 103

Lebesgue measurable, 27

Lebesgue measure, 21, 27
n-dimensional, 87

Lebesgue o-algebra, 21, 27

Lebesgue-Stieltjes measure, 21,

27

LIL, 300

liminf, 2

limit point, 198

limsup, 2

Lindel6f property, 241

linear functional, 137
bounded, 137, 172
complex, 172
positive, 159
real, 172

linear map, 171

linear space, 4

Liouville’s theorem, 316

Lipschitz, 128

Littlewood-Paley function, 348

locally compact, 225

locally compact Hausdorff
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spaces, 225
locally integrable, 109
lower semicontinuous, 73

Marcinkiewicz interpolation
theorem, 326
martingale, 265
martingale convergence
theorem, 270
maximal function, 109, 329
maximum principle, 307
meager, 176
mean, 251
mean value property, 305
measurable, 7
measurable rectangle, 81
measurable space, 7
measure, 13
complex, 104
finite, 15
regular, 164
signed, 93
measure space, 13
metric space, 3
metrizable, 223
Minkowski inequality
generalized, 143
Minkowski’s inequality, 133
monotone, 2
monotone class, 10
monotone class theorem, 10
monotone convergence theorem,
51
w*-measurable, 22
multiplicity, 358
mutually singular, 96

Nash inequality, 324

negative set, 93

neighborhood, 198

net, 203

nontangential convergence, 346
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normal random variable, 280
normal space, 217

normed linear space, 4
nowhere dense, 201

nowhere differentiable, 181
null set, 15, 20, 93

one-point compactification, 225
open, 3

open ball, 3

open base, 200

open base at a point, 201

open cover, 205

open function, 204

open mapping, 177

open mapping theorem, 177
open neighborhood, 198

open set, 197

optional stopping theorem, 267
optional time, 266

orthogonal, 187

orthogonal complement, 187
orthonormal, 189

outer measure, 20

pairwise disjoint, 13
parallelogram law, 186
Parseval’s identity, 191
partial order, 4
partial sum process, 256
Plancherel theorem, 154
point at infinity, 225
point mass, 14
points of density, 112
pointwise convergence, 242
Poisson integral, 312, 334
Poisson kernel, 334

ball, 313

half space, 311
positive definite, 378
positive measure, 93
positive operator, 378
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positive set, 93
precompact, 206
premeasure, 32
probability, 15, 247
probability measure, 247
probability space, 247
product o-algebra, 81
product topology, 201
projection, 196

quotient topology, 200

Radon-Nikodym

theorem, 101, 196
Radon-Nikodym derivative, 101
random variable

Bernoulli, 249

binomial, 249

exponential, 250

geometric, 249

normal, 250

Poisson, 250

standard normal, 250
random variables, 248
random vector, 282
Rayleigh principle, 378
relative topology, 200
relatively open, 200
resolvent identity, 379
resolvent set, 350
Riemann-Lebesgue lemma, 195
Riesz representation

theorem, 159, 166, 188
Riesz transform, 347

Schwartz class, 156, 390
second category, 176
second countable, 201
section, 81

self-adjoint, 353
semigroup, 347
separable, 178, 201
separate points, 5
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separated, 217
separates points, 232
sequentially compact, 206
o-algebra, 7
generated by a collection, 8
o-compact, 206
o-field, 15, 247
o-finite, 15
sign function, 137
signed measure, 93
signum function, 137
simple function, 41
simple random walk, 296
Slutsky’s theorem, 274
Sobolev inequalities, 321
span, 192
spectral mapping theorem, 365
spectral radius, 350
spectral radius formula, 366
spectral resolution, 376
spectral theorem, 357, 376
spectrum, 350
standard deviation, 251
Steinhaus theorem, 35
stochastic process, 289
Stone-Cech
compactification, 226
Stone-Weierstrass
theorem, 5, 234, 235
stopping time, 266
strictly convex, 180
strong law of large numbers, 260
strong-type, 326
stronger topology, 200
subbase, 200
subbasic open cover, 207
subcover, 205
sublinear, 325
submartingale, 265
subsequential limit, 202
subspace, 186, 200
closed, 186
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supermartingale, 266
support, 3, 381

measure, 35
support of a distribution, 385
symmetric, 353
symmetric difference, 1

Ty space, 217
tail o-field, 295
tempered distribution, 390
Tietze extension theorem, 222
tight, 275
topological space, 197
topology, 197
topology generated by a metric,
198

total variation, 97, 104

of a function, 118
total variation measure, 97, 104
totally bounded, 213
totally disconnected, 246
triangle inequality, 184
trigonometric series, 192
trivial topology, 198
Tychonoff theorem, 209

uniform boundedness
theorem, 176
uniform convergence on
compact sets, 243
uniformly absolutely
continuous, 59
uniformly continuous, 214
uniformly integrable, 58
upcrossing lemma, 269
upper semicontinuous, 73
Urysohn embedding
theorem, 223
Urysohn metrization
theorem, 223
Urysohn’s lemma, 219

vanish at infinity, 243



402 INDEX

vanish at no point, 5

vanishes at infinity, 163
vanishes at no point, 232
variance, 251

vector space, 4

Vitali convergence theorem, 59
Vitali cover, 121

Vitali covering lemma, 121

weak 1-1 inequality, 109

weak convergence, 195
probability sense, 272

weak derivative, 317

weak-type, 326

weaker topology, 200

Weierstrass approximation the-

orem, 230
Wiener measure, 293

Young’s inequality, 323

Zorn’s lemma, 172



